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t: Given a lega
y dynami
 model of an open-loop unstable 
hemi
alpro
ess plant we 
onstru
t a 
omputational \wrapper" that extra
ts its steadystates (both stable and unstable) and their dependen
e on input parameters. Weapply this steady state determination approa
h to a 
hallenge problem for pro
ess
ontrol presented by Downs and Vogel (1993), who also provided a FORTRANpro
ess model. Using the FORTRAN model as a lega
y dynami
 simulator, weenable it to systemati
ally 
ompute steady states and their parametri
 depen-den
e; our so-
alled \equation-free" approa
h is based on matrix-free iterativelinear algebra methods. The existen
e of inventories and their interplay withthe problem formulation and the solution pro
edure is 
lari�ed. Separation oftime s
ales, when present, is taken advantage of in e�e
tively redu
ing the modelorder and enhan
ing 
omputational eÆ
ien
y. This approa
h enables lega
y dy-nami
 simulators to 
al
ulate a multitude of linearized dynami
 
hara
teristi
sthat 
ould be used for 
ontroller design or optimization, for whi
h they have notbeen intentionally designed.Topi
al area: pro
ess systems engineeringKeywords: dynami
 model, unstable pro
esses, GMRES, inventory 
ontrol, steadystate1 Introdu
tionFrequently in the 
hemi
al pro
ess industries simulators are developed that provide adynami
 representation of single units or integrated pro
esses. Good dynami
 simula-tors lead to a better understanding of the pro
ess, allow the exploration of 
ase studieswith varying design parameters, and provide insight towards linking manipulated vari-1



ables with key pro
ess measurements. When a dynami
 pro
ess model is suÆ
ientlya

urate, it 
an be used as a tool for optimization, or for 
ontroller design.The sour
e 
odes of su
h dynami
 models are often not a

essible, hen
e the termlega
y 
ode; even if they are, their size (and possibly la
k of do
umentation) maybe daunting when 
urrent users 
onsider adapting them to new purposes. Whenalternative tasks su
h as optimization or 
ontroller design are 
onsidered, one mayend up 
oding the model again from s
rat
h for the new purpose, instead of reusingthe available lega
y dynami
 simulator. Computational enabling te
hnologies exist(see the dis
ussion in Siettos et al. (2003)) that 
an �ll this gap by wrapping a master
ode around the lega
y dynami
 simulator (the \time-stepper", as we will refer toit through this paper). The master 
ode uses the time-stepper as a 
omputationalexperiment that provides output information for pres
ribed inputs; the master 
odepres
ribes initial 
onditions and parameter values and 
alls the time-stepper for ashort time as a bla
k box. The pro
ess states after the spe
i�ed integration time arereturned, and pro
essed by the master 
ode towards its ultimate task. The equations\hidden" in the bla
k box 
ode need not be known, nor are they ever extra
ted in 
losedform; important quantities (residuals, a
tions of Ja
obians, derivatives with respe
t toparameters) are estimated from the time-stepper output on demand; for this reasonwe have termed the approa
h \equation-free". In e�e
t, we solve the equations 
odedin the bla
k box dynami
 simulator without ever obtaining them in 
losed form. Itis worth noting that for our Tennesee-Eastman (TE) illustrative example the 
losedform equations have been extra
ted from the original sour
e 
ode (Ri
ker and Lee,1995a) to be used for model predi
tive 
ontrol purposes and dynami
 optimization(Albuquerque et al., 1999).A fundamental 
omputational task in pro
ess modeling is the systemati
 determi-nation of steady states. Computing the pro
ess steady states, as well as evaluatingJa
obians and derivatives with respe
t to parameters at a steady state underpins both
ontroller design and optimization 
omputations. When a dynami
 model is available,a simple, dire
t way to �nd stable steady states is to integrate in time until nothing
hanges; alternatively, when the steady state equations are available, �xed point al-gorithms like the Newton-Raphson method 
an be implemented using the Ja
obianof the steady state equations and 
omputational linear algebra. The steady states ofthe TE problem are, however, not so easy to �nd either way; the \referen
e" steadystate given by Downs and Vogel (1993) is dynami
ally unstable, so that transientintegration of the open-loop system moves away from it. Furthermore, the \lega
y
ode" does not produ
e derivatives of the steady state equations as an output. Thus,performing Newton-Raphson to �nd steady states is not immediately implementable.Finally (and more importantly), be
ause of the existen
e of two so-
alled invento-ries (see e.g. M
Avoy and Ye (1994), Lyman and Georgakis (1995)) the steady stateproblem requires 
are in its de�nition. Inventories are 
ommonly present in 
hemi
alpro
ess plants. Generally speaking an inventory is a vessel, in whi
h the level does nota�e
t the other steady state variables. Thus pro
ess models with inventories allow forin�nitely many steady state solutions, parametrized by the levels of the inventories.2



Problems of this nature are, mathemati
ally, nonlinear eigenproblems: for some pa-rameter values there are no solutions, and for other parameter values in�nitely manysolutions exist.These 
ompli
ations have been ta
kled in di�erent ways by many resear
hers overthe last ten years, espe
ially in low dimensional problems and in problems in whi
h theequations are expli
itly available rather than being hidden inside lega
y 
odes. Feed-ba
k 
ontrol te
hniques have been used to stabilize the open-loop unstable TE pro
essand to obtain steady states. Time integration of the 
losed-loop dynami
 system willthen 
omputationally lo
ate the open-loop steady states; and by 
hanging setpoints,the open as well as 
losed-loop steady state dependen
e on operating parameters 
anbe tra
ked. Inventories, however, 
ompli
ate the 
losed-loop 
ontroller design, andthe asso
iated zero eigenvalues also interfere with steady state approximation usingSingular-Value-De
omposition and approximate inverses (Arkun and Downs, 1990;M
Avoy, 1998).In this paper we implement 
omputational superstru
tures around the lega
y 
odethat enable the systemati
 
omputation of steady states (stable as well as unstable)and their dependen
e on parameters without the aid of feedba
k 
ontrol. However,through augmentation with an appropriate number of so-
alled \pinning 
onditions",well de�ned algebrai
 problems with isolated solutions 
an be formulated; we willdis
uss three di�erent forms of su
h well posed augmented problems.The TE lega
y 
ode 
an be 
alled by our 
omputational superstru
ture in two dis-tin
t formulations. In the �rst formulation the lega
y 
ode returns the time derivativesof the model variables at a pres
ribed state; we refer to this as the right-hand-side for-mulation. In the se
ond formulation a 
all to the lega
y 
ode pres
ribes initial 
ondi-tions for the state, performs time integration for a set time horizon starting from theseinitial 
onditions, and returns the system state at the end of this period; we 
all thisthe time-stepper formulation. Be
ause of the lega
y nature of the problem, whi
h doesnot expli
itly provide derivatives of the state equations, we use matrix-free numeri
al�xed point and 
ontinuation methods. Newton-GMRES is our method of 
hoi
e here,and with the time-stepper based formulation of the steady state 
onditions, time in-tegration of the lega
y dynami
 equations 
an lead to a signi�
ant redu
tion of thenumber of overall iterations; the existen
e of a separation of time s
ales in the TEproblem 
ombines with short time integration to what 
an be thought of as e�e
tive\on-line model redu
tion". An early referen
e to the exploitation of GMRES for modelredu
tion is given in Wigton et al. (1985).The paper is organized as follows: In Se
tion 2 we start with a brief presentationof the TE problem and some 
urrent approa
hes to the 
omputation of its steadystates. In Se
tion 3 we dis
uss the interplay of inventories with �xed point 
ompu-tation and 
ontinuation and we derive three well posed augmentations of the steadystate equations. We des
ribe both the right-hand-side and the time-stepper steadystate formulations. We re
all a few basi
 features of Newton-GMRES and presentour 
omputational results. In Se
tion 4 we make 
omparisons to other steady state
omputation approa
hes, and dis
uss the appli
ability of our implementation towards3




