
ABSTRACT

WICKER, ANDREW W. Leveraging Multiple Mechanisms for Information Propagation.
(Under the direction of Jon Doyle.)

Extant models of how social influences affect the spread of information across a popula-

tion of individuals have employed simple conceptions of influence that utilize a single influ-

ence mechanism for inducing changes in a population of behaviorally-uniform individuals. We

present here a new model of social influence that recognizes and leverages multiple influence

mechanisms involving multiple types of relations among individuals and multiple types of indi-

vidual response to influence. These characteristics of our model provide increased expressivity

and extensibility over that of related models and facilitate analysis of influence effects in a

variety of social contexts. We support the claimed improvements offered by our model with

results pertaining to optimal targeted populations for theinfluence maximization problem.
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Chapter 1

Introduction

We address the problem of how social influence affects information propagation in a popula-

tion. The study of population dynamics and how information flows throughout a population

has been an increasingly active area of research. Work in these areas has benefited greatly from

the proliferation of digital communication methods, whichfacilitates construction of social

networks built upon different types of relations.

Not surprisingly, the vast amount of work on population dynamics has resulted in a vari-

ety of models being used to study information propagation problems. An overarching goal of

mathematical modeling, in general, is the creation of a model that is as simple as possible, and

many researchers are quick to point out the mathematical convenience of using extant models

of information propagation. The formulation of many of these models, however, is not sup-

ported by evidence from the social psychology literature. The resulting models inadequately

reflect the phenomena being modeled and may lead to inaccurate results.

It is well-established within the field of social psychologythat social influence is dependent

on the relations that exist between individuals [34]. For example, the mechanism(s) by which

a mother influences her child may be very different from the mechanism(s) by which a Twitter
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user influences a follower because being someone’s mother isa very different relation than

being someone’s Twitter follower. To understand the influence mechanisms, therefore, one

must also consider the different relations among individuals.

As with the study of multiple social relations, the effects of influence on individuals in a

population when using multiple influence mechanisms has received attention in the social psy-

chology literature [35]. Despite an increasing interest informal models of information propa-

gation, there is a lack of work that seeks a formal understanding of how multiple mechanisms

and multiple relations impact results to well-known problems of social influence. This forms

the basis that motivates our work in this dissertation.

We have developed a new model of social influence for studyinginformation propagation in

a population. Our model leverages multiple influence mechanisms for transmitting information

between individuals and multiple types of relations connecting individuals over which influ-

ence mechanisms may exert influence. In this way, our model improves upon existing related

models by facilitating analysis of multiple types of influence that is exerted over multiple types

of relations. The following example helps highlight such improvements offered by our model.

1.1 Motivating Example

Consider a set{x1, x2, . . . , x8} of eight individuals, which we will refer to as a population.In-

dividuals are assumed to occupy one of two states at any giveninstant. Each of these individuals

may be related to another through one of two binary relations: is-coworker-ofandis-friend-of.

For this example, assume that coworkers tend to be influencedby an authoritarian influence

mechanism (e.g., “accept this because I said so”), whereas friends tend to be influenced by a

group conformity influence mechanism since they desire acceptance by their friends (e.g., “all

of my friends play musical instruments, so I will too”). We denote influence mechanisms of
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these types byAuth andConf, respectively.

Figure 1.1 graphs the relationsis-coworker-ofandis-friend-of. We assume these relations

are symmetric, but this may not be the case for other relations. Note that many individuals

share both relations, whereas others are related only through a single relation, and the graphs

might be disconnected, as is the case withis-coworker-of.

If we use only a single influence mechanism, then we are limited to influence only within

the single relation corresponding to the mechanism. For example, assume that individuals in

{x5, x6, x7} are each in the same state and that state is different from thestate of the rest of

the population. Assume also that those individuals exert influence onx4 using an authoritarian

influence mechanismAuth. If these individuals are unable to influencex4 (e.g., none command

sufficient authority), then the remaining subpopulation has no chance of being influenced to

adopt the state shared by those in{x5, x6, x7}.

The use ofAuth andConf mechanisms together might increase the expectation for influ-

encing the remaining population over what would be obtainedusing either mechanism alone.

For example, individualsx5 andx6 may be influenced byx7 usingAuth over is-coworker-of.

Individualx4 may subsequently be influenced byx5, usingConf over is-friend-of. Next, indi-

vidualsx4 andx7 may influencex1, x8, andx3 usingConf over is-friend-of. Finally, x8 may

influencex2 usingAuth over is-coworker-of(see depiction in Figure 1.2).

Restriction to a single type of influence mechanism and relation could produce mislead-

ing results. Using only the relationis-coworker-of, we may conclude that individuals on the

cut-edge(x8, x4) must necessarily be influenced in order to influence more thanhalf of the

population. Moreover, we may conclude thatx1 is unable to exert influence directly onx7, or

thatx3 is unable to exert influence on any other individual (or be influenced itself) since it is

disconnected inis-coworker-of. However, the population structure and potential for exerting

influence changes with the inclusion of relationis-friend-ofcorresponding to the mechanism

3



is-coworker-of:

x3

x1 x7

x2 x8 x6 x5

x4

is-friend-of:

x4

x1 x7

x2 x8 x6 x5

x3

Figure 1.1: Graphs of two symmetric binary relationsis-coworker-ofand is-friend-of over
the same set of individuals. Using both relations with one ormore influence mechanisms may
produce very different results than using only a single relation.
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t = 1:

x4

x1 x7

x2 x8 x6 x5

x3

t = 2, t = 3:

x4

x1 x7

x2 x8 x6 x5

x3

t = 4:

x4

x1 x7

x2 x8 x6 x5

x3

Figure 1.2: Depiction of the spread of information across three time stepst = 1, 2, 3, 4
through multiple influence relations. The bold directed edges correspond to the direction of
the exerted influence at the specified time.
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Conf. With both types of mechanisms and relations, there are numerous potential pathways for

propagating information.

This informal example helps demonstrate the impact that multiple types of influence mech-

anisms and relations could have on the potential for influencing individuals in a population.

Marketing campaigns, for example, are increasingly using social media to influence individ-

uals to form positive opinions about new products. Such campaigns could benefit from the

dissemination of product information via multiple types ofinfluence mechanisms and social

relations. These benefits could be in the form of reduced overhead associated with marketing

campaigns by minimizing the number of people they are required to target initially in order to

achieve a desired level of influence in a population.

1.2 Plan of Dissertation

We begin in Chapter 2 with an overview of related works. Thereare many different models that

have been used to study information propagation, but we focus on only a few of those that our

model builds upon. We show how each of the related models is incapable of capturing a variety

of different influences and relations.

We introduce and define influence mechanisms in Chapter 3. These are the objects of pri-

mary interest for our work. We give an exposition of the various components that constitute an

influence mechanism. We conclude with several examples of types of mechanisms expressed

within our model that have been studied in the social influence literature.

Leveraging multiple influence mechanisms for information propagation requires us to make

clear assumptions about the ways in which individuals combine the effects of influence from

different mechanisms. In Chapter 4, we introduce combination methods, which define how

each individual responds to different influences. We show how these combination methods can
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be used to characterize behavioral types of individuals.

