ABSTRACT

ZHANG, XTANG. Contributions to Statistical Methods for High Dimensional and Dependent
Data. (Under the direction of Alyson Wilson and Lexin Li.)

In this thesis, we develop three new statistical methods for high dimensional and dependent
data. The three methods are motivated by three independent projects.

In the first project, we investigate variable selection for support vector machines for high
dimensional data. A general class of non-convex penalized support vector machines is proposed.
We show that one of the local solutions to the non-convex penalized support vector machines
is the oracle estimator. This is the first variable selection consistency result for support vector
machines in high dimensions. We also present an algorithm with provable global convergence
to the oracle estimator. Our proof techniques are novel and do not require the differentiability
of the loss function, which extend the existing results in the literature where the loss function
is restricted to be a smooth function.

In the second project, we study system reliability and component importance for dependent
systems. We establish a unified and general framework to characterize the influence of a de-
pendence structure on system reliability and component importance. Our results are based on
recent developments for copula theory with discrete marginal distributions. We reveal the con-
nections of system reliability and component importance under dependence to some well-known
principles under independence assumption. We also extend our results to multi-state system.
Our derived results are further demonstrated using a Gaussian copula, and we show that the
effects of dependence under a Gaussian copula have simple interpretations.

In the third project, we propose a new method to conduct regression on longitudinal imag-
ing data. The proposed method integrates tensor decomposition with generalized estimating
equations. We exploit a low-rank tensor decomposition to reduce the high dimensionality of
image covariates and use generalized estimating equations to capture the temporal dependence

in the longitudinal data. This new approach is shown to possess desirable theoretical properties.



We also provide the first rank selection consistency result in the literature under the framework

of tensor regression.
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Chapter 1

Introduction

1.1 High Dimensional and Dependent Data Overview

The central theme of this thesis is the development of new statistical methods for certain
high dimensional and dependent data problems. The proposed methods in this thesis can be
viewed as extensions of some traditional statistical approaches to specifically meet the challenges
from high dimensional and dependent data. We first present an overview of the data that are
considered as high dimensional and dependent in this thesis.

By high dimensional, we mean that the number of predictors, or variables, is large, while
the number of instances, or samples, is only moderate. As a result, the number of predictors
is much larger than the number of instances. The direct challenge of high dimensional data is
that we do not have enough information in the data to estimate a full model constructed using
all the available predictors. The estimated model without variable selection would be either
ill-conditioned or subject to severe overfitting. Another challenge is that a model directly built
from high dimensional data is complex and difficult to interpret in general, which limits its
applications in practice.

By dependent data, we mean that the samples in the data are not independently generated.

Independence is one of the most common assumptions in traditional statistical approaches.



However, there are some scenarios when the independence assumption may not be realistic. A
naive model that simply ignores the dependency within the data is essentially allowing model
misspecification, which can result in considerable biases in the estimators.

In Section 1.2, we introduce three real-world examples. The first is an example of high
dimensional data, the second is an example of dependent data, and the third is an example
that contains both high dimensional and dependent data simultaneously. These three examples

motivate the proposed statistical methods discussed in later chapters of this thesis.

1.2 Motivating Examples

1. MAQC-II Data

This data is part of the MicroArray Quality Control (MAQC)-II project. The complete
data is available at the GEO database with accession number GSE20194 at http://www.
ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE20194. It contains 278 patient samples.
Each sample is described by the expression values of 22,283 genes. For each sample, the
estrogen receptor (ER) status, positive or negative, is also available. The goal of the
analysis is to build a binary classifier to predict the ER status from the information
contained in the genes. For the 278 patient samples, 164 patients have positive ER status

and 114 patients have negative ER status.

This is an example of high dimensional data. The number of genes is much larger than
the number of instances in this data. To predict the ER status, one can consider building
a classifier using all of the genes. However, given the small sample size, the full model is
likely to be overfitted and thus making noisy predictions. The challenge of this data is to
select a small subset of genes from all the available variables and build the classifier only

using those selected genes.

2. Stockpile Test Data

We obtained two data sets from Los Alamos National Laboratory, both based on stockpiles



of simple military systems. The two data sets represent different variants of a system
with slightly different functionality. Test results on components and the full system are
available. For both data, the system is constructed to be a series system, and a pass for the
overall system means that all of the components performed as required. We are interested
in the estimating the system reliability and identifying the most critical component to the
system. The first data set consists of 169 tests on a four-component system. The second

data set consists of 181 tests on a four-component system.

This is an example of dependent data. The test results of components within a system are
likely to be dependent in practice. There are several possible sources of the dependence
among components. The components may be subject to some common stress so that they
are more likely to function or fail at the same time. The components may share loads in
the system so that if one component fails, the remaining components have to share more
loads and thus are more likely to fail as well. In Chapter 3, we provide more evidence
to show that the independence assumption is unlikely to hold for the stockpile test data.
The challenge of this data is to take into account the dependence among components in

modeling the system reliability and component importance.

. Longitudinal Imaging Data

This data is obtained from the Alzheimer’s Disease Neuroimaging Initiative (ADNI).
It consists of 88 mild cognitive impairment (MCI) subjects with longitudinal magnetic
resonance imaging (MRI) images of white matter. These MRI images are taken at baseline,
6-months, 12-months, 18-months and 24-months for each subject. After some standard
preprocessing, each MRI image is a three dimensional array with size 32 x 32 x 32. For each
subject, the Mini Mental State Examination (MMSE) score is also recored at each time.
The MMSE measures the orientation to time and place, the immediate and delayed recall
of three words, attention and calculations, language, and visuoconstructional functions.

The goal is to predict the MMSE scores based on the imaging data, which is potentially



useful for monitoring disease progression.

This is an example of both high dimensional and dependent data. If all the pixels in the
MRI image are used as predictors, the total number of predictors is 323 = 32, 768, which
is much larger than the available sample size 88 x 5 = 440. Therefore, this data is high
dimensional by our definitions. This data is also longitudinal, meaning that there are
repeated measures of the same subject across different time points. In this example, the
MMSE scores of the same subject across five time points are dependent. Two challenges
arise in the analysis of this data. The first challenge of this data is to find a parsimonious
model for the high dimensional image covariates. Another challenge is to capture the

temporal dependence in the data.

1.3 Plan of Dissertation

This thesis consists of three projects, motivated by the data examples in Section 1.2. The first
project provides a new statistical approach to address the high dimensionality in the MAQC-II
data. This project is presented in Chapter 2. The second project proposes a copula approach
to capture the dependence in the stockpile test data. This project is discussed in detail in
Chapter 3. The third project presents a new method to analyze high dimensional and dependent
longitudinal imaging data. We investigate this method in depth in Chapter 4. Summary of the

contributions and extensions of the three projects are discussed in Chapter 5.

1. First Project (Chapter 2)

This project is motivated by the MAQC-II data. We establish a unified theory for a general
class of non-convex penalized support vector machines. We study its theoretical properties
using tools in asymptotic statistics. We show that our proposed method possesses desired
oracle properties even when the dimensionality of the variables is much larger than the
sample size. Simulation studies and an analysis of the MAQC-II data are implemented

and provide supportive evidence.



2. Second Project (Chapter 3)

This project is motivated by the stockpile test data. We characterize the influence of
dependence structures on system reliability and component importance in coherent sys-
tems with discrete marginal distributions. The main tool we use is copula theory. We
also extend our results to more general coherent multi-state system. We demonstrate the
applications of our derived results using Gaussian copulas, which yield simple interpreta-
tions. We conduct simulations and analyze two real-world examples based on the stockpile
test data to demonstrate the advantages of the copula model over a naive independence

model in estimating system reliability and component importance.

3. Third Project (Chapter 4)

This project is motivated by the longitudinal imaging data. We propose a new approach for
longitudinal imaging analysis. The main tools we use are generalized estimating equations
and tensor regression. This approach accounts for both the intra-subject correlation and
the high dimensional image covariates. We provide a scalable estimation algorithm and
establish asymptotic properties. We demonstrate the proposed method on both simulated

real data from ADNI to predict the MMSE score from the MRI image covariates.



Chapter 2

Variable Selection for Support

Vector Machines

This chapter is organized as follows. Section 2.1 gives the introduction and the setup of the
problem. In Section 2.2, we introduce the proposed method. Section 2.3 contains the theoretical
studies, followed by simulation studies in Section 2.4 and results on real world MAQC-II data

in Section 2.5. The technical proofs are presented in Section 2.6.

2.1 Introduction

We consider the Support Vector Machine (SVM, Vapnik, 1996) for the MAQC-II data. SVM
is a powerful binary classification tool with high accuracy and great flexibility. It has achieved
success in many applications. In binary classification, we are typically given a random sample
{(Yi, X))}, from an unknown population distribution P(X,Y"). Here Y; € {1, —1} denotes the
categorical label and X; = (X0, Xi1,..., Xip)" = (Xio, (X;)")" denotes the input covariates
with X9 = 1 corresponding to the intercept term. The goal is to estimate a classification rule

that can be used to predict output labels for future observations with input covariates only. With

potentially varying misclassification cost specified by weight W; =w if Y; =1 and W; =1 —-w



if Y; = —1 for some 0 < w < 1, the linear weighted support vector machine (WSVM, Lin et al.,

2002) estimates the classification boundary by solving
n
minn~ Y Wil = ViX[8)+ + (B8,
i=1

where (1 —u)4 = max{1l—wu,0} denotes the hinge loss, A > 0 is a regularization parameter, and
B = (Bo, (B*)")" with B8* = (b1, B2, -+, Bp)". The standard SVM is a special case of the WSVM
with weight parameter w = 0.5. In this thesis, we consider the WSVM for more generality.

One drawback of the standard SVM is that its performance can be adversely affected if
many redundant variables are included in building the decision rule (Friedman et al., 2001).
In general, the corresponding decision rule, sign(X "3), uses all covariates and is not capable
of selecting relevant covariates. Classification using all features has been shown to be as poor
as random guessing due to noise accumulation in high dimensional space (Fan and Fan, 2008).
For the MAQC-II data, it is known that the only a subset of genes are informative to the ER
status. Simply using all the available genes without variable selection does not give the optimal
prediction accuracy, see the evidence in Section 2.5.

Many methods have been proposed to remedy this problem, such as the recursive fea-
ture elimination suggested by Guyon et al. (2002). In particular, superior performance can be
achieved with a unified method, namely achieving variable selection and prediction simultane-
ously (Fan and Li, 2001) by using an appropriate sparsity penalty. It is well known that the
standard SVM can fit in the regularization framework of loss 4+ penalty using the hinge loss
and Lo penalty. Based on this, several attempts have been made to achieve variable selection
for the SVM by replacing the Lo penalty with other forms of penalty. Bradley and Mangasarian
(1998), Zhu et al. (2004), and Wegkamp and Yuan (2011) considered the Li-penalized SVM;
Zou and Yuan (2008) proposed to use the Fo-norm SVM to select groups of predictors; Wang
et al. (2006) and Wang et al. (2007) suggested the elastic net penalty for the SVM; Zou (2007)

proposed to penalize the SVM with the adaptive LASSO penalty; Zhang et al. (2006), Becker



et al. (2011) and Park et al. (2012) studied the smoothly clipped absolute deviation (SCAD,
Fan and Li, 2001)-penalized SVM. Recently Park et al. (2012) studied the oracle property of
the SCAD-penalized SVM with a fixed number of predictors. Yet, to the best of our knowledge,
the theory of variable selection consistency of sparse SVMs in high dimensions or ultra-high

dimensions (Fan and Lv, 2008) has not been studied so far.

2.2 Methodology

In this section we propose a general class of non-convex penalized SVMs that can achieve
variable selection and prediction simultaneously. As we will show, our proposed method is the
first one that possesses variable selection consistency in high dimensions.

We begin with the basic setup and notation. Consider the population linear weighted hinge
loss E{W (1-Y X73),}. Let By = (Boo, Sots - - -, Bop)" = (Boo, (B5)T)" denote the true parameter

value, which is defined as the minimizer of the population weighted hinge loss. Namely
Bo = arg Hgn]E{W(l -YX'8):}. (2.1)

The number of covariates p = p, is allowed to increase with the sample size n. It is even
possible that p, is much larger than n. In this project we assume the true parameter Gy to
be sparse. Let A = {1 < j < py; B0 # 0} be the index set of the nonzero coefficients. Let
q = qn = |A]| be the cardinality of set A, which is also allowed to increase with n. Without loss
of generality, we assume that the last p, — ¢, components of 3 are zero. That is, 3] = (3;,0").
Correspondingly, we write X = (Z], R]), where Z; = (X0, Xi1,...,Xiq)" = (1,(Z})")" and
R; = (Xjjg41), - - -, Xip)". Further we denote m;. (resp. 7—) to be the marginal probability of the
label Y = +1 (resp. -1).

We propose the non-convex penalized hinge loss objective function:

n Pn
QB) =n"") Wil -YiX]8);: + > _pa (I8, (2.2)
i=1 j=1



where pj,, () is a symmetric penalty function with tuning parameter \,. Let p) (f) be the
derivative of py,, (t) with respect to t. We consider a general class of non-convex penalties that
satisfy the following conditions.

(Condition 1) The symmetric penalty py, (¢) is assumed to be nondecreasing and concave
for t € [0,400), with a continuous derivative p) () on (0,+o0) and py,(0) = 0.

(Condition 2) There exists a > 1 such that lim;o4 p)\ (t) = An, P (t) > A\ — t/a for
0 <t<aXandp) (t)=0fort>al,

The motivation for such a non-convex penalty is that the convex L1 penalty lacks the oracle
property due to the overpenalization of large coefficients in the selected model. Consequently
it is undesirable to use the L, penalty when the purpose of the data analysis is to select the
relevant covariates among potentially high dimensional candidates in classification. Note that
p, ¢, A and other related quantities are allowed to depend on n, and we suppress the subscript
n whenever there is no confusion.

Two commonly used non-convex penalties that satisfy Conditions 1 and 2 are the SCAD

and MCP penalties. The SCAD penalty (Fan and Li, 2001) is defined by

_(n2 2
QA= (B2

2
(a+1)A 7

PA(1B) =XIBIT(0 < |8] < A) 5

(A <8l <ad) + (18] > aX)

for some a > 2. The MCP (Zhang, 2010) is defined by

pa(1B8]) = A( )I(0 < |B] < aX) + af[ﬂﬁ\ > a)) for some a > 1.

Bl = 5~

By acting as if the true sparsity structure is known in advance, the oracle estimator is

defined as 8 = (ﬁ{, 0")T, where

n
B = argr%ilnn_l Y Wil-Y,Z[B1)4. (2.3)
i=1

In Section 2.3, we will present the main results that under some regularity conditions, our



proposed method can find an estimator converge to the desirable oracle estimator with high

probability.

2.3 Theory

2.3.1 Regularity Conditions

To facilitate our theoretical analysis, we introduce the gradient vector and Hessian matrix of
the population linear weighted hinge loss. Let L(31) = E{W (1 —Y Z"31)+} be the population
linear weighted hinge loss using only relevant covariates. Define S(31) = (S(B1);) to be the

(¢n + 1)-dimension vector given by
S(B1) =-E{I1-YZ" B >0)WYZ},

where I(-) denotes the indicator function. Also define H(B1) = (H(81);x) to be the (g, + 1) x
(gn + 1) matrix given by
H(B) =E{6(1-YZ"B)WZZ},

where 6(-) denotes the Dirac delta function. It can be shown that if well-defined, S(3;) and
H(31) can be considered to be the gradient vector and Hessian matrix of L(83;), respectively.
See Lemma 2 of Koo et al. (2008) for details.

We impose the following regularity conditions:

(A1) The densities of Z* given ¥ = +1 and Y = —1 are continuous and have common
support in R?.

(A2) E[X7] < oo for 1 < j <g.

(A3) The true parameter Gy is unique and a nonzero vector.

(A4) ¢, = O(n'), namely lim, o ¢, /N < 00, for some 0 < ¢ < 1/2.

(A5) There exists a constant M; > 0 such that )\max(nleI‘XA) < M, where X 4 is the

first g, + 1 columns of the design matrix and A4, denotes the largest eigenvalue. It is further

10



assumed that maxi<;<y || Z;|| = Op(/qn log(n)), (Z;,Y;) are in general position (Koenker, 2005,
sect. 2.2), X;; are sub-Gaussian random variables for 1 <7 < n,q, +1 < j < p,.

(A6) Amin(H(Bo1)) > My for some constant My > 0, where Ap,;, denotes the smallest
eigenvalue.

(A7) n=e2)/2 min; <<, |Boj| > M3 for some constant Mz > 0 and 2¢; < g < 1.

(A8) Denote the conditional density of Z"Bp; given ¥ = +1 and Y = —1 as f and g,
respectively. It is assumed that f is uniformly bounded away from 0 and oo in a neighborhood
of 1 and ¢ is uniformly bounded away from 0 and oo in a neighborhood of -1.

Conditions (A1)-(A3) and (A6) are also assumed for fixed p in Koo et al. (2008). We need
these assumptions to ensure that the oracle estimator is consistent in the scenario of diverging
p. Condition (A3) states that the optimal classification decision function is not constant, which
is required to ensure S(B) and H(3) are well-defined gradient vector and Hessian matrix of the
hinge loss, see Lemma 2 and Lemma 3 of Koo et al. (2008). The conditions (A4) and (A7) are
common in the literature on high dimensional inference (Kim et al., 2008). More specifically,
(A4) states that the divergence rate of the number of nonzero coefficients cannot be faster than
root-n and (A7) simply states that the signals cannot decay too quickly. The condition on the
largest eigenvalues of the design matrix in (A5) is similar to the sparse Riesz condition and also
assumed in Zhang and Huang (2008), Yuan (2010) and Zhang (2010). Note that the bound on
the smallest eigenvalue is not specified. The condition on the maximum norm in (A5) holds
when Z* given Y follows multivariate normal distribution. (Z;,Y;) are in general position if
with probability one there are exactly (g, +1) elements in D = {i : 1 -Y;Z] By = 0} (Koenker,
2005, sect. 2.2). The condition for general position is true with probability one w.r.t. Lebesgue
measure. Condition (A8) requires that there is enough information around the nondifferentiable
point of the hinge loss, similar to condition (C5) in Wang et al. (2012) for quantile regression.

For illustrative examples that satisfy all the above conditions, assume 0 < 7y =1—7_ < 1
and let the number of signals be fixed. The first example is that the conditional distributions of

X* given Y have unbounded support RP with sub-Gaussian tails. It can be easily seen that the

11



Fisher’s discriminant analysis is one special case when X* given Y are Gaussian. Conditions
(A1)-(A4) and (A7) are trivial. Condition (A5) holds by the properties of sub-Gaussian random
variable. Koo et al. (2008) showed that Condition (A6) holds if the supports of the conditional
densities of Z* given Y are convex, which are naturally satisfied for R?. Condition (A8) is
trivially satisfied by the unbounded support of the conditional distribution of Z* given Y.
Another example is the Probit model that X* has unbounded support RP with sub-Gaussian
tails and Pr(Y = +1|X*) = ®(X78) for some B # 0. It can be easily checked that the
conditional distributions of X* given Y also have unbounded supports R? and hence all the

conditions are satisfied.

2.3.2 Oracle Property

In this subsection, we establish the theory of the oracle property for non-convex penalized
SVMs; namely, the oracle estimator is one of the local minimizers of the objective function
Q(B) defined in (2.2). We start with the following lemma on the consistency of the oracle
estimator, which can be viewed as an extension of the consistency result in Koo et al. (2008)

to the diverging p scenario.

Lemma 2.1. Assume that Conditions (A1)-(A7) are satisfied. The oracle estimator B =
(AI,OT)T satisfies H,/B\l — Boil| = Op(v/Gn/n) when n — oco.

Though the convexity of the non-convex penalized hinge loss objective function Q(3) is not

guaranteed, it can be written as the difference of two convex functions:

Q(B) =g(B) — h(B), (2.4)

where g(8) = n™ 331y Wi(1-Yi X[ B)4+An 2201 [Bjl and h(B) = A 320 8i1=327_1 pa. (185]) =
5.’:1 Hy, (Bj). The form of Hy(8;) depends on the penalty function. For the SCAD penalty,
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we have
Hy(B5) = [(8F = 2M18] + A?))/{2(a — DI < |B5] < aX) + {AIB5] — (a+ 1)A?/2}(8;] > aN),

while for MCP, we have Hy(8;) = {67/(2a)}1(0 < |85 < aX)+(A[B;] —ar?/2)I(|B;] > aX). This
decomposition is useful, as it naturally satisfies the form of the difference of convex functions
(DC) algorithm (An and Tao, 2005).

To prove the oracle property of the non-convex penalized SVMs, we will use a sufficient
local optimality condition for the difference convex programming first presented in Tao and
An (1997). This sufficient condition is based on subgradient calculus. The subgradient can be
viewed as an extension of the gradient of the smooth convex function to the non-smooth convex
function. Let dom(g)={z : g(x) < oo} be the effective domain of a convex function g. The
subgradient of g(x) at a point xg is defined as dg(xg) = {t : g(x) > g(xo) + (x — x)"t}.
Note that at the non-differentiable point, the subgradient contains a collection of vectors. One
can easily check that the subgradient of the hinge loss function at the oracle estimator is the

-~ ~ ~

collection of vectors s(3) = (so(B),...,sp(B))" with

n n
5;(B) = —n~' Y WY X;I(1 -V X]B>0)—n~ 'Y WYXy, (2.5)
i=1 =1
where —1 <wv; <0if 1 — Yp(;ﬁ =0 and v; = 0 otherwise, j = 0,...,p. Under some regularity
conditions, we can study the asymptotic behaviors of the subgradient at the oracle estimator.

The results are summarized in the following Theorem.

Theorem 2.1. Suppose that Conditions (A1)-(A8) hold, and the tuning parameter satisfies
A = o(n=(1=¢2)/2) gnd log(p)qlog(n)n*% = o()\). For the oracle estimator B, there exists vy
which satisfies vi =0 if 1 — YZXlTB #0 and v} € [-1,0] if 1 — Y;JXJ,@ =0, such that for sj(ﬁ)
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*

with v; = v},

with probability approaching one, we have

S](ﬁ)zoﬂ j:()?]‘?""Q’

~ 1 .
‘/6]| Z(CL+§))\, j:]-?u(_IJ

‘3](6)’ S )‘7.7 :q+17"'7p7

]Bj\:(),j:q—i—l,...,p.

Theorem 2.1 characterizes the subgradients of the hinge loss at the oracle estimator. It
basically says that in a regular setting, with probability arbitrarily close to one, those compo-
nents of the subgradients corresponding to the relevant covariates are exactly zero and those
corresponding to irrelevant covariates are not far away zero.

