
ABSTRACT

DONOHUE, BRIGID KELLY. Modeling of the Multi-terrain Amphibious ARCtic explOrer (MAARCO)
Rover in an Underwater Environment using Dynamic Modeling and Computational Fluid
Dynamics Methods with Experimental Validation. (Under the direction of Dr. Andre Mazzoleni).

The Multi-terrain Amphibious ARCtic explOrer (MAARCO) rover is designed to to explore

arctic regions with the ability to traverse across arctic terrains and propel through water. The

MAARCO rover consists of an ellipsoid chassis and a propulsion system connected by links.

The propulsion system for the rover is two helical drives parallel to each other and made up of

hollow cylinder ballasts wrapped in auger or screw shaped blades in opposing helical directions.

This work presents methods to understanding the vehicle’s performance in the underwater

environment and simulate the motion of the rover. A dynamic model of the MAARCO rover is

created using Kane’s method considering the forces on the rover in a hydrodynamic environ-

ment. The forces acting on the underwater rover include drag, buoyancy, flow acceleration,

added mass, gravity, and control forces. The rover helical drives also generate a net thrust from

the helical drive blades, and a net buoyancy from the helical drive ballast system. The fluid

dynamic forces for helical drives are largely unknown and computational fluid dynamic meth-

ods provide methods to determine the helical drives behavior in an underwater environment.

The computational fluid dynamic simulations are performed in ANSYS Fluent to simulate

the drag of a helical drive using bluff body methods and simulate the thrust of a helical drive

using multi-reference frame modeling. The drag and thrust simulations are used to determine

general trends from different helical properties to optimize the vehicles abilities to navigate

underwater. Experimental testing was also performed to validate the behavior of a helical drive

actuating and producing thrust in the water. The results of the simulations provide insight into

the MAARCO rover behavior in the underwater environment.
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CHAPTER

1

INTRODUCTION

Arctic exploration is becoming increasingly important to understanding environmental and

ecological impacts from global warming in the Earth's polar regions. The harsh arctic terrain

presents adverse conditions to human exploration capabilities, and therefore encourages the

prospect of autonomous arctic vehicles. The ocean is among the least explored regions on Earth

and robotic vehicles can provide an approach to these otherwise inaccessible regions, and is

applicable on extraplanetary applications as well [6]. Autonomous underwater vehicles (AUVs)

have been used in underwater arctic applications in the past. The jaguar and puma, explored

in Reference [6], consist of two hulls with ballast buoyancy and propellers to generate thrust.

Other AUVs with one hull and propeller have been investigated in arctic applications, such as

the Theseus [6]and SARA[7] AUVs. These AUVs are successful in navigating the underwater

environment and demonstrate technological abilities to perform underwater missions with

these vehicles but they are limited to underwater exploration and would require a terrestrial

counterpart for complete arctic exploration.

The Multi-terrain Amphibious ARCtic explOrer (MAARCO) is an amphibious rover designed

to traverse the arctic terrain and propel, both on the surface and submerged, through bod-

ies of water [8]. The MAARCO rover utilizes screw shaped propulsion devices, referred to as

helical drives, with both terrestrial and aquatic applications as demonstrated in Fig. 1.1. The

MAARCO rover operates with screw propulsion methods from two helical drives parallel to
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each other with cylindrical shaped ballasts wrapped in screw shaped blades with opposing

helix directions. The helical drives have relatively simple mechanics to be used for amphibious

applications and provide additional adaptability in the arctic's nonuniform terrain compared

to other locomotion methods. The characteristics of the helical drives will dictate the rover's

performance.

Figure 1.1: The MAARCO Rover (a) traversing on land, (b) propelling underwater, (c) traversing
across ice sheets, (d) propelling across the surface of the water [1]

1.1 Background

Helical drives are designed with similar applications to Archimedean screws. Archimedean

screws are used to lift and transport water from a source invented by Archimedes and has

been used for centuries [2]. The water is collected between each blade wall to form a pocket

volume of water that travels along the spiral of the screw as the screw rotates. The amount of

�uid carried in the cavities between blade walls is governed by the geometric properties of the

screw. The performance of the Archimedean screw is largely dependent on the inner cylinder

radius, outer overall radius, length of the screw, and pitch of the blades [2]. Archimedean screw

theoretical background provides proof of concept for the use of helical drives for underwater

propulsion and a basic comprehension to be applied to the design of the helical drives. The

helical drive screw will guide water through the cavities along the blade spiral and generate

�uid acceleration to produce thrust and propel the MAARCO rover.
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Figure 1.2: Archimidean Screw [2]

Archimedean screws have been tested as propulsion devices for amphibious applications

[3]. In Reference [3] an amphibious rover is constructed and tested for shallow water, bog,

and sand. The screw propulsion devices and the experimental amphibious rover design are

featured in Fig. 1.3. The screw locomotion method was proven effective for water and different

terrains, apart from solid paved surfaces. The screw drives were found to perform well in loose

granular and semi-�uid substrates [3].

(a) Screw Drives (b) Rover Model

Figure 1.3: Amphibious Rover in Ref. [3]

Helical drives are made up of cylindrical shaped ballasts with screw shaped blades curled

around the ballast. The helical drives will perform comparatively to a propeller or thruster
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underwater, which rotates to create a pressure difference and accelerate the �uid. A propeller is

a rotating wing that generates lift as it rotates and then applies the lift in the direction of thrust

[9]. Propeller momentum theory approximates the propeller as an actuator disk to demonstrate

the pressure difference before and after the �ow reaches the propeller and the corresponding

�ow acceleration to generate thrust [9]. Thrust is the change in momentum the �ow experiences

across the propeller [10].

T = � u o A(u e � u o )

Where A is the propeller plane area, � is the �uid density, u o is the initial velocity, and u e is the

exit velocity.

A helical drive resembles a propeller blade elongated along a spiral at a pitch angle the

length of a helical drive. The blades drive through the �uid as the helical drive rotates and

creates a pressure difference with �uid acceleration. The helical drive is characterized by the

length of the helical drive l , the ballast radius r , the blade height h , the pitch length p , and the

pitch angle � as demonstrated in Fig. 1.4.

Figure 1.4: Helical Drive Dimensions

The pitch length on the helical drive is de�ned as the axial length of one complete blade

revolution and can be calculated using the pitch angle, similarly to how a propeller pitch length

is calculated [11].

p = 2� r tan �

These geometric parameters will in�uence the helical drive performance along with other

hydrodynamic factors and are evaluated to gain a comprehensive understanding of the helical

drive's underwater performance.
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1.2 Motivation

The underwater performance of the MAARCO rover can be determined by building a dynamic

model to incorporate forces the rover will experience in the hydrodynamic environment. An

accurate model is necessary to understand the vehicle's performance in the underwater envi-

ronment and simulate the motion of the rover. The dynamic model considers the forces acting

on the rover system to evaluate the rovers behavior as it propels through water, and can later be

considered in the rover design parameters, controls strategies, and overall mission operation.

The underwater propulsion performance of the helical drives is largely unknown, and therefore

the dynamic model initially models the helical drives as cylindrical rods. Computational �uid

dynamic methods provide the helical drive hydrodynamic effects in speci�c cases and reveal

trends to be applied in the dynamic model for more accurate model results. The computational

�uid dynamic simulation results are compared against experimental testing. The experimental

testing provides additional validation for the helical drive hydrodynamic forces to support the

computational model. Experimental testing also provides additional understanding and visual-

ization of the helical drives performance underwater. The dynamic model, computational �uid

dynamics simulations, and experimental validation present critical preliminary information of

the MAARCO rovers capabilities underwater to be expanded upon as the project develops.

5



CHAPTER

2

ROVER SYSTEM DYNAMIC MODELING

2.1 Introduction

A dynamic model of an underwater rover is necessary to provide an understanding of the

vehicle's performance in the underwater environment and simulate the motion of the rover. The

dynamic model is essential in evaluating the vehicle's performance under different conditions

and will provide information considered in the rover design parameters, controls strategies, and

overall mission operations. Underwater robotic vehicles (URV) have limited studies done on

them because of uncertainties with hydrodynamic forces [12]. The model requirements of the

underwater robotic vehicle include a model based dynamic control system, the manipulator

and vehicle, and the dynamic system in an underwater environment [12]. Reference[12] utilizes

Kane's method to ful�ll the model requirements for the model shown below of a 6 degrees of

freedom URV with a 3 link manipulator underwater.
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Figure 2.1: Robotic Arm System

A dynamic model of the MAARCO rover is created to provide an understanding of the

vehicle's performance in the underwater environment and simulate the motion of the rover

using Kane's method dynamic modeling. The dynamic model considers the rover system

model and the underwater environment interactions with the system. The model monitors the

generalized coordinates of the 6 degree-of-freedom rover with hydrodynamic forces acting on

the rover.

2.2 Kane's Method

Kane's Method is a dynamic modeling method used for calculating the equations of motion

for a system that uses generalized speeds, partial velocities, and partial angular velocities in

generalized active force and generalized inertia force equations to develop the equations of

motion [13]. The system is described in terms of q1, ...qr generalized coordinates and �q1, ... �qr

generalized velocities. Kane's method expresses the equations of motion in u 1, ...u r generalized

speeds that are developed from the generalized velocities to create equations that describe the

vehicle's motion and simplify the model [13].

[u ] = [ Y ][ �q ] � [Z ]

The only requirements of the generalized speeds is that they are able to solve unique

expressions for the generalized velocities [13]. Therefore [Y ] must have an inverse, [W ], that

exists and can be used to calculate the generalized velocities.

[ �q ] = [ W ][u ] + [ Z ][u ]
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These generalized speed equations result in 2r �rst order differential equations, �q1, ... �qr

and �u 1, ... �u r . As opposed to r second order differential equations, q̈1, ...q̈r , that would be found

in models using Newton-Euler and Lagrange methods. This results in simpli�ed equations and

lower computational efforts.

The Kane's Method equation is Fr + F �
r = 0 where the generalized active force, Fr , is

Fr =
NRX

k =1

( ~Fk �ŌO ~vc m k ,r + ~� k ,c m,r �Ō ~! r
B̄k ) +

NPX

l =1

~f l �ŌO ~vm l ,r

And the generalized inertia force, F �
r , is

F �
r = �

NRX

k =1

(m k
ō ~ac m k =O �ōo ~vc m k ,r + (( Ĩ c m k

�Ō ~� B̄k + Ō ~! B̄k � (Ĩ c m k
�Ō ~! B̄k )) �Ō ~! r

B̄k )...

... �
NPX

l =1

m l
ō ~am l =O �ōo ~vm l ,r

Where r is the r t h generalized speed, NR is the number of rigid bodies in a system, and B̄k

is the body frame of the k t h rigid body. For a rigid body, the velocities and angular velocities are

Ō ~vc m k =O =
nX

r =1

(Ō
O ~vc m k ,r � u r ) + Ō

O ~vc m k ,t

Ō ~! B̄k =
nX

r =1

(Ō ~! r
B̄k � u r ) + Ō ~! t

B̄k

where n is the number of general coordinates. Ō
O ~vc m k ,r is the r t h partial velocity and Ō ~! r

B̄k

is the r t h partial angular velocity. From inspection the partial velocities and partial angular

velocities can be calculated by

Ō
O ~vc m k ,r =

@

@u r

Ō ~vc m k =O

Ō ~! r
B̄k =

@

@u r

Ō ~! B̄k

And where NP is the number of point masses, or particles, in a system with l particles in

the system. For a particle, the velocities is

Ō ~vm l =O =
nX

r =1

(Ō
O ~vm l ,r � u r ) + Ō

O ~vm l ,t
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where n is the number of general coordinates. Ō
O ~vm l ,r is the r t h partial velocity. From in-

spection the partial velocities are calculated by

Ō
O ~vm l ,r =

@

@u r

Ō ~vm l =O

2.3 Rover Design

The rover is designed to traverse through the arctic terrain in substrates such as ice, mud, dirt,

and water. The structure of the rover contains a rover chassis and robotic arms to position

the helical drives, as well as controlled sliding masses located within the rover chassis. The

underwater dynamics of the helical drives is largely unknown and will be modeled as cylinders

in the current system. The helical drive blades provide thrust as the drives rotate and the hollow

cylinder ballast system adjusts the buoyancy of the rover as water is �lled or drained. The

helical drive position adjusts the maneuver capabilities of the rover in varying conditions.

For example having the helical drives underneath the chassis to help traverse across terrain

or positioning them to the side parallel with the chassis to propel through water to reduce

involuntary pitching from the resulting torque of thrust acting beneath the rover chassis and

drag acting on the rover chassis. The rover system diagram is displayed in Fig. 2.2, where b is

the semi-major axis of the rover chassis and a is the semi-minor axis of the rover chassis.

(a) Front View (b) Side View

Figure 2.2: Rover Design
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2.3.1 Rover System Coordinates

The rover body connects to the links supporting the helical drive propulsion system. The rover

body, links, and helical drives each have a body frame attached to the body that rotates with the

body, as displayed in Fig. 2.3 and Fig. 2.4. The body frames are relative to the inertial reference

frame of the system, assumed to be Earth. The body frame of the rover chassis R̄, is located at

the rover chassis center of mass R.