In Chapter 5, we specify the influence problem to which we apply our model: the influence

maximization problem. This problem seeks a given number of individuals in a population that

maximize the expected number of individuals that will be influenced in the long-term. Our

aim in this dissertation is to study the effects that multiple mechanisms and relations have on

potential solutions to the influence maximization problem.

We show in Chapter 6 how the relational structure of a population impacts optimal so-

lutions to the influence maximization problem. We state conditions under which selection of

individuals for the influence maximization problem can be decomposed within components of

the population. We also state a lower bound on the optimal number of individuals for the influ-

ence maximization problem such that the selection of any fewer individuals gives a sub-optimal

solution.

In Chapter 7, we give some examples of analysis, along with properties for describing the

types of interactions between multiple influence mechanisms. We state properties of some of

our example types of influence mechanisms and use the types ofinteractions between mecha-

nisms to address the question of whether or not inclusion of an additional mechanism will lead

to a greater expectation for influence in a population than under only a single mechanism.

We conclude in Chapter 8 with a presentation of some results obtained in our preliminary

investigations on diminishing returns when using multiplemechanisms. We show that our mea-

sure of information propagation exhibits submodularity with respect to some sets of influence

mechanisms. The lack of more general conditions for such submodularity leads us to seek

alternative notions of diminishing returns, each of which we show presents difficulties.
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Chapter 2

Related Work

Research on influence models is a highly active area of research and an increasingly multi-

disciplinary pursuit. The fields of sociology, economics, physics, mathematics, biology, and

computer science have each contributed to modeling the process and effects of influence. De-

spite being conceived out of tangential fields, these various influence models have much in

common.

2.1 Voter Models

The general voter model (see [12, 23, 43]) is one of the earliest formal models of influence

and is often cited in later developments of influence models [2, 3]. Voter models are closely

related to contact processes [33]. The primary appeal of thevoter model is the simplicity of its

specification and its amenability to analysis.

The voter model was originally introduced as the invasion process in [12]. The invasion

process is a model of spatial conflict among competing species. In particular, the goal was to

model territory acquisitions over time. The voter model as we present it here was first intro-
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duced in [23], independently of [12].

The specification of the general voter model is very simple. Arelation between individuals

in the population is assumed to induce a regular lattice structure. Each individual (i.e., voter) is

assumed to have a binary state (−1 or+1), however this can be generalized to non-binary states.

At each time step, an individual is chosen at random from the population of individuals. That

individual adopts the state of an individual in its neighborhood selected uniformly at random.

This process is repeatedad infinitumor until a consensus is reached. It has been shown that the

voter model with a finite population will converge to a consensus opinion as time approaches

infinity [9].

There are many simplifying assumptions that are made in the voter model. The voter model

requires that a single random individual adopts the opinionof a random neighbor. The complete

adoption of the opinion (or “state”) of a neighbor is only a single specific type of influence

mechanism. Although some situations do conform to this all-or-nothing adoption, it does not

translate well into other models of influence, such as on preferences or beliefs. For example,

an individual may revise its beliefs to become more similar to its neighbor without adopting all

of its neighbor’s beliefs.

Another simplifying assumption of the voter model is that individuals are assumed to be

related through a single type of relation. There is no acknowledgement of the fact that individ-

uals may share different relations with each other and that each type of relation may result in a

different probability of adopting the state of another.

There are variations of the voter model that each attempt to remedy some of the afore-

mentioned shortcomings of the general voter model. Notableamong these variations are the

vacillating voter model[31] and the extension to heterogeneous graphs [43].

The vacillating voter model [31] assumes that individuals have some doubt about their cur-

rent state. This is captured by the following process. If a randomly selected individual selects
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at random one of its neighbors that has the same state, then the individual will change state

to that of another randomly selected neighbor. The global effect is that consensus is inhibited,

unlike in the finite population general voter model.

The motivation behind this vacillating voter model is that the general voter model implicitly

assumes that all individuals have no confidence in their current state. By requiring state tran-

sitions to different states, the vacillating voter model explicitly models the lack of confidence

by each individual in their current state. No evidence, however, from the social psychology

literature is presented in [31] that supports the formulation of this vacillating voter model.

Most work on voter models assumes regular, lattice graphs that represent the relations

among individuals in the population. This simplified view isrelaxed in [43] by looking at

voter model behavior in non-regular, or heterogeneous graphs. The update rule is identical to

that used in the general voter model (i.e., a randomly selected voter adopts the state of a ran-

domly selected neighbor). It is shown in [43] that consensusis still reached with the voter

model applied to heterogeneous graphs and the time it takes to achieve consensus is decreased

by high-degree nodes. The approach of [43] still offers no support from the social psychology

literature for the update rule that is used. The decision to use non-regular graphs is, however,

supported by the lack of regularity in most social networks.

2.2 Random Interacting Networks

There has been a tremendous amount of work on models that can be categorized as random

interacting networks. Such works are prevalent in the field of physics, in which the interactions

are between particles. We here focus on one particular modelof random interacting networks

that our work closely resembles. The model we focus on is Asavathiratham’s Influence Model

[2, 3].
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Asavathiratham’s Influence Model was developed to model theinfluences among the vari-

ous entities in a power grid, although it can be applied to other similar domains as well. This

model of influence is quite similar to our model in that it usesMarkov chains as the underlying

probabilistic state transition model, but contains some distinct differences.

Each entity in the Influence Model has a Markov chain that captures the probabilistic tran-

sitions over its states (e.g., a power grid transitioning between high/medium/low loads). Each

entity may be in one ofm states, where the state of each entityi at timek is given by a sta-

tus vectors′i[k] = [0 . . . 010 . . . 0] that contains a single1 representing the current state and

0s everywhere else. Entities are connected in a larger network in which each directed edge is

assigned a weight. The directed edge weights correspond to the amount of influence that one

entity may exert on another.

The evolution of the population of entities proceeds as follows (see [3]):

1. Entityi selects a neighborj at random with probabilitydij .

2. The present status ofj determines the probabilityp′i[k + 1] of the next status ofi.

3. Entityi transitions to its next statuss′i[k + 1] with probabilityp′i[k + 1].

The probabilitiesdij given above define the network of connections among entities. This net-

work is denoted byΓ(D′), whereD′ is the matrix in which eachi, j entry is given bydij.

The status vectors′i[k + 1] and next-state probability vectorsp′i[k + 1] for each entityi

are combined to form a multi-status vectors′[k + 1] and multi-probability vectorp′[k + 1].

Thus,s′[k + 1] andp′[k + 1] form matrices in which eachith row corresponds tos′i[k + 1] and

p′i[k + 1], respectively. Most of the analysis of the Influence Model focuses on the properties

and evolution of these matrices.

Analysis of the Influence Model proceeds by first consideringthe homogeneous case in

which all entities have the same set of states. These sets of states are assumed to be binary

11



for simplicity. Analysis then proceeds by looking at the heterogeneous case in which entities

may have different sets of states. These are referred to as the (binary) homogeneous Influence

Model and the heterogeneous Influence Model. It is shown for the binary homogeneous model

that a consensus is reached wheneverΓ(D′) is ergodic.