We now present the sufficient optimality condition based on subgradient calculations. Corol-
lary 1 of Tao and An (1997) states that if there exists a neighborhood U around the point «*
such that Oh(z) N dg(x*) # 0, V& € U Ndom(g), then * is a local minimizer of g(x) — h(x).
To verify this local sufficient condition, we study the asymptotic behaviors of subgradients of
the two convex functions in the aforementioned decomposition (2.4) of Q(3). Note that, based
on (2.5), the subgradient function of g(3) at B can be shown to be the following collection of

vectors:

09(8) ={€ = (6o, &) € RV

n n
fj - — TL_l Z WZY;X”I(l — Y;XZTB > 0) - n_l Z WZY;XZ]Ul + )\l]’,j == O, e ,p},
=1 i=1

where lp = 0, [; = sgn(B;) if B; # 0 and I; € [-1,1] otherwise for 1 < j < p, and —1 < v; <0
if 1— YZXZTB = 0 and v; = 0 otherwise for 1 < ¢ < n. Furthermore, by Condition 2 of the
class of non-convex penalty functions, lim;_,o4 Hj(t) = lim;_o— H} (t) = Asgn(t) — Asgn(t) = 0.

Thus h(3) is differentiable everywhere. Consequently the subgradient of h(3) at point 3 is a
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singleton:

onpB) . _ 0,...,p}.

ah(/@) :{“: (/‘607"‘”“10) ER;H_I:Mj = aﬁ] ] =

For the class of non-convex penalty functions under consideration, %h—é?_) = 0 for j = 0. For

1<7<p,

9h(B)
9B

= [{Bj — Asgn(B))}/(a = DA < |Bj] < ad) + Asgn(B;)I(|B5] > al)

for the SCAD penalty, and

9h(B)
9B

= (Bi/a)I(0 < [Bj] < aX) + Asgn(5;)1(|5;] = a})

for the MCP.

Combining this with Theorem 2.1, we will prove that with probability tending to one, for any
B in a ball in RP*! with the center B and radius %, there exists a subgradient £ = (§o,...,&p)" €
ag(ﬁ) such that %(7/56? =¢;, j=0,1,...,p. Consequently the oracle estimator B is itself a local

minimizer of (2.2). This is summarized in the following theorem.

Theorem 2.2. Assume that Conditions (A1)-(A8) hold. Let By () be the set of local min-
imizers of the objective function Q(B) with regularization parameter X. The oracle estimator
B = (ALOT)T satisfies

Pr{B € B,(\)} — 1
asn — 00, if A =o(n~1=)/2) and log(p)qlog(n)n_% =o(\).

It can be shown that if we take A\ = n=1/2%9 for some ¢; < § < ¢2/2, then the oracle property
holds even for p = o(exp(n{®=¢1)/2)). Therefore, the oracle property holds for the non-convex

penalized SVM even when the number of covariates grows exponentially with the sample size.
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2.3.3 An Algorithm with Provable Convergence to the Oracle Estimator

Note that Theorem 2.2 indicates that one of the local minimizers possesses the oracle property.
However, there can potentially be multiple local minimizers and it remains challenging to iden-
tify the oracle estimator. In the high dimensional setting, assuming that the local minimizer is
unique would not be realistic.

Instead of assuming the uniqueness of solutions, we work directly on the conditions un-
der which the oracle estimator can be identified by some numerical algorithms that solve the
non-convex penalized SVM objective function. One possible algorithm is the local linear ap-
proximation (LLA) algorithm proposed by Zou and Li (2008). In LLA algorithm, we start with
an initial value {,@(0) : BN(.O) =0,7=1,2,...,p}. At each step ¢t > 1, we update by solving

J

n p
min{n ™" Wil = ViXTB)+ + A5V DIS, (2.6)
=1

j=1

where p (-) denotes the derivative of py(-). Following the literature, when B](Atfl)

= 0, we take
P, (0) as p)(04+) = A. The LLA algorithm is an instance of the majorize-minimize (MM) algo-
rithm and converges to a local minimizer of the non-convex objective function.

Recently LLA has been shown to be capable of identifying the oracle estimator in the setup
of folded concave penalized estimation with a differentiable loss function (Wang et al., 2013; Fan
et al., 2014). We generalize their results to non-differentiable loss functions, so that it can fit
in the framework of the non-convex penalized SVMs. Similar to their work, the main condition
required is the existence of an appropriate initial estimator inputed in the iterations of the LLA
algorithm. Denote the initial estimator as B(O). Intuitively, if the initial estimator B(O) lies in
a small neighborhood of the true value B3y, the algorithm should converge to the good local
minimizer around Bg. This localizability will be formalized in terms of Lo, distance later. With
such an appropriate initial estimator, under the aforementioned regularity conditions, one can

prove that the LLA algorithm converges to the oracle estimator with probability tending to one

even in ultra-high dimensions.
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Let B0 = (B(()O), e BI(;O))T. Consider the following events:
o [ = {!5;-0) — Boj] > A\, for some 1 < j < p},
o Fno = {|Boj| < (a+ 1)\, for some 1 < j < g},

e F,3 = {for all subgradients S(,@), |SJ(B)| > (1— 1)\ for some ¢ +1 < j < por |53(B\)| #

0 for some 0 < j < g},
o Foy={|B;] < a\, forsome 1< j <q}.

Denote the corresponding probability as P,; = Pr(F,;),i = 1,2,3,4. P, represents the
localizability of the problem. When we have an appropriate initial estimator, we expect P, to
converge to 0 as n — 0o0. P,2 is the probability that the true signal is too small to be detected by
any method. P,3 describes the behavior of the subgradients at the oracle estimator. As stated
in Theorem 2.1, there exists a subgradient such that its components corresponding to irrelevant
variables are near 0 and those corresponding to relevant variables are exactly 0, so P,3 cannot
be too large. P4 has to do with the magnitude of the oracle estimator on relevant variables.
Under regularity conditions, the oracle estimator will detect the ture signals and hence P, 4 will
be very small.

Now we provide conditions for the LLA algorithm to find the oracle estimator B in the

non-convex penalized SVMs based on Py,1, Ppo, Prg and P4.

Theorem 2.3. With probability at least 1 — Py — Pyo — Pps — Pra, the LLA algorithm initiated
by BO) finds the oracle estimator ﬁ after two iterations. Furthermore, if (A1)-(A8) hold, \ =

o(n=(1=¢2)/2) and log(p)qlog(n)n_% = o(\), then P,o — 0, Py3 — 0 and Py — 0 as n — co.

The first part of Theorem 2.3 provides a non-asymptotic lower bound on the probability
that the LLA algorithm converges to the oracle estimator. As we will show in the proofs, if none
of the events F,,; happen, the LLA algorithm initiated with B(O) will find the oracle estimator
in the first iteration, and in the second iteration it will find the oracle estimator again and thus

claim convergence. Note that only a single correction is required in the first iteration and the
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second iteration is needed to stop the algorithm. Therefore, the LLA algorithm can identify
the oracle estimator after two iterations and this result holds generally without the Conditions
(A1)-(A8).

The second part of Theorem 2.3 indicates that under Conditions (A1)-(A8), the lower bound
is determined only by the limiting behavior of the initial estimator. As long as an appropriate
initial estimator is available, the problem of selecting the oracle estimator from potential multi-
ple local minimizers is addressed. Let BLl be the solution to the Li-penalized SVM. When the
initial estimator 3(? is taken to be BLl and the following Condition (A9) holds, by Theorem
2.3 the oracle estimator can be identified even in the ultra-high dimensional setting. The result
is summarized in the following Corollary.

(A9) Pr(|BjL1 — Boj| > A, for some 1 < j <p) —0asn— oc.

Corollary 2.1. Let B(A) be the solution found by the LLA algorithm initiated by /@Ll after two

iterations. Assume the same conditions in Theorem 2.3 and (A9) hold, then
Pr{B(\) =B} — 1 as n — .

In the ultra-high dimensional case, one may require more stringent conditions to guarantee
(A9). For the non-convex penalized least square regression, one can use the LASSO solution
(Tibshirani, 1996) as the initial estimator, and (A9) holds if one can further assume the re-
stricted eigenvalue condition of the design matrix (Bickel et al., 2009). However, it is still largely
unknown whether this conclusion also applies to the setting where both the loss and the penalty
are non-differentiable. Without imposing any new regularity conditions, we next prove that in
the moderately high dimensions p = o(y/n), the solution to the L;-penalized SVM satisfies (A9)
under conditions quite similar to (A1)-(AS).

The following regularity conditions are modified from (A1)-(A8). Conditions (A3) (A7), and
(A8) do not change.

(A1*) The densities of X* given ¥ = +1 and Y = —1 are continuous and have a common
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support in RP,

(A2%) E[XJQ] <ooforl<j<p.

(A4*) pp, = O(n“) for some 0 < ¢; < 1/2.

(A5*) There exists a constant M; > 0 such that A\pe(n ! XTX) < M. It is further
assumed that max;<;<y || X;|| = Op(\/pnlogn), (X;,Y;) are in general position (Koenker, 2005,
sect. 2.2), X;; are sub-Gaussian random variables for 1 <i <n,q, +1 < j < pj.

(A6™) A\pnin(H(Bo)) > M3 for some constant Mz > 0.

Under the new regularity conditions, we can conclude that the solution to the Li-penalized
SVM is an appropriate initial estimator. Combined with Theorem 2.3, the LLA algorithm
initiated with a zero vector can identify the oracle estimator with one more iteration. The

results are summarized in the following Theorem.

Theorem 2.4. Assume BLl is the solution to the Li-penalized SVM with tuning parameter
cn- If the modified conditions hold, A = o(n=(1=¢2)/2) plog(n)n='/? = o(\) and ¢, = o(n~1/?),
then we have Pr(\Bfl — Boj| > A, for somel < j < p) = 0 as n — oo. Further, the LLA
algorithm initiated by ,@Ll finds the oracle estimator in two iterations with probability tending

to one. That is, Pr{B(A) = B} — 1 asn — oo.

Note that Theorem 2.4 can guarantee that the LLA algorithm initialized by the BLl iden-
tifies the oracle estimator with high probability only when p = o(y/n). However, our empirical
studies suggest that even for cases with p much larger than n, the LLA algorithm initiated by
BLl usually converges within two iterations and the identified local minimizer has acceptable

performance.

2.4 Simulations

We carry out simulation studies to evaluate the finite-sample performance of the non-convex
penalized SVMs. We compare the performance of SCAD-penalized SVM, MCP-penalized SVM,
standard Ls SVM, Lj-penalized SVM, adaptively weighted L;-penalized SVM (Zou, 2007) and
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hybrid Huberized SVM (Wang et al., 2007) (denoted by SCAD-svm, MCP-svm, Lg-svm, L;-
svim, Adap Li-svm, and Hybrid-svm, respectively) with weight parameter w = 0.5. The main
interest here is the ability to identify the relevant covariates and the control of test error when
p > n.

For the choice of tuning parameter A, Claeskens et al. (2008) suggested the SVM information
criterion (SVMIC). For a subset S of {1,2,...,p}, the SVMIC is defined as

SVMIC(S) = 3 & +1log(n)|S],
=1

where |S| is the cardinality of S and &, i = 1,2,--- ,n denote the corresponding optimal slack
variables. This criterion directly follows the spirit of the Bayesian information criterion (BIC)
by Schwarz (1978). Chen and Chen (2008) showed that BIC can be too liberal when the model

space is large and proposed the extended BIC (EBIC):

p

EBIC,(S) = —2log Likelihood + log(n)|S| + 27<‘S’

), 0<~y< 1L
By combining these ideas, we suggest the SVM-extend BIC (SVMIC,)

SVMIC, (S) = 3 2Wiés + log(n)|S] + 27<|§|>, 0<y<l.
=1

Note that SVMIC,, reduces to SVMIC when v = 0 and w = 0.5. We use v = 0.5 as suggested
by Chen and Chen (2008) and choose the A that minimizes SVMIC,.

We consider two data generation processes. The first, adapted from Park et al. (2012), is
essentially a standard linear discriminant analysis (LDA) setting. The second is related to probit

regression.

e Model 1: Pr(Y =1) =Pr(Y = -1) =05, X*|(Y =1) ~ MN(p, %), X*|(Y = —1) ~
MN(—p,%), ¢ =5, p = (0.1,0.2,0.3,0.4,0.5,0,...,0)" € RP, ¥ = (0;;) with nonzero

elements o;; = 1 for i =1,2,--- ,p and 0;; = p = —0.2 for 1 < i # j < g. The Bayes rule
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is sign(2.67X7+2.83X2+3X3+3.17X4+3.33X5) with Bayes error: 6.3%.

e Model 2: X* ~ MN(0,,X), ¥ = (0;;) with nonzero elements o;; =1 for i =1,2,--- ,p
and o;; = 0.4 for 1 <4 # j < p, Pr(Y = 1|X*) = ®((X*)"B*) where ®(-) is the CDF
of the standard normal distribution, 8* = (1.1,1.1,1.1,1.1,0,...,0)", ¢ = 4. The Bayes

rule is sign(X;+ X2+ X3+ X4) with Bayes error 10.4%.

We consider different (n, p) settings for each data generation process with p much larger than
n. Similarly to Mazumder et al. (2011), an independent tuning dataset of size 10n is generated
to tune any regularization parameter for all methods by minimizing the estimated prediction
error calculated over the tuning dataset. We also report the performance of the SCAD- and
MCP-penalized SVMs using SVMIC,, to select the tuning parameter A. Notice that tuning by a
large independent tuning dataset of 10n approximates the ideal “population tuning”, which is
usually not available in practice. By giving all the other methods the best possible tuning, we
are controlling the effect of tuning parameter selection and conservative about the performance
of the non-convex penalized SVMs tuned by SVMIC,. As we will see later, the results of SCAD-
and MCP-penalized SVMs using the independent tuning dataset are slightly better than the
corresponding results using SVMIC, tuning; and all other methods have no ability to select
the correct model exactly, even with an unrealistically good tuning parameter. The range of A
is {276,...,23}. We use a=3.7 for the SCAD penalty and a = 3 for the MCP as suggested in
the literature. We generate an independent test dataset of size n to report the estimated test
error. The columns “Signal” and “Noise” summarize the average number of selected relevant
and irrelevant covariates, respectively. The numbers in the “Correct” column summarize the
percentages of selecting the exactly true model over replications.

Table 2.1 shows the results of Model 1 for different (n, p) settings. The numbers in parenthe-
ses are the corresponding standard errors based on 100 replications. When tuned by using an in-
dependent tuning set of size 10n, both SCAD- and MCP-penalized SVMs identify more relevant
variables than any other methods and they also reduce the number of falsely selected variables

dramatically. When tuned by SVMIC,, SCAD- and MCP-penalized SVMs select slightly fewer
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Table 2.1:  Simulation results for Model 1
Method n D Signal Noise Correct Test Error
SCAD-svm 100 400 4.94(0.03) 0.89(0.19) 64%  8.71%(0.4%)
100 800 4.93(0.03) 0.93(0.14) 51%  9.39%(0.4%)
200 800 5.00(0.00) 0.09(0.05) 96%  7.20%(0.2%)
200 1600 5.00(0.00) 0.07(0.04) 96%  7.24%(0.2%)
MCP-svin 100 400 4.90(0.04) 0.88(0.17) 53%  8.96%(0.4%)
100 800 4.92(0.03) 1.37(0.20) 40% 10.59%(0.5%)
200 800 5.00(0.00) 0.06(0.04) 9%  7.30%(0.2%)
200 1600 5.00(0.00) 0.09(0.03) 92%  6.79%(0.2%)
SCAD-svmVMICy) 100 400 4.64(0.08) 0.48(0.11) 64% 10.32%(0.6%)
100 800 4.63(0.09) 0.57(0.09) 52% 11.68%(0.7%)
200 800 5.00(0.00) 0.03(0.02) 97%  7.24%(0.2%)
200 1600 4.99(0.01) 0.05(0.03) 95%  7.23%(0.2%)
MCP-sym®VMICy) 100 400 4.46(0.10) 0.44(0.08) 45% 11.81%(0.6%)
100 800 4.34(0.11) 0.68(0.11) 38% 13.13%(0.7%)
200 800 5.00(0.00) 0.09(0.03) 92%  7.34%(0.2%)
200 1600 5.00(0.00) 0.06(0.03) 95%  7.19%(0.2%)
Li-svmn 100 400 4.87(0.05)  32.97(1.47) 0% 16.08%(0.5%)
100 800 4.63(0.07)  44.34(2.18) 0% 19.71%(0.6%)
200 800 5.00(0.00)  21.33(1.70) 0%  9.59%(0.3%)
200 1600 4.99(0.01)  33.37(0.96) 0% 10.88%(0.3%)
Hybrid-svm 100 400 4.78(0.05)  24.74(1.37) 0% 16.34%(0.5%)
100 800 4.62(0.06)  27.16(1.30) 0% 19.93%(0.6%)
200 800 5.00(0.00)  12.86(0.99) 0%  9.93%(0.2%)
200 1600 4.99(0.01)  10.85(0.98) 0% 10.53%(0.3%)
Adap Li-svm 100 400 4.39(0.08)  13.14(0.90) 0% 16.76%(0.5%)
100 800 3.99(0.08)  12.50(0.69) 0% 20.19%(0.6%)
200 800 4.86(0.04) 3.93(0.25) 1% 10.04%(0.3%)
200 1600 4.49(0.06) 1.01(0.09) 4%  13.43%(0.4%)
Ly-svin 100 400 5.00(0.00)  395.00(0.00) 0% 39.23%(0.5%)
100 800 5.00(0.00)  795.00(0.00) 0% 42.99%(0.5%)
200 800 5.00(0.00)  795.00(0.00) 0% 39.22%(0.3%)
200 1600 5.00(0.00) 1595.00(0.00) 0% 42.50%(0.4%)
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Table 2.2:  Simulation results for Model 2 with n = 250 and p = 800

Method Signal Noise Correct Test Error
SCAD-svm 3.99(0.01)  0.26(0.08)  92.5% 11.4%(0.1%)
MCP-svm 3.99(0.01)  0.17(0.07)  93.5% 11.3%(0.1%)
SCAD-svm(SVMICY)  3.96(0.02)  0.05(0.02) 94% 11.5%(0.1%)
MCP-symSVMICy) 3.98(0.01)  0.07(0.02)  92.5% 11.4%(0.1%)
Li-svm 4.00(0.00)  6.84(0.42) 7.5% 12.4%(0.1%)
Hybrid-svm 4.00(0.00)  4.03(0.41)  10.5% 11.9%(0.1%)
Adap L;-svm 4.00(0.00)  2.90(0.28) 38% 11.8%(0.1%)

(0.00) (0.00) (0.2%)

Ly-svm 4.00(0.00) 796.00(0.00 0% 32.5%(0.2%

signals when n = 100, but this is based on the fact that other methods select a much larger
model without proper control of noise. A large proportion of the missed relevant covariates are
from X as it has the weakest signal. Notice that SVMIC,, performs almost the same as “pop-
ulation tuning” when n is relatively large. In general, the non-convex penalized SVMs have an
overwhelmingly high probability to select the exact true mode as n and p increase, while other
methods show very weak, if any at all, ability to recover the exact true model. This is consistent
with our theory of asymptotic oracle property of non-convex penalized SVMs. The test errors
of SCAD- and MCP-penalized SVMs are uniformly smaller than those of any other method in
all settings, even in the settings with a small sample size n = 100 and tuned by SVMIC,,, where
they select slightly fewer signals. This is due to the fact that in high dimensional classification
problem, a large number of falsely selected variables will greatly blur the prediction power of
the relevant variables.

Table 2.2 shows the results of Model 2 for n = 250 and p = 800. The numbers in the
parentheses are the corresponding standard errors based on 200 replications. We observe similar
performance patterns in terms of both variable selection and prediction error. Due to the higher
correlation between signal and noise, in Model 2 it is generally more difficult to select the
relevant covariates. Both SCAD- and MCP-penalized SVM still have reasonable performance
in identifying the underlying true model and result in more accurate prediction. Note that

under this data generation process the adaptively weighted Li-penalized SVM behaves similar
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Table 2.3: Classification error of MAQC-II dataset

Method Test error Genes
SCAD-svm 9.8%(0.2% 2.06(0.43
MCP-svm 9.6%(0.2% 1.04(0.02
Lqi-svin 10.9%(0.2% 28.74(1.36

34.30(1.03
1391.60(94.86
3000.00(0.00

Hybrid-svm  10.0%(0.1%
Lo-svm 10.8%(0.2%

M — — — —
— — —— — —— ——

(

(
Adap Li-svin  13.1%(0.2%

(

(

to non-convex penalized SVMs, though its oracle property is largely unknown.

2.5 Real Data

We consider the MAQC-IT data described in Section 1.2. The original data have been standard-
ized for each predictor. To reduce the computational burden, only the 3000 genes with largest
absolute values of the two sample t-statistics are used. Such simplification has been considered
in Cai and Liu (2011). Though only 3000 genes are used, the classification result is satisfactory.
We randomly split the data into an equally balanced training set with 50 samples with positive
ER status and 50 samples with negative ER status. The rest are designated as the test set. As
in the simulation study, we use a=3.7 for the SCAD penalty and a=3 for the MCP penalty.
To get a fair comparison, a 5-fold cross validation is implemented on the training set to select
a tuning parameter by a grid search over {2715 ... 23} for all methods and the test error is
calculated on the test data. The above procedure is repeated 100 times.

Table 2.3 summarizes the average classification error and number of selected genes. The
numbers in the parentheses are the corresponding standard errors based on 100 replications.
Non-convex penalized SVMs achieve significantly lower test error than all the other methods
except for the doubly penalized hybrid SVM. Although the doubly penalized hybrid SVM per-
forms similar to SCAD- and MCP-penalized SVMs in terms of test error, it selects a much
more complex model in general. In addition, the number of genes selected by non-convex pe-

nalized SVMs is stable, while the model size selected by hybrid SVM ranges from 102 genes
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to 2576 genes across the 100 replications. Such stability is desirable, so that the procedure
is robust to the random partition of the data. The numerical results confirm that SCAD- and
MCP-penalized SVMs can achieve both promising prediction power and excellent gene selection

ability.

2.6 Proofs

We first prove Lemma 2.1.

Proof of Lemma 2.1. Let I(B1) =n~' > 1 Wi(1 — Y;Z]31)+. Note that B = arg ming, [(B1).
We will show that when Vn > 0, there exists a constant A such that for all n sufficiently large,
Pr{inf = {(Bo1 + Vq/nu) > I(Bo1)} > 1 — n. Because [(81) is convex, with probability at
least 1 — n, Bl is in the ball {81 : |81 — Boil| < A\/W} Denote A, (u) = ng HI(Bo1 +
Va/nu) —1(Bo1)}. Observe that E{A,(u)} = ng~{L(Bo1 + \/q/nu) — L(Bo1). Recall also that
Bo = argming E{W (1 — YX78)}. If we restrict the last p — ¢ elements to be 0, it can be
easily seen that Bp1 = argming, E{W (1 — Y Z"3:1)} = argming, L(B1), thus S(Bo1) = 0. By
Taylor series expansion of L(83;) around By1, we have E{A,(u)} = %uTH(B)u + 0p(1), where
B = Bo1 + Mtu for some 0 < t < 1. As shown in Koo et al. (2008), for 0 < j,k < gq,
the (j, k)-th element of the Hessian Matrix H(Bp1) is continuous given (A1) and (A2); thus
H(B) is continuous. By continuity of H(B) at Bp1, then %uTH(B)u = LuTH(Bo1)u + o(1)
as n — oo. Define W,, = =" (W,;YiZ; where ¢; = I(1 — Y;Z]Bp1 > 0). Recall that
S(Bo1) = —E[GW;Y;Z;] = 0. If we define

i) = Wi(1 = Yi2Z] (o + Yy = Wil = YiZB)s + GWYZ]V o

then we have

n

An(u) = E{An(w)} + Wiu/van+ ¢ Y [Rin(u) = E{Rin(u)}]. (2.7)

=1
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Then similar to Equation (28) in Koo et al. (2008) we have
¢ EllRin(u) — B{Rin(u)}’) < CA’E{q ' 1+ || Z|HU (V1 +[|Z]PAVa/n)},
i=1

where U(t) = I (|1 — Y;Z] Bo1| < t). (A2) implies that E{g~ (1 + || Z||*)} < cc. Hence, for any
€ > 0, we can choose a positive constant C such that E[¢g~'(1+||Z||2)I{¢ ' (1+]|Z|]*) > C}] <
€/2, then

E{g (1 +[1ZIHU(V1+1Z|PAVa/n)}

<Elg '+ 1ZIP)H{g ' (1 +11ZI*) > C} + CPr(]1 = YiZ] Bor| < CLv/q/n).