R̄ = f R, ~i R̄, ~j R̄, ~kR̄g

The arms are represented in 4 links ( L1,L3, L4, L6) and the helical drives are modeled as

cylinders ( L2,L5). These are the rigid bodies of the system with body frames L̄1, L̄2, L̄3, L̄4, L̄5,

and L̄6 located at the bodies center of mass L1, L2, L3, L4, L5, and L6.

(a) A-B Side View (b) C-D Side View

Figure 2.3: Rover Side View Body Frame System

The link and helical drive body frames are

L̄1 = f L1, ~i L̄1
, ~j L̄1

, ~k L̄1
g

L̄2 = f L2, ~i L̄2
, ~j L̄2

, ~k L̄2
g

L̄3 = f L3, ~i L̄3
, ~j L̄3

, ~k L̄3
g

L̄4 = f L4, ~i L̄4
, ~j L̄4

, ~k L̄4
g

L̄5 = f L5, ~i L̄5
, ~j L̄5

, ~k L̄5
g

L̄6 = f L6, ~i L̄6
, ~j L̄6

, ~k L̄6
g
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The inertial reference frame Ō is attached to Earth and is

Ō = f O, ~i Ō , ~j Ō , ~kŌg

The links are connected to hinges Ā, B̄, C̄ , and D̄ at the major axis poles of the ellipsoid

which allow rotation in the link body ~j ~k plane, as shown in Fig. 2.3 and Fig. 2.4.

(a) Front View (b) Back View

Figure 2.4: Rover Front and Back View Body Frame System

The arm links and helical drive drive system rotate an angle � A, � B , � C , and � D about the

hinges A, B, C, and D. � A and � B are assumed to be equal, because the arms are all connected

to each other with no change in position relative to each link unless there is a structural failure.

� C and � D are assumed to be equal, because the arms are all connected to each other with no

change in position relative to each link unless there is a structural failure. The hinge reference

frames are

Ā = f A, ~i Ā, ~j Ā, ~k Āg

B̄ = f B, ~i B̄ , ~j B̄ , ~k B̄g

C̄ = f C , ~i C̄ , ~j C̄ , ~kC̄ g

D̄ = f D , ~i D̄ , ~j D̄ , ~kD̄ g

The dimensions of the links and helical drives are l 1=length of link 1, d1 = diameter of link

1, d2 = diameter of link 2, l 3 = length of the drive, d3 = diameter of the drive, l 4 = length of link

4, d4 = diameter of link 4, l 5 = length of link 5, and d5 = diameter of link 5, l 6 = length of link 6,

d6 = diameter of link 6. The frames and dimensions for each of the links are speci�ed in the

�gures below.
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Figure 2.5: Link 1 Diagram

Figure 2.6: Link 2 (Simpli�ed Helical Drive) Diagram
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Figure 2.7: Link 3 Diagram

Figure 2.8: Link 4 Diagram
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Figure 2.9: Link 5 (Simpli�ed Helical Drive) Diagram

Figure 2.10: Link 6 Diagram

Where P12, P23, P45, and P56 are the connection points between the bodies where the reaction

forces at the connections are estimated as point forces, located at the center of the connection.

The sliding masses inside of the rover chassis adjust the orientation of the rover body and allow

more pitch and roll control. The sliding masses are modeled as point masses that move within

the enclosed rover chassis in the rover body frame with an applied and known motion. The

x-direction point mass mp ,x will be able to move forward and backward in the ~i R̄ direction. The

y-direction point mass mp ,y will be able to move side to side in the ~j R̄ direction.
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Figure 2.11: Side View of Rover with Sliding Masses

Figure 2.12: Front View of Rover with Sliding Masses

2.3.2 Mass and Moment of Inertia

The mass of the sliding masses are mp ,x for the x-direction point mass and mp ,y for the y-

direction point mass. The masses of each of the links and helical drives are m1, m2, m3, m4, m5,

m6. The moment of inertia for the links and simpli�ed helical drives are modeled as thin rods.

The moment of inertia for the rover chassis is modeled as an ellipsoid. The mass of the rover

body is m r ov . The mass moment of inertia for each rigid body about the center of mass are

Ĩ c m1
=

•
1

12
m1l 2

1

˜
~i L̄1

~i L̄1
+ [0] ~j L̄1

~j L̄1
+

•
1

12
m1l 2

1

˜
~k L̄1

~k L̄1
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Ĩ c m2
= [0] ~i L̄2

~i L̄2
+

•
1

12
m2l 2

2

˜
~j L̄2

~j L̄2
+

•
1

12
m2l 2

2

˜
~k L̄2

~k L̄2

Ĩ c m3
=

•
1

12
m3l 2

3

˜
~i L̄3

~i L̄3
+ [0] ~j L̄3

~j L̄3
+

•
1

12
m3l 2

3

˜
~k L̄3

~k L̄3

Ĩ c m4
=

•
1

12
m4l 2

4

˜
~i L̄4

~i L̄4
+ [0] ~j L̄4

~j L̄4
+

•
1

12
m4l 2

4

˜
~k L̄4

~k L̄4

Ĩ c m5
= [0] ~i L̄5

~i L̄5
+

•
1

12
m5l 2

5

˜
~j L̄5

~j L̄5
+

•
1

12
m5l 2

5

˜
~k L̄5

~k L̄5

Ĩ c m6
=

•
1

12
m6l 2

6

˜
~i L̄6

~i L̄6
+ [0] ~j L̄6

~j L̄6
+

•
1

12
m6l 2

6

˜
~k L̄6

~k L̄6

ĨR =
•
1

5
m r ov (a 2 + a 2)

˜
~i R̄

~i R̄ +
•
1

5
m r ov (a 2 + b 2)

˜
~j R̄

~j R̄ +
•
1

5
m r ov (a 2 + b 2)

˜
~kR̄

~kR̄

2.4 Kinematics

The kinematic expressions of the rover describe the translational and rotational motion of the

rover system without respect to the forces [13]. The direction cosine matrices are de�ned to

show the rotation between different frames in the system and can be used to calculate the

angular velocities and angular accelerations between frames. The position vectors describe

the location of the rigid bodies and particles, and can be used to calculate the velocities and

accelerations of between points.

The direction cosine matrix between R̄ and Ō will follow NASA Standard order roll, pitch,

then yaw. R̄[C ]Ō = [Rx (� )][Ry (� )][Rz ( )].

R̄[C ]Ō =

2

6
4

1 0 0

0 c o s� s i n �

0 � s i n � c o s�

3

7
5

2

6
4

c o s� 0 � s i n �

0 1 0

s in � 0 c o s�

3

7
5

2

6
4

c o s s i n  0

� s i n  c o s 0

0 0 1

3

7
5

For side A-B, the direction cosine matrices between Ā and R̄ as well as B̄ and R̄ are

Ā[C ]R̄ = B̄ [C ]R̄ =

2

6
4

1 0 0

0 c o s �
2 s in �

2

0 � s i n �
2 c o s �

2

3

7
5
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The direction cosine matrices for the A-B side link and helical drive body frames are

L̄1[C ]Ā =

2

6
4

1 0 0

0 c o s� A s in � A

0 � s i n � A c o s� A

3

7
5

L̄2[C ]L̄1 = L̄3 [C ]L̄2 =

2

6
4

1 0 0

0 1 0

0 0 1

3

7
5

L̄3[C ]B̄ =

2

6
4

1 0 0

0 c o s� B s in � B

0 � s i n � B c o s� B

3

7
5 =

2

6
4

1 0 0

0 c o s� A s in � A

0 � s i n � A c o s� A

3

7
5

For side C-D, the direction cosine matrices between C̄ and R̄ as well as D̄ and R̄ are

C̄ [C ]R̄ = D̄ [C ]R̄ =

2

6
4

1 0 0

0 c o s �
2 s in �

2

0 � s i n �
2 c o s �

2

3

7
5

2

6
4

c o s� s i n � 0

� s i n � c o s� 0

0 0 1

3

7
5

The direction cosine matrices for the C-D side link and helical drive body frames are

L̄4[C ]C̄ =

2

6
4

1 0 0

0 c o s� C s in � C

0 � s i n � C c o s� C

3

7
5

L̄4[C ]L̄5 = L̄5 [C ]L̄6 =

2

6
4

1 0 0

0 1 0

0 0 1

3

7
5

L̄6[C ]D̄ =

2

6
4

1 0 0

0 c o s� D s in � D

0 � s i n � D c o s� D

3

7
5 =

2

6
4

1 0 0

0 c o s� C s in � C

0 � s i n � C c o s� C

3

7
5

The helical drives, L2 and L5, have body frames L̄2 and L̄2. Each helical drive can rotate by an

angle, � k about ~i L̄k
to L̄ 0

k , where k is the link number. The direction cosine matrices for the
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helical drives rotation are L̄0
k [C ]L̄k = [Rx (� k )]

L̄0
2[C ]L̄2 =

2

6
4

1 0 0

0 c o s� 2 s in � 2

0 � s i n � 2 c o s� 2

3

7
5

L̄0
5[C ]L̄5 =

2

6
4

1 0 0

0 c o s� 5 s in � 5

0 � s i n � 5 c o s� 5

3

7
5

The direction cosine matrix identities, where q̄ , r̄ , and ō are any frames, are de�ned as

q̄ [C ] r̄ = ( r̄ [C ]q̄ )� 1

q̄ [C ]ō = q̄ [C ] r̄ �r̄ [C ]ō

Then from direction cosine matrices identities, the direction cosine matrices with respect to

the inertial reference frame are

Ā[C ]Ō = Ā [C ]R̄ �R̄ [C ]Ō C̄ [C ]Ō = C̄ [C ]R̄ �R̄ [C ]Ō

L̄1[C ]Ō = L̄1 [C ]Ā �Ā [C ]Ō L̄4[C ]Ō = L̄4 [C ]C̄ �C̄ [C ]Ō

L̄2[C ]Ō = L̄2 [C ]L̄1 �L̄1 [C ]Ō L̄5[C ]Ō = L̄5 [C ]L̄4 �L̄4 [C ]Ō

L̄3[C ]Ō = L̄3 [C ]L̄2 �L̄2 [C ]Ō L̄6[C ]Ō = L̄6 [C ]L̄5 �L̄5 [C ]Ō

B̄ [C ]Ō = B̄ [C ]R̄ �R̄ [C ]Ō D̄ [C ]Ō = D̄ [C ]R̄ �R̄ [C ]Ō

Also from direction cosine matrix identities

Ō [C ]R̄ = ( R̄[C ]Ō )� 1 Ō [C ]L̄1 = ( L̄1[C ]Ō )� 1

Ō [C ]Ā = ( Ā[C ]Ō )� 1 Ō [C ]L̄2 = ( L̄2[C ]Ō )� 1

Ō [C ]B̄ = ( B̄ [C ]Ō )� 1 Ō [C ]L̄3 = ( L̄3[C ]Ō )� 1

Ō [C ]C̄ = ( C̄ [C ]Ō )� 1 Ō [C ]L̄4 = ( L̄4[C ]Ō )� 1

Ō [C ]D̄ = ( D̄ [C ]Ō )� 1 Ō [C ]L̄5 = ( L̄5[C ]Ō )� 1

Ō [C ]L̄6 = ( L̄6[C ]Ō )� 1

The position vector for the rover body is

~rR=O = x ~i Ō + y ~j Ō + z ~kŌ

Where x , y , and z are functions of time. The velocity vector of of the rover body from the

inertial reference frame is calculated from the position vector.

Ō ~vR=O = Ō d
d t ~rR=O = R̄ d

d t ~rR=O + Ō ! R̄ � ~rR=O
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The acceleration vector of of the rover body from the inertial reference frame is calculated from

the velocity vector.

Ō ~aR=O = Ō d
d t

Ō ~vR=O = R̄ d
d t

Ō ~vR=O + Ō ! R̄ � Ō ~vR=O

The angular velocity between the rover chassis body frame R̄ and the inertial reference frame

Ō is calculated from the direction cosine matrices R̄[C ]Ō .

Ō ~! R̄ = Ō ! x
R̄ ~i R̄ + Ō ! y

R̄ ~j R̄ + Ō ! z
R̄ ~kR̄

Ō ! x
R̄ =

”
0 0 1

—̄
R[C ]Ō Ō �[C ]R̄

2

6
4

0

1

0

3

7
5

Ō ! y
R̄ =

”
1 0 0

—̄
R[C ]Ō Ō �[C ]R̄

2

6
4

0

0

1

3

7
5

Ō ! z
R̄ =

”
0 1 0

—̄
R[C ]Ō Ō �[C ]R̄

2

6
4

1

0

0

3

7
5

The angular acceleration vectors of the rover chassis bod frame is calculated from the time

derivative of the angular velocity vector.

Ō ~� R̄ = Ō d

d t
Ō ~! R̄

The position vector for the x-direction point mass particle, mp ,x , from the rover chassis center

of mass is

~rmp ,x =R = xp
~i R̄ + 0~j R̄ + 0~kR̄

Where xp ,is a function of time. The position vector of the x-direction point mass particle from

the inertial reference frame is

~rmp ,x =O = ~rmp =R + ~rR=O

The velocity vector of of the x-direction point mass particle from the inertial reference frame is

calculated from the position vector.

Ō ~vmp ,x =O = Ō d

d t
~rmp ,x =O = R̄ d

d t
~rmp ,x =O + Ō ! R̄ � ~rmp ,x =O

19



The acceleration vector of of the x-direction point mass particle from the inertial reference

frame is calculated from the velocity vector.

