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Abstra
tThe problem of 
omparing two proportions in a 2 � 2 mat
hed-pairs design with binaryresponses is 
onsidered. We 
onsider one-sided null and alternative hypotheses. The problemhas two nuisan
e parameters. Using the monotoni
ity of the multinomial distribution, fourexa
t un
onditional tests based on p-values are proposed by redu
ing the dimension of thenuisan
e parameter spa
e from two to one in 
omputation. The size and power of the fourexa
t tests and two other tests, the exa
t 
onditional binomial test and the asymptoti
M
Nemar's test, are 
onsidered. It is shown that the tests based on the 
on�den
e intervalp-value1 are more powerful than the tests based on the standard p value:2 In addition, it isfound that the exa
t 
onditional binomial test is 
onservative and not powerful for testing thehypothesis. Moreover, the asymptoti
 M
Nemar's test is shown to have in
orre
t size, thatis, its size is larger than the nominal level of the test. Overall, the test based on M
Nemar'sstatisti
 and the 
on�den
e interval p-value is found to be the most powerful test with the
orre
t size among the tests in this 
omparison.
Keywords: Exa
t un
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1 Introdu
tionThe problem of 
omparing two proportions in a 2 � 2 mat
hed-pairs sample with binaryresponses has been studied for many years. The null hypothesis in the past studies is often setas a \zero di�eren
e", that is, formulated to be equal proportions. For this null hypothesis,a test involves only one nuisan
e parameter, the 
ommon value of the two proportions in thenull distribution of the data. For testing equality, the most 
ommonly used test is M
Nemar'stest;3 an asymptoti
 test. Co
hran4 derives the same asymptoti
 test by 
onditioning on thenumber of dis
ordant pairs observed. The exa
t 
onditional version of this test is obtainedif it is based on the null 
onditional binomial distribution of the data. Suissa and Shuster5proposed an exa
t un
onditional test for the null hypothesis of equality based on the standardde�nition of a p-value:2 In this paper, we 
onsider the problem of testing one-sided null andalternative hypotheses 
omparing two mat
hed-pairs proportions. A null hypothesis of thisstudy is \one larger than or equal to the other," not the zero di�eren
e between proportions.In this formulation, the problem involves testing in the presen
e of two nuisan
e parametersbe
ause of the unspe
i�ed two proportions under the null hypothesis. If exa
t un
onditionalp-values are 
onsidered, 
omputation seems to be mu
h more intensive and diÆ
ult. But,we introdu
e a method of redu
ing the dimension of the nuisan
e parameters from two toone and propose four exa
t un
onditional tests based on the standard2 and the 
on�den
einterval p-values1.Let Y1 and Y2 be two binary random variables with the joint distribution P (Y1 = i; Y2 =j) = pij for i; j = 0; 1. Consider a random sample of size n mat
hed-pairs data from thisdistribution. This type of data is frequently displayed in a 2� 2 table as follows:
1



Y2Y1 0 1 Total0 x00 x011 x10 x11Total nwhere xij for i; j = 0; 1 is the ijth observed 
ell 
ount. The distribution of the ve
tor ofrandom 
ell 
ounts (X00; X01; X10; X11) is multinomial with Pi;j pij = 1. The multinomialprobability mass fun
tion will be denoted bym(x00; x01; x10; x11;n; p00; p01; p10; p11) = n!x00! x01! x10! x11!px0000 px0101 px1010 px1111where Pi;j xij = n.Consider the problem of testingH0 : p1 � p2 versus H1 : p1 < p2where p1 = P (Y1 = 0) = p00 + p01 and p2 = P (Y2 = 0) = p00 + p10, or equivalentlyH0 : p01 � p10 versus H1 : p01 < p10: (1)A 
hallenge in the 
onstru
tion of tests for this hypothesis is the presen
e of two nuisan
eparameters under H0, that is, the dis
ordant 
ell probabilities p01 and p10. The dis
ordantpair parameter spa
e is� = f(p01; p10) : 0 � p01 � 1; 0 � p10 � 1; and p01 + p10 � 1g: (2)Exa
t tests for (1) will be 
onsidered. By showing that 
ertain probabilities are maximizedon the boundary of H0 and H1, we will propose exa
t un
onditional tests using two di�erent
on
epts of a p-value, the standard and the 
on�den
e interval p-values:2;1 The p-value, size,and power 
omputations use the exa
t multinomial distributions of the data. Be
ause of thedis
rete nature of the data, the exa
t tests do not have sizes exa
tly equal to the spe
i�ed �.2



