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1.

Some Considerations About the Effect of Redundancies and
Restrictions in the General Linear Regression Model

Introduction. In this paper, we consider the ways in which the presence of

redundancies in the design matrix and/or restrictions on the parameters of
a general linear regression model influence the class of estimable functions
of the parameters. Depending on the model, this class may be partitioned
into disjoint subsets to which correspond disjoint uncorrelated sets of
linear funchtions of the observations. The sets of these partitions play a
fundamental role in the construction of best linear unbiased estimators
(b.l.u.e.) of estimeble linear functions of the parameters and in the con-
struction of tests of linear hypotheses involving estimeble functions.
Finally, the theory developed provides a means of dealing with linear
models in which the variance-covariance matrix of the observations may be
singulaf.

It should be noted that most of the results given here are already well-
known (see Lucas [1965], Rao [1945b, 1946, 19651, Plackett [1960]). However,
the paper is of interest since its principal purpose is an interpretation

of these results.

The non-restricted model. Tet Yqys yé, cesy Ip be uncorrelated random

variables with a common unknown variance 62 and with expected values which
are linear functions with known coefficients of m unknown parsmeters
Pys Ppy +eey Py 88 follows
e(yy) = agPy * oyPp * eee * ARy
(1) €lyp) = 8Py + by *oeee *oappy

= + .. +
g(yh) alnpl * a2np2 amnpm
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where the aij's are known constants. Let y= X(n x 1) denote the random

column vector

Also let A = A(m x n) denote the matrix

™ -

all a12 cee aln

(2) . A = Bo1 Bpp *** Pon .

s e see oS00 s

a.mlam2 ...amn
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The model can now be compactly written as

(3) ey) = A'p, Var(y) = elly - &) (g - @)Y =1,
the matrix A' is called the design matrix and is assumed to have rank

ng <m<n. The following approach to linear estimation in the model

specified by (3) is due to Bose [1950].

Definition: :A linear function of P> Doy cees By will be said to be

(linearly) estimsble with respect to the model (3) if there exists a linear

function of Yy2 Ypr eoes Ty which is an unbiased estimator of it._ i.e., if

[ = ((1, [2, coes [p), {'p is estimable if there exists ¢' = (cl,ce,...,cn)
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such that ¢' y is an unbiased estimator of it.
Hence, we see that (' p will be estimeble if and only if there exists ¢
such that €{c' y} ='g'.A' D= ﬁ' p. As a result, we see that.K' p will
be estimable if and only if the equations Ac = K have a solutibn which will
be the case if and only if L‘ lies in the vector space spanned by the rows
of the design matrix A'. As a result, we see that every estimable function

of the parameters must be of the form c'A'p = c'€(y).

Definition: A linear functlon of Yi2 Yoo vees Iy 1s said to belong to
error if its expectation vanishes independently of the parameters; i.e.,
,...,en) and e'y belongs to error, then €(e'y) = e'A'p = O

1 | S
if e' = (el,ee

for &ll values of p.

Thus, we see that e'y belongs to error if and only if Ae = 03 i.e., if and
only if e' is orthogonal to the rows of A. With this in mind, we call the
set of (1 x n) vectors orthogonal to the rows of A the error space and the
corresponding set of linear functions of Yis Tpr 00s v, the error set.
Since the rank of A is no, there exist n,=n-n independent (1 xn)

vectors orthogonal to the rows of Aj thus the rank of the error space 1s n,-

Definition: A linear function of Yys Vs covs ¥y is said to be an estimating

funetion if it is uncorrelated with all linear functions belonging to error; -

i.e., if ¢' = ¢'(1 x n) and ¢' y is an estimating function, then
Cov (jfy, g'x) = g'gpg = 0O for every e'y belonging to error.

The set of (1 x n) vectors which are the coefficient vectors of estimating
functions is called the estimation space and the corresponding set of linear

functions of Yqp» yé,'..., Y, is called the estimation set. For the model

~ specified by (3), we see that c' y is an estimating function if c' is

orthogonal to all vectors in the error space which will be the case if and
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only if ¢ ' lies in the vector space spanned by the rows of A. Thus, in
this case, the rows of A span the estimation space. Finally, we note that
the estimation space and the error space are disjoint (i.e., the only
vector they have in common is the zero vector) since vectors which are
orthogonal to one another are necessarily linearly independent.

We now quote some useful lemmas, due to Bose [1950], about vectors,
matrices, and linear equations:
Lerma 1: Given a matrix A = A(m x n), the matrix AS = Ag(n x m) is defined
to be a conditional (generalized) inverse of A if AASA = A. Tor every
matrix A, there exists a conditional inverse A8,
Lemma 2: TIf the equations Au =V are consistent, then u, = Agz is a
solution if A% ig any conditional inverse of A. Couversely, if 4, = Axy
is a solution of the equations AE = v for every v for which they are con-
sistent, then A¥* is a conditional inverse of A.
Lemma 3: The equations AA'E = Av for determining E have a solution and
A‘g is uniquely determined.
Lemma 4: If A = A(m x n), we can find X = X(m x n) such that AA'X = A3 in .
fact X is given by X = (AA')gA; moreover, A'X = A'(AA')8A is uniquely deter-

mined, symmetric, and idempotent.

From the above lemmas and the concepts of estimability, error space ,
estimation space, the following fundamental theorem of linear estimation

in the model specified by (3) may be proven.

Theorem 1: If K'B is any estimable function of the parameters PysPpseesP s
then
(i) there exists a unique linear function c'y of the random variables

Yys¥pseeesy, such that c' belongs to the estimation space and
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8(9}1) = l'g; also the variance of c¢'y is smaller than the variance
of any other linear unbiased estimator of K'E;
(i1) the best estimator of ﬁ'g may be written as either
(a) q'Ay where g'AA' = { or
(b) '8 where § is a value of p which minimizes the sum of squares
8 = (y - A'p)'(y - A'p); i.e., D satisfies the equations
AA'p = Ay
(ii1) the variance of the best estimator of {'p is uniquely determined
and given by f' (AA')%K.
For a proof of Theorem 1, the reader is referred to Bose [1950]. However,
certain basic parts of the proof will be duplicated in the derivation of the
results of Sections 3 and L.