Ō ~amp ,x =O = Ō d

d t
Ō ~vmp ,x =O = R̄ d

d t
Ō ~vmp ,x =O + Ō ! R̄ � Ō ~vmp ,x =O

The position vector for the y-direction point mass particle, mp ,x , from the rover chassis center

of mass is

~rmp ,y =R = 0~i R̄ + yp
~j R̄ + 0~kR̄

Where yp ,is a function of time.

The position vector of the y-direction point mass particle from the inertial reference frame is

~rmp ,y =O = ~rmp =R + ~rR=O

The velocity vector of of the y-direction point mass particle from the inertial reference frame is

calculated from the position vector.

Ō ~vmp ,y =O = Ō d

d t
~rmp ,y =O = R̄ d

d t
~rmp ,y =O + Ō ! R̄ � ~rmp ,y =O

The acceleration vector of of the y-direction point mass particle from the inertial reference

frame is calculated from the velocity vector.

Ō ~amp ,y =O = Ō d

d t
Ō ~vmp ,y =O = R̄ d

d t
Ō ~vmp ,y =O + Ō ! R̄ � Ō ~vmp ,y =O

The position vectors of the hinges of the system from the rover chassis center of mass are

~rA=R = � b ~i R̄ + 0~j R̄ + 0~kR̄

~rB=R = b ~i R̄ + 0~j R̄ + 0~kR̄

~rC=R = � b ~i R̄ + 0~j R̄ + 0~kR̄

~rD =R = b ~i R̄ + 0~j R̄ + 0~kR̄

The position vectors for the links and helical drive on the A-B side are

~rL1=A = ~rc m1=A = 0~i L̄1
� l 1

2
~j L̄1

+ 0~k L̄1

~rL2=L1
= ~rc m2=c m1

=
�

d1
2 + l 2

2

�
~i L̄2

� l 1
2

~j L̄2
+ 0~k L̄2

~rL3=L2
= ~rc m3=c m2

=
�

d3
2 + l 2

2

�
~i L̄3

+ l 3
2

~j L̄3
+ 0~k L̄3
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~rB=L3
= ~rB=c m3

= 0~i L̄3
+ l 3

2
~j L̄3

+ 0~k L̄3

The position vectors for the links and helical drive on the C-D side are

~rL6=D = ~rc m6=D = 0~i L̄6
� l 6

2
~j L̄6

+ 0~k L̄6

~rL5=L6
= ~rc m5=c m6

=
�

d6
2 + l 5

2

�
~i L̄5

� l 6
2

~j L̄5
+ 0~k L̄5

~rL4=L5
= ~rc m4=c m5

=
�

d4
2 + l 5

2

�
~i L̄4

+ l 4
2

~j L̄4
+ 0~k L̄4

~rC=L4
= ~rC=c m4

= 0~i L̄4
+ l 4

2
~j L̄4

+ 0~k L̄4

The position vectors to relate the links and helical drives from the inertial reference frame can

be calculated. The position vectors for side A-B are

~rA=O = ~rA=R + ~rR=O

~rB=O = ~rB=R + ~rR=O

~rL1=O = ~rc m1=O = ~rc m1=A + ~rA=O

~rL2=O = ~rc m2=O = ~rc m2=c m1
+ ~rc m1=O

~rL3=O = ~rc m3=O = ~rc m3=c m2
+ ~rc m2=O

The position vectors for side C-D are

~rC=O = ~rC=R + ~rR=O

~rD =O = ~rD =R + ~rR=O

~rL6=O = ~rc m6=O = ~rc m6=D + ~rD =O

~rL5=O = ~rc m5=O = ~rc m5=c m6
+ ~rc m6=O

~rL4=O = ~rc m4=O = ~rc m4=c m5
+ ~rc m5=O

The velocity and acceleration vectors of each link and helical drive center of mass from the

inertial reference frame are calculated from the position vectors.

Ō ~vc m k =O = Ō d

d t
~rc m k =O = L̄k

d

d t
~rc m k =O + Ō ! L̄k � ~rc m k =O
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Ō ~ac m k =O = Ō d

d t
Ō ~vc m k =O = L̄k

d

d t
Ō ~vc m k =O + Ō ! L̄k � Ō ~vc m k =O

The angular velocities between the link and helical drive body frames and the inertial reference

frame Ō is calculated from the direction cosine matrices L̄k [C ]Ō .

Ō ~! L̄k = Ō ! x
L̄k ~i L̄k

+ Ō ! y
L̄k ~j L̄k

+ Ō ! z
L̄k ~k L̄k

Ō ! x
L̄k =

”
0 0 1

—̄
Lk [C ]Ō Ō �[C ]L̄k

2

6
4

0

1

0

3

7
5

Ō ! y
L̄k =

”
1 0 0

—̄
Lk [C ]Ō Ō �[C ]L̄k

2

6
4

0

0

1

3

7
5

Ō ! z
L̄k =

”
0 1 0

—̄
Lk [C ]Ō Ō �[C ]L̄k

2

6
4

1

0

0

3

7
5

The angular acceleration vectors of each link and helical drive are calculated from the time

derivative of the angular velocity vectors.

Ō ~� L̄k = Ō d

d t
Ō ~! L̄k

2.5 Rover Dynamic Model

2.5.1 Generalized Speeds

The generalized coordinates of the rover system are

q1 = x - the position of R relative to O in ~i Ō

q2 = y - the position of R relative to O in ~j Ō

q3 = z - the position of R relative to O in ~kŌ

q4 = � - roll of R̄ relative to Ō in ~i Ō

q5 = � - pitch of R̄ relative to Ō in ~kŌ

q6 =  - yaw of R̄ relative to Ō in ~j Ō

q7 = � A = � B - rotation of Ā relative to R̄ in ~i Ā

q8 = � C = � D - rotation of C̄ relative to R̄ in ~i C̄
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The time derivatives of the generalized coordinates return the generalized velocities.

�q1 = �x �q5 = ��

�q2 = �y �q6 = � 

�q3 = �z �q7 = �� A = �� B

�q4 = �� �q8 = �� C = �� D

The generalized speeds for the system are selected to be

u 1 = vx u 5 = ! y

u 2 = vy u 6 = ! z

u 3 = vz u 7 = �� A = �� B

u 4 = ! x u 8 = �� C = �� D

Where vx , vy , and vz are the x, y, and z velocities of the rover expressed in the R̄ frame relative

to the inertial reference frame.

f Ō ~vR=OgR̄ = vx
~i R̄ + vy

~j R̄ + �z ~kR̄

The direction cosine matrix between R̄ and Ō will follow NASA Standard order yaw, pitch, roll.
R̄[C ]Ō = [Rx (� )][Ry (� )][Rz ( )].

R̄[C ]Ō =

2

6
4

1 0 0

0 c o s� s i n �

0 � s i n � c o s�

3

7
5

2

6
4

c o s� 0 � s i n �

0 1 0

s in � 0 c o s�

3

7
5

2

6
4

c o s s i n  0

� s i n  c o s 0

0 0 1

3

7
5

This direction cosine matrices is used to relate f Ō ~vR=OgŌ and f Ō ~vR=OgR̄

f Ō ~vR=OgŌ = �x ~i Ō + �y ~j Ō + vz
~kŌ

f Ō ~vR=OgR̄ = R̄ [C ]Ō f Ō ~vR=OgŌ

The velocity equations are

vx = �x cos� cos + �y cos� sin  � �z sin �

vy = �x (cos sin � sin � � cos� sin  ) + �y (cos� cos + sin � sin � sin  ) + �z cos� sin �

vz = �x (cos� cos sin � + sin � sin  ) + �y (� cos sin � + cos� sin � sin  ) + �z cos� cos�

The ! x , ! y , and ! z are the x, y, and z angular velocities of the rover expressed in the R̄ frame

relative to the inertial reference frame.
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Ō ~! R̄ = ! x
~i R̄ + ! y

~j R̄ + ! z
~kR̄

! x =
”
0 0 1

—̄
R [C ]Ō Ō �[C ]R̄

2

6
4

0

1

0

3

7
5

! y =
”
1 0 0

—̄
R [C ]Ō Ō �[C ]R̄

2

6
4

0

0

1

3

7
5

! z =
”
0 1 0

—̄
R [C ]Ō Ō �[C ]R̄

2

6
4

1

0

0

3

7
5

The direction cosine matrix between R̄ and Ō will follow NASA Standard order yaw, pitch, roll.
R̄[C ]Ō = [Rx (� )][Ry (� )][Rz ( )].

R̄[C ]Ō =

2

6
4

1 0 0

0 c o s� s i n �

0 � s i n � c o s�

3

7
5

2

6
4

c o s� 0 � s i n �

0 1 0

s in � 0 c o s�

3

7
5

2

6
4

c o s s i n  0

� s i n  c o s 0

0 0 1

3

7
5

Then
Ō �[C ]R̄ =

d

d t

”
R̄[C ]Ō

—T

The angular velocity equations are

! x = �� � � sin �

! y = �� cos� + � cos� sin �

! z = � �� sin � + � cos� cos�

The generalized speeds, or motion variables, u r , are related to the generalized velocities through

[u ] = [ Y ][ �q ] � [Z ].
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[Y ] =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

Y11 Y12 Y13 Y14 Y15 Y16 Y17 Y18

Y21 Y22 Y23 Y24 Y25 Y26 Y27 Y28

Y31 Y32 Y33 Y34 Y35 Y36 Y37 Y38

Y41 Y42 Y43 Y44 Y45 Y46 Y47 Y48

Y51 Y52 Y53 Y54 Y55 Y56 Y57 Y58

Y61 Y62 Y63 Y64 Y65 Y66 Y67 Y68

Y71 Y72 Y73 Y74 Y75 Y76 Y77 Y78

Y81 Y82 Y83 Y84 Y85 Y86 Y87 Y88

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

Y11 = c o s(q5)c o s(q6)

Y12 = c o s(q5)s i n (q6)

Y13 = � s i n (q5)

Y21 = c o s(q6)s i n (q4)s i n (q5) � c o s(q4)s i n (q6)

Y22 = c o s(q4)c o s(q6) + s in (q4)s i n (q5)s i n (q6)

Y23 = c o s(q5)

Y31 = c o s(q4)c o s(q6)s i n (q5) + s in (q4)s i n (q6)

Y32 = � c o s(q6)s i n (q4) + c o s(q4)s i n (q5)s i n (q6)

Y33 = c o s(q4)c o s(q5)

Y44 = 1

Y45 = 0

Y46 = � s i n (q5)

Y54 = 0

Y55 = c o s(q4)

Y56 = c o s(q5)s i n (q4)

Y64 = 0

Y65 = � s i n (q4)

Y66 = c o s(q4)c o s(q5)
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Y77 = 1

Y88 = 1

With all other terms in [Y ] equal to zero.

[Y ] =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

Y11 Y12 Y13 0 0 0 0 0

Y21 Y22 Y23 0 0 0 0 0

Y31 Y32 Y33 0 0 0 0 0

0 0 0 Y44 Y45 Y46 0 0

0 0 0 Y54 Y55 Y56 0 0

0 0 0 Y64 Y65 Y66 0 0

0 0 0 0 0 0 Y77 0

0 0 0 0 0 0 0 Y88

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

The [Z ] is 2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0

0

0

0

0

0

0

0

0

0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

This returns u values in terms of values �q .

u 1 = �q1 cosq5 cosq6 � �q3 sin q5 + �q2 cosq5 sin q6

u 2 = �q3 cosq5 sin q4 + �q1(cosq6 sin q4 sin q5 � cosq4 sin q6) + �q2(cosq4 cosq6) + sin q4 sin q5 sin q6)

u 3 = �q3 cosq5 cosq4 + �q1(cosq6 cosq4 sin q5 + sin q4 sin q6)+ �q2(� sin q4 cosq6 + cosq4 sin q5 sin q6)

u 4 = �q4 � �q6 sin q5

u 5 = �q5 cosq4 + �q6 cosq5 sin q4

u 6 = � �q5 sin q4 + �q6 cosq5 cosq4

u 7 = �q7

u 8 = �q8

Then [ �q ] = [ W ][u ] + [ Z ][u ] where [W ] is the inverse of [Y ].
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[W ] = [ Y ]� 1 =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

W11 W12 W13 W14 W15 W16 W17 W18

W21 W22 W23 W24 W25 W26 W27 W28

W31 W32 W33 W34 W35 W36 W37 W38

W41 W42 W43 W44 W45 W46 W47 W48

W51 W52 W53 W54 W55 W56 W57 W58

W61 W62 W63 W64 W65 W66 W67 W68

W71 W72 W73 W74 W75 W76 W77 W78

W81 W82 W83 W84 W85 W86 W87 W88

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

W11 = cos(q5)cos(q6)

W12 = cos(q6)sin(q4)sin(q5) � cos(q4)sin(q6)

W13 = cos(q4)cos(q6)sin(q5) + sin(q4)sin(q6)

W21 = cos(q5)sin(q6)

W22 = cos(q4)cos(q6) + sin(q4)sin(q5)sin(q6)

W23 = � cos(q6)sin(q4) + cos(q4)sin(q5)sin(q6)

W31 = � sin(q5)

W32 = cos(q5)sin(q4)

W33 = cos(q4)cos(q5)

W44 = 1

W45 = sin(q4)tan(q5)

W46 = cos(q4)tan(q5)

W54 = 0

W55 = cos(q4)

W56 = � sin(q4))

W64 = 0

W65 = sec(q5)sin(q4)

W66 = cos(q4)sec(q5)
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W77 = 1

W88 = 1

With all other terms in [W ] equal to zero.

