ABSTRACT

WICKER, ANDREW W. Leveraging Multiple Mechanisms for Infoation Propagation.
(Under the direction of Jon Doyle.)

Extant models of how social influences affect the spread fofmmation across a popula-
tion of individuals have employed simple conceptions ofuefice that utilize a single influ-
ence mechanism for inducing changes in a population of befaly-uniform individuals. We
present here a new model of social influence that recognimbseaerages multiple influence
mechanisms involving multiple types of relations amongviaiials and multiple types of indi-
vidual response to influence. These characteristics of @aehprovide increased expressivity
and extensibility over that of related models and fac#itahalysis of influence effects in a
variety of social contexts. We support the claimed improgets offered by our model with

results pertaining to optimal targeted populations foritfileence maximization problem.
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Chapter 1

Introduction

We address the problem of how social influence affects inébion propagation in a popula-
tion. The study of population dynamics and how informatiaw# throughout a population
has been an increasingly active area of research. Work e treas has benefited greatly from
the proliferation of digital communication methods, whietilitates construction of social
networks built upon different types of relations.

Not surprisingly, the vast amount of work on population dyizs has resulted in a vari-
ety of models being used to study information propagati@bl@ms. An overarching goal of
mathematical modeling, in general, is the creation of a hib@e is as simple as possible, and
many researchers are quick to point out the mathematicakeooence of using extant models
of information propagation. The formulation of many of taesodels, however, is not sup-
ported by evidence from the social psychology literatutiee Tesulting models inadequately
reflect the phenomena being modeled and may lead to inaegesailts.

It is well-established within the field of social psycholdpt social influence is dependent
on the relations that exist between individuals [34]. Faraple, the mechanism(s) by which

a mother influences her child may be very different from themaaism(s) by which a Twitter



user influences a follower because being someone’s motleereésy different relation than
being someone’s Twitter follower. To understand the infaemechanisms, therefore, one
must also consider the different relations among indivislua

As with the study of multiple social relations, the effectardluence on individuals in a
population when using multiple influence mechanisms hasived attention in the social psy-
chology literature [35]. Despite an increasing interedbimal models of information propa-
gation, there is a lack of work that seeks a formal understgnaf how multiple mechanisms
and multiple relations impact results to well-known prabteof social influence. This forms
the basis that motivates our work in this dissertation.

We have developed a new model of social influence for studgiliogmation propagation in
a population. Our model leverages multiple influence megnanfor transmitting information
between individuals and multiple types of relations comingcindividuals over which influ-
ence mechanisms may exert influence. In this way, our modaioves upon existing related
models by facilitating analysis of multiple types of infleerthat is exerted over multiple types

of relations. The following example helps highlight suctpiovements offered by our model.

1.1 Motivating Example

Consider a sefzry, o, . . ., x5} of eight individuals, which we will refer to as a population-
dividuals are assumed to occupy one of two states at any mig&ant. Each of these individuals
may be related to another through one of two binary relati@soworker-oandis-friend-of
For this example, assume that coworkers tend to be influelngeth authoritarian influence
mechanism (e.g., “accept this because | said so0”), whereawl§ tend to be influenced by a
group conformity influence mechanism since they desireaoee by their friends (e.g., “all

of my friends play musical instruments, so | will too”). Werd#e influence mechanisms of



these types byAuth and Conf, respectively.

Figure 1.1 graphs the relationscoworker-ofandis-friend-of We assume these relations
are symmetric, but this may not be the case for other relstibiote that many individuals
share both relations, whereas others are related onlyghratsingle relation, and the graphs
might be disconnected, as is the case ustaoworker-of

If we use only a single influence mechanism, then we are ldvite@nfluence only within
the single relation corresponding to the mechanism. Fomei@ assume that individuals in
{zs5, z6, x7} are each in the same state and that state is different frorstéte of the rest of
the population. Assume also that those individuals exéiteénce onc, using an authoritarian
influence mechanisuth. If these individuals are unable to influencg(e.g., none command
sufficient authority), then the remaining subpopulatios ha chance of being influenced to
adopt the state shared by thosd iy, x4, x7}.

The use ofAuth and Conf mechanisms together might increase the expectation far-infl
encing the remaining population over what would be obtaumgdg either mechanism alone.
For example, individuals; andzg may be influenced by; usingAuth over is-coworker-of
Individual z, may subsequently be influenced by, usingConfover is-friend-of Next, indi-
vidualsx, andz; may influencer,, xg, andxs using Confover is-friend-of Finally, xg may
influencezx, usingAuth overis-coworker-ofsee depiction in Figure 1.2).

Restriction to a single type of influence mechanism andioglatould produce mislead-
ing results. Using only the relatiois-coworker-of we may conclude that individuals on the
cut-edge(zs, x4) must necessarily be influenced in order to influence more tiadiof the
population. Moreover, we may conclude thatis unable to exert influence directly an, or
thatz; is unable to exert influence on any other individual (or beugriiced itself) since it is
disconnected ins-coworker-of However, the population structure and potential for emgrt

influence changes with the inclusion of relatisAfriend-ofcorresponding to the mechanism
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Figure 1.1: Graphs of two symmetric binary relatiaescoworker-ofand is-friend-of over
the same set of individuals. Using both relations with onmore influence mechanisms may
produce very different results than using only a singletiata




n < s e g

Figure 1.2: Depiction of the spread of information acros®éehtime steps = 1,2,3,4
through multiple influence relations. The bold directedesdgorrespond to the direction of
the exerted influence at the specified time.



Conf With both types of mechanisms and relations, there are rmum@otential pathways for
propagating information.

This informal example helps demonstrate the impact thatipiekypes of influence mech-
anisms and relations could have on the potential for influngndividuals in a population.
Marketing campaigns, for example, are increasingly usowas media to influence individ-
uals to form positive opinions about new products. Such @agms could benefit from the
dissemination of product information via multiple typesimfluence mechanisms and social
relations. These benefits could be in the form of reducedn@aet associated with marketing
campaigns by minimizing the number of people they are reguio target initially in order to

achieve a desired level of influence in a population.

1.2 Plan of Dissertation

We begin in Chapter 2 with an overview of related works. Ttegsemany different models that
have been used to study information propagation, but wesfoawnly a few of those that our
model builds upon. We show how each of the related models#pble of capturing a variety
of different influences and relations.

We introduce and define influence mechanisms in Chapter 3€Tére the objects of pri-
mary interest for our work. We give an exposition of the vas@omponents that constitute an
influence mechanism. We conclude with several examplespeistpf mechanisms expressed
within our model that have been studied in the social inflediterature.

Leveraging multiple influence mechanisms for informatioogagation requires us to make
clear assumptions about the ways in which individuals comltine effects of influence from
different mechanisms. In Chapter 4, we introduce comhnmatethods, which define how

each individual responds to different influences. We show th@se combination methods can



be used to characterize behavioral types of individuals.

In Chapter 5, we specify the influence problem to which weappt model: the influence
maximization problem. This problem seeks a given numbendi¥iduals in a population that
maximize the expected number of individuals that will beuaficed in the long-term. Our
aim in this dissertation is to study the effects that muttiplechanisms and relations have on
potential solutions to the influence maximization problem.

We show in Chapter 6 how the relational structure of a popraitnpacts optimal so-
lutions to the influence maximization problem. We state dooas under which selection of
individuals for the influence maximization problem can beaieposed within components of
the population. We also state a lower bound on the optimabeurof individuals for the influ-
ence maximization problem such that the selection of angféwdividuals gives a sub-optimal
solution.

In Chapter 7, we give some examples of analysis, along wipeties for describing the
types of interactions between multiple influence mechasidive state properties of some of
our example types of influence mechanisms and use the typetedctions between mecha-
nisms to address the question of whether or not inclusiom aidalitional mechanism will lead
to a greater expectation for influence in a population thateunnly a single mechanism.

We conclude in Chapter 8 with a presentation of some resbtteed in our preliminary
investigations on diminishing returns when using multipkechanisms. We show that our mea-
sure of information propagation exhibits submodularityhwespect to some sets of influence
mechanisms. The lack of more general conditions for suclmsdblarity leads us to seek

alternative notions of diminishing returns, each of whialhsthhow presents difficulties.



Chapter 2

Related Work

Research on influence models is a highly active area of refseard an increasingly multi-
disciplinary pursuit. The fields of sociology, economickygics, mathematics, biology, and
computer science have each contributed to modeling theepscand effects of influence. De-
spite being conceived out of tangential fields, these variafluence models have much in

common.

2.1 \Voter Models

The general voter model (see [12, 23, 43]) is one of the eardle@mal models of influence
and is often cited in later developments of influence mod&|8]. Voter models are closely
related to contact processes [33]. The primary appeal ofdter model is the simplicity of its
specification and its amenability to analysis.

The voter model was originally introduced as the invasiarcpss in [12]. The invasion
process is a model of spatial conflict among competing spelieparticular, the goal was to

model territory acquisitions over time. The voter model asmesent it here was first intro-



duced in [23], independently of [12].

The specification of the general voter model is very simpleslation between individuals
in the population is assumed to induce a regular latticestra. Each individual (i.e., voter) is
assumed to have a binary state (or +1), however this can be generalized to non-binary states.
At each time step, an individual is chosen at random from tigufation of individuals. That
individual adopts the state of an individual in its neighmyd selected uniformly at random.
This process is repeated infinitumor until a consensus is reached. It has been shown that the
voter model with a finite population will converge to a corsgnopinion as time approaches
infinity [9].

There are many simplifying assumptions that are made indtex model. The voter model
requires that a single random individual adopts the opinfarandom neighbor. The complete
adoption of the opinion (or “state”) of a neighbor is only agle specific type of influence
mechanism. Although some situations do conform to thi®ahothing adoption, it does not
translate well into other models of influence, such as onepeeices or beliefs. For example,
an individual may revise its beliefs to become more simidts neighbor without adopting all
of its neighbor’s beliefs.

Another simplifying assumption of the voter model is thadiuiduals are assumed to be
related through a single type of relation. There is no ackedgement of the fact that individ-
uals may share different relations with each other and et &pe of relation may resultin a
different probability of adopting the state of another.

There are variations of the voter model that each attempentedy some of the afore-
mentioned shortcomings of the general voter model. Notafyleng these variations are the
vacillating voter mode]31] and the extension to heterogeneous graphs [43].

The vacillating voter model [31] assumes that individuagédisome doubt about their cur-

rent state. This is captured by the following process. Ifralcanly selected individual selects



at random one of its neighbors that has the same state, teandividual will change state
to that of another randomly selected neighbor. The globatefs that consensus is inhibited,
unlike in the finite population general voter model.