We can take a large N such that Pr(|1 — Y;Z[Bo1| < CA4/q/n) < 55 for all n > N by
(A4). This proves that ¢ 2> " E{|Rin(u) — E[R;»(u)]]*} — 0 as n — oo. Observe that
EW_ u/\/qn) =0, and

Var (Wu/\/qn) < Cn ¢ (ZTu)? < Cq " Aaz(n ™ X3 X 4)||ul[> = 0
=1

as n — oo. Therefore, the first term of (2.7) will dominate other terms as n — co. By (A6) we
have %uTH (Bo1)u > 0. Thus we can choose a sufficiently large A such that A, (u) > 0 with

probability 1 — 7 for ||u|| = A and all sufficiently large n. O
The proof of Theorem 2.1 relies on the following Lemmas.

Lemma 2.2.

n
Pr{qﬁlg;ip n Y WiYiXgI(1 - YiZ{ Bo > 0)] > A/2} = 0 as n — oo
T =1

Proof. Recall that E{W;Y;X;;1(1-Y;ZBo1 > 0)} = 0. By (A5) and Lemma 14.9 of Biithlmann
and Van De Geer (2011), we have Pr{n™|> 0 W;Y;X;;I(1 — Y;Z[Bo1 > 0)] > A/2} <
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exp(—CnA?). Note that

n
P -1 WY X;:I(1 — Y Z Bo1 > 0) > \/2
r{quI{l%xSpn \; Y X1 ( iZ; Bor > 0)| /2}

= Pr{Ugni<icp{n D> WiYiXyI(1 - YiZ{Bor > 0)] > A/2}} < pexp(—CnA®) — 0

=1

as n — oo by the fact that log(p) = o(nA?).

Lemma 2.3. For any A\ > 0,

Pr{ max sup | Y WiYiXy[I(1 - Y;2] By > 0) — I(1 = Y; Z] Boy > 0)
THISISP 18, Bol|<ay/afn =1

— Pr(1=YiZ]B1 > 0) + Pr(1 = Y;Z] Bo1 > 0)]| > nA} — 0

as n — o0.

Proof. We generalize an approach by Welsh (1989). We cover the ball {31 : ||81 — Boil| <
Ay/q/n} with a net of balls with radius Ay/q/n®. It can be shown that this net can be
constructed with cardinality N < dn? for some d > 0. Denote the N balls by B(t1), ..., B(tn),

where ty,k =1,..., N are the centers. Denote x;(31) =1 — Y;Z]3;, and

N n
Tt = Y _Pr(] > WiYiXy[I{ki(tx) > 0} — I{i(Bor) > 0}
k=1 =1
—Pr{si(ti) > 0} + Pr{s:(Bo1) > 0}]| > n)/2),

N n
Jnj2 = _Pr(_sup |Y WiViXy[I{ri(B1) >0}

k=1 BrEB(tk) =1
—I{k;(ty) > 0} — Pr{k;(B1) > 0} + Pr{r;(ti) > 0}]] > n)/2).
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Then by (A5),

Pr( sup | Y WiYiXij[I{ri(B1) > 0} — I{ri(Bor) > 0}
1B1-Bo1 [[<A4/a/n =1

— Pr{ki(B1) > 0} + Pr{k;(Bo1) > 0}]| > n\) < Inj1 + JInj2-

To evaluate Jynj1, let U; = W;Y;X,j[I{ki(tx) > 0} — I{ri(Bo1) > 0} — Pr{ri(tx) > 0} +
Pr{ri(Bo1) > 0}]. The U; are independent mean-zero random variable , and Var(U;) = E(U?) =
E(U2Y; = 1)Pr(Y; = 1) + E(U?|Y; = —1)Pr(Y; = —1). Denote F' and G the CDF of the

conditional distribution of Z"B3g; given Y = +1 and Y = —1. Observe that

E(UZ|Y; = 1) <C{F;(1 4 Z] (Bo1 — tx))(1 — F;(1 + Z] (Bo1 — tk))) + Fi(1)(1 — Fy(1))
— 2F;(min(1 + Z] (Bo1 — tx), 1)) + 2F;(1)F;(1 + Z] (Bo1 — tx))}

<C|Z] (tx — Bor)l,
and it follows by (A8) that

E(U7|Y; = —1)
<C{Gi(—1+ Z{(Bor — tx))(1 = Gi(=1+ Z] (Bo1 — tx))) + Gi(—=1)(1 — Gi(-1))
—2(1 = Gi(max(—1+ Zi(Bor — tx), —1))) + 2(1 = Gi(-1))(1 = Gi(—=1 + Z{(Bor — tx)))}

<C|Z] (tx — Bo)|.
Thus we have
> Var(U;) < nC max || Zi||||tx — Borl| = nO(Vglog(n))O(Vg/n) = O(v/nglog(n)).
i=1

Applying Lemma 14.9 of Biithlmann and Van De Geer (2011), for some positive constant C
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and C5 under the assumptions on the rate of A,

n2\2/4
C1v/nqlog(n) + Can

Jnj1 < 2N exp(— ) < Cexp{4qlog(n) — CnA}. (2.8)

To evaluate J,;2, note that I(z > s) is decreasing in s. Denote
Vi = [[{ri(B1) > 0} = I{ri(t) = 0} — Pr{ri(B1) > 0} + Pr{r;(tx) > 0}].

We have —B; < V; < A; for any B € B(ty), where
A; = [H{ri(tk) > —Av/g/n°} — I{ki(tk) > 0} — Pr{x;(tk) > Av/g/n} + Pr{xi(tx) > 0}],

B; = [I{r;(tx) > 0} — I{r;(tx) > DN/ q/n°} — Pr{k;(tx) > 0} + Pr{r;(tx) > —A+\/q/n°}].

Therefore, we have
Pr(_sup | WiYiXy[I{ri(B1) > 0} — I{i(t) > 0} — Pr{si(B1) > 0} + Pr{ri(t) > 0}]| > n)/2)
B1€B(tk) i=1

<Pr(Cmax|X;| sup |» Vil >n)\/2) < Pr{Cmax|X;;|max(d>_ A;,> B;)>nh/2}
! BiEB(tk) =1 ! =1 =1

by the fact that A; > 0, B; > 0. Note that

Do Ai=) [Hriltk) = —AVa/n} = I{ki(ti) = 0} — Pr{ri(ti) = —2+/q/n%} + Pr{i(ti) = 0}]
=1

=1

+ Z[Pf{f%(tk) > —Ay/q/n”} — Pr{ki(t) = Av/g/n°}]
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and

D [Pr{ki(t) = =AV/g/n%} = Pr{ri(ti) = Av/g/n)]

=1

Fi(1+ Av/g/n® — Z](Bor — ti)) — Fi(1 — A/ q/n® — Z7 (Bor — t))] Pr(Y; = 1)

+[Gi(=1+ AV = Z](Bor —6) = Gi(~1 = £/a]n = Z[ (B — )] Pr(Yi = 1)

<Cnlog(q)\/q/n%/q = C'log(q —3/2
by (A8). Denote
=[I{r;(tx) > —A\/q/n°} — I{r;(tx) > 0} — Pr{k;(tx) > —A+\/q/n°} + Pr{x;(tx) > 0}].

Thus for sufficiently large n by A = o(n~(=¢)/2) and A(7), we have

=
Z
2

ZPr(Czn:Ai>n)\/2) SZ C’ZO > nA/2 — Clog(q)qn™>/?) Z C'zn:Oi>n)\/4).

k=1 =1 k=1 i=1 =1 =1

Notice that O; are independent mean-zero random variables, and

E(07) = Ell{si(tw) > =Av/q/n%} — I{ri(ti) > 0}]° < \/g/n® max|[|Zi[| = Cqlog(n)n*2,

using a similar idea to deriving the upper bound of IE(UZQ) Applying Bernstein’s inequality and
the fact that max; | X;;| = Op(y/log(n)) for sub-Gaussian random variable, for some positive
constant C7 and Cj,

n?\?/4
C1qn=3/2log(n)3/2 4+ Cyn

N n
ZPr(C max | X;] ZAi > nA/2) < Nexp(— ) < Cexp{4qlog(n) — CnA}.
k=1 ’

i=1

Similarly, we can prove that 21]::1 Pr(Cmax; | Xij| Y iy Bi > n\/2) < Cexp{4qlog(n)—Cn\}.
Therefore, we have

Jnj2 < Cexp{4qlog(n) — CnA}. (2.9)
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Using (2.8) and (2.9), then the probability of Lemma 2.3 is bounded by

P
D " (Jnji + Jnj2) < Cexpflog(p) + 4glog(n) — CnA} — 0 (2.10)
J=q+1
which completes the proof. O

Now we prove Theorem 2.1.

Proof of Theorem 2.1. The unpenalized hinge loss objective function is convex. By convex op-
timization theorem, there exists v} such that s; (ﬁ) =0, 7=0,1,....q, with v; = v}.

Note that minj <<, |3j| > minj<;<, |8o;| — maxi<j<q |35 — Bo;|. Under Condition (A7), we
have n1=¢2)/2 min; < <, |Boj| > M1, and maxi<j<, |Bj — Boj| = Op(1/q/n) by Lemma 2.1. Thus
we have min <<, |5;] = O,(n=(17¢2)/2). By X\ = o(n=(1=¢2)/2) we have Pr(|Bj| > (a+3)A) = 1,
,for j=0,1,...,¢q.

By the definition of the oracle estimator, we have \BJ| =0, j=q+1,...,p. It suffices to
show that Pr{\s]-(@)] > A\, for some j=q+1,...,p} - 0.Let D={i:1— YiZiTél = 0}; then

for j=q+1,...,p, we have
A n ~
si(B) = —n"'Y WYX I(1-Y;Z]B1 2 0) —n~' > W;YiXij(v; — 1),
i=1 €D

where —1 < v; < 0if ¢ € D and v; = 0 otherwise. By (A5) (Z;,Y;) are in general positions,
with probability one there are exactly (¢ + 1) elements in D. Then by (A4), with probability
one |[n~t>. p WiYiXi(v; — 1)] = O(gn~'log(q)) = o(A). Thus we only need to show that
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Pr{max,t1<j<p|n 1 >0 WiYiX;;I(1 — YiZZ-TB1 > 0)| > A} = 0. Observe that

n
P INT WYX I(1 - Y278, > 0)] > A
r{q+1{1§21«;(§p|n Zzl i LiAgj ( 7 1161— )‘ }

n
~ A
-1
SPr{q+r{1§;<Sp|n E WY Xi;[I(1 -Y;Z[ 381 > 0) — I(1 - Y, Z By > 0)]] > 5}

i=1
+Pr{ max [n”! Zn:WZ-Y;Xi-I(l ~Y;ZIBo1 > 0)| > é}. (2.11)
etlsisp = ’ T 2

By Lemma 2.2 the second term of (2.11) is 0,(1). Notice that from Lemma 2.1, the first term

of (2.11) is bounded by

u . A
Pr[ max |n~" ) WYX {I(1-Y:Z[B1 >0) — I(1 - Y;Z{Bor > 0)}| > o1

q+1<j<p =1
n
< -1 VX _ V773, >0) — _Vv.7ZT >
_Pr[qﬁl%xgp sup ™t WYX {I(1 - Y;Z] 81 > 0) — I(1 - Y;Z] Boy > 0)

[1B1—Bo1||[<AV/q/n i=1
A
—Pr(1-YiZ{B1 =2 0) + Pr(1 - YiZ{Bn > 0)}| > Z]

n
P 5 -1 Y X, APr(1 - Y, ZT 3, >
+ r[qglgfgp sup In ZWz i ZJ{ r( iZ;B1>0)
[1B1—Bo1||<A+/q/n i=1
A
—Pr(1 -Y,Z{Bo1 > 0)}| > Z}' (2.12)

By Lemma 2.3, the first term of (2.12) is 0,(1). Thus we only need to bound the second term

of (2.12). Notice that

|Pr(1-Y;Z] 31 > 0) — Pr(1 - Y;Z{Bo1 > 0)]

<|Fi(1+ Zi(B1 — Bor)) — Fi(1)| Pr(Y; = 1) + |Gi(=1 + Z{(B1 — Bo1)) — Gi(=1)| Pr(Y; = —1).
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Then we have

n
max sup In™" ) WiYiXi{Pr(1 - Y;Z] By > 0) — Pr(1 - Y;Z] B > 0)}]
q+1<j<p ;
1B1—Bo1||I<A/a/n i=1

<C'max | Xy sup n~ 1> 1Zil|1B1 — Borll = Op(v/log pr)O(1/q/n)Op(1/qlog(n))

v [1B1—Bo1l|<A/g/n i=1
=0p(A).
Thus
n
Pr max sup n=" > WYX {Pr(1 - Y, Z{ 31 > 0)

[1B1—Bo1||<AV/q/n i=1
A
—Pr(1-Y;Z[Bo1 > 0)}| > Z} = op(1),

which completes the proof. ]

Now we prove Theorem 2.2.

Proof of Theorem 2.2. We will show ,@ is a local minimizer of Q(3) by writing Q(3) as g(3) —

h(B).
By Theorem 2.1, we have Pr{G C dg(8)} — 1, where

~

where [; € [-1,4+1], j=q+1,...,p.
Consider any 3 in the RPT! with the center B and radius % It is suffices to show that there

exist £ € G such that Pr{¢; = M} — 1lasn— oo.

s
Since 8(%{? = 0, we have §; = agéf)‘
For j = 1,....q, we have mini<j< |8j] > mini<j |8j] —maxi<jcq 65— 55| = (a+5)A -5 =

aX with probability one by Theorem 2.1. Therefore by Condition 2 of the class of penalties
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Pr{= O ’6) = Asgn(p;)} — 1 for j =1,...,q. For sufficently large n, sgn(3;) = sgn(ﬁj). Thus we
havePr{ﬁ;f—8h5)}—>1asn—>ooforj—1 ,q.

For j =q+1,...,p, we have Pr{|3;| < |[3]| +18; —Bj| < A} = 1 by Theorem 2.1. Therefore
) = 0} — 1 for SCAD and Pr{%P) = —£} — 1 for MCP. Observe that

we have Pr{=; ah(ﬂ
by Condition 2 we have Pr{\ B )\ < A} — 1 for the class of penalties. By Lemma 1 we
have Pr{|sj(ﬂj)] <A} = 1for j =q+1,...,p. We can always find I; € [-1,+1] such that
Pr{g;f =5 (ﬁ) +Alj = 86 } — 1for j =1,...,q, for both penalties. This completes the proof.

0

The proof of Theorem 2.3 consists of two parts. First we wil show that LLA algorithm
initiated by B(O) gives the oracle estimator after one iteration. Then we will show that once
LLA algorithm finds the oracle estimator B, the LLA algorithm will find it again in the next

iteration, that is, the LLA algorithm will converge.

Proof of Theorem 2.3. Assume that none of the events F),; is true, for i = 1,...,4. The proba-

bility that none of these event is true is at least 1 — P,; — Pro — Py3 — Pp4. Then we have

B = 1B — Bojl < Mg +1<j<p,

13371 2 16os] — 15, — gl = ar1<j<q

By Condition 2 of the class of non-convex penalties, we have p) (]| B§O)|) =0forl <j <gq.

Therefore the solution of the next iteration of B8(!) is the solution to the convex optimization

B = argminn™ 3TWi(1-ViXTB) + > (5”15 (2.13)

i=1 q+1<j<p

By the fact the F} 3 is not true, there exist some subgradients of oracle estimator s(,@) such that

sj(E) =0for0<j<gqand ]s](ﬁ)] < (1—1)Afor ¢+ 1 < j < p. Note that by the definition
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of subgradient, we have

n

Y Wi - YiXTB)s >t Y Wil =YX B)e + Y si(B)(B - B))
=1

P 0<j<p
=n Y Wil -YiX[B)++ Y. s;(B)(B; - By).
i1 q+1<j<p

Then we have for any 3

Wi -vX78) + Y AIBODIG - Y Wi - viXTB) e+ Y sAIBDIG

i=1 q+1<j<p i=1 q+1<j<p
- ~ 1 —~
> 3 AIBTD =B sen(8)}- 141> D (L= A= s5(B) -sen(8)} - 18] > 0.
q+1<j<p q+1<5<p

The strict inequality holds unless §; = 0 for all ¢ +1 < j < p. Since we consider the non-
separable case where the oracle estimator is unique, we know the oracle estimator is the unique
minimizer of (2.13) and hence B = B This proves that the LLA algorithm finds the oracle
estimator after one iteration.

In the case that Fo is not true, we have |Bj] > a for all 1 < j < ¢. Hence by Condition
2 of the class of penalties p(|3;]) = 0 for all 1 < j < q and p}(|3;]) = p4(0) = A for all
g+ 1<j <p. Once the LLA algorithm finds ,@, the solution to the next LLA iteration B(Q) is

the minimizer of the convex optimization problem

n

B = argminn~! Z Wil =Y:X{B)++ >, Al (2.14)
i=1 q+1<5<p
Then we have for any 3

{n”! ZWi(l ~YiX;B)++ Z NBjly = {n"" ZWi(l ~YiX[B)4 + Z AlB;1}
=1 1

q+1<j<p 1= q+1<i<p

> Y {A—s;(B)-sen(B))} - |8;] > 0.

q+1<5<p
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and hence B2 = B is the unique minimizer of (2.14). That is, the LLA algorithm finds the
oracle estimator again and stops.
As n — oo, by Theorem 2.1 we have P,s — 0 and P,4 — 0. The proof for P,3 — 0 is similar

to the proof for Theorem 2.1 by changing the constant to be (1 — é) O
Now we prove Theorem 2.4.

Proof of Theorem 2.4. Let || - ||1 be the Ly norm of a vector. Denote I, (3) =n~1> " W;(1—
Y; X B)+ + cnl|B|]1. Note that

Elnp™{In(Bo + v/p/nuw) — 1:(Bo)}]
=E[np™ {W(1 - YX"(Bo + vp/nu))s — W(1 =YX Bo)}]

+np~ e (|80 + v/p/mully 8ol 1)

for some constant A that [|u|| = A. Observe that ||By + /p/nulli — ||Boll1 < ||v/p/nu||1 =
/p/n||u||1. By the fact that ¢, = o(n~1/2), we have np~'c,(||Bo + /p/null1 — ||Bo|l1) — 0

as n — oo. Then similar to the proof of Lemma 2.1, we can show that the expectation is
dominated by ju"H(Bop)u > 0 and Pr{inf|,=a (B0 + \/p/nu) > 1,(Bo)} > 1 — n. Hence
IBL — Bol| = O,(1/p/n). Because 2 = o(A), Pr(|3f1 — Boj| > A, for some 1 < j <p) —0
as n — o0o0. Then using Theorem 2.1 and Corollary 2.1 we have Pr{,@()\) = B} — 1, which

completes the proof. O
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Chapter 3

Reliability Modeling for Dependent

Systems

This chapter is organized as follows. We introduce the problem and notation in Section 3.1.
Section 3.2 summarizes the main results on the effects of dependence on system reliability and
component importance and the extensions to multi-state systems. Implementation details are
discussed in Section 3.3. Simulation studies are presented in Section 3.4, followed by the analysis

of the stockpile test data in Section 3.5. The technical proofs can be found in Section 3.6.

3.1 Introduction

A common goal in reliability modeling is to provide accurate estimates of system reliability
and component importance. Understanding reliability allows us to predict system performance.
Importance measures evaluate the relative importance of individual components and can be
applied to system design. Traditionally, the statistical models for reliability and component
importance depend heavily on the assumption that the components operate independently
within the system. In practice, however, it is more realistic to consider dependence among

the components. Barlow and Proschan (1975) summarizes several examples of dependence,
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including components subjected to common stresses and components sharing a load. Models
that ignore such sources of dependence are mis-specified and can result in biased estimates of
system reliability and component importance. The assumption of component independence can
limit the applicability of reliability modeling (Lawless, 1983).

In this chapter, we consider a system containing p components. In a binary system, each
component has two states: functioning and failed. Define a binary random variable X; as the
state of the jth component, with X; = 1 indicating the jth component is functioning, and
X; = 0 indicating the jth component has failed, j = 1,...,p. The reliability of the component
is denoted as m; = Pr(X; = 1). Write X = (X3,...,X,)" and w = (mq,...,mp)". It is clear
that if the components are mutually independent, the joint distribution of X is determined
completely by the marginal probabilities 7.

Let Xg denote a binary random variable representing the state of the system. As with the
components, the system can be either in a functioning state or a failed state. We assume the
state of the system is completely determined by the states of the components. That is, there
exists a non-random mapping ¢ : {0, 1} — {0, 1} such that Xg = ¢(X). This function ¢(X) is
called the structure function of the system. Interest focuses on coherent systems, which require
certain regularity conditions on the structure function. A component is relevant to the system
if the structure function ¢(X) is not constant in that component. The system is coherent if
each component in the system is relevant and ¢(X) is non-decreasing in each argument Xj,
j = 1,...,p. In this project, we only consider coherent systems. Some examples include the
series system, with ¢(X) = [[/_; X}, the parallel system, with ¢(X) =1 —[[}_,(1 - X}), and
the k-out-of-p system, with ¢(X) = 1if >°0_; X; > k and ¢(X) = 0if 3°F_; X; < k, where
the system is functioning if and only if at least k& out of p components are functioning.

The system reliability, R is defined as the probability of the system being in a functioning
state, with R = Pr(¢(X) = 1). To calculate the reliability of a system with independent
components, it suffices to find all of the minimal cut sets or the minimal path sets (Barlow and

Proschan, 1975). A minimal cut set is a minimal set of components such that the system fails
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whenever all the components in the set fail. A minimal path set is a minimal set of components
such that the system functions whenever all the components in the set are functioning. System

reliability satisfies

R=JJa-J[a=-m)=1- ] =TI (3.1)

ceC i€C PcP i€EP
where C is the set of all minimal cut sets and P is the set of all minimal path sets. Note that
Eq. (3.1) holds only when the component states are independent.