[W ] =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

W11 W12 W13 0 0 0 0 0

W21 W22 W23 0 0 0 0 0

W31 W32 W33 0 0 0 0 0

0 0 0 W44 w45 W46 0 0

0 0 0 W54 W55 W56 0 0

0 0 0 W64 W65 W66 0 0

0 0 0 0 0 0 W77 0

0 0 0 0 0 0 0 W88

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

This returns �q values in terms of values u .

�q1 = u 1 cosq5 cosq6 + u 2(cosq6s inq4 sin q5 � cosq4 sin q6) + u 3(cosq4 cosq6 sin q5 + sin q4 sin q6)

�q2 = u 1 cosq5 sin q6+ u 3(� cosq6 sin q4+ cosq4 sin q5 sin q6)+ u 2

�
cosq4 cosq6 + sin q4 sin q5 sin q6

�

�q3 = u 3 cosq4 cosq5 + u 2 cosq5 sin q4 � u 1 sin q5

�q4 = u 4 + u 6 cosq4 tan q5 + u 5 sin q4 tan q5

�q5 = u 5 cosq4 � u 6 sin q4

�q6 = u 6 cosq4 secq5 + u 5 secq5 sin q4

�q7 = u 7

�q8 = u 8

These 8 generalized speeds result in 8 governing Kane's method equations Fr + F �
r = 0, one for

each of the generalized speeds, u 1, ...u 8.

F1 + F �
1 = 0 F5 + F �

5 = 0

F2 + F �
2 = 0 F6 + F �

6 = 0

F3 + F �
3 = 0 F7 + F �

7 = 0

F4 + F �
4 = 0 F8 + F �

8 = 0

2.5.2 Partial Velocities and Partial Angular Velocities

The velocities, angular velocities, accelerations, and angular accelerations are rewritten in terms

of generalized coordinates (q1, ...,q8), the generalized speeds (u 1, ...,u 8), and the time derivative

of the generalized speeds ( �u 1, ..., �u 8). The partial velocities for the rigid bodies, Ō
O ~vc m k ,r , can be

calculated from Ō ~vc m k =O for the 8 generalized speeds and the partial angular velocities, Ō ~! r
B̄k ,

can be calculated from Ō ~! B̄k for the 8 generalized speeds. The partial velocities for the particles,
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Ō
O ~vm l ,r , can be calculated from Ō ~vm l =O for the 8 generalized speeds.

For link 1 at its center of mass, c m 1 = L1

Ō
O ~vc m1,1 = @

@u1

Ō ~vc m1=O
Ō ~! 1

L̄1 = @
@u1

Ō ~! L̄1

Ō
O ~vc m1,2 = @

@u2

Ō ~vc m1=O
Ō ~! 2

L̄1 = @
@u2

Ō ~! L̄1

Ō
O ~vc m1,3 = @

@u3

Ō ~vc m1=O
Ō ~! 3

L̄1 = @
@u3

Ō ~! L̄1

Ō
O ~vc m1,4 = @

@u4

Ō ~vc m1=O
Ō ~! 4

L̄1 = @
@u4

Ō ~! L̄1

Ō
O ~vc m1,5 = @

@u5

Ō ~vc m1=O
Ō ~! 5

L̄1 = @
@u5

Ō ~! L̄1

Ō
O ~vc m1,6 = @

@u6

Ō ~vc m1=O
Ō ~! 6

L̄1 = @
@u6

Ō ~! L̄1

Ō
O ~vc m1,7 = @

@u7

Ō ~vc m1=O
Ō ~! 7

L̄1 = @
@u7

Ō ~! L̄1

Ō
O ~vc m1,8 = @

@u8

Ō ~vc m1=O
Ō ~! 8

L̄1 = @
@u8

Ō ~! L̄1

For link 2 at its center of mass, c m 2 = L2

Ō
O ~vc m2,1 = @

@u1

Ō ~vc m2=O
Ō ~! 1

L̄2 = @
@u1

Ō ~! L̄2

Ō
O ~vc m2,2 = @

@u2

Ō ~vc m2=O
Ō ~! 2

L̄2 = @
@u2

Ō ~! L̄2

Ō
O ~vc m2,3 = @

@u3

Ō ~vc m2=O
Ō ~! 3

L̄2 = @
@u3

Ō ~! L̄2

Ō
O ~vc m2,4 = @

@u4

Ō ~vc m2=O
Ō ~! 4

L̄2 = @
@u4

Ō ~! L̄2

Ō
O ~vc m2,5 = @

@u5

Ō ~vc m2=O
Ō ~! 5

L̄2 = @
@u5

Ō ~! L̄2

Ō
O ~vc m2,6 = @

@u6

Ō ~vc m2=O
Ō ~! 6

L̄2 = @
@u6

Ō ~! L̄2

Ō
O ~vc m2,7 = @

@u7

Ō ~vc m2=O
Ō ~! 7

L̄2 = @
@u7

Ō ~! L̄2

Ō
O ~vc m2,8 = @

@u8

Ō ~vc m2=O
Ō ~! 8

L̄2 = @
@u8

Ō ~! L̄2

For link 3 at its center of mass, c m 3 = L3
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Ō
O ~vc m3,1 = @

@u1

Ō ~vc m3=O
Ō ~! 1

L̄3 = @
@u1

Ō ~! L̄3

Ō
O ~vc m3,2 = @

@u2

Ō ~vc m3=O
Ō ~! 2

L̄3 = @
@u2

Ō ~! L̄3

Ō
O ~vc m3,3 = @

@u3

Ō ~vc m3=O
Ō ~! 3

L̄3 = @
@u3

Ō ~! L̄3

Ō
O ~vc m3,4 = @

@u4

Ō ~vc m3=O
Ō ~! 4

L̄3 = @
@u4

Ō ~! L̄3

Ō
O ~vc m3,5 = @

@u5

Ō ~vc m3=O
Ō ~! 5

L̄3 = @
@u5

Ō ~! L̄3

Ō
O ~vc m3,6 = @

@u6

Ō ~vc m3=O
Ō ~! 6

L̄3 = @
@u6

Ō ~! L̄3

Ō
O ~vc m3,7 = @

@u7

Ō ~vc m3=O
Ō ~! 7

L̄3 = @
@u7

Ō ~! L̄3

Ō
O ~vc m3,8 = @

@u8

Ō ~vc m3=O
Ō ~! 8

L̄3 = @
@u8

Ō ~! L̄3

For link 4 at its center of mass, c m 4 = L4

Ō
O ~vc m4,1 = @

@u1

Ō ~vc m4=O
Ō ~! 1

L̄4 = @
@u1

Ō ~! L̄4

Ō
O ~vc m4,2 = @

@u2

Ō ~vc m4=O
Ō ~! 2

L̄4 = @
@u2

Ō ~! L̄4

Ō
O ~vc m4,3 = @

@u3

Ō ~vc m4=O
Ō ~! 3

L̄4 = @
@u3

Ō ~! L̄4

Ō
O ~vc m4,4 = @

@u4

Ō ~vc m4=O
Ō ~! 4

L̄4 = @
@u4

Ō ~! L̄4

Ō
O ~vc m4,5 = @

@u5

Ō ~vc m4=O
Ō ~! 5

L̄4 = @
@u5

Ō ~! L̄4

Ō
O ~vc m4,6 = @

@u6

Ō ~vc m4=O
Ō ~! 6

L̄4 = @
@u6

Ō ~! L̄4

Ō
O ~vc m4,7 = @

@u7

Ō ~vc m4=O
Ō ~! 7

L̄4 = @
@u7

Ō ~! L̄4

Ō
O ~vc m4,8 = @

@u8

Ō ~vc m4=O
Ō ~! 8

L̄4 = @
@u8

Ō ~! L̄4

For link 5 at its center of mass, c m 5 = L5
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Ō
O ~vc m5,1 = @

@u1

Ō ~vc m5=O
Ō ~! 1

L̄5 = @
@u1

Ō ~! L̄5

Ō
O ~vc m5,2 = @

@u2

Ō ~vc m5=O
Ō ~! 2

L̄5 = @
@u2

Ō ~! L̄5

Ō
O ~vc m5,3 = @

@u3

Ō ~vc m5=O
Ō ~! 3

L̄5 = @
@u3

Ō ~! L̄5

Ō
O ~vc m5,4 = @

@u4

Ō ~vc m5=O
Ō ~! 4

L̄5 = @
@u4

Ō ~! L̄5

Ō
O ~vc m5,5 = @

@u5

Ō ~vc m5=O
Ō ~! 5

L̄5 = @
@u5

Ō ~! L̄5

Ō
O ~vc m5,6 = @

@u6

Ō ~vc m5=O
Ō ~! 6

L̄5 = @
@u6

Ō ~! L̄5

Ō
O ~vc m5,7 = @

@u7

Ō ~vc m5=O
Ō ~! 7

L̄5 = @
@u7

Ō ~! L̄5

Ō
O ~vc m5,8 = @

@u8

Ō ~vc m5=O
Ō ~! 8

L̄5 = @
@u8

Ō ~! L̄5

For link 6 at its center of mass, c m 6 = L6

Ō
O ~vc m6,1 = @

@u1

Ō ~vc m6=O
Ō ~! 1

L̄6 = @
@u1

Ō ~! L̄6

Ō
O ~vc m6,2 = @

@u2

Ō ~vc m6=O
Ō ~! 2

L̄6 = @
@u2

Ō ~! L̄6

Ō
O ~vc m6,3 = @

@u3

Ō ~vc m6=O
Ō ~! 3

L̄6 = @
@u3

Ō ~! L̄6

Ō
O ~vc m6,4 = @

@u4

Ō ~vc m6=O
Ō ~! 4

L̄6 = @
@u4

Ō ~! L̄6

Ō
O ~vc m6,5 = @

@u5

Ō ~vc m6=O
Ō ~! 5

L̄6 = @
@u5

Ō ~! L̄6

Ō
O ~vc m6,6 = @

@u6

Ō ~vc m6=O
Ō ~! 6

L̄6 = @
@u6

Ō ~! L̄6

Ō
O ~vc m6,7 = @

@u7

Ō ~vc m6=O
Ō ~! 7

L̄6 = @
@u7

Ō ~! L̄6

Ō
O ~vc m6,8 = @

@u8

Ō ~vc m6=O
Ō ~! 8

L̄6 = @
@u8

Ō ~! L̄6

For the rover body at its center of mass, c m r ov = R
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Ō
O ~vR,1 = @

@u1

Ō ~vR=O
Ō ~! 1

R̄ = @
@u1

Ō ~! R̄

Ō
O ~vR,2 = @

@u2

Ō ~vR=O
Ō ~! 2

R̄ = @
@u2

Ō ~! R̄

Ō
O ~vR,3 = @

@u3

Ō ~vR=O
Ō ~! 3

R̄ = @
@u3

Ō ~! R̄

Ō
O ~vR,4 = @

@u4

Ō ~vR=O
Ō ~! 4

R̄ = @
@u4

Ō ~! R̄

Ō
O ~vR,5 = @

@u5

Ō ~vR=O
Ō ~! 5

R̄ = @
@u5

Ō ~! R̄

Ō
O ~vR,6 = @

@u6

Ō ~vR=O
Ō ~! 6

R̄ = @
@u6

Ō ~! R̄

Ō
O ~vR,7 = @

@u7

Ō ~vR=O
Ō ~! 7

R̄ = @
@u7

Ō ~! R̄

Ō
O ~vR,8 = @

@u8

Ō ~vR=O
Ō ~! 8

R̄ = @
@u8

Ō ~! R̄

For the x-direction mass particle mp ,x

Ō
O ~vmp ,x ,1 = @

@u1

Ō ~vmp ,x =O

Ō
O ~vmp ,x ,2 = @

@u2

Ō ~vmp ,x =O

Ō
O ~vmp ,x ,3 = @

@u3

Ō ~vmp ,x =O

Ō
O ~vmp ,x ,4 = @

@u4

Ō ~vmp ,x =O

Ō
O ~vmp ,x ,5 = @

@u5

Ō ~vmp ,x =O

Ō
O ~vmp ,x ,6 = @

@u6

Ō ~vmp ,x =O

Ō
O ~vmp ,x ,7 = @

@u7

Ō ~vmp ,x =O

Ō
O ~vmp ,x ,8 = @

@u8

Ō ~vmp ,x =O

For the y-direction mass particle mp ,y
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Ō
O ~vmp ,y ,1 = @

@u1

Ō ~vmp ,y =O

Ō
O ~vmp ,y ,2 = @

@u2

Ō ~vmp ,y =O

Ō
O ~vmp ,y ,3 = @

@u3

Ō ~vmp ,y =O

Ō
O ~vmp ,y ,4 = @

@u4

Ō ~vmp ,y =O

Ō
O ~vmp ,y ,5 = @

@u5

Ō ~vmp ,y =O

Ō
O ~vmp ,y ,6 = @

@u6

Ō ~vmp ,y =O

Ō
O ~vmp ,y ,7 = @

@u7

Ō ~vmp ,y =O

Ō
O ~vmp ,y ,8 = @

@u8

Ō ~vmp ,y =O

2.5.3 Rover System Forces

Rover Link and Simpli�ed Helical Drive Forces

The forces acting on the links and the simpli�ed helical drives are approximated as point

forces acting at the center of mass of the rigid body. The forces include gravity force ( ~Fk ,g r a v ),

buoyancy force ( ~Fk ,B ), drag force ( ~Fk ,d r ag ), �ow acceleration force ( ~Fk ,F A), and control force ( ~Fk ,o )

[12]. There are also reaction forces at each the hinges and each link connection ( ~Fk ,r e a c t i on ).