ontrol and optimization tasks, that require the 
omputation of steady states as wellas the lo
al dynami
 system 
hara
teristi
s.2 The TE pro
ess and its time integration to steadystateA 
owsheet that gives an overview of the units that 
onstitute the TE pro
ess andillustrates the strong interlinking between them is given in Fig. 1. The model represen-tation of the pro
ess (Downs and Vogel, 1993) 
onsists of 50 state variables x � R50, 12manipulated variables u � R12 and 41 measurements y � R41. The TE 
ode returns thetime derivatives f(x;u) of the states - the right-hand-sides of the transient di�erentialequations (1) at the 
urrent states x and manipulated variables u. In addition themeasurements y, whi
h are dependent on the 
urrent x alone, are returned by the 
allof the TE 
ode. dxdt = f(x;u) (1)y = g(x) (2)A random number generator that - if wanted - distorts the measurements with noiseis also supplied with the routine; we did not use this feature. Base 
ase values of areferen
e steady state x0 and u0 are also provided.At the beginning of our study we linked the original Fortran TE 
ode to Matlabas a mex �le. We 
al
ulated the Ja
obian �f=�x at the referen
e steady state usingnumeri
al derivatives and obtained its eigenvalues through Matlab. As is well known,the eigenvalue analysis of the Ja
obian at the base 
ase values yields several very largenegative eigenvalues, two zero-eigenvalues (
omputationally � 10�6) and two pairs of
omplex 
onjugate eigenvalues with positive real parts. The large negative eigenvaluesrepresent fast stable dynami
s, while the positive real part eigenvalues indi
ate that thereferen
e steady state is open-loop unstable. As a 
onsequen
e, when time integrationis performed to dynami
ally 
onverge to the referen
e steady state, the pro
ess veersaway from it and shuts down (violates operating 
onstraints) within a short time. Fig. 2shows the eigenvalues of the referen
e steady state Ja
obian �f=�x. The eigenvalueswith real parts larger than -10 (of whi
h there are 19) are given in the upper part ofthe plot; the lower part of the plot shows all eigenvalues.For stable systems it is 
ommon pra
ti
e to determine steady states through timeintegration: when slightly perturbed from an isolated stable steady state, the simu-lation will asymptoti
ally return to it. Depending on operating parameters, the TEpro
ess 
an also exhibit open-loop stable steady states and the transient open-loop re-sponse of the pro
ess after a perturbation form one su
h stable steady state (given inTab. 1) is shown in Figs. 3, 4. The perturbation 
onsisted in lowering the feed stream4



of 
omponent A for a duration of 2.5 h pro
ess time (see Fig. 3). Temporary de
reaseor loss of the A feed stream was one s
enario for disturban
e reje
tion stipulated byDowns and Vogel (1993) and is 
onsidered one of the most 
hallenging disturban
esfor 
ontrol stru
tures (Ri
ker and Lee, 1995b; Lyman and Georgakis, 1995; Pri
e etal., 1994). For our representative open-loop stable steady state, the applied perturba-tion is spontaneously damped and the original steady state is asymptoti
ally re
overedafter approximately 150 h pro
ess time. Time integration was here performed by a
lassi
al expli
it Runge Kutta 4th order s
heme with individual time steps 1.5 s.At this representative stable steady state given in Tab. 1 two real part eigenvaluesare again zero; but now the largest non-zero real part eigenvalue is -0.053, implyingan overall neutrally stable system. An interesting feature of the dynami
 simulation is,that the inventory levels of produ
t separator and stripper do not regain their initialvalues after the other pro
ess measurements have equilibrated. It is well understoodthat this type of dynami
 observation is 
hara
teristi
 of systems with inventories;the two inventories in the TE pro
ess are embodied in the two zero eigenvalues ofthe (singular) Ja
obian. The se
ond important feature is that these in�nities do noto

ur at every operating parameter setting - for most operating parameter settings theopen-loop problem has no steady states; as the operating parameters vary, these entirefamilies of steady states appear only for spe
ial parameter 
ombinations. At a givenset of operating parameters, all state values remain 
onstant when the holdup in theinventories varies; the nonzero eigenvalues of the Ja
obian �f=�x do, however, varywith the holdup, and the e�e
t on the largest real part eigenvalue 
an be signi�
ant.For an in
rease of the levels of the produ
t separator and the stripper at the TEpro
ess base 
ase, the largest real part eigenvalue de
reases, thus making the pro
essless unstable. The reverse is observed when the levels of separator and stripper arede
reased. The level of the produ
t separator has a mu
h stronger in
uen
e than thatof the stripper - in
reasing the level of the produ
t separator to 100 % while keepingthe stripper level at 50 % de
reases the leading eigenvalue real part to 2.528 whereasat the base 
ase it is 3.065. These observations are easily rationalized, 
onsideringthat the two vessels serve to dampen 
u
tuations of the 
on
entrations of the liquidstreams exiting from them. This e�e
t of inventories on pro
ess dynami
s 
an be takenadvantage of in designing e�e
tive dynami
 
ontrollers for a pro
ess; for the nominalTE pro
ess in parti
ular, dynami
 operation is favorably a�e
ted by a large liquidholdup in the separator rather than the stripper.In engineering pra
ti
e, unstable steady states are stabilized through the additionof 
ontrol loops. These give rise to 
losed-loop dynami
 systems possessing the samesteady states as the open-loop ones, but with di�erent stability 
hara
teristi
s. Con-sider - as an illustration - the velo
ity formulation of a SISO PI 
ontroller with gainG, time 
onstant � and setpoint of a measurement yset, whi
h 
an be be viewed asa transient di�erential equation: ut+�t = ut + G � [(yt � yt��t) + (yt � yset)=� ��t℄.In a 
ontrol 
ontext one aims at transforming an open-loop unstable system like (1,2) into a stabilized system through addition of an appropriate set of su
h feedba
k
ontrollers. If the 
losed-loop system dynami
s 
onverge to the desired setpoint yset,5



