
ABSTRACT 

NICHOLS, MIKAYLA BRIDGES. Torque Cancelling Equilibrium Operating Points of a 

Tethered Coaxial Dual-Rotor Ocean Current Turbine. (Under the direction of Dr. Matthew 

Bryant). 

 

 Hydrokinetic turbines are gaining popularity due to their ability to extract energy from 

ocean currents around the world. Due to the extreme seafloor depths where many of the most 

energetic currents are found, a tethered turbine is more economical than a rigidly mounted system. 

A counter-rotating coaxial turbine has two sets of rotors located along a common axis of rotation, 

with the upstream rotor producing torque and rotation in one direction while the downstream rotor 

produces torque and rotation in the opposite direction. If the upstream and downstream rotors’ 

torques are unequal in magnitude, a net torque will exist which must be counteracted by the tether, 

which may lead to tether twisting and entanglement. While other methods can be utilized to 

counteract this torque imbalance, they require increasing the overall volume, cost, and mass of the 

system. To achieve passive torque cancellation between the upstream and downstream rotors in a 

single-tether system, the proposed system fixes the upstream blades to a generator’s rotor and the 

downstream blades are fixed to the same generator’s stator. Since there must be an equal and 

opposite reaction between the generator’s stator and rotor, this achieves passive cancellation of 

torque. A method derived from Blade Element Momentum Theory is developed to find the 

upstream and downstream rotational speeds that yield equal magnitude, but opposite direction 

torques given a specified resistive load across the generator’s terminals. This resistive load can be 

used to select the operating point of the system for a variety of fluid velocities for a fixed turbine 

geometry. The theoretical predictions of these equilibrium loci correlate well with experimental 

results. As the load resistance decreases, the magnitude of the torque cancelled increases while the 

rotational speed of both the upstream and downstream rotors remains approximately constant. A 



linear relationship between all equilibrium loci and fluid velocities is observed, and the lower 

values of load resistance yield a higher coefficient of power for a fixed geometry. The mirroring 

of these trends in the predictions and experiments allow the model to be utilized to determine the 

optimal resistive load to accomplish the maximum energy extraction for a variety of flow speeds, 

where the geometry remains unchanged and there is no active control.  
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1. Introduction 

 

 Renewable energy has been a popular field of study in recent years as the world is moving 

away from its reliance on fossil fuels. One of the up-and-coming disciplines is that of marine 

hydrokinetic energy, which is produced by capturing the energy of moving water. Rather than 

damming water to use gravity to move the fluid rapidly over turbines, extracting energy from 

naturally flowing water is preferred for ecological and economic considerations [1]. One notable 

source of natural kinetic energy is the Gulf Stream, located near the shoreline of the eastern United 

States, which is convenient since the cost of energy increases quadratically with distance from port 

[2]. The highest fluid velocities, which provide the greatest amount of energy for extraction, are 

located near the surface, while the depth of the seafloor can be around 3000 m [3]. Although there 

are many configurations for implementing turbines in shallow waters with rigid mounts [4, 5, 6, 

7], creating a fixed structure that reaches the surface from these depths would be impractical and 

costly to a point where the energy would no longer be economical to extract [8]. Hence, a flexible 

tether is the preferred design method compared to an inflexible support structure due to decreased 

costs. Turbines are the most common method of energy extraction and the easiest to install, so they 

will be examined in this paper.  However, when using the tether configuration with one or more 

turbines, the torque that must be reacted to support the turbine(s) must be considered. If there is 

only one set of turbine blades, this will yield an imbalance of torque that will be transmitted to the 

tether, leading to tether twisting and likely entanglement. For this reason, a single-turbine, single-

tether system with no additional control as depicted in Fig. 1(a) is generally infeasible. There are 

several methods to address this inherent torque imbalance: multiple tethers can be used to react 

the turbine torque via appropriately placed tension forces [9], the centers of buoyancy and gravity 
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can be appropriately spaced to create a restoring buoyancy moment [10], lifting control surfaces 

can be utilized to hydrodynamically react the torque and actively control orientation [11], and a 

bridle can be employed to create an additional moment arm for the tether tension force. However, 

each of these approaches add additional material, complexity, points of failure, and cost to the 

system. A passive solution to this problem is to have pairs of turbine rotor blades such that the 

torques generated are equal in magnitude but opposite in direction, resulting in zero net torque 

[12]. Rotor pairs can be configured by positioning them on parallel axes of rotation [12] or by 

having them coaxially located [13, 14] as demonstrated in Figure 1(b) and Figure 1(c), 

respectively. 

 

 

Figure 1. (a) Unbalanced torque from a single-rotor turbine can lead to tether twist and entanglement. Pairs of rotors 

can be arranged in either (b) coaxial or (c) parallel-axis configurations to produce zero net torque. 

 

The parallel-axis configuration utilizes a central fairing structural member that, with counter-

rotating rotors, experiences a 3-point bending loading scenario that requires significant structural 

reinforcement. Each rotor is exposed to similar flow regimes when on parallel axes, making 

passive torque cancellation achievable. Coaxial configurations can accomplish torque cancellation 
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by using separate generators for upstream and downstream rotors with an active torque control 

system, using a differential gearbox to combine the upstream and downstream shafts to a single 

generator input, or fixing one set of rotor blades to the rotor of a generator and the other set of 

rotor blades to the stator of the generator [13]. This last configuration, which is known as a direct 

drive counter-rotating generator, leads to passive torque cancellation as well as a significant 

decrease in structural mass when compared to the parallel-axis configuration. Another benefit of 

this configuration is that the counter-rotation of generator stator and rotor will increase the relative 

speed, with the potential to nearly double power output when compared to a stationary generator 

stator [15]. This configuration has been implemented for wind turbines on rigid mounts [16, 17, 

18, 19] as well as for ocean turbines that are rigidly mounted [20] and on tethered configurations 

[21]. In the previous analytical and experimental hydrokinetic coaxial turbine studies, the 

downstream rotors are placed directly behind the upstream rotors. However, for a skewed turbine, 

a larger distance between the rotors of half rotor diameter can lead to an increase in power 

extraction due to fresh inflow to the downstream rotor [22, 23]. The increase in power under skew 

was examined experimentally on a rigid sting [24], but the modeling and testing of a tethered 

system with this rotor spacing and utilizing a direct drive counter-rotating generator has yet to be 

reported. 