Assuming a frictionless system ( ~Fk ,f r i c t i on ) is ignored. Also assuming that the vehicle is slow

moving, lift ( ~Fk ,l i f t ) is ignored [12]. The forces acting on links 1, 3, 4, and 6 are

~Fk = ~Fk ,g r a v + ~Fk ,B + ~Fk ,d r ag + ~Fk ,F A + ~Fk ,o + ~Fk ,r e a c t i on

The links 2 and 5 are the simpli�ed helical drive bodies and have additional helical drive forces

( ~Fk ,H D ). Including a net thrust ( ~Fk ,t h r us t ne t ) from the helical drive blades and a net buoyancy

( ~Fk ,b uo y ne t ) from the helical drive ballast system that will �ll and drain. The total forces for the

helical drives L2 and L5 are

~Fk = ~Fk ,g r a v + ~Fk ,B + ~Fk ,d r ag + ~Fk ,F A + ~Fk ,o + ~Fk ,r e a c t i on + ~Fk ,H D

Where ~Fk ,H D = ~Fk ,t h r us t ne t + ~Fk ,b uo y ne t for links 2 and 5 only. The net thrust represents the net

thrust from the helical drive rotation, and is the resulting thrust force remaining considering
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any drag forces opposing the rotation and forward movement. The net buoyancy force is the

buoyancy from the ballast system inside of the helical drives to navigate the helical drive to

rise or sink, acting at the center of geometry of the helical drive. These forces are unknown and

applied as variables for this dynamic model. Helical drive thrust estimations can come from

computational �uid dynamics simulations for helical drives to model the �uid dynamics of

the helical drives in different operating conditions. Helical drive buoyancy from the ballast

system is to be later developed from a determined ballast design. The free body diagrams of

each link are

Figure 2.13: Link 1 Free Body Diagram

Figure 2.14: Simpli�ed Helical Drive Link 2 Free Body Diagram
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Figure 2.15: Link 3 Free Body Diagram

Figure 2.16: Link 4 Free Body Diagram
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Figure 2.17: Simpli�ed Helical Drive Link 5 Free Body Diagram

Figure 2.18: Link 6 Free Body Diagram

The gravity forces acting on each link and helical drive occur at the center of mass and act

in the inertial reference frame, Ō.

~Fk ,g r a v = m k (� g )~k ō

The buoyancy forces acting on the links and helical drives are proportional with the �uid

that the links and helical drives displace acting through the center of buoyancy for each rigid

body [12]. The center of buoyancy is assumed to be equal to the center of geometry due to the

symmetry of the rigid bodies present in the system and acts in the inertial reference frame, Ō.

The buoyancy force acting on the link and the helical drives in the inertial reference frame,
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opposing the gravity force [12].
~Fk ,B = � � Vk (� g )~k ō

Where � is the density of the water and Vk is the volume of the �uid displaced by body k, which

is approximated as the volume of each of the links and simpli�ed helical drives as cylinders.

Vk = � rk
2l k

The drag force acting on each link and simpli�ed helical drive, currently modeled as a cylinder,

acts in the body frame of each rigid body L̄k and is integrated along the length of the body [12].

~Fk ,d r ag = �
1

2
�

Z l k

0

j� Ō ~vk ,? j� Ō ~vk ,? CD rk d l k

Where it is noted that that from vector properties

j� Ō ~vk ,? j2� Ō v̂k ,? = j� Ō ~vk ,? j2
� Ō ~vk ,?

j� Ō ~vk ,? j
= j� Ō ~vk ,? j� Ō ~vk ,?

The drag force is simpli�ed to a point force at the center of mass of each link and simpli�ed

helical drive in the body frame.

Fk ,d r ag = �
1

2
� CD j� Ō ~vk ,? j� Ō ~vk ,? Sk

Where Sk is the reference area of the body. The reference area for a cylinder is Sk = rk l k . � Ō ~vk is

the difference between the link velocity ( Ō ~vc m k =O ) and �ow velocity ( Ō ~vF =O ). The �ow velocity

(Ō ~vF =O ) is de�ned in the IRF, and is translated into the body frames for each of the link to

determine the �ow velocity components in the body frames.

� Ō ~vk = [ � Ō ~vk , x ]~i L̄k
+ [ � Ō ~vk , y ] ~j L̄k

+ [ � Ō ~vk , z ]~k L̄k

� Ō ~vk = Ō ~vc m k =O � L̄k [C ]Ō f Ō ~vF =OgŌ

� Ō ~vk ? is the components of � Ō ~vk normal to the link or helical drive. For links 1, 3, 4, and 6 the

directions normal to the link are in the ~i and ~j directions in the link body frame. For links 2

and 5 the directions normal to the link are in the ~j and ~k directions in the link body frame.

� Ō ~v1? = [ � Ō ~v1, x ]~i L̄1
+ [ � Ō ~v1, y ] ~j L̄1

+ [ � Ō ~v1, z ]~k L̄1
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� Ō ~v2? = [ � Ō ~v2, x ]~i L̄2
+ [ � Ō ~v2, y ] ~j L̄2

+ [ � Ō ~v2, z ]~k L̄2

� Ō ~v3? = [ � Ō ~v3, x ]~i L̄3
+ [ � Ō ~v3, y ] ~j L̄3

+ [ � Ō ~v3, z ]~k L̄3

� Ō ~v4? = [ � Ō ~v4, x ]~i L̄4
+ [ � Ō ~v4, y ] ~j L̄4

+ [ � Ō ~v4, z ]~k L̄4

� Ō ~v5? = [ � Ō ~v5, x ]~i L̄5
+ [ � Ō ~v5, y ] ~j L̄5

+ [ � Ō ~v5, z ]~k L̄5

� Ō ~v6? = [ � Ō ~v6, x ]~i L̄6
+ [ � Ō ~v6, y ] ~j L̄6

+ [ � Ō ~v6, z ]~k L̄6

CD is the drag coef�cient and CD = CD ,b a s i c s in 2� k where CD ,b a s i c is a constant based on the

geometry, CD ,b a s i c = 1.1 for �ow normal to a cylinder [12]. � k is the angle between the link or

helical drive longitudinal axis and �ow velocity.

� 1 = c o s� 1

�
Ō ~vF =O

jŌ ~vF =O j
� ĵ L̄1

�

� 2 = c o s� 1

�
Ō ~vF =O

jŌ ~vF =O j
� î L̄2

�

� 3 = c o s� 1

�
Ō ~vF =O

jŌ ~vF =O j
� ĵ L̄3

�

� 4 = c o s� 1

�
Ō ~vF =O

jŌ ~vF =O j
� ĵ L̄4

�

� 5 = c o s� 1

�
Ō ~vF =O

jŌ ~vF =O j
� î L̄5

�

� 6 = c o s� 1

�
Ō ~vF =O

jŌ ~vF =O j
� ĵ L̄6

�

Where

î L̄k
=

~i L̄k

j~i L̄k
j
= 1~i L̄k

+ 0~j L̄k
+ 0~k L̄k

ĵ L̄k
=

~j L̄k

j ~j L̄k
j
= 0~i L̄k

+ 1~j L̄k
+ 0~k L̄k
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The �ow acceleration force acting on the links and helical drives from the �ow acceleration is

proportional to the �uid that the links and helical drives displaced [12].

~Fk ,F A = � Vk
Ō ~aF =O

Where Ō ~aF =O is the acceleration of the �ow.

Ō ~aF =O = Ō d

d t
Ō ~vF =O

The control forces acting on each link and helical drive are applied from control system im-

plemented in the design and is incorporated into this model to demonstrate how the forces

created for a control system would be implemented.

~Fk ,o = Fk ,o x
~i L̄k

+ Fk ,o y
~j L̄k

+ Fk ,o z
~k L̄k

The reaction forces on the links and helical drives occur at the hinges ( A, B, C, D ) and link

connections ( P12, P23, P45, P56) and act equal and opposite on each rigid body at the connecting

point.

~RAR = L̄1[C ]Ā[xA
~i Ā + yA

~j Ā + zA
~k Ā] applied at A on link 1

~R12 = [ x12
~i L̄1

+ y12
~j L̄1

+ z12
~k L̄1

] applied at P12 on link 1

~R21 = [ � x12
~i L̄2

� y12
~j L̄2

� z12
~k L̄2

] applied at P12 on link 2

~R23 = [ x23
~i L̄2

+ y23
~j L̄2

+ z23
~k L̄2

] applied at P23 on link 2

~R32 = [ � x23
~i L̄3

+ y23
~j L̄3

� z23
~k L̄3

] applied at P23 on link 3

~RBR = L̄3[C ]B̄ [xB
~i B̄ + yB

~j B̄ + zB
~k B̄ ] applied at B on link 3

~RC R = L̄4[C ]C̄ [xC
~i C̄ + yC

~j C̄ + zC
~kC̄ ] applied at C on link 4

~R45 = [ � x45
~i L̄4

� y45
~j L̄4

� z45
~k L̄4

] applied at P45 on link 4

~R54 = [ x45
~i L̄5

+ y45
~j L̄5

+ z45
~k L̄5

] applied at P45 on link 5

~R56 = [ � x56
~i L̄5

� y56
~j L̄5

� z56
~k L̄5

] applied at P56 on link 5

~R65 = [ x56
~i L̄6

+ y56
~j L̄6

+ z56
~k L̄6

] applied at P56 on link 6
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~RD R = L̄6[C ]D̄ [xD
~i D̄ + yD

~j D̄ + zD
~kD̄ ] applied at D on link 6

The reaction forces are
~F1,r e a c t i on = ~RAR + ~R12

~F2,r e a c t i on = ~R21 + ~R23

~F3,r e a c t i on = ~R32 + ~RBR

~F4,r e a c t i on = ~RC R + ~R45

~F5,r e a c t i on = ~R54 + ~R56

~F6,r e a c t i on = ~R65 + ~RD R

Rover Sliding Mass Forces

The forces acting on the sliding masses are approximated as point forces acting on a particle.

The forces include gravity force ( ~Fmp ,g r a v ) and control forces ( ~Fmp ,o ). Assuming a frictionless

system ( ~Fm l , f r i c t i on ) is ignored. The forces acting on the x-direction point mass are

~Fmp ,x
= ~Fmp ,x ,g r a v + ~Fmp ,x ,o

The free body diagram of the x-direction point mass is

Figure 2.19: X-Direction Point Mass Free Body Diagram

The forces acting on the y-direction point mass are

~Fmp ,y
= ~Fmp ,y ,g r a v + ~Fmp ,y ,o

The free body diagram of the y-direction point mass is
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Figure 2.20: Y-Direction Point Mass Free Body Diagram

The gravity forces acting on the point masses act in the inertial reference frame, Ō.

~Fmp ,x ,g r a v = mp ,x (� g )~k ō

~Fmp ,y ,g r a v = mp ,y (� g )~k ō

The control force acting on the rover body is applied from control system implemented in the

design to prescribe a motion to the sliding masses for the desired rover performance and is

incorporate into this model to demonstrate how the forces created for a control system would

be implemented.
~Fmp ,x ,o = Fmp ,x ,o x

~i R̄ + Fmp ,x ,o y
~j R̄ + Fmp ,x ,o z

~kR̄

~Fmp ,y ,o = Fmp ,y ,o x
~i R̄ + Fmp ,y ,o y

~j R̄ + Fmp ,y ,o z
~kR̄

Rover Chassis Forces

The forces acting on the rover are approximated as point forces acting at the center of mass

of the rigid body. The forces include gravity force ( ~Fr ov ,g r a v ), buoyancy force ( ~Fr ov ,B ), drag

force ( ~Fr ov ,d r ag ), �ow acceleration force ( ~Fr ov ,F A), and control force ( ~Fr ov ,o ) [12]. There are also

reaction forces at each of the hinges ( ~Fr ov ,r e a c t i on ), as well as reaction forces on the rover body

from the point mass control forces ~Fmp ,o . Assuming a frictionless system ( ~Fr ov ,f r i c t i on ) is ignored.

Also assuming that the vehicle is slow moving, lift ( ~Fr ov ,l i f t ) is ignored. The forces acting on the

rover body are

~Fr ov = ~Fr ov ,g r a v + ~Fr ov ,B + ~Fr ov ,d r ag + ~Fr ov ,F A + ~Fr ov ,o + ~Fr ov ,r e a c t i on

The free body diagram of the rover body is
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Figure 2.21: Rover Body Free Body Diagram

The gravity force acting on the rover occurs at the center of mass and acts in the inertial

reference frame Ō.
~Fr ov ,g r a v = m r ov (� g )~k ō

The buoyancy force acting on the rover body chassis is proportional with the �uid that the

rover body chassis displaces acting through the center of buoyancy for the rigid body [12]. The

center of buoyancy is assumed to be equal to the center of geometry due to the symmetry of

the rigid bodies present in the system and acts in the inertial reference frame, Ō. The buoyancy

force acting on the rover body chassis in the inertial reference frame, opposing the gravity force

[12].
~Fr ov ,B = � � Vr ov (� g )~k ō

Where � is the density of the water and Vr ov is the volume of the �uid displaced by the rover

chassis body, which is calculated as the volume of an ellipsoid.