The motivation behind this vacillating voter model is tHa general voter model implicitly
assumes that all individuals have no confidence in theirectistate. By requiring state tran-
sitions to different states, the vacillating voter modegbleitly models the lack of confidence
by each individual in their current state. No evidence, hawefrom the social psychology
literature is presented in [31] that supports the formalabf this vacillating voter model.

Most work on voter models assumes regular, lattice grapasrdpresent the relations
among individuals in the population. This simplified viewredaxed in [43] by looking at
voter model behavior in non-regular, or heterogeneoushgraphe update rule is identical to
that used in the general voter model (i.e., a randomly sedeabter adopts the state of a ran-
domly selected neighbor). It is shown in [43] that consensu#ill reached with the voter
model applied to heterogeneous graphs and the time it taleshieve consensus is decreased
by high-degree nodes. The approach of [43] still offers mupsut from the social psychology
literature for the update rule that is used. The decisiorstonon-regular graphs is, however,

supported by the lack of regularity in most social networks.

2.2 Random Interacting Networks

There has been a tremendous amount of work on models thateceatégorized as random
interacting networks. Such works are prevalent in the fiéjshgsics, in which the interactions
are between particles. We here focus on one particular naadehdom interacting networks
that our work closely resembles. The model we focus on is &tk@ratham'’s Influence Model

2, 3.
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Asavathiratham'’s Influence Model was developed to modeirtth@ences among the vari-
ous entities in a power grid, although it can be applied t@iogimilar domains as well. This
model of influence is quite similar to our model in that it us&grkov chains as the underlying
probabilistic state transition model, but contains sonséimiit differences.

Each entity in the Influence Model has a Markov chain thatwastthe probabilistic tran-
sitions over its states (e.g., a power grid transitioningvieen high/medium/low loads). Each
entity may be in one ofn states, where the state of each entigt timek is given by a sta-
tus vectors;[k] = [0...010...0] that contains a singlé representing the current state and
0s everywhere else. Entities are connected in a larger nktwavhich each directed edge is
assigned a weight. The directed edge weights correspore tarhount of influence that one
entity may exert on another.

The evolution of the population of entities proceeds a®bad (see [3]):

1. Entity: selects a neighbgrat random with probability/; ;.
2. The present status ¢fdetermines the probability.[k + 1] of the next status of

3. Entitys transitions to its next statug[k + 1] with probabilityp}[£ + 1].

The probabilities];; given above define the network of connections among entifigis net-
work is denoted by'(D’), whereD' is the matrix in which each j entry is given byd;;.

The status vectos;[k + 1] and next-state probability vectorg/k + 1] for each entity:
are combined to form a multi-status vectdfk + 1] and multi-probability vectop'[k + 1].
Thus,s'[k + 1] andp’[k + 1] form matrices in which eachih row corresponds tef [k + 1] and
pilk + 1], respectively. Most of the analysis of the Influence Modelfes on the properties
and evolution of these matrices.

Analysis of the Influence Model proceeds by first considethgy homogeneous case in

which all entities have the same set of states. These setatetsare assumed to be binary

11



for simplicity. Analysis then proceeds by looking at thedregeneous case in which entities
may have different sets of states. These are referred tegbitary) homogeneous Influence
Model and the heterogeneous Influence Model. It is showrhbtnary homogeneous model
that a consensus is reached whené\dy’) is ergodic.

The network of connections among the entities captures asingle, semantically vague
notion of relation. That is, entities are only viewed as gewlated or not. There is no notion
of different types of relations, except from what is expegss the edge weights. It is entirely
plausible that two relations may form very different netwstructures, but, in terms of the
Influence Model, exert the same amount of influence (i.e..esadge weights). This makes
edge weights insufficient for expressing different typesetdtions.

Only a single influence mechanism is used in the Influence Mddhes influence mech-
anism gives a probability of adopting the state of one’s Inleigs as a weighted sum of the
entities that are in a particular state along with the edgighteonnecting the two entities.
Such an influence mechanism is very similar to a group corifgitype of mechanism that we
present in Section 3.7.2 and is similar to the mechanism nstb@ general voter model.

Although the status-dependent Influence Model describE] allows entities to have state
transition probabilities (i.e., influence probabilitiekpt are dependent on their own current
state, it does not represent a different influence mechanisany case, the status-dependent

Influence Model is only briefly developed and not elaborateoiu

2.3 Cascade Models

Cascade models [27, 28, 30, 8, 36, 19, 41] have received &ddtemtion recently from those
studying information propagation. The simplicity of cadeanodels makes them amenable to

formal analysis. Cascade models come in a variety of formswe here focus on what is

12



referred to as thendependent cascade model

The independent cascade model situates homogeneoudumiwin a single social net-
work and focuses on the influence maximization problem @&dglg a specified number of in-
dividuals to target for initial influence such that those&ed individuals influence the largest
number of individuals in the long-term. The individuals areither an active or inactive state,
and only active individuals may influence neighboring indidals. An individual is active only
for the next time step after they are first influence; afterohlihey are inactive and incapable
of exerting influence.

The mechanism by which individuals influence each other igsiglted sum of the number
of individuals in an individual’s neighborhood that areiaet If this weighted sum exceeds
some predetermined activation threshold, then that iddaliis influenced and, thus, active in
the next time step.

There are some obvious shortcomings of the independeradascodel as a model of in-
fluence and information propagation. To begin with, they dbuse multiple influence mecha-
nisms. By using only a weighted sum of active neighbors dltascade models are limited to
a single type of influence mechanism.

Another shortcoming of independent cascade model is teeipfisimplistic state descrip-
tions, which leads to an all-or-nothing state change smdavoter models. This seems to
ignore that people are often not influenced by the entiretsoofie information. For example,
a person may be influenced by another’s preference for rodicnver classical, but not by

their preference for chocolate over vanilla.
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2.4 Mathematical Epidemiology

Mathematical models of epidemiology are increasingly beised to study a variety of phe-
nomena that involve diffusion or propagation. The origidalelopment of a mathematical
epidemiological model [29] has continually evolved in arde better fit the observed data
for which the previous models were inaccurate. The refinésnerade to these models have
benefited research on models of influence (see, for exany@elB, 6, 53, 47]).

In the following, we give an introduction to the most widetydied formalisms of math-
ematical epidemiology. We do not explore all of the myriadiai@ons or alternatives of the
standard epidemiological models. Instead, we give anduitton to a basic development of
these models that is sufficient for understanding theiriagfbn to models of influence.

Epidemiological models typically characterize a popwolatby compartmentalizing indi-
viduals into one of a variety of types, each of which idensifea individual's status with re-
spect to the epidemic being modeled. The most common of twepartmentalizations are
S, I, andR. An individual is in compartment if they aresusceptible to infection by the epi-
demic being modeled. The compartméntontains individuals that are currentlyfected by
the epidemic. Individuals that arecovering (or, sometimesgemoved) from the epidemic are
in compartmentRk. A model using these three compartments is referred to asRam®del,
and was first introduced in [29].

The primary concern in analysis of an SIR model are the nusnbeindividuals in each
of the three compartments given as a function of tim&he numbers of individuals that are
susceptiblejnfected, orecovering at time are given byS(t), I(t), andR(t), respectively. In
the simplest of cases, the population si¢és assumed to be constant, so that) + 7(¢) +

R(t) = N for each timet. The evolution of the population is described by a set okdéhtial

14



equations:

dsS
dl
dR

whereg is the contact rate constant afds the recovery rate constant. The last equation can
be written ask(t) = N — S(t) — I(t) since the population size is assumed to be constant.

It is outside the scope of this dissertation to describe taillall of the variations of the
basic SIR model. Parameters such as noise, birth ratesd@épendent birth rates, and time-
dependent contact rates result in models that better farigsi data on epidemics (e.g., plague,
measles, influenza). We can also reformulate the basic Sléelny considering different
sequences of status evolution, such as SIS and SIRS models.

Other works on modeling influence in a population have adbpfgdemiological models
as approximations for the spread of information guided lfiiy@mce effects.

The work presented in [53] applies epidemiological modela tomputer security prob-
lem by studying information propagation in a network. Themdea put forth is that standard
epidemiological models do not support virus countermesssto take place before transitions
occur between compartments (i.e., S, I, R). A new comparties introduced that contains
individuals that have beaxposed to a virus. This new model called e-SEIR is appliedftori
mation propagation problems in a network, where the infoionas a virus. The shortcomings
of using only a single relation and using population leveldtiions of compartment transitions
prevent this approach from being expressive enough at thediual level for the purposes of
our work.

Instead of using the standard epidemic models, [47] usédaehbutomata to model epi-
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Feature 1|2 | 3 | Ourmodel
multiple influence mechanisms no | no | no yes
combined influence mechanism®o | no | no yes
multiple relations no | no| no yes
behavioral types no | no | no yes

Figure 2.1: Comparison of model features, where[23], 2 = [2], and3 = [27].

demics. Although not explicitly a model of influence, it daepresent something analogous
to an influence model. A significant limitation of [47] is thenplification of only considering
homogeneous populations with a regular lattice relatistralcture. Moreover, they use only a

single local transition measure, which restricts the galregsplicability of their model.

2.5 Assessment of the Models

Through our study and critique of the aforementioned rdlatedels, we have identified sev-
eral features that have motivated the development of owdnfle model. Notable among these
features are: 1) multiple influence mechanisms, 2) comhimigcence mechanisms, 3) multi-
ple relations, and 4) behavioral types. We develop in thésetitation an influence model that

supports each of these desirable features. In contrasintikels described in [23], [2], and

[27] support none of these features (see Figure 2.1).
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Chapter 3

Formalizing Influence Mechanisms

The primary objects of analysis in this dissertation aretwiarefer to as influence mecha-
nisms. Each influence mechanism expresses a particulanfyp#uence that can be exerted
among individuals connected through a correspondingioalain this chapter, we begin the
presentation of our influence model with a formalization mfuence mechanisms. We de-
fine populations on which influence mechanisms exert thémence and the aspects of an
individual’s mental attitude that are relevant to the feregerted by each different influence
mechanism. We conclude this chapter with examples of skwetbknown types of influence

that we have formalized within the framework of our model.

3.1 Populations and Mental States

We assume a finite séf of individuals and call eachX C X a population with X' consti-
tuting the complete population affidconstituting the empty population. We sometimes refer
to any X C X as asubpopulationn order to distinguish it from the complete population. We

assume an enumeration of individuals in the populationrglye (X) = (21, 22,..., 7x))-
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In the present treatment, we require that the set of indalgld’ does not change and leave
consideration of changing populations to future studies.