Let us now consider the problem of finding a solution to the equations

(%) AA'p = Ay

which are called the normal equations. From Lemmas 1, 2, 3, it follows that

the equations (4) have a solution which is given by

(5) D= (aa1)® ay :

Alternatively, we may obtain a solution of (4) as follows. Since A has
rank n,s there exist (m - no) linearly independent (m x 1) column vectors
which are linearly independent of the columns of A (if n, = m, what follows
is formally correct but has a vacuous meaning). Let these column vectors
form the columns of a matrix R = R(m x(m - no)). We may then say that the
matrix B = B (m x m) defined by

(6) B=[a ®rTIfarT = [aa* + RR']
R'
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has rank m and hence is non-singular. If we let J=T7 ((m - no) x 1) be a
vector of arbitrary constants, then we may consider the equations

AA'p = A

(7) BT
R'p=1

which may be solved byinoting that RR'p = RQ and thus that
(8) Ay + Rj = AA'p + RR'p = Bp ;
Hence, a solution of (7) and also a solution of (4) is given by

” -1
(9) p=B"" (ay + RY)
Tet @ = Q (no x m) be defined to be a matrix of rank n, whose rows are
orthogonal to the columns of Rj; i.e., QR = Ono, men"® If L' is a linear
function of the rows of QB, then there exists b' = g'o(l X no) such that
L' =D' QB and
(20) £'p =2 @™ (ay + B§) = pray = ('3 lay.
Since QB = Q [AA' + RR'] = QAA', it follows that linear functions of the
rows of QB are linear functions of the rows of A'. Conversely, since B is
non-singular, the rank of QB is n0 which implies that the rank of QA is no.
Hence, the rows of QB represent nJ linearly independent linear functions of
the rows of A' and thus form a basis of the vector space generated by the
rows of A'. As a result, it follows that L'E is estimable if and only if
it can be written as a linear combination of the rows of QB in which case
its best estimate is given by (lO). Also, one can see that from the stand-
point of estimation of estimable functions, we may take ﬁ.= gm n without

" o
any loss of generality; in this case (9) becomes
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(11) $=3" Ay

which implies B-l = (AA')g and that A'B-lA is uniquely determined (in the
sense that it does not depend on R). Finally, we note that a particular

choice of R has a meaningful interpretation when we take m = 0.

Definition: The vectof r' =r' (1 xm) is said to correspond to & redun-
dancy in the model (3) if it is orthogonal to the columns of Aj i.e.,
E'A=91«,1'

Hence redundancies are in a 1 - 1 correspondence with linear relationships
among the rows of A. Also, we see that all (1 x m) vectors corresponding

to redundancies are independent of the rows of A' and thus are not estimable.
As a result, we may take the rows of R' to be (m - no) independent (1 x m)
vectors corresponding to redundancies. If this is done, the equationsr(7)

may be written as

(12) AA! Ay

R'p=0

IS
it

where the rows of AA' and the rows of R' are orthogonal; equations of the

form (12) arise in many applied problems (eg., those involving analysis of

variance models).

Models subject to non-estimable restrictions. Suppose now that we know that

the parameters of the model specified by (3) satisfy s, < (m - no) linear
restrictions of the form
(13) | Rie= 1,

Where Ri

generality, we may assume that the rows of Ri are linearly independent.

— 1 —
= Ry (Sl x m) and m’l = Q_l (sl x 1) are known. Without loss of
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We further assume that the restrictions (15) are non-estimable.

Definition: The restrictions specified by (13) are said to be non-

estimable if the rows of Ri are linearly independent of the rows of A',
We now compactly write the model (3) subject to (13) as

(14) (y)

A'p, Var (y) = I, o

= Rt
¥, =RIp
where the matrix [A Rl] has rank (no + sl).

Tet § = ﬁ' p be a linear function of the parameters. We will say that ¢
is estimable with respect to the model (14) if there exists e = g'(l X n)
and d' = d' (1 x s,) such that &(c'y + ' §;) = ['p. If § ie estimsble,

8 =c'y+ 4 Ql is its best estimate provided 8(3) = c'A'p + ngi R= ['p
and Var (8) = g'ggg is a minimum; we can find 8 by the method of Lagrangian
wultipliers to minimize c'c subject to c'A' + Q‘Ri'= &'.

Let

a-0.

(15) v(e, 4, M) =c'c -2\ (Ac+ Ry

where A' = A' (1 x m) is the vector of Lagrangian multipliers. Differenti-
ating with respect to the elements of ¢, d, A, we obtain the following

system of equations for the stationary values of v.

c = A

- t

(16) 0 =R
Ac + R d= [

We may obtain a solution of the equations (16) as follows. First
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Ac = AA™\ implies A = (AA")& Ac
= R = R? 118
(17) 0 =Ry A =Ry (AA')° Ac
1 118 1 t = Rt 18 = Rt 18
Ry (aa7)Eac + RI (AA )gﬁlg Ri (AA")® Ri& = R! (AA")E f

One possible choice for (AA')€ is the matrix B! where B = B(m x m) is

defined by
= k = I+ 1 1
B=[A Ry RE] A [AA R1R1+R2R2]
1
Rl
1
R2

where R, = Rg(m x (m - n - sl)) is a matrix of rank (m - n - sl) whose

columng are independent of the columns of A and the columns of Rl. It
follows that B has rank m and is non-singular. Hence a solution of (16)
is given by

-1 -1 -1
— ? 1
d = [Rl B Rl] Rl B (

-1 -1
™ o= A = At -
A"\ = A'BTAc = A'BT (f - R, d)

(19)  c=4An
= '™ - AR, [RIB7R 1TRIBTH.

Hence, we have that

(20) 8: K'B'lAl - [ B_lRl(RiB-lRl)_l (RiB-lAX -1) .

. A : A
If * = @*'R] where 3*'(1 x 8 ), then § = a*' §, and Var (§) = 0. On the

other hand, suppose there exists b' =b'(1 x no) such that
(21) - ' {' =1v'aB

where Q = Q(no bid m) is defined to be a matrix of rank no.whose rows are

orthogonal to the columns of R = R(m x (m - no))defined by R = [Rl RE];
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i.e., QR = [QRl QRE] = Ono’ o - no. Then, we would have by substituting
(21) into (20)
P -1 - - -1 -1 ;
- t - t t \ -
(22) ¢ = b'QBB Ay - b'QBB 131 (RlB lRl) (RlB Ay 111)

b'QEB ™Ay - b'aR, (RIBTR)™ (RiB™My - ¥))

il

n'aEB Ay
57y

but again we recognize that

“we

(23) QB = Q[aA' + R/R; + RRI] = Qaa'

and hence by an argument similar to that following (10), we observe that (21)
holds if and only if K'g is estimable with respect to the basic model (3). Thus,
because of (10), (22), and the uniqueness of A'(AA')gA, 1t follows that if ['p
is estimable with respect to (5), then its best estimate with respect to the
model (14) coincides with its best estimate with respect to the model (3).
Hence, We see that the non-estimsble restrictions specified by (13) have

no influence on the construction of b.l.u.e. of liﬁear functions which are
estimable with respect to (3). Their only effect is to widen the class of
estimable functions from an ng dimensional space spanned by the rows of A'v

to an (nO + sl) dimensional space spanned by the rows of A' and Ri. For the
linear functions of the parameters belonging to this wider class (i. e.,

those estimable with respect to (14)), the b.l.u.e.'s are given by (20).