for an equilibrium value uset of ut, we have also found an open-loop steady state foru = uset. This approa
h has been used for the numeri
al 
omputation of TE modelsteady states (e.g. Subramanian and Georgakis (2004)), in the same way one woulddo it for physi
al experiments.3 Steady state determination by 
ontinuation methodsIn general, the solution of square systems of algebrai
 equations of the form f(x;u) = 0with f � Rn for the states x � Rn with pres
ribed parameters u � Rm is performed using
ontinuation methods and 
ontra
tion mappings like the Newton-Raphson algorithm.When the Ja
obian is nonsingular, su
h algorithms tra
e both stable and unstablesteady states families as the parameters (for our purposes, manipulated variables) uare varied; there is no need for 
losing 
ontrol loops to stabilize the system so that itssteady states 
an be found by integration.One iteratively solves the linear set of equationsf(x;u) + �f(x;u)�x � Æx = 0 (3)for Æx and adding it to the 
urrent iterate x until 
onvergen
e. Inversion of theJa
obian �f=�x through the standard Gauss algorithm requires, that the Ja
obianhas full rank i.e. is nonsingular.We already know (from eigenvalue analysis, but also from physi
al reasoning aboutinventories) that the linearization of the TE equations is singular, and their steadystates - if they exist - are not isolated. Sin
e the Ja
obian of the TE model is sin-gular, standard Newton-Raphson fails; already M
Avoy (1998) applied singular valuede
omposition to the Ja
obian �f=�x, and reported the existen
e of two singular val-ues equal to zero at the base 
ase. Their analysis was 
arried out in the framework ofArkun and Downs (1990)'s method to identify gain matri
es for pro
esses that 
on-tain integrating tanks. M
Avoy (1998) used a SVD based pseudo inverse to further
onverge the steady state of the base 
ase given by Downs and Vogel (1993) (as thesteady state they reported is not well 
onverged) and then derive the gain matrix ofthe pro
ess through numeri
al derivatives.While f(x;u) is of dimension 50, �f=�x is rank 48 (has two null ve
tors). In general,a 
hange in one manipulated variable ui results in a 
hange �f=�ui of f , whi
h is not inthe range of the Ja
obian matrix �f=�x. As we dis
ussed, the full nonlinear problemhas either no steady states or in�nitely many. In order to obtain a well-de�ned problem,one augments the set of equations f(x;u) = 0 from (1) with two additional algebrai
equations (the so-
alled \pinning 
onditions"); more generally one would need as manypinning 
onditions as independent inventories in the problem. The pinning 
onditionssele
t two out of the two-parameter in�nity of steady state solutions. The augmentedsystem has n+2 equations, and n+2 variables - the old n variables plus two more;typi
ally the two additional unknowns will be two of the manipulated variables. In thisapproa
h the fa
t that not all 12 manipulated variables 
an be sele
ted at will is 
learlyseen: 10 manipulated variables are pres
ribed, and the values of the remaining two for6



whi
h steady states exist result from the 
omputation. Alternatively one 
an pres
ribeten pro
ess measurements; the values of all twelve manipulated variables as well as asingle steady state (out of the two-parameter in�nity) will result from an appropriatelyaugmented algebrai
 system. On
e a single representative solution has been found, theentire two-parameter family 
an be routinely re
onstru
ted using the null ve
tors ofthe steady state Ja
obian. Clearly, while the inventories are vital for dynami
 plantmodeling, they are e�e
tively super
uous for the determination of steady states. Notethat in 
onventional PI 
ontrol s
hemes ea
h inventory is stabilized by manipulatingone pro
ess variable in a 
losed-loop. An analogy therefore exists between well-posed�xed point/
ontinuation problems (two additional pinning 
onditions, used to �nd twoof the manipulated variables) and the 
losed-loop 
ontrol approa
h (two 
ontrol loopslinking two manipulated variables with the two inventory holdups).Augmented Steady State ProblemsWe want to �nd steady states of the problem (1), (2). In the right-hand-side formu-lation, we solve for the ve
tor of time derivatives of the system state variables to bezero. In the time-stepper formulation, we solve for (4) to be zero, where �(xt0 ;ut0 ; �)is the result of integrating the system equations for a time horizon � . Clearly, a steadystate x (a solution of (1) equal to zero f(x,u) = 0) also satis�es (5) for all � .xt0+� = Z t0+�t=t0 f(xt0 ;ut0) � dt � �(xt0 ;ut0 ; �) (4)The time-stepper based equivalent to f(x;u) = 0 for the determination of steady statesbased on the �xed point equation (4) is (5):f̂(x;u; �) = x��(x;u; �) = 0 (5)The following dis
ussion applies therefore to both formulations.As dis
ussed, the TE pro
ess Ja
obian (in both formulations !) has a rank de�-
ien
y of two, be
ause of the two inventories. For parameter values for whi
h steadystates exist, they appear as a two-parameter in�nity of solutions, parametrized by theinventory levels; the remaining steady state variables remain 
onstant over the family.We have implemented three di�erent ways of obtaining non-degenerate formulationsof the steady state problem We refer to the set of equations by F and to their variablesby X.Augmentation 1a: This formulation 
onsists of the augmented set of equationsF1a =  f(x;u)gl(x) � ylset ! = 0 (6)where f(x;u) is the ve
tor of 50 time derivatives of state variables of the systemand gl(x) represents measurements a�e
ted by the inventory variables, whi
h here7



are the levels of the produ
t separator and stripper bottoms. The two additional\pinning" 
onstraints, whi
h in this 
ase are y12 = g12(x) and y15 = g15(x), sele
t asingle member of the two-parameter in�nity of solutions; for the TE problem these
orrespond to \pinning" measurements 12 and 15 i.e. produ
t separator and stripperlevels. We solve for the steady state with 50 % level in the two inventories (produ
tseparator and stripper); we have 52 equations, and 
an therefore solve for 52 unknowns,whi
h we 
an arrange in the 
olumn ve
tor X1a.X1a =  xud ! (7)The 
olumn subve
tor ud is of dimension 2 and 
ontains two dependent manipulatedvariables (the ones that we will 
hoose to solve for after pres
ribing the remaining ten).Our Newton step is then: f(x;u)gl(x)� ylset !+ " �f(x;u)�x �f(x;u)�ud�gl(x)�x 0 # � ÆxÆud ! = 0 (8)The Newton 
onverges when the augmented system above has a nonsingular Ja
obian;our 
hoi
e of two dependent manipulated variables is guided by this requirement. Forthis spe
i�
 pro
ess any 
ombination of two from the 12 manipulated variables ofthe TE problem would give a nonsingular Ja
obian; 
ertain 
hoi
es, however, lead tobetter 
onditioned problems, or problems that do not easily hit saturation boundariesduring parameter-spa
e 
ontinuation. From the pro
ess side one might sele
t as thenew dependent variables two pro
ess 
ows that are 
losest in physi
al proximity andlargest in e�e
t on the two measurements, whose values are spe
i�ed.Augmentation 1b: A simple variation of the �rst formulation pins two states, in-volved in the equation(s) des
ribing the rate of 
hange of the inventory variables,instead of two measured variables. This formulation pi
ks a solution out of the twoparameter in�nity by solving the set of equationsF1b =  f(x;u)xl � xlset ! = 0 (9)where xl 
ontains two elements of the 
omplete state variable ve
tor x. These twovariables xl must have non-zero 
ontributions to the null-eigenve
tors of �f(x;u)=�x,so that the two parameter in�nity 
an be pinned down to a unique solution (again,any 
ombination of two manipulated variables as the additional unknowns in the aug-mented system will lead to well-posed problems).
8