The network of connections among the entities captures onlya single, semantically vague

notion of relation. That is, entities are only viewed as being related or not. There is no notion

of different types of relations, except from what is expressed in the edge weights. It is entirely

plausible that two relations may form very different network structures, but, in terms of the

Influence Model, exert the same amount of influence (i.e., same edge weights). This makes

edge weights insufficient for expressing different types ofrelations.

Only a single influence mechanism is used in the Influence Model. This influence mech-

anism gives a probability of adopting the state of one’s neighbors as a weighted sum of the

entities that are in a particular state along with the edge weight connecting the two entities.

Such an influence mechanism is very similar to a group conformity type of mechanism that we

present in Section 3.7.2 and is similar to the mechanism usedin the general voter model.

Although the status-dependent Influence Model described in[2] allows entities to have state

transition probabilities (i.e., influence probabilities)that are dependent on their own current

state, it does not represent a different influence mechanism. In any case, the status-dependent

Influence Model is only briefly developed and not elaborated upon.

2.3 Cascade Models

Cascade models [27, 28, 30, 8, 36, 19, 41] have received a lot of attention recently from those

studying information propagation. The simplicity of cascade models makes them amenable to

formal analysis. Cascade models come in a variety of forms, but we here focus on what is
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referred to as theindependent cascade model.

The independent cascade model situates homogeneous individuals in a single social net-

work and focuses on the influence maximization problem of selecting a specified number of in-

dividuals to target for initial influence such that those targeted individuals influence the largest

number of individuals in the long-term. The individuals arein either an active or inactive state,

and only active individuals may influence neighboring individuals. An individual is active only

for the next time step after they are first influence; after which they are inactive and incapable

of exerting influence.

The mechanism by which individuals influence each other is a weighted sum of the number

of individuals in an individual’s neighborhood that are active. If this weighted sum exceeds

some predetermined activation threshold, then that individual is influenced and, thus, active in

the next time step.

There are some obvious shortcomings of the independent cascade model as a model of in-

fluence and information propagation. To begin with, they do not use multiple influence mecha-

nisms. By using only a weighted sum of active neighbors, these cascade models are limited to

a single type of influence mechanism.

Another shortcoming of independent cascade model is their use of simplistic state descrip-

tions, which leads to an all-or-nothing state change similar to voter models. This seems to

ignore that people are often not influenced by the entirety ofsome information. For example,

a person may be influenced by another’s preference for rock music over classical, but not by

their preference for chocolate over vanilla.
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2.4 Mathematical Epidemiology

Mathematical models of epidemiology are increasingly being used to study a variety of phe-

nomena that involve diffusion or propagation. The originaldevelopment of a mathematical

epidemiological model [29] has continually evolved in order to better fit the observed data

for which the previous models were inaccurate. The refinements made to these models have

benefited research on models of influence (see, for example, [52, 13, 6, 53, 47]).

In the following, we give an introduction to the most widely studied formalisms of math-

ematical epidemiology. We do not explore all of the myriad variations or alternatives of the

standard epidemiological models. Instead, we give an introduction to a basic development of

these models that is sufficient for understanding their application to models of influence.

Epidemiological models typically characterize a population by compartmentalizing indi-

viduals into one of a variety of types, each of which identifies an individual’s status with re-

spect to the epidemic being modeled. The most common of thesecompartmentalizations are

S, I, andR. An individual is in compartmentS if they aresusceptible to infection by the epi-

demic being modeled. The compartmentI contains individuals that are currentlyinfected by

the epidemic. Individuals that arerecovering (or, sometimes,removed) from the epidemic are

in compartmentR. A model using these three compartments is referred to as an SIR model,

and was first introduced in [29].

The primary concern in analysis of an SIR model are the numbers of individuals in each

of the three compartments given as a function of timet. The numbers of individuals that are

susceptible,infected, orrecovering at timet are given byS(t), I(t), andR(t), respectively. In

the simplest of cases, the population sizeN is assumed to be constant, so thatS(t) + I(t) +

R(t) = N for each timet. The evolution of the population is described by a set of differential
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equations:

dS

dt
= −βIS (2.1)

dI

dt
= βIS − γI (2.2)

dR

dt
= γI (2.3)

whereβ is the contact rate constant andγ is the recovery rate constant. The last equation can

be written asR(t) = N − S(t)− I(t) since the population size is assumed to be constant.

It is outside the scope of this dissertation to describe in detail all of the variations of the

basic SIR model. Parameters such as noise, birth rates, time-dependent birth rates, and time-

dependent contact rates result in models that better fit historical data on epidemics (e.g., plague,

measles, influenza). We can also reformulate the basic SIR model by considering different

sequences of status evolution, such as SIS and SIRS models.

Other works on modeling influence in a population have adopted epidemiological models

as approximations for the spread of information guided by influence effects.

The work presented in [53] applies epidemiological models to a computer security prob-

lem by studying information propagation in a network. The main idea put forth is that standard

epidemiological models do not support virus countermeasures to take place before transitions

occur between compartments (i.e., S, I, R). A new compartment E is introduced that contains

individuals that have beenexposed to a virus. This new model called e-SEIR is applied to infor-

mation propagation problems in a network, where the information is a virus. The shortcomings

of using only a single relation and using population level functions of compartment transitions

prevent this approach from being expressive enough at the individual level for the purposes of

our work.

Instead of using the standard epidemic models, [47] uses cellular automata to model epi-
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Feature 1 2 3 Our model
multiple influence mechanisms no no no yes
combined influence mechanismsno no no yes
multiple relations no no no yes
behavioral types no no no yes

Figure 2.1: Comparison of model features, where1 = [23], 2 = [2], and3 = [27].

demics. Although not explicitly a model of influence, it doesrepresent something analogous

to an influence model. A significant limitation of [47] is the simplification of only considering

homogeneous populations with a regular lattice relationalstructure. Moreover, they use only a

single local transition measure, which restricts the general applicability of their model.

2.5 Assessment of the Models

Through our study and critique of the aforementioned related models, we have identified sev-

eral features that have motivated the development of our influence model. Notable among these

features are: 1) multiple influence mechanisms, 2) combinedinfluence mechanisms, 3) multi-

ple relations, and 4) behavioral types. We develop in this dissertation an influence model that

supports each of these desirable features. In contrast, themodels described in [23], [2], and

[27] support none of these features (see Figure 2.1).
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Chapter 3

Formalizing Influence Mechanisms

The primary objects of analysis in this dissertation are what we refer to as influence mecha-

nisms. Each influence mechanism expresses a particular typeof influence that can be exerted

among individuals connected through a corresponding relation. In this chapter, we begin the

presentation of our influence model with a formalization of influence mechanisms. We de-

fine populations on which influence mechanisms exert their influence and the aspects of an

individual’s mental attitude that are relevant to the forces exerted by each different influence

mechanism. We conclude this chapter with examples of several well-known types of influence

that we have formalized within the framework of our model.

3.1 Populations and Mental States

We assume a finite setX of individuals, and call eachX ⊆ X a population, with X consti-

tuting the complete population and∅ constituting the empty population. We sometimes refer

to anyX ⊂ X as asubpopulationin order to distinguish it from the complete population. We

assume an enumeration of individuals in the population given by 〈X 〉 = 〈x1, x2, . . . , x|X |〉.
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In the present treatment, we require that the set of individualsX does not change and leave

consideration of changing populations to future studies.