 In this paper, the modeling and experimental analysis of a coaxial, hydrokinetic turbine 

with a direct drive counter-rotating generator are presented. The theoretical scope focuses on 

equilibrium loci generated by the rotor pair, including the upstream and downstream rotor speeds 

as well as the magnitude of the generated torque. An experimental campaign is completed to verify 

these trends.  First, the mechanism by which a counter-rotating direct drive generator achieves 

passive torque cancellation is explained, followed by the derivation of these equilibrium loci and 
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an overview of the physical system that is used to validate the stability and operating point trends 

as design parameters are changed. The results of these theoretical and experimental campaigns are 

presented and then compared to one another. Once the comparison of theoretical and experimental 

results demonstrating the same trends is achieved, the model is used to predict optimal design 

parameters for maximum energy extraction. 

 

2. Methodology 

 

2.1. Passive torque cancellation from electromechanical coupling 

 

The power extracted from a flow can be calculated as [25]: 

 𝑃 =
1

2
𝐶𝑃𝜌𝐴𝑣∞

3  ( 1 ) 

where 𝑃 is power, 𝐶𝑃 is the coefficient of power or the ratio of power extracted to power available 

within the flow, 𝜌 is the density of the flow, 𝐴 is the cross-sectional area, and 𝑣∞ is the freestream 

fluid velocity. From Eq. ( 1 ), power increases cubically with 𝑣∞. When the upstream rotor extracts 

energy from the flow, the velocity of the flow is decreased directly behind the upstream rotor. This 

reduces the inflow velocity to the downstream rotor, yielding lower dynamic pressure and 

available flow power at the downstream rotor with all else held constant. Knowing this, without 

any additional control or design considerations, the values of torque generated by the upstream 

and downstream rotors are not equal. 

To make this energy harvesting device economically feasible, a mechanically simple and 

passive torque cancellation system that avoids tether entanglement due to the reaction torque with 

the tether, 𝜏𝑡, is more economical than an active control system. Active control systems increase 
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costs for the design of the system, increase the number of failure points, and can increase weight 

of the system. The use of the generator as an electromechanical coupling of the upstream and 

downstream blades can provide this passive torque cancelation. In a typical generator arrangement 

operating in steady state, the mechanical torque input to the generator through the shaft generates 

an equal and opposite torque from the back electromotive force (back-emf) of the generator. This 

reaction takes place between the rotating rotor to which the mechanical torque was applied, and 

the stationary stator. In the case of a hydrokinetic turbine, this mechanical torque input will be 

from the hydrodynamic forces acting on the upstream blades, inducing 𝜏1. In this coaxial 

hydrokinetic turbine, instead of the stator being fixed to a stationary housing, it is fixed to the 

downstream blades of the turbine rotating in the opposite direction with a hydrodynamic torque, 

𝜏2, acting upon it At steady state conditions, this arrangement enforces that the upstream blades, 

the rotor on stator, the stator on rotor, and the downstream blades all generate equal magnitude 

torques due to this requirement of equal and opposite steady-state electromagnetic torques within 

the generator. Hydrodynamically, this torque-cancelling equilibrium operation requires that the 

upstream and downstream blades assume differing rotation rates such that they experience equal 

magnitude, but opposite direction, fluid torques in their respective local flow speed environments. 

With equal magnitudes in opposite directions, this leads to a zero-reaction torque with the tether. 

A simplified free body diagram during steady state operating conditions is used to display this 

passive torque cancellation and can be seen in Figure 2. 
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Figure 2. Simplified free body diagram of hydrodynamic and electromechanical forces in a direct drive counter-

rotating hydrokinetic turbine demonstrating passive torque cancellation at steady state. Mechanical friction forces 

are neglected. 

 

 While this is a simplified model that neglects losses, it shows that during steady state 

conditions a mechanically simple and passive solution for torque cancellation is possible and 

thereby enables the use a of single-point tethering in a coaxial hydrokinetic turbine. This steady 

state assumption will be verified experimentally and will be discussed in section 3. Due to their 

equal magnitudes, all torques can be represented as the variable 𝜏. 

 

2.2. Selection of operating point using resistive load 

 

The coefficient of power, 𝐶𝑃, has been shown to have a maximum of 0.59 for single rotors 

[25] and 0.64 for coaxial dual rotors [26]. To achieve maximum 𝐶𝑃 for a variety of flow regimes, 

there must be a means of controlling the operating point of the system. The first way this can be 
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achieved is by controlling the hydrodynamic torque applied to both rotors.  This can be 

accomplished by either changing the fluid velocity, which is not possible in an ocean current, or 

adjusting the pitch of the blades via actuators, which would increase complexity and cost. An 

alternative is to control the electromechanical reaction torque between the rotors by controlling the 

system via the generator. Assuming a DC generator and a resistive load, this can be done by 

prescribing the load resistance across the terminals of the generator or controlling the relative speed 

between the generator rotor and stator (e.g. via variable gearing). Considering these options, the 

generator load is chosen here to explicitly control torque for the sake of simplicity. For a fixed 

rotor design, it is desirable to study system response for a variety of flow speeds with constant load 

resistance. There is an infinite number of points at which this passive solution can be achieved, 

but there are several constraints that limit the range of torques within which these points can lie. 

First, the reaction torque between the rotor and stator must have a magnitude less than the 

maximum torque each rotor can generate hydrodynamically based on the blade geometry and local 

flow conditions. For each fluid velocity, the blade as a maximum thrust vector along the span that 

can be produced, directly limiting the maximum torque a set geometry is capable of. Next, it is 

assumed there is a one-way coupling in which the wake of the upstream rotor influences the output 

of the downstream rotor, but the wake from the downstream rotor does not impact the upstream 

rotor [27]. Therefore, the upstream rotor’s torque output directly affects the downstream rotor’s 

maximum torque production. For a DC generator, there is a range of rotor-stator reaction torques 

that are achievable. For a given rotor-stator relative speed, the maximum rotor-stator reaction 

torque occurs at the short circuit condition while the minimum occurs with an open circuit. The 

load resistance controls the relationship between rotor-stator relative speed and rotor-stator 

reaction torque, which determines the hydrodynamic torque that must be produced by both the 
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upstream and downstream rotors, that in turn correlates with a specific upstream rotational speed 

and downstream rotational speed. These are the equilibrium loci to be studied for each load 

resistance: cancelled torque magnitude, upstream rotational speed, and downstream rotational 

speed. 