The asso
iated Newton-Raphson s
heme for augmentation 1b is: f(x;u)xl � xlset !+264 �f(x;u)�x1 : : : �f(x;u)�xn�1 �f(x;u)�xn �f(x;u)�ud0 : : : 1 : : : 0 0 00 : : : 1 : : : 0 0 375 � ÆxÆud ! = 0 (10)Augmentation 2: Here we substitute the last two lines of (9) i.e. the 
onditionxl = xlset dire
tly into f(x;u) = 0, so that the equations for this augmentation areF2 � f(x;u) = 0. Instead of pinning at spe
i�ed positions (like augmentations 1aand 1b) augmentation 2 removes two state variables, whi
h represent inventories, asunknowns from the problem and repla
es them (as unknowns) by an equal number ofparameters (manipulated variables). The values of these manipulated variables willnow be found as a fun
tion of the remaining parameters.The ve
tor of 50 unkonws now 
onsists of the 48-long subve
tor xf , that 
ontainsall but two state variables, augmented by the two additional ud as above.X2 =  xfud ! (11)This leads to the Newton-Raphson s
heme:f(x;u) + h �f(x;u)�xf �f(x;u)�ud i � ÆxfÆud ! = 0 (12)We refer to the sets of steady state equations of formulations 1a, 1b and 2, that usethe time-stepper formulation f̂ (x;u;�t) instead of the time derivatives f(x;u) by F̂.Clearly, the results of augmentation 2 will be the same as the results of augmentation1b (they use the same pinning); augmentation 1a uses a di�erent pinning, and so it will�nd di�erent representatives of the family of solutions. Upon 
onvergen
e, we obtainthe values of the two dependent manipulated variables for whi
h a two-parameterin�nity of solutions exists, along with a single representative of the family (the onesele
ted by our pinning). The rest of the steady state family for the manipulatedvariable values in question (the ten we pres
ribed and the two we found) is routinelyobtained by using the null ve
tors of the degenerate problem Ja
obian.This dis
ussion is independent of whether the 
ode is available in a lega
y formor expli
itly (i.e., independently of whether we 
an evaluate the Ja
obians from theequations, or we need to estimate them from the 
ode). As a sanity 
he
k, we usedthe three above augmentations for the right-hand-side of the TE equations, usingdire
t linear algebra (LU de
omposition) on augmented Ja
obians whose elements wereestimated through �nite di�eren
es from the TE 
ode. We reprodu
ed the optimaloperating points given by Ri
ker (1995) (in \optimization modes" 1 and 4 of his paper).We in
lude here a representative one-parameter steady state bran
h (ten equidistant9



steps) starting from the TE literature base 
ase and ending on the stable steady stateof Tab. 1 for whi
h we presented transient simulations in Figs. 3 and 4. Figs. 5 and6 show the variation, along this bran
h of the 
omputed steady state measurements.The numbers on the abs
issa 
orrespond to the step along this bran
h; # 1 refers tothe base 
ase and # 11 is the stable steady state of Tab. 1.At the stable steady state of Tab. 1 the pro
ess operating 
onstraints stay wellwithin the bounds for safe operation. As Ri
ker and Lee (1995b) des
ribed, a rise inthe rea
tor temperature 
auses enhan
ed formation of byprodu
t F. This is apparentlythe 
ase for the steady state of Tab. 1 as 
an be seen in a plot of the rea
tor feed
on
entration along the bran
h in Fig. 7. The produ
t 
on
entration at the stablesteady state (not shown) undergoes only minor 
hanges and the produ
t stream ofvaluable 
omponents G+H even in
reases slightly when 
ompared to the base 
ase,while the produ
tion 
ost de
reases slightly.Using time-steppers to 
ompute steady statesIn prin
iple steady states 
an be 
omputed as �xed points of equations formulatedwith the time-stepper for any time reporting horizon � . A number of papers in there
ent numeri
al literature (see the work of Jaraus
h and Ma
kens (1987), Shro� andKeller (1993), Lust et al. (1998) as well as work in our group: Siettos et al. (2003),Kevrekidis et al. (2003, 2004), Kelley et al. (2004)) dis
uss the enabling of temporalsimulation 
odes to 
onverge on steady state solutions. For the TE problem, the �xedpoint equation f(x;u) = 0 i.e. the steady state 
ondition of (1) also gives rise to arank-de�
ient Ja
obian, and the augmentations dis
ussed above will work equally wellfor the time-stepper formulation as they do for the right-hand-side formulation. Theimportant element, however, in the time-stepper formulation, is the 
omputation ofthe augmented Ja
obian for Newton-Raphson. In prin
iple, if equations are available,integration of variational and sensitivity equations (with 
odes like ODESSA, Leisand Kramer (1988)) will provide the derivatives with respe
t to initial 
onditionsand parameter values that 
onstitute Ja
obian elements. The solution of the linearequations that 
onstitute a Newton step, however, need not be 
arried out throughdire
t linear algebra (LU de
omposition); they 
an be 
arried out iteratively (throughmethods like GMRES: Saad (1981, 1984), Kelley (1995), Brown (1994)). Sin
e GMRES
omputations a
tually require matrix-ve
tor multipli
ations of the (Ja
obian) matrixwith a sequen
e of 
omputed ve
tors, GMRES 
an be performed in a matrix-freefashion, using only 
alls to the integrator, as we will illustrate below. Partial derivative
omputations 
an thus be 
ir
umvented.Our method of 
hoi
e for the linear sets of equations that arise from Newton-Raphsonaugmented steady state problems (8), (10) and (12), both for the right-hand-side andfor the time-stepper based formulations, was the iterative GMRES solver, whi
h wenow brie
y review. GMRES is a subspa
e method for the iterative solution of setsof linear equations A � x + b = 0. Starting from the initial residual ve
tor r0 =A � x0 + b a Krylov subspa
e (i.e. the span of a sequen
e of ve
tors arising from thematrix-ve
tor produ
ts hr0;A � r0;A2 � r0;A3 � r0; : : :i is generated. When A is the10