Rather they are level-� tests with exa
t sizes less than or equal to �. In this problem exa
tsize � tests must be randomized tests, but randomized tests are seldom used in pra
ti
e. We
onsider only nonrandomized tests.Hsueh, Liu, and Chen6 
onsidered exa
t un
onditional tests for (1). Their RMLE test
orresponds to the test we de�ne in (8). But, they provided no spe
i�
 information for theÆ = 0 
ase (their notation) whi
h 
orresponds to (1). They did not provide size and power
omparisons for the tests we will dis
uss.The data in these types of problems are usually summarized as (X01; X10; n�X01�X10).That is, the 
ell 
ounts X00 and X11 are summed. The heuristi
 idea is that the individualvalues X00 and X11 do not give information about the relative sizes of p01 and p10. Tests
ould be de�ned that depend on the individual values X00 and X11, but we do not know ofany su
h tests that have been proposed. So we too will summarize the data in this way andsimply denote the data as (X01; X10), be
ause the third 
ount is a fun
tion of the �rst two.The trinomial pmf of (X01; X10) will be denoted bym(x01; x10;n; p01; p10) = n!x01! x10! (n� x01 � x10)!px0101 px1010 (1� p01 � p10)n�x01�x10 (3)where x01 � 0, x10 � 0 and x01 + x10 � n. The parameter spa
e is given in (2).2 ExampleHere is a typi
al biomedi
al example of mat
hed-pairs data for whi
h testing of (1) mightbe of interest.A regulatory agen
y sometimes 
he
ks the analyses of a medi
al laboratory. The labo-ratory knows when it is being 
he
ked. An experimenter thinks that the laboratory might bemore 
areful when it knows its results are being s
rutinized. To 
on�rm this the experimentersends two samples from the same person to the laboratory for an antibody analysis. In one
ase the laboratory is told the sample is part of a 
he
k (OPEN 
ase); in the other 
ase the3



laboratory is not told the sample is part of a 
he
k (CLOSED 
ase). The experimenter alsohas a \gold standard" for ea
h sample and thus knows if the laboratory analysis is 
orre
tor in
orre
t. n su
h pairs of samples are sent, resulting in mat
hed-pairs data of this form:OPENCLOSED 
orre
t in
orre
t Total
orre
t x00 x01in
orre
t x10 x11Total nIn this situation the experimenter might want to test the one-sided hypothesis (1), be
auseH1 : p01 < p10 says that the probability that the laboratory analysis is 
orre
t is smaller inthe CLOSED situation than in the OPEN situation.Other biomedi
al examples of mat
hed-pairs data often involve 
omparison of standardand innovative pro
edures or drugs. Hsueh, Liu, and Chen6 give an example of this type
omparing diagnosti
 pro
edures for liver lesions.3 Monotoni
ity of a Joint DistributionTo maximize 
ertain probabilities in the 
al
ulation of p-values, we will use a monotoni
ityproperty des
ribed in this se
tion.De�nition 1 In two dimensions, a set R is a Barnard 
onvex set if (x; y) 2 R, x0 � x, andy0 � y imply (x0; y0) 2 R.A Barnard 
onvex set R 
ontains all those points that lie above and to the left of a point(x; y) if (x; y) 2 R. Note that a Barnard 
onvex set is not ne
essarily 
onvex in the sense ofthe usual mathemati
al de�nition of a 
onvex set. The word \
onvex" is adopted be
ausethe shape property of the set is vaguely related to a 
onvex set as des
ribed by Barnard.84



Sidik and Berger7 proved the following theorem about the monotoni
ity of the jointdistribution of random variables X and Y over a Barnard 
onvex set.Theorem 1 Let P�1;�2(x; y) be a joint probability model for random variables X and Yindexed by parameters �1 and �2. Suppose that the marginal distribution of X depends onlyon �1 and the marginal distribution of Y depends only on �2. If for ea
h y the family of
onditional distributions of X given Y = y is sto
hasti
ally in
reasing in �1, and for ea
h xthe family of 
onditional distributions of Y given X = x is sto
hasti
ally in
reasing in �2,then, for any Barnard 
onvex set R, when �01 � �1 and �02 � �2P�1;�2((X; Y ) 2 R) � P�01;�02((X; Y ) 2 R): (4)This theorem presents suÆ
ient 
onditions for a
hieving the distributional monotoni
ity(4) over a Barnard 
onvex set. The monotoni
ity may also be seen as a type of multivariatesto
hasti
 order in parameters over a two-dimensional set. For dis
ussion of multivariatesto
hasti
 orders, see Shaked and Shanthikumar.94 Four Exa
t Un
onditional TestsIn this se
tion we de�ne four exa
t un
onditional tests of (1). The tests are de�ned by theirp-values. The �rst two tests use the standard de�nition of a p-value, namely,p(x) = sup�2H0 P�(T (X) � T (x)); (5)where T (x) is the observed value of the test statisti
. By Theorem 8.3.27 in Casella andBerger11, this de�nes a valid p-value in that the test that reje
ts H0 if and only if p(x) � �is a level-� test of H0. The two tests we de�ne use two di�erent statisti
s, M
Nemar'sZ statisti
 and the likelihood ratio (LR) statisti
. The se
ond two tests are de�ned by
on�den
e interval p-values, namely,pC(x) = sup�2C P�(T (X) � T (x)) + �; (6)5