 

2.3. BEMT hydrodynamics model validation against water tunnel experiments 

 

 A method is proposed to find the equilibrium loci of torque cancellation based on Blade 

Element Momentum Theory (BEMT) with the addition of the Prandtl tip and hub loss factors for 

increased accuracy [28]. BEMT was not originally designed for dual rotors, but, using the one-

way coupling assumption of upstream and downstream rotors [27], the standard BEMT 

formulation can be employed for the upstream rotor based on the method described by [29]. Once 

the result has been generated for the upstream rotor, the inflow velocity to the downstream rotor 

is defined as [27]: 

 
𝑣∞,𝑑𝑜𝑤𝑛𝑠𝑡𝑟𝑒𝑎𝑚 = 𝑣∞,𝑢𝑝𝑠𝑡𝑟𝑒𝑎𝑚(1 − 2𝑒1) 

 
( 2 ) 

where 𝑒1 is the induction factor of the upstream rotor. BEMT outputs an induction factor for each 

discretized element along the span of the blades, so the average of these induction factors is used 

to create a singular 𝑒1 value. This assumes a constant inflow velocity to each blade element of the 

downstream rotor, which is valid for a momentum disk, but in practice will not stand. However, 

this is a reasonable assumption for this analysis. The standard BEMT formulation can then be used 

for the downstream rotor using this inflow velocity. 

 This approach is applied, and the model is verified against experimental measurements 

from a lab-scale coaxial turbine experimental apparatus instrumented with electromagnetic brakes, 
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torque cells, and speeds sensors on each rotor and mounted to a rigid sting in the North Carolina 

State University Free Surface Water Tunnel as described in [24]. We consider the case when the 

turbine axis of rotation is aligned with the flow (i.e., zero skew angle). Our proposed model is 

applied to the turbine geometry and test conditions of [24] and the results are compared to the 

experimental measurements, shown in Figure 3.  The data is also listed in Table 1 to identify the 

pairings of upstream and downstream rotor speeds. The experimentally measured rotational speeds 

were used as the input to the model and the predicted torques are compared to the experimental 

torques measured. Cases where multiple torque values appear at the same downstream speed 

correspond to tests that had different upstream rotor speeds but the same reported downstream 

rotor speeds (to within the speed sensor resolution). With different upstream speeds, this affects 

the inflow velocity to the downstream rotor leading to different downstream torques even if they 

are measured at the same downstream rotational speed. The water tunnel offers a 81 cm wide x 71 

cm x 244 cm long rectangular cross section test section, so in order to avoid any effects with the 

walls the prototype is a small scale, with a diameter of 20.32 cm, resulting in the low torque 

magnitudes seen in Figure 3 and Table 1. The error bars represent the coefficient of variation as 

defined in [24]. A good agreement is observed between the experimental and proposed model 

prediction, thereby validating this model for use in this study. 
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Figure 3. Comparison of BEMT prediction for coaxial turbine torque as a function of rotor speed to experimental 

data from Metoyer et al. [24] at 0.5 m/s for (a) the upstream rotor and (b) the downstream rotor. 
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Table 1. Each row represents one operating condition of upstream and downstream rotational speeds and measured 

torques at a flow speed of a 𝑣∞ = 0.5 m/s. 

Experimental 

Upstream 

Rotational 

Speed [rad/s] 

Experimental 

Upstream 

Torque [Nm] 

Predicted 

Upstream 

Torque 

[Nm] 

Experimental 

Downstream 

Rotational 

Speed [rad/s] 

Experimental 

Downstream 

Torque [Nm] 

Predicted 

Downstream 

Torque 

[Nm] 

29.22 2.232e-2 2.038e-2 9.43 2.962e-3 3.548e-4 

29.53 2.140e-2 1.985e-2 9.43 2.893e-3 3.949e-4 

30.16 2.296e-2 1.879e-2 10.37 8.062e-5 0.000 

31.73 1.673e-2 1.624e-2 8.80 2.584e-3 1.345e-3 

32.36 1.649e-2 1.524e-2 8.80 2.634e-3 1.475e-3 

32.36 1.887e-2 1.524e-2 10.05 9.700e-4 1.967e-4 

37.70 9.502e-3 7.806e-3 9.43 3.159e-4 3.026e-3 

41.78 2.660e-4 3.705e-3 5.97 2.929e-3 1.015e-2 

 

2.4. System definition 

 

 We consider a laboratory-scale coaxial turbine embodiment which has identical blades in 

both the upstream and downstream rotors for simplicity of design. The twist of the blades is 

selected based on the method described in [30], utilizing the optimal tip speed ratio for three blades, 

calculated to be 4𝜋 3⁄  [31]. The twist is designed such that a straight rod can be inserted along the 

span of the blade, so the twist is calculated around this point. The SG6040 hydrofoil is selected for 

its performance at the low Reynolds numbers associated with an experimental apparatus of this 

scale and rotational speeds [32]. The experimental SG6040 coefficients of lift and drag data that 
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are used in our BEMT model are for Reynolds numbers of 100,000 – 500,000 [32], but there is 

deviation from this range near the hub. This portion of the blade does not contribute significantly 

to the torque generated by each blade, so this is deemed acceptable. Post-stall values of the 

coefficient of lift and coefficient of drag are included in the analysis. A constant chord of 3.125 

cm along the blade span is chosen for an aspect ratio of approximately seven as a compromise 

between aerodynamic efficiency and structural rigidity. The rotor diameter of both upstream and 

downstream rotors is 50 cm, in-house fabrication capabilities. The rotors are spaced 25 cm apart, 

decided to test the 0.5D rotor spacing examined in [22]. The central hub diameter is 6.6 cm. An 

image of the physical system can be seen in Figure 4. While this embodiment is unoptimized, it 

provides a physical proof-of-concept and facilitates experiments to validate our model. Therefore, 

the parameters and component characteristics of this apparatus are considered in all of the analysis 

that follows.  