Ja
obian of a nonlinear fun
tion f(x;u) the matrix ve
tor produ
ts are retrieved fromdire
tional derivatives. Cal
ulating a sequen
e of orthonormalized Krylov bases leadsto the equality A � Zk = Zk+1 � Hk+1, where Zk 
onsists of the orthonormal basisve
tors and Hk+1 is a Hessenberg matrix.A � (x0 + Zk � 
) + b = Zk+1 �Hk+1 � 
+ r0 = r (13)At the k +1 step the linear least squares problem (14) of order k +1 is solved to �ndthe solution that minimizes the residual over the subspa
e.kHk+1 � 
+ kr0k � e1k ! min (14)An extensive survey of this family of Newton-Krylov methods 
an be found in Knolland Keyes (2004). For our 
al
ulations with GMRES we used the 
ode presented inKelley (1995).One Newton-Raphson step of (8), (10) and (12) is termed an \outer iteration"whereas the iterations to solve one set of linear equations are 
alled \inner iterations".If the time-stepper (5) i.e. f̂ (x;u) = 0 is used instead of f(x;u) = 0, the iterative GM-RES solver takes parti
ular advantage of the eigenvalue stru
ture of ��(x;u; �)=�x.Newton-GMRES solvers perform favourably with 
lustered eigenvalues of the Ja
o-bian, whi
h arises when using time-steppers to solve f̂(x;u) = 0; under su
h 
ir
um-stan
es good solutions are often found after a relatively small number of iterations (inlow-dimensional Krylov subspa
es).What makes this matrix-free 
omputational approa
h an interesting one to 
ombinewith time-steppers, is that it 
an easily exploit time-s
ale separation when it is presentin the problem of interest - and this is indeed the 
ase in the TE pro
ess. Probablythe �rst ar
hival observation of this e�e
t 
an be found in Wigton et al. (1985). It isobvious from the eigenvalue stru
ture of the Ja
obian �f=�x given in Fig. 2 that thedynami
s of the TE problem evolve on drasti
ally di�erent time s
ales. Integrating thedi�erential equations with a time-stepper over large time horizons e�e
tively redu
esthe problem size (in a linear problem it eliminates the 
omponents along eigenve
torsasso
iated with the fast stable dynami
s from the output xt0+� ). Consider the eigen-values of the Ja
obian ��(x;u; �)=�x (at steady state and for perfe
t integration theseare exp (� � �), where � is the reporting horizon and � is the respe
tive eigenvalues ofthe steady state Ja
obian. As the reporting horizon of the time-stepper is in
reased,the fast eigenmodes of the time-stepper linearization move towards zero, while the slow(unstable) ones stay around (outside) the unit 
ir
le. For timestepping we used both a
lassi
al Runge Kutta expli
it method of 4th order and an impli
it Euler method. Dueto the sti�ness of the system we employed individual time steps of 1 s with the expli
itmethod, while we 
overed the 
omplete reporting horizon in one single time step withthe impli
it Euler method. When we evaluated the eigenvalues of ��(x;u; �)=�x withthe Runge Kutta time-stepper at the base 
ase, the number of eigenvalues 
lose tozero (absolute value below 10�4) in
reased from 0 at reporting horizon 10 s to 8 at50 s, 14 at 100 s, 18 at 500 s, 22 at 1000 s, 28 at 2000 s. Similar results were found11



for time integration with the impli
it Euler method. Fig. 8 shows the eigenvalues ofthe time-stepper evaluation for various reporting horizons at the base 
ase operatingpoint; on
e more, for perfe
t integration these ought to be exp (� � �), while for numer-i
al integration they are approximations of exp (� � �) that depend on the parti
ularmethod.To highlight the advantages of the Newton-GMRES approa
h in the time-stepperformulation, we 
al
ulated a steady state of the TE pro
ess using all three augmen-tations 1a, 1b and 2. The steady state to be determined was designated by a 
hangeof the ratio of the D and E feed mass streams o� the base 
ase (de
rease of u1 by0.25, in
rease of u2 by 0.17391). For all three augmentations u7 and u8 were 
hosen asthe dependent manipulated variables in ud. This 
orresponds to the typi
al inventory
ontrol s
heme, where the under
ows of the inventories are manipulated in order to
ontrol the vessel holdups. In augmentation 1b the two state variables x13 and x22were arranged in xl to be pinned by the additional equations. In augmentation 2 thesetwo state variables were kept at the values of the TE base 
ase, su
h that xf 
on-tained all state variables but x13 and x22. Convergen
e of the outer Newton-Raphsoniteration was de
lared, when the quantity F̂T � F̂ fell below 10�10.The GMRES 
onvergen
e is 
ontrolled by two toleran
e parameters. The �rst (aso-
alled \for
ing term", �) is the ratio, by whi
h the residual of the linear set ofequations must be redu
ed before a sequen
e of inner GMRES iterations is de
laredsu

essful, and the approximate solution of the linear set of equations (8), (10) or (12)is a

epted. The se
ond parameter limits the maximum number of inner iterationsperformed in one outer (Newton) iteration. An � of 0.1 performed satisfa
torily for all
omputations reported here. We did not limit the maximum number of inner iterationsto a smaller number than the problem size (i.e. we allowed for a full solution of theset of linear equations by the GMRES method if ne
essary; this never o

urred inthe time-stepper formulation). Restarted GMRES (see e.g. Kelley (1995)) is also anoption for keeping the size of the system solved small; we did not use it in this paper.Convergen
e results of the three augmentations for time-stepper based Newton-GMRES are given in Tabs. 2 and 3 for both a Runge Kutta and an impli
it Euler timestepper. In parti
ular Tab. 2 gives the total number of 
alls to time-stepper�(x;u;�t)(for one reporting horizon) during all outer iterations until 
onvergen
e. Note thatea
h dire
tional derivative, by whi
h a dire
tion is added to the Krylov subspa
e,involves one fun
tion 
all i.e. a 
all to the time-stepper over the reporting horizon.Furthermore, the number of outer Newton-Raphson iterations until 
onvergen
e isdisplayed in Tab. 2. Integration over a time horizon requires repeated 
alls to the TE
ode. The total number of su
h 
alls of the TE 
ode (right hand side evaluations of(1) in
urred for a full steady state 
omputation and the total CPU time for it is givenin Tab. 3. Our Matlab programs and the TE 
ode, that was 
onne
ted to Matlab asa mex �le, were run on Matlab Release 13 on a Pentium IV, 3 GHz 
omputer underRedHat Linux.The 
onvergen
e results are strikingly di�erent for the three problem augmentations.Augmentation 1a performed overall best with both time integration methods. Calling12



the time-stepper over in
reasing reporting horizons redu
es the required number oftime-stepper 
alls signi�
antly. The same tenden
y is observed with augmentation 1b,but not with augmentation 2..Fig. 9 shows the full 
onvergen
e history of augmentation 1a with the expli
it RungeKutta time-stepper and di�erent reporting horizons. On the ordinate is the residualF̂T � F̂, on the abs
issa is the 
umulative number of time-stepper or fun
tion 
alls,whi
h is equal to the 
umulative number of inner GMRES iterations. Ea
h markerin this plot represents the residual at an outer iteration, whi
h was evaluated after
ompletion of a sequen
e of inner GMRES iterations. Due to the inexa
t solutionof the linear set of equations in the Newton-Raphson augmentation (8) by GMRES,the 
ontra
tion of the residual with the Newton-Raphson iterations is slower thanquadrati
, even in the last few iterations. With in
reasing reporting horizon of thetime-stepper, the de
line of the residual versus the number of fun
tion 
alls be
omessteeper. In fa
t, with augmentations 1a and 1b it takes about the same number of outerNewton-Raphson iterations to 
onverge, but the dimension of the problem (the numberof inner GMRES iterations for one approximate linear solve) redu
es. The reason forthis is that time integration, by eliminating the fast dynami
 modes of the system,a
ts e�e
tively as a pre
onditioner; the approximate linear solutions are obtained in ane�e
tively smaller subspa
e than the original problem spa
e. For augmentation 1a andthe Runge Kutta time-stepper with a reporting horizon of 2000 s approximate linearsolves 
an be obtained in, roughly, a 10-dimensional subspa
e (down from the originalfull spa
e size of 52). As dis
ussed in Kelley et al. (2004) the 
orresponding problembe
omes a 
ompa
t perturbation of the identity, the eigenvalues of its linearization
luster, and better performan
e is expe
ted from GMRES.For a stable pro
ess, of 
ourse, a 
all with a relatively long time horizon wouldrequire no iterations; yet it would take a large 
omputational e�ort. We try to exploitseparation of time s
ales, so that the e�e
tive pre
onditioning bene�t from a relativelyshort integration - 
ombined with the Newton-GMRES algorithm - outperforms bothdire
t integration and Newton-GMRES on a right-hand-side formulation. Of 
ourse inmany problems (e.g. split step dynami
 simulators, or in 
ases where the inner time-stepper involves a sto
hasti
 or mi
ros
opi
 