L. Models subject to estimable restrictions. In this section, we assume that

the parameters of the model specified by (3) are known to satisfly 8y < no
linear restrictions‘of the form

(2k) L'p=17p
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where L' = L'(s2 x m) and y = zﬂse x 1) are known. Without loss of
generality, we may assume that the rows of L' are linearly independent.

Finally, we assume that the restrictions (24) are estimable.

Definition: The restrictions specified by (24) are said to be estimable

if the rows of L' are linearly dependent on the rows of A's i.e., if the rows
of L' can be written as linear combinations of the rows of A',

Since the restrictions (24) are assumed to be estimable, there exists a

matrix K = K(32 x n) of rank s, such that

(25) L' = KA

We now can compactly write the model (3) subject to the restrictions (24) as

A'p, Var(y) = I o
= = n

(26) e(y)

Il

2 L'p=KA'p .

We first observe that the class of estimable functions associated with the
model (26) is the same as the class of estimable functions associated with
the model (3) since (25) implies that the vector space spenned by the rows -
of A' and the rows of L' is the same as the vector space spanned by the
rows of A' alone. Hence, if we assume that ¢ = L'E is an estimable linear
function of the parameters, then there exists k' = k' (1 x n) such that

~

=% A'. Withg'=c' (Lxn)and @' =d'(1x8,), f=c'y+ d'y is

the best estimate of ¢ provided

A
(27) ~ &(f) =c'atpt A'KA'p = k'A'p = ['p
% 2
and the variance of ¢, which is given by clc 07, is a minimum. We can

A
determine ¢ by the method of Lagrangian multipliers. Let

(28) v(e,d,A) = ¢'e - 2\ (Ag + AK'Q - AK)
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where A' = A' (1 x m) is the vector of Lagrangian multipliers. Differentiating
with respec£ to the elements of ¢, d, A, we obtain the following system of

equations for the s‘tationary values of v

c=A"
(29) 0= KA
Ac + AK'4 = Ak .

We may obtain a solution of the equations (29) as follows: First we observe

that

Ac = AA') implies A = (AA')EAc

(30) e

i

KA'(AA')gAE_
KA'(AA*)Eac + Ka'(AA")EAK A = KA'(AA')8AK A = KA'(AAT)Enk.

From Lemma 4, we recall that At(aAY)® is uniquely determined, symmetric, and

idempotant; hence the third equation in (30) may be written as

(31)  gar(aan)® Aar(anr)Bakra = KA’ (AA")Bax or
[kat(AAT)EA] [KA'(AA*)EAT'a = [KA'(AA')EATK or
KK'a = %

g% : . » (An1)E, .
where K = K(a2 x m) is defined by K = KA'(AA')®A; but from Lemmas 2 and 3, it

follows that a solution to the equations (31) is given by
(32) 4= (X

using (29), (30), and (32), we obtain

1l

(33) c = A" = Ar(an)Bac

i

A'(aA")E (ak - AK'Q)
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A
Ar(aA")Eak - k'

u

~;
At(aA")8ak - R (KK )8k .

Combining (32) and (33), we have that

il

(54) g = kar(ann)Bay - (@S - )

Z'(AA')gAy_' _ K:(AAt)g L[L'(AA')gL]g (L'(AA')gA:Y_ - Z)

i

[ty + ' ¥
vwhere H = H (m x m) and ¥ = ¥ (m x 1) are defined by

(AA')g _ (AAl)g L[LI(AAI)gL]g L'(AA')g

it

(35) H
y¥= (aA*)8L [L'(aA")EL1%y .

Note that Lemma Y4 implies that A'HA = A'(AA')® A - K'(KK')®K is uniquely
determined; and thus whenever K' p is estimable, K‘ HAy is uniquely determined
and this causes K' Y¥ to become uniquely determined from (27).

To proceed further, we take (AA1)® to be given by the matrix B~ vhere
B is defined by (6); that this is legitimate can be seen by obseiving that
(11) is always a solution of (4) and by applying Lemma 2. We now re-write

(34) and (35) with B™F replacing (AA')€ and obtain

(37) g=g sy - a7 @)t e lay - )
= [rEay + [ ¥

where

(38) H=8"" - B, (L'B-lL)-l

B, (L*B'lL)'lz

1*

gince L' is assumed to have the full rank ae- We observe that the following

relations are satisfied
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L'H = 0
(39) HBH = H .

with (37), (38), (39), we are now in a position to consider the
partitioning of the class of estimable functions arising from the presence
of the restrictions (24). If K' is a linear function of the rows of L'
and cen be written say as [' = @*¥'L' where @*' = &' (1 x s,), then the

best estimate of i‘g is ‘given by

]

()-l-O) Z.‘HAX.-I- Kr y* Q*ILIHAZ.F i.x-tLtl*

i

axty -
Thus, if l' is a linear function of the rows of L', we have that the Dbest
estimator of l‘g is the corresponding linear function of the zfs and the
variance of this best estimator is zero.

On the other hand, let Q = Q((no - ég) x m) be defined to be a matrix
of rank (no - 52) whose rows are orthogonal to the columns of the matrix
R=Rmx (m ~ no)) used in defining B by (6) and to the columns of Lj i.e.;

we have

(k1) q [R I’]zono-sa,m--:n +s2 A '

If [' is a linear function of the rows of QB and can be written say as
()4‘2) K: = g_'QB = ng[AAT + RR'] = th'AAI

where q' = g'(1 x (no - sg)), then the best estimate of ['p is given by
1

(43) {ruay + [t % = ngBB-;AX - g}QBB'lL(L'B'lL)'l(L'B' Ay - 7)
= q'qBB Ay
- (B 7y

il
P
s >
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where £ is given by (11). However, (43) is the best estimate of such ['p
with respect to the model (3) in which there are no restrictions. Thus, one
sees that the restrictions provide no informstion at all about linear func-
tions of the parameters whose coefficlent vectors lie in the vector space
generated by the rows of QB = QAA'.