Each individuake € X has associated with it a s&t, of possiblendividual mental states
such that at each instamtcan inhabit exactly one mental stated). We assume that the sets
of possible mental states for all individuals are the sahm,is, ¥, = ¥, forall z, 2’ € X.

We define mental states of populations to be products of ttahstates of the individuals
they contain. That is, for eacN C X, we defineV¥y, the set ofpopulation mental states
of X, by the ordered producty = er<x> v,, where we order the factors according to the
enumeration oft’. We refer to¥, ascompleteor global population mental states. We have
¥,y = ¥, in the case of singleton subpopulations, and for the deg&m@opulatiord, we
define ¥y = {0}.

We can view each population mental stdtec ¥, as a function that takes eache X
to a mental state/(x) € ¥,, and takes each population C X’ to a population mental state
Y(X) € Ux. More generally, for each populatioti C X we can regard each € ¥y as a
function that takes each € X to a mental state)(x) € ¥,, and takes each subpopulation
X' C X to a population mental state( X') € V.. Under this interpretation, it € ¥y, then
we havey(X) = ¢ andy(0) = 0.

Our treatment of influence mechanisms is based on the piati@binotions of Markov
chains. Use of measures over mental state spégaequires the identification of sets, of
measurable events over eagh. For finite mental state spaces, every subset of mentasstate
measurable, that i§y, = Pwr( ¥,).

We put these elements of populations with measurable mstati@ spaces together in the

following definition.

Definition 1. A measurable populatiqit, ¥, ) consists of
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» A set of individualst’;
* A mapping¥ associating a se¥, of individual mental states with eache X’; and

* A mappingJ associating a measurable spacé,, 3,) with eachr € X'.

3.2 Influence Mechanisms

Informally, an influence mechanism is a function that expesshe probabilistic effects of a
certain type of influence exerted on a particular individmabthers related to that individual
in a way characteristic of the mechanism. A similarity netver some aspects of individual
mental states or a measure of group conformity are both typagluence mechanisms that
can be used to define the transition probabilities of an iddai. We also have that the author-
itarian type of influence over the relatiasxcoworker-ofrom the example in Section 1.1 is an

influence mechanism.

~

Definition 2. Aninfluence mechanism = (7, V.., S, &, i) OVEr @ measurable popu-

lation (X, ¥, ) is characterized by

A binarymechanism relation,, over X. Each mechanism relation, induces arnflu-

ence neighborhoofiinctiond,, : X — Pwn(X);

A set¥,, of mechanism statemnd associated set of everts;;

A mental state projectiomappingy,, that associates a surjectivedividual mental state
projectionfunction¢?, : ¥, — ¥, with eachz € X that takes mental states ofto a

unique corresponding mechanism state; and

A mechanism measureapping,, that associates to each individualan individual

measure assignmehinction ., that takes mechanism stat@se ¢, ( @s,.(x)) Of the
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~

influence neighborhood af to a transition probability measurg?, [4] : S, x S —

0, 1].

We write M to denote the finite set of all influence mechanisms underideration and
write M C M to denote a subset of mechanisms. We assume an enumeratidtuehce
mechanisms given byM) = (my, mo, ..., mum).

The preceding definition of a mechanism applies only to tise @awhich the probabilities
of state transitions do not change over time, that is, to4m@mogeneous Markov chains. For
time-dependent probabilities, the model would need to nm&ehanism measure mappings
functions of time.

A significant benefit of our abstraction of influence mechausigrom transition probabili-
ties is that influence mechanisms, unlike individual traosiprobabilities, are not restricted to
a specific individual or mental state. Different individsiahay have different transition proba-
bilities that are defined in terms of the same influence mashan

In the discussion that follows, we describe each of the ehsninat constitute a mecha-

nism. This is followed by several examples of types of infeeemechanisms.

3.3 Mechanism States

Many related models of influence regard individuals as inthapthe same set of states, which
can be thought of as simple binary values suchaweandinactive(see [27]). People, how-
ever, are known to maintain much more complex mental stAtesore natural model of indi-
vidual states distinguishes beliefs, preferences, aner otiental attitudes, and acknowledges
that different influence mechanisms might affect changeffarént aspects of mental states.
We address these concerns by separating the notion of netates of individuals from

those aspects of mental states relevant to a particulaeirdeimechanism. The sét, repre-
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sents those properties of individual mental states reteeamechanismn, and the individual
mental state projection functiors, : ¥, — ¥,,, identify which individual mental states cor-
respond to which individual mechanism states.

For example, if we want to understand how ice cream prefeenbange in a population
under the forces of social influence, then we could specdyréievant individual mechanism
states as being the individual’s preferences over ice cfeEors. In this case, i) € ¥, we
might havey?, (¢») = chocolate- vanilla, meaning that the individual mental state information
in ¢ relevant tom is chocolate- vanilla.

In this way, we say that two mental states of individuals ayeivalent with respect to
a mechanism if they map to the same mechanism state. Formallgay that) € ¥, and
' € ¥, areequivalent with respect te, writteny ~,, ', and call~,, the mechanism
state equivalence relatioior m, just in casey? (1)) = ¢= (1'). Clearly,~,, is an equivalence
relation on¥, for eachz € X. For eachy € ¥,, we write [¢],, to denote the equivalence
class in¥, of ¢ with respect ton, that is, the set of all individual mental states that majnéo t
mechanism state’ ().

For our purposes in this dissertation, we assume dfjat= ¢% for all 2,2/ € X and
m € M, which follows from our assumption that all individuals migin the same set of
individual mental states. Moreover, we assume tifat= ¢%, for all z,2’ € X andm € M
whenever?,, = ¥,,. As a special case, we assuniig = {()}. We also assume that,, is
finite for eachm € M. Consideration of infinite mechanism state spaces reqaddgional
assumptions to be made with regard to the underlying Markains that we use to formulate
state transitions (see Section 3.6).

The mental state projection mappings for any mechanism M are defined for any set
of individualsX C X by apopulation mental state projectidanction¢X = [Lcx &5, where

we order the factors according to the enumeration ord€iig For any mechanism € M
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and population mental state € ¥y, we have the population mechanism state corresponding
to + given by¢:X () such thawX (v)(z) = ¢2, (1 (z)) for eachz € X. We often write simply
om(¥x) to mean the population mental state projection functigjrapplied to¥y, where the
populationX of interest is clear from the argument.

In terms of equivalence classes, we have for Ahy- X and, ¢’ € ¥y thaty ~,, ¢/
if and only if (z) ~,, ¢'(z) for eachz € X. This gives an equivalence clagg,, = {¢' €
Ux | Y~ W}-

For most of the remaining discussion, we are concerned oiily wechanism states, as
opposed to mental states. As such, we will often refer siniplg statewhere the distinc-
tion of mental state or mechanism state is either irrelei@ot clear from the context of the

discussion.

3.4 Mechanism Relations

Individuals in a population are connected through diffesatial relations, each of which may
have associated a different type of influence [34]. Our mi@irexample in Section 1.1 used two
different types of influence exerted over different relatiowe now consider the relationships
among individuals through which individuals exert socidluences.

We note that multiple mechanisms may make different usdsecame relation. For exam-
ple, a hierarchical relation such as the superior/subatdirelation among members of some
organization might support one mechanism by which supeiidfuence subordinates and a
different mechanism by which subordinates influence soperi

Let R be a finite set of binary relations ovat. We writer € R and R C R to denote
particular relations in and subsets7f Although social influences presumably might involve

relations of arbitrary arity, we treat only the case of bynaalations. This restriction need not
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limit the applicability of the theory if one allows expansiof the set of individuals to include
new individuals representing tuples of the original indials. In the present treatment, we
assume that relations among individuals do not change,eawt Iconsideration of changing
relations to future studies.

We will not distinguish between relations and their graphset representations as tuples.
In this manner, we say that a relationis reflexiveif (z,x) € r for all z € X; irreflexive
if (x,z) ¢ rforall x € X; symmetricif (2/,x) € r for all (z,2’) € r; antisymmetridf
x = 2/ whenever(z, 2') € r and(2’, ) € r; asymmetriéf (z,2') € r implies(z’, z) ¢ r; and
transitiveif (z,z”) € r wheneverxz,z’) € r and(z’,2") € r.

Theinverser—! of a relationr is the relation given by ! = {(«/,z) € X? | (z,2') € r}.
Thesymmetric closure® of r is the relation given by® = rUr~!. Thetransitive closure* of
r is the least relation that containgand containgz, «”) whenever it also containg;, z') and
(«, ") for somex’ € X. We writer® = (r°)* for the relation obtained by first symmetrizing
r and then taking the transitive closure of the result, whichacessarily both symmetric and
transitive. The relation® is also conditionally reflexive in the sense thatz) € »® must hold
if (z,2") € r® for any individualz’. We writer* for the full reflexive, symmetric, transitive
closure ofr.

Unions of relations are again relations. We say that aseét R is reflexive, irreflexive,
etc., just in case the relatigr) R formed as the union of all the relations in the set is reflexive
etc., respectively.

We writer|z] to denote the set of individuals that the individuas related to by, that is,

rlz] = {2’ € X | (z,2) € r}.
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3.5 Influence Neighborhoods

Each mechanism relatiot), determines, for each individua) a set,,, (x) of individuals called
theinfluence neighborhoodf x. This set consists of those individuals that could potdgtia
exert influence on using influence mechanism. We define the influence neighborhoodrof

underr,, by 6, () < r-1[z], that is,

Om(z) ={2" € X | (2',2) € rpu}. (3.1)

We extend the notatiody,, to populationsX by definingé,,(X) = J,cy dm(z). Looking
back to Figure 1.1 where we assumegy, = is-coworker-of we havedam(zs) = {1, xs},

dauth(s) = {x1, T, x4}, aNAoauin({x2, xs}) = {21, 22, 24, 25 }.

3.6 Markov Transition Probabilities

An individual can be influenced only by its neighbors, as et in the mechanism relation
and its influence neighborhood function. For eacte M, z € X, andy € O ( Vs, () WE
interpret, (¢)) as the individual mechanism state transition probabslitesulting from influ-
ence exerted through by the individuals in the influence neighborhoodrah neighborhood
mechanism state.

Our focus on influences exerted on individuals by their neagk means we assume that if

an individual has no neighbors, it does not change inditichechanism state. Formally, we

write i, (0) whenevew,, (z) = 0, and require that

12, (0) (0, ) =1 (3.2)
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forallm € M,z € X, andz/? e ¥,. A more general treatment would permit nonzero
probabilities of spontaneous change.