where C = C(x) is a 100(1� �)% 
on�den
e set for � under H0. By the Lemma in Bergerand Boos1, this also de�nes a valid p-value. Again, the two tests use the Z and LR statis-ti
s. The suprema in these de�nitions are over two dimensional sets for our mat
hed pairsproblem. But, we show in ea
h 
ase that the 
al
ulation 
an be redu
ed to a one dimen-sional maximization, thereby greatly simplifying the numeri
al burden. The tests are exa
tun
onditional tests be
ause the exa
t trinomial distribution (3) of (X01; X10) is used in the
al
ulation of the p-values, and, hen
e, the size of the tests is guaranteed to be less than orequal to the nominal value �.Berger and Boos1 noted that the standard p-value (5) may be very 
onservative if thesupremum o

urs at a point far from the true parameter value. To address this potentialproblem for mat
hed pairs data, Hsueh, Liu, and Chen6 mentioned the possibility of us-ing the method proposed by Storer and Kim12 and Kang and Chen13, namely, repla
e thesupremum in (5) by the single probability 
al
ulation at the maximum likelihood estimateof the parameter under H0. Unfortunately, as these authors noted, this method does notne
essarily produ
e a valid p-value. The 
on�den
e interval p-value in (6) addresses the
onservativeness of the standard p-value by 
onsidering only parameter values supported bythe data, the values in the 
on�den
e set C(x). But, it does this in su
h a way as to yielda valid p-value.4.1 Standard p-value testsThe p-value using M
Nemar's test statisti
. Consider the signed square root of M
Nemar'stest statisti
3 Z(x01; x10) = x10 � x01px01 + x10 :Be
ause large values of Z give eviden
e againstH0, the p-value for testing (1) using Z(x01; x10)by the standard de�nition of p-value ispZ(x01; x10) = supf(p01;p10): p01�p10gPp01;p10(Z(X01; X10) � Z(x01; x10))6



= supf(p01;p10): p01�p10g X(u;v)2RZ(x01;x10)m(u; v;n; p01; p10) (7)where RZ(x01; x10) = f(u; v) : Z(u; v) � Z(x01; x10)g. The supremum in this p-value istypi
ally 
al
ulated numeri
ally, and this may be diÆ
ult due to the maximization over atwo-dimensional nuisan
e parameter spa
e.By �nding the partial derivatives of Z(x01; x10) with respe
t to x01 and x10, Sidik10showed that RZ(x01; x10) is a Barnard 
onvex set. (The partial derivative with respe
t to x10is positive and the partial derivative with respe
t to x01 is negative.) In a 2�2 mat
hed-pairsdesign, the 
onditional distribution of X01 given X10 = x10 is binomial, i.e.,b(x01;n� x10; p011� p10 ) = (n� x10)!x01!((n� x10)� x01)!  p011� p10!x01  1� p011� p10!(n�x10)�x01 :Similarly, the distribution of X10 given X01 = x01 is binomial, b(x10;n� x01; p10=(1� p01)).Using the result of Casella and Berger (Exer
ises 8.25 and 8.26)11, it 
an be 
on
luded thatthe family of 
onditional distributions of X01 given X10 = x10 is sto
hasti
ally in
reasingin p01 for any �xed p10, and the family of 
onditional distributions of X10 given X01 = x01is sto
hasti
ally in
reasing in p10 for any �xed p01. Therefore, the joint distribution of X01and X10 satis�es (4) of Theorem 1. For any p su
h that p01 � p � p10 and (p; p) 2 � (e.g.,p = p10), Pp01;p10(Z(X01; X10) � Z(x01; x10)) � Pp;p(Z(X01; X10) � Z(x01; x10));and, hen
e,supf(p01;p10): p01�p10gPp01;p10(Z(X01; X10) � Z(x01; x10)) = sup0�p� 12 Pp;p(Z(X01; X10) � Z(x01; x10)):Thus, the standard p-value for testing (1) using M
Nemar's test statisti
 (given in (7)) 
anbe simpli�ed to pZ(x01; x10) = sup0�p� 12 Pp;p(Z(X01; X10) � Z(x01; x10))= sup0�p� 12 X(u;v)2RZ (x01;x10)m(u; v;n; p; p): (8)7