ode, Kevrekidis et al. (2003), Kevrekidiset al. (2004)) the right-hand-side formulation is not an option. Due to the unstablenature of the TE pro
ess, the reporting horizon 
annot be in
reased at will. Even ifthe input xt, ut to the time-stepper is the steady state itself (to 
omputer roundo�),it will veer away from the steady state if the open-loop unstable pro
ess is integratedover too long reporting horizons. A rule of thumb for the sele
tion of an appropriatetime horizon would put its inverse in the gap between the strong stable eigenvalues ofthe system linearization and the absolute values 
orresponding to the slow (both stableand unstable) eigendire
tions; so, fast 
omponents die (get slaved to slow ones), yetwe do not integrate longer than ne
essary, and the unstable modes do not \explode"away from the steady state of interest.Augmentation 1b shows the same qualitative behavior as in Fig. 9 with both timeintegration methods; in augmentation 2, however, an in
rease in the time reporting13



horizon of the time-stepper does not redu
e the number of fun
tion evaluations requiredfor 
onvergen
e (not shown). This suggests that the linearization of augmentation 2does not exhibit eigenvalue 
lustering as 1a and 1b do. Plots of the eigenvalues of theJa
obian dF̂=dX of augmentations 1a, 1b and 2 with the Runge Kutta time integrationat the base 
ase values are given in Figs. 10, 11 and 12. Augmentation 2 with the RungeKutta time-stepper produ
es one negative real eigenvalue with large absolute value atreporting horizons 500 and 1000, not shown in Fig. 12. An important fa
tor for theGMRES method to perform well on a linear set of equations is the 
lustering of theeigenvalues of the problem matrix (Kelley, 1995). We 
learly see that the eigenvaluesof augmentations 1a and 1b indeed form 
lusters as the reporting horizon of the time-stepper is in
reased and the GMRES-time-stepper approa
h e�e
tively redu
es theproblem size. It appears that these advantageous 
lustering 
hara
teristi
s do notarise in augmentation 2, and we believe that this underlies the observation that theproblem size does not e�e
tively redu
e with in
reasing time-reporting horizon.It might be argued, that the 
onvergen
e 
riterion used for 
omparison between thethree formulations is not fair, be
ause the norm F̂T � F̂ of the ve
tor fun
tion s
alesdi�erently with di�erent problem augmentations and reporting horizons of the time-stepper. We thus also used - as a 
onvergen
e 
riterion - the residual fT � f of the righthand side of (1), whi
h 
orresponds to the set of equations that shall ultimately besolved; this 
riterion is the same for all problem augmentations and reporting horizons.Yet, the trends presented above did not 
hange.In earlier work Kelley et al. (2004) used GMRES to perform pseudo-ar
length 
on-tinuation for steady states of dynami
al systems using time-steppers. They found, thatthe augmentation of the system equations with one additional equation (the pseudo-ar
length equation for 
ontinuation) does not destroy the eigenvalue 
lustering of theaugmented system.The 
ru
ial question for the viability of the lega
y time-stepper based Newton-GMRES approa
h to steady state 
omputation is, of 
ourse, under whi
h 
ir
umstan
esit performs better than dire
t time integration. Clearly, if one needs to 
omputeunstable bran
hes of steady states or marginally stable solutions, integration is simplynot an option. As we saw for the TE pro
ess, dire
t open-loop integration also doesnot 
onstitute an option for problems with inventories, whether they be stable orunstable. If we do not know the right 
ombination of manipulated variables, steadystates simply do not exist. For problems with asymptoti
ally stable steady states,performan
e depends drasti
ally on the distribution of the eigenvalues of the Ja
obian�f=�x of the system di�erential equations (1). Time-stepper Newton-GMRES is inprin
iple best suited for large systems, 
hara
terized by a few slow (possibly unstable)eigenmodes and a large majority of fast, stable eigenmodes.One thing should be made 
lear at this point. Using several time steps of an impli
itintegrator, and performing the asso
iated nonlinear solves, is 
learly not an eÆ
ientway of solving a �xed point problem (a single nonlinear solve). The integrator is usedhere as a lega
y 
ode, a 
ode that in prin
iple one 
annot modify. It is in this 
ontextthat our approa
h 
an be useful, as well as in multis
ale 
omputation 
ases, where the14



time evolution is performed by a 
ode at a di�erent level of des
ription (e.g. kineti
Monte Carlo).In our dis
ussion of time-s
ale separation and the 
orresponding gap between thesystem eigenvalues, we assumed for simpli
ity that the short numeri
al integrationwas perfe
tly a

urate; when numeri
al integrators are used, the eigenvalues of thelinearized time-stepper are not any more exponentials of the system eigenvalues multi-plied by the reporting horizon � . What integration method is used will not 
hange the�xed point, but may drasti
ally 
hange the eigenvalues of the timestepper lineariza-tion (large expli
it steps may even render a stable steady state numeri
ally unstable).These linearized numeri
al timestepper eigenvalues a�e
t GMRES performan
e, as
an be seen in Tab. 3. In our example we used both an expli
it and an impli
it time-stepper and found - for our 
omputational proto
ols - di�erent trends of the CPUtime for steady state determination with GMRES, when the reporting horizon was in-
reased. For the impli
it Euler time-stepper, for example, we 
hose a single time-stepequal to the entire reporting horizon. With reporting horizons larger than 100 s thetime step size was unreasonable in terms of a

ura
y, yet the resulting dampening wasbene�
ial for steady state determination. In fa
t the redu
tion of the CPU time andnumber of right hand side (1) evaluations for in
reasing reporting horizons with theimpli
it Euler and augmentations 1a and 1b (as shown in Tab. 3) is entirely due tothe GMRES \e�e
tive model redu
tion" and the resulting redu
tion of required time-stepper 
alls. The savings in the GMRES matrix inversion due to a smaller number ofbasis dire
tions is not signi�
ant here. In 
on
lusion, an in
reasing reporting horizonin
reases the 
omputational expense for time integration, while possibly leading toin
reased GMRES performan
e; optimal performan
e will result from balan
ing thesetwo trends.4 Further system augmentationDuring 
ontinuation with 
hemi
al pro
ess models, operating limits of the pro
ess needto be observed and failure to do so results in pro
ess shutdown. In terms of the TEpro
ess, these shutdown limits are the pressure and temperature high limits in therea
tor and the high or low limit of the rea
tor liquid level.In the augmentations dis
ussed above we used the minimum number of pinning 
on-ditions that would give a well-posed problem - we pres
ribed 10 manipulated variablesand allowed two to be 
omputed from the model. In prin
iple we 
an now performpseudo-ar
length 
ontinuation along any one-parameter path in ten-dimensional ma-nipulated variable spa
e. To make sure, however, that we do not frequently en
ounteroperating limits, we may want to explore this ten-dimensional spa
e by adding further
onstraints that keep key system measurements at �xed levels away from operabilityboundaries. Additional su
h pinnings result in redu
tion of the number of indepen-dent manipulated variables (and 
orresponding growth of the number of dependentvariables) - one additional dependent variable for ea
h additional pinned measure-ment. 15