Eachm € M andz € X has an associateddividual mechanism state transition probabil-
ity space( ¥,,, Sy, 11%,) such thaiu® (1)(¢', ") gives the probability of: transitioning from
individual mechanism state¢’ € ¥,, to ¢ € ¥,, when its neighbors are in neighborhood
mechanism staté € ¢,,( s, ). Foreachm € M,z € X, ¢ € ¢p(Us,.()), andy)’ € ¥,
we requirey ., 1, ()W, ") = 1. We typically writeyZ, (1) (4" | 4) = u, () (4, 4
for the probability ofz transitioning fromy’ to ¢

For eachm € M andX’ C X with non-emptyX = (J, .y [z, we obtain a population
measure assignment functige} for the populationX that takes each neighborhood mecha-
nism state) € é,,(¥s,,(x)) to a probability measurgX[J] : 3X x SX — [0, 1] giving state

transition probabilities ovep,,( ¥x) as the product probability measure given by

def z
o = T v (3.3)
zeX

whereS¥ is taken to be the set of all events ovgr( ¥y ). For the complete populatioki, we
write /i, to meany*.

Whend,,(X) C X, we typically omit reference to a neighborhood mechanisatesand
write simply X (4" | ¢/) for the probability of transitioning from’ to ¢/". We introduce this
simplified notation since eaahl ¢ om(¥x) contains also a neighborhood mechanism state for
eachr € X wheneven,,(X) C X.

We formulate the mechanism state transitions in terms okMachains. Markov chains
provide a simple expression of probabilistic state trams# that is adequate for our purposes
but that can be extended to express more complex behavioigltnsidered in our present

treatment (e.g., time-dependent transitions, higheeokthirkov assumption). Moreover, sev-

25



eral related works on influence modeling and the diffusiom@drmation have used Markov
chains with good results [17, 3, 1].

In the following discussion, we give a description of Marlatains and some of their basic
properties as required by our work. We avoid rigorous foraralysis of the Markov chains
themselves, as this is readily available in textbooks [Z3,ad would require a substantial
departure from the primary focus of this dissertation.

For anym € M andX C X, we write (¢!, (X))o for the Markov chain induced by
the mechanism state transition measufeover¢,,( ¥y ). We assume each such Markov chain
(1! (X)):=0 is of the first-order, that is, each state transition depemtison the current state
and not on any previous states. Our focus on mechanismsxpigss transition probabilities
that do not change over time means that we consider only tiomegeneous Markov chains.
Our assumption of finite mechanism state spaces placesteueshexclusively on finite-state
Markov chains.

The state distribution at any time> 0 is given byx (X), wherer! (X)(¢)) gives the
probability of being in state’ € ¢,,( 7x) at timet. An initial state distribution oves,, () is
denoted byr? (X). We typically write(¢% ),~, to mean(¢’ (X)), andr’, to meanr! (X).

A statey)’ is reachablefrom statey (written ¢y — <) in a Markov chain(¢ ). if
L (717 | 4)'=1) > 0, for some timet > 0 andn > 0. Two states) and¢/’ are said to
communicatdwritten ¢ «» ¢) if ¢» — 1’ andy’ — . That is, two states communicate if
they are reachable from each other. A 8etn C ¢,,(¥x) is acommunicating clasg all
states)) € C'om communicate with each other and they do not communicate avithstate
Y/ ¢ Com. A Markov chain is calledrreducibleif all states are in the same communicating
class.

A statey) is periodic with periodk if % is the greatest common divisor of the recurrence

periods{n > 0 | u, (4" | ') > 0}. Thatis, returning to state must occur in time multiples
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of k. If k = 1 for statey, theny) is said to beaperiodic A Markov chain is called aperiodic if
all states are aperiodic.

A transientstate is one for which there is a non-zero probability thailitnever be revis-
ited. Arecurrentstate is one that is not transient. The states in a commiumgoelassC'om are
either all transient or all recurrent. A finite-state Marlahain has at least one recurrent state,
so all states in a finite-state, irreducible Markov chainracirrent.

Central to our subsequent discussions is the notion of imstay distribution of a Markov
chain. We give the following explanation about the usagetatiaary distributions for our
purposes and refer the reader to [32] for a more comprehepgposition.

For any finite-state, time-homogeneous, irreducible Mardtain, there exists a unique sta-
tionary distribution. Moreover, the long-term behaviorsoch a Markov chain is independent
of the initial state distribution. In general, we can notuass irreducibility of the Markov chain
induced by an influence mechanism transition probabilitasoee and, therefore, must con-
sider the case of reducible Markov chains. For any finiteestame-homogeneous, reducible
Markov chain, there may exist more than one stationaryilligion.

To see this, assume any € M and Iet(z/?fn)tzo denote the Markov chain induced by
over ¢,,(¥x) and letCom be the set of all communicating classegof, ),~o. The states in
each communicating class are either all recurrent or asteant, which we denote l¥om” C
Com andCom' C Com, respectively. Every state in eactom € Com' will eventually
transition to a state in sont@om’ € Com' and remain in that recurrent communicating class.
The long-term behavior of a Markov chain starting in a transstate, thus, conforms to that
of states in recurrent communicating classes.

For the remainder of our discussions, we do not require Bpaton of the sets of commu-
nicating classes. As such, we write simpty, (X) for a stationary distribution of the Markov

chain induced byn € M over¢,,(¥x). We writer,,, to meanm,, (X).
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3.7 Examples of Influence Mechanisms

We now present examples of how one might use our formalizati@n influence mechanisms
to express types of influences that have been studied inugafeyms in the social psychol-
ogy literature. For each of the following example mechasiswe define only the transition
probability measure. The transition probability measwfesome mechanisms characterize the
influence exerted across a specific relation, but the tiansirobability measures of other
commonly studied mechanisms can be applied to a varietyatfoas.

For example, the transition probability measure for a groapformity influence mecha-
nism that we define in one of the following examples might bgliag to theis-friend-ofor
the is-coworker-ofrelation, as well as others. The choice of relation for a groanformity
mechanism is, therefore, dependent on the context of tHalgmobeing analyzed. This is in
contrast to a mother’s influence that may be defined, for el@mpch that it applies only to

the relationis-family-member-of

3.7.1 Preference Similarity

Existing work has shown that people have a tendency to adeerences of others when
the preferences held by the others are similar to those opdihgon being influenced [45].
For example, if an individuat is deciding where to vacation and individuél has similar
preferences on vacation spots, thers likely to adopt a new vacation spot for whiagh has
formed a preference buthas not (see [20] for a related treatment that uses belieliesity).
One can capture an influence mechanism with this charactregayding preference orders
over alternatives as the states of the mechanism, with tikatrstate projection mapping iden-
tifying the preferences of each individual in the commomigrOne then identifies a similarity

measure over preference orders, and defines a transiticsunedga which the probability that
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one individual will adopt the preferences of another is mm® of the similarity between the
preferences of the individual and the preferences of theroth

We write s to denote a metric on the set of preferences. See, for exapplet9, 50, 51]
for expositions of both traditional and improved similgnibetrics over preferences. We write
Sim(s) to denote greference similarity influence mechanibased o, for population mech-
anism states), 1/ € Psims)(Yx) representing the preference information relevanSia(s)

as:

Y » def O‘I‘S(iﬁ(x)a 15/@)) if ﬁ’(x) = ﬁ(x’) for somer’ € Jsims) (),
Lsims) (V) (@' () | ¥(2)) = m(s)

0 otherwise,
(3.4)

wherea® ensures thaE@f(x)e@S,-m) HSim(s) ()¢ (z) | ¥(x)) = 1 foranyy e Psims) (V).

3.7.2 Group Conformity

Individuals have a tendency to become similar to their pedssn a sufficiently large number
of their peers have equivalent states with respect to soleearg notion of state equivalence
[16, 4, 5]. Moreover, conformity with a group preferencergases as the group increases in
size. For example, if an individual’'s peer group all haveiegjent preferences for a certain
type of music, then that individual is more likely to adopatimusic preference than if the
group consisted of only one individual.

The group conformity effect of influence has been shown tteplaat around five group
members [46]. We now define one form of a group conformity grilce mechanism motivated
by such work, which discounts the magnitude of influence &/ dloup size such that we
achieve a plateau roughly at group sizeS.afVe also define a non-discounted group conformity

mechanism under which the probability of influence is a sexfpction of the group size of
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individuals that maintain a common state.
We write Confto denote thenon-discounted group conformity influence mechanison

all z € X andy), ¢’ € ¢cond ¥), we defineu,, as:

et ' € Sconf) | D) = (@)}

3.5
o) (3:5)

Heonl ) (W' () | ()

Let DConfdenote thaliscounted group conformity influence mechanidssume we have
a set ofn individuals that might exert influence anand each hav®Confmechanism states
equivalent to each other. Such a set is givenfor’ € ¢pcond Px) by v(z,1,1') = {2’ €

Spcon®) | U(a') = ¢/ (x)}. Forallz € X andi), ' € ¢pcon( ¥x), We defingus ., as:

1

— 3.6
1+ 10 exp~ @)l (3:6)

1o V) (W () | P(z)) € 5

where/3” is a normalizing constant so that ;, . . o)) (¢ () | ¥(x)) = 1 for any
¥ € dpcond P ). The factor ofl0 in the denominator is used to achieve a plateau atthe5
value reported in the social psychology literature [46].

In our subsequent discussions, we typically refeCtmfas agroup conformity mechanism

and maintain the discounted distinction when referrin@@onf

3.7.3 Voter Model Mechanism

We present here a formalization of a mechanism motivatedhéywoter model. Our formal-
ization does not exhibit the exact same behavior as the wobelel, but does still provide an
interesting mechanism motivated by the work on voter moddis primary difference between
the mechanism we present here and the voter model is thabteernaodel uses asynchronous

transitions (i.e., only one individual changes state aheastant), whereas we require every
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individual to assess a state change at each instant.

We write Voterto denote asoter model mechanisrn order to simplify comparisons with
other types of mechanisms, we assume a binary mechanisensgiate given bylyoer =
{0, 1}. Recall that with the voter model, at each instant an indialds selected to transition
to the state of a randomly selected neighbor. We captureagetekynchronous process by
assuming that each individual € X maintains aneighborhood weight distributiogiven
by p. : dwetez) — [0,1], whered_ .5 . p(2') = 1. At each instantp,(z’) gives the
probability thatz will adopt the individual mechanism stategfe dypter(x).

Forallz € X andy), 1’ € dyorer x), we defineut,,, as:

:u:\v/oter(@z) (’(Z) dCf Z px 7 (3.7)

z’'eS

whereS = {2/ € dvorel() | ¥(2') = ¢/(2)} is the set of all neighboring individuals that are in
the individual mechanism staté(z).