Next, we observe that the vector spaces generated by the rows of QB and
the rows of L' are disjoint. For suppose there existed d*' and g' such that
a¥'L' = g'QB; then we would have ¢'QBQ'q = d*'L'Q'q = O which Implies
g}Q = 9' since B is symmetric positive definite; but the rdws of Q are
independent which implies g' = 0' and this implies ax' = 0'. Since the only
vector common to the two spaces is the null vector, we have that they are
disjoint. Also, we have by assumption that L' has rank 52; and by the non-
singularity of B, that QB has rank (no - 52). Finally, since L' = KA' and
QB = QAA', the vector spaces generated by the rows of L' and the rows of QB
are contained in the vector space generated by the rows of A'. In conclusion
the vector spaces generated by the rows of L' and the rows of QB are disjoiht
vector spaces which span the vector space generated by the rows of A', that
is the vector space of coefficient vectors of estimable functions. As a
result, if l‘g!is estimable,then its coefficient vector K' may be uniquely

written as

(L|_)_|_) [! = q_'QB + 9*']-_:'

and its best estimate has the fom

~

(45) ['p=q'QAy + ax'y .



=16~

We also note here that

®

(46) Var(g?p_) = g_'QAA'Q'q_02 = g_'QBQ'ch .

However, (46) is a difficult expression to compute since it involves Q and g'
which are not easy to obtain. We may obtain an alternative expression for
the variance of the best estimate of estimable L'E as follows. First we
obgerve that the best estimate of L'g is given by (37) where i‘ may be

written as K' = k'A'; hence we have that

~ ,
(47) Var ({'p) = [*HAA'H'Koe = l_:'A'HAA'HAl_wE where
(48) AMHA = A'B™YA - AB7L (L'B-lL)_l 37l

= A8 - A'B'lAK'(KA'B'lAA'B'lAK')'l KA'BA .

If we let W =W (n x n) be defined by

(19) W= A'B A

®

and recall from Lemma U4 that W is uniquely determined, symmetric, and

idempotent, then we have that

(50) AYHA = W - WK'[KWWK']™T KW and

W WK (KK ]I - WK [ 1R + WK [ 1 omi R ] KW

(51) A'HAA'HA

Il

W - WK KWWK ]~ VKWK [KWWE? ] ™KW + WK (KWK 11k

- e =,

W - WK [KiWK' ] KW
= A'HA

Hence, we may re-write (47) as

- -

K'A'HAA "HAko"

= E'A’HAgpa

K'ngz

]

(52)  var(f'p)

1

- . A e
®
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where H is given by (58); a similar argument could be given to show that
(52) is valid when H is given by the more general form (35) since A'HA is
uniquely determined. DNote that -the expression given by (52) is never bigger
than K'B_lﬁgg gince (L'B-lL)_lo2 is symmetric positive definite; the two
expressions are equal only if KfB-lL = O'which is the case if and only if
L' lies in the vector space generated by the rows of QB. Thus, the variance
of the best estimate of estimable L'g corresponding to the model (26) is
smaller than that corresponding to the model (3) unless [' lies in the
vector space generated by the rows of QB in which case the two are equal.
Having studied the partitioning of the clasgs of estimable functions,
we now consider the induced partitiéning on the set of linear functions of
the observations. First of all there exists a matrix E, = El((n - no) xn)
of rank (n - no) whose rows are orthogonal to the rows of Aj; i.e., the rows

of El form a basls of the error space. The linear functions Elz form a basis

of the error set.
In the non-restricted model (3), the set of linear functions L'p are
all estimable because of (25) and their best estimates are given by

(53) L3 lay = ka3 ~lay :

If we define E, = EE(SE x n) to be the matrix

(54) B, =L'B7A=RABTA=KT

then we observe tha£

-1
T - 1 | I
(55) EQEl = KA'BTAR] = OSe’ n-n
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and hence that the sets Elz and Eex_are uncorrelated.

Finally, in eilther the non-restricted model (5) or the restricted
model (26), the set of linear functions @QBp = QAA'p are all estimable and

their best estimates are given by

-1
(56) QBB Ay = QAy .
Tf we define C = C((nO - 32) x n) to be the matrix,
(57) C=QA ’

then we observe that

(58) CEf =QAEj =0  _ . _, ond
| o "~ %2 o
(59) CE} = QaA'BIAK
- qBB7L
= QL
=0 . .

0, = 8ys 8y

Hence, the sets Elz; Eez, and Cy are mutually uncorrelated and have variance-

~ covariance matrices as follows

2
al( ]3") - 1 ]0

(60) Ver(Ey) = KA'B"TAA'B™YAK'6® = KA'BHAK'e® = L'BLo”
2—
= QAA'Q'0° = QBQ'e® .

Var(Cy)

From (60), we see that E,y, B y, Cy all have symmetric positive definite
variance covariance matrices because B is symmetric positive definite and L'
has the full rank SE’ Q has the full rank (no - 82)’ and El has the full rank

(n - no). But this implies that E, has rank s, and C has rank (no - 82)'
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Thus, the sets Cy, Eg,z, and El3_r represent a partitioning of the set of
linear functions of ¥q ,y2,...,yn into three mutually uncorrelated sets.

We call the set EEX the induced error set due to restrictions since the

expected value of EQX is y which is known. We call Cy the reduced estimation

set due to restrictions.

Finally, let us consider least squares estimation in the model (26).

We apply the method of Lagrangian multipliers to minimize

(61) &® = (y -A'p)' (y - A'p) subject to y = KA'p.
Let
(62) v(pA) = (y - A'p)' (y - A'p) + 2)' (KA'p - y)

where A' = ?_\._' (1 x 52) is the vector of Lagrangian multipliers. Differenti-
ating with respect to the elements of p and A, we obtain the following system

of equations for the ststionary values of v
_2(1 - A'g)'A' + Ez\-IKAt = 9:
(65) +2(KA'Q - Z)' = 9_'

which may be re-written as

i}

Ay

(64) AAtp + AK'A
KA'R = Z .
The equations (64) may be solved by proceeding as follov?s. First
(65) KA'(AA')8AA'p + KA'(AAT)EAK'A = KA'(AA")EAy  or
‘ o
farp+ K = %
where X 1s defined in (31). Hence we have

(66) Ry + = (KKOEy
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However, we also have

1

(67) 2= KA'p = -KA'(AA")EAK™A + KA' (A" )Eny

o~
K+ Ky

1l

o
= KA'B
Hence, a solution to (64) is given by

(%K)E (fy - )

(8a1)8 ay - (anr)Bax (KK )E(Ry - 4 ) .