The condition of independent component states is a simplifying assumption that may not
be realistic in practice. Many methods have been proposed to study the impact of dependence
on system reliability. Two popular classes of models are the common cause failure model (Mar-
shall and Olkin, 1967; Hokstad, 1988; Vaurio, 2005) and the load sharing model (Durham and
Lynch, 2000; Kvam and Pena, 2005). Recently, Bayesian networks have been used to capture
the conditional independence structure of components (Bobbio et al., 2001; Langseth and Porti-
nale, 2007). All of these models make specific assumptions on the dependence structure among
components. Esary and Proschan (1970) considers general dependence structures and provides
bounds for dependent system reliability. However, the reliability bounds therein result from
the limiting case of independence and do not capture the effects of dependence on reliability
directly.

To allow dependence among components, we follow the definitions in Esary and Proschan
(1970). The random variables X = (X7, ..., X,)" are positively associated if Cov(f(X), g(X)) >
0 for any pair of increasing functions (f, g). The random variables can be arbitrary and do not
have to be binary. It can be easily seen that independence satisfies the positively associated as-
sumption. Since f and g can be any increasing functions, the condition of positively associated
random variables describes a particular type of positive dependence. Throughout this chapter,
we assume X = (X1,...,X,)" are positively associated. Under this assumption, the reliability
of a dependent system depends on both the marginals of the components and the dependence
structure.

Another important problem in reliability modeling is to rank the importance of components

39



in a coherent system. Among many existing importance measures, we focus on the reliability
importance, because our primary interest is in identifying the most important components from
the perspective of system reliability. For positively associated components, Barlow and Proschan

(1975) defined the reliability importance of the jth component as

I; = E[p(1;, X_;)] — E[#(0;, X_;)],

where (1;,X_;) denotes the state vector (Xi,...,X;-1,1,X;41,...,Xp), and similarly for
(05, X_;). The jth component is critical to the system if ¢(1;,z_;) = 1 and ¢(0j,x_;) = 0
given X_; = x_; for the other components. That is, a component is critical to the system, given
the states of other components, when the system fails if and only if that component fails. It
can be shown that the reliability importance is equivalent to the probability of the component
being critical to the system (Barlow and Proschan, 1975). A comprehensive review of reliability
importance measures and their applications can be found in Kuo and Zhu (2012).

The effect of dependence on component reliability importance is much less studied in the
literature. The definition of reliability importance in Birnbaum (1968) assumes component
independence. Barlow and Proschan (1975) extends the definition of component reliability im-
portance to allow the dependence among the components. Under the extended definition, both
the marginal distributions and the dependence structure can change component importance;
however, Barlow and Proschan (1975) discusses only the effects of the marginals. Ebrahimi
et al. (2014) provides interesting results on the order of information importance under depen-
dent components. However, we are not aware of results for reliability importance as defined in

Barlow and Proschan (1975) for dependent components.

3.2 Main Results

In this section, we establish a unified framework to study the effects of dependence on system

reliability and component importance. The foundation of this unified framework is copula the-
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ory. We first provide a brief review of copula theory; for more details in a modern treatment of
copula theory, see Nelsen (2007).

The main motivation for copulas is to represent a joint distribution through modeling the
marginals and the dependence structure separately. A copula function C = C(u1,...,up) is a
mapping C : [0, 1]? — [0, 1] that is a cumulative distribution function (CDF') with each marginal
a uniform distribution on [0,1]. In other words, C(uy,...,u,) = Pr(Ui < ui,...,Up, < up),
where U; ~ Unif(0,1), j = 1,...,p. Let F denote the joint CDF of X, and F} the marginal
CDF of Xj;. If the joint distribution of X can be represented by the marginal F}’s and the

copula C', the marginals and the copula satisfy

F(z1,...,2p) = C(Fi(z1),..., Fp(ap)). (3.2)

Sklar (1959) showed that for any joint distribution, such a copula function C' satisfying Eq. (3.2)
always exists. The copula function C is usually modeled parametrically, and the marginals can
be constructed either parametrically or nonparametrically. Copula theory provides a flexible
way to model joint distributions with arbitrary dependence structures, which forms the basis
for the results in the section.

The results for system reliability are provided in Section 3.2.1, followed by the results for
component importance in Section 3.2.2. Extensions to multi-state system are summarized in

Section 3.2.3.

3.2.1 System Reliability with Dependence

When a system has dependent components, the system reliability is a function of both the
component marginals and the dependence structure, making it challenging to calculate the exact
system reliability. However, certain reliability bounds hold for coherent dependent systems.

Esary and Proschan (1970) proposed the following well-known reliability bounds: for a coherent
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binary system with positively associated component states, the system reliability satisfies

[Ta-JJa-m)<r<1-J]0-]]m). (33)

ceC i€C PcP icP

where C is the set of all minimal cut sets and P is the set of all minimal path sets. The reliability
bounds in Eq. (3.3) essentially come from the extreme scenarios of independent minimal cut
sets and minimal path sets. To see this, consider a simple series system. It can be easily seen
that each component is a minimal cut set. Therefore, the lower bound of the system reliability
in Eq. (3.3) is H§:1 mj. That is, the lower bound of any coherent series system with positively
associated component states is just the system reliability in the extreme case of independent
components. Similarly, each component in a parallel system is a minimal path set, and the upper
bound in Eq. (3.3) for a parallel system is just the reliability of the parallel system with the
same marginals and independent component states. This dependence of the reliability bounds
on the independence assumption can be seen from the formulation of the bounds: they are
completely determined by the marginals. Though the reliability bounds hold for any coherent
system with arbitrary dependence structure, the bounds in Eq. (3.3) are exactly the same for
two systems with the same marginals, but different dependence structures, which is obviously
not a desirable result.

Copula theory provides a direct tool to characterize the influence of dependence on system
reliability. Recall that the system reliability, R = Pr(¢(X) = 1), is determined by the joint
distribution of X. The existence result in Sklar (1959) guarantees that any F' can be expressed
equivalently as F}’s and a copula function C. In a binary system, Fj(z;) = (1 —7;)1(0 < z; <
1)+ 1(z; > 1), where 1(-) denotes the indicator function. Write R = Ry ¢ to explicitly express
the dependence of system reliability on the marginals and the copula function. The component
states are independent if C'(u1,...,up) = H§:1 up, which is the independence copula function.
Our goal is to incorporate the copula function C' into the reliability bounds. To achieve this, we

first need some ordering definitions to compare two copula functions. Since a copula function is a
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CDF for multivariate uniform random variables, it is natural to use the definitions of stochastic

ordering of positive dependence for multivariate CDF's.

Definition 3.1 (Joe (1997), Section 2.1). Let C(uq,...,up) = Pr(U; <uq,...,Up, < up) be the
CDF of Uy,..., Uy and C(ua,. .., up) = Pr(Uy > uq,...,U, > uyp) be the corresponding survival
function. For two CDFs, C1 and Cy, C} is more positive upper orthant dependent (PUOD) than
Cy if

Ci(ut,...,up) > Colus,...,up), Y(ui,...,up) € RV

C4 is more positive lower orthant dependent (PLOD) than Cs if
Ci(ui,...,up) > Colur,...,up), Y(ui,...,up) € RP.

Some remarks about the definitions. First, the concepts of PUOD and PLOD only describe
the ordering of positive dependence. Specifically, more PUOD (PLOD) indicates that the ran-
dom variables are more likely to be large (small) together. Though these definitions cannot
capture the ordering of negative dependence, they are sufficient for reliability modeling because
the component states are usually positively associated.

Theorem 2.4 of Joe (1997) shows that for any positively associated random variables,
Ui,...,Up, and arbitrary uy,...,u,, Pr(Uqs < ui,...,Up < up) > H?:1 Pr(U; < uj) and
Pr(Uy > uy,...,Up > up) > H§:1 Pr(U; > u;), where the equalities hold when Uy, ..., U,
are independent. In other words, the CDF of any positively associated random variables is both
more PUOD and PLOD than the corresponding CDF under independence. Note that PUOD
is equivalent to PLOD for p = 2, but this equivalence fails to hold in general for p > 2.

Based on the previous definitions, the following theorem summarizes the effects of depen-
dence on series and parallel system reliability, which are immediate results of Theorem 3.2 and

Theorem 4.2 in Navarro and Spizzichino (2010).

Theorem 3.1. Consider a coherent system with p positively associated component states X =

(X1,...,Xp)", p>2. Let m = (m1,...,m,) denote the marginals and C' the copula function for
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the joint distribution of component states. The system reliability, denoted as Ry ¢, satisfies
1. For a series system, if Cy is more PUOD than C1, then Ry o, < Rx.c,-

2. For a parallel system, if Co is more PLOD than Cy, then Rx ¢, > Ry c,-

Theorem 3.1 can be directly shown by applying the reliability representation for series
and parallel systems in Navarro and Spizzichino (2010) to discrete distributions. Theorem 3.1
implies any positively associated series (parallel) system is at least (most) as reliable as the
corresponding series (parallel) system under independence as shown in Esary and Proschan
(1970). Theorem 3.1 also implies that the reliability of a series (parallel) system increases
(decreases) with the order of positive dependence measured by PUOD (PLOD), which agrees
with Theorem 2.40 of Aven and Jensen (1999) for continuous marginal distributions. Notice
that the converse of Theorem 3.1 is true for continuous marginals but not true for discrete
marginals. That is, we cannot conclude that for two series systems with the same component
reliabilities, the copula function for the system with higher reliability is definitely more PUOD
than the other copula function. This difference is due to the lack of uniqueness of the copula
function under discrete marginals (see examples in Genest and Neslehova (2007)). Notice also
that the order of reliability for discrete random variables corresponds to the usual stochastic
order for continuous random variables. Additional results on other stochastic orders for system
lifetime are given in Navarro et al. (2015).

The results for series and parallel systems are building blocks for results applying to more
general systems. For general system structures, the effect of dependence becomes more complex
because it also depends on the specifics of the system structure. Recall that the system structure
can be summarized by the minimal path sets or minimal cut sets. Denote Pi,..., Ps; as the
minimal path sets and C1, . .., C), as the minimal cut sets. For aset J € {1,...,p}, we introduce
the notation (1_7,us) as the p-dimensional vector whose jth element equals to u; if j € J and
1 otherwise. We define (0_,u ) similarly. The following theorem characterizes the influence

of dependence on the reliability for a general coherent system.
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Theorem 3.2. Consider a coherent system with p positively associated component states X =
(X1,...,Xp)", p>2. Let ™ = (m1,...,mp) denote the marginals and C' the copula function for
the joint distribution of component states. Denote s the number of minimal path sets and m the

number of minimal cut sets.

1. Define

s

hotw) = (=17 3 (0 pouy p).

7=1 1<k <-<k;<s

If hey(w) > hey (u) for any w € (0,17, then Ry oy, < Ri.c,-

2. Define
gC(u) = Z(_l)j+1 Z C<(1*Ug:1cki’uug:10kz‘)>'

j=1 1<ki <--<k;<m

If gc, (w) > gc, (u) for any w € (0,17, then Rg ¢, > R c,-

Theorem 3.2 shows that the effect of dependence on reliability for a general system structure
can be characterized through the functions hc(u) or go(w). The function he(u) was called
the domination function in Navarro et al. (2014) and was used to represent the distribution
of system lifetime as a generalized distorted distribution in Navarro et al. (2015). The proof of
Theorem 3.2 is straightforward by converting the discrete component states to latent continuous
variables via the data augmentation technique in Smith and Khaled (2012) and applying the
results in Navarro et al. (2015) to the augmented data. Note that for discrete system states,
we are interested in the order of reliability, which corresponds to the usual stochastic order
for continuous random variables. Additional stochastic orders for continuous random variables,
such as the failure rate order, are also studied in Navarro et al. (2014) and Navarro et al.
(2015). Note also that the functions hc(w) and go(w) are similar to the representations in the
hyperminimal and hypermaximal distributions in Navarro et al. (2007).

The results for series and parallel systems are simply special cases of these more general
results. To see this, notice that for a series system, the set {1,...,p} is the only minimal path set

and s = 1. It can be shown that ho(u) = C(u) in this case. Similarly, for a parallel system, the

45



set {1,...,p} is the only minimal cut set and thus m = 1. It can be checked that gc(u) = C(u)
for a parallel system. Therefore, Theorem 3.2 extends the results for series and parallel systems
to a general coherent system.

The previous results on system reliability hold for a general copula function C. In practice, a
specific copula function has to be chosen from some parametric family to model the dependence.
One popular class of copula functions for joint distributions with p > 2 is the elliptical copulas,
where the copulas are constructed from elliptical distributions such as multivariate Gaussian
distributions and multivariate t-distributions (Fang et al., 2002). The Gaussian copula is the
most popular elliptical copula function, and it has been used in various problems for modeling
joint distributions (Xue-Kun Song, 2000; Pitt et al., 2006; Li et al., 2011). The Gaussian copula
is constructed from a multivariate Gaussian distribution with zero mean and correlation matrix

3. The copula function can be written as

Clui,...,up) = q)p(@*l(ul), e <I)71(up)),

where @), is the CDF of a p-dimensional N (0, 3) distribution, and & is the CDF for a standard
univariate normal distribution. Note that the copula function C'is completely determined by the
off-diagonal elements of the correlation matrix 3. Throughout this project, we use a Gaussian
copula to capture dependence in all of the numerical examples. The reason for this choice is
that the concepts of positively associated random variables, PUOD, and PLOD have direct and

simple interpretations in Gaussian copulas, which we summarize in the following propositions.

Proposition 3.1. Assume the joint distribution of component states X can be expressed using
a Gaussian copula with correlation matriz 3. The component states X are positively associated

& 3 > 0 element-wise.

Proposition 3.2. Assume two Gaussian copulas, Cy and Cs, with correlation matrices 31 and

39, respectively. Cp is more PUOD and PLOD than Cy if 31 > X9 element-wise.

Proposition 3.1 states that the condition of positively associated component states is equiv-
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Figure 3.1: For fixed 7, the series system reliability increases with p, while parallel system
reliability decreases with p.

alent to the condition that all the off-diagonal elements of the correlation matrix 3 are non-
negative. Proposition 3.2 states that the orderings of copula functions in terms of PUOD and
PLOD are are preserved by the element-wise ordering of 3.

For an illustrative example of the propositions, consider a system of four components with
mj =, j = 1,...,4. Assume the dependence structure of X can be captured by a Gaussian
copula with correlation matrix 3, where all the off-diagonal elements of 3 equal p for some
0 < p < 1. The nonnegativity of p comes from Proposition 1. It can be easily seen that when
p = 0, the component states X are independent. Figure 3.1 shows the system reliabilities of
series and parallel systems as a function of p for different choices of 7. It clearly shows that
the series system becomes more reliable as p increases, while the parallel system becomes more

reliable as p decreases. These results agree with the conclusions from Proposition 3.2.

3.2.2 Component Importance with Dependence

Component importance measures are used to evaluate the relative importance of each compo-

nent to the system and have been applied in wide range of problems (Kuo and Zhu, 2012).
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In general, the ranking of component importance is of more interest than the numerical val-
ues. Recall that the reliability importance of the jth component is defined as the probability
that the jth component is critical to the system. That is, I; = E[¢(1;, X_;)] — E[¢(0;, X_;)].
It is clear that I; depends on the joint distribution of X therefore, both the marginals and
the dependence structure can affect the ranking of component importance. When the compo-
nent states are independent, it is known that the component with the lowest reliability is the
most important to a series system (“a chain is as strong as its weakest link”) (Barlow and
Proschan, 1975). Similarly, it can be shown that the component with the highest reliability is
the most important to a parallel system. Though the definition of reliability importance applies
for dependent systems, no properties have been described for series and parallel systems with
arbitrary dependence structures.

The copula framework established in the previous section can be also applied to study the
influence of dependence on component importance. Note that in both series and parallel systems,
two components are equivalent in the system structure and have the same reliability importance
if they have the same component reliabilities. We are interested in how the dependence structure
of component states can change the ranking of reliability importance. Consider the following

theorem.

Theorem 3.3. Assume a coherent system with p positively associated component states X =
(X1,...,Xp)", p > 2. Let @ = (m1,...,7mp) denote the component reliabilities. Let m; = .
Let Cj . denote the copula for the CDF of (X, X_(; 1)), and Cy _; the copula for the CDF
of (X, X_(jjk)), where X _ ;1) denotes the states of all the components except the jth and kth

components.
1. For a series system, if Cy _; is more PUOD than C; _y, then I > Ij.
2. For a parallel system, if Cy _; is more PLOD than C; _y, then I; > I}.

Theorem 3.3 characterizes the effect of dependence on the ranking of reliability importance.

It can be easily seen that in dependent systems, two components may have different reliability
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importance even if they have the same marginals. More specifically, the ordering of I; and I},
depends on C; _j and Cj, _;, which capture the dependence structure of X; and Xj, with the
rest of component states. In other words, the component importance of the jth component
relies on both the marginal reliability and its relationship to the other components.

We now provide an intuitive explanation of the conclusions in Theorem 3.3. Imagine for
the jth component that we can replace it by a new component that is independent of the rest
of the components such that the system reliability remains the same after the replacement.
Denote the reliabilities of the original jth component and the new component as 7; and 77;,
respectively. m; = 77 if X; is independent of the rest of the components, and m; can be different
from 7 if the independence assumption fails. One interpretation for the new component is that
the original jth component “behaves” like the new component to the system in terms of system
reliability. Depending on the dependence structure of X, m/ may differ from 77 even if m; is
exactly the same as 7; for some i # j.

Under this imaginary replacement, it can be shown that for a series system with m; = 7y,
if Ck,—; is more PUOD than Cj _j, then 77 < m;. Loosely speaking, this means that the jth
component “behaves” like a less reliable component to the system than the kth component
under the independence assumption. Note that 77 < mj can hold regardless of the ordering of
the true marginals 7; and 7. Theorem 3.3 implies that even if the two components have the
exactly same m;’s, the one with the smaller 77 is more important to the series system. This

conclusion agrees with the “a chain is as strong as its weakest link” principle for independent

series systems. Intuitively, this is reasonable, because 7

; summarizes the information from

both the marginal and the dependence structure, and now the “weakest” link depends on both
the marginals and the dependence. Similarly, it can be shown that for a parallel system, the
condition that C} _; is more PLOD than C; _j, given m; = m;, implies 773’»‘ > T

The previous explanation assumes that 7 always exists and lies in the range of 0 and 1.

The following proposition justifies the existence of such replacement.

Proposition 3.3. For a coherent system with arbitrary dependence structure, there always
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ezists 0 < w7 < 1, such that replacing the jth component with a component that is independent

of the rest of the components and has reliability 7r;‘ keeps the system reliability unchanged.

We now consider the case of a Gaussian copula. Recall that a Gaussian copula is completely
determined by the correlation matrix 3. It turns out that the conditions in Theorem 3.3 can
be easily translated into element-wise orderings of the corresponding sub-matrices of ¥ based

on the following proposition.

Proposition 3.4. If the joint distribution of component states X has marginal @ and o Gaus-
sian copula with correlation matriz 3, then the joint distribution X_; has marginal w_; and
a Gaussian copula with correlation matriz 3(_ )y (), where 3(_j)(_j) is the sub-matriz of X

without the jth row and column.

For an illustrative example, consider a four-component system where (Xi,...,Xy) has

marginals m; = m for j = 1,...,4 and a Gaussian copula with correlation matrix

1 01 02 04
01 1 05 0.7
02 05 1 09

04 07 09 1

Though the components have the same marginals, their component importance can be
different due to the dependence of the component states. By Proposition 3.4, C1 _3 and Ca _;

are still Gaussian copulas with correlation matrices

1 02 04 1 05 0.7
Yox=2 =102 1 09|,Ei)xn =105 1 0.9
04 09 1 0.7 09 1
From the results of Proposition 3.2, Cy 1 is more PUOD and PLOD than C; _2. From

Theorem 3.3, we obtain I; > I for both series and parallel systems. Similarly, it can be easily
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checked that Iy > Iy > I3 > I, for both series and parallel systems in this example.

3.2.3 Extensions to Multi-State Systems

The copula framework established in the previous sections does not require a specific parametric
assumption about the joint distribution of component states. This generality enables us to
extend the previous results from binary systems to multi-state systems. In a multi-state system,
some components can have a range of states of performance, varying from perfect functioning to
complete failure with degraded states in between. The system thus can also have multiple states
(Barlow and Wu, 1978; El-Neweihi et al., 1978). We consider dependent multi-state systems by
assuming the component states are positively associated. Assume the state of the component,
X, is a discrete random variable taking values in S, S = {0,1,..., K}, where K indicates
perfect functioning and 0 indicates failure. That is, each component has K + 1 states. Denote
mjk = Pr(X; = k) for 1 <j <pand 0 <k < K. For those components with fewer than K + 1
states, we simply have some ;s equal to zero. Denote by 7 the p x (K 4 1) matrix that stores
all the values of 7;;’s. Note that a multi-state system reduces to a binary system when K = 1.

The structure function, ¢(X), is defined as a mapping from S™ to S. El-Neweihi et al. (1978)
generalized the idea of binary coherent systems to multi-state systems, where ¢(X) satisfies
the following three conditions: (i) ¢(X) is increasing in each component; (ii) For level k of
component j, there exists a vector _; such that ¢(k;, x—;) = k, with ¢(l;,x—_;) # k for | # k,
j=1,...,pand k=0,...,K; (iii) ¢(k,..., k) =k for k =0,1,..., K. Systems with structure
functions satisfying these three conditions are referred to as multi-state coherent systems. Note
that a binary coherent system requires (i) and (iii), and condition (ii) is automatically satisfied
for K = 1. Examples of ¢(X) include ¢(X) = minl;z1 X for multi-state series systems, and
¢(X) = max’_, X; for multi-state parallel systems.

Given the marginal parameters, we are interested in the influence of dependence on the
expected system state, E[¢(X)]. The expected system state can be seen as one of the gen-

eralizations of system reliability in the binary system. Under the definitions in Barlow and
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Wu (1978) and El-Neweihi et al. (1978), a multi-state coherent system has minimal path sets

Py, ..., P; and and minimal cut sets C1, ..., C), if

#(X) = max min X; = min maxX;.
1<j<sicP; 1<j<m ieC;

That is, the state of the multi-state system is the “worst” state in the “best” path set and the
“best” state in the “worst” cut set. Based on these generalized minimal path sets and minimal

cut sets, the following theorem extends the results of Theorem 3.2 to multi-state systems.

Theorem 3.4. Consider a multi-state coherent system with p positively associated component
states X = (X1,...,X,)", p > 2. Let Tpx(k+1) denote the marginal parameters and C the
copula function for the joint distribution of component states. Denote s the number of minimal

path sets and m the number of minimal cut sets.

1. Define

s

he(w) =S S 0((0L, puy p)

j=1 1<k <-<k;<s
If hey(u) > hey (u) for any w € [0,1]P, then Ex ¢, [¢(X)] < Exr ¢,[¢(X)].

When the system structure is series, ho(u) = C(u).

2. Define
gc(u) = Z(_l)j+1 Z C((I_Ug=1cki’uug=1cki)>.
j=1 1<ki<-<k;<m
If gcu(u) = goy (u) for any w € [0,1]7, then Ex o, [¢(X)] = Eqr ¢, [¢(X)].