Each individualx ∈ X has associated with it a setΨx of possibleindividual mental states,

such that at each instantx can inhabit exactly one mental state inΨx. We assume that the sets

of possible mental states for all individuals are the same, that is,Ψx = Ψx′ for all x, x′ ∈ X .

We define mental states of populations to be products of the mental states of the individuals

they contain. That is, for eachX ⊆ X , we defineΨX , the set ofpopulation mental states

of X, by the ordered productΨX =
∏

x∈〈X〉Ψx, where we order the factors according to the

enumeration ofX . We refer toΨX ascompleteor global population mental states. We have

Ψ{x} = Ψx in the case of singleton subpopulations, and for the degenerate population∅, we

defineΨ∅ = {∅}.

We can view each population mental stateψ ∈ ΨX as a function that takes eachx ∈ X

to a mental stateψ(x) ∈ Ψx, and takes each populationX ⊆ X to a population mental state

ψ(X) ∈ ΨX . More generally, for each populationX ⊆ X we can regard eachψ ∈ ΨX as a

function that takes eachx ∈ X to a mental stateψ(x) ∈ Ψx, and takes each subpopulation

X ′ ⊆ X to a population mental stateψ(X ′) ∈ ΨX′. Under this interpretation, ifψ ∈ ΨX , then

we haveψ(X) = ψ andψ(∅) = ∅.

Our treatment of influence mechanisms is based on the probabilistic notions of Markov

chains. Use of measures over mental state spacesΨx requires the identification of setsℑx of

measurable events over eachΨx. For finite mental state spaces, every subset of mental states is

measurable, that is,ℑx = Pwr(Ψx).

We put these elements of populations with measurable mentalstate spaces together in the

following definition.

Definition 1. A measurable population(X ,Ψ ,ℑ) consists of
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• A set of individualsX ;

• A mappingΨ associating a setΨx of individual mental states with eachx ∈ X ; and

• A mappingℑ associating a measurable space(Ψx,ℑx) with eachx ∈ X .

3.2 Influence Mechanisms

Informally, an influence mechanism is a function that expresses the probabilistic effects of a

certain type of influence exerted on a particular individualby others related to that individual

in a way characteristic of the mechanism. A similarity metric over some aspects of individual

mental states or a measure of group conformity are both typesof influence mechanisms that

can be used to define the transition probabilities of an individual. We also have that the author-

itarian type of influence over the relationis-coworker-offrom the example in Section 1.1 is an

influence mechanism.

Definition 2. An influence mechanismm = (rm, Ψ̂m,ℑm, φm, µm) over a measurable popu-

lation (X ,Ψ ,ℑ) is characterized by

• A binarymechanism relationrm overX . Each mechanism relationrm induces aninflu-

ence neighborhoodfunctionδm : X → Pwr(X );

• A setΨ̂m of mechanism statesand associated set of eventsℑm;

• A mental state projectionmappingφm that associates a surjectiveindividual mental state

projectionfunctionφxm : Ψx → Ψ̂m with eachx ∈ X that takes mental states ofx to a

unique corresponding mechanism state; and

• A mechanism measuremappingµm that associates to each individualx an individual

measure assignmentfunctionµxm that takes mechanism stateŝψ ∈ φm(Ψδm(x)) of the
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influence neighborhood ofx to a transition probability measureµxm[ψ̂] : ℑm × ℑm →

[0, 1].

We writeM to denote the finite set of all influence mechanisms under consideration and

write M ⊆ M to denote a subset of mechanisms. We assume an enumeration ofinfluence

mechanisms given by〈M〉 = 〈m1, m2, . . . , m|M|〉.

The preceding definition of a mechanism applies only to the case in which the probabilities

of state transitions do not change over time, that is, to time-homogeneous Markov chains. For

time-dependent probabilities, the model would need to makemechanism measure mappings

functions of time.

A significant benefit of our abstraction of influence mechanisms from transition probabili-

ties is that influence mechanisms, unlike individual transition probabilities, are not restricted to

a specific individual or mental state. Different individuals may have different transition proba-

bilities that are defined in terms of the same influence mechanism.

In the discussion that follows, we describe each of the elements that constitute a mecha-

nism. This is followed by several examples of types of influence mechanisms.

3.3 Mechanism States

Many related models of influence regard individuals as inhabiting the same set of states, which

can be thought of as simple binary values such asactiveandinactive(see [27]). People, how-

ever, are known to maintain much more complex mental states.A more natural model of indi-

vidual states distinguishes beliefs, preferences, and other mental attitudes, and acknowledges

that different influence mechanisms might affect change in different aspects of mental states.

We address these concerns by separating the notion of mentalstates of individuals from

those aspects of mental states relevant to a particular influence mechanism. The setΨ̂m repre-
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sents those properties of individual mental states relevant to mechanismm, and the individual

mental state projection functionsφxm : Ψx → Ψ̂m identify which individual mental states cor-

respond to which individual mechanism states.

For example, if we want to understand how ice cream preferences change in a population

under the forces of social influence, then we could specify the relevant individual mechanism

states as being the individual’s preferences over ice creamflavors. In this case, ifψ ∈ Ψx, we

might haveφxm(ψ) = chocolate≻ vanilla, meaning that the individual mental state information

in ψ relevant tom is chocolate≻ vanilla.

In this way, we say that two mental states of individuals are equivalent with respect to

a mechanism if they map to the same mechanism state. Formally, we say thatψ ∈ Ψx and

ψ′ ∈ Ψx′ areequivalent with respect tom, written ψ ∼m ψ′, and call∼m the mechanism

state equivalence relationfor m, just in caseφxm(ψ) = φx
′

m(ψ
′). Clearly,∼m is an equivalence

relation onΨx for eachx ∈ X . For eachψ ∈ Ψx, we write [ψ]m to denote the equivalence

class inΨx of ψ with respect tom, that is, the set of all individual mental states that map to the

mechanism stateφxm(ψ).

For our purposes in this dissertation, we assume thatφxm = φx
′

m for all x, x′ ∈ X and

m ∈ M, which follows from our assumption that all individuals maintain the same set of

individual mental states. Moreover, we assume thatφxm = φx
′

m for all x, x′ ∈ X andm ∈ M

wheneverΨ̂m = Ψ̂m′ . As a special case, we assumeΨ̂∅ = {∅}. We also assume that̂Ψm is

finite for eachm ∈ M. Consideration of infinite mechanism state spaces requiresadditional

assumptions to be made with regard to the underlying Markov chains that we use to formulate

state transitions (see Section 3.6).

The mental state projection mappings for any mechanismm ∈ M are defined for any set

of individualsX ⊆ X by apopulation mental state projectionfunctionφXm =
∏

x∈X φ
x
m, where

we order the factors according to the enumeration ordering〈X 〉. For any mechanismm ∈ M
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and population mental stateψ ∈ ΨX , we have the population mechanism state corresponding

to ψ given byφXm(ψ) such thatφXm(ψ)(x) = φxm(ψ(x)) for eachx ∈ X. We often write simply

φm(ΨX) to mean the population mental state projection functionφXm applied toΨX , where the

populationX of interest is clear from the argument.