 

 

Figure 4. Assembled tethered coaxial turbine apparatus. 

10 cm 
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2.5. Solution method for theoretical torque-cancelling equilibria 

 

 With the geometry prescribed, the method begins by using BEMT to find the range of valid 

rotational speeds of the upstream rotor, 𝜔1. The minimum 𝜔1is defined as the first 𝜔1 value where 

at least one of the 500 elements along the blade is not past the stall angle, estimated at 16 degrees 

[32], starting at 𝜔1 = 0.1 𝑟𝑎𝑑/𝑠 and increasing by 0.1 rad/s until the condition is reached. The 

maximum 𝜔1 is subsequently found by starting at 𝜔1 = 𝜔1,𝑚𝑖𝑛 and increasing by 0.1 rad/s until 

the last value of 𝜔1 before 𝐶𝑃 < 0, using mechanical power to calculate the power extracted. This 

is demonstrated in Figure 5(a). The quadratic shape of the 𝐶𝑃 vs. 𝜔1 is due to the quadratic 

relationship between torque and rotational speed, seen in Figure 5(b). This is derived from the 

fact that as the rotor increases its rotational speed, the proportion of the blade that is now rotating 

fast enough that elements of the blade are no longer stalled increases. This continues until the 

rotational speed where the maximum torque is extracted for a specific blade geometry. After this 

speed, parts of the blade go into stall and the torque begins to decrease. The reason that some 

elements enter/exit stall before the others is while the rotational speed of the entire rotor is constant, 

but the tangential velocity increases along the span toward the tip. The relative velocity seen by 

each element is the vector sum of inflow velocity and tangential velocity at that radial position, 

each corrected for the axial and tangential induction factors at this element [29]. This relative 

velocity seen by each element defines the angle of attack of that element, determining if it is in 

stall or not. Figure 5(b) is interpreted to imply that for any reaction torque to the upstream rotor, 

the system can come to rest at two different 𝜔1. Intuition tells us that one of these 𝜔1 points should 

be stable, and one should be unstable. To examine which point is stable, the hydrodynamic torque 

must be compared to any potential reaction load torque. If 𝜏1 is greater than the reaction torque, 
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then the angular acceleration of the upstream is positive, and 𝜔1 will increase. Contrarily, if the 

reaction torque is greater than 𝜏1, then the angular acceleration is negative, and 𝜔1 will decrease. 

With this knowledge, all 𝜔1 on the left-hand side of the apex of the curve of Figure 5(b) will be 

unstable because to the left of any point on this side of the curve, any perturbation that decreases 

𝜏1 to be less than the reaction torque will cause 𝜔1 to decrease, and any perturbation that increases 

𝜏1 to be greater than the reaction torque will cause 𝜔1 to increase. Any perturbation will cause a 

divergence from points on the left-hand side of the curve. Conversely, all 𝜔1 on the right-hand 

side of the apex of the curve of Figure 5(b) will be stable because to the left of any point on this 

side of the curve, any perturbation that decreases 𝜏1 to be less than the reaction torque will cause 

𝜔1 to decrease, and any perturbation that increases 𝜏1 to be greater than the reaction torque will 

cause 𝜔1 to increase. Any perturbation will cause a convergence to points on the right hand side 

of the curve. 
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Figure 5. (a) Cp as function of upstream rotor when swept through values of 𝜔1 for 𝑣∞ of 0.5 m/s. (b) Upstream 

torque when swept through values of 𝜔1 for 𝑣∞ of 0.5 m/s. Red, solid vertical lines represent the valid range of 𝜔1 

where the blades are not completely stalled and give a positive Cp value. Dashed vertical line represents point when 

𝜔1  changes from unstable to stable. 

(a) 

(b) 



   

16 

 

The same procedure is used to find the minimum speed of the downstream rotor, 𝜔2. It was found 

through extensive analytical testing that the maximum 𝜔2 can be set to the same maximum as 𝜔1 

and provide a valid range for all domains of interest, a simplification that significantly reduces 

computation time. This valid range of 𝜔1 and 𝜔2 is then discretized into 500 equally spaced values. 

For each 𝜔1, the range of all discretized 𝜔2 is run through the BEMT algorithm. The corresponding 

torques associated with the given 𝜔1 and swept 𝜔2 values are shown in Figure 6. The goal is to 

identify 𝜔2 values that correspond to torques equivalent in magnitude while rotating in opposite 

directions. Those results that satisfy the following conditions are considered valid:  

• The result must not violate momentum theory for an energy extraction device, 

namely the induction factors, 𝑒1and 𝑒2, must both be positive. Positive inductions 

mean both rotors are extracting energy rather than inputting energy to the flow as 

expected for a turbine.  

• Both 𝑒1and 𝑒2 must be less than 0.5, a value which, if exceeded, implies flow 

reversal and known fallacy [33]. 

Any points that do not meet these criteria are deemed invalid and are not recorded. Intersection 

points of the two curves of Figure 6 reveal the 𝜔2 values that correlate to the same magnitude 𝜏 

generated by the upstream rotor. These specific curves were calculated for an upstream rotational 

speed of 15 rad/s and a 𝑣∞ of 0.5 m/s into the upstream rotor, yielding an 𝑒1 of 0.23, resulting in 

an inflow velocity of 0.27 m/s into the downstream rotor. The curve of downstream torque begins 

at the first 𝜔2 value that at least one element of blade is not stalled. The upstream torque is constant 

due to the coupling assumption that the downstream rotor does not affect the behavior of the 

upstream rotor, so the upstream torque remains unchanged for all values of 𝜔2. Arrows denote the 

stability analysis of the downstream rotor. If the downstream torque is greater than the upstream 
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torque, acting as the reaction torque to the downstream rotor, then the angular acceleration will be 

positive, causing the downstream rotor speed to increase. If the downstream torque is greater than 

that of the upstream, then the angular acceleration will be negative, and the downstream rotor 

speed will decrease. This implies that the lower downstream rotational speed is unstable due to the 

downstream rotor diverging from this point in the case of any perturbations. Conversely, the 

downstream rotational speed is stable due to the converging response to perturbations.  