Vr ov =
4

3
� a 2b

The drag acting on the rover body, assuming the rover is an ellipsoid with semi-major axis

length b and semi-minor axis length a is applied as a point force at the rover chassis body

center of mass (R) and is broken into normal and axial components [14].

~Fr ov ,d r ag = FA
~i R̄ + FNy

~j R̄ + FNz
~kR̄
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Figure 2.22: Rover Body Drag Force Components

The axial force component, FA acts about the center of mass in the ~i R̄ direction of the rover

body.

FA = �
1

2
� CAo

j� Ō ~vr ov j2(� Ō ~vr ov � ~i R̄)Sr

The normal force component, FN acts about the center of mass in the ~j R̄ and ~kR̄ direction of

the rover body.

FNy
= �

1

2
� Cdn

j� Ō ~vr ov j2(� Ō ~vr ov � ~j R̄)Sp

FNz
= �

1

2
� Cdn

j� Ō ~vr ov j2(� Ō ~vr ov � ~kR̄)Sp

CAo
is the axial drag coef�cient at zero angle of attack [14]. For an ellipsoid CAo

= 0.25 [15]. Cdn

is the cross-�ow drag coef�cient and � is the angle of attack [14]. For an ellipsoid Cdn
� 1.2

for Reynolds Number below 3 � 105 [16]. Sr is the reference area and Sp is the planform area.

The reference area for a ellipsoid is Sr = � a 2. The planform area for an ellipsoid is Sp = � a b .

� Ō ~vr ov is the difference between the rover velocity ( Ō ~vR=O ) and �ow velocity ( Ō ~vF =O ).The �ow

velocity ( Ō ~vF =O ) is de�ned in the IRF, and is translated into the rover chassis body frame.

� Ō ~vr ov = Ō ~vR=O � R̄[C ]Ō f Ō ~vF =OgŌ

The �ow acceleration force acting on the rover body from the �ow acceleration is proportional

to the �uid that the rover body displaced [12].

~Fr ov ,F A = � Vr ov
Ō ~aF =O
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Where Ō ~aF =O is the acceleration of the �ow.

Ō ~aF =O =
d

d t
Ō ~vF =O

The control forces acting on the rover body are applied from control system implemented in

the design and is incorporated into this model to demonstrate how the forces created for a

control system would be implemented.

~Fr ov ,o = Fr ov ,o x
~i R̄ + Fr ov ,o y

~j R̄ + Fr ov ,o z
~kR̄

The reaction force from the rover and link connections occur at the hinges ( A, B, C , D ) and act

equal and opposite from the link reaction forces on the rover chassis body at the connecting

point.

~RR A = R̄[C ]Ā[xA
~i Ā + yA

~j Ā + zA
~k Ā] applied at A on the rover chassis

~RR B = R̄[C ]B̄ [xB
~i B̄ + yB

~j B̄ + zB
~k B̄ ] applied at B on the rover chassis

~RRC = R̄[C ]C̄ [xC
~i C̄ + yC

~j C̄ + zC
~kC̄ ] applied at C on the rover chassis

~RRD = R̄[C ]D̄ [xD
~i D̄ + yD

~j D̄ + zD
~kD̄ ] applied at D on the rover chassis

The reaction forces from the x-direction point mass control force acting on the rover body is

applied from control system at the location of the x-direction point mass, ~rmp ,x =O , from the

rover center of mass ( R) and is equal to � ~Fmp ,x ,o , where ~Fmp ,x ,o is

~Fmp ,x ,o = Fmp ,x ,o x
~i R̄ + Fmp ,x ,o y

~j R̄ + Fmp ,x ,o z
~kR̄

The reaction forces from the y-direction point mass control force acting on the rover body is

applied from control system at the location of the y-direction point mass, ~rmp ,y =O , from the

rover center of mass ( R) and is equal to � ~Fmp ,y ,o where ~Fmp ,y ,o is

~Fmp ,y ,o = Fmp ,y ,o x
~i R̄ + Fmp ,y ,o y

~j R̄ + Fmp ,y ,o z
~kR̄

The reaction forces acting on the rover chassis are

~Fr ov ,r e a c t i on = ~RR A + ~RR B + ~RRC + ~RRD � ~Fmp ,x ,o � ~Fmp ,y ,o
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2.5.4 Rover System Torques

The torques acting on the links, helical drives, and rover chassis are calculated from the forces

acting on the object about the center of mass of each rigid body. The gravity force ( ~Fk ,g r a v ),

buoyancy force ( ~Fk ,B ), drag force ( ~Fk ,d r ag ), �ow acceleration force ( ~Fk ,F A), and control forces

( ~Fk ,o ) are approximated as point forces acting on the bodies center of mass, and generate no

torque. The control torques acting on each rigid body ( ~� k ,o ) are applied from a control system

implemented in the design and is incorporated in to this model to demonstrate how the torques

created for a control system would be implemented.

~� 1,o = � 1,o x
~i L̄1

+ � 1,o y
~j L̄1

+ � 1,o z
~k L̄1

~� 2,o = � 2,o x
~i L̄2

+ � 2,o y
~j L̄2

+ � 2,o z
~k L̄2

~� 3,o = � 3,o x
~i L̄3

+ � 3,o y
~j L̄3

+ � 3,o z
~k L̄3

~� 4,o = � 4,o x
~i L̄4

+ � 4,o y
~j L̄4

+ � 4,o z
~k L̄4

~� 5,o = � 5,o x
~i L̄5

+ � 5,o y
~j L̄5

+ � 5,o z
~k L̄5

~� 6,o = � 6,o x
~i L̄6

+ � 6,o y
~j L̄6

+ � 6,o z
~k L̄6

~� r ov ,o = � r ov ,o x
~i R̄ + � r ov ,o y

~j R̄ + � r ov ,o z
~kR̄

The torque from the reaction forces from the x-direction point mass control force acting on

the rover body is applied from control system and is

~� mp ,x
= ~rmp ,x =R � � ~Fmp ,x ,o

The torque from the reaction forces from the y-direction point mass control force acting on the

rover body is applied from control system and is

~� mp ,y
= ~rmp ,y =R � � ~Fmp ,y ,o

The reaction forces ( ~Fr ov ,r e a c t i on ) will generate torques about the center of mass of the rover

body. The position vectors to each reaction point, where the reaction forces are applied, on the

rover chassis are

~rA=R = � b ~i R̄ + 0~j R̄ + 0~kR̄

~rB=R = b ~i R̄ + 0~j R̄ + 0~kR̄

~rC=R = � b ~i R̄ + 0~j R̄ + 0~kR̄
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~rD =R = b ~i R̄ + 0~j R̄ + 0~kR̄

The torque from the reaction forces acting on the rover chassis is

~� r ov ,r e a c t i on =
�
~rA=R � ~RR A

�
+

�
~rB=R � ~RR B

�
+

�
~rC=R � ~RRC

�
+

�
~rD =R � ~RRD

�

The reaction forces ( ~Fk ,r e a c t i on ) will generate torques about the center of mass of each link. The

position vectors to each reaction point, where the reaction forces are applied, on each link are

~rA=c m1
= l 1

2
~j L̄1

~rP12=c m1
= d1

2
~i L̄1

�
�

l 1
2 � d2

2

�
~j L̄1

~rP12=c m2
= � l 2

2
~j L̄2

~rP23=c m3
= l 2

2
~j L̄3

~rP23=c m3
= � d3

2
~i L̄3

�
�

l 3
2 � d2

2

�
~j L̄3

~rB=c m3
= l 3

2
~j L̄3

~rC=c m4
= l 4

2
~j L̄4

~rP45=c m4
= � d4

2
~i L̄4

�
�

l 4
2 � d5

2

�
~j L̄4

~rP45=c m5
= l 5

2
~j L̄5

~rP56=c m5
= � l 5

2
~j L̄5

~rP56=c m6
= d6

2
~i L̄6

�
�

l 6
2 � d5

2

�
~j L̄6

~rD =c m6
= l 6

2
~j L̄6

The torque from the reaction forces acting on each link is

~� 1,r e a c t i on =
�
~rA=c m1

� ~RAR

�
+

�
~rP12=c m1

� ~R12

�

~� 2,r e a c t i on =
�
~rP12=c m2

� ~R21

�
+

�
~rP23=c m2

� ~R23

�

~� 3,r e a c t i on =
�
~rP23=c m3

� ~R32

�
+

�
~rB=c m3

� ~RBR

�

~� 4,r e a c t i on =
�
~rC=c m1

� ~RC R

�
+

�
~rP45=c m4

� ~R45

�
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~� 5,r e a c t i on =
�
~rP45=c m5

� ~R54

�
+

�
~rP56=c m5

� ~R56

�

~� 6,r e a c t i on =
�
~rP56=c m6

� ~R65

�
+

�
~rD =c m6

� ~RD R

�

The total torque acting on each rigid body is

~� r ov ,R = ~� r ov ,r e a c t i on + ~� mp ,x
+ ~� mp ,y

+ ~� r ov ,o

~� 1,c m1
= ~� 1,r e a c t i on + ~� 1,o

~� 2,c m2
= ~� 2,r e a c t i on + ~� 2,o

~� 3,c m3
= ~� 3,r e a c t i on + ~� 3,o

~� 4,c m4
= ~� 4,r e a c t i on + ~� 4,o

~� 5,c m5
= ~� 5,r e a c t i on + ~� 5,o

~� 6,c m6
= ~� 6,r e a c t i on + ~� 6,o

The reaction forces from the link and hinge connections as well as the reaction forces from

the point mass control forces are found to cancel out in the system's equations of motion. The

resulting total torque acting on each rigid body is from any applied control torque.

~� r ov ,R = ~� r ov ,o

~� 1,c m1
= ~� 1,o

~� 2,c m2
= ~� 2,o

~� 3,c m3
= ~� 3,o

~� 4,c m4
= ~� 4,o

~� 5,c m5
= ~� 5,o

~� 6,c m6
= ~� 6,o

2.5.5 Added Mass

The added mass of the pressure distribution on the links from the �uid surrounding the links

and rover body [12]. The added mass of the rigid bodies results in an effective inertia and is

included in the mass and moment of inertia terms located in the generalized inertia force

equations, FR
� [12]. The added mass approximations for cylinders are
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m k ,ad d =
�� r 2

k l k

4

Where Vk = � r 2
k l k , meaning m k ,ad d = � Vk

4 . And � is the density of the water. The total mass of

each link and helical drive is calculated using

M k = m k + m k ,ad d

The added mass term is applied to the normal components of the links and helical drives [12].

The added mass tensor for each link is

M̃ 1 = [M 1]~i L̄1
~i L̄1

+ [m1] ~j L̄1
~j L̄1

+ [M 1]~k L̄1
~k L̄1

M̃ 2 = [m2]~i L̄2
~i L̄2

+ [M 2] ~j L̄2
~j L̄2

+ [M 2]~k L̄2
~k L̄2

M̃ 3 = [M 3]~i L̄3
~i L̄3

+ [m3] ~j L̄3
~j L̄3

+ [M 3]~k L̄3
~k L̄3

M̃ 4 = [M 4]~i L̄4
~i L̄4

+ [m4] ~j L̄4
~j L̄4

+ [M 4]~k L̄4
~k L̄4

M̃ 5 = [m5]~i L̄5
~i L̄5

+ [M 5] ~j L̄5
~j L̄5

+ [M 5]~k L̄5
~k L̄5

M̃ 6 = [M 6]~i L̄6
~i L̄6

+ [m6] ~j L̄6
~j L̄6

+ [M 6]~k L̄6
~k L̄6

and the total moment of inertia tensors are

Ĩ c m1,t o t =
•

1

12
M 1l 2

1

˜
~i L̄1

~i L̄1
+ [0] ~j L̄1

~j L̄1
+

•
1

12
M 1l 2

1

˜
~k L̄1

~k L̄1

Ĩ c m2,t o t = [0] ~i L̄2
~i L̄2

+
•

1

12
M 2l 2

2

˜
~j L̄2

~j L̄2
+

•
1

12
M 2l 2

2

˜
~k L̄2

~k L̄2

Ĩ c m3,t o t =
•

1

12
M 3l 2

3

˜
~i L̄3

~i L̄3
+ [0] ~j L̄3

~j L̄3
+

•
1

12
M 3l 2

3

˜
~k L̄3

~k L̄3

Ĩ c m4,t o t =
•

1

12
M 4l 2

4

˜
~i L̄4

~i L̄4
+ [0] ~j L̄4

~j L̄4
+

•
1

12
M 4l 2

4

˜
~k L̄4

~k L̄4

Ĩ c m5,t o t = [0] ~i L̄5
~i L̄5

+
•

1

12
M 5l 2

5

˜
~j L̄5

~j L̄5
+

•
1

12
M 5l 2

5

˜
~k L̄5

~k L̄5

Ĩ c m6,t o t =
•

1

12
M 6l 2

6

˜
~i L̄6

~i L̄6
+ [0] ~j L̄6

~j L̄6
+

•
1

12
M 6l 2

6

˜
~k L̄6

~k L̄6
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The added mass for the rover chassis, modeled as an ellipsoid, is approximated using the added

mass equation [4].

m r ov ,ad d = � Vr ov cm

Where cm is the added mass, or hydrodynamic mass, coef�cient for a given geometry. For

an ellipsoid the added mass coef�cient is determined and displayed in Fig. 2.23 for varying

semi-major axis to semi-minor axis ratios. Note that in the Fig. 2.23 b is the semi-minor axis and

a is the semi-major axis, in the rover model a is the semi-minor axis and b is the semi-major

axis.