In terms of equivalence classes, we have for anyX ⊆ X andψ, ψ′ ∈ ΨX thatψ ∼m ψ′

if and only if ψ(x) ∼m ψ′(x) for eachx ∈ X. This gives an equivalence class[ψ]m = {ψ′ ∈

ΨX | ψ ∼m ψ′}.

For most of the remaining discussion, we are concerned only with mechanism states, as

opposed to mental states. As such, we will often refer simplyto a statewhere the distinc-

tion of mental state or mechanism state is either irrelevantto or clear from the context of the

discussion.

3.4 Mechanism Relations

Individuals in a population are connected through different social relations, each of which may

have associated a different type of influence [34]. Our informal example in Section 1.1 used two

different types of influence exerted over different relations. We now consider the relationships

among individuals through which individuals exert social influences.

We note that multiple mechanisms may make different uses of the same relation. For exam-

ple, a hierarchical relation such as the superior/subordinate relation among members of some

organization might support one mechanism by which superiors influence subordinates and a

different mechanism by which subordinates influence superiors.

Let R be a finite set of binary relations overX . We writer ∈ R andR ⊆ R to denote

particular relations in and subsets ofR. Although social influences presumably might involve

relations of arbitrary arity, we treat only the case of binary relations. This restriction need not
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limit the applicability of the theory if one allows expansion of the set of individuals to include

new individuals representing tuples of the original individuals. In the present treatment, we

assume that relations among individuals do not change, and leave consideration of changing

relations to future studies.

We will not distinguish between relations and their graphs or set representations as tuples.

In this manner, we say that a relationr is reflexiveif (x, x) ∈ r for all x ∈ X ; irreflexive

if (x, x) /∈ r for all x ∈ X ; symmetricif (x′, x) ∈ r for all (x, x′) ∈ r; antisymmetricif

x = x′ whenever(x, x′) ∈ r and(x′, x) ∈ r; asymmetricif (x, x′) ∈ r implies(x′, x) /∈ r; and

transitiveif (x, x′′) ∈ r whenever(x, x′) ∈ r and(x′, x′′) ∈ r.

The inverser−1 of a relationr is the relation given byr−1 = {(x′, x) ∈ X 2 | (x, x′) ∈ r}.

Thesymmetric closurer� of r is the relation given byr� = r∪r−1. Thetransitive closurer+ of

r is the least relation that containsr and contains(x, x′′) whenever it also contains(x, x′) and

(x′, x′′) for somex′ ∈ X . We writer⊕ = (r�)+ for the relation obtained by first symmetrizing

r and then taking the transitive closure of the result, which is necessarily both symmetric and

transitive. The relationr⊕ is also conditionally reflexive in the sense that(x, x) ∈ r⊕ must hold

if (x, x′) ∈ r⊕ for any individualx′. We writer⋆ for the full reflexive, symmetric, transitive

closure ofr.

Unions of relations are again relations. We say that a setR ⊆ R is reflexive, irreflexive,

etc., just in case the relation
⋃

R formed as the union of all the relations in the set is reflexive,

etc., respectively.

We writer[x] to denote the set of individuals that the individualx is related to byr, that is,

r[x] = {x′ ∈ X | (x, x′) ∈ r}.
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3.5 Influence Neighborhoods

Each mechanism relationrm determines, for each individualx, a setδm(x) of individuals called

the influence neighborhoodof x. This set consists of those individuals that could potentially

exert influence onx using influence mechanismm. We define the influence neighborhood ofx

underrm by δm(x)
def
= r−1

m [x], that is,

δm(x) = {x′ ∈ X | (x′, x) ∈ rm}. (3.1)

We extend the notationδm to populationsX by definingδm(X) =
⋃

x∈X δm(x). Looking

back to Figure 1.1 where we assumedrAuth = is-coworker-of, we haveδAuth(x2) = {x1, x8},

δAuth(x8) = {x1, x2, x4}, andδAuth({x2, x8}) = {x1, x2, x4, x8}.

3.6 Markov Transition Probabilities

An individual can be influenced only by its neighbors, as captured in the mechanism relation

and its influence neighborhood function. For eachm ∈ M, x ∈ X , andψ̂ ∈ φm(Ψδm(x)), we

interpretµxm(ψ̂) as the individual mechanism state transition probabilities resulting from influ-

ence exerted throughm by the individuals in the influence neighborhood ofx in neighborhood

mechanism statêψ.

Our focus on influences exerted on individuals by their neighbors means we assume that if

an individual has no neighbors, it does not change individual mechanism state. Formally, we

write µxm(∅) wheneverδm(x) = ∅, and require that

µxm(∅)(ψ̂, ψ̂) = 1 (3.2)
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for all m ∈ M, x ∈ X , and ψ̂ ∈ Ψ̂m. A more general treatment would permit nonzero

probabilities of spontaneous change.

Eachm ∈ M andx ∈ X has an associatedindividual mechanism state transition probabil-

ity space(Ψ̂m,ℑm, µ
x
m) such thatµxm(ψ̂)(ψ̂

′, ψ̂′′) gives the probability ofx transitioning from

individual mechanism statêψ′ ∈ Ψ̂m to ψ̂′′ ∈ Ψ̂m when its neighbors are in neighborhood

mechanism statêψ ∈ φm(Ψδm(x)). For eachm ∈ M, x ∈ X , ψ̂ ∈ φm(Ψδm(x)), andψ̂′ ∈ Ψ̂m,

we require
∑

ψ̂′′∈Ψm
µxm(ψ̂)(ψ̂

′, ψ̂′′) = 1. We typically writeµxm(ψ̂)(ψ̂
′′ | ψ̂′) = µxm(ψ̂)(ψ̂

′, ψ̂′′)

for the probability ofx transitioning fromψ̂′ to ψ̂′′.

For eachm ∈ M andX ′ ⊆ X with non-emptyX =
⋃

x∈X′ r⊕m[x], we obtain a population

measure assignment functionµXm for the populationX that takes each neighborhood mecha-

nism stateψ̂ ∈ φm(Ψδm(X)) to a probability measureµXm[ψ̂] : ℑ
X
m × ℑX

m → [0, 1] giving state

transition probabilities overφm(ΨX) as the product probability measure given by

µXm
def
=

∏

x∈X

µxm, (3.3)

whereℑX
m is taken to be the set of all events overφm(ΨX). For the complete populationX , we

write µm to meanµX
m.

Whenδm(X) ⊆ X, we typically omit reference to a neighborhood mechanism state and

write simplyµXm(ψ̂
′′ | ψ̂′) for the probability of transitioning from̂ψ′ to ψ̂′′. We introduce this

simplified notation since eacĥψ′ ∈ φm(ΨX) contains also a neighborhood mechanism state for

eachx ∈ X wheneverδm(X) ⊆ X.

We formulate the mechanism state transitions in terms of Markov chains. Markov chains

provide a simple expression of probabilistic state transitions that is adequate for our purposes

but that can be extended to express more complex behavior than is considered in our present

treatment (e.g., time-dependent transitions, higher-order Markov assumption). Moreover, sev-
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eral related works on influence modeling and the diffusion ofinformation have used Markov

chains with good results [17, 3, 1].

In the following discussion, we give a description of Markovchains and some of their basic

properties as required by our work. We avoid rigorous formalanalysis of the Markov chains

themselves, as this is readily available in textbooks [25, 37] and would require a substantial

departure from the primary focus of this dissertation.