Although group conformity influence has received a tremesdomount of attention (how-
ever, informally) in the social psychology literature, stthe voter model and other types of
contact processes that have been of more interest in the GEmbmputer science, mathemat-
ics, and physics. We can show that the influence exerted bypuwpgronformity mechanism
Confis equal to that of a voter model mechanisfiterunder uniform neighborhood distribu-

tionsp,.

Theorem 1. If p, is uniform for allz € X, rvorer = 7cons aNd Pvoter = Pcons, then ivorer =

HcConf-

Proof. Assumeryoer = Tcon, Pvoter = Yeon, andp,(+) = forall z € . For all

‘ g Voter(

5,0 € drored W) AN € X, We havesie (1) (1 () | 1i(x)) = zx,es el = Tl
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where the seb' as defined as for Equation 3.7. This is precisely the defmfoo /¢, given

in Equation 3.5. It follows from Equation 3.3 thatoter = ficont- O

3.7.4 Authoritarian

It is not uncommon for individuals to be susceptible to infloe simply due to the authoritative
status of some other individual. The authoritarian infleemechanism used for the example in
Section 1.1 is one particular form of such a mechanism, wiverbave a mechanism relation
is-coworker-of binary mechanism states, and a transition measure asdi@fitige following
Equation 3.8. We now give a formal definition of the influenseréed by an authoritarian
influence mechanism.

An authoritarian type of influence requires assignment evallof authority to each indi-
vidual. We assume a total strict ordef over X’ defined such that - 2’ if and only if x is
more authoritative tham'.

An authoritarian influence mechanismenoted byAuth, is defined such that an individual
x is influenced directly by another individual if 2’ € daum(x) andz’ = z. We defineu},,,

foranyz € X andi, ¢ € daun( V)

Haun(D) (@' (@) [ 9(2) B 2 = maz,a (2 € Saun(z)), (3.8)

0 otherwise.

Our definition for an authoritarian mechanism follows froar motivating example in Sec-
tion 1.1. We assume that the authority orderifgis consistent with the enumeratiof’), that
is, z; = z; ifand only ifi > j. This suits our purposes in this dissertation, but we reizagn

the usefulness of an authority ordering that is a total gheorn that case, an authoritarian
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mechanism would permit individuals with the same level dhauty, as might exist in a hier-

archical organization such as a corporation.

3.7.5 Contagion

The study of information propagation is analogous to thaisdéase transmission within math-
ematical epidemiology. We do not approach information pgagion in the same manner as
compartmentalized models (e.g., SIRS models), but our wigilve study is closely related to
the use of contact processes in mathematical epidemidiodiyis way, we define the suscep-
tibilities to infection in terms of individual transition @asures.

We give a definition for the very simplisticontagion influence mechanisigienoted by
Cont that captures the spread of infections of a highly infetidisease. For simplicity, we
assume that individuals are infected at first contact and weeahe numerous parameters
incorporated into many mathematical epidemiology modelg.( recovery rates).

We defineuf,,, for eachr € X, 1&, 1&’ € dconf Vx), andﬁﬁ” € Weont 8S:

p

1 ifthere existst’ € dconfx) such that)(z') = ¢/ (z) = 9",

1 if ¢(x) = ¢/(x) and there does not exist € dcondz)

"(x) | () . )
such that)(z') = ",

A

o)

0 otherwise.
(3.9)

where Ueon = {0,1} andzﬁ” is taken to be the state representing infection by the camiag
disease, or what we will later refer to as the influence infaron.

Our definition of the contagion mechanism assumes thattinfebappens with certainty
when at least one neighboring individual is itself infect®d course, this could be relaxed by

parameterizing the definition with a value that gives thespsbility to infection. For example,
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we could have that.c.n infects individuals with certainty under some relationst, as a low

probability of infection under other relations.
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Chapter 4

Combining Multiple Influence

Mechanisms

One of the advantages of extant influence models that usgle sifluence mechanism comes
from the simplicity of specifying how each individual is infinced. Such models assume that
all individuals are susceptible to influence through the es@mfluence mechanism. This as-
sumption, however, is inconsistent with an abundance ofrgrapevidence in social psychol-
ogy and related fields suggesting that different individualspond to influence in different
manners (see [10, 7]). Although one may argue that a sindjieeimce mechanism is suffi-
cient for simplified problem domains, it is insufficient foroaeling influence effects among
individuals that may have different responses to the safteeimce mechanism.

Just as different physical materials (e.g., wood, steel)l@ve different levels of suscep-
tibility to different forces acting upon them (e.g., magodbrces), so too can different indi-
viduals have different levels of susceptibility to diffatenfluence mechanisms (see [17, 7]).
Consideration of multiple influence mechanisms that mayukaneously exert influence on

an individual requires a method for combining the aggregétxts into a single measure of
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influence acting on the aspects of that individual’s mentétae that are relevant to each of
the mechanisms.

In this chapter, we give a formal definition of a combinatioathod, which specifies how
influence effects of multiple influence mechanisms are caethi Different individuals are
permitted to use different combination methods, and wepné each combination method
as characterizing the behavioral type of individuals. Wee@ few examples of combination

methods.

4.1 Combination Methods

Consider the influence mechanisths = {m,, my, m3} and assume that influence is exerted
on individuals in a population using some combination ofuefice mechanisms /. Each
individual may combine the influence exerted through theferdnt influence mechanisms
in different ways to produce different behavior in the preseof influence. For example, one
individual may be influenced only by, whereas another individual may be influenced by
a non-zero positive weighted average of each influence mesrhan M. We refer to these

different methods for combining influence mechanisms aswbawation method.

Definition 3. A mechanism combination methasl a functionc that takes a set of mecha-
nismsM C M over a measurable populatigit’, ¥, ¥) to acombined mechanism( M) =

A

(Tearys Yoy, Se(ar), Ge(ar), He(ary) OVEr (X, ¥, ¥) and is characterized by

+ Thecombined mechanism relatiop ;) = (J,,c,, 7m. Which induces a combined influ-

ence neighborhood functiai ) : X — Pwr(X),

* The set¥,(,;) = Haega,mern ¥ of combined mechanism stateshere the order of

the product is consistent with the enumerat{gvl), and associated set of eveRigy);
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» Acombined mental state projectiamappingy. ;) that takes each € X to a surjective

functione?,, « ¥, — W,(ar); and

+ A combined mechanism measumappingy...r that associates to each individualan
individual measure assignment functiof, , that takes combined mechanism states
be(any( %c(M)(x)) of the combined influence neighborhood:ab a transition probability

~

measureuy ,,[¢] : ey X Seary — [0, 1].

We denote the set of all combination method<’by

By defining the combined mechanism states as we have, wenalienduplication and in-
consistencies when combining mechanisms that have the sauleanism state space. For
example, assumg/ = {m;, my} and ¥,,, = ¥,,, = {0,1}. We havelJ,,_,, ¥, = {0,1}.
Taking the product giveﬁfc(M) = {0, 1}, which is precisely the state space of each individual
mechanism. If we used the product space over each set of misphatates to get a combined
mechanism state space {0, 01, 10,11}, then we would have inconsistent states (€)d.,
means an individual is simultaneously in mechanism diaded 1) and duplication of state
information (e.g.,11). Of course, the inclusion of mechanisms that have diffemegchanism
state spaces will result in combined mechanism statesrtblatde each different mechanism’s
states.

It follows from r.(y;) thatdean () = U,epn Om(z) forallz € X andM C M. For
the combined influence neighborhoods from Figure 1.1 With= {Auth, Conf; and X =
{ws, x5}, we haved. i (rs) = daun(rs) U dcondrs) = {x1, 72,24, 25} @nd o) (X) =
de(m) (23) U deary(w5) = {21, T2, 4, T6, T7, T3}

For any combined mechanism stdt& Q'/C(M), we sometimes need to identify the aspects
of ¢ relevant toM’ C M. To this end, for any) € ., we writei)[M’] € () for the

combined mechanism state capturing only those aspeatsrefevant to)/’ C M. For any
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W € W), if the set of mechanism&/ C M under consideration is clear from the context,

then we sometimes write simplywhen it is understood to mearj}].

4.2 Examples of Combination Methods

Different individuals are not required to use the same neetioo combining the effects of
different influences. We present three different combaratnethods. We begin with a brief
discussion of two of the simplest combination methods: camdnd dictatorial combinations.
These are followed by a convex combination method, whichescombination method that

we will assume for all of our results in the following chagter

4.2.1 Random Combination

One of the simplest method for combining multiple influencechanisms is theandom com-
bination methodThe introduction of this random combination method is naot tb empirical
support such a method, however, it could still serve a ugaigbose for comparisons with
other combination methods.

The specification of this random combination method is vaight-forward. Given a set
of influence mechanism& C M, each individual in a population selects an influence mech-
anismm € M according to some probability distribution ow&t and all subsequent influence
on that individual occurs through the mechanismThe choice of probability distribution may
itself be arbitrary or may be chosen to reflect any knowledgmitindividual behavior in the
population. The simplicity of the random combination methdoes not warrant elaboration
at this point. Although more could be said about this comitamamethod, we continue on to

some other combination methods.

38



4.2.2 Dictatorial Combination

Another simple method for combining multiple influence magisms is to order all influence
mechanisms and select the first applicable mechanism fratottering for exerting influence.
We call this thedictatorial combination methad

For eachr € X, let =P+ denote a total strict ordering ovérl. The ordering-"= captures
the level of susceptibility of to each of the influence mechanismszdf-?= m’, then we say
that influence byn overrules influence by’ on .

Given a set of influence mechanisths C M, eachz € X has influence exerted on it by
the mechanism € M that appears first in the orderifg, (i.e., the mechanism to which it is
most susceptible). We assume that the ordefipgloes not vary over time for each individual
r e X.

Let DICT denote the dictatorial combination method. We defifje;,,, forany M € M,

x € X, andy), ¢ € dpicron () as:
Hoierony ()W (@) | (@) < a5, (m]) (' [m] (2) | $[m] () (4.1)
wherem € M andm =P+ m/ for all m’ € M \ {m}.

If we assume the mechanism ordering is static for each iddali then the spread of in-
formation will be restricted to certain population struetypathways. That is, given a set of
mechanisms\/, each individuak: € X will only be susceptible to influence across a single
relation corresponding to the mechanisine M that occurs first in the mechanism ordering

~P=_\We may seek to elaborate on this observation as part of tunefwork.
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4.2.3 Convex Combination

A common method for combining multiple measures into a gimgéasure is to take the aver-
age of the values given by each measure [44]. When appliedlt@nce mechanisms, one may
view each influence mechanism as expressing an expert'ssassat of how an individual is
influenced. The combination of these influence mechanismbeanterpreted as the combi-
nation of each expert’'s assessment of the influence pratoedillhis type of combination has
been widely studied in the area of group decision makingguainat is called the linear opin-
ion pool method (see, for example, [44, 38, 26, 11]). A relateethod for defining transition
probabilities of individuals is used in [17].