(68)

kS > |2

~
We may rewrite the solution p as

[(aa7)E - (aa")8 T [L'(aA")EL1E v (aa")®] Ay

(69) .;a
+ (8a7)8 1 L (ann)8 118y

HAy + y* .

I

where H and ¥ are defined by (35).

Thus, the best estimate of estimable K'E given by (34) may be re-written as

A A
(70) $=fruay + f*y+ = ['p
~N
where p is given by (69). Thus, the least squares estimators of estimable

K'E are their best linear unbiased estimators. In addition, let us find

the value of Min S°. To do this, let us first replace (AA')E py B™L. Then

N ~
(y -Ap)' (y - A'p)

(X - A'HAy - A? Zf)'(z - A'HAy - A! zf)

(71) Min §°

Il

;AZ - A'B-lL(L'B-lL) 7) ' [transpose

same ]

=
e
=}
n
1i

s = (y - a7y + A3 (3™ )t 1e”

[(y - A'B-;Ay) + A'B_lL(L'B-lL)-l(L'B-lAX - 7)1' [transpose same]

]

- -1
_ At t 1 _ 1
[ (In A'BTA)y + EE(EQEE) (EEX 7)] [transpose same]
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Since Lemma U4 implies that A[In - A'B'lA] =A-aB7h = 0, we may take

I, - A'B™YA to be given by Ei(ElEi)'l B, (That this is all right follows
also from Lemms 5) and hence find that

(72) Min §° )=t

i

tme 1 +
y'E)(8,E])™ By

-1
(Byy - 7)' (BED™ (Byy - 7)

2 2
= +
Sel Se2

2 _ iy ey ~1 R R
where Sel =5 El(ElEl) Ell is called tne sum of squares to error in

2 _ _ =L ) .
the model (3), 8, = (B y - y)' (EBL)™ (E,y-y) is called the sum of

2 2

squares due to induced error, and Si =5 +85 is the total sum of squares

el e2
due to error in the model (26).

Lemme 5: ILet F = F(m x n) and G = G(m x n) be two matrices satisfying the

following conditions

(1) Renk F = Rank 6 =n_ <m <n ’
(ii) There exists P, =P, (n x t) of rank (n - no) <t
such that FP_ = GP_ = 0 ,
e c mt

(1ii) There exists P, = Pr(s x m) of rank (m - no) <s

such that PF =P G =0 s
r r sn

(iv) There exists S = S(n x m) such that FSF = F, GSG = G,

Then F = G.

Proof: Now (i) and (ii) imply the existence of C. = Cl(m x m) such that

1

F = ClG since the rows of F and the rows of G generate the same vector space-~



|

.

namely the vector space orthogonal to the space generated by the columns of

P,. Similarly, (1) and (iii) imply the existence of C, = C2 (n x n) such

2

that G' = CéF‘ and hence G = FCQ. Thus, the following relation holds

because of (iv)

(73) F = C,G = C,GSG = FSG

1
FSFC

H

F02

Il

=G

and this verifies the conclusion of the lemma. If in (71) and (72), we set

-1 -1
- t = ! 1
(%) F In A'B A, G El (ElEl) El

P
c

il
=
-
d
]
&
w
1
=
A g

then the conditions of Lemma 5 are satisfied and it follows that

1, -1
A—El (ElEl) E, .

I -A'B”
n
We now define the sum of squares due to regression in the model (26)

as the sum of squares due to the linear set Cy, and this is given by

(75) 82 = yrer(een)™ oy

y'A'Q"(eBa") Ay :

1

We apply Lemma 5 in order to obtain a more readily computed formula for

Se. Let
r

(76) F = A'Q'(QBQ") oA, G = A'HA;
then the conditions of Lemma 5 are satisfied if

1
T
= L 1 = P! =
(77) P, [El : E2] s P Pc , S In because
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idempotency of G follows from (51) while idempotency of F follows from
QAA' = @B; FP_ = O follows from (58) and (59) while GP, = O follows from

(49), (50), and (54); and Rank F = trace F = n, = S, while

(78) Rank G

trace G = trace W - trace IS
2

=n - 8 .
o] 2

Thus, we may re-write (75) as
2 TATTT
(79) s, = y'A'HAY .
The decomposition of the total sum of squares in the model (26) is not

necessarily additive since

(80) ¥'y - Si - Si = y'y - y'A'HAY - (y=A'HAywA' y%)'(y - A'HAy - A'}¥)

= +2(A' 7¥)'(y - A'HAy) - 2X'AA' 7

D y*TAy - 2 y¥'AA'HAY - y*¥TAA' y*

o) '}_’-X-'Al - Z‘*'AA"Z.*

il

2 Z'(L'B'JL)'JEQZ -7 (L'B-lL)-l_)'_
since Y*'AA'HA = O follows from (38), (54), (49), (50).

If we define Sd to be the departure from additivity, then

2 1~
(81) 84 =YL'L -5, - si = 7'(L'B lL) 1 (2E23_r_ -7) .

When we assume the Yqs ye, ceey V¥ have a joint normal distribution with
means and variances specified by the model (26), then our previous results
tell us that Cz} Elz, Egz_are independent sets of random variables having
the normsl distributions N(CA'E,CC'UE), w(o, (ElEi)oe), N(L'Q,L'B-lLGE)

respectively. Thus, we have that Si, Sil, 822 8ll are independently distri-
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t
buted with Si being distributed as non-central X2 (n -8, D'AATHAA'D )s 2
o] 2 5 el
20
being distributed as central Xg(n - no), and 522 being distributed as
2 2 2 2 . . .
central X ( 5, )3 also 8, =8+ S, 1s distributed as central
X (n + s, - no). We also note that S, is distributed as N(y' (L'B']'L)‘ly,
hz'(L'B-lL)-lz) and is independent of Si and Sil- We thus have the following
analysis of variance for the model (26):
Degrees
of
Source Freedom Sum of Squares Mean Square Varisnce Ratio
2
2 inn 2 (n -n_+s.)s
Regression n_ - s, S, = y'A'HAy Sr/(n -8 S 2 =
° 2 (m -s)s
2
2 2 2
-n + = L7 -
(82) Error n-nts,  S_ = y'y-S -8, Se/(n-no+82)
Deviation Sq = 2Y¥'Ay-y*'AATy¥*
Total n 'y

Thus, we see that the presence of estimeble restrictions does not alter
the class of estimable functions of the parameters. However, by allowing ué
to estimate certain functions with zero variance, they permit the construction
of estimates at least as good as and often better than those obtainable in the
unrestricted model. Finally, they permit us to obtain a better estimate of

error with more degrees of freedonm.