The p-value pZ(x01; x10) 
an be 
omputed as the maximum probability over one nuisan
eparameter rather than two under H0. The p-value in (8) indi
ates that the supremum overthe null parameter spa
e o

urs on the boundary of H0 and H1, that is p01 = p10 = p.The p-value using the likelihood ratio test (LRT) statisti
. In a 2 � 2 mat
hed-pairssample, the multinomial log likelihood fun
tion islogm(p00; p01; p10; p11; x00; x01; x10; x11) = log n!Q1i=0Q1j=0 xij!!+ 1Xi=0 1Xj=0xij log(pij)where Pi;j xij = n. Following Robertson, Wright, and Dykstra14, the order restri
ted max-imum likelihood estimators (MLEs) of the multinomial parameters under the 
onstraint ofH0 are10 MLEs = 8><>: p̂ij = xijn ; i; j = 0; 1; if x01 � x10p̂01 = p̂10 = x01+x102n ; p̂ii = xiin ; i = 0; 1; if x01 < x10:Similarly, the MLEs under the 
onstraint of H1 are10MLEs = 8><>: p̂01 = p̂10 = x01+x102n ; p̂ii = xiin ; i = 0; 1; if x01 � x10p̂ij = xijn ; i; j = 0; 1; if x01 < x10:Consider the following form of the LRT statisti
:�(x00; x01; x10; x11) = supH0 m(p00; p01; p10; p11; x00; x01; x10; x11)supH1 m(p00; p01; p10; p11; x00; x01; x10; x11) :The log of the LRT statisti
 
an be expressed as10L(x01; x10) = 8><>: �x01 log �x01+x102x01 �� x10 log �x01+x102x10 � if x01 � x10x01 log �x01+x102x01 �+ x10 log �x01+x102x10 � if x01 < x10:Note, although we started with the full data likelihood, this LRT statisti
 depends only onX01 and X10. This gives some justi�
ation to the summarization of the data that is usuallymade.To de�ne an exa
t un
onditional test using L(x01; x10), be
ause small values of L(x01; x10)support H1, 
onsider the setRL(x01; x10) = f(u; v) : L(u; v) � L(x01; x10)g:8



The set 
ontains all the data points whose test statisti
 is at most as large as the observedtest statisti
. By �nding the partial derivatives with respe
t to x01 and x10, it 
an be shownthat RL(x01; x10) is a Barnard 
onvex set:10 Therefore, arguing as we did for the Z statisti
,an exa
t un
onditional p-value for testing (1) using the LRT statisti
 ispL(x01; x10) = sup0�p� 12 Pp;p(L(X01; X10) � L(x01; x10))= sup0�p� 12 X(u;v)2RL(x01;x10)m(u; v;n; p; p): (9)4.2 Con�den
e interval p-value testsIn this se
tion, we de�ne two more exa
t un
onditional tests, now using 
on�den
e intervalp-values as de�ned in (6) and again using the statisti
s Z and L.The 
on�den
e interval p-value using M
Nemar's test statisti
. Suppose C�(x01; x10) isa 100(1� �)% 
on�den
e set for the parameters (p01; p10) 
al
ulated from the observed dataunder H0. Then, the 
on�den
e set p-value using M
Nemar's test statisti
 isp(x01; x10) = sup(p01;p10)2C�(x01;x10)Pp01;p10(Z(X01; X10) � Z(x01; x10)) + �= 0� sup(p01;p10)2C�(x01 ;x10) X(u;v)2RZ (x01;x10)m(u; v;n; p01; p10)1A+ �:RZ(x01; x10) is the same as in pZ(x01; x10). Although C�(x01; x10) is a subset of H0, it maystill be 
omputationally diÆ
ult to 
ompute this supremum be
ause C�(x01; x10) a two-dimensional set. To over
ome this we introdu
e a spe
i�
 
on�den
e set C�(x01; x10) andshow that the maximization over this set 
an be redu
ed to a one-dimensional maximizationover a 
on�den
e interval for p 
onstru
ted under the assumption that p01 = p10 = p. Todo this we use the following lemma, the proof of whi
h follows from the results of Sidik andBerger:7Lemma 1 In a 2� 2 mat
hed-pairs model, letI�(X01; X10) = fp : l(X01; X10) � p � u(X01; X10)g9