When the system structure is parallel, go(u) = C(u).
The reliability importance of a component in a binary coherent system is defined as the
probability of that component being critical to the system. This definition can be naturally

generalized to multi-state systems. For a multi-state system, Barlow and Wu (1978) define the

jth component as critical to the system at the kth state if when the jth component in the kth
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state, the system is in the kth state and when the jth component is not in the kth state, the
system is mot in the kth state.

They further define the importance measure of the jth component at the kth system state,
denoted as Iji, as the probability that the jth component is critical to the system at the kth
state. Proposition 2.5 of Barlow and Wu (1978) shows that I, = Pr(E; N Ey N E3), where
Ei={X_jj=2z_j:z;=k=¢x) =k}, Ba ={X_j=x_; : 2j < k= ¢(x) < k} and
Es={X_j=x_j:x; > k= ¢(x) > k}. As expected, I;; = Pr(¢(1,z_;) =1,¢(0,z_;) = 0)
when K = 1, which agrees with the importance measure in a binary system. Based on this

definition, the following theorem extends the results of Theorem 3.3 to a multi-state system.

Theorem 3.5. Consider a multi-state coherent system with p positively associated component
states X = (X1,...,Xp)", p > 2. Let Tpx(K+1) denote the marginal parameters. Let mw; =
m;, where w; is the jth row of w for j = 1,...,p. Let C; _j be the copula for the CDF of
(X, X_(j,n) and Cj _; be the copula for the CDF of (X1, X_(; 1))

1. For a series system, if Cj _; is more PUOD than C; _;, then I, > Iy, fork =1,... K.
2. For a parallel system, if Cj _; is more PLOD than C; _j, then Lj, > Iy, fork =1,... K.

We add a final remark on the generalization to multi-state systems. The conclusion of The-
orem 3.4 is with respect the expected system state Ex [¢(X)]. Another natural generalization
of system reliability from binary systems to multi-state systems is the probability of the system
being perfectly functioning, that is, Pr(¢(X) = K). It can be shown that the results still hold
if one changes all of the expected system states in Theorem 3.4 into the probabilities of the

system being perfectly functioning.

3.3 Implementation

In this section, we briefly discuss the implementation for modeling dependent systems using

Gaussian copulas and Markov chain Monte Carlo (MCMC). The reasons for inference under
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the Bayesian framework are twofold. First, the direct estimation approach is computationally
prohibitive for discrete data (see examples in Smith and Khaled (2012)). Second, confidence
intervals for copula parameters are readily available under the Bayesian paradigm, and these
are important for assessing whether the associations between components are significant or not.

Let «; = (z1,...,%ip)" be the component states in the ith instance, and & = (z1,...,z,).
Consider augmented data w = (u1,...,u,) and u; = (w1, ..., up)". Write Fj(z;;) for the
left-hand limit of F} at x;;, and c¢(u) = 0C(u)/Ou for the density of the copula function C.
Smith and Khaled (2012) showed for the joint density f(x,w) =[], H?:l 1(F; (z;;) Sy <
F; (a:w)) c(u;), the marginal of x is exactly the density of the joint distribution of & with marginal
F;’s and copula function C. Using the Gaussian copula density derived in Xue-Kun Song (2000),

the augmented likelihood can be written as

(@ ulm, 2) = (S T exp [[@7 () (T - £)87 (u)]
=1

x [ 757 (=) 1(Fy(ay;) < wyj < Fj(ay),
j=1

where @~ (u;) = (27 L(ui1),..., P (usp))". Given a prior distribution p(s,X), the posterior
distribution given the augmented data is simply p(m, X|x, u) x p(w, %) X f(x, u|r, ).

The following sampling scheme follows the data augmentation scheme described in Smith
and Khaled (2012). The main idea of data augmentation is to sample the augmented data and

the parameters iteratively. The sampling repeats the following two steps:
L. Let u(j) = (u1j, ..., ung)" For j =1,...,p,
(a) Sample from p(m;|Trrj, Wity 2, T),
(b) Sample from p(w(;)|7), w(rzj), X, ),
2. Sample from p(X|u).

In all of the numerical examples of this project, we choose a Unif(0,1) as the prior for the

mj's and p(X) o< 1 as the prior for 3, as suggested in Barnard et al. (2000). Under these prior
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distributions, it can be shown that step (1b) is equivalent to sampling from a truncated normal
distribution. For steps (1a) and (2), we use the Metropolis-Hasting algorithm with a Gaussian

distribution centered at the current values as the proposal distribution.

3.4 Simulations

3.4.1 System Reliability with Dependence

In this subsection, we examine the performance of the Gaussian copula for modeling dependent
system reliability. We consider two data generation processes. In the first, the joint component
state X is generated via a Gaussian copula. In the second, we examine the flexibility and
robustness of the Gaussian copula by inducing the dependence through a common shock model.
These two models correspond to the two scenarios in which the copula model is correctly

specified and mis-specified, respectively.

e Model 1: p = 4. The joint distribution of X = (X, X9, X3, X4)" follows Bernoulli
marginals with = = (0.2,0.4,0.6,0.8)" and a Gaussian copula with correlation matrix

¥ =p1,1, + (1 = p)I, for some 0 < p < 1, where I, is p-by-p identity matrix.

e Model 2: p = 4. Assume there is a common shock with probability Pr(Shock). Given that
the shock happens, all of the components fail. Pr(X = 0|Shock happens) = 1. Given the
shock does not happen, the component states X are independent Bernoulli trials with

7 =(0.2,0.4,0.6,0.8)".

We generate n = 300 independent observations of {ml = (zi1,. -, xi4)T}1<i<n. The Gaussian
copula model (denoted as “Copula”) is fitted using the non-informative priors and the data-
augmented sampling procedure discussed in Section 3.3. We draw 510,000 samples, with the first
10,000 samples dropped for burn-in. The parameters @ and 3 were saved every 10th iteration
thereafter, resulting in 50,000 posterior samples. Four different system structures are considered

in the experiments, including a series system, a parallel system, and a 3-out-of-4 system. We also
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consider a mixed system with the structure function ¢(X) = min { max(X1, X3), max(Xs, X4) }.
The mixed system consists of two subsystems in series, where the first subsystem is the first
two components in parallel and the second subsystem is the last two components in parallel.

For each of these system structures, the induced posterior distribution on system reliability
is estimated, and the posterior median is recorded as the estimator for the corresponding system
reliability. For comparison, we also fit an independence model (denoted as “Indep”), where the
component states are assumed to be independent. Under the same Unif(0,1) priors for the 7;’s,
the posterior of 7; under the independence assumption is Beta(l + nj, 1 +n —n;), where n; is
the number of instances with x;; = 1 among the n samples, j = 1,...,4. The whole procedure
is repeated 100 times to examine the variability of the estimators for both the copula model
and the independence model.

Table 3.1 summarizes the results based on the data generated by Model 1 with p = 0,0.2,0.5
and 0.8. We calculated the bias, variance, and the mean-square-error (MSE) of the posterior
medians from the copula and independence models based on the 100 replications. Note that for
p = 0, the component states are essentially independent. When p = 0, the estimators for the
independence model have smaller MSE than those from copula model in all the four system
structures. It can be seen that both the copula and independence models have small bias, and
the difference in the MSE is mainly due to the larger variance of the copula estimator. The
superiority of the independence model in this case is not surprising, because it takes advantage
of the additional assumption of independence, which is not available for the copula model.

For the scenarios with p > 0, the estimators from the copula model dominate those from
the independence model in MSE for all structures. The advantage of the copula model becomes
more pronounced as p moves away from 0. A closer look at the results reveals that though
the independence model tends to provide estimators with less variability, those estimators are
biased. The estimators under the independence assumption systematically underestimate the
reliability in series systems and overestimate the reliability in parallel systems, which agrees

with the conclusions from Theorem 3.1. In contrast, the estimators from the copula model
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Table 3.1: Results for system reliability based on Gaussian copula data generation for 100
replications

Dependence Criterion Method Series Parallel 3-out-of-4 Mixed

p=0 Bias(%) Copula  0.02 -0.16 0.17 0.44
Indep -0.06 -0.09 -0.34 -0.38

Var(x10™*)  Copula  0.71 0.86 6.01 7.62

Indep  0.27  0.36 4.53 5.71

MSE(x107%) Copula  0.71 0.89 6.04 7.82

Indep  0.27  0.37 4.64 5.86

p=0.2 Bias(%) Copula -0.07  0.33 0.14 0.19
Indep  -3.13 3.29 -3.24 1.43

Var(x107%)  Copula  2.00 1.53 6.15 7.94

Indep  0.45  0.37 6.22 8.53

MSE(x107%) Copula  2.00  1.64 6.17 7.98

Indep  10.28  11.25 16.73 10.59

p=05 Bias(%) Copula -0.41  0.55 -0.12 0.17
Indep  -8.35 8.42 -7.29 3.38

Var(x10~%)  Copula  2.61 2.64 4.59 5.94

Indep 0.39 0.34 5.11 6.62

MSE(x10~%) Copula  2.79 2.94 4.61 5.97

Indep  70.11  71.28 58.31 18.07

p=0.38 Bias(%) Copula -0.89  0.96 -0.23 0.26
Indep -13.75  13.82 -10.06 6.14

Var(x107%)  Copula  4.92 3.80 7.77 8.57

Indep 0.65 0.57 10.07 11.73

MSE(x107%) Copula 5.71  4.73 7.82 8.64

Indep  189.78 191.82 111.32 49.55

o7



Table 3.2: Results of system reliability based on shock model data generation for 100 replica-
tions

Pr(Shock) Criterion Method Series Parallel 3-out-of-4 Mixed

0.3 Bias(%) Copula 1.38  3.91 0.41 -2.76
Indep  -1.70  17.35 -8.53 -4.36

Var(x10~%)  Copula  0.73 7.08 2.69 5.10

Indep  0.32  2.54 1.68 4.29

MSE(x10~%) Copula 2.64  22.37 2.86 12.74
Indep 293  303.76 74.51 23.32

0.5 Bias(%) Copula  1.25 3.07 -0.14 -2.98
Indep  -1.67  21.82 -9.87 -7.39

Var(x10™%)  Copula  0.56 5.97 2.21 3.70

Indep <0.01  6.28 0.60 3.36

MSE(x1074) Copula 2.13  15.42 2.23  12.58
Indep  2.80 48256  98.19  58.01

correctly capture the effect of dependence on system reliability and control the bias even when
component states are strongly correlated (p = 0.8). It is also interesting to note that in more
complex systems, such as the 3-out-of-4 and the mixed systems, the copula model actually gives
estimators with slightly smaller variance than the independence model when the dependence is
high. Overall, the results suggest that the copula model is more desirable than simply ignoring
dependence when there is no strong prior knowledge supporting the independence assumption.

Table 3.2 summarizes the results of Model 2 based on the common shock model with the
probability of shock equal to 0.3 and 0.5. This nonzero probability induces dependence among
the component states by encouraging the components to fail together. This kind of depen-
dence model is common (Marshall and Olkin, 1967; Hokstad, 1988). Under this data generation
method, the dependence structure modeled by the Gaussian copula is mis-specified. In general,
the findings are similar to those from the previous example with correct model specification.
More specifically, the estimators from the copula model still control the bias reasonably well
and dominate the estimator assuming independence in terms of MSE for all the system struc-
tures. The results suggest that the Gaussian copula has flexibility in modeling the dependence

structure and robustness against possible model mis-specification.
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3.4.2 Component Importance with Dependence

In this subsection, we investigate the performance of modeling component importance under
dependence using a Gaussian copula. We generate n = 300 data points. The component states
are generated using Bernoulli marginals with constant component reliability 7; = 7 = 0.6 and
a Gaussian copula with correlation matrix given in the example of Section 3.2.2. With the
constant marginals, the ordering of the component importance is entirely determined by the
dependence structure. The same MCMC sampling described in Section 3.4.1 is implemented to
obtain posterior samples of 7w and 3. When the goal of the analysis is the rank of parameters, it
has been shown that simply ranking the posterior means or medians can perform poorly (Laird
and Louis, 1989). Let R; denote the true rank of the jth component importance, which is
defined as R; = Y 7_, 1(I; > I};). The larger the component importance, the higher the rank.
The posterior expected rank, Rj, is defined by the summation of the posterior probabilities
IA%]- = > ¥_,Pr(I; > Iy|x). Note that the posterior expected rank may not be an integer.
Following Laird and Louis (1989), we use the ordering of the posterior expected rank as the
posterior estimate of the ordering of the component importance. The same procedure is repeated
100 times.

Table 3.3 summarizes the estimated ranking of component importance over 100 replications.
The true values of component importance are also provided for each system structure. The esti-
mated ranking of component importance from the independence model is almost uniform across
the components. For the four system structures considered in the experiments, the components
importance are the same if we assume constant component reliabilities and independence. The
estimated ranking from the copula model, however, agrees with the true ranking of components
importance, with high percentages over the replications. When the true components importance
are separated by a relatively large gap, as is the case in the 3-out-4 system, the copula model
demonstrates a high probability of recovering the true ordering. In the mixed system, where
the true components importance are close to each other, the estimated ranking still agrees

with the true ranking reasonably well, although the estimated order is less stable. In general,
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Table 3.3: Counts of component importance rankings over 100 replications

Series Truth: Iy =0.42 > I, = 0.37 > I3 =0.33 > I, = 0.29

Copula Indep
Rank | Compl Comp2 Comp3 Comp4 | Compl Comp2 Comp3 Comp4
1st 98 2 0 0 31 19 19 31
2nd 2 96 2 0 23 27 24 26
3rd 0 2 98 0 25 24 30 21
4th 0 0 0 100 21 30 27 22
Parallel Truth: I =0.23 > I, =0.18 > Is =0.14 > I, = 0.11
Copula Indep
Rank | Compl Comp2 Comp3 Comp4 | Compl Comp2 Comp3 Comp4d
1st 99 1 0 0 31 19 20 30
2nd 1 95 4 0 25 24 29 22
3rd 0 4 96 0 23 29 23 25
4th 0 0 0 100 21 28 28 23
3-out-of-4 Truth: I; = 018 < I, =024 < I35 =0.29 < I, = 0.34
Copula Indep
Rank | Compl Comp2 Comp3 Comp4 | Compl Comp2 Comp3 Comp4d
1st 0 0 1 99 32 18 20 30
2nd 0 0 99 1 21 29 23 27
3rd 0 100 0 0 26 23 29 22
4th 100 0 0 0 21 30 28 21
Mixed Truth: I1 = 0.17 < I, =0.22 < I3 =0.25 < I, = 0.28
Copula Indep
Rank | Compl Comp2 Comp3 Comp4 | Compl Comp2 Comp3 Comp4d
1st 0 0 4 96 25 27 25 23
2nd ) 23 68 4 27 21 22 30
3rd 9 64 27 0 23 29 25 23
4th 86 13 1 0 25 23 28 24

60



these findings suggest the superiority of copula model in estimating the ranking of component

importance under dependence.

3.5 Real Data

In this section, we analyze the two stockpile test data sets described in Section 1.2 using copula
models. We are especially interested in the performance of the copula model as compared to
the independence model when we have data sets with small sample sizes.

The first data set consists of 169 tests on a four component system. The observed data
can be denoted as = (x1, -+ ,®169)" € R and x5 = (z51,...,75160)" € R where
x; = (Ti1,...,24)", xy; = 1 if the jth component passes the ith test and 0 otherwise, xg; =1
if the system passes the ith test, i =1,...,169, j =1,...,4.

There are many missing values in the data. If we drop all of the tests with missing values,
only 57 tests are left with complete data. It is possible that many of these missing values
are actually “pass,” because the data recorders were not consistent about recording successful
trials. We consider two analyses: one using the complete data only, and one that fills data by
treating the missing values as passes (denoted as dropped-missing data and fill-missing data,
respectively). The sample sizes for the two data sets are 57 and 169, respectively.

We first calculate summary statistics for the data. The maximum likelihood estimator
(MLE) of component reliability using component-level data is simply the percentage of passes
for that component. Using dropped-missing data, we have 711 = 42/57, &y = 38/57, 73 = 55/57,
and 74 = 48/57. The naive estimate of system reliability under the independence assumption is
H?:l 7j = 39.9%. The MLE of system reliability using the system-level data is the percentage
of system passes: for this data, we have R= 31/57 = 54.4%. Notice that the observed propor-
tion of system passes is much higher than the estimate from the component-level data assuming
independence.

We also calculate the summary statistics for the fill-missing data and find 7; = 154/169,
fro = 121/169, 73 = 157/169, and 714 = 160/169. The MLE of system reliability using the
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system-level data is R = 104/169 = 61.5%, which is still quite different from H?:1 7j = 57.4%.
Such deviations in the estimates of system reliability are frequently observed in practice and
can be results from ignorance or improper modeling of dependence and/or wrongly specified
system structure (Graves et al., 2010). We assume the system structure is correctly specified
and that the discrepancies in system reliability come from dependence of the component states.

According to the results in Theorem 3.1, the summary statistics suggest positive dependence.
Our goal is to capture this dependence via a copula model and provide a more accurate estimate
of system reliability and component importance. Note that Anderson-Cook (2008) proposed
an estimator using both component-level and system-level data. In our analyses, we use the
component-level data only and treat the system-level data as ground truth on system reliability
to evaluate the performance.

The non-informative priors from Section 3.3 are used in the analysis. We implement the
MCMC procedure described in Section 3.4 for both the complete and imputed data to get
50,000 posterior samples of {m,¥X}. We also sample 50,000 7’s from the posterior under an
independence assumption. Figure 3.2 shows the posterior of w under both the copula and in-
dependence models using the dropped-missing data. It is clear that the two models give almost
identical results on the marginals. This is not surprising, as the copula model decomposes the
joint distribution into marginals and dependence structure separately. Similar results are seen
for the fill-missing data, so the plot is omitted. Figure 3.3 summarizes the posterior distribu-
tion of ¥ using the dropped-missing data. As expected, some off-diagonal elements have large
posterior probabilities above zero, suggesting the corresponding components tend to pass and
fail together. The posterior distribution of 3 using the fill-missing data is similar, and is shown
in Figure 3.4.

To examine the performance of modeling system reliability, the posterior distribution of R,
computed using only component-level data, is summarized in Figure 3.5. For both the dropped-
missing data and the fill-missing data, the observed system reliability tends to be much higher

than the posterior median of the independence model, suggesting that the independence model
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Figure 3.2: Posterior densities of 7 from the first data set with dropped-missing data. The
copula model and independence model give almost identical marginals estimations, which agree

with the MLE’s (vertical lines).
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Figure 3.3: Posterior densities of 3 = (p;;) from the first data set with dropped-missing data.

The positive associations are captured by p > 0.
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Figure 3.4: Posterior distributions of X = (p;;) from the first data set with the fill-missing
data.

underestimates the system reliability. To further adjust the variability of the observed data,
we check the posterior predictive distributions. More specifically, for each posterior sample
of system reliability, we calculate the number of predicted system passes by sampling from a
binomial distribution with number of trials equals to the number of tests in the data set. The
histograms in Figure 3.6 clearly show that the independence model fits the data poorly, while
the copula model agrees with the observed system-level data reasonably well. These results
support that even for small sample sizes (here, n = 57), capturing dependence can improve
estimation.

Based on the posterior distributions of 7w and 3, we can calculate the posterior distributions
of component importance, I;’s. Figure 3.7 summarizes the posterior distributions of I1,..., I4.
Recall that under the independence assumption, the component with the least reliability is the
most important to the system. This is reflected in the posterior distributions from the indepen-
dence model, where the posterior distribution of I is stochastically larger than the others. The

posteriors from the copula model, however, suggest different results. Figure 3.7 shows that after
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Figure 3.5: Posterior densities of system reliability from the first data set. The vertical line
shows the true system reliability from system-level data. For either the dropped-missing data
(n=57) or fill-missing data (n=169), the copula model fits the system-level data better.
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Figure 3.6: Posterior predictive distributions of system passes from the first data set. For either

the dropped-missing data (n=>57) or fill-missing data (n=169), the predictive distribution from
copula model is closer to the observed number of system passes (dashed lines).
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adjusting for the effects of dependence, component 1 and component 2 are equally important
to the system, though their component reliabilities are different. We also consider component
importance using the fill-missing data, and the results are similar for the copula and indepen-
dence models. This example shows that in practice, the ranking of component importance relies

on the underlying assumptions about the dependence structure.

Component

0.2 0.4 0.6 0.8
Component Importance

Figure 3.7: Posterior distributions of component importance from the first data set with
dropped-missing data. The ranking of component reliability importance takes into account
the dependence structure under the copula model.

We implement the same analyses on a second data set. The second data set consists of 181
tests on a four components system. If we drop all the 131 records with missing data, the naive
estimate of system reliability under independence is 52.3%, while the observed percentage of
system passes is 54%, suggesting that independence is a reasonable assumption in this example.
The results from the copula and independence models are similar and are thus omitted. If we

fill all the missing values as passes, the resulting naive estimate of system reliability under
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independence is 34%, but the observed percentage of system passes is only 24%. According the
results in Theorem 3.1, any coherent series system with positively associated components is
at least as reliable as the series system under independence. This contradiction to our results
suggests that the assumption of positively associated random variables is likely untrue. In
fact, Figure 3.8 shows that some off-diagonal elements of 3 have a large posterior probability
of being negative, which by Proposition 3.1 verifies that the positive association assumption
is unlikely to hold. Although the component states are not positively associated, the copula
model still correctly captures the correct system reliability, and the independence model suffers
from considerable bias, as suggested by the histograms in Figure 3.9. Follow-up analyses are
required to decide whether the negative dependence is acceptable or the discrepancy in system
reliability is due to other reasons such as the mis-specified system structure. For one possible

model to capture such a discrepancy, see Graves et al. (2010).
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Figure 3.8: Posterior distributions of ¥ = (p;;) from the second data set with the fill-missing
data. It can be seen that pi;4 and pss have large posterior probabilities of being negative,
suggesting the positive association assumption among components fails.
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Figure 3.9: Posterior predictive distributions of system passes from the second data set using

the fill-missing data. The dashed lines show the observed number of system passes. The copula
model fits the observed system-level data better than the independence model.
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3.6 Proofs

Proof of Theorem 3.1. We first introduce latent variables U = (Uy, ..., Up)" such that the joint

density of the component states X and the latent variables U is
P
1X.0) = [[L(FEXG) < Uj < Fi(X))e(U),
j=1

where F;(X;) is the left-hand limit of Fj at X; and ¢(U) = 9C(U)/9U is the density of the
copula function C. Recall that for series systems, Rx ¢ = Ex ¢[¢p(X)] = Pr(X =1;=w,C). By

Proposition 1 in Smith and Khaled (2012),
P

Pr(X =1;m, CY) _/H 1(F;(17) <U; < Fi(1)) el (U)dU
j=1

P
—/Hl(l —m; <U; < 1)er(U)dU
j=1
=C1(1 —my..., 1 —mp),
where Cy(u1,...,uy) = Pr(Uy > uy,...,U, > u,) is the corresponding survival function for the
copula function Cp. By the definition of positive upper orthant dependent (PUOD), we have

Rx ¢, > Ry ¢, if C2 is more PUOD than C.