 

 

Figure 6. Intersection of upstream and downstream torque for a specific upstream rotation speed. Here, 𝜔1 = 15 

rad/s and 𝑣∞ = 0.5 m/s into the upstream rotor. 

 

 This process has been repeated for a range of 𝑣∞ from 0.2 m/s to 0.8 m/s, increasing by 0.1 

m/s each loop. For each 𝑣∞, all (𝜔1, 𝜔2) pairs that allow the downstream rotor to generate the 

same torque magnitude as the upstream rotor, 𝜏,  are recorded. This creates a table of equilibrium 

loci points (𝜏, 𝜔1, 𝜔2) at each of the seven 𝑣∞ examined.  Once these values are found, the resistive 
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load that imposes these operating points is determined. For a DC generator, the following 

relationships are known [34]: 

 𝑖𝑅𝑙𝑜𝑎𝑑 = −𝑖𝑅𝑎𝑟𝑚 + 𝐾𝑒(𝜔1 + 𝜔2) ( 3 ) 

 𝜏 = 𝐾𝜏𝑖 ( 4 ) 

where 𝑖 is the current, 𝑅𝑙𝑜𝑎𝑑 is the load resistance across the generator’s terminals, 𝑅𝑎𝑟𝑚 is the 

armature resistance of the generator,  𝐾𝑒 is the back-emf constant of the generator, and 𝐾𝜏 is the 

torque constant of the generator. 𝑅𝑎𝑟𝑚 was measured to be 2.1 Ω for the hardware embodiment 

considered here. In DC generators, the 𝐾𝑒 and 𝐾𝜏 are equal in SI units.  Rearranging Eq. ( 3 ) and 

( 4 ), the necessary 𝑅𝑙𝑜𝑎𝑑 to prescribe the theoretically calculated loci is calculated as: 

 𝑅𝑙𝑜𝑎𝑑 = −𝑅𝑎𝑟𝑚 +  
𝐾𝑒𝐾𝜏

𝜏
(𝜔1 + 𝜔2) ( 5 ) 

A stepper motor is used as the generator for this system, the reasoning for which is described in 

section 2.6. To experimentally find 𝐾𝑒, a system is developed that can prescribe a rotational speed 

to the selected generator and the induced voltage across a known load resistance is measured. A 

bridge rectifier is added to each output of the stepper motor, a capacitor is placed across the bridge 

rectifier outputs, and these outputs are put in series to create a singular load voltage that is 

measured. This system can be seen in Figure 7. 
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Figure 7. Motor constant experiment setup. 

 

With the data from this motor constant experiment, Eq. ( 3 ) is rearranged to solve for 𝐾𝑒: 

 𝐾𝑒 =
𝑉𝑝𝑒𝑎𝑘 + (

𝑉𝑅𝑀𝑆

𝑅𝑙𝑜𝑎𝑑
)𝑅𝑎𝑟𝑚 

𝜔1 + 𝜔2
 

 

( 6 ) 

This creates an “effective back-emf constant” of the stepper motor and bridge rectifier system. The 

rotational speeds that were measured during the pool tow testing, to be described later, are used as 

the input speeds and the load resistances used during the pool tests are used in this experimental 

method. All values of  𝐾𝑒 found by Eq. ( 6 ) are averaged to create a constant 𝐾𝑒 to be used to find 

the experimental torque and to be used in the model. The averaged value is found to be 0.423. 

 With the model completed, a table comprising of the equilibrium loci is generated to create 

an equilibrium loci frontier. Next, this table is used in conjunction with the MATLAB function 
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‘fmincon’ as the initial guesses of  𝜔1 and 𝜔2 to find the equilibrium loci values at the specific, 

desired 𝑅𝑙𝑜𝑎𝑑 values tested experimentally: 250 Ω, 500 Ω, 750 Ω, and 1000 Ω. This process is 

repeated for the four 𝑣∞ that are tested experimentally: 0.47 m/s, 0.57 m/s, 0.67 m/s, and 0.77 m/s. 

These are the specific predicted operating points that will be compared to the experimental values. 

 

2.6. Construction of experiments to demonstrate equilibrium loci trends 

 

 The experimental apparatus pictured in Figure 4 is used to confirm the model-predicted 

trends in torque-cancelling equilibria. The blades, nacelle, and nose and tail cone shells are 

fabricated via a Stratasys Objet 30 3D printer. Expanding polyurethane foam is used to fill the 

nose and tail cones to adjust buoyancy. The nose cone profile is elliptical with a fineness ratio of 

two, deemed the optimal for subsonic vehicles [35]. Because the generator is located forward at 

the leading set of blades as shown in Figure 9, ballast is required aft to trim the turbine 

longitudinally so the center of gravity (CG) and center of buoyancy (CB) are collocated.  A 100g 

ballast mass of tungsten putty and BB pellets was affixed at the tip of the tail cone before foam 

was added, and an elongated elliptical tail cone with a fineness ratio of three is selected to give a 

greater moment arm to move the CG farther with less required ballast. The blades are stiffened 

with a carbon fiber rod inserted spanwise and epoxied in place. The upstream blades, which spin 

clockwise, are fixed to the shaft of the generator via a dowel pin that runs through a hole drilled 

perpendicular to the axis of rotation of the generator shaft. This pin then fits into a channel in two 

of the blades. The blades are then secured to each other, so the hydrodynamic torque acting on the 

blades is transferred to the generator shaft through the dowel pin. A 3D printed jig was used to 

secure the generator shaft from rotating when using the drill press to create the hole in the generator 
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shaft, along with a guide in the 3D printed part to assist in centering the hole in the center of the 

shaft. Any offset in the hole location was found to cause oscillations in tow testing. This setup can 

be seen in Figure 8. 

 

 

Figure 8. Assembly of upstream blades to generator rotor. 