be a 100(1��)% equal-tailed 
on�den
e interval for p assuming that p01 = p10 = p. Supposel(X01; X10) and u(X01; X10) are non-de
reasing fun
tions of X01 and X10. Then, for p01 � p10C�(X01; X10) = f(p01; p10) : l(X01; X10) � p01; u(X01; X10) � p10gis a 100(1� �)% 
on�den
e set for (p01; p10).Let I�(x01; x10) be a 100(1� �)% Clopper and Pearson15 interval for p 
al
ulated fromthe data based on the variableX01+X10, where X01+X10 � binomial(n; 2p) if p01 = p10 = p.The lower and upper limits of I�(x01; x10) are nonde
reasing fun
tions of x01 and x10 be
ausethis interval is based on the method in Theorem 9.2.1411, and the binomial distributionfun
tion is de
reasing in p. The interval is easily 
omputed from the formulat2[t+ (n� t+ 1)F2(n�t+1);2t;�=2℄ � p � (t + 1)F2(t+1);2(n�t);�=22[n� t+ (t+ 1)F2(t+1);2(n�t);�=2 ; (10)where t = x01 + x10 and F�;�;�=2 is the upper 100�=2 per
entile of an F distribution with �and � degrees of freedom. By Lemma 1 under H0,C�(x01; x10) = f(p01; p10) : l(x01; x10) � p01 and u(x01; x10) � p10g (11)is a 100(1 � �)% 
on�den
e set for (p01; p10) (see Figure 1). Note that l(x01; x10) andu(x01; x10) are respe
tively the lower and upper limits of the interval (10). In addition,for any (p01; p10) 2 C�(x01; x10) one 
an �nd a p su
h thatp01 � p � p10 and p 2 I�(x01; x10) (12)(e.g., p = maxfp10; l(x01; x10)g satis�es these 
onditions). Note that (p; p) 2 C�(x01; x10) ifp 2 I�(x01; x10). Be
ause the trinomial distribution of (X01; X10) satis�es (4) of Theorem 1,for (p01; p10) 2 C�(x01; x10) and p satisfying (12),Pp01;p10((X01; X10) 2 RZ(x01; x10)) � Pp;p((X01; X10) 2 RZ(x01; x10));and, hen
e,sup(p01;p10)2C� Pp01;p10((X01; X10) 2 RZ(x01; x10)) = supp2I� Pp;p((X01; X10) 2 RZ(x01; x10)):10



Therefore, an exa
t un
onditional 
on�den
e interval p-value for testing (1) using M
Nemar'stest statisti
 ispZC (x01; x10) = supp2I�(x01;x10)Pp;p(Z(X01; X10) � Z(x01; x10)) + �= 0� supp2I�(x01;x10) X(u;v)2RZ(x01;x10)m(u; v;n; p; p)1A+ �; (13)where I�(x01; x10) is the Clopper and Pearson interval for p 
al
ulated from (10). Thesupremum in (13) is taking over a one-dimensional interval I�(x01; x10) rather than over atwo-dimensional set C�(x01; x10).The 
on�den
e interval p-value using log LRT statisti
. Similarly, we 
an derive a
on�den
e interval p-value using L(x01; x10) that requires maximization only on the boundaryof H0 and H1. An exa
t un
onditional 
on�den
e interval p-value for testing (1) using thelog LRT statisti
 ispLC (x01; x10) = supp2I�(x01;x10)Pp;p(L(X01; X10) � L(x01; x10)) + �= 0� supp2I�(x01;x10) X(u;v)2RL(x01;x10)m(u; v;n; p; p)1A+ �where I�(x01; x10) is the Clopper and Pearson interval 
al
ulated from (10) and RL(x01; x10)is the same as in pL(x01; x10).The 
on�den
e interval p-values pZC and pLC depend on the error probability �. Fortesting (1), Sidik10 tried several values of � with di�erent values of � and 
on
luded that� = 0:0005 yielded good level-� = 0:05 tests. This is the value of � used in the remainderof this paper.All four of the exa
t un
onditional p-values de�ned in this se
tion are valid p-values. Thetests that reje
t H0 if and only if the respe
tive p-values are less than or equal to a spe
i�ed� are level-� tests for (1). The exa
t un
onditional p-values must be 
al
ulated numeri
ally.But, all four p-values have been expressed in terms of a one-dimensional maximization of apolynomial in p whi
h is not diÆ
ult. 11