The proof is similar for parallel systems and thus is omitted. O

Proof of Theorem 3.2. We prove the case for hc(w). The result for go(u) can be shown using

similar techniques. Notice that R = Pr(¢(X) = 1) = Pr(Ui<j<s(X; = 1,i € Pj)). By the
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inclusion-exclusion formula,

S

Pr(Uicjes(X;=Lie ) =Y (-1*1 Y pr (Xi = lic UPkJ.>

j=1 1<k <-<k;<s

=D G A / II 1(FQ) <U < FQ))e)dU
7j=1 1§k‘1<"'<kj§5 ’L'EUij

=Sttty C*((o_upkj ,(1=m)up,, ))
j=1 1<k1 <---<k;<s

=hc(l —m,...,1 —mp).

If h02(1—71') > hcl(l—ﬂ'), then R7r702 > Rﬂ-’cl. OJ

Proof of Proposition 3.1. Write X = (p;;). We first prove that association of X implies p;; > 0
for 1 < 4,7,< p. We prove this by contradiction. Assume there exists some p;; < 0. By the
properties of positively associated random variables, Pr(X; =1,X; =1) > Pr(X; = 1) Pr(X; =
1). By Proposition 1 of Smith and Khaled (2012),

Pr(X;=1,X; =1)=Pr(®@ ' (U;) > &' (1 —m),® 1 (U;) > (1 — y)),

where ® is the CDF of standard normal distribution, and the uniform random variables U; and

U; satisfy

Because p;; < 0 and Theorem A2 of Joe (1990),

Pr (<I>_1(Ui) > @M1 —m), & H(U;) > (1 — wj))

< Pr ((I)‘l(Ui) > o (1— 7)) Pr(@ Y (U;) > & 1(1 - m)).

Note that Pr(®~1(U;) > @~ !1(1 — ;) = m; = Pr(X; = 1). This contradicts with the property
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of positively associated random variables and thus the proof is complete.

We next show X > 0 element-wise implies X are positively associated. Assume Z ~
N(0,3). By Corollary 4 of Joag-Dev et al. (1983), Z are positively associated random variables.
To connect Z to X, define the probability mass function f(X;) = 5(Fj_ (<I>_1(Zj))), where ¢ is
the Dirac mass function and F;~ is the quantile function of the Bernoulli distribution with m;,
j=1,...,p. Smith and Khaled (2012) shows that under this definition, the distribution of X
is exactly one with marginals 7w and copula function C. Note that F i and ®~! are increasing
functions. By property (P4) of Esary and Proschan (1970), the increasing functions of positively

associated random variables are positively associated, which completes the proof. O

Proof of Proposition 3.2. The proof is a direct result of Theorem A2 of Joe (1990) and the fact

that ®~! is an increasing function and thus is omitted here. O

Proof of Theorem 3.3. Using the same techniques in the proof of Theorem 3.1, it can be shown

that in a series system,

I =Pr(Xp=1,X_(jpy=1)—0,

:/ H 1(1 — Tk < Uk < 1)Ck,,j(U_j)dU_j
kit

=Ch—j(1 = e, L — 1))

where ¢y, _; is the density of the copula function Cj, _;. Similarly it can be shown I}, = C; _;(1—
i, 1 —ﬂ'_(j,k)). By the fact that m; = m;, and Cj, —; is more PUOD than C; _j, we have I; > I}.

For parallel systems, the proof is similar and thus is omitted. ]

Proof of Proposition 3.3. Denote the new component by X7. It can be seen that

R=m}Pr(¢(X)=1]X; =1)+ (1 - })Pr(¢(X) = 1|X] = 1).
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By the independence between X7 and X_j;,

R =m;Pr (615, X ) =1) + (1 — ;) Pr (¢(0;, X_j) = 1)

=Pr (¢(0j, X_j) = 1) + [Pr(¢(1, X_;) = 1) — Pr (¢(0;, X_;) = 1)]x;.

Because ¢ is increasing in each element, and it can only take values in {0, 1}, it can be easily
seen that R is increasing in the reliability of the new component 7. Therefore it suffices to
show that Pr (¢(0;,X_;) =1) < R < Pr(¢(1;,X_;) = 1). This can be seen by writing R as

Pr (gi)(Xj, X_j)= 1) and the increasing property and the range of ¢. O

Proof of Proposition 38.4. Assume the joint distribution of X has Bernoulli marginals w and a
Gaussian copula function C. Denote the probability mass function by f(x) = Pr(X = x). Note

that

Pr(X_; =z_;) = f(1;,z—;) + f(0;,z_;).

By Proposition 1 of Smith and Khaled (2012),

f(15,2—j) :/H 1(Fy(zy,) < Ug < Fi(ap)) (1 =7 < U; <1)e(U)dU,
k#j

£(0;, ;) :/H 1(Fy(vy) < U < Fi(2;,)) (0 < U; <1 —7;)e(U)dU.
k#j
Therefore Pr(X_; = z_;) = Pr(Nyz; {Fi(z; ) < Uy < Fi(z;)}), where (271 (U1),..., 2 1 (Up))"
follows a multivariate normal distribution with mean zero and correlation matrix 3. By the
property of Gaussian distributions, (®~1(U3),..., @ (U;-1), @ Y (Uj11),. .., 2 1 (U,))T follows
multivariate normal with mean zero and correlation matrix 3(_;y,(_j). Denote c¢(_j) ;) the

density of a Gaussian copula C(_;),(_j) with correlation matrix 3 _;y. ;). Therefore,

Pr(X_j==z_;) = / [T 1(Fu(ey) < Up < Frlar)) e jyx(-(U-5)dU—;.
k]
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which completes the proof. O

Proof of Theorem 3.4. We prove the case for ho(u). The results for go(u) can be obtained

similarly. Note that

K

K
E[p(X)] = > _kPr(¢(X) =k) = > Pr(¢(X) > k).
k=0 k=1
Therefore, it suffices to show that if he,(u) > he, (), Pr(¢(X) > k;w,Co) > Pr(¢(X) >

k;, C’l) for all k =1,..., K. By the definition of minimal path sets in multi-state systems,

Pr (¢(X) > k) =Pr(max min X; > k)

1<j<si€P;

:Pr(UlngS(Xi > k,l € ij))
s

:Z(_l)j+1 Z Pr(X; > k,i € UP;,)

j=1 1<k1<-<k;<s
=> =y / II 1(F:E) <Ui < FQ1)e(U)dU
7=1 1Sk1<"'<kj§8 ’L'EUij
:Z(—l)j+1 Z C’((O_Upkj,(Zﬂ'l)Uij)>,
Jj=1 1<k1<-<k;<s <k
:hC(Z T1ly -y Z 7Tpl)a
i<k <k

where 7r; is the [th column of the matrix 7r. This implies that if
hCQ(Z Ty vy Zﬂ-pl) > hC1 (Zﬂ-lla sy Zﬂ-pl)7
I<k 1<k I<k I<k

we have Exr ¢, [¢(X)] > Exr ¢, [¢(X)]. =

Proof of Theorem 8.5. We prove the results for a series system. The result for parallel systems
can be proved similarly. By Proposition 2.5 of Barlow and Wu (1978), I, = Pr(E; N Ey N E3),

where By ={X_j=x_j:z;=k=¢(x) =k}, Br ={X_j=2_; :2; <k = ¢(x) < k} and
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Es={X_j=x_;:2; >k = ¢(x) > k}. Under ¢(X) = min;(X};), it can be easily seen that
Pr(EyNEyNE3) =Pr(X_; > k) for k < K and Pr(E1 N EyN E3) =Pr(X_; =k) for k= K.

Using the same techniques in the proof of Theorem 3.4, it can be shown that for k£ < K

Pr(X_; > k)
:C_’jlv_j(z ﬂ'jll, Z T1ly e+ -y Zﬂ-(j/—l)l? Z 7r(j/+l)la ey Z 71'(]'_1)1, Z 7r(j+l)lv . ,Z Wpl).
<k 1<k 1<k 1<k <k <k 1<k

Then the theorem holds for £ < K by the definition of PUOD. For £ = K the proof is similar

and thus is omitted here. O
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Chapter 4

Longitudinal Tensor Regression

This chapter is organized as follows. We introduce the problem and notation in Section 4.1.
The proposed method is discussed in Section 4.2, followed by implementation details in Section
4.3. Section 4.4 presents the main theoretical results. Simulations and a real data example are

given in Section 4.5 and Section 4.6, respectively. Proofs can be found in Section 4.7.

4.1 Introduction

In recent years, an increasing number of longitudinal neuroimaging studies have rapidly emerged
(Zhang et al., 2012), where brain images are collected for multiple subjects at multiple time
points. Our motivating example is a study from the Alzheimer’s Disease Neuroimaging Initiative
(ADNI), described in Section 1.2. This data is both high dimensional and dependent. Each
image is in the form of a multidimensional array, i.e., tensor. A 32 x 32 x 32 MRI image
involves 323 = 32, 768 parameters, whereas the number of subjects is only 88. In addition, the
repeated images are also temporally correlated. Therefore, this longitudinal imaging analysis is
particularly challenging.

Most existing neuroimaging methods use only the baseline imaging data, ignoring all the
information at the follow-up time points. A small group of researchers recently started to use

longitudinal images for individual-based classification (Misra et al., 2009; Davatzikos et al., 2009;

75



McEvoy et al., 2011; Hinrichs et al., 2011), and for cognitive score prediction (Zhang et al.,
2012). There also emerged studies regressing longitudinal images on covariates (Skup et al.,
2012; Li et al., 2013) and using functional principal components to quantify longitudinal images
(Shinohara et al., 2011). However, despite those excellent efforts and the increasing availability
of longitudinal imaging data, there is a paucity of effective solutions for longitudinal imaging
analysis. There is thus a substantial demand for a systematic development of new longitudinal
imaging analytical methods.

Suppose there are n training subjects, and for the i-th subject, there are observations over
m; time points. For simplicity, we assume m; = m and the same time points for all subjects.
The observed data consist of {(Y;;, X;;),s = 1,...,n,j = 1,...,m}, where Y;; denotes the
target response and X;; € RP1*"*PD is a D-dimensional array representing the image. Write
Y, = (Yi1,...,Yim)". A key attribute of longitudinal data is that the observations from different
subjects are commonly viewed as independent, but the observations from the same subject are
correlated. That is, the intra-subject covariance matrix, Var(Y;) € R™*™ is not a diagonal
matrix, but has some structure.

Since the seminal work of Liang and Zeger (1986), there has been a substantive literature
on statistical analysis of longitudinal data. See Prentice and Zhao (1991); Li (1997); Qu et al.
(2000); Xie and Yang (2003); Balan and Schiopu-Kratina (2005); Song et al. (2009); Wang
(2011), among many others. However, all those studies take the covariates as a vector, whereas
in imaging regression, covariates take the form of a multi-dimensional array. Naively turning an
array into a vector would result in extremely high dimensionality and also destroy all inherent
spatial information in images. There has been some recent development of statistical regression
models for a scalar response on an image/tensor predictor; for instance, Caffo et al. (2010);
Reiss and Ogden (2010); Zhou et al. (2013); Goldsmith et al. (2014); Wang et al. (2014),
among others. Although those methods directly work with a tensor covariate, none has taken
longitudinal tensors into account, and thus none is immediately applicable to our longitudinal

imaging study.
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We use the following notation throughout this chapter. The inner product between two
tensors is (B, X) = (vecB,vecX) = Zh,...,ip Biy..ipTiy..ip» Where the vec(B) operator stacks
the entries of a tensor B into a column vector. The outer product, by o by o --- o bp, of D
vectors by € RP4 is a p; X --- X pp array with entries (by oba o ---0bp)i..i, = Hfi):l bdi,-
The mode-d matricization, B, flattens a tensor B into a pg X I 4aPa matrix such that
the (i1,...,ip) element of the array B maps to the (i4,j) element of the matrix By4), where
3 =14 wzalte — V) lprcq arrzapar- A tensor B € RPPXPD s said to admit a rank-R

CANDECOMP/PARAFAC (CP) decomposition (Kolda and Bader, 2009), if

R
B=Y p{"0-0py, (4.1)
r=1
where ﬂg) eERPI d=1,...,D,7=1,..., R, are all column vectors, and B cannot be written

as a sum of less than R outer products. The decomposition (4.1) is often represented by a
shorthand, B = [By,. .., Bp], where By = [\, ..., 8%)] € RPaxE _1If a tensor B € RP1*~*Pp

admits a rank-R decomposition (4.1), then
B(d) = Bd(BD [OXERNO) Bd+1 OB 10--0© Bl)T and vec B = (BD (OEERNO) Bl)lR,

where ® denotes the Khatri-Rao product (Rao and Mitra, 1971) of two matrices By € RP4*"
and By € RP&*" guch that By© By = gg) ® /39) 7[3&2) ® ﬁﬁﬁ), o ’ﬁéﬁ') ® I@g%)] € Rpapar <R

and ® denotes the Kronecker product.

4.2 Methodology

The GEE method has been widely employed for analyzing correlated longitudinal data since
the pioneering work of Liang and Zeger (1986). It requires specification of the first two moments
of the conditional distribution of the response given the covariates, p;; = E(Y;;]X;;) and afj =

Var(Y;;|X;;). Following Liang and Zeger (1986), we assume Y;; is from an exponential family
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with a canonical link. Then p;;(B) = 1(6;;) and afj(B) =M (0;5),i=1,....,n, j=1,...,m,
where y(+) is a differentiable canonical link function, u(!)(-) is its first derivative, 6;; is the linear
systematic part, and ¢ is an over-dispersion parameter. In this chapter we simply set ¢ = 1,
while the extension to a general ¢ is straightforward. 0;; is associated with the covariates via

the relation
0;; = (B, Xj), (4.2)

where B is the coefficient tensor of the same size as X that captures effects of every array
element of X on Y. The GEE estimator of B is then defined as the solution of

— Op,(B)

vee(B) " 1Y mi(B)} =0, (4.3)
=1

7

where Y; = (Yi1,...,Yin)", p;(B) = [pir(B), ..., pim(B)]", and V; = cov(Y;) is the response
covariance matrix of the i-th subject. The first component in (4.3) is the derivative of p,;(B)
with respect to the vector vec(B) € RILaPa. As such, there are a total of [[;pa estimating
equations to solve in (4.3). For regression with image covariates, this dimension is prohibitively
high and usually far exceeds the sample size.

In this work, we impose a low rank structure on the coefficient array B. More specifically,
we assume B in model (4.2) follows a CP structure in (4.1), B = [B4y,...,Bp], where By =

[,3&1), e ,,BEIR)} € RPa*E_ Then the systematic part in (4.2) becomes

R
0 = (O B o008y, Xy)
r=1

= <(-§D®"‘®B1)1R,Vecxij>- (44)

Adopting (4.4), we propose the tensor generalized estimating equations estimator of B, defined
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as the solution of

n

ou;(B) . _
> g5, Vi Yi-m(B)} =0, (4.5)
i=1 B
where B = vec(B4i,...,Bp), and the subscript B is to remind that 3 is constructed based

on the CP decomposition of a given coefficient tensor B = [By, ..., Bp]. Introducing the CP
structure into GEE has two important implications. First, comparing to the classical GEE (4.3),
the derivative in (4.5) is now with respect to B € Rf24P4. Consequently, the number of esti-
mating equations is reduced from the exponential order [ [, pq to the linear order R, pg. This
substantial reduction in dimensionality is the key to enable effective estimation and inference
with a limited sample size. Second, under this structure, any two elements f;, ;, and 3;, ., in
B share common parameters if ig = j4 for any d = 1,...,D. In consequence, the coefficients
are correlated if they share the same spatial locations along any one of the tensor modes. This
implicitly incorporates the spatial structure of the tensor coefficient.

Examining (4.5), the true intra-subject covariance structure V; is usually unknown in prac-
tice. The classical GEE adopts a working covariance matrix, specified through a working corre-

1/2

lation matrix R. That is, V; = A, (B)RAg/Q(B), where A;(B) is an m x m diagonal matrix
with afj(B) on the diagonal and R is the m-by-m working intra-subject correlation matrix.
Some commonly used correlation structures include independence, autocorrelation (AR), com-
pound symmetry, and unstructured correlation, among others. The correlation matrix R may
involve additional parameters, which can be estimated using residual-based moment method.
By both adopting this working covariance/correlation idea, and explicitly evaluating the
derivative in (4.5), we finally arrive at the formal definition of the tensor GEE estimator, which

~

is the solution (B) of the following estimating equations

n

ST, T, o] Tvee(X) A2 (B)R VA (B)Y: - wi(B)} =0, (4.6)
i=1
where R is an estimated correlation matrix, vec(X;) = (vec(Xi1),...,vec(Xin)) is a H5:1 Pg X
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m matrix, Jy is the nglpd X Rpg Jacobian matrix of the form Il x [(Bp ® -+- ® Bg41 ©
B; 1 ®---©® By)® Ip,], where I1; is the (HdD:1 pd)-by-(]_[fl):l p4) permutation matrix that
reorders vecB ;) to obtain vecB, ie., vecB = IIj x vecBy. Note that ,AU(eij) has been
canceled by the diagonals on the matrix A, ! due to the property of canonical link. For ease of
presentation, we denote the left hand side of equation (4.6) as s(B), and write the tensor GEE
(4.6) as s(B) = 0.

4.3 Implementation

Directly solving the tensor generalized estimating equations (4.6) with respect to B can be
computationally intensive, as the mean of the response given the covariates is nonlinear in the
parameters and the Jacobian matrices Ji,. .., JJp also depend on the unknown parameters. We
propose a block relaxation algorithm to iteratively solve the sub-GEE for Bj,..., Bp one-at-
a-time, while keeping all other components fixed. Specifically, when updating By € RPe*E_ the

systematic part 6;;(B) can be rewritten as
0:(B) = (B, Xij) = (Ba, Xij@@)(Bp © -+ © Bg11 © Bg_1 © - © By)),

where X;;(4) is the mode-d matricization of the tensor X;;. As such, the systematic part 0;;(B)
becomes linear in B,. The Jacobian matrix J is free of B, and depends on the covariates and
fixed parameters only. Consequently, each step reduces to a standard GEE problem with Rpg
parameters, which can be solved using standard statistical softwares.

Another problem of importance is to choose the rank R for the coefficient array B in its
CP decomposition. This can be viewed as a model selection problem. Pan (2001) proposed a
quasi-likelihood independence model criterion for the classical GEE model selection, where the

core idea is to evaluate the likelihood under the independence working correlation assumption.
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In our tensor GEE setup, we adopt a similar idea,
BIC(R) = —2¢(B(R); I,) + log(n)pe, (4.7)

where ¢(B(R); I,) is the log-likelihood evaluated at the tensor GEE estimator B(R), with a
working rank R and the independence working correlation structure I,,,. For simplicity, we call
this criterion BIC, as the term log(n) is used. We choose R that minimizes this criterion among
a series of working ranks.

We also consider adding regularization into our proposed method to achieve region selection.
Selecting brain subregions that are highly relevant to the disease outcome is of vital scientific
interest. It allows researchers to concentrate on subregions of brains for improved understanding
of the disease pathology, and for hypothesis generation and validation. In our setup, this region
selection translates to sparse estimation of the elements of the coefficient tensor B, and is
analogous to the intensively studied variable selection in classical vector-valued regression. We
adopt the L; type regularization to achieve the goal of region selection. Specifically, we consider

the following regularized tensor GEE

35(1>P,\(|5ﬁ) |, pn)
11

n's(B) | 9,0 P85 1.00) | =0, (48)

(R
%g?D Px(1Bppp s Pn)

where P)\(|8|, pn) is a scalar penalty function, p, is the penalty tuning parameter, A\ is an
index for the penalty family, and dgPy(|5], pn) is the subgradient with respect to the argu-
ment 5. We consider two specific penalty functions: the Lasso (Tibshirani, 1996) in which

Py(|8], pn) = pn|B| with A = 1, and the SCAD (Fan and Li, 2001), in which 0/9|5|Px(|8], pn) =

o {Lgs12pny + O = 1BD4/ A = Dlggopy s A> 2.
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4.4

Theory

4.4.1 Regularity Conditions

We begin with a list of regularity conditions for the asymptotics of tensor GEE with a fixed

number of parameters. Denote by ||x|| = V& @ the Euclidean norm of a vector « and || X ||r =

vtraceXTX the Frobenius norm of a matrix X. Denote IN,, the neighborhood of the true

tensor coefficient {B : [|Bg — Bpg,|| < An~1/2} for some constant A > 0.

(A1)

(A2)

(A3)

(A4)

For some positive constant ¢; > 0,||X;j||lr <c1,i=1,...,n,j=1,...,m.

The true value By of the unknown parameter lies in the interior of a compact parameter

space B and follows a rank-R CP structure defined in (4.1).

Let I(B) =n"'30 [J1, Jo,...,dp|"vecX;vec" X;[J1, Ja,...,Jp]. It is assumed that

there exist two positive constants co < c3 such that
co < )\mm(I(B)) < Amax(I(B)) < cs,

over the set IN,,, where Apin and Apax are smallest and largest eigenvalue, respectively. It

is also assumed that on the same set I(B) has a constant rank.

The true intra-subject correlation matrix Ry has bounded eigenvalues from zero and
infinity. There exists a positive definite matrix R with eigenvalues bounded away from
zero and infinity, such that [[R™! — R™!||p = O, (n=1/%), where R is an estimator of the

correlation matrix.

For § > 0 and ¢4 > 0, E(|A;*(Bo)(Y; — ps(Bo))|)*™ < ¢4 for all 1 < i < .
For some positive constant ¢5 > 0, ||00;;(Bg)/0Bg|| <cs, i=1,...,n,j=1,...,m.
Denote by u(k)(ﬁij), i=1,...,n,j=1,...,m, and k = 2,3, the k-th derivative of u(6;;).

For some positive constants cg < c7, cs > 0, cg < | (0;;)] < c7, and |u®(0;5)] < cs,
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over the set IN,,.

20. .
(A8) Denote by H;;(B) = Zlg“(a%’%). That is, H;;(B) is the Hessian matrix of the linear
B B
systematic part 6;;. There exist two positive constants cg < c1g such that fori=1,...,n
and j =1,...,m,

c9 < Amin(Hij(B)) < Amax(Hij(B)) < c1o,
over the set IN,,.

A few remarks are in order. Conditions (A2) and (A3) are required for model identifia-
bility of tensor GEE (Zhou et al., 2013). We observe that, the matrix I(B) in (A3) is an
Rzgzl P X Rzgzl pgq matrix, and thus (A3) is much weaker than the nonsingularity condi-
tion on the design matrix if one were to directly vectorize the tensor covariate. Condition (A4)
is commonly imposed in the GEE literature. It only requires that R be a consistent estimator
of some R, in the sense |[R~! — R™Y||p = O,(n~1/2). R needs to be well behaved in that it is
positive definite with bounded eigenvalues from zero and infinity, but R does not have to be
the true intra-subject correlation Ry. This condition essentially leads to the robust feature in
Theorem 4.1 that the tensor GEE estimate is consistent even if the working correlation struc-
ture is misspecified. Condition (A5) regulates the tail behavior of the residuals so that the noise
cannot accumulate too fast, and we can employ the Lindeberg-Feller central limit theorem to
control the asymptotic behavior of the residuals. Condition (A6) states that the gradients of
the systematic part are well-defined. Condition (A7) concerns the canonical link and generally
holds for common exponential families, for example, the binomial and the Poisson distributions.
Condition (A8) ensures that the Hessian matrix H(B) of the linear systematic part, which is

highly sparse, is well-behaved in a neighborhood of the true value.