 

The downstream blades are fixed to the housing nacelle and generator housing to spin the stator 

counterclockwise via a spline between the downstream blades and nacelle. A commercial, dual 

shaft, off-the-shelf stepper motor is selected as the generator to produce a high voltage output as 

compared to other brushless variants, producing more distinguishable differences in power 
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production between test cycles. However, a brushless style is still desired, as it permits complete 

submersion without shorting. The specific motor purchased was a NEMA17 from 

CNCTOPBAOS, model 17HS8401B. It should be noted that a generator is the inverse equivalent 

to a motor, and it is standard to use motors as generators [36]. Stepper motors produce two AC 

voltages, while the theoretical approach is based on DC configurations. This is addressed by 

adding full bridge rectifiers to both AC outputs. Capacitors placed in series across the bridge 

rectifiers terminals yield a more constant output while simultaneously combining the two AC 

outputs into a single DC voltage. During testing, the downstream rotational speed relative to the 

fixed reference frame is measured by an inertial measurement unit (IMU) located in the nacelle, 

and the relative rotational speed between the upstream and downstream rotors is measured by a 

Hall sensor and eight magnets spaced around the circumference of a plate fixed to the rear shaft of 

the generator. A voltage sensor is used to measure the voltage across the load and the RMS value, 

𝑉𝑅𝑀𝑆, is calculated from this data. Using the 𝑉𝑅𝑀𝑆 calculated and the known 𝑅𝑙𝑜𝑎𝑑, Ohm’s Law is 

used to define the i generated during test. Eq. ( 4 ) can then be solved for 𝜏 to compare to the 

theoretical modeling. This method was chosen to measure the torque due to their being no 

stationary element on the turbine against which to measure a reaction torque. In order to 

differentiate each test, a clock is added onboard. The starting and ending time of each test is 

recorded by the researcher and is then correlated to a timestamp the clock attaches to each data 

point logged onboard. An exploded view of the design can be seen in Figure 9. 
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Figure 9. Exploded 3D model with callouts to show assembly of experimental apparatus. 

 

 The experimental apparatus is towed on a tether across the diving well of the North 

Carolina State University 25-Yard Swimming Pool under closed-loop winch control. The towing 

winch system pulls a floating raft across the surface with the coaxial turbine apparatus connected 

by a 3 m flexible, polyurethane tether. To fix the turbine to the tether, fishing line is attached to a 

washer that fits in a cutout in the center of each of the upstream blades. When the blades are 

secured together, the fishing line is run through a channel in the nose cone and is tied to a ball 

bearing fishing swivel that allows the upstream rotor to rotate without twisting the tether. The 

swivel is attached to a carabiner which attaches to the end loop of the tether on the tow system. 

The turbine is trimmed to operate at approximately zero skew angle and the tether is attached 

approximately 2 m below the underside of the raft by a rigid rod cantilevered from the raft. This 

system is described in Figure 10. 



   

24 

 

 

Figure 10. Experimental tow system utilized to simulate a variety of v∞. 

 

Data is collected by an onboard Arduino Nano microcontroller utilizing the aforementioned 

sensors the turbine was towed for a constant 𝑅𝑙𝑜𝑎𝑑. All except the Hall sensor were sampled at 100 

Hz. To increase accuracy for the Hall sensor, the time span to count 100 magnet passes is 

measured. This process is repeated for four distinct 𝑣∞ ranging from 0.47 m/s to 0.77 m/s, values 

determined by the experimental setup. The 𝑅𝑙𝑜𝑎𝑑 is then changed and the same four fluid velocities 

are tested at this new 𝑅𝑙𝑜𝑎𝑑. An image of the turbine apparatus being towed by the experimental 

system can be seen in Figure 11. 
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Figure 11. Experimental apparatus being towed across NC State pool at constant speed to mimic constant fluid 

velocities. 

 

3. Results and Discussion 

 

The theoretical modeling is implemented and a frontier of equilibrium loci of 𝜔1, 𝜔2, and 

𝜏 were found. These points are plotted in Figure 12 projected onto a two-dimensional plane.  
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Figure 12. Equilibrium loci frontier of model-predicted torque-cancelling operating points found by sweeping 

through possible values and recording those that meet stated criteria. Only stable loci points are plotted with 

corresponding torque magnitude in color scale, unstable points are denoted as the dashed red line on the 𝜔1, 𝜔2 

plane. 

 

The first observation from Figure 12 is the trends of the equilibrium stability analysis presented 

in section 2.5. As seen in Figure 6, the stable points are associated with the higher values of 𝜔2, 

with the stable and unstable points for each 𝜔1 creating a vertical parabola shape for each 𝑣∞. The 

next observation is that there are ranges of 𝜔1 where the downstream rotor cannot generate an 

equivalent magnitude 𝜏 for any valid 𝜔2. The upstream rotor extracted enough energy from the 

flow that the rear rotor cannot produce the same torque from the limited energy remaining in the 

upstream rotor’s wake. The equilibrium loci are located at the extrema of the range of valid 𝜔1 for 

all 𝑣∞. The next trend observed is that an increase in 𝑣∞ gives a larger range of 𝜔1 so the curves 

are shifted outward along the 𝜔1 axis for the upper extrema 𝜔1 values and inward for the lower 

extrema 𝜔1 values. However, the trends remain the same for each 𝑣∞. The curves are increasing 
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in scale as 𝑣∞ increases, increasing the maximum 𝜏 magnitude feasible for this configuration. It is 

noticed that lower 𝜔1 correlate to larger magnitude 𝜏 when compared to the higher 𝜔1 curve for 

the same 𝑣∞, a trend that follows conventional motor logic that lower speeds correlate with higher 

torque. Finally, it is seen that 𝜔1>𝜔2. This was counter intuitive when thinking about equal 

magnitude torques, but the reason is that due to the induction of the upstream rotor, the downstream 

rotor is in a different flow regime than the upstream, so the rotational speeds of each should be 

different. Each of the points in Figure 12 corresponds to a specific 𝑅𝑙𝑜𝑎𝑑 that is calculated from 

Eq. ( 5 ).  

 In the experiment, 𝑅𝑙𝑜𝑎𝑑 is held constant at values of 250 Ω, 500 Ω, 750 Ω, and 1000 Ω. 

The corresponding equilibrium loci to these 𝑅𝑙𝑜𝑎𝑑 are found and are in Figure 13. 