5 Exa
t Size and Power ComparisonIn this se
tion, we 
ompare the exa
t sizes and powers of six tests of (1). We 
onsider thefour exa
t un
onditional tests de�ned in the previous se
tion. We denote these tests by Z,ZC , L, and LC 
orresponding to the p-values pZ , pZC , pL, and pLC , respe
tively. We also
onsider two more 
ommon tests, M
Nemar's asymptoti
 test, whi
h we denote by M , andthe exa
t 
onditional binomial test whi
h is de�ned by 
onditioning on the total number ofdis
ordant 
ell 
ounts and whi
h we denote by CB. For testing (1) the p-value of CB ispCB(x01; x10) = P (X01 � x01jX01 +X10 = t):The distribution of X01 given X01 + X10 = t used to 
al
ulate pCB is binomial(t; 1=2), the
onditional distribution assuming p01 = p10. The p-value of M ispM(x01; x10) = P (Z� � Z(x01; x10));where Z� has a standard normal distribution. CB is both 
onditionally and un
onditionallya level-� test of (1), but M is only approximately a level-� test. Exa
t sizes and powers ofthese six tests are 
omputed using the trinomial distribution (3).5.1 Size and power 
omputationsConsider �rst the exa
t sizes of the tests Z, L, ZC , and LC . For a given value of �, thelevel-� reje
tion region of Z is R�Z = f(u; v) : pZ(u; v) � �g;where pZ is de�ned in (8). De�ne Z 0 = minfZ(x01; x10) : pZ(x01; x10) � �g: Then R�Z =f(u; v) : Z(u; v) � Z 0g. By de�nition, the exa
t size of Z issize(R�Z) = supf(p01;p10): p01�p10gPp01;p10((X01; X10) 2 R�Z):12



By the same argument as in Se
tion 4.1, R�Z is a Barnard 
onvex set. Therefore, by Theorem1 the exa
t size of Z issize(R�Z) = sup0�p� 12 Pp;p((X01; X10) 2 R�Z) = sup0�p� 12 X(u;v)2R�Z m(u; v;n; p; p): (14)Similarly, the size of L is 
al
ulated by repla
ing R�Z in (14) with the level-� reje
tion regionR�L = f(u; v) : pL(u; v) � �g.For the 
on�den
e interval tests ZC and LC , it is not obvious that the level-� reje
tionregions of these tests are Barnard 
onvex sets. For a given n and � we 
an examine thereje
tion regions of ZC and LC . If they are Barnard 
onvex sets, then the tests' sizes 
anbe 
al
ulated by following (14). For every one of the sample sizes in our 
omparisons and� = :05, the reje
tion regions of ZC and LC are Barnard 
onvex sets and the exa
t sizes were
omputed as in (14).Consider 
omputing the exa
t sizes of CB andM . For CB, (x001; x010) 2 R�CB if x001 � x01and x010 � x10 for (x01; x10) 2 R�CB, where R�CB = f(u; v) : P (U � ujU + V = u + v) � �g.This is be
auseP (X01 � x001jX01 +X10 = x001 + x010) � P (X01 � x01jX01 +X10 = x01 + x10) � �:Hen
e, the level-� reje
tion region of CB is a Barnard 
onvex set. The reje
tion regionR�Z = f(u; v) : Z(u; v) � z�g of the asymptoti
 test M is also Barnard 
onvex set by thesame argument as in Se
tion 4.1. (z� is the 100(1� �)% per
entile from a standard normaldistribution.) Therefore, the exa
t sizes of both CB and Z are 
omputed similarly to (14).Finally, the exa
t powers of these tests are 
al
ulated based on the trinomial distributionof the data. For example, the power of Z for (p01; p10) 2 H1 ispower(p01; p10;R�Z) = X(u;v)2R�Z m(u; v;n; p01; p10):
13



5.2 Size and power 
omparisonsThe sizes and powers of the six tests, Z, L, ZC , LC , CB, andM , were 
omputed as des
ribedin Se
tion 5.1. For ZC and LC , � = 0:0005 was used as the error probability for the 
on�den
einterval. In this study all 
omparisons were 
arried out using � = 0:05. The �rst �ve testsare level-� tests. M is asymptoti
ally level-�.In Table 1 we list the exa
t sizes of the tests for 15 sample sizes, n = 10(5)40(10)100(50)200.First, 
onsider the four exa
t un
onditional tests, Z, L, ZC , and LC . For n = 10, the testsare identi
al and the sizes are equal. For n = 15, 20, and 25, the size of L is 
losest to� = :05; in some 
ases the sizes of ZC and LC equal the size of L. In all but one 
ase, for alln � 30 the sizes of all four tests are between .0484 and .05. So, all four exa
t un
onditionaltests do a good job of attaining a size 
lose to but no more than the nominal level of � = :05.Sidik10 examined the sizes of the tests for 39 sample sizes and found that in 
ases when thesizes of Z and ZC di�ered greatly, ZC had the larger size, 
loser to �. The same was truewhen 
omparing L and LC ; LC had the size 
loser to �.On the other hand, in Table 1 the sizes of the asymptoti
 test M are larger than� = 0:05 for all the sample sizes. Clearly, M is liberal for testing (1).The sizes of CB are small, rising above .045 in only three 
ases in Table 1. The size ofCB is smaller than all the other tests for all sample sizes ex
ept n = 30, for whi
h its size isslightly larger than the sizes of the four exa
t un
onditional tests. As expe
ted, CB is very
onservative be
ause of the 
onditional nature of the test.To better understand the sizes of the tests, we plotted the size fun
tions of the six testsfor n = 50 and n = 100 in Figure 2. The size fun
tion is the fun
tion that is maximized in
omputing the exa
t size of a test, for example, the size fun
tion of Z isf(p;R�Z) = X(u;v)2R�Z m(u; v;n; p; p) for 0 � p � 12 :The size fun
tion of M ex
eeds the � = 0:05 line over some regions of p for both sample14