4.4.2 Consistency and Asymptotic Normality

We first address two components involved in the estimating equations: the initial estimator

and the correlation estimator. Recall the tensor GEE estimator B is obtained by solving the
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equations
n

S h,. . Ip)vee X AP (BYRTAT A (B){Y: - py(B)} =0,
i=1

where R is any estimator of the intra-subject correlation matrix satisfying condition (A4). Note
that R is often obtained via residual-based moment method, which in turn requires an initial
estimator of By. Next, we examine some frequently used estimators of B and R.

A customary initial estimator B in the GEE literature is the one that assumes an indepen-
dent working correlation. That is, one completely ignores potential intra-subject correlation,

and the corresponding tensor GEE becomes

n

> s Ip]veeXi{Yi — pi(B)} = 0.

i=1
Denoting the equations as s, (B) = 0, and the solution as ﬁimt, the next Lemma shows that
it is a consistent estimator of the true By.

Lemma 4.1. Under conditions (A1)-(A3) and (A5)-(A8), there exists a root Bini of the

equations Sinit(B) = 0 satisfying

~1/2
185, — Br,ll = Op(n™"?).
Here B = vec(By,...,Bp), and is constructed based on the CP decomposition of a given
tensor B = [B4y,...,Bp], as defined before. Given a consistent initial estimator of By, there

exist multiple choices for the working correlation structure, e.g., autocorrelation, compound
symmetry, and the nonparametric structure (Balan and Schiopu-Kratina, 2005).
Next we establish the consistency and asymptotic normality of the tensor GEE estimator

from (4.6).

Theorem 4.1. Under conditions (A1)-(A8), there exists a root B of the equations s(B) = 0

satisfying

185 — B, = Op(n™/2).
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The key message of Theorem 4.1, as implied by condition (A4), is that the consistency of the
tensor coefficient estimator B does not require the estimated working correlation R to be a
consistent estimator of the true correlation Ry. This protects us from potential misspecification
of the intra-subject correlation structure. Such a robustness feature is well known for GEE
estimator with vector-valued covariates. Theorem 4.1 confirms and extends this result to the
tensor GEE case with image covariates. We also remark that, although the asymptotics of
the classical GEE can in principle be generalized to the tensor data by directly vectorizing the
coefficient array, the ultrahigh dimensionality of the parameters would have made the regularity
conditions such as (A3) unrealistic. By contrast, Theorem 4.1 ensures that one could still enjoy
the consistency and robustness properties, by taking into account the structural information of
the tensor coefficient under the GEE framework.

Under condition (A4), we define

M,(B) = > [Ji,...,Jp|vecX;A}>(B)R ' RyR ' A}*(B)vec X[ 1, ..., Jp],
i=1
Dui(B) = Y [Ji,...,dp]vecX; AP (B)R YA} (B)vec X[ J1, ..., Jp).
i=1
As we will show in the appendix, M,,(B) approximates the covariance matrix of s(B) in (4.6),

while Enl(B) approximates the leading term of the negative gradient of s(B) with respect to

Bpg- Then the next theorem gives the asymptotic normality of the tensor GEE estimator.
Theorem 4.2. Under conditions (A1)-(A8), for any vector b € RF Sil1Pa sych that bl =1,
we have

bTMn_1/2(BQ)bn1(Bo)(,8§ — Bp,) — Normal(0,1) in distribution.

4.4.3 Rank Selection Consistency

Next we establish that the rank selected by BIC in (4.7) under the independent working cor-

relation is a consistent estimator of the true rank. This result is useful in two ways. First, it
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justifies, to some extent, the asymptotic study in the previous section under a known rank.
Second, it improves our understanding of the interaction between the working correlation and
the rank specification. That is, the rank selected under a potentially misspecified correlation
structure is consistent, and the tensor GEE estimator under the true rank and a potentially
misspecified correlation structure is consistent.

We employ the same regularity conditions (A1)-(A8) in Section 4.4.2, except that we replace

(A3) by the following condition:

(A3*) There exist two positive constants ¢; < ¢z such that ¢; < Apin(I(B)) < Amax({(B)) < ¢2,
for all parameter points B in the interior of the parameter space. In addition, the rank is

constant over the set {B : |[Bg — Bp,|| < An~1/2} for some constant A > 0.

The reason for requiring (A3*) is that we need to characterize the behavior of some underfitted
estimators with rank smaller than the true rank. These underfitted estimators may not reside in
the neighborhood of the true parameters. We note that, however, (A3*) is a fairly mild condition,
and the difference between (A3*) and (A3) is small. This is because, when the dimension is fixed,
I(B) has fixed dimensions, then the condition on bounded eigenvalues is essentially requiring
the matrix to be non-singular. The next theorem establishes the rank selection consistency of

the BIC in (4.7).

Theorem 4.3. Let R = argmin BIC(R), and Ry = rank(By). For normal responses, under
conditions (A1)-(A8) and the modified condition (A3*), we have

Pr(R = Ro) — 1, as n — .

That is, with high probability, the rank selected by BIC recovers the true rank. From the model
selection perspective, this rank selection consistency implies that neither the overfitted model

with a higher rank nor the underfitted model with an insufficient rank is favored by BIC.
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4.4.4 Region Selection Consistency

Recall that, under the CP tensor structure, the element in the coefficient tensor can be written
as Biy..ip = Zf;l [352 X - X ﬁggD. In the imaging application where D = 3, for example, the
region at (i1,12,13) is non-active if 3, j, i, = 0. This can be induced if one of {Bgz,ﬁgi, ﬁgg}
is zero for each r = 1,..., R. Therefore, correctly recovering the sparsity pattern of Bp results
in selection of active regions of the coefficient tensor By. We next establish that, for the SCAD-

based region selection in (4.8), such selection is consistent.

Theorem 4.4. Under conditions (A1)-(A8), pn = o(1) and n=?logn = o(py), these exists

one solution, Bg, to the SCAD regularized tensor GEE such that

Pr(supp(Bg) = supp(Bg,)) — 1, as n — oo,

where supp(B) denotes the support of the vector B.

4.5 Simulations

We adopt the following simulation setup. We generated the responses according to the normal
linear model

Y; ~ MVN(p;,0°Ryg), i=1,...,n,

where Y; = (Yi1, ..., Yim)", t; = (ti1, .-, ftim)", 02 is a scale parameter, and Ry is the true
m xm intra-subject correlation matrix. We have chosen Ry to be of an exchangeable (compound
symmetric) structure with the off-diagonal coefficient p, = 0.8. The mean function is of the
form p;j =v"Z;j + (B, X;j),i =1,...,n,j = 1,...,m, where Z;; € R® denotes the covariate
vector, with all elements generated from a standard normal distribution, and v € R is the
corresponding coefficient vector, with all elements equal to one; X;; € R64x64 denotes the 2D

matrix covariate, again with all elements from standard normal, and B € R%**64 is the matrix

coefficient. The entries of B take the value of 0 or 1, and contains a series of shapes as shown
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in Figure 4.1, including “square”, “T-shape”, “disk”, “triangle”, and “butterfly”. Our goal is
to recover those shapes in B by inferring the association between Y;; and X;; after adjusting
for Z;;.

We set n = 500 and m = 4 and show the tensor GEE estimates and the corresponding
BIC values under three working ranks R = 1,2, and 3 in Figure 4.1. We first assume that the
correlation structure is correctly specified, and will study potential misspecification in the next
section. In this setup, “square” has a true rank equal to 1, “T-shape” has a rank 2, and the
remaining shapes have the highest possible rank 64. It is clearly seen from Figure 4.1 that,
first, the tensor GEE produces a sound recovery of the true signal, even for the signals with
high rank or natural shape, e.g., “disk” and “butterfly”, and second, the BIC criterion (4.7)
successfully identifies the correct or best approximate rank for all the signals.

We also investigate potential effect of correlation misspecification when the sample size is
small or moderate. We chose the “butterfly” signal and fit the tensor GEE model with three
different working correlation structures: exchangeable, which is the correct specification in our
setup, autoregressive of order one (AR-1), and independent. Table 4.1 reports the averages
and standard errors (in parenthesis) out of 100 simulation replicates of the squared bias, the
variance, and the mean squared error (MSE) of the tensor GEE estimate. We observe that the
estimator based on the correct working correlation structure, i.e., the exchangeable structure,
performs better than those based on misspecified correlation structures. When the sample size
is moderate (n = 100), all the estimators have comparable bias, while the difference in MSE
mostly comes from the variance part of the estimator. This agrees with the theory that the
choice of the working correlation structure affects the asymptotic variance of the estimator.
When the sample size becomes relatively large (n = 150), all the estimators perform similarly

~1/2 on the variance. When the sample size is small (n = 50), all the

by the scaling term of n
estimators have relatively large bias, while the independence working structure yields similar
results as the exchangeable structure. This suggests that, when the sample size is limited, using

a simple independence working structure is probably preferable compared to a more complex
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True and recovered image signals by the tensor GEE with varying ranks. n =
500, m = 4. The correlation structure is correctly specified. TR(R) means estimate from the
rank-R tensor model.
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Table 4.1: Bias, variance, and MSE of the tensor GEE estimates under various working correla-
tion structures. Reported are the average out of 100 simulation replicates. The true intra-subject
correlation is exchangeable with p, = 0.8.

n  m Working Correlation Bias? Variance MSE

50 10 Exchangeable 122.0  383.6  505.6(7.9)

AR-1 139.1 530.0 669.1(15.8)

Independence 119.1 3939  513.0(11.0)

100 10 Exchangeable 85.8 128.9  214.7(2.2)
AR-1 88.0  159.1  247.1(3.0)

Independence 93.0 141.2 234.2(2.8)

150 10 Exchangeable 86.1 51.3 137.2(0.6)
AR-1 85.6 56.0 141.6(0.6)

Independence 84.9 62.3 147.2(0.9)

correlation structure.

Nevertheless, we should bear in mind that the above observations are for the average be-
havior of the estimate. Figure 4.2 shows two snapshots of the estimated signals under the three
working correlations with n = 100. The top panel is one replicate where the estimates are
“close” to the average in the sense that the bias, variance and MSE values for this single data
realization are similar to those averages reported in Table 4.1. Consequently, the visual qualities
of the three recovered signals are similar. The bottom panel, on the other hand, shows another
replicate where the estimates are “far away” from the average. Then for this particular data,
the quality of the estimated signal under the correct working correlation structure is superior
than the ones under the incorrect specifications. Such an observation suggests that, as long as
the sample size of the longitudinal imaging study is moderate to large, a longitudinal model
should be favored over the one that totally ignores potential intra-subject correlation.

For the empirical performance of the regularized tensor GEE for region selection, we adopted
the simulation setup described at the beginning of this sectionn, but varied the sample size n. We

have implemented both the Lasso penalty and the SCAD penalty, and found their performances
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Figure 4.2: Snapshots of tensor GEE estimation with different working correlation structures.
The true correlation is an equicorrelated structure. The comparison is row-wise. The first row
shows a replicate where the estimates are “close” to the average behavior, and thus the visual
quality of the estimates under different correlations structures are similar. The second row
shows a replicate where the estimates are “far away” from the average, then the estimate under
the correct correlation structure (panel 1) is superior than those under incorrect structures.
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Figure 4.3: Comparison of tensor GEE estimation with and without regularization under vary-
ing sample size. m = 4. The matrix covariate is of size 64 x 64.
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visually similar. As such we only report the results based on SCAD here. The estimates of three
shapes, “T-shape”, “triangle”, and “butterfly”, with and without regularizations, are shown in
Figure 4.3. For the regularized tensor GEE, the penalty parameter A was selected based on
the prediction accuracy on an independent validation set. It is clearly seen from the plot that,
while increasing sample size improves estimation accuracy for both tensor GEE and regularized
tensor GEE, regularization leads to a more accurate recovery, especially when the sample size

is limited.

4.6 Real Data

We consider the longitudinal imaging data described in Section 1.2. Two scientific goals are of
interest. One is to predict the future clinical scores based on the data at previous time points,
which is potentially useful for monitoring disease progression. The second is to identify brain
subregions that are highly relevant to the disorder, and so to better understand the disease
pathology. We fit a tensor GEE to this data. To evaluate the prediction accuracy, we first fit
the tensor GEE using the data of all subjects from baseline to 12-month, and used prediction
of MMSE at 18-month to select the tuning parameter. With the selected tuning parameter, we
refit the model using the data from baseline to 18-month, and finally evaluate the prediction
accuracy of all subjects using the “future” MMSE score at 24-month. The accuracy is evaluated
by the root mean squared error (RMSE), {37 n ' (Yim — Yim)?}'/2, and the correlation,
Corr(Yim, Yim). This evaluation scheme is the same as that of Zhang et al. (2012). Table 4.2
summarizes the results. It is seen that, for this real data, the best prediction was achieved under
an AR(1) working correlation structure with the SCAD penalty. The corresponding RMSE
and correlation were 2.147 and 0.781, which are only slightly worse than the best reported
RMSE 2.035 and correlation 0.786 in Zhang et al. (2012). Note that Zhang et al. (2012) used
multiple imaging modalities as well as additional biomarkers, which are supposed to improve
the prediction accuracy, while our study utilizes only one imaging modality.

We applied both the Lasso and SCAD regularized tensor GEE to this data, and due to
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Table 4.2: Prediction of future clinical MMSE scores using tensor GEE

RMSE: {0, 0! (Vi — Vi)?) /2
Working Correlation Independence Equicorrelated AR(1) Unstructured

regularization (Lasso) 2.460 2.349 2.270 2.570
regularization (SCAD) 2.324 2.202 2.147 2.674
no regularization 2.526 2.427 2.429 2.628

Correlation: Corr(Yim, Yim)

Working Correlation Independence Equicorrelated AR(1) Unstructured

regularization (Lasso) 0.705 0.733 0.747 0.700
regularization (SCAD) 0.742 0.767 0.781 0.658
no regularization 0.701 0.716 0.725 0.693

graphical similarity of the results, we report the SCAD estimate only. Figure 4.4 shows the
estimate (marked in red) overlaid on an image of an arbitrarily chosen subject, with three
views, top, side and bottom, respectively. The identified anatomical regions mainly correspond
to cerebral cortex, part of temporal lobe, parietal lobe, and frontal lobe (Braak and Braak, 1991;
Desikan et al., 2009; Yao et al., 2012). With AD, patients experience significant widespread
damage over the brain, causing shrinkage of brain volume (Yao et al., 2012; Harasty et al.,
1999) and thinning of cortical thickness (Desikan et al., 2009; Yao et al., 2012). The affected
brain regions include those involved in controlling language (Broca’s area) (Harasty et al.,
1999), reasoning (superior and inferior frontal gyri) (Harasty et al., 1999), part of sensory area
(primary auditory cortex, olfactory cortex, insula, and operculum) (Braak and Braak, 1991; Lee
et al., 2013), somatosensory association area (Yao et al., 2012; Tales et al., 2005; Mapstone et al.,
2003), memory loss (hippocampus) (den Heijer et al., 2010), and motor function (Buchman and
Bennett, 2011). It is interesting to note that these regions are affected starting at different stages
of AD, indicating the capability of the proposed method to locate brain atrophies as disease
progresses. Specifically, hippocampus, which is highly correlated to memory loss, is commonly

detected at the earliest stage of the disease. Regions related to language, communication, and
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motor functions are normally detected at the later stages of the disease. The fact that our
findings are consistent with results reported in previous studies, particularly the longitudinal
studies, demonstrates the efficacy of our proposed method in identifying correct biomarkers

that are closely related to AD/MCI.

Figure 4.4: The ADNI data: regularized estimate overlaid on a randomly selected subject.

4.7 Proofs

Outline of the proofs:

To facilitate the proof, we introduce the following notation. Denote ,@n = Bp the estimator
from tensor GEE and By = B, the true values. Recall that the CP decomposition ensures that
B is uniquely determined by 3, € REXiZ1 P4, Denote J(B) = [Ji, Jo2,---,JIp], and note that
under tensor structure 06;;/08 = J(B) vecX;;. Recall the generalized estimating equations

can be written as

$0(Bn) = Y I (Ba)veeX; A (B,)RTAT2(8,)(Y: — pa(Bn))-
=1

The proof of Lemma 4.1 is similar to that of Theorem 4.1 by dropping the terms involving

the working correlation matrix and thus is omitted here.
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The main technique to prove Theorem 4.1 is the sufficient condition for existence and
consistency of a root of equations proposed in Ortega and Rheinboldt (2000), which also has
been used in Portnoy (1984) for M-estimator and in Wang (2011) for GEE estimator with
vector covariates. To check this condition, Lemmas 4.2 - 4.4 are proposed. Lemma 4.2 provides
a useful approximation to the generalized estimating equations s,,(3p) based on the condition
(A4) of the working correlation matrix. This facilitates the later evaluations of the moments of
the generalized estimating equations by treating the intra-subject correlation as known. Lemma
4.3 further establishes the approximation of the negative gradients of the generalized estimating
equations. Lemma 4.4 refines this approximation of the negative gradients at one more step,
providing the foundations for the Talyor expansion of generalized estimating equations at the
true value.

Based on Theorem 4.1, the proof of Theorem 4.2 is obtained by evaluating the covariance
matrix of the generalized estimating equations and applying the Lindeberg-Feller central limit
theorem.

The proof of Theorem 4.3 follows two steps. We show that BIC neither overestimates nor
underestimates the true rank. By combing these results, the rank selection consistency is es-
tablished.

Theorem 4.4 is proved by construction. We show that the oracle estimator is an approxi-

mated solution to the SCAD regularized tensor GEE.

Lemma 4.2. Under conditions (A1)-(A8), ||5n(8B0) —sn(Bo)|| = Op(1), where 5,(Bo) is sn(Bo)
with R replaced by R.

Proof of Lemma 4.2. Consider
8n(Bn) = Y I (B)vec X; A (B, R A2 (8,) (Vi — mi(Bn)).
=1

Denote by {r; ;}1<i j<m the (i, j)-th element of R'—R™!. By condition (A4), rij = Op(n=1/2).
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By direct calculation,

8n(Bo) — 8n(Bo)

= Z Z Z 75:m0ij(Bo)€ir(Bo)J " (Bo)vec X
i=1 j=1 k=1

=3 rim [Z 0ij(Bo)eir(Bo)J " (Bo)vec Xi; |,
7=1 k=1 i=1

where €;x(80) = 05,1 (B0) (Yir — wir(Bo))- By condition (A5), (A6) and (A7),
E[ll Y- 0i5(Bo)ein(Bo) I (Bo)vee X512 = O(n).
i=1
Therefore, || 30, 04:(B0)eix(Bo) I (Bo)vecXyj|| = Op(y/n). Since 7; j = O,(n~1/2), the proof is

complete. ]

Consider D,,(8,) = —9s,(8n)/0Bn, bn(ﬁn) = —08,(Bn)/0Bn. Lemma 4.3 establishes the

approximation of the negative gradients of the estimating equations.

Lemma 4.3. Under conditions (A1)-(A8), for some constant A\ > 0,

Sup ’/\maX[bn(ﬁn) — Dy (Bn)]| = Op(n1/2)7
[1Bn—Bol|<An=1/2
sup | mln[ n(Bn) — Dn(Bn)]| = Op(n1/2)~

1Bn—Boll<An=1/2

Proof of Lemma 4.3. Similar to Lemma C.1. of Wang (2011), it can be shown by direct calcu-

lation that

Dn(ﬁn) = Dnl (571) + DnZ(Bn) + DnS(Bn) + Dn4(;6n)7
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where

ZJT B )vecX; A2 (B,) RV A2 (8,)vec” X, (By),
Dn2(Bn) = ZJT Bn)veeX; A% (8,) R A;Y/%(8,)Ci(B0) Fi(Bn)vee Xid (Bn),

Dys(Ba) = — S T B XA (B, (B, K B vec X, T (8,),

=1

Dou(B,) = Zzew/z (Ba) B AT 2(8,) (Vi — pi(Ba) H(Bn),

i=1 j=1

with

Ci(Bn) = diag(%l — wi1(Bn); - -+ Yim — ,Ufim(ﬁn))7
Fi(8,) = diag (1 (Bn). . 153 (Bn) )
Ki(8,) = diag (R~ A, *(8,)(Y: - mi(B,)) ).

e; the length m vector with j-th element 1 and 0 everywhere else, and H(3;) is defined in
condition (AS8).
Let D,;(3,) be defined the same as bm(ﬁn), but with R replaced by ﬁ, fori=1,...,4.

It is sufficient to prove

sup sup |uT[Dm(Bn) — f)m(,@n)]u| - Op(n1/2)
[1Bn—Bo||<An—1/2 u

for any u € REXiZ1Pd such that ul|=1,i=1,...,4.
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For i = 1, we have

[ [Dn1(Bn) — D1 (Bn)]ul
<nlful - R = B r - Amax(Ai(Ba)) - Amax (071 3 T (Ba)vee Xivee X, (By) ).
i=1

By condition (A3), (A4) and (A7), [u"[Dyn1(B8n) — Du1(8n)]u| = Op(n'/?) on the set N,,.

For i = 2, we have

|UT [Dn2(,6n) - bn2(16n)]u’

<Gl S T (Bvee X AV () (B — B ATA(8,)Cor (8) BB vee X (B, )
=1

TS T (Bvee X AV (B (R — R A28, Conl(80) Fi B vee X (B,
1=1

A
=dJn1 + Jn27

where we decompose C;(8,,) as C;1(8,) + Ci2(Bo),

Cii(Bn) = diag(uﬂ(,@o) — pi1(Bn), - - - tim(Bo) — ,uz'm(ﬁn)>,

Ci2(Bo) = diag(Yél — 1i1(Bo)s - -5 Yim — Mim(ﬁo))-
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By the Cauchy-Schwarz inequality,

20 <Y [T (Ba)veeX; A2 (B,) (R — R7) A;*%(8,)Cir (B,) Fi(Ba)|
=1

X ||vec" X, J (Bn)ul|
< e KT (Bl ¢ M (A7(8)) % (A7 2(8)) x 1R = B
1=1
x max i) (Bn)| < max gy (Bn)| < 113, = Boll
<3 livee XT(Boulx 1B Bl

i=1 ming ; o ;9} (Bn)

x max ) (B)] x max s (Ba)] < 18, — Boll
<[l % Amax (Y I (Ba)vee Xivee XiT (B,)) x [|R™ = B[ x
1=1

x i) (Ba)| % mass |3 (Bn)| < (18, ~ Boll

where 3, is between 8, and By. Under conditions (A3), (A4) and (A7), it can be easily scen
now Jn1 < CnO,(n=12)0,(n=12) = 0,(1).
For Jpa, recall that €;;(8o) = 0'2-91(,30)(3/;]‘ — 1i;(Bo)). By condition (A5),

sup E[Jp] = sup Tr[E(JpJn2)]

n n

n m

= sup Y > Elegen]Tr [JT(ﬁn)vecX,-AQ/ 2(Bu) (R — RHYA2(8,)ejel Fi(B,)

Bn€Nn =1 j=1 k=1

vec X, (B0) " (Bn)vec Xierel A 2 (B,) (R — RV AL (B,)vec” X, T (By)
< sup CY >N [[efFi(Bn)vec Xid (B)|] - |7 (Bn)vee X Fi(Bn)ex|

Bn€Nn 27 =1 k=1

Jlef A2 (Ba) (R — R AV (Ba)vec Xid (B,

T (B)vec X, AV (B) (R — R A2 (B)e]|.
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By conditions (A4), (A6) and (A7), supg, <, E[J2] < Cn||R™'—R~!(|% = O(1). Using similar

n.

decompositions, we can verify the results for D,3 and D,4, which completes the proof. O

Based on Lemma 4.3, we can further approximate ﬁn(ﬁn) by Dy (Bn), which are easier to

evaluate. Lemma 4.4 provides this approximation.