Models subject to restrictions. Here, we assume that the parameters of the

model specified by (3) are known to satisfy s linear restrictions of the

form -
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(83) n'p =79
where I' = I'(s x m) and ¢_= g(s x 1) are known. Without loss of genera-
lity, we may assume that the rows of II' are linearly independent. To deal

with the restricted model specified by
(84) e(y) = A'p, Var (y) = Incg
I'p= ¢ ,

we need to partition II' and ‘Q as

n m i
(85) o' = 1 ’ = _.
Rl ﬁl
L H = 1 = = .
where L' = L (32 x m), R} =Ry (s1 xm), 7 Z_(s2 x 1), and Q.l ¢l(sl x 1)
such that 85 < n, and 8, = 8 =8, <u - no, and the rows of L' lie in the

vector space generated by the rows of A' while the rows of R! are linearly

1
independent of the rows of A'; i.e., we assume the restrictions (83) can be

partitioned into an estimsble part like (2#) and a non-estimeble part like
(13).

From Sections 3 and 4, we see that the class of estimable functions of
the parameters can be partitioned into three disjoint subsets, namely the

one generated by the rows of Ri, the one generated by the rows of L', and

the one generated by the rows of QAA' where Q = Q,((nO - sg) x m) is defined

to be a matrix of rank (no - SE) such that

(86) W RI=0, L men s

: ' = ' - - - - - -
where R} R2((m n sl) x m) is any matrix of rank m n -8 whose

rows are independent of the rows of A' and the rows of Ri.
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The class of linear functions of the observations may be partitioned
in the same way as in Section 4 and the analysis of variance given by (82)
also applies here. This holds ﬁrue because as long as we deal with esti-
mable functioﬁs (with respect to (3)), non-estimable restrictions have no
effect; as before, the only effect of non-estimable restrictions is to
widen the clasgs of linear functions of the parameters which can be estimated

N

unbiasedly. Finally, we give an expression for the best estimate ¢ of

¢ = K'g such that K' can be written as l' = k'A' + Q'Ri .
"

(87) f=cy+adl + 8y

where ¢, gl, 92 are given by the solution of

c = A'BH({ - R,& - Id,)

- - in-1
(88) R;B lRl R;B ot & { BjB7(
L'B_lRl L3l a, L'B'lg

where B = AA' + RlRi + RgRé .

The non-restricted model with a general but non-singular variance-covariance

matrix. Let yl, yé, ceey yh be random variables whose expected values are
given by (1) and whose variance-covariance matrix is non-singular and is
known except for a mltiplicative constant 02. If we let V = V(n x n) be

the matrix defined by

Vll V12 v Vln
v v e V

(89) Var (X) = V0'2 = 21 22 2n 0'2 ,
vnl Vn2 LI N J Vnn J
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then the model can be compactly written as

(90) E(y) = A'p, Var(y) = Vot .

The set of estimable functions of the parameters is the same here as for

the model specified by,(B) gsince the design matrix A' is the same for both
cases. Also, the error spaces associated with the models (3) and (90) are
identical because both are generated by the set of (1 x n) vectors which are
orthogonal to the rows of A. However, an important distinction can be made
between the estimation spaces corresponding to these models.. By definition,
a linear function of yl, yé, ceey yh is an estimating function if it is un-
correlated with all linear functions belonging to error. Hence, c'y is an

estimating function if and only if

(91) e'Ve = 0

for every g'z'belonging to error. As before, the set of all estimating

functions is called the estimation set.

Lemmsa 6: A non-null linear function of Yys Vps wves Ty cannot, at the same

time, belong to the estimation set and the error set.

Proof: Let gil, géz, seey g'nez.be n, linearly independent non-null linear

functions belonging to error (where as before n, is the rank of the error

space). Let F = F(ne X n) be given by

~ -

»e

(92) F =




D8
then Var (Fy) = FVF'6°. There exists an orthogonal matrix F = P(ﬂe X He)

such that

(93) PFVF'P* = D,

where Dh is a diagonal matrix with positive diagonal elements xl, hz, veoy Xn
: e

since FYF' is symmetric positive definite. Defining E = E(ne X n) and

z = E(ne x 1) by

.~ ' - - -

& 2pa

(9k) PF = E = & |» L=FFy =Ey = |ely
e! ely

ﬂ—ﬁGJ _ne-

we have that gil, gé Vs eoey gﬁ y are uncorrelated linear functions of the
e

y's belonging to error; they also form a basis of the error set. Hence,
if e'y i1s a non-null linear function belonging to error, then it can be

expressed asg

1y = 1 + ' ves F 1 = @'Ev.
(95) ely=Fel v+ dely+ ¢ e' y=g%y
If ¢' y also belongs to the estimation set, then

(96) Qﬁe = Cov (gfz, Ey) = QfEVE'UE = Q'DKGE 3

but (96) implies that Q' = 9; since all the A's are positive. As a result,
e
the only vector common to the estimation space and the error space is the

null vector.

We now investigate the structure of the estimation space. Because of (91) and
(95), the linear function c'y is an estimating function if and only if ¢

satisfies the equations



(97) EVe = 0 .

Since V is non-singular and E has the full rank Ny» the above represent a
set of ne independent linear homogeneous equationé to determine Ce As a
result, the equations _(97 ) have no =1 = ne independent solutions. One set
of solutions to (96), which is of interest, is

(98) C= [E'l’ _c_e, eeey Em] = V-lA' .

1

Note that EVC = EVV ~A'

EA' = On m since the rows of E and A are ortho-
gonal by constructionj also note that C has rank n, gince V":L is non~-
singular. Thus, Cy generates the estimation space. We can now prove the

fundamental theorem of linear estimation in the model specified by (90).