Figure 2.23: Added Mass Coef�cient of an Ellipsoid [4]

The added mass coef�cient for an ellipsoid is broken into components of vertical motion, cm y

and cm z
, and horizontal motion, cm x

. The added mass tensor for the rover chassis is

M̃ r ov = [m r ov + � Vr ov cm x
]~i R̄

~i R̄ + [m r ov + � Vr ov cm y
] ~j R̄

~j R̄ + [m r ov + � Vr ov cm z
]~kR̄

~kR̄

When b =a = 2 is approximated to be cm x
= 0.225 and cm y

= cm z
= 0.7 [4]. The added mass

moment of inertia for an ellipsoid about the minor axis can be calculated using

ĨR,ad d = [0] ~i R̄
~i R̄ +

•
1

5
� Vr ov cI (a 2 + b 2)

˜
~j R̄

~j R̄ +
•
1

5
� Vr ov cI (a 2 + b 2)

˜
~kR̄

~kR̄

The added mass moment of inertia coef�cient, cI , about the minor axis when b =a = 2 is

approximated to be cI y
= cIz

= 0.225 [4]. There is no added mass moment of inertia about the
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ellipsoid major axis. Therefore the total moment of inertia tensor for the rover is

ĨR,t o t = [
1

5
m r ov (a 2 + a 2)]~i R̄

~i R̄ + [
1

5
(m r ov + � Vr ov cI )(a 2

+ b 2)]~j R̄
~j R̄ + [

1

5
(m r ov + � Vr ov cI )(a 2 + b 2)]~kR̄

~kR̄

The added mass and added mass moment of inertia terms are incorporated into the general

inertia force equation.

F �
r = �

NRX

k =1

(M̃ k � ō ~ac m k =O �ōo ~vc m k ,r + (( Ĩ c m k ,t o t �Ō ~� B̄k

+ Ō ~! B̄k � (Ĩ c m k ,t o t �Ō ~! B̄k )) �Ō ~! r
B̄k ) �

NPX

l =1

m l
ō ~am l =O �ōo ~vm l ,r

2.6 Numerical Simulation

2.6.1 Simulation Setup

All of the equations above are substituted into the Kane's Method equation Fr + F �
r = 0 for

each generalized speed, r , to calculate the equations of motion. The equations of motion are

numerically integrated to �nd the generalized coordinates as functions of time in a given case.

The following speci�cations were applied to the rover model in order to calculate equations of

motion to simulate.

The geometric assumptions and constants for the system are

d1 = d3 = d4 = d6 = 0.5in = 0.0127m

l 1 = l 3 = l 4 = l 6 = 10in = 0.254m

d2 = d5 = 2.5in = 0.0635m

l 2 = l 5 = 12.5in = 0.3175m

2b = d1
2 + l 2 + d3

2

a = b =2

g = 9.81m =s

� = 998.2kg
m 3

The natural buoyancy of the system and the gravity of the system are calculated be equal,
~Fk ,g r a v + ~Fk ,B = 0. The required masses of each link, given the dimensions stated, to cancel out

the gravity and natural buoyancy of the rigid bodies can be calculated from

~Fk ,g r a v = � ~Fk ,B
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m k (� g ) = � (� � Vk (� g ))

m k = � Vk = ��
dk

2
l k

The helical drive masses are m2 = m5 � 1kg . The link masses are m1 = m3 = m4 = m6 � 0.32kg .

The required masses of the rover chassis, given the dimensions stated, to calculate the total

mass required to cancel out the natural buoyancy of the rover chassis

~Fr ov ,g r a v = � ~Fr ov ,B

m r ov (� g ) = � (� � Vr ov (� g ))

m r ov = � Vk = �
4

3
� a 2b

The total mass of the rover chassis and the sliding masses is m r ov � 4.70kg .

The only buoyancy from the system comes from the ballast system �lling or draining

( ~Fk ,b uo y ne t ). For cases where the sliding masses are present the mass of the sliding masses is

selected to be mp ,x = mp ,y = 0.5kg . The added mass from the sliding masses will be offset by
~Fk ,b uo y ne t to prevent sinking.

The water in this case is assumed to be static, and therefore has no �ow velocity or acceler-

ation.
Ō ~vF =O = 0~i Ō + 0~j Ō + 0~kŌ

The control forces in this case are set to zero.

~F1,o = ~F2,o = ~F3,o = ~F4,o = ~F5,o = ~F6,o = ~Fr ov ,o = ~0

The control torques are all set to zero.

~� 1,o = ~� 2,o = ~� 3,o = ~� 4,o = ~� 5,o = ~� 6,o = ~� r ov ,o = ~0

The helical drives are modeled with with position and motion as a controlled input, and are

not considered generalized coordinates in the simulations but instead are applied positions

or motion equations for � A, �� A, ¨� A and � C , �� C , ¨� C in each case. The differential equations of

motion were simulated in MATLAB using ode45(). The differential equations for the system are

represented in two �rst order sets.

q1 = x

q2 = y

q3 = z

q4 = �
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q5 = �

q6 =  

�q1 = �x

�q2 = �y

�q3 = �z

�q4 = ��

�q5 = ��

�q6 = � 

u 1 = �q1c o s
�
q5

�
c o s

�
q6

�
� �q3s in

�
q5

�
+ �q2c o s

�
q5

�
s i n

�
q6

�

u 2 = �q3c o s
�
q5

�
s i n

�
q4

�
+ �q1

�
c o s

�
q6

�
s i n

�
q4

�
s i n

�
q5

�
� c o s

�
q4

�
s i n

�
q6

��
+

�q2

�
c o s

�
q4

�
c o s

�
q6

�
+ s i n

�
q4

�
s i n

�
q5

�
s i n

�
q6

��

u 3 = �q3c o s
�
q5

�
c o s

�
q4

�
+ �q1

�
c o s

�
q6

�
c o s

�
q4

�
s i n

�
q5

�
+ s i n

�
q4

�
s i n

�
q6

��
+

�q2

�
� s i n

�
q4

�
c o s

�
q6

�
+ c o s

�
q4

�
s i n

�
q5

�
s i n

�
q6

��

u 4 = �q4 � �q6s in
�
q5

�

u 5 = �q5c o s
�
q4

�
� �q6c o s

�
q5

�
s i n

�
q4

�

u 6 = �q5s in
�
q4

�
� �q6c o s

�
q5

�
c o s

�
q4

�

�u 1 = ...

�u 2 = ...

�u 3 = ...

�u 4 = ...

�u 5 = ...

�u 6 = ...

At initial values

q1(0) = q2(0) = q3(0) = q4(0) = q5(0) = q6(0) = 0

�q1(0) = �q2(0) = �q3(0) = �q4(0) = �q5(0) = �q6(0) = 0

2.6.2 Results

The dynamic model was simulated for various cases to demonstrate the rover's underwater

capabilities.

Forward Thrust

The net thrust from the helical drives provides a forward motion. This was simulated with and

without the additional sliding masses on board the rover.
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No sliding masses In the case where there were no sliding masses present onboard the rover,

the net thrust and net buoyancy forces were set to be

~F2,t h r us t ne t = 10N

~F5,t h r us t ne t = 10N

~F2,b uo y ne t = 0N

~F5,b uo y ne t = 0N

The position of the rover helical drives were set to be level with the rover chassis body to

either side.

� A = � B = �
2

� C = � D = �
2

�� A = �� B = 0
�� C = �� D = 0
¨� A = ¨� B = 0
¨� C = ¨� D = 0

The overall path of the rover in the xŌ , yŌ , and zŌ directions is plotted in Fig. 2.24. The xŌ

position of the rover of the rover vs time is plotted in Fig. 2.24. The rover experiences a brief

acceleration when it �rst begins moving from rest, and then the position increases linearly and

the rover velocity is constant. This provides a base case for the rover in a forward motion when

the sliding masses are not present, to con�rm the expected motion when both helical drives

have the same amount of net thrust.
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(a) Rover Path (b) Rover X Position vs Time

Figure 2.24: Forward Motion From Thrust Generalized Coordinate Plots

With sliding masses In the case where there were sliding masses present onboard the rover,

the net thrust and net buoyancy forces were set to be

~F2,t h r us t ne t = 10N

~F5,t h r us t ne t = 10N

~F2,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
N

~F5,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
N

The net buoyancy accounts for the weight of the sliding masses, split evenly between the two

helical drives. This prevents the rover from sinking due to the added mass from the sliding

masses and allows a clearer demonstration of how the rover will perform when the sliding

masses are off balance.

The position of the rover helical drives were set to be level with the rover chassis body to

either side.

� A = � B = �
2

� C = � D = �
2

�� A = �� B = 0
�� C = �� D = 0
¨� A = ¨� B = 0
¨� C = ¨� D = 0

The location of the sliding masses for this case are located at the center of mass of the rover
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body.

xp = 0~i R̄

yp = 0~i R̄

The overall path of the rover in the xŌ , yŌ , and zŌ directions is plotted in Fig. 2.25. The path

of the rover is similar to the case without the sliding masses present. This provides a base case

for the rover in a forward motion when the sliding masses are present, to con�rm the expected

motion when both helical drives have the same amount of net thrust. And con�rms that when

the sliding masses are at the rover's center of mass the motion will remain similar to the case

without the sliding masses present.

(a) Rover Path

Figure 2.25: Forward Motion From Thrust with Sliding Masses Onboard Generalized
Coordinate Plots

Rise from Buoyancy

The net buoyancy from the helical drives provides a rising motion. This was simulated with

and without the additional sliding masses on board the rover.

No sliding masses In the case where there were no sliding masses present onboard the rover,

the net thrust and net buoyancy forces were set to be

~F2,t h r us t ne t = 0N

~F5,t h r us t ne t = 0N

~F2,b uo y ne t = 10N
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~F5,b uo y ne t = 10N

The position of the rover helical drives were set to be level with the rover chassis body to

either side.

� A = � B = �
2

� C = � D = �
2

�� A = �� B = 0
�� C = �� D = 0
¨� A = ¨� B = 0
¨� C = ¨� D = 0

The overall path of the rover in the xŌ , yŌ , and zŌ directions is plotted in Fig. 2.26. The zŌ

position of the rover of the rover vs time is plotted in Fig. 2.26. The rover experiences a brief

acceleration when it �rst begins moving from rest, and then the position increases linearly and

the rover velocity is constant. This provides a base case for the rover in a rising motion when

the sliding masses are not present, to con�rm the expected motion when both helical drives

have the same amount of net buoyancy.

(a) Rover Path (b) Rover Z Position vs Time

Figure 2.26: Rise From Buoyancy Generalized Coordinate Plots

With sliding masses In the case where there were sliding masses present onboard the rover,

the net thrust and net buoyancy forces were set to be

~F2,t h r us t ne t = 0N
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~F5,t h r us t ne t = 0N

~F2,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
+ 10N

~F5,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
+ 10N

The net buoyancy accounts for the weight of the sliding masses, split evenly between the two

helical drives. This prevents the rover from sinking due to the added mass from the sliding

masses and allows a clearer demonstration of how the rover will perform when the sliding

masses are off balance.

The location of the sliding masses for this case are located at the center of mass of the rover

body.

xp = 0~i R̄

yp = 0~i R̄

The position of the rover helical drives were set to be level with the rover chassis body to

either side.

� A = � B = �
2

� C = � D = �
2

�� A = �� B = 0
�� C = �� D = 0
¨� A = ¨� B = 0
¨� C = ¨� D = 0

The overall path of the rover in the xŌ , yŌ , and zŌ directions is plotted in Fig. 2.27. The path

of the rover is similar to the case without the sliding masses present. This provides a base case

for the rover in a rising motion when the sliding masses are present, to con�rm the expected

motion when both helical drives have the same amount of net buoyancy. And con�rms that

when the sliding masses are at the rover's center of mass the motion will remain similar to the

case without the sliding masses present.

57



(a) Rover Path

Figure 2.27: Rise From Buoyancy with Sliding masses Generalized Coordinate Plots

Yaw from Thrust Variation

The net thrust from the helical drives provides a forward motion, and when the forces are not

equal will result in the rover yawing. The rover the net thrust and net buoyancy forces were set

to be
~F2,t h r us t ne t = 10N

~F5,t h r us t ne t = 5N

~F2,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
N

~F5,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
N

The net buoyancy accounts for the weight of the sliding masses, split evenly between the two

helical drives. This prevents the rover from sinking due to the added mass from the sliding

masses and allows a clearer demonstration of how the rover will perform when the sliding

masses are off balance.

The location of the sliding masses for this case are located at the center of mass of the rover

body.

xp = 0~i R̄

yp = 0~i R̄

The position of the rover helical drives were set to be level with the rover chassis body to

either side.