For anym ∈ M andX ⊆ X , we write (ψ̂tm(X))t≥0 for the Markov chain induced by

the mechanism state transition measureµXm overφm(ΨX). We assume each such Markov chain

(ψ̂tm(X))t≥0 is of the first-order, that is, each state transition dependsonly on the current state

and not on any previous states. Our focus on mechanisms that express transition probabilities

that do not change over time means that we consider only time-homogeneous Markov chains.

Our assumption of finite mechanism state spaces places our interest exclusively on finite-state

Markov chains.

The state distribution at any timet ≥ 0 is given byπtm(X), whereπtm(X)(ψ̂) gives the

probability of being in statêψ ∈ φm(ΨX) at timet. An initial state distribution overφm(ΨX) is

denoted byπ0
m(X). We typically write(ψ̂tm)t≥0 to mean(ψ̂tm(X ))t≥0 andπtm to meanπtm(X ).

A state ψ̂′ is reachablefrom stateψ̂ (written ψ̂ → ψ̂′) in a Markov chain(ψ̂tm)t≥0 if

µm(ψ̂
′,t+n | ψ̂t−1) > 0, for some timet ≥ 0 andn ≥ 0. Two statesψ̂ and ψ̂′ are said to

communicate(written ψ̂ ↔ ψ̂′) if ψ̂ → ψ̂′ and ψ̂′ → ψ̂. That is, two states communicate if

they are reachable from each other. A setCom ⊆ φm(ΨX ) is a communicating classif all

statesψ̂ ∈ Com communicate with each other and they do not communicate withany state

ψ̂′ /∈ Com. A Markov chain is calledirreducible if all states are in the same communicating

class.

A stateψ̂ is periodic with periodk if k is the greatest common divisor of the recurrence

periods{n > 0 | µm(ψ̂
t+n | ψ̂t) > 0}. That is, returning to statêψ must occur in time multiples
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of k. If k = 1 for stateψ̂, thenψ̂ is said to beaperiodic. A Markov chain is called aperiodic if

all states are aperiodic.

A transientstate is one for which there is a non-zero probability that itwill never be revis-

ited. A recurrentstate is one that is not transient. The states in a communicating classCom are

either all transient or all recurrent. A finite-state Markovchain has at least one recurrent state,

so all states in a finite-state, irreducible Markov chain arerecurrent.

Central to our subsequent discussions is the notion of a stationary distribution of a Markov

chain. We give the following explanation about the usage of stationary distributions for our

purposes and refer the reader to [32] for a more comprehensive exposition.

For any finite-state, time-homogeneous, irreducible Markov chain, there exists a unique sta-

tionary distribution. Moreover, the long-term behavior ofsuch a Markov chain is independent

of the initial state distribution. In general, we can not assume irreducibility of the Markov chain

induced by an influence mechanism transition probability measure and, therefore, must con-

sider the case of reducible Markov chains. For any finite-state, time-homogeneous, reducible

Markov chain, there may exist more than one stationary distribution.

To see this, assume anym ∈ M and let(ψ̂tm)t≥0 denote the Markov chain induced bym

overφm(ΨX ) and letCom be the set of all communicating classes of(ψ̂tm)t≥0. The states in

each communicating class are either all recurrent or all transient, which we denote byCom
r ⊆

Com andCom
t ⊆ Com, respectively. Every state in eachCom ∈ Com

t will eventually

transition to a state in someCom′ ∈ Com
r and remain in that recurrent communicating class.

The long-term behavior of a Markov chain starting in a transient state, thus, conforms to that

of states in recurrent communicating classes.

For the remainder of our discussions, we do not require specification of the sets of commu-

nicating classes. As such, we write simplyπm(X) for a stationary distribution of the Markov

chain induced bym ∈ M overφm(ΨX). We writeπm to meanπm(X ).
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3.7 Examples of Influence Mechanisms

We now present examples of how one might use our formalization of an influence mechanisms

to express types of influences that have been studied in various forms in the social psychol-

ogy literature. For each of the following example mechanisms, we define only the transition

probability measure. The transition probability measuresof some mechanisms characterize the

influence exerted across a specific relation, but the transition probability measures of other

commonly studied mechanisms can be applied to a variety of relations.

For example, the transition probability measure for a groupconformity influence mecha-

nism that we define in one of the following examples might be applied to theis-friend-of or

the is-coworker-ofrelation, as well as others. The choice of relation for a group conformity

mechanism is, therefore, dependent on the context of the problem being analyzed. This is in

contrast to a mother’s influence that may be defined, for example, such that it applies only to

the relationis-family-member-of.

3.7.1 Preference Similarity

Existing work has shown that people have a tendency to adopt preferences of others when

the preferences held by the others are similar to those of theperson being influenced [45].

For example, if an individualx is deciding where to vacation and individualx′ has similar

preferences on vacation spots, thenx is likely to adopt a new vacation spot for whichx′ has

formed a preference butx has not (see [20] for a related treatment that uses belief similarity).

One can capture an influence mechanism with this character byregarding preference orders

over alternatives as the states of the mechanism, with the mental state projection mapping iden-

tifying the preferences of each individual in the common terms. One then identifies a similarity

measure over preference orders, and defines a transition measure in which the probability that
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one individual will adopt the preferences of another is in terms of the similarity between the

preferences of the individual and the preferences of the other.

We writes to denote a metric on the set of preferences. See, for example, [48, 49, 50, 51]

for expositions of both traditional and improved similarity metrics over preferences. We write

Sim(s) to denote apreference similarity influence mechanismbased ons, for population mech-

anism stateŝψ, ψ̂′ ∈ φSim(s)(ΨX ) representing the preference information relevant toSim(s)

as:

µxSim(s)(ψ̂)(ψ̂
′(x) | ψ̂(x))

def
=















αx ·s(ψ̂(x), ψ̂′(x)) if ψ̂′(x) = ψ̂(x′) for somex′ ∈ δSim(s)(x),

0 otherwise,

(3.4)

whereαx ensures that
∑

ψ̂′(x)∈Ψ̂Sim(s)
µxSim(s)(ψ̂)(ψ̂

′(x) | ψ̂(x)) = 1 for anyψ̂ ∈ φSim(s)(ΨX ).

3.7.2 Group Conformity

Individuals have a tendency to become similar to their peerswhen a sufficiently large number

of their peers have equivalent states with respect to some relevant notion of state equivalence

[16, 4, 5]. Moreover, conformity with a group preference increases as the group increases in

size. For example, if an individual’s peer group all have equivalent preferences for a certain

type of music, then that individual is more likely to adopt that music preference than if the

group consisted of only one individual.

The group conformity effect of influence has been shown to plateau at around five group

members [46]. We now define one form of a group conformity influence mechanism motivated

by such work, which discounts the magnitude of influence by the group size such that we

achieve a plateau roughly at group sizes of5. We also define a non-discounted group conformity

mechanism under which the probability of influence is a simple fraction of the group size of
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individuals that maintain a common state.