Lemma 4.4. Under conditions (A1)-(A8), for some constant A >0 and u € REX6Z1Pd sych

that ||ul| =1,

Sup Sup ‘UT[bn<Bn) - Dnl(ﬁn)]u‘ = Op(nl/Q)a (4.9)
1Bn—Boll=An=1/2

sup sup |u'[Dn1(8o) — D1 (Bn)|ul = O,(n'/?). (4.10)
180 —Boll=an—1/2 u

Proof of Lemma 4.4. To prove (4.9), it is sufficient to show, for i = 2, 3,4,
sup sup [ Dyi(B,)u| = O, (n/?).
180 —Boll=An=1/2 u

For D,2(8,), if suffices to show

sup [u” Y JT(Ba)vecX; AL (B,) RTLA;Y2(8,) Ci(Bh) Fi(Bu)vec Xid (By)ul = Op(n'/?).
BueNu i

By using the decomposition C;(3,) as C;1(8,) + Ci2(Bo), the proof is similar to the proof for
|uT[Dy2(Bn) — Dpa(Bn)]u| in Lemma 4.3. We can prove the results for D,,3(80) and Djp4(Bo)

in the same way, which completes the proof of (4.9).
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To prove (4.10), note that

[u"[Dy1(Bo) — D1 (Bn)]ul
<[u"[T(Bo) — I (Bn)Ivec Xi A (B) R AL (By)vec X1 (B, )ul
+ [uTTT(Bo)vee X[ AV (Bo) — AV (B,)| R ALY (Bn)vee X (Bn)ul

+ T (Bo)vee X, AV 2 (Bo) RAYZ (Bo) — A2 (By)vec” X T (B )ul

+ [uT T (Bo)vee Xi A, 2 (Bo) R AL (Bo)vec” X[ T (Bo) — T (Bn)]ul.

The rest of the proof is similar to the proof of Lemma 4.3 and thus is omitted here. O

Proof of Theorem 4.1. Wang (2011) gave a sufficient condition for the existence and consistency

of a sequence of roots 3, of Sn(Br) = 0, namely,

P( sup (Bn— Bo)"sn(Br) <0) >1—e¢ (4.11)
1Bn—Boll=0n~1/2

with Ve > 0 and a constant A > 0. To verify (4.11), the main idea is to approximate s,(3,) by
5n(Bn), whose moments are easier to evaluate.

By direct calculation,

(Bn - BO)T3n<6n)
=(Bn — Bo)"sn(Bo) — (Brn — Bo)" Dn(B;,)(Br — Bo)

A
=lIn1 + In2a

where 3 is between 3,, and By. Further decompose I,,; into

In1 = (Bn — B0)"30(Bo) + (Bn — Bo) " [sn(Bo) — 51(B0)]

A
= In11 + Inio.
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Note that I,,1; < An~'/2.1|5,(8o)||. By condition (A6),

E[]|3(80)I1%]

:E{ ST RIAP (Bo)vec Xid (8)J T (B)vecX; A}/ 2(,80)1?’1@}
=1

<C- Z Tr (VecTXiJ(ﬂn)JT(,@n)VeCXi>
i=1

S>> -Tr(VecTXijJ(Bn)JT(Bn)VeCX¢j> — O(n)

i=1 j=1

for some constant C' > 0. This implies that I,;; = Anfl/QO/p(nlﬂ) = AOp(1). For Ip,12, by

Lemma 4.2,

Ini2 < |[Bn — Boll - [I8n(Bo) — 3n(Bo)|| = op(1).

Therefore, 1,1 is dominated in probability by I,,11.

For I,,5 ,we decompose it into

Iz = — (Bn — Bo)"Dn(B)(Bn — Bo)
— (Bn — Bo)"[Dn(By) — Dn(B;)](Bn — Bo)

A
=Ipo1 + Ipoo.

By Lemma 4.3, it can be easily checked that I,20 = 0,(1). Next, for I,

Lot = — (Bn — Bo) D1 (Bo)(Bn — Bo)
- (/671 - /BO)T[Enl(IB::) - bnl (/80)}(1671 - ;60)
— (Bn — Bo)"[Dn(B;) — D1 (8;))(Bn — Bo)

Al 2 3
=lno1 + Inoy + Lo

We next show that I,21 is dominated in probability by 1%21- Note that by conditions (A3),
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(A4) and (A7),
Loy = = (Bu = B)" | Y07 (Bu)vee X, A} (B.) R AL2(B,)vee X (8,)| (B — Bo)

=1

<- n_lAQ min )\min(Ai (Bn)))\min ( Z JT(IBn)VeCXiVeCTXiJ(ﬁn)> )\min(R_l)
=1

S *CA25

for some constant C' > 0. By Lemma 4.4, it can be checked directly that both I2,; and I3, are

op(1).
Therefore, with high probability, the sign of (8, — Bo)"s,(8n) is determined by I,,11 + I}y

and is negative for sufficiently large /A, which completes the proof. O

Proof of Theorem 4.2. We first show that the normalized §,(3p) has an asymptotic normal

distribution. That is, for any b € REXZ1P4 such that |b]| =1,
"M, '/?(B)3n(Bo) — N(0,1), (4.12)

where M,,(8o) = Var(8,(80)).
Denote bTMn_lp(,Bo)én(ﬂo) = Y"1 | Zni, where

Zni = b7 M 2(B0)J " (Bo)vee X; A} (B0) R ei(Bo).

and €;(By) = Ai_l/Q(,Bg)(Yi — 1i(Bo)). Note that E(Z,;) = 0, Var(}_;", Zni) = 1. To prove

(4.12), it suffices to check the Lyapunov condition. That is, for some § > 0,

n
> E(1Zul**) 0,
i=1
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as n — 0o. By Cauchy-Schwarz inequality,
Z72m' < AmaX(R_ ) Amax (A (BO))HQ(BO)H Tnis

where ~v,; = bTM_1/2(60)JT(BO)VecX vec" X;J (Bo) M, _1/2(,80)b. To evaluate maxi<i<n Yni,
M,,(By)). Note that

we need to evaluate AL (

b" M, (8o)b >Cb" ( 3 JT(ﬁo)vecXivecTXZ—J(f;'o)> b

i=1

>C' A\min ( i JT(ﬂo)vecXivecTXiJ(,BOD ,

=1

which implies Apin (Mn(ﬁo)) > )\min<2?:1 JT(,B())VGCXZ‘VGCTXZ‘J(,B())>. By condition (A3),
Anin(Mi(B0)) = O(n™") and hence maxi<i<n Yni = o(1)-

It follows that, for any § > 0,

zn:E(’Zm‘Z—i-é) < iE<Cl+6/2%1L;i‘5/2Hei(ﬁo)"2+6>
=1 ]

< C(max o) /2ZbT TY2(80) I T (Bo)vec X vee” X (Bo) M, /*(Bo)b

< C(max yn;)*/? Amax ( ZJT Bo)vecX;vec" X;J (Bo)) At ( ~n(,80))

- 1<i<n
=1

— o()O(MO(n™) = o(1),

which completes the proof of (4.12).
To prove Theorem 4.2, note that because sn(,@n) = 0, we have s,(B) = (,6*)(,6 - Bo),
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for some 3} between Bn and By. Hence,

b" M, V/%(80)3n(Bo)

=b"M,;/*(80) D1 (Bo) (B — Bo)
+b"M,, /2 (8)[Dn(8},) — Dt (80)](Bn — Bo)
+ "M, *(80)[5.(80) — 5(80))]

=dn1 + JnQ(IB:L) + Jn3(/80)

By (4.12), it is sufficient to prove that both sup g, g, <an-1/2 [n2(8n)| and | Jn3(B0)| are op(1).
For Jp3, recall that ||5,(80) — sn(Bo)|| = Op(1) from Lemma 4.2. Using the previous result

that A~}

min

(M,,(Bo)) = O(n™1), it can be easily checked that J2; = 0,(1) and hence |J,3| = 0,(1).

For J,2, we have

sup ’JnQ(ﬁn)’
||Br—Bol|<An—1/2

< sup b" M 2(80)[Dy(8r) — Du(8,)](Bn — Bo)
|1Bn—Bol|<An~—1/2

+ sup b" M, *(80)[Dn(Bn) — Dn1(82))(Br — Bo)
|1Bn—Bo||<An=1/2

+ sup b" M, /%(80)[Dn1(8n) — D1 (80))(Bn — Bo)
[|1Bn—Bol||<An—1/2

101+ Ino + Ins.
Notice that
It < C % Panax(Du(Bn) = Du(B)| x A" (M (B0)) x |18, = By
By Lemma 4.3, we have SUD) 5, _ gy ||</p/m | Amax(Dn(8r) — Dy (Bn))| = Op(y/npn). Therefore,

I = O,(v/pn)O(n=2)0,(\/p/n) = Op(pn=1/?) = 0,(1). Similarly, by Lemma 4.4, we have

I = 0p(1) and I3 = 0p(1). Therefore J,; has the same asymptotic distribution as in (4.12),
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which completes the proof. O

Proof of Theorem 4.3. Denote the rank-R tensor GEE estimator by f}( R)- For Gaussian re-

sponse, the BIC can be written as

n m

BIC(R) = Z Z(Yij — (X, E(R)>)2 + AR
=1 j=1

where A\, = O(logn).
The proof follows two steps: we need show that BIC neither overestimate nor underestimate
the rank. By combining these two results, the consistency of BIC is established.

Step 1: To show BIC does not overestimate the rank, it suffices to show that for any R > R,

Pr (BIC(R) — BIC(Ry) > 0)

=Pr (((B(r)) — {(B(r,)) + (R — Ro)\, > 0) — 1

as n — oo, where

n m n m

E(E(R)) = ZZ(Yij — (Xijs é(R)>)2 = Z Z(Yz’j - Hij(ﬁ(R)))2

i=1 j=1 i=1 j=1

by the identity link function.

Denote B(R) = vec(E(R)l, - ,E(R)D), where [[ﬁ(R)l, - ,é(R)D]] is the CP-decomposition
of E( g)- That is, B( R) 1s the vector of free parameters in 1/3\'( R)- By previous theorems, there
exists one tensor GEE estimator B( r) that is a root-n consistent estimator for B g) for R > Ry,
where 50(R) is simply B, with additional 0’s in ranks Rg+1,..., R and ﬁo(RO) = B. If we can
show that E(E(R)) - E(E(RO)) = Op(1), the proof is completed by the fact that R — Ry > 0 and

A is a diverging sequence. Notice that by subtracting the same term,

~

UB(ry) — U(B(ry)) = (tB(r)) — U(Bo)) — (L(B(ry)) — L(By))-
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Denote L(3) = E[¢(B)], where the expectation is taken w.r.t. ¥;;. We have

U(Bry)) — £(Bo)
:(L(B(RO)) — L(By)) + (E(B(Ro)) —1(By)) — (L(B(RO)) — L(By))-

Therefore, it suffices to show that

(L(B(ry) — L(Bo)) = Op(1), (4.13)
(€Bry)) — £(B0)) — (L(Bry) — L(By)) = Op(1). (4.14)

To show (4.13), by the definition of 3, we have 6L(,6)/85|B:BO = 0. By Taylor expansion
at B and Proposition 2.3 in Zhou et al. (2013),

L(B(ry) — L(Bo) = Cnl|Bryy — Bol "I (Bo)lIB(ry) — Boll

where I(By) is determined by some B, € {8 : ||8 — By|| < An~'/2} via CP-decomposition.
Under the condition (A3*), this term is Op(1).

Next we bound the term in (4.14). By direct algebra, it can be shown that

(«

n

) = £(B0)) — (L(B(ry) — L(By))
Yz‘j(%(g( ro)) — 035 (Bo)) ZZE i) RO) —0i;(Bo))

=1 j=1

(Yi; — E[Yis)) (05 (B gy)) — 055(B0))

Il
M5

-
Il
—-
<.
Il
-

Fnﬁﬁ
NE

.
Il
—
<.
Il
—

(Yij — ElYy)On"/?

5
NE

.
Il
—
.
Il
N

by the condition that 06;;/03 are uniformly bounded, |6;; (/@(Ro)) —0;(By)| < Cn~Y/2 for some

constant C. Denote g;(u) = >, (Y3 —IE[Y,-]-])Cn_l/Q. Notice that {g;(u)}" ; are independent
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mean zero random variables. Under the condition that Var(Y;) has bounded eigenvalues, it can

be easily verified that Var(g;(u)) = O(n™!). Therefore, 31 | gi(u) = Op(1).

Using similar techniques, it can be shown that E(B(R)) —UBor)) = Op(1) for R > Ry as
well. Therefore, for R > Ry, the term BIC(R) — BIC(Ry) is asymptotically dominated by
(R — Ry) log(n), which is always positive.

Step 2: To show BIC does not underestimate the rank, it suffices to show that for any

R < Ry,

Pr (BIC(R) — BIC(Ry) > 0)

=Pr (((B(r)) — {(B(r,)) + (R — Ro)\, > 0) — 1

as n — oo. Notice that n™1(R — Ro)\, — 0 as n — oo. Therefore, if we can show that
nil{ﬁ(ﬁ(R)) - K(f}(RO))} > ¢ for some constant ¢ > 0, the proof is completed. Intuitively, we
need to show that for any underestimated estimator, the increase of the population loss function
to the one with correct rank is bounded away from zero.

Notice that

~

U(Br)) — £(Bo)
:(L(B(R)) — L(By)) + (K(B(R)) —{(By)) — (L(B(R)> — L(By)).

Denote B(R)7R0 the augmented vector of B(R) with 0’s at the those rank R+ 1,..., Ry so that

it has the same length as B,. By similar arguments in Step 1, for R < Ry

L(B(r)) — L(Bo) = CnlBry.ry — Bol"I(Bo)lIB(r).5, — Boll-

Notice that there exists some positive constant ¢; such that HB(R%RO — Bol| = c1. This is true
because the elements of 3 at those locations for rank R+1,..., Ry cannot be all zeros. By the

condition (A3*) that the smallest eigenvalue of I(B) is bounded away from 0, it can be seen
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that n_l{L(B(R)) — L(By)} > c2 for some constant co > 0 that does not depend on R.

Similar as in Step 1,

(¢(Br)) — €(B0)) — (L(B(ry) — L(By))

n m

=55 (Y — EYy)) (655(Bry) — 045(Bo))-

i=1 j=1

By the condition that the first derivative of 6;;(8) is bounded away from infinity, X;; are
uniformly bounded and p is fixed, Var[(Y;; — E[E‘])(Gij(B(R)) —0;3(8y))] = O(1). Therefore
2im1 E;nzl (Yij —E[Y; ]) (Qij (B(R)) —0ij (:30)) = Op(v/n) and nfl{(e(B(R)) _E(BO)) - (L(B(R)) -
L(By))} = op(1). Combined with previous result, n_l{E(E(R)) — E(ﬁ(RO))} dominates the term
in n_l{E(B(R)) — {(By) Hor sufficiently large n and is bounded away from 0, which completes

the proof. 0

Proof of Theorem 4.4. Write the SCAD regularized tensor GEE as

n_lsn(ﬁn) - qpn(|16n|) X Sign(ﬁn)?

where gq,,(|3,]) = (qpn(]ﬁnﬂ),...,qpn(]ﬁnRZdD:1pd]))T is a R | pg-dimensional vector of
the subgradients of SCAD penalty, q,,(8) = pn {1{51<pnt + Aon — B)+/(A = Dlgg5p1 )
sign(3,,) = (sign(Bn1), - - ’Sign(/@ndeD:lpd))T’ the symbol “x” denotes component-wise prod-
uct, fp; is the jth element of 3, j = 1,.. -aRZ§:1 pa. Write the support of By as J = {j :
Boj > 0}.

We prove the theorem by showing the the oracle estimator, BS, is an approximated solution
to the regularized tensor GEE. Denote the jth element of BS as BT?J By the definition of
the oracle estimator, ng = 0 for j ¢ J. Similar as the definition in Wang et al. (2012), an

approximated solution to the regularized tensor GEE, Bn, is defined to satisfy

Pr (™ 50j(B,) = dp. 1By )sign(Bag) = 0, j € T) =1, (4.15)
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Pr (In " 505(8,) = ., (1Bus )sign(Buj)| < pu/logn, j ¢ T) = 1. (4.16)

The reason for this definition of the approximated solution is that the regularized tensor GEE
involves non-smooth points, so the exact solution may not exist. It suffices to show that Bf
satisfies both (4.15) and (4.16).

For (4.15), note that by consistency in Theorem 4.1, HBSJ — Bosll = Op(n1/?), where
ng = {@% :j € J} and similarly for B, ;. For fixed p, there exists some constant C' > 0
that min; Bp; > C. Therefore, Pr(minjc s 37?] > (C) — 1 as n — oo. By the fact p, = o(1),
Pr(minjc s B% > App) — 1. By the definition of the oracle estimator, sy,; (,/6\7?) = 0. Therefore
(4.15) holds for the oracle estimator.

For (4.16), by the definition of the oracle estimator, qpn(|g,%|)sign(@%) =0forj ¢ J.
Therefore, it suffices to show Pr <\sn](,§g)] < npy/logn, j ¢ .7) — 1. Note that \sn](,@g)] <
|snj([§'g) - §W(Bg)| + |§n3(ag)| By Lemma 4.2 and the consistency of the oracle estimator

established in Theorem 4.1,

~0 ~ ~0
maPr(n; (BY) — 50y (B1))| > npu/ logm) 0.

~0
Therefore, we only need to verify Pr <|§nj(5n )| > npn/logn, j¢ j) — 0.

Consider the Taylor expansion
5ni(B) = 503(Bo) + V5(B0) (B, — Bo) + (B, — Bo)"%;(83) (B, — Bo),

where V;(8) = 05,;(8)/98, ¥;(B) = 82§nj(ﬂ)/6B8BT, B3, is between ,@g and By.
We first show Pr (\Enj(ﬁo)\ > npy/logn, j ¢ j) — 0. Note that

0 5(B0) =0t Y eI (Bo)vecX; A (Bo) R ei(By) £t Y i

i=1 i=1

Note that Z; are independent random variables with mean zero. By condition (A4)-(A7), it can
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be directly verified that E(|Z;|') < I!/CL72Cy for some constants C; > 0 and Cy > 0. There-

fore, Pr <|n_1§nj (Bo)| > pn/logn) < exp[—Cnp?/(logn)?] — 0 is implied by the Bernstein’s

inequality for any j ¢ J. By the condition that np?/(logn)?

— 00, the proof of this step is
completed.

We next show Pr (|Vj(50)(3,? —Bo)| > npn/logn, j ¢ J) — 0. Similar to the decomposi-
tion used in the proof of Lemma 4.3, we write V;(8o) = 324 _| Dyjm(By), where Dy jm(Bo) =
e}f)nm(,ﬁo) for m = 1,...,4. By condition (A4)-(A8), the elements of 7Dy, (8,) are uni-
formly bounded by a positive constant for j ¢ J and m = 1,...,4. Therefore, |V, (,30)(35 —
Bo)| = Op(n'/?) = o,(np,/logn), which compiles the proof.

Finally, we show Pr (|(Bf — ﬁO)szj(B,’;)(fig = Bo)| > npp/logn, j ¢ j) — 0. It can be

directly verified that the elements of n_ldjj (3;,) are uniformly bounded by a positive constant.

Therefore, |(BS - ﬁo)quj(,@;’;)(Bf — By)| = Op(1), which completes the proof. O
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Chapter 5

Discussion

5.1 Contributions

This thesis consists of three projects developing some new statistical methods for high dimen-
sional and dependent data. We summarize the contributions of the three projects as follows.

In the first project (Chapter 2), we prove that one local solution to the non-convex penalized
SVMs possesses the desirable oracle property, even with a diverging number of variables. The
proof technique is different from those in the existing literature, because we use a new suffi-
cient local optimal condition based on subgradients, while existing techniques are not directly
applicable to the non-smooth loss function in our setting. We also provide an algorithm with
provable global convergence to the oracle estimator. To the best of our knowledge, this is the
first result on the convergence of the LLA algorithm in the setup of a non-smooth loss function
with a non-convex penalty.

In the second project (Chapter 3), we demonstrate the modeling of reliability under depen-
dence via a copula approach with discrete marginal distributions. The results are established in
a general framework and can be extended to multi-state system. We also characterize the influ-
ence of dependence on component reliability importance. This is the first result in the literature

on the ranking of component reliability importance without the independence assumption. We
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reveal the interesting connections to some well-known principles about component importance
under independence. We also demonstrate the results for Gaussian copulas, which yield direct
and simple interpretations.

In the third project (Chapter 4), we propose a new method for longitudinal imaging analy-
sis. Our proposed method is based on GEE and tensor regression, which can capture the spatial
structure of the image covariates and the temporal correlation within each subject simultane-
ously. Our proposal offers a new way for analyzing such longitudinal imaging data, extending
the existing literature about GEEs where the covariate is restricted to vectors and the literature
on tensor regression where the observations are assumed to be independent. We are also the

first to prove the rank selection consistency under the framework of tensor regression.

5.2 Future Work

We summarize some possible directions to extend the work in this thesis.

For variable selection in support vector machine, we only study the SVMs in non-separable
cases in the limit. Although the non-separable cases are important in practical applications, it
would be interesting to show similar results for separable cases. Another direction for future
study is the availability of an appropriate initial estimator in ultra-high dimensions. One could
try to extend the work of Bickel et al. (2009) by assuming similar types of restricted eigenvalue
conditions. This extension would require new techniques because both the loss function and the
penalty are non-differentiable and the non-smooth locations are different in Li-penalized SVM.
The setup in Bickel et al. (2009) is a smooth loss function with a non-smooth penalty, and the
setup in this thesis is a non-smooth loss function with a smooth penalty.

For reliability modeling under dependence using a copula approach, one possible extension
of this work is to consider copula functions other than the Gaussian copula. For example, if
prior knowledge is available that two components tend to fail together but not function together,
an asymmetric copula function, such as the one based on the skewed t-distributions, may be

preferred to the symmetric Gaussian copula. If there is some natural ordering of the components,
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a copulas such as the vine copula (Kurowicka and Joe, 2011) can take into account the ordering
information in modeling the dependence structure.

For longitudinal tensor regression, one possible future development would be a more com-
prehensive study on rank selection, including the selection consistency for a more general family
of models, its convergence rate, and its selection under a diverging dimension. Another is the
asymptotic study of our tensor GEE with a diverging dimension, which is also related to the
diverging rank selection problem. One may consider more stringent regularity conditions to

prove these results.
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