Theorem 2: If K'E is any estimable function of the parameters Pys pe, ceey pm,

then

(1) there exists a unique linear fu.oction ‘E'X of Yis Yps ooy Y,
such that c' belongs to the estimation space and €(c'y) = {' p,
also, the variance of ¢'y is smaller than the variance of any
other linear unbiased estimator of f.p;

(ii) the best estimator of L'E may be written ag either
(a) g'AV-l_y_ where g' (AV-lA') = [
(v) K';E: where £>_ is a value of p which minimizes the sum of
squares S° = (y - A'p)* V'l(z - A'p); i.e., £ satisfies
the equations AV-lA'B = AV-lx 3
(iii) the variance of the best estimator of L'E is uniquely determined

and given by ﬁ'(AV-lA')gK .
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Proof: It follows from Lemms 6, (96), and (98) that the n linear functions

¥ e'y, eoey g& y and gi Ts G T oo ei ¥ are independent, where

e 1 2 n
o)

! ,g& s eosy C! represent n independent rows of C, and that any arbi-
12 T

o]
trary linear function of ¥y Yps eees yn may be expressed in a unique manner

c

as a linear combination of them. Since L'E is estimsble, there exists a
linear function d'y such that €(d'y) = {'p. From what has been indicated

previously we can uniquely write

(99) dly=clytely

where c'y is in the estimation set and e'y is in the error set. As a
result,

(200) ele'y) = e(a'y) - ele'y) = L'p - 0= ['p.

Suppose Eé ¥ is another linear function in the estimation set which is an

unbiased estimator of L'g. Then, 6{(30 -¢c)'y} = 0 and hence (go -c)'y

belongs to the error setj; but it is also in the estimation set since both

gé y and c¢'y are in the estimation set. From Lemma 6, it follows that
- = = Q3 ty 4 i .
S - ¢ Qn or ¢ = Cj hence c'y is uniquely defined.

Next we observe that
(101) Var(d'y) = Var(c'y) + Var(e'y) > Var(c'y)

since c'y and e'y are uncorrelated by construction and Var(gfz) is positive
except when e' = Q'+ This completes the proof of (1).

From (1) and (98), it follows that the best estimate of ['p can be

written as a linear function of gi ¥ gé Lo oo Sy Y3 Leeo,

A
-1
(102) {'p=gq'C'y=g'&v"y .
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But (102) and the fact that {'p = €(g'AVVy) = 'AV™ A", imply that g
satisfies

(103) {r = q' aviar .

~
Alternatively, if p is a solution to the equations

(104) (Av‘lA' )p = Av"lx

and if {'p is estimsble with f' satisfying (103), then

A -~
(105) {'p = g'AvV 1A'£
g a7y

'p = best estimate of f'p .

]

The equations (104) are called the generalized least squares (normal)

equations. Also, the equations
332
(206) 3 - -2(y - A'p)* V7Ar = o'

which simplify to (104) determine the stationary values at which 52 attains
its minimum.
Finally, we note that

(107)  Ver(f'p) = gtav- il Atge® = g'avA ' go” = f190°

Since the equations (103) are consistent when ['p is estimsble, a solution

to them is given by

-] g
(108) g=(av AL .
Substituting (108) into (107), we obtain

(109) Var(ﬁ?g) = { (Av'l.tx')g(c2 .
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Since K'B is estimable and V is non-singular, symmetric, and positive definite,
TLemme 4 implies that (109) is uniquely determined. This completes the proof
of the theorem.

Finally, we define the sum of squares due to regression in the model (90)

by

A - - - -
(110) s2 = pavTy = pv i (avan) By

and the sum of squares due to error by

2 _ gl 2 _ 2
(111) S, =y'V'y -8, =MnSs .

The asbove follow by procedures analagous to those given in Bose [1950] for
determining the sum of squares due to a set of linear functions of the y's.

Alternatively, one can use the transformation

(112) ¥=Tr ,

where T is a non-singular matrix such that TVI' = In, and. consider ordinery
least squares estimation in the model

(113) efy*} = TA'p , Var(y*) = In02

For the model (113), the sum of squares due To regression is given by

(114) 82 = yrrm Ar(amrrar)Eariyr = VA (aviar)Bar Ty

because T'T = V-l and

2 _ g 2 _ -l 2 _ 2
(115) S, =¥ty -8, =gV oy -8, =Mns" .

The expressions (114) and (115) in terms of the y*'s are well known and are
derived in Bose [1950].
Last of all, it is worthwhile to observe that the partitioning of the

gum of squares in the model (90) is not additive in the sense that
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2 2 el
(116) S, ¥8, =¥V -
. 2
If we define Sd by
| 1
(uu7) E=yy-yvy

d

2 and 82 fail to
r e

then it follows that Si represents the amount by which S
add to the total sum of squares y'y. This lack of additivity is due to

the failure of V to be an identity matrix and the resulting lack of orthogo-
nality between the estimstion set and the error set.

In conclusion, we observe that the effect of the variance covariance
matrix V on the linear model is exerted through the transfommation of the
estimation set from Ay to Az-lx. As a result of this, best estimates of
estimable linear functions and sums of squares are sultably modified.

However, the class of estimable functions of the parameters and the class

of linear functions of the observations belonging to error remain unchanged.

The model of Section 6 subject to restrictions. Suppose we have the model

(118) &(y) = A'p, Var(y) = Vo©
I'p= 7
where V is given by (89) and the restrictions are given by (83). Let us

make the transformation (112). Then
2
TA'p, Ver(y) = I o

T -

The results of Section 5 may now be applied to (119). This completes

(119)  e(y¥)

i}

n'p

the analysis of this case.
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8. The general linear model. Let yi, yé, cony yﬁ be random variables whose

expected values are given by (1) and whose variance-covaeriance matrix is
given by (89); here, however, we don't require V to be non-singular. The
model can be compactly written as

(120) | e(y) = A'p, Var(y) = Vo©

where we assume that V has rank r .

The set of estimable functions of the parameters 1s the same here as for the
model specified by (3). Also, the error space associated with the models
(3) and (120) are identical because both are generated by the set of

(1 x n) vectors which are orthogonal to the rows of A. However, the same
distinction can be made between the estimetion spaces corresponding to these
models as was made in Section 6. Hence, ¢'y is an estimating function if

and only if

(121) c'Ve = 0

- —

for every c'y belonging to error. Again the set of all estimating functions
e'y , ,

is called the estimation set. Lemms 6 may be generalized here to

Temme 7: A non-null linear function of y., ¥., ++e, ¥ having positive variance
—_— L 12 72 n

cannot, at the same time, belong to the estimation set and the subset of func-
tions in the error set having positive variancesj i.e., the only linear func-
tions of the y's which are common to the estimation set and the error set are
those havingrzero variances.