We write Conf to denote thenon-discounted group conformity influence mechanism. For

all x ∈ X andψ̂, ψ̂′ ∈ φConf(ΨX ), we defineµxConf as:

µxConf(ψ̂)(ψ̂
′(x) | ψ̂(x))

def
=

|{x′ ∈ δConf(x) | ψ̂(x
′) = ψ̂′(x)}|

|δConf(x)|
. (3.5)

Let DConfdenote thediscounted group conformity influence mechanism. Assume we have

a set ofn individuals that might exert influence onx and each haveDConf mechanism states

equivalent to each other. Such a set is given forψ̂, ψ̂′ ∈ φDConf(ΨX ) by ι(x, ψ̂, ψ̂′) = {x′ ∈

δDConf(x) | ψ̂(x
′) = ψ̂′(x)}. For allx ∈ X andψ̂, ψ̂′ ∈ φDConf(ΨX ), we defineµxDConf as:

µxDConf(ψ̂)(ψ̂
′(x) | ψ̂(x))

def
= βx

1

1 + 10 exp−|ι(x,ψ̂,ψ̂′)|
, (3.6)

whereβx is a normalizing constant so that
∑

ψ̂′(x)∈Ψ̂DConf
µxDConf(ψ̂)(ψ̂

′(x) | ψ̂(x)) = 1 for any

ψ̂ ∈ φDConf(ΨX ). The factor of10 in the denominator is used to achieve a plateau at then = 5

value reported in the social psychology literature [46].

In our subsequent discussions, we typically refer toConfas agroup conformity mechanism

and maintain the discounted distinction when referring toDConf.

3.7.3 Voter Model Mechanism

We present here a formalization of a mechanism motivated by the voter model. Our formal-

ization does not exhibit the exact same behavior as the votermodel, but does still provide an

interesting mechanism motivated by the work on voter models. The primary difference between

the mechanism we present here and the voter model is that the voter model uses asynchronous

transitions (i.e., only one individual changes state at each instant), whereas we require every

30



individual to assess a state change at each instant.

We writeVoter to denote avoter model mechanism. In order to simplify comparisons with

other types of mechanisms, we assume a binary mechanism state space given bŷΨVoter =

{0, 1}. Recall that with the voter model, at each instant an individual is selected to transition

to the state of a randomly selected neighbor. We capture a related synchronous process by

assuming that each individualx ∈ X maintains aneighborhood weight distributiongiven

by px : δVoter(x) → [0, 1], where
∑

x′∈δVoter(x)
px(x

′) = 1. At each instant,px(x′) gives the

probability thatx will adopt the individual mechanism state ofx′ ∈ δVoter(x).

For allx ∈ X andψ̂, ψ̂′ ∈ φVoter(ΨX ), we defineµxVoter as:

µxVoter(ψ̂)(ψ̂
′(x) | ψ̂(x))

def
=

∑

x′∈S

px(x
′), (3.7)

whereS = {x′ ∈ δVoter(x) | ψ̂(x
′) = ψ̂′(x)} is the set of all neighboring individuals that are in

the individual mechanism statêψ′(x).

Although group conformity influence has received a tremendous amount of attention (how-

ever, informally) in the social psychology literature, it is the voter model and other types of

contact processes that have been of more interest in the fields of computer science, mathemat-

ics, and physics. We can show that the influence exerted by a group conformity mechanism

Conf is equal to that of a voter model mechanismVoterunder uniform neighborhood distribu-

tionspx.

Theorem 1. If px is uniform for allx ∈ X , rVoter = rConf, and Ψ̂Voter = Ψ̂Conf, thenµVoter =

µConf.

Proof. AssumerVoter = rConf, Ψ̂Voter = Ψ̂Conf, andpx(·) = 1
|δVoter(x)|

for all x ∈ X . For all

ψ̂, ψ̂′ ∈ φVoter(ΨX ) andx ∈ X , we haveµxVoter(ψ̂)(ψ̂
′(x) | ψ̂(x)) =

∑

x′∈S
1

|δVoter(x)|
= |S|

|δVoter(x)|
,
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where the setS as defined as for Equation 3.7. This is precisely the definition for µxConf given

in Equation 3.5. It follows from Equation 3.3 thatµVoter = µConf.

3.7.4 Authoritarian

It is not uncommon for individuals to be susceptible to influence simply due to the authoritative

status of some other individual. The authoritarian influence mechanism used for the example in

Section 1.1 is one particular form of such a mechanism, wherewe have a mechanism relation

is-coworker-of, binary mechanism states, and a transition measure as defined in the following

Equation 3.8. We now give a formal definition of the influence exerted by an authoritarian

influence mechanism.

An authoritarian type of influence requires assignment of a level of authority to each indi-

vidual. We assume a total strict order≻a overX defined such thatx ≻a x′ if and only if x is

more authoritative thanx′.

An authoritarian influence mechanism, denoted byAuth, is defined such that an individual

x is influenced directly by another individualx′ if x′ ∈ δAuth(x) andx′ ≻a x. We defineµxAuth

for anyx ∈ X andψ̂, ψ̂′ ∈ φAuth(ΨX ):

µxAuth(ψ̂)(ψ̂
′(x) | ψ̂(x))

def
=































1 if ψ̂′(x) = ψ̂(x′), x′ ≻a x, and

x′ = max≻a(x
′′ ∈ δAuth(x)),

0 otherwise.

(3.8)

Our definition for an authoritarian mechanism follows from our motivating example in Sec-

tion 1.1. We assume that the authority ordering≻a is consistent with the enumeration〈X 〉, that

is, xi ≻a xj if and only if i > j. This suits our purposes in this dissertation, but we recognize

the usefulness of an authority ordering that is a total preorder. In that case, an authoritarian
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mechanism would permit individuals with the same level of authority, as might exist in a hier-

archical organization such as a corporation.

3.7.5 Contagion

The study of information propagation is analogous to that ofdisease transmission within math-

ematical epidemiology. We do not approach information propagation in the same manner as

compartmentalized models (e.g., SIRS models), but our viewof the study is closely related to

the use of contact processes in mathematical epidemiology.In this way, we define the suscep-

tibilities to infection in terms of individual transition measures.

We give a definition for the very simplisticcontagion influence mechanism, denoted by

Cont, that captures the spread of infections of a highly infectious disease. For simplicity, we

assume that individuals are infected at first contact and we avoid the numerous parameters

incorporated into many mathematical epidemiology models (e.g., recovery rates).

We defineµxCont for eachx ∈ X , ψ̂, ψ̂′ ∈ φCont(ΨX ), andψ̂′′ ∈ Ψ̂Cont as:

µxCont(ψ̂)(ψ̂
′(x) | ψ̂(x))







































1 if there existsx′ ∈ δCont(x) such thatψ̂(x′) = ψ̂′(x) = ψ̂′′,

1 if ψ̂(x) = ψ̂′(x) and there does not existx′ ∈ δCont(x)

such thatψ̂(x′) = ψ̂′′,

0 otherwise.

(3.9)

whereΨ̂Cont = {0, 1} andψ̂′′ is taken to be the state representing infection by the contagious

disease, or what we will later refer to as the influence information.

Our definition of the contagion mechanism assumes that infection happens with certainty

when at least one neighboring individual is itself infected. Of course, this could be relaxed by

parameterizing the definition with a value that gives the susceptibility to infection. For example,
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we could have thatµCont infects individuals with certainty under some relations, but has a low

probability of infection under other relations.