The 
onstrained measurements y
 given in (15) are augmented to augmentation 1aand thus the equations for 
onstrained steady state determination (16) are derived.g
(x)� y
 = 0 (15)0B� f(x;u)gl(x)� ylsetg
(x)� y
 1CA = 0 (16)The asso
iated Newton-Raphson s
heme is (17), the variables are the states x, thedependent manipulated variables ud and the manipulated variables u
.0B� f(x;u)gl(x) � ylsetg
(x)� y
 1CA+ 264 �f(x;u)�x �f(x;u)�ud �f(x;u)�u
�gl(x)�x 0 0�g
(x)�x 0 0 375 �0B� ÆxÆudÆu
 1CA = 0 (17)In the same manner formulations 1b and 2 
an be augmented to solve for 
onstrainedsteady states.Su
h additional augmentations �nd their 
ounterpart in the 
losed-loop approa
hto steady state stabilization/
omputation - additional setpoints require further 
ontrolloops and \slave" additional manipulated variables. Consider the set of 
ontrol andoutput variables in 
ontrol stru
ture 2 in Lyman and Georgakis (1995): There, singleSISO loops tie all manipulated variables (ex
ept for the agitator speed) to 
ontrolledvariables in the pro
ess. The 
ontrolled variables are the rea
tor temperature, there
y
le 
ow rate and the stripper under
ow (measurements 9, 5, 17), the levels inthe stripper, the separator and the rea
tor (measurements 8, 12, 15), and besides
on
entrations in the rea
tor feed, the purge and the produ
t stream (measurements23, 26, 27, 30, 38). Note that rea
tor pressure is not 
ontrolled by this 
ontrol s
heme.In our steady state augmentation formulation, if we impose the same 
hange of rea
-tor temperature from 120.4 to 121.6 and sele
t the same sets of additional pres
ribedmeasurements and dependent manipulated variables as Lyman and Georgakis (1995),the values of the manipulated variables we �nd are given in Tab. 4. Also given inTab. 4 is an example, where the produ
t 
ow rate is in
reased by 3.5 % with theremaining ten pinned measurements remaining at the base 
ase TE pro
ess values.Both 
ases of setpoint 
hange show, that with the 
ontrol stru
ture proposed inLyman and Georgakis (1995), the manipulated variable u9 (stripper steam) undergoesextreme 
hanges ensuing from the generi
 setpoint 
hanges of rea
tor temperature andprodu
tion rate; the 
ontrol loop linking u9 with the 
on
entration of 
omponent E inthe produ
t stream may easily saturate. Ri
ker and Lee (1995a) also report that thestripper steam rate has negligible e�e
t on the pro
ess behavior. Removing the strippersteam rate (manipulated variable u9) and the 
on
entration of 
omponent E in the16



produ
t stream (
ontrolled variable y38) from the set of 
ontrol and output variablesof the 
ontrol stru
ture yields a set of 62 equations with 2 independent manipulatedvariables. Keeping now u9 at its base 
ase value and 
ontinuing in rea
tor temperature- without attempting to pin y38, whi
h 
oats - we �nd that the rea
tor temperature
an be in
reased to y9 = 128:2 � before one of the dependent manipulated variableshits its bound. In this parti
ular 
ase the 
ompressor re
y
le valve position u5 hits itslower bound. Continuation in the produ
t 
ow rate shows that it 
an be in
reased by13.1 % (y17 = 25:95m3=h) before the rea
tor pressure hits the high limit for normaloperation of 2895 kPa.Having an algorithm that easily 
omputes and parametri
ally 
ontinues steady statessubje
t to various sets of 
onstraints (keeping a given set of measurements 
onstantthrough varying a given set of manipulated variables) allows a systemati
 exploration ofthe system operability. In parti
ular, one 
an explore whether generi
 setpoint 
hanges
an be in prin
iple performed using pres
ribed sets of manipulated variables to keepall 
ontrolled measurements at their setpoints without 
ontrol saturation. One 
aneven envision pinning 
onditions that ask for a manipulated variable or state variableto marginally attain saturation as a 
omputational approa
h for tra
ing operabilityboundaries.5 Dis
ussion and Con
lusionsSteady states of a dynami
 pro
ess simulator were determined through matrix-freete
hniques (Newton-GMRES) that employ sequen
es of input-output 
alls to the lega
y
ode. Two formulations (a di�erential one, where the lega
y 
ode returns time-derivatives of the state variables, and an integral one, where it returns the resultof integration over a time reporting horizon) 
an be used for this purpose. This 
om-putational approa
h does not require prior stabilization of unstable pro
esses through
losing 
ontrol loops.The adaptation of this approa
h to problems with inventories was explored. Whenworking with dynami
 models of 
hemi
al pro
ess plants, inventories give rise to 
ertain
omputational problems. Inventories turn the steady state problem into a nonlineareigenproblem with either zero or in�nite families of solutions. Their steady state levelshave no in
uen
e on the other pro
ess states su
h as streams, 
on
entrations, pressuresand temperatures nor on the in
ow or out
ow of the inventory itself. They are alsoasso
iated with singular Ja
obians (Arkun and Downs (1990)) and the steady stateequations must be appropriately augmented to yield well-posed problems. The numberof freely adjustable manipulated variables among the total of manipulated variablesredu
es by one for ea
h inventory. For a steady state to exist, dependent manipulatedvariables need to be de�ned, whose values are determined by the solution pro
edure.While using a time-stepper based Newton-GMRES to solve these appropriately aug-mented problems, we explored the e�e
t of time s
ale separation and the time-stepperreporting horizon on GMRES performan
e. In
reasing the time-stepper reporting hori-zon 
ould lead under appropriate 
onditions to signi�
ant redu
tion of the GMRES17



iterates (time-stepper 
alls) required for the linear solve at ea
h Newton iteration. Wepresented results pertaining to the e�e
ts of di�erent augmentations as well as di�erentnumeri
al integration methods for the time-stepper.A systemati
 steady state 
omputation/
ontinuation routine 
an be a valuable toolfor various purposes like stability analysis, 
ontroller design and optimization. Deter-mination of steady state gains is valuable towards 
ontroller design; yet for problemswith inventories and/or unstable setpoints these gains may be diÆ
ult to obtain (forthe TE problem see (M
Avoy and Ye, 1994)). Systemati
 