 

 

Figure 13. Equilibrium loci of 𝜔1, 𝜔2, and 𝜏 for four increasing 𝑣∞ for a constant 𝑅𝑙𝑜𝑎𝑑  of 250 Ω, 500 Ω, 750 Ω, 

and 1000 Ω. 
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Figure 13 demonstrates the equilibrium operating conditions of the coaxial turbine with constant 

load resistance for four different 𝑣∞. It is noted that lower values of 𝑅𝑙𝑜𝑎𝑑 generate higher torques. 

While this is an expected trend in motors and generators with prescribed speed, it was unknown 

whether the hydrodynamic coupling between rotor speed, torque, and induced flow with support 

this trend in the equilibrium operating points of the coaxial turbine. The magnitude of 𝜔1 and 𝜔2 

values are relatively constant for all values of 𝑅𝑙𝑜𝑎𝑑, only the torque magnitude differs between 

the 𝑅𝑙𝑜𝑎𝑑 values significantly. Given the nonlinearities seen in Figure 12, this is an interesting 

observation. 

 These observations from the theoretical modeling are then compared to the experimental 

trends. During the experiments, a video camera is placed along the span of the pool to qualitatively 

examine the stability of the system. The experimental apparatus was designed to be approximately 

neutrally buoyant and have the CG and CB to be radially located on the axis of rotation. It was 

observed that when the system was either negatively buoyant or if the CG and CB were not both 

located on the axis of rotation there were visible oscillations.  When the system was corrected to 

return to approximate neutral buoyancy or to relocate the CG or CB, there were minimal 

oscillations. The 𝜔𝑟𝑒𝑙 measured during the experiment for 𝑅𝑙𝑜𝑎𝑑 = 1000 Ω is plotted in Figure 14. 

Minor oscillations are seen and are derived from minute differences in CG and CB radial locations, 

but the plateau seen after the test is initialized confirms the steady state assumption from section 

2.1. This transient data is removed, and the remaining data is averaged to estimate an experimental 

value of each equilibrium loci for each test. Due to the constant pool length seen in Figure 10, as 

the tow speed is increased the duration of each test decreases. The raft stopping point varied 

slightly between tests, so this decrease in testing time as tow speed increases is not constant 

between tests. Other values of 𝑅𝑙𝑜𝑎𝑑 exhibit similar trends in 𝜔𝑟𝑒𝑙 with time. 
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Figure 14. Relative velocity between generator stator and rotor measured for one 𝑅𝑙𝑜𝑎𝑑 . The steady state assumption 

for torque cancellation is verified by the trend of the data plateauing after initial transients. 

 

The onboard measurements from the experimental apparatus following the aforementioned 

averaging procedure and corresponding comparisons to the theoretical predictions can be seen in 

Figure 15, Figure 16, and Figure 17. The theoretical predictions are based on the true values of 

𝑅𝑙𝑜𝑎𝑑 from the true resistor values, namely 250 Ω, 515 Ω, 752 Ω, and 982 Ω. 
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Figure 15. Comparison of theoretical values to experimental measurements of equilibrium locus of ω1 for a 

constant 𝑅𝑙𝑜𝑎𝑑  of (a) 250 Ω, (b) 515 Ω, (c) 752 Ω, and (d) 982 Ω. Error bars indicate one standard deviation of data 

collected. 
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Figure 16. Comparison of theoretical values to experimental measurements of equilibrium locus of ω2 for a 

constant 𝑅𝑙𝑜𝑎𝑑  of (a) 250 Ω, (b) 515 Ω, (c) 752 Ω, and (d) 982 Ω. Error bars indicate one standard deviation of data 

collected. 
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Figure 17. Comparison of theoretical values to experimental measurements of equilibrium locus of τ for a constant 

𝑅𝑙𝑜𝑎𝑑  of (a) 250 Ω, (b) 515 Ω, (c) 752 Ω, and (d) 982 Ω. Error bars indicate one standard deviation of data collected. 

 

The trends are approximately linear for all 𝑅𝑙𝑜𝑎𝑑 values and for all equilibrium loci parameters, 

and approximately the same magnitude of 𝜔1 and 𝜔2 is seen for all 𝑅𝑙𝑜𝑎𝑑 values. This confirms 

the trends theoretically predicted from Figure 13. This linearity is intuitive for rotational speeds 

but is nonintuitive for torque. While torque varies as the square of rotational speed 

hydrodynamically, torque varies linearly with rotational speed in DC generators with constant 

resistive load. The trends of the generator supersede the hydrodynamic because the linear trend of 

torque versus speed is required of DC generator operation, while portions of the upstream and 



   

33 

 

downstream rotors can be forced to stall to reduce the quadratic increase with 𝑣∞ to a linear 

increase that is imposed by the generator and electrical load condition. 

Figure 17 demonstrates that the model overpredicts the torque to be generated, which 

would then correlate with lower rotational speeds than would be observed experimentally. This is 

true of the upstream speed, seen in Figure 15, but is not the case in Figure 16 for the downstream 

rotor. This can be reconciled knowing that 𝜔1 is higher than the model, leading to a larger induction 

factor of the upstream rotor compared to the model’s prediction. This higher induction factor leads 

to a decreased inflow to the downstream rotor, so a decreased rotational speed of the downstream 

rotor is required to generate the equal torque of the upstream rotor, even though the torque required 

to be generated experimentally is less than was theoretically forecast. 

While there is good correlation, there is a deviation from the model to experimental values. 

The difference between the model and experiments has several potential sources: surface finish 

imperfections of the blades, hydrodynamic losses that are not modeled, motor constants that 

deviate slightly from supplier specifications, and friction of the generator bearings that are not 

modeled. However, the same previously unknown trends seen analytically are also seen 

experimentally, giving confidence in the model.  

 This now lends to the model being used to predict the preferred 𝑅𝑙𝑜𝑎𝑑 for maximum energy 

extraction, namely the maximum 𝐶𝑃. The model’s predicted 𝐶𝑃, calculated by Eq. ( 1 ) with P 

being mechanical power, is shown in Figure 18 as the 𝑣∞ increases utilizing a constant 𝑅𝑙𝑜𝑎𝑑 and 

geometry. 
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Figure 18. Model-predicted CP of coaxial turbine apparatus using direct drive counter-rotating generator with 

constant Rload show that lower resistances yield higher power extraction over a variety of flow speeds. However, as 

Rload decreases, the minimum v∞ required to generate a torque cancelling operating point increases. 