The linear opinion pool method has been shown in other aadfér improvements
over probabilities derived from any single measure. Fomgla, weather forecasting typi-
cally makes use of multiple models and aggregates the riegp@cobability measures into a
single forecast [38, 40]. It is concluded in [40] that theskn opinion pool method provides
better forecasts than each separate model.

The linear opinion pool method is simply a type of convex corabon of values, or “opin-
ions”. We now present what we refer to as timavex combination methpahich is motivated
by the work on the linear opinion pool method and is flexiblewagh to capture more specific
combination methods by adjusting the convex weightingritstion. We denote the convex
combination method by.

For eachM C M, letw, : M — [0, 1] be a function that assigns a weight to eaclke M

such that we havg_ _,, w.(m) = 1. We define theconvex combination method measure
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functionyZ,,, for allz € X, M € M, andy, )’ € e(ar)(Px) as:

(

1 if dc(ar)(z) = 0 and
di@) = ¥'(@),

e @) (@) | D) P  dcan (x) = O and
d(x) # '(a),

v S velm)
fi (0 [m]) (' [m] () | ¥[m](x)) otherwise,

4.2)
whereM’ = {m € M | 6,,(x) # 0} is the set of mechanisms i under whichz may be
susceptible to influence and= 1/ 3 cq . Ymenr we(m) E (D[m]) (" [m] | ¥[m](z))
is a normalizing constant that ensul§,.c ., 1) (D) (" | (x)) = 1.

Our definition of the individual measure assignment funcfiar the convex combination
method ignores the transition probabilities for those naetdms under which an individual
has an empty neighborhood since such individuals can notfheenced to transition by those
mechanisms. Moreover, if we did include the transition pimlties of individuals with empty
neighborhoods, then we can see from Equation 3.2 that theega@ombination would lead
to those individuals tending to stay in their same state. fBselting combined mechanism
measure would give misleading transition probabilities.

Although the convex combination method permits arbitrasight distributions, we as-
sume for each/ C M andm € M thatw.(m) = \Tlﬂ That is, we assume the weights
assigned to each mechanism form a uniform distributiontierget of mechanisms that are
being combined with the convex combination method. Thisimagdion prevents us from eval-

uating mechanisms that have a weight of zero and, thus, fmeé#ett on any individual.

For the remainder of this dissertation, we assume that@llgenechanisms are combined
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using the convex combination method with uniform weightriisitions.

4.3 Behavioral Types

One natural interpretation we give to combination methadthat they characterize various
individual behavioral types. That is, two individuals arfeddferent behavioral types if and

only if they combine the influence exerted upon them usinfgiiht combination methods.
We give a brief development of this interpretation of conalbion methods.

The composition of a population, in terms of behavioral gypaay have a significant im-
pact on the expected spread of information. It is shown irj {hdt behavioral type hetero-
geneity in a population leads to a faster diffusion of infatron than under homogeneous
populations, where an individual’s behavioral type is dadiin terms of its susceptibility to
influence by its neighbors. The impact of population hetengity on information propagation
has also been explored in work on stochastic interactintgsys[14]. These works highlight
the importance of making clear any assumptions about thegithel behavioral types in a
population.

We define an individual’s behavioral type by the combinatigethod that they use to com-
bine the effects of multiple types of influence. The behalitype of each individual is given
by a functionr : X — C that takes each € X" to the combination methodx) € C employed
by z.

Individuals of the same behavioral type may be further diifiiated by their parameteri-
zation of the corresponding combination method. With respethe dictatorial combination
method, individuals with the same ordering of influence na@itms are the same behavioral
subtype.

Individualsz, 2’ € X with 7(x) = 7(2’) = DICT are the same behavioral subtype if and
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only if =P===Pu_|n this case, there does not exist a set of influence meahadis C M
for which individualsz andx’ will be influenced by different influence mechanisms based on
their respective orderings. Thus, exertion of influencecand 2’ is the same for any set of
influence mechanisms and they are therefore the same bedlasubtype. For theicT com-
bination method, each behavioral subtype forms an equigalelass with respect to influence
mechanism orderings.

We define a simple distribution over the behavioral typespopulation that characterizes
the individual behaviors. Lef : Pwr(X') — (C — [0, 1]) be thebehavioral type distribution

functiondefined for anyX C X andc € C by

dot {r € X | 7(2) = c}|

P ¢

(4.3)

with Y~ . F(X)(c) = 1. The functionF'(X) gives the distribution of behavioral types in the
populationX. The probability of a randomly selected individua& X having behavioral type
c € Cisgiven byF (X)(c).

A populationX C X in which there exists more than one behavioral type is caled
heterogeneous populatio®therwise, a populatioX is called ahomogeneous populatioA
homogeneous populatiox is thus one in whiclF'(X)(c) = 1 for somec € C and, necessarily,
F(X)(d) = 0forall ¢ # c. A population consisting of only a singletdrr} is always a
homogeneous population. A homogeneous population in wdlicimdividuals are the same
behavioral subtype is calledsaibtype homogeneous population

There are many questions that one may ask about the influadéefarmation propagation
in a population consisting of many different behavioraldye.g., rate of influence propaga-
tion in homogeneous vs. heterogeneous populations). Whctesur work in this dissertation

to behavioral subtype homogeneous populations (i.e.,|ptopnos in which all individuals com-
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bine multiple mechanisms in the same manner). As we havadiretated, we consider only
a uniform weighted convex combination method throughoarémainder of this dissertation.

We defer a more comprehensive treatment of behavioral typkesure work.

44



Chapter 5

Maximizing Influence

The influence maximization problem [27] has received casible attention in recent years.

We now give a statement of this problem using our formal fraoré.

5.1 Expected Influence

Analysis of information propagation in a population regsia method for determining the ex-
pected number of individuals that have been influenced ineseay. The notion of expected
influence that we make use of assumes that we have a set ofiualls that are each initially
in a specified individual combined mechanism state and tis&t @f mechanisms is used to
influence others to adopt that same individual combined er@sim state. The expected influ-
ence is given by the long-term behavior of the influence pgagan. In the following, we give
specification to the notion of expected influence that we kismughout this dissertation.

LetZ : Pwr(X) x Pwr(M) x Q'JC(M) — [0, |X|] be theexpected influence functioe
refer to any argument C X of Z as atargeted populatiomnd any argument € @C(M) of Z

asinfluence information
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We define the expected influence functibfor all targeted populationy C X, influence

mechanismg/ C M, and influence informatiofy € W,(uy as:

IXMA)E Y o) mean(), (5.1)
&' E€de(any (Px)
whereo : ¢.r)(¥x) — R is the objective function that assigns a value to each ptipula
mechanism state and..,) : ¢cn)(¥x) — [0, 1] is a stationary distribution of the Markov
chain induced by\/.
For our purposes, we define tbbjective functiom for all mechanismd/ C M, influence

informationy) € ¥\, and population states’ € ¢e((¥x) as:

o) & € X | /(x) = P[M}], (5.2)
which gives a count of the individuals that have been infleerto adopt the specified influence
informationy> relevant to the mechanismg. Our subsequent results assume an objective func-
tion defined as in Equation 5.2, however, we may choose t@iigate alternate interpretations
of the values assigned to states, such as importancey,udiitost.

Although there may be more than one stationary distribufbothe Markov chain induced
by M, we can use an initial state distribution to impose a padicstationary distribution.
We use the targeted population and influence informatioradoepconstraints on initial state
distributions that are used for the Markov chain inducedhs/rhechanism measures. Given
any populationX C X, population combined mechanism statec @C(M), and influence
mechanisms\/ C M, we require an initial state distributiorf ,, to satisfy the following

constraints:

L w0 () = 0forall ' € e (Pa) such thaty'(z) # J[M] for all » € X;;
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2. 70 (W) = 0forall ¢ € ey (W) such thaty(z) = 4[M] for somer ¢ X;
3. 70 (YY) > 0forall ¢ € geqan) (W) such that)’(x) = [M] for all z € X.

That is, we require that all individuals in the targeted dapan have states equal to the aspects
of ¢ that are relevant td/ and all individuals not in the targeted population haveestahat
are not equal to the influence information relevantfoThese constraints are similar to those
made in related work [27].

ForanyM C M, if | W] = 2, then an initial state distribution will be deterministie,
oo (') = 1 for somey’ € G (¥x) andzl,, () = 1for " € ¢equn)(¥x) such that
' # 4"). Otherwise, we assume a uniform distribution over theestat € ¢. ) ( Zv) that
satisfy our constraints on the initial state distributi®ficourse, specification of an initial state
distribution is irrelevant for sets of mechanisms that celan irreducible Markov chain over
the complete population since it will have a unique statigmistribution that is independent
of an initial state distribution.

For anyX C X and+ € o), we defineZ(X,0,4) = 0 since state transitions are
defined in terms of the influence mechanisms used. The laakyahfluence mechanisms and
specification of¥;, = () result in no influence information with which to influence ptation.
Similarly, we defineZ((, M, 1&) = 0 since no individuals are given the influence information
in the first place.

The difficulty of computing the expected influence functioveg by Equation 5.1 is not
due to the objective function or the summation. Insteaddifiieulty is in finding a stationary
distribution for the Markov chain induced by a set of mechanrs.

Consider anyM C M and letn = |¢.r)(¥x)|. Finding a stationary distribution for
a Markov chain involves computing an eigenvector with eigdue 1. A common algorithm

for doing this is to use the inverse power method. Estaldisteamplexity results state that
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the inverse power method takes time on the ordep f®). Clearly, the majority of the time
required to compute expected influence lies in the eigeavéice., stationary distribution) so-
lution. There are other algorithms that might solve thidyem more efficiently under specific
assumptions about the problem (e.g., size of state spaaesjtypof matrix), but they still take

up the majority of the time in computing expected influence.

5.2 The Influence Maximization Problem

The influence problem to which we apply our model is called itifeience maximization
problem. This problem was identified in [15] and has beenistluextensively in more recent
work [27, 28, 30, 8]. We give the following statement of thBuence maximization problem.
Given an integek > 0, find k individuals that maximize the expected number of indi-
viduals that have adopted some specific influence informdtie., individuals that have been

influenced). A formal statement of this problem follows:

The Influence Maximization Problem : Givenk > 0, M C M, andy) € W, what

targeted populatio C X of sizek maximizesZ(X, M, )?