onstrained 
ontinuation(implemented through further augmentations, as just dis
ussed) 
an provide usefuldiagnosti
s in strongly strongly nonlinear problems for gain sign 
hange and 
ontrolsaturation.For optimization, where the steady state equations appear as 
onstraints, a fea-sible approa
h 
an take advantage of a fast, systemati
 steady state solver to turnthe problem into an un
onstrained one of redu
ed dimension. If the steady statesolver underlying a feasible optimization 
ode is based on 
ontrol loops and integration(Subramanian and Georgakis, 2004; M
Avoy and Ye, 1994), the 
losed-loop stabilityrequirement will limit the steady states one 
an �nd, and thus possibly a�e
t the op-timization. Note that, thanks to the open stru
ture of the original TE Fortran sour
e
ode, steady state optimization has been a

omplished by linking the TE 
ode to astandard optimization routine (Ri
ker, 1995).It is interesting, espe
ially for lega
y numeri
al approa
hes (in
luding time-stepperbased ones) where derivatives are not available, to explore the appli
ability of moredire
t sear
h te
hniques (su
h as Nelder-Mead or Hooke-Jeeves algorithms) whi
h havebeen experien
ing a revival in both literature and pra
ti
e (Kolda et al., 2003). \Bla
kbox" steady state solvers, turning the problem into a feasible one, may be an assetin su
h 
omputations. We 
an provide some supporting eviden
e for this statement:lo
ating an open-loop stable steady state for the TE pro
ess (the one we presentedin Tab. 1) was the result of a Nelder-Mead optimization, where our obje
tive was tooptimize steady state stability. In parti
ular, we tried to minimize the largest realpart of the eigenvalues of the TE linearization at steady state. We solved this as afeasible problem; our steady state solver underlying the obje
tive fun
tion evaluationwas a Newton-GMRES time-stepper based one, and the Nelder-Mead dire
t sear
halgoritm was the one of Kelley (1999). The optimization was performed over fourmanipulated variables that were 
hosen as \design parameters" (numbers 5, 6, 10 and11); the two dependent manipulated variables in our augmentation were 7 and 8, andthe remaining ones were kept at the base 
ase values. In a forth
oming paper we usethis methodology for TE pro
ess optimization.A
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Notation:A 
oeÆ
ient/mass matrix of a linear set of equationsb 
oeÆ
ient ve
tor of a linear set of equations
 state ve
tor x proje
ted on the Krylow subspa
ef fun
tion of the derivatives of the states towards timein the TE pro
essf time-stepper based set of equations for steady statedetermination in the TE pro
essF non-degenerate repla
ement for steady state equationsf , formulations 1a, 1b and 2g 
orrelation between state ve
tor and measurementsH Hessenberg matrix in GMRES methodt timer residual ve
tor of a linear set of equationsu ve
tor of manipulated variablesud ve
tor of dependent manipulated variablesx state ve
tor of the TE pro
ess, solution ve
tor of a setof linear equationsxf redu
ed state ve
tor of the TE pro
essX variables of the non-degenerate steady state equationsF = 0, formulations 1a, 1b and 2y measurementsZk orthonormalized Krylow supspa
e with k basis ve
torsof the Ja
obian in a Newton-GMRES solverGreek letters:� eigenvalue� right hand side of a time-stepper formulation of thedi�erential evolution equation
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Figures:

Figure 1: Flowsheet of the TE pro
ess
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Figure 3: Pro
ess measurements 1 - stable steady state
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Figure 4: Pi
ture measurements 2 - stable steady state
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Figure 5: Continuation to stable steady state of Tab. 1 - measurements 1
23



1 2 3 4 5 6 7 8 9 10 11
500

1000

1500

2000

2500

3000

3500

continuation point [−]

m
ea

su
re

m
en

ts
 [−

]
Sep. pressure
Sep. underflow*100
Strip. pressure
Strip. underflow*100
Strip. temp.*10
Strip. steam flow*10
Compr. work*10
Re. c. w. temp.*10
Cond. c. w. temp.*10

Figure 6: Continuation to stable steady state of Tab. 1 - measurements 2
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e history of formulation 1a with the time-stepper
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Tables:Table 1: Manipulated variables and key pro
ess measurements at an open-loop stable operat-ing point of the TE pro
essManipulated variables [%℄D feed 
ow u1 63.053E feed 
ow u2 53.980A feed 
ow u3 24.644A+C feed 
ow u4 61.302Compressor re
y
le u5 22.881Purge valve u6 42.322Separator under
ow u7 38.256Produ
t 
ow u8 46.421Stripper steam u9 47.446Rea
tor 
ooling water u10 35.620Condenser 
ooling water u11 19.620Agitator speed u12 50.000MeasurementsRea
tor pressure y7 [mbar℄ 2678Rea
tor level y8 [%℄ 55.9Rea
tor temperature y9 [�℄ 130.7Stripper under
ow y17 [m3=h℄ 23.2
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Table 2: Number of time-stepper 
alls and number of Newton-Raphson iterations for the 
on-tinuation step with formulations 1a, 1b and 2 as a fun
tion of the reporting horizon�t �t 1a 1b 2 1a 1b 2Runge Kutta TS 
alls NR iters.10 s 201 315 406 8 14 1150 s 236 252 408 10 10 10100 s 224 208 367 10 9 9250 s 132 185 365 8 10 9500 s 130 164 361 9 11 91000 s 107 96 384 10 8 122000 s 96 102 399 12 14 133000 s 96 99 416 12 12 15Impli
it Euler50 s 245 251 321 10 10 8100 s 226 247 407 11 10 10500 s 111 164 374 9 11 101000 s 98 113 338 9 8 105000 s 62 85 7 8
Table 3: Total number of 
alls of the right hand side of (1) and CPU time for the 
ontinuationstep with formulations 1a, 1b and 2 as a fun
tion of the reporting horizon �t�t 1a 1b 2 1a 1b 2Runge Kutta 103 � RHS 
alls CPU time10 s 8.7 13.7 17.1 0.6 1.0 1.250 s 51.2 54.4 85.6 2.4 2.6 4.0100 s 97.6 90.4 154 4.3 4.0 6.7250 s 148 205 383 6.2 8.7 16.0500 s 296 372 758 12.3 15.4 31.31000 s 508 448 1632 20.9 18.5 67.12000 s 960 1040 3400 39.3 42.5 139.63000 s 1440 1476 5352 58.9 60.8 218.1Impli
it Euler50 s 44.5 44.7 61.8 3.4 3.4 4.8100 s 42.0 49.4 77.5 3.2 3.9 6.0500 s 23.8 34.2 84.8 1.9 2.7 6.81000 s 22.5 24.2 75.6 1.8 1.9 6.85000 s 14.8 19.3 1.2 1.6
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Table 4: Manipulated variables of the TE pro
ess at base 
ase, at rea
tor temperature y9 =121:6 � and at a produ
t 
ow rate that is in
reased by 3.5 % (y17 = 23:752m3=h)with the set of 
ontrol and output variables used in 
ontrol stru
ture 2 in Lymanand Georgakis (1995)MV base 
ase y9 = 121:6 � y17 = 23:752m3=h1 63.0526 63.6584 64.14662 53.9797 54.2347 56.15743 24.6436 25.5426 25.02964 61.3019 61.6400 63.07985 22.2100 18.9699 22.77346 40.0637 41.6996 40.21877 38.1003 37.6623 39.85588 46.5342 46.8157 47.87669 47.4457 4.4434 95.630510 41.1058 40.8412 42.434311 18.1135 16.1119 20.8812
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