� A = � B = �
2

� C = � D = �
2
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�� A = �� B = 0
�� C = �� D = 0
¨� A = ¨� B = 0
¨� C = ¨� D = 0

The overall path of the rover in the xŌ , yŌ , and zŌ directions is plotted in Fig. 2.28. A top

view of the rover path in the x-y plane in Fig. 2.28 shows the path of the rover in the xŌ and yŌ

directions. The yaw,  , position of the rover of the rover vs time and x position of the rover vs

time are plotted in Fig. 2.28. The rover experiences an angular acceleration when it �rst begins

moving from rest, and then the angular velocity approaches constant and the rover reaches a

constant diameter circular path in congruent circles.

(a) Rover Path (b) Rover X vs y Path

(c) Rover Yaw Position vs Time (d) Rover X Position vs Time

Figure 2.28: Yaw From Thrust Generalized Coordinate Plots

Roll from Buoyancy Variation

The rover has two methods of implementing roll, the net buoyancy and the y-direction sliding

mass. The imbalanced net buoyancy method is explored �rst.
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Roll from Buoyancy in Helical Drive The net buoyancy from the helical drives provides a

rising motion, and when the forces are not equal will result in the rover rolling. The rover the

net thrust and net buoyancy forces were set to be

~F2,t h r us t ne t = 0N

~F5,t h r us t ne t = 0N

~F2,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
+ 10N

~F5,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
N

The net buoyancy accounts for the weight of the sliding masses, split evenly between the two

helical drives. This prevents the rover from sinking due to the added mass from the sliding

masses and allows a clearer demonstration of how the rover will perform when the sliding

masses are off balance.

The location of the sliding masses for this case are located at the center of mass of the rover

body.

xp = 0~i R̄

yp = 0~i R̄

The position of the rover helical drives were set to be level with the rover chassis body to

either side.

� A = � B = �
2

� C = � D = �
2

�� A = �� B = 0
�� C = �� D = 0
¨� A = ¨� B = 0
¨� C = ¨� D = 0

The overall path of the rover in the xŌ , yŌ , and zŌ directions is plotted in Fig. 2.29. The roll,

� , position of the rover of the rover vs time is plotted in Fig. 2.29. The rover experiences an

angular acceleration when it �rst begins moving from rest, and then the roll rotation overshoots
�
2 and then returns and levels out at �

2 , where the rover is now balanced on its side.
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(a) Rover Path (b) Rover Roll Position vs Time

Figure 2.29: Roll From Buoyancy with Sliding masses Generalized Coordinate Plots

Complete Roll from Buoyancy in Helical Drive The unbalanced net buoyancy from the

helical drives provides a rolling motion, and overshoots the expected angle before leveling

out. When the rover position is in the overshoot region, the other helical drive can apply a net

buoyancy and continue the roll. The rover the net thrust and net buoyancy forces were set,

based on the roll position of the rover, to be

When j� j � �
2

~F2,t h r us t ne t = 0N

~F5,t h r us t ne t = 0N

~F2,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
+ 10N

~F5,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
N

When �
2 < j� j � 3�

2

~F2,t h r us t ne t = 0N

~F5,t h r us t ne t = 0N

~F2,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
N

~F5,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
+ 10N

When 3�
2 < j� j

~F2,t h r us t ne t = 0N
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~F5,t h r us t ne t = 0N

~F2,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
+ 10N

~F5,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
N

The net buoyancy accounts for the weight of the sliding masses, split evenly between the two

helical drives. This prevents the rover from sinking due to the added mass from the sliding

masses and allows a clearer demonstration of how the rover will perform when the sliding

masses are off balance.

The location of the sliding masses for this case are located at the center of mass of the rover

body.

xp = 0~i R̄

yp = 0~i R̄

The position of the rover helical drives were set to be level with the rover chassis body to

either side.

� A = � B = �
2

� C = � D = �
2

�� A = �� B = 0
�� C = �� D = 0
¨� A = ¨� B = 0
¨� C = ¨� D = 0

Net buoyancy is initially applied in the helical drive L2. When the absolute value of the

rover roll position is greater than �
2 radians, the net buoyancy in helical drive L2 returns to 0

and the net buoyancy in helical drive L5. When the absolute value of the rover roll position is

greater than 3�
2 then the net buoyancy in helical drive L5 returns to 0 and the net buoyancy in

helical drive L2 is applied.

The overall path of the rover in the xŌ , yŌ , and zŌ directions is plotted in Fig. 2.30. As the

rover rotates from net buoyancy, the rover experiences roll motion, as well as motion in the zŌ

direction from the continuous positive net buoyancy.

The roll, � , position of the rover of the rover vs time is plotted in Fig. 2.30. As the net buoyancy

is applied in the helical drive L2, the rover begins to roll. When the rover roll magnitude

overshoots �
2 then the net buoyancy in helical drive L2 returns to 0 and the net buoyancy in

helical drive L5 is applied to complete a rotation of � radians. When the rover roll magnitude

overshoots 3�
2 then the net buoyancy in helical drive L5 returns to 0 and the net buoyancy in

helical drive L2 is applied to complete a rotation of � radians and levels out at a magnitude of
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5�
2 , where the rover is now balanced on its side, with the helical drive L2. An accurate buoyancy

model and complete control model would have the capability to control the roll of the rover

more intricately.

(a) Rover Path (b) Rover Roll Position vs Time

Figure 2.30: Complete Roll From Buoyancy with Sliding masses Generalized Coordinate Plots

Roll from Sliding Mass Moment

The y-direction sliding mass moving away from the center of mass of the rover chassis, will

apply a moment about the rover center of mass in the rolling direction. This case was performed

with sliding masses present onboard. The rover the net thrust and net buoyancy forces were

set to be

~F2,t h r us t ne t = 0N

~F5,t h r us t ne t = 0N

~F2,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
N

~F5,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
N

There is no motion from the net thrust and net buoyancy applied in this case. The net buoyancy

accounts for the weight of the sliding masses, split evenly between the two helical drives. This

prevents the rover from sinking due to the added mass from the sliding masses and allows a

clearer demonstration of how the rover will perform when the sliding masses are off balance.

The location of the x-direction sliding mass is located at the center of mass of the rover
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body and the y-direction sliding mass is located 3 inches from center of mass of the rover body

in the ~j R̄ direction.

xp = 0~i R̄

yp = 3~j R̄ i n

The position of the rover helical drives were set to be level with the rover chassis body to

either side.

� A = � B = �
2

� C = � D = �
2

�� A = �� B = 0
�� C = �� D = 0
¨� A = ¨� B = 0
¨� C = ¨� D = 0

The overall path of the rover in the xŌ , yŌ , and zŌ directions is plotted in Fig. 2.31. As the

rover rotates from the y-direction sliding mass, the rover experiences roll motion as well as

movement in the yŌ and zŌ direction as the rover adjusts to the new yp location. The roll,

� , position of the rover of the rover vs time is plotted in Fig. 2.31. The rover experiences an

angular acceleration, the magnitude of the roll rotation overshoots �
2 and then returns and

oscillates about �
2 , where the rover is now on its side. The roll from the y-direction sliding mass

is oscillatory, while the roll from the net buoyancy reaches a steady solution relatively quickly.

However the roll from the y-direction sliding mass does not change the position of the rover as

much as the roll from the net buoyancy.

(a) Rover Path (b) Rover Roll Position vs Time

Figure 2.31: Complete Roll From Buoyancy with Sliding masses Generalized Coordinate Plots
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Pitch from Sliding Mass Moment

The x-direction sliding mass moving away from the center of mass of the rover chassis, will

apply a moment about the rover center of mass in the pitching direction.

Pitching Down with No Rover Motion This case was performed with sliding masses present

onboard. The rover the net thrust and net buoyancy forces were set to be

~F2,t h r us t ne t = 0N

~F5,t h r us t ne t = 0N

~F2,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
N

~F5,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
N

There is no motion from the net thrust and net buoyancy applied in this case. The net buoyancy

accounts for the weight of the sliding masses, split evenly between the two helical drives. This

prevents the rover from sinking due to the added mass from the sliding masses and allows a

clearer demonstration of how the rover will perform when the sliding masses are off balance.

The location of the y-direction sliding mass is located at the center of mass of the rover

body and the x-direction sliding mass is located 3 inches from center of mass of the rover body

in the ~i R̄ direction.

xp = 3~i R̄ i n

yp = 0~j R̄

The position of the rover helical drives were set to be level with the rover chassis body to

either side.

� A = � B = �
2

� C = � D = �
2

�� A = �� B = 0
�� C = �� D = 0
¨� A = ¨� B = 0
¨� C = ¨� D = 0

The overall path of the rover in the xŌ , yŌ , and zŌ directions is plotted in Fig. 2.32. As the

rover rotates from the x-direction sliding mass, the rover experiences pitch motion as well as

downward movement in the zŌ direction as the rover adjusts to the new xp location.
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The pitch, � , position of the rover of the rover vs time is plotted in Fig. 2.32. The rover

experiences an angular acceleration, the pitch rotation overshoots �
2 and then returns and

oscillates about �
2 , where the rover is now is oscillating as a pendulum and moving nose down

in the � ~kŌ direction. The sliding mass at a distance from the rover center of mass, creates a

moment and behaves as a mass pendulum rotating about the center of mass with of the rover,

that is damped from the drag experienced on the rover body.

(a) Rover Path (b) Rover Pitch Position vs Time

Figure 2.32: Pitch Down From Sliding Mass with No Motion Generalized Coordinate Plots

The oscillatory motion of the rover results in a downward motion. For the same setup but

with the initial condition q5(0) = � (0) = �= 2, the rover does not experience any motion as

displayed in Fig. 2.33.

Figure 2.33: Pitch from Sliding Mass with Initial Pitch � (0) = �= 2 Rover Path
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Pitching Up with Forward Motion This case was performed with sliding masses present

onboard. The rover the net thrust and net buoyancy forces were set to be

~F2,t h r us t ne t = 10N

~F5,t h r us t ne t = 10N

~F2,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
N

~F5,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
N

There is a forward motion from the net thrust applied in this case. The net buoyancy accounts

for the weight of the sliding masses, split evenly between the two helical drives. This prevents

the rover from sinking due to the added mass from the sliding masses and allows a clearer

demonstration of how the rover will perform when the sliding masses are off balance.

The location of the y-direction sliding mass is located at the center of mass of the rover

body and the x-direction sliding mass is located 3 inches from center of mass of the rover body

in the � ~i R̄ direction.

xp = � 3~i R̄ i n

yp = 0~j R̄

The position of the rover helical drives were set to be level with the rover chassis body to

either side.

� A = � B = �
2

� C = � D = �
2

�� A = �� B = 0
�� C = �� D = 0
¨� A = ¨� B = 0
¨� C = ¨� D = 0

The overall path of the rover in the xŌ , yŌ , and zŌ directions is plotted in Fig. 2.34. As the

rover pitches upward from the x-direction sliding mass, the rover experiences pitch motion as

well as upward movement in the zŌ direction as the rover continues to propel forward from

net thrust in the ~i R̄ direction.

The pitch, � , position of the rover of the rover vs time is plotted in Fig. 2.34. The rover

experiences an angular acceleration, the pitch rotation approaches �
2 , where the rover is nose

up now and is facing the ~kŌ direction.
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(a) Rover Path (b) Rover Pitch Position vs Time

Figure 2.34: Pitch Up From Sliding Mass with Forward Motion Generalized Coordinate Plots

Pitching Down with Yaw Motion This case was performed with sliding masses present on-

board. The rover the net thrust and net buoyancy forces were set to be

~F2,t h r us t ne t = 10N

~F5,t h r us t ne t = 5N

~F2,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
N

~F5,b uo y ne t =
mp ,x g

2
+

mp ,y g

2
N

There is a yawing motion from the unbalanced net thrust applied in this case. The net buoyancy

accounts for the weight of the sliding masses, split evenly between the two helical drives. This

prevents the rover from sinking due to the added mass from the sliding masses and allows a

clearer demonstration of how the rover will perform when the sliding masses are off balance.

The location of the y-direction sliding mass is located at the center of mass of the rover

body and the x-direction sliding mass is located 0.5 inches from center of mass of the rover

body in the ~i R̄ direction.

xp = 0.5~i R̄ i n

yp = 0~j R̄

The position of the rover helical drives were set to be level with the rover chassis body to

either side.

� A = � B = �
2
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� C = � D = �
2

�� A = �� B = 0
�� C = �� D = 0
¨� A = ¨� B = 0
¨� C = ¨� D = 0

The overall path of the rover in the xŌ , yŌ , and zŌ directions is plotted in Fig. 2.35. As the

rover pitches downward from the x-direction sliding mass, the rover experiences pitch motion

as well as downward movement in the zŌ direction as the rover continues to propel in a circular

yaw motion from unbalanced net thrust in the ~i R̄ direction. A top view of the rover path in

the x-y plane in Fig. 2.35 shows the path of the rover in the xŌ and yŌ directions. The yaw,

 , position of the rover vs time, the x position of the rover vs time, the pitch, � , position of

the rover vs time, and the z position of the rover vs time are plotted in Fig. 2.35. The rover

experiences an angular acceleration when it �rst begins moving from rest, and then the angular

velocity approaches constant and the rover reaches a constant diameter circular path, offset

from the center due to the sliding mass position.
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