Proof: Let gi Yy ooy g& y be n, linearly independent non-null linear
functions belonging to erior and let F be given by (92). Re-define P to be

an orthogonal matrix such that
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(122) PFVF'P' = D, 0
0 0

where Dx = D%'(re X re) is a diagonal matrix with positive diagonal elements

xl,xe,...,xr where ¥ < D. Let E and z be again defined by

1
(123) | E, .El(re x n) el | By
PF =E = = = ey sy 2 =PFy = .
R e -—
E, Ez((ne - re) xn) | =, By
e'
e
. ©_

Then, giz, eesy €' ¥ are uncorrelated linear functions of the y's belonging
e

to error which form a basis of the error set; also, g'lz, ...)g; represents
a subset of the error set in which the elements all have positiVe variances.

If gfz ig a non-null linear function belonging to error, then it can be

written as

ty = t 1 1 et s = 1
(124) o'y =Biel ¥t Bpep pt et B et T e v B e v = By
e e e e
Since r
2 . R2
(125) Var(e'y) = Var(g'Ey) = §'PFVF'P'g6” = = A @07

we have that ¢§ must be positive for at least one, j =1, 2, ..., T, if e'y

is to have positive variance. If e'y also belongs to the estimation set,

then

(126) 0= Cov(gfz,gé Y) j=1, 2, ooy D
=Q'Ev?_j o J=1,2, oo, n 3
= ¢j_e_'jV_e_j ~ J=1,2, ey n,
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but (126) implies that ¢j =0 Jj=1,2, «es, r_since 93 VEJ = xj >0
3= 1y 25 eony T o However, this implies that e'y has zero variance.
As a result, the only linear functions of the y's which belong to both the
egstimation set and the error set are those which have zero variance.

Let us now examine more closely the linear set Eaz. This set consists
of linesr functions of the y's which are identically zero (i.e., their ex~
pected values are zero and their variances are zero). The matrix E2 is

such that

12 AE! = O : VE! =0 3
(127) 2 m,n, =T ’ 2 n, n, -1, !

i.e., the rows of E, represent a basls of the vector space orthogonal to

2

both the rows of A and V. Moreover, since the relations

(128) 0=Ey=EA'R=0p
provide no information at all sbout the parsmeters, the linear set Egl
can be ignored.

Next let us consider the linear set Elz. This represents the true

error set since all elements of it have their expected values equal to zero

and their variances positive. The rank of this true error set is T

Since V is of rank r > re,- then there exist (n - r) independent

(n x 1) vectors which are orthogonal to the rows of Vj moreover, (n -r) -
- = - - - =N - =

(ne re) (n ne) (r re) 5 " Ty (where r, < n = Rank A) of

these may be taken to be orthogonal to the rows of E.

Hence, if we let Rj = Ri( (no - ro) x n) be an orthogonal completion to



=

N
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the vector space generated by the rows of V and the rows of E and if we

define ml = ‘Qi((no - ro) x 1) by‘ﬂl = Rly, then we see that

2
T — 1 — .
(129) Var(Rlz) = RiVRlo = 0 - ro’ T .

1’10 o 0

From (129), it follows that

(130) ml = Rly = B! £(y) = RjA'p :
As a result, we see that the parameters satisfy the (nO - To) restrictions
specified by (130).

Finally, if we let T = T( ro x n) be an orthogonal completion to the

vector space generated by the rows of E and the rows of Ri and if we define

L* vy

(351) N )

then

(132) g(y*) = TA'p, Var(y¥) = TVI'c®

where TVT' is symmetric positive definite of rank-ro.

In summary, we have partitioned the set of linear functions of

Yy Vps sees Vg into four disjoint and exhaustive sets Ty, Riz, Elx, Egl

each with a meaningful interpretation. Using this, we conslder the following

transformation

(133) VA T

I
i<



- N .

- .

N - . N . . . P .
) . N . .
, » & i { ,

- . =

~38-
The transformed model is
(134) o T TA'D ¥ v TvE |,
e* | o L e¥ = | BVDr D o
- =T, - 1 IS
= RIA?
Il RlA 1]

where the rows of RiA' are independent of the rows of TA!.
The model (134) is characterized by a non-singular variance-covariance matrix
and the presence of non-estimable restrictions. It may be anglyzed by the

methods of Section T.

The computations may be simplified somewhat by using the following

modification to the above approach, Let E, be defined as before by the

2
equations
t = .
(135) V2 = Onn -,
)
AR' = O .
2 msn =~r :
e e
let El be defined by
! =
(136) AEl om, re .
s
t -
g One " Ter Yo
let Ri be defined by
= 0
(137) YRy = On -
;
ElRl = Ore, no - I‘



- .

- u-.-w - . . .S ..

-39~
and let T be defined by
(138) ET® = Q
ne s ro
RITt = O
1 no - ro’ ro
Then the transformed model is
Ty TA'p Ty TV T TV Ei 5
(139) € = ,var = o
1
Elz gre ’Elz EiVT ElVEl
- IAt
g = RiA'p

which can be analyzed by the methods of Section 7. The computations leading

to E_, E_, R!
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probably should be avoided. In any event, it does demonstrate that the

,T can be formidable in which case this type of analysis

effect of singularities in V appears in the form of the non~informative
identities (128) and, more importantly, the ‘non-estimable’ restrictions

(130).

Finally, if there should be any restrictions associated with the
model (120), then they can be applied to either of the tramsformed models

(134) or (139) and dealt with accordingly.

Solution of Equations (121). We restrict e' to be such that e'y has

positive variance. Hence e' lies in vector space generated by'El. Now we

may write El = UlV. Consider the equations

(1%0) E,Vc = 0.



®

=40-

Two sets of solutions to (140), which are of interest, are the columns of

1

(]Al) C = [9.1? Cor o ?_m] = (Vz)gVA' and Rl 5

by Lemma 4, we have

= t 1 . - . -
(12) I, Ve U1V2(V2)gVA U VA B A 0; also VR, = O

Note that the computations involved with this approach may be as extensive
as those associated with the transformed models (139).

In any event, this result may be of use in generalizing Theorem 2.



- .-
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