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Fig. 2  Model.   

Synthetic Motions at a Point 
 

Following these assumptions, the empirically predicted Fourier amplitude spectrum (0-25 Hz) is 
partitioned into N  narrow non-overlapping sub-bands, and the energy in each sub-band is partitioned 
among surface and body waves. The waves in a narrow sub-band propagate as a group, forming a wavelet 
packet, the envelope of which propagates with the group velocity ( )mU ω , while the individual 
components propagate with their phase velocities ( )mc ω . The total motion (acceleration in this case, 
because it is predicted by empirical scaling laws), therefore, is represented as a superposition of such 
wavelet packets  

 

*

1 1
( , ) ( ; )

nMN
nm nm

n m
u x t A w x t

= =
= ∑ ∑

  
(1) 

where  

( )( ; ) sinc expnm n n nm
nm

xw x t t i t k x
U

ω ω
⎡ ⎤⎛ ⎞

⎡ ⎤= Δ − −⎢ ⎥⎜ ⎟ ⎣ ⎦⎢ ⎥⎝ ⎠⎣ ⎦
                                                   (2) 

is the wavelet packet with 

11
2

n
nm

nm
k i

c Q
ω ⎛ ⎞

= −⎜ ⎟
⎝ ⎠

                                                                                                                               (3) 

being  the complex horizontal wave number. In Eqn. (3), Q   is the quality factor, assumed to be constant 

(Trifunac, 1994), and *
nmA  are complex valued coefficients of expansion.  The summation is over 

frequency bands (index n) and also over different propagation modes (index m), which are branches of the 
surface waves. The body waves, P and S, are treated as two additional modes.  The horizontal phase 
velocities of the surface waves are obtained from dispersion analysis of the medium (Haskell 1953).  The 
Fourier transform of the wavelet ( ; )nmw x t  is 
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The coefficients of the expansion in Eqn (1) are determined so that the Fourier spectrum 
amplitudes of the synthetic motions match those of a target spectrum, discussed later in this paper.  
However, for particular site geology, they are related, and their relative amplitudes depend on the 
frequency and mode number. In the illustrations presented in this paper, we use a variant of the geology 
profile for a site in Imperial Valley studied by Trifunac (1971) and the same relationship between the 
coefficients as derived in that study.  The profile is shown in Fig. 3. The coefficients *

nmA  also contain a 
random phase factor, which is the phase of the packet at a chosen reference point between the epicenter 
and the site, 0x =  in Fig. 1, from where the parallel layers geology is adopted to be representative of the 
wave path, referred to as “edge of the valley”.  It is an abstraction introduced to avoid excessively long 
duration of the synthetic motion, and is discussed in Todorovska et al. (2013).  The x-coordinate of the 
site, in general, is different from the epicentral distance. 

 

 
No. 

h  
[km] 

α  
[km/s] 

β  
[km/s] 

ρ
[gm/cm3

] 
1a 0 .03 0.4335 0.25 1.20 
1b 0.03 0.867 0.50 1.20 
1c 0.12 1.70 0.98 1.28 
2 0.55 1.96 1.13 1.36 
3 0.98 2.71 1.57 1.59 
4 1.19 3.76 2.17 1.91 
5 2.68 4.69 2.71 2.19 
6 ∞ 6.40 3.70 2.71 
 

Fig. 3  Site velocity profile for the examples shown in this paper. 
 
 
Synthetic Motions on an Array of Points 

 
Sites where correlated motions are needed for analysis of extended structures are typically at 

distances from few tens of meters to few kilometers.  It is assumed that the motions at such sites differ 
only because of deterministic propagation and attenuation due to Q , while the randomness in phase and 

mode participation factors, included in coefficients *
nmA , are the same.  Therefore, the motion at a 

representative site 0x x=  is first synthesized, and the motion at 0x x x= + Δ  is computed with 

coefficients *
0( )nmA x  and analytical derivatives of the wavelet.  Similarly, representations of the 

velocities, displacements, strains, rotations and curvatures are obtained analytically in the frequency 
domain (Todorovska et al., 2013).  

*
0 0 0

1 1
ˆ ˆ( , ) ( ) ( ; )

nMN
nm nm

n m
u x x A x w x xω ω

= =
+ Δ = + Δ∑ ∑   (5) 
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Synthetic Strains and Rotations 
 

The compressional strain is  

ˆ ˆ( ; ) ( ; )xx xx u x
x

ε ω ω∂
=
∂

  (6) 

and the shear strain is  

1ˆ ˆ ˆ( ; ) ( ; ) ( ; )
2
1 ˆ ( ; )
2

xy y x

y

x u x u x
x y

u x
x

ε ω ω ω

ω

⎡ ⎤∂ ∂
= +⎢ ⎥∂ ∂⎣ ⎦

∂
=

∂
 
  (7) 

The point rotations (those of an infinitesimal volume at the point on the ground surface), can be 
obtained by applying the curl operator on the displacement vector 

( ; ) ( ; )

x y z

x u x

i j k

x y z
u u u

ψ ω ω= ∇×

∂ ∂ ∂
=
∂ ∂ ∂

  (8) 

where i , j  and k  are unit vectors in the x , y  and z  directions.   The nonzero rotations are the torsion 