We use the influence maximization problem to demonstrateesoitthe properties and
claimed improvements of our model over related influence eteody taking this approach,
we view the influence maximization problem as a general pralthat can be studied under

any influence model, each having different properties vapect to the problem.
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Chapter 6

Population Topology and Targeted

Optimality

The primary contribution of our approach to modeling infloesomes from our usage of mul-
tiple influence mechanisms for spreading information tigraut a population. In this chapter,
we show how the topology of a population impacts the expdatatence and how knowledge
of the population structure under the various mechanismsnprove our ability to recognize
optimal targeted population sizes for the influence maxatnen problem.

We begin by identifying the population structure that aifem mechanism relations un-
der one or more influence mechanisms. This is followed by anidiefn of optimal targeted
populations and a discussion on how the population stredtfects the determination of an

optimal targeted population.
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6.1 Connected Populations

We apply graph-theoretic terms to binary relations by remay pairs in the representation as
edges of a graph. In this way, we can rephrase the notion mditize closure to say that"
contains(z, z’') whenever there is some finite path framo 2’ in ». Most importantly, the
graph-theoretic view focuses attention on connectivigperties of the relations. As seen in
Figure 1.1, relations may leave a population disconneetéh,some individuals occurring in
connected components, and others standing isolated fiathal individuals.

We write[z],. to denote the set of individuals that are connectedlty a path of any length
in the transitive closure of the symmetrizationgfvhich we identify as theomponenof the
graph ofr containingz. Stated formally|z], = r®]x].

We say that a sek’ C X is aconnected setinderr just in case each individual iX is
reachable from each other individual i under the transitive closure of the symmetrization
of r, that is, X is connected underjust in caser € [2'], for eachz, 2z’ € X with x # 2’. By
symmetry, ifz € [2],, then[z], = [2'],..

A componentz], need not contaim, for if x is not related either to itself or to any other
individual by r, then[z], = 0. In fact, [z], is the maximal connected set ofunderr, and we
call it themaximal connected componeitr underr.

We say that: is isolatedin r if it is not connected to any other individual by. This can
happen in two ways: eithercontains no pair containing, in which caséz|, = (), or the only
pair containinge is the reflexive paifx, ), in which casézx|, = {z}. If z is not isolated, then
it is connected to at least one other individuat# =, and hencéz], must contain both: and
' by symmetrization so thafz],| > 1.

We write Isolate$r) = {z € X | [z], C {z}} to denote the set of all individuals isolated

underr, and write Components:) to denote the set of all maximal connected components
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underr apart from the isolated individuals, that Gomponentg) = {[z], | |[z],| > 1}. The
set of all maximal connected components including indigidusolated under is denoted by
Components(r) = Components) U {{z} | € Isolate$r)}. For example, in Figure 1.1,
is-coworker-othas one maximal connected component and one isakfeend-ofhas only
one maximal connected component.

We extend the notion to sets of relations by defininig by [z]r = [z] r, representing the
set of individuals that are connectedstander(|J R)®. From this, the definitions for sets of
maximal connected components extend naturally to setdaifars and we writdsolatesR),
Componentsk), andComponents(R) to denote all such sets. We often refer only to a single
relation sincd_J R itself constitutes a single relation.

For anyr € R, we writen(r) = |Components-)| for the number of distinct non-isolated
maximal connected components undewWe include the number of isolated individuals under
r by writing n* () = n(r) + |Isolatesr)|.

The following lemmas help to clarify the effects on the numb&maximal connected

components when using multiple relations and, hence, pielinfluence mechanisms.
Lemma 1. Forall R C R, IsolatesR) C |, Isolatesr).

Proof. Consider any? C R. Assumelsolate$R) < |J,.p Isolatesr). There existsr €
Isolate$R) such thate ¢ |J, . Isolategr). By definition, we have JR = |J, ., 7. There-
fore, we must have < Isolate$r) for somer € R. This gives a contradiction and concludes

proof of the claim. O
Lemma 2. Forall R C R C R,n"(R) < nt(R).

Proof. By definition of( J R, all ordered pairs df ) R’ are included i J R for eachR’ C R C
R. Therefore, the number of maximal connected componentsrihd cannot be greater than

under|J R'. O
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Lemma 3. Forall R C R, n(R) < min,.cgn™(r).

Proof. The claim follows directly from Lemma 2. 0J
Lemma4. Forall RC R, n"(R) <> gnt(r).

Proof. The claim follows directly from definition df) R = | J,., 7 forany R C R. O
Lemmab. Forall RC R, n(R) <) cxn(r).

Proof. The claim follows directly from definition df) R = | J, ., forany R C R. O

6.2 Bridges Between Populations

Under the relations-coworker-otthat is used in Section 1.1, the population exists within two
maximal connected components. However, the populatistsewithin a single maximal con-
nected component under the relatisrfriend-of Two individuals that exist in different maxi-
mal connected components in one relation may exist in theesaaximal connected compo-
nent in a different relation. The presence or absence of agly gairs of individuals provides
information about the potential expected influence in a padmn subject to multiple mecha-

nisms and their corresponding relations.

Definition 4. A pair (z, 2’) is called abridgebetweenr, " € R if and only if[z], # [2'], and

(x,2") € (r')".

In Figure 1.1, we can see that is unable to exert influence ory sincexz; is isolated
under relation's-coworker-of Under relations-friend-of x5 is not isolated and is connected
to each individual in{x1, xo, x4, x5 }. By definition of a bridge, we have, for example, that the

pair (x3, z5) is a bridge betweers-coworker-oandis-friend-of
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Theorem 2. For all R € R, n(R) = ), .z n(r) if and only if there does not exist a bridge

between any,r’ € R.

Proof. We prove both directions of the claim by contradiction. GdasanyR C R. Assume
n(R) = >_,cgn(r) and there exists a bridge between’ € R. Since there exists a bridge,
there must exisfz],, [2'], € Components:) such thatz], # [2'], and(x,2’) € (+')*. This
results inz], .y = [2']4,. It follows thatn(R) # > . n(r), which contradicts one of our
assumptions.

For the other direction, assume now that there does notekistige between anyr’ € R
andn(R) # >, cpn(r). From Lemma5, we havg R) < > _,7(r). We rewrite this inequal-
ity as|Componentsk)| < |Component3 )| +|Component3,)| + ...+ |Componentsz)|.

It follows by the pigeonhole principle that there must exist’ € X andr;,r; € R such that
[z],, # [¢'],, and[z],, = [2],,. By definition, we can choose, »’ such that(z, ) is a bridge.

This leads to a contradiction of our assumption that thees amt exist a bridge. O

Corollary 1. For all R € R, Componentsk) = |J,., Components) if and only if there

does not exist a bridge between any’ € R.

Proof. We prove both directions of the claim by contradiction. GdasanyR C R. Assume
Componentsk) = |J,., Components') and there exists a bridge between’ € R. Since
there exists a bridge, there must exist € R and|z],, [¢'], € Components) such thafz|, #
[2'], and(z,2") € (r")*. This results inz|,.,y = [2']{- It follows that Componentsk) #
U,<r Components), which contradicts one of our assumptions.

For the other direction, assume now that there does notakistige between anyr’ € R
andComponentsR) # | J,., Components:). We rewrite this inequality aSomponents) #
Components) U Components,) U ... U Componentsz). It follows that there must ex-

istz, 2’ € X, distinctr;,r; € R, X € Components;), and X’ € Components;) such
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thatr € X,z € X', 2’ ¢ X, andz’ € X’; otherwise, we would hav€omponentsk) =
U,<r Components'). By definition, we can choose, 2’ such that(z, 2’) is a bridge. This

leads to a contradiction of our assumption that there doesxist a bridge. O

6.3 Optimal Targeted Populations

Given influence mechanismg C M and influence information € .\, the expected
influence functiorZ induces a total preordez’;@ over Pwr(X') such thatX zﬁ, X' if and
only if Z(X, M, ) > Z(X’, M, ). The induced orderings over sets of individuals give rise to

notions of maximizing and optimal targeted populations.

Definition 5. Given influence mechanismé C M and influence information € iﬁcw), X

is maximizingwith respect ta\/ and+ if and only if X zﬁ, X' forall X' C X.

We define the set afaximizing targeted populatiorfer M C M and € @C(M) as

def

ij) ={XCX|X i}{} X' forall X’ C X}. The set ofminimal maximizing (or optimal)

targeted populationgor M C M andi € A%(M) is given by()j\;i o {X € ij |
| X| < |X'|forall X' € OXM}. We writeO € OXM for a maximizing targeted population. By

definition,()j\;i C ij. We refer to eachX ¢ O** . assub-optimalwith respect taV/ and

M
Q.
For the authoritarian mechanisAuth and relationis-coworker-ofused in Section 1.1,
each maximizing targeted population must contaig, =7, zs}, SO we haveO)* ={X C

Auth,v

X | {z3, 27,23} C X}. The set of optimal targeted populations is given @XHM =

Hxs, x7, w8t}

Lemma 6. Forall M C M, ¢ € W (g, andO € O3, ;» We havelsolate$re)) < O.
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Proof. The claim follows from Equation 3.2 and the definition of a mmaixing targeted pop-

ulation. O

Although the set)jw’ J captures all sets of targeted individuals that maximizeeeted
influence using/ € M andz[) € @C(M), we are often limited in practice to considering
maximizing targeted populations that are no larger thanricpdar size. Of course, this is a
constraint specified in the statement of the influence mapdtitn problem.

Given some integek > 0, we define the set of-bounded maximizing targeted popula-

def

tionsfor any M C M andv) € W by Of;w ={XCcx|X zﬁ, X' forall X' C

X suchthatX|, | X’| < k}. The set ofk-bounded minimal maximizing (or optimal) targeted

populationss given byOMﬂL ={Xe¢ OM,@ | | X] <|X'|forall X' € OM,@}'AS an example,

if we assume: = 2, then the set of-bounded optimal targeted populations for the authoritar-
ian mechanismi\uth over relationis-coworker-ofin Section 1.1 ii)f\’;’;”Iz = {{z7, x5} }.

Isolated individuals do not provide any benefit to the prapeg of information in a pop-
ulation. This is due to the fact that isolated individualssibe contained in an initial tar-
geted population in order to contribute to an increase ireetqu influence (see Lemma 6). We
therefore ignore isolated individuals in most of our distoss about optimality of targeted
populations.