sizes. The 
urve for CB is always mu
h lower than the line � = 0:05 over the 
ompleteregion of p. On the other hand, the size fun
tion 
urves of Z, L, ZC , and LC are very 
loseto and below the line � = 0:05 over most of the region of p. In parti
ular, the 
urves of Z,ZC , and LC for n = 100 are 
lose to � = :05. Note, the tests Z and L are identi
al, as areZC and LC , for n = 50 and � = :05 in Figure 2.To 
ompare the powers of the tests with � = 0:05, we 
onsidered the nine samplesizes, n = 10; 25; 35; 50; 60; 80; 100; 150; 200. The exa
t powers were 
al
ulated for the gridof 100 pairs of p01 and p10 under H1, whi
h are determined by p01 = 0:025(0:05)0:475and p10 = [p01 + 0:05℄(0:05)[1 � p01℄. The average powers are given in Table 2, and theserelationships 
an be noted. For all nine sample sizes, the average power forM is the highest.But, of 
ourse, this is be
ause M is a liberal test, and its size ex
eeds � = :05. Among the�ve level-� tests, ZC always has the highest average power or is tied for the highest. Forall 
ases ex
ept one (n = 25 
ompared to L) CB has the lowest average power, 
on�rmingthe 
onservativeness of the 
onditional test. In most 
ases in Table 2, the average powersof the four exa
t un
onditional tests, Z, ZC , L, and LC , are very 
lose, but ZC has a slightadvantage.Another summary of the pairwise 
omparisons for the same nine sample sizes is pre-sented in Table 3. Ea
h blo
k of nine entries represents a 
omparison of the row test andthe 
olumn test, and the nine positions in ea
h blo
k 
orrespond to the nine sample sizes inthis pattern, 10 25 3550 60 80100 150 200:The symbol \=" indi
ates the power fun
tion of the two tests are exa
tly equal be
ausethe reje
tion regions of the two tests are identi
al. Notation \<" means the 
olumn test isuniformly more powerful than the row test be
ause the reje
tion region of the row test is aproper subset of the reje
tion region of the 
olumn test. Symbol \>" indi
ates the row testis uniformly more powerful than the 
olumn test be
ause the reje
tion region of the 
olumn15



test is a proper subset of the reje
tion region of the row test. In 
ases where none of theuniform 
omparisons apply, the powers were 
omputed for all the 100 paired points (p01; p10).The proportion of the points at whi
h the 
olumn test's power ex
eeds the row test's poweris listed as a per
ent. These 
omparisons show that M is uniformly more powerful than allthe other tests be
ause of the in
orre
t, liberal size of the test. The four exa
t un
onditionaltests are uniformly more powerful than CB in all 
ases ex
ept the 
omparison with L whenn = 25. ZC is identi
al to or uniformly more powerful than Z and L for seven of the ninesample sizes. LC is identi
al to or uniformly more powerful than L for eight of the ninesample sizes. In addition, LC is identi
al to or uniformly more powerful than Z for six ofthe nine sample sizes, and its power is higher than Z more frequently for the other threesample sizes. As far as the 
omparisons of ZC and LC are 
on
erned, ZC is uniformly morepowerful than LC for �ve of the nine and identi
al to LC for another three of the nine samplesizes. In all �ve 
ases when ZC is not the same as or uniformly more powerful than anotherlevel-� test, the power of ZC ex
eeds the power of the other test over more than 50% of thealternative points. Thus, for the 
ases 
onsidered in Tables 2 and 3, ZC appears to be thelevel-� test with the best power properties.6 Con
lusionsIn this paper, we introdu
ed four exa
t un
onditional tests for the problem of testing theone-sided hypothesis about two paired proportions. By 
onsidering the monotoni
ity of thejoint distribution, these tests 
an be de�ned by 
onsidering one nuisan
e parameter on theboundary of H0 and H1. This simpli�es the 
omputation of p-values for these tests.The size and power of the four exa
t un
onditional tests, an asymptoti
 test, and a
onditional test were 
ompared. We found that the exa
t un
onditional tests, Z, L, ZC, andLC , have a

urate size properties; their exa
t sizes are less than and very 
lose to the level ofthe tests. For sample sizes like n = 100, the size fun
tion 
urves suggested that Z, ZC , and16