( ; )z x kψ ω   

( ; )
( ; ) y

z
u x

x k k
x
ω

ψ ω
∂

=
∂

  (9) 

and rocking ( ; )y x jψ ω  

( ; )( ; ) z
y

u xx j j
x
ω

ψ ω
∂

= −
∂

  (10) 

 
Target Spectrum    
 

The target Fourier spectrum can be that of a scenario earthquake, generated by one of the built-in 
empirical scaling models (Trifunac and Lee, 1985; Trifunac, 1976, 1979, 1989a,b), which makes the 
amplitudes of the generated motion automatically consistent, in a statistical sense, with observation.  The 
target spectrum can also be a uniform hazard Fourier spectrum, or any given Fourier spectrum.   The 
built-in scaling models all generate site-specific spectra, and differ in the input parameters. A particular 
model can be chosen depending on how detailed information is available for the site.  For example, 
earthquake magnitude or Modified Mercalli site intensity can be specified. The local site conditions are 
described on two scales – geologic and local soil, which sample respectively the geology up to depths of 
the order of kilometers and hundreds of meters. Fig. 4 illustrates uniform hazard Fourier spectra for a site 
in Alaska (computed by program NEQRISK, Lee and Trifunac 1985b) for different site conditions.  The 
solid lines show spectra for “soft” condition (deep soil over sediments), and the dashed lines show spectra 
for “hard” site conditions (rock soil over geologic rock), all for different probabilities p of being 
exceeded.  It is seen that the shape of the spectra depends significantly on the site conditions.  
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RESULTS 

 
The methodology is illustrated for a scenario earthquake. Fig. 5 shows synthetic accelerations, 

velocities and displacements in the radial, vertical and transverse directions (top) and axial and shear 
strains (bottom) , generated by M6.5 earthquake, at R=10 km hypocentral distance, at a site on soft soil 
over sediments (corresponding to parameters 0s =  and 2Ls =  as defined in Trifunac, 1989b), unfolded 
with dispersion for the geology profile in Fig. 3.  The agreement between the Fourier spectra of the 
synthetic motion and the target empirical spectra is shown in Fig. 6.   Fig. 7 shows an extension of the 
accelerations (left) and displacements (right) in Fig. 5 to an array of sites 100 m apart in the radial 
direction for the acceleration and 1 km apart for the displacements. Noticeable differences in the 
acceleration time histories can be seen even though the sites are very close to each other. The differences, 
created by a purely deterministic physical model of wave propagation, are more complex than single 
phase shift and some small amplitude decay, as assumed in the engineering stochastic methods. The 
displacements exhibit higher degree of similarity in waveforms even at distances several kilometers away, 
but their difference is not a simple shift in time.   Finally, Fig. 8 shows the same quantities as Fig. 5 but 
for a larger and more distant earthquake (M7.5 and R=100 km).   

 
CONCLUSIONS 

 
The SYNACC method for generation of multi-component synthetic time histories of earthquake 

ground motion at an array of points on the ground surface was reviewed.  Such motions are needed for 
design of long structures, such as pipelines, tunnels and bridges, and in particular for nonlinear analyses 
in the time domain. The method produces site specific and realistic time histories with amplitudes and 
spectral content that are consistent, in a statistical sense, with observations over the frequency band of 
interest for engineering applications (0-25 Hz), when the target spectrum is generated by empirical 
scaling equations.   

 
Fig. 4   Example of target Uniform Hazard Fourier spectra for a site near Cook Inlet in Alaska (left: 
horizontal component; right: vertical component). 
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Fig. 5  Top: Synthetic acceleration, velocity and displacement for the radial, vertical and transverse 
component of motion, computed for target Fourier spectrum that corresponds to M6.5 earthquake, at 
hypocentral distance R=10 km, and for a site on sediments ( 2s = ) and deep soil ( 2Ls = ), unfolded with 
dispersion model 3 (see Fig. 3). Bottom:  The corresponding axial and shear strains, xxε  and xyε . 
(Redrawn from Todorovska et al., 2013). 



 
22nd Conference on Structural Mechanics in Reactor Technology 

San Francisco, California, USA - August 18-23, 2013 
Division IX (include assigned division number from I to X) 

 
Fig. 6   Agreement of the Fourier spectra of acceleration of the synthetic motions in Fig. 5 (solid line) 
with the corresponding empirical target spectra used to generate the synthetic motions (dashed line). 
(Redrawn from Todorovska et al., 2013). 

 
 

Fig.  7  Synthetic radial, vertical and transverse accelerations (left)  at 6 sites 100 m apart, and 
displacements (right) at 11 sites, 1 km apart, for M6.5 earthquake, at distance 10 km from the closest site.  
(Redrawn from Todorovska et al., 2013).  
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Fig. 8  Top: Synthetic acceleration, velocity and displacement for the radial, vertical and transverse 
component of motion, computed for target Fourier spectrum that corresponds to M7.5 earthquake, at 
hypocentral distance R=100 km, and for a site on sediments ( 2s = ) and deep soil ( 2Ls = ), unfolded with 
dispersion model 3 (see Fig. 3). Bottom:  The corresponding axial and shear strains, xxε  and xyε . 
(Redrawn from Todorovska et al., 2013). 
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