We restrict the sets of maximizing targeted populationsriy those individuals that are

def

non-isolated under,;y for any M C M andy) € o) by definingOAj\w = {X C

X | 3X € ij} such thatX = X'\ Isolategr.yr)))}. The restatement in terms of optimal

def *k —
={X C x| IX € OM,d;suchthatX = X"\

targeted populations is given h[ijjw
Isolate$rqi)))}. As with other (minimal) maximizing targeted populatiomgs write O €
ij} for a particular non-isolated (minimal) maximizing targe@tpopulation. Non-isolated

(minimal) maximizing sets extend naturally to suebounded sets, which we denote(ﬁf@*d
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sk
andOMﬂ;.

6.4 Population Monotonicity

Influence mechanisms exhibit various properties that weeggioit in order to better inform
our choice of optimal targeted population. One such prgpéeat some types of mechanisms
exhibit is that the expected influence resulting from the aséhose mechanisms is non-
decreasing as the targeted population increases in size.

In Section 1.1, we used a targeted populafion} and showed that it was able to influence
only two other individuals using an authoritarian mechanaer the relations-coworker-of
If we chose to include any other individual in the targetedydation in addition tac;, then the
expected influence would not decrease. We refer to this aglgtign monotonicity and prove
this property of an authoritarian mechanism in Theorem 18daation 7.2.1.

A mechanismm € M is called non-decreasing population monotonicand only if
I(X,{m},®) > (X', {m},¢) forall X' C X C X andy) € ¥.r). A mechanismn € M
is callednon-increasing population monotorifcand only if Z(X, {m}, ) < Z(X', {m}, )
forall X’ C X C X andi € @C(M). We sayM C M is non-decreasing population mono-
tonic if and only if eachn € M is non-decreasing population monotonic. Similarly, we say
M C M is non-increasing population monotonic if and only if eaclke M is non-increasing
population monotonic. Mechanism$ C M are callecbopulation non-monotoni€and only
if M is not non-decreasing or non-increasing population mamnoto

It follows from Equation 3.2, that the expected influencengsany mechanism with the
empty mechanism relation will be equal to the size of thedtmd population. Such mecha-

nisms satisfy our definition of non-decreasing populati@notonicity.

Lemma 7. For all m € M, if r,,, = (0, thenm is non-decreasing population monotonic.
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Proof. Consider anyn € M such that-,, = (. For all targeted population§ C X and
) € W), it follows from Equation 3.2 thaf (X, {m},v) = |X| since targeted individuals

are unable to change states. This showssth&t non-decreasing population monotonic. []

Theorem 3. For all m € M, if (¢ | ) > 0 for all ¢, ¢ € ¢,,(¥x), thenm is non-

decreasing population monotonic.

Proof. Consider anyn € M such thatu,, (¢’ | 1)) > 0 for all 1, i)' € ¢ (Px). Let (UL )0
be the Markov chain induced by. It follows directly from the definition of irreducibilityttat
("ijn)tzo is irreducible. Therefore, a unique stationary distribatexists that is independent of
the starting state and, hence, independent of the seleaftitargeted population. This gives
T(X, {m},d") = T(X U X', {m},4") for all X, X’ C X andy)” € W.(ry). It follows thatm

is non-decreasing population monotonic. O

We can determine whether a mechanism is non-decreasinggpiopumonotonic through

a locally-checkable condition by looking at the mechanisaestransitions of each individual.

Corollary 2. Forall m € M, if % () (¢ (z) | ¥ (z)) > 0forall z € X andi), ¢’ € ¢ V),

thenm is non-decreasing population monotonic.
Proof. The claim follows directly from Equation 3.3 and Theorem 3. O

For any non-decreasing population monotonic mechanisntanesimply target the com-
plete population in order to maximize expected influencéhdugh a smaller optimal targeted
population may exist, we know that the complete populatiothis case will not produce less

expected influence than any subset.

Theorem 4. For all m € M andv e @C(M), if m is non-decreasing population monotonic,

thenX € O{m}ﬂ;.
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Proof. Assume anyn € M such thatn is non-decreasing population monotonic. By defini-
tion of maximizing targeted population and non-decreapimgulation monotonicity, we have
Z(0,{m},¥) = Z(O U X, {m},¢) forall X C X, € Wopy), andO € 0; ;- It follows

thatX O{mw. O

6.5 Component Restricted Optimal Targeted Populations

Maximizing the spread of influence over the complete popuras the typical goal of influence
problems. We have already described types of relatione#tabit a natural disconnectedness
in their structure; that is, they consist of more than a gmgaximal connected component. We
restrict the expected influence function to any maximal eated component and define max-
imizing targeted populations in terms of a component retstti expected influence function.

ForanyX C X, M C M, ¢ € ey, and X’ € Components(reas), we write
Ix: (X, M, z[;) for the expected influence restricted to the population@mtfaximal connected
componentX’. In this way, we hav&y (X, M, ¢)) = Z(X, M, ). The propagation of infor-
mation being restricted to a populatiéff € Components(r.()) gives0 < Zx/ (X, M, )) <
| X’| for all ¢ € Wepqy. We haveZx, (X, M, 1)) = 0 wheneverX N X’ = (), which follows
from our specification of (0, M, ) = 0.

For any maximal connected component, we can determinetéargepulations that maxi-
mize influence over that component. For ally C M and<) € W), the set of all max-
imizing targeted populations for the population ¥ € Components(r.;)) is given by
0;,,(X) ={X' € X | Ix(X',M,¢)) > Ix(X" M, ) forall X” C X}. The set of all
minimal maximizing (or optimal) targeted populations i tmaximal connected component
X is given bijV;Z)(X) ={X'e OXM(X) | X' < |X"|forall X" e OXM(X)}. These sets

of (minimal) maximizing targeted populations for any giveaximal connected component
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extend naturally t&-bounded sets of targeted populations.

We show that the probabilities of influencing individualghim one maximal connected
component are independent of the probabilities of influsmpandividuals in a different max-
imal connected component. This independence of influenegeskwithin different maximal
connected components follows directly from our definitidragopulation measure function

(Equation 3.3).

Theorem 5. For all M C M, 1,9/ € ¢ouny(¥x), and X, X' € ComponentS(rer)), if
X # X', thenp () (4 (X) | (X)) is independent X, (4)) (4 (X) | (X))

Proof. The claim follows directly from Equation 3.3 since the tridios probabilities of an

individual are dependent only on its current state and ostéies of its neighbors. O

Theorem 6. Forall X € X, M C M, and? € @C(M), we have thatZ(X, M,zﬁ) =

ZX’eComponenté(rc(M)) IX’(Xv M, @D)

Proof. Consider anyX C X, M C M, andi) € V). Let wX},) be the stationary dis-
tribution andoX’ be the objective function used to compufg (X, M,@E) for any X’ €
Components(r())- From Theorem 5, ) is probabilistically independent ef ,, for

all X', X” € Components(r.,)) wheneverX’ # X”. For all X' € Components(rear),

o™X will count only individuals inX” since it follows from Theorem 5 that there is zero proba-
bility of any x € X’ influencing any:’ ¢ X'. For allzﬁ’ € ey (Px), We haverrc(M)(zﬁ’) =

HX’EComponent?;(rc(M)) 7'ri((M) ("//(X/)) andO(?//) = ZX’ECOmponent?;(rc(M)) oX (@D/(X/)) We now

have the following derivation of the claimed result in whigk Ieth,' — (Y e by (Vx) |
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V' Edeiar) (Px)

= > | > ¥ ({(X"))]

V' E€de(ary (Px) X'€Components (re(ar))

[ 11 70 (' (X1))]

X'eComponents (r.(nr))

- ¥ 3 XWX [ ] wean @]

7&/€¢C(A{)(WX) X'eComponents (re(ary) 1/3”6535'

= > > W) W)

X'€Components (re(ar)) ' €de(nry (Pxr)

= Z IX’(X7M7772)'

X'eComponents (r¢(ar))
[

Corollary 3. Forall M C M, € Wep), O € 0;, ;»and0’ € O}*\w,we haveZ (O, M, ) =
Z(O', M, ) + |Isolatere)|.

Proof. The claim follows directly from Theorem 6 and Lemma 6. 0J

6.6 Targeted Population Size

The size of a targeted populatidn,is given simply as a parameter of the influence maximiza-
tion problem. There is no mention of what values fawill give the largest expected influence
over all possible choices. The value we choosekfas not guaranteed to give the largest
possible expected influence either for the complete pojpulatr within any given maximal
connected component. We define what it means:ftor be optimal and also give a notion of

optimalk values for each maximal connected component in a population
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Definition 6. Forany M C M and@E € @C(M), we say that is optimal (with respect tal/)

if and only ifk > |O| for someO ¢ Oj;w

Definition 7. Forany M C M, ¢ € We(a), aNA3G € [T xccomponents (ronry) Q.5 (X)» We say

that k is component optimalwith respect ta\/) if and only ifk > MAX1 <i <yt (g ar) |05 .

We refer to anyt > 0 that is not (component) optimal as (component) sub-optimal

Lemma8. Forall M C M, if k > 0is component optimal with respectid, thenk-n™* (rear)

is optimal with respect td/.
Proof. The claim follows directly from Definitions 6 and 7. 0J

Lemma 9. Forall M C M andi € @C(M), if £ > 0 is component optimal with respect 44,

thenO** (X) = O**

jyar arp(X) forall X e Components(rc( ).

Proof. The claim follows directly from Definitions 6 and 7. 0J

There are mechanisms that will never influence anyone in allptpn to accept some
influence information, no matter which individuals are &degl. A trivial example is a mech-
anism that is opposite to a contagion mechan@ont where each individual transitions with
certainty to an individual mechanism state other than tfieence information.

On the other hand, some mechanisms exhibit the oppositegypjm that they will always
be able to influence someone in a population. An example ¢f gauechanism is a contagion
mechanisnContas we specified in Section 3.7.5, where infected individteisain infected.
Other types of influence may only exhibit this property ovems relations, which we show
for authoritarian and group conformity types of influencé&erction 7.2. We use this property

of mechanisms to inform our choice of size for an optimaléted population.
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Definition 8. A mechanismn € M is said to exerinon-vanishing influencé and only if
forall ¢ € W), We haveZy (X', {m},+)) > 1 for eachX e Components(r,,) whenever

X'NX #0.

That is, a mechanism is called non-vanishing if and only ér¢his an expectation that at
least one individual will be influenced in each maximal caried component that contains at
least one individual from the targeted population.

For a contagion mechanism, we can see from the definitignegf in Equation 3.9 that
eachz € X will be influenced with certainty only if a neighbor is itsatffluenced. Moreover,
each targeted individual will remain influenced. As a resaltleast one individual will be
influenced in each maximal connected component whenevargetiat least one individual in
that component. We prove this non-vanishing property ofraagion mechanism in Theorem

19 in Section 7.2.2.

Lemma 10. For all m € M, if r,, = 0, thenm is non-v