LC are approximately unbiased for testing (1) with the 
urves being very 
lose to � = 0:05over almost the whole region of p on the boundary between H0 and H1. Also, we found thatthe exa
t size of the asymptoti
 test M is always larger than the nominal level of the test.Therefore, it is not appropriate to use M for testing (1). In addition, it has been shown thatthe exa
t 
onditional binomial test CB is 
onservative, and its size is usually mu
h smallerthan the level of the test. Furthermore, the results of the power 
omparisons indi
ate thatthe 
on�den
e interval tests ZC and LC are generally more powerful than the non-intervaltests Z and L. Among the four tests, ZC , LC , and Z generally have better power than L.The exa
t un
onditional tests are almost always uniformly more powerful than the exa
t
onditional binomial test CB. The asymptoti
 test M is uniformly more powerful than allthe other �ve tests be
ause of its in
orre
t, liberal size. Overall, in this 
omparison, ZCappears to be the level-� test with the best power properties.A
knowledgementWe thank Dennis D. Boos, David A. Di
key, and William H. Swallow for their helpful
omments.
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Table 1 Exa
t Sizes of the Tests with � = 0:05(� = 0:0005 in ZC and LC)Testsn CB M Z ZC L LC10 0.0208 0.0652 0.0265 0.0265 0.0265 0.026515 0.0304 0.0592 0.0369 0.0369 0.0498 0.030420 0.0339 0.0577 0.0393 0.0393 0.0485 0.048525 0.0342 0.0539 0.0382 0.0478 0.0478 0.047830 0.0498 0.0558 0.0494 0.0494 0.0450 0.049435 0.0448 0.0528 0.0499 0.0486 0.0499 0.048540 0.0404 0.0527 0.0499 0.0484 0.0497 0.048450 0.0373 0.0595 0.0495 0.0495 0.0495 0.049560 0.0462 0.0524 0.0493 0.0493 0.0493 0.049370 0.0397 0.0598 0.0492 0.0492 0.0492 0.049280 0.0465 0.0523 0.0492 0.0492 0.0492 0.049290 0.0401 0.0567 0.0491 0.0491 0.0491 0.0491100 0.0443 0.0522 0.0495 0.0491 0.0491 0.0491150 0.0439 0.0521 0.0489 0.0493 0.0489 0.0493200 0.0441 0.0521 0.0488 0.0495 0.0489 0.0495



Table 2 Average (over 100 points) Power with � = 0:05(� = 0:0005 in ZC and LC)Testsn CB M Z ZC L LC10 0.287 0.439 0.316 0.316 0.316 0.31625 0.555 0.618 0.577 0.588 0.554 0.58135 0.635 0.676 0.662 0.663 0.662 0.65950 0.700 0.733 0.723 0.725 0.723 0.72560 0.733 0.757 0.751 0.753 0.751 0.75280 0.775 0.794 0.789 0.791 0.787 0.790100 0.804 0.820 0.817 0.817 0.813 0.816150 0.849 0.860 0.858 0.858 0.854 0.858200 0.876 0.884 0.880 0.882 0.879 0.882



Table 3 Pairwise Power Comparison of the Tests for � = 0:05(� = 0:0005 in ZC and LC)M Z ZC L LC< < < < < < < < < < 25 < < < <CB < < < < < < < < < < < < < < << < < < < < < < < < < < < < << < < = 33 32 = 78 = = > 32LC < < < > > > = < < > > >< < < < 41 > < < < > > >< < < = 91 = = 91 67L < < < = < < < < << < < < < < < < << < < = > 32ZC < < < > > >< < < 46 > > sample size in ea
h blo
k< < < 10 25 35Z < < < 50 60 80< < < 100 150 200Note: = means row and 
olumn tests are the same. < means 
olumn test is uniformly morepowerful than row test. > means row test is uniformly more powerful than 
olumn test.Numeri
 value is per
entage of H1 on whi
h 
olumn test's power ex
eeds row test's power.
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Figure 1 The 
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e interval I� and 
on�den
e set C� under H0



The size function for n = 50
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The size function for n = 100
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Figure 2 The size fun
tions of the tests with � = 0:05 (� = 0:0005 in ZC and LC)