 

Figure 18 illustrates that the proper selection of 𝑅𝑙𝑜𝑎𝑑 can yield a greater energy extraction for a 

constant fixed geometry. The downward slope in 𝐶𝑃 while 𝑣∞ increases implies that while the 

power available in a flow increases cubically with 𝑣∞, the power extracted is not increasing at the 

same rate. Based on the linear trends of rotational speed and torque, this would imply power 

extracted increases quadratically with 𝑣∞, causing the decreasing 𝐶𝑃  as 𝑣∞ increases. While the 

increments of 𝑅𝑙𝑜𝑎𝑑 scale linearly, their effect on 𝐶𝑃 is nonlinear. This is seen in the larger increase 

in 𝐶𝑃 between a 𝑅𝑙𝑜𝑎𝑑 of 25 Ω to 50 Ω than the increase in 𝐶𝑃 between a 𝑅𝑙𝑜𝑎𝑑 of 50 Ω to 75 Ω. 

𝑅𝑙𝑜𝑎𝑑 
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For the lowest values of 𝑅𝑙𝑜𝑎𝑑 at the lowest fluid velocities, the model predicts that no torque 

cancellation equilibrium loci exist, correlating physically to the system not rotating. This indicates 

that the lower values of 𝑅𝑙𝑜𝑎𝑑 achieve higher 𝐶𝑃 values, but at the expense of range of feasible 

fluid environments, and the model can be utilized to explore this tradeoff. If the lower 𝑣∞ are the 

most prevalent that the coaxial turbine is exposed to, then a 𝑅𝑙𝑜𝑎𝑑 that can at least perform at these 

values should be chosen. If is the coaxial turbine is seldomly exposed to such low velocities, a 

𝑅𝑙𝑜𝑎𝑑 that generates the greatest 𝐶𝑃 most of its operational window and dormant for the remaining 

time is preferred to a 𝑅𝑙𝑜𝑎𝑑 that generates a lower 𝐶𝑃 for the entirety of the 𝑣∞ window. 

 While the modeling can show the general magnitude of the 𝑅𝑙𝑜𝑎𝑑 necessary, the physical 

system must be redesigned to accomplish these results. Currently, the geometry of the blades has 

not been optimized, the geometry of the upstream and downstream blades could be different since 

the downstream blades are exposed to a different flow regime than the upstream blades, and the 

friction of the generator bearing could be decreased to assist in meeting these predictions. 

 

4. Conclusion and Future Work 

 

4.1. Conclusions 

 

 Hypothesizing that a single generator can be used as a coupling between the upstream and 

downstream rotors of a coaxial turbine to passively cancel torque at steady state, a model is derived 

and compared against tow-test experiments with a laboratory-scale coaxial turbine. The loci of 

model-predicted and experimentally-observed equilibrium rotor speeds and generator torque show 

good correlation as freestream flow speed and load resistance are varied. The model and 
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experimental results also illustrate several findings: First, the same magnitude of upstream and 

downstream rotational speeds is seen for each freestream fluid velocity regardless of the load 

resistance, with only the magnitude of the torque varying with a change in load resistance. Next, a 

linear relationship between fluid velocity and all three equilibrium state variables, namely 

upstream rotational speed, downstream rotational speed, and torque magnitude, is observed. 

Finally, lower values of load resistance correspond with higher equilibrium torque magnitudes. 

With this confidence, the model is then used to qualitatively examine the optimum load resistance 

to extract the maximum energy from each distinct freestream fluid velocity. Lower load resistances 

yield higher coefficients of power, but increase the freestream fluid velocity required to yield a 

torque-canceling operating point. Depending on the range of fluid velocities that a particular 

coaxial counter-rotating turbine is exposed to, the model can be utilized to determine the optimum 

constant load condition for maximum energy extraction.  

 

4.2. Future work 

 

 The geometry of the turbine blades could be optimized for this operating regime. Future 

work could include testing the potential for greater power extraction if the downstream rotor is 

designed with the knowledge that some proportion will always be in the wake of the upstream 

rotor. The twist could be increased to extract power at lower freestream fluid velocities, there could 

be more blades, and the span could be increased or decreased to change the amount of fresh flow 

to the downstream depending on application. A study could be done to determine if there is an 

optimal twist distribution that depends on the range of freestream fluid velocity. 
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 The scope of the experimental tests could be expanded to understand the effects of the 

location of the CG and CB. During testing, it was noticed that if the turbine was either slightly 

positively buoyant, slightly negatively buoyant, or the CB and CB were not collocated the turbine 

would drift to the right as it was towed across the pool. This coincides with the theoretical 

predictions of [10], but this effect was not experimentally quantified. In this study, the IMU was 

used to measure angular velocity only, but could be used to measure orientation angles. The 

amplitude and frequency of any oscillations could be measured. The system needs to be calibrated 

each time it is powered on, so a redesign would be necessary to measure this data since currently 

the IMU is only powered on when the watertight electronics compartment has been assembled, 

where the Arduino cannot be connected to a computer to run the calibration program, so a true 

level cannot be accomplished. Also, the system only logs data when the hall sensor has measured 

a magnet 100 times, so data is collected at 100 Hz but is only logged about 1 Hz depending on the 

tow speed. This orientation angles could give quantitative data on whether the CB and CG are truly 

collocated. There is also nothing currently to guarantee that the IMU is aligned with the body axes 

of the turbine, this should be redesigned moving forward. Since some of the turbine is flooded, the 

weight of the turbine out of the water cannot be used to determine the weight of the turbine when 

submerged, making locating the CG difficult. Also, it is suspected the closed cell foam used in the 

nose and tail cones and on the lid of the electronics compartment took on water as the tests 

progressed. The turbine would be slightly positively buoyant at the beginning of the testing 

campaign and would be slightly negatively buoyant by the end of the testing campaign. If these 

issues with locating CG and CB and IMU data collection could be resolved, then the effects of the 

variation in CG and CB could be quantitatively measured.   
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