34



Chapter 4

Combining Multiple Influence

Mechanisms

One of the advantages of extant influence models that use a single influence mechanism comes

from the simplicity of specifying how each individual is influenced. Such models assume that

all individuals are susceptible to influence through the same influence mechanism. This as-

sumption, however, is inconsistent with an abundance of empirical evidence in social psychol-

ogy and related fields suggesting that different individuals respond to influence in different

manners (see [10, 7]). Although one may argue that a single influence mechanism is suffi-

cient for simplified problem domains, it is insufficient for modeling influence effects among

individuals that may have different responses to the same influence mechanism.

Just as different physical materials (e.g., wood, steel) can have different levels of suscep-

tibility to different forces acting upon them (e.g., magnetic forces), so too can different indi-

viduals have different levels of susceptibility to different influence mechanisms (see [17, 7]).

Consideration of multiple influence mechanisms that may simultaneously exert influence on

an individual requires a method for combining the aggregateeffects into a single measure of
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influence acting on the aspects of that individual’s mental attitude that are relevant to each of

the mechanisms.

In this chapter, we give a formal definition of a combination method, which specifies how

influence effects of multiple influence mechanisms are combined. Different individuals are

permitted to use different combination methods, and we interpret each combination method

as characterizing the behavioral type of individuals. We give a few examples of combination

methods.

4.1 Combination Methods

Consider the influence mechanismsM = {m1, m2, m3} and assume that influence is exerted

on individuals in a population using some combination of influence mechanisms inM . Each

individual may combine the influence exerted through these different influence mechanisms

in different ways to produce different behavior in the presence of influence. For example, one

individual may be influenced only bym2, whereas another individual may be influenced by

a non-zero positive weighted average of each influence mechanism inM . We refer to these

different methods for combining influence mechanisms as a combination method.

Definition 3. A mechanism combination methodis a functionc that takes a set of mecha-

nismsM ⊆ M over a measurable population(X ,Ψ ,ℑ) to a combined mechanismc(M) =

(rc(M), Ψ̂c(M),ℑc(M), φc(M), µc(M)) over(X ,Ψ ,ℑ) and is characterized by

• Thecombined mechanism relationrc(M) =
⋃

m∈M rm, which induces a combined influ-

ence neighborhood functionδc(M) : X → Pwr(X );

• The setΨ̂c(M) =
∏

Ψ̂∈{Ψ̂m|m∈M} Ψ̂ of combined mechanism states, where the order of

the product is consistent with the enumeration〈M〉, and associated set of eventsℑc(M);
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• A combined mental state projectionmappingφc(M) that takes eachx ∈ X to a surjective

functionφxc(M) : Ψx → Ψ̂c(M); and

• A combined mechanism measuremappingµc(M) that associates to each individualx an

individual measure assignment functionµxc(M) that takes combined mechanism statesψ̂ ∈

φc(M)(Ψδc(M)(x)) of the combined influence neighborhood ofx to a transition probability

measureµxc(M)[ψ̂] : ℑc(M) × ℑc(M) → [0, 1].

We denote the set of all combination methods byC.

By defining the combined mechanism states as we have, we eliminate duplication and in-

consistencies when combining mechanisms that have the samemechanism state space. For

example, assumeM = {m1, m2} andΨ̂m1 = Ψ̂m2 = {0, 1}. We have
⋃

m∈M Ψ̂m = {0, 1}.

Taking the product giveŝΨc(M) = {0, 1}, which is precisely the state space of each individual

mechanism. If we used the product space over each set of mechanism states to get a combined

mechanism state space of{00, 01, 10, 11}, then we would have inconsistent states (e.g.,01

means an individual is simultaneously in mechanism state0 and1) and duplication of state

information (e.g.,11). Of course, the inclusion of mechanisms that have different mechanism

state spaces will result in combined mechanism states that include each different mechanism’s

states.

It follows from rc(M) that δc(M)(x) =
⋃

m∈M δm(x) for all x ∈ X andM ⊆ M. For

the combined influence neighborhoods from Figure 1.1 withM = {Auth,Conf} andX =

{x3, x5}, we haveδc(M)(x3) = δAuth(x3) ∪ δConf(x3) = {x1, x2, x4, x8} and δc(M)(X) =

δc(M)(x3) ∪ δc(M)(x5) = {x1, x2, x4, x6, x7, x8}.

For any combined mechanism stateψ̂ ∈ Ψ̂c(M), we sometimes need to identify the aspects

of ψ̂ relevant toM ′ ⊆ M . To this end, for anŷψ ∈ Ψ̂c(M), we write ψ̂[M ′] ∈ Ψ̂c(M ′) for the

combined mechanism state capturing only those aspects ofψ̂ relevant toM ′ ⊆ M . For any
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ψ̂ ∈ Ψ̂c(M), if the set of mechanismsM ⊆ M under consideration is clear from the context,

then we sometimes write simplŷψ when it is understood to mean̂ψ[M ].

4.2 Examples of Combination Methods

Different individuals are not required to use the same method for combining the effects of

different influences. We present three different combination methods. We begin with a brief

discussion of two of the simplest combination methods: random and dictatorial combinations.

These are followed by a convex combination method, which is the combination method that

we will assume for all of our results in the following chapters.

4.2.1 Random Combination

One of the simplest method for combining multiple influence mechanisms is therandom com-

bination method. The introduction of this random combination method is not due to empirical

support such a method, however, it could still serve a usefulpurpose for comparisons with

other combination methods.

The specification of this random combination method is very straight-forward. Given a set

of influence mechanismsM ⊆ M, each individual in a population selects an influence mech-

anismm ∈M according to some probability distribution overM and all subsequent influence

on that individual occurs through the mechanismm. The choice of probability distribution may

itself be arbitrary or may be chosen to reflect any knowledge about individual behavior in the

population. The simplicity of the random combination method does not warrant elaboration

at this point. Although more could be said about this combination method, we continue on to

some other combination methods.
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4.2.2 Dictatorial Combination

Another simple method for combining multiple influence mechanisms is to order all influence

mechanisms and select the first applicable mechanism from that ordering for exerting influence.

We call this thedictatorial combination method.

For eachx ∈ X , let≻Dx denote a total strict ordering overM. The ordering≻Dx captures

the level of susceptibility ofx to each of the influence mechanisms. Ifm ≻Dx m′, then we say

that influence bym overrules influence bym′ onx.

Given a set of influence mechanismsM ⊆ M, eachx ∈ X has influence exerted on it by

the mechanismm ∈M that appears first in the orderingDx (i.e., the mechanism to which it is

most susceptible). We assume that the orderingDx does not vary over time for each individual

x ∈ X .

Let DICT denote the dictatorial combination method. We defineµx
DICT(M) for anyM ⊆ M,

x ∈ X , andψ̂, ψ̂′ ∈ φDICT(M)(ΨX ) as:

µxDICT(M)(ψ̂)(ψ̂
′(x) | ψ̂(x))

def
= µxm(ψ̂[m])(ψ̂′[m](x) | ψ̂[m](x)) (4.1)

wherem ∈M andm ≻Dx m′ for all m′ ∈M \ {m}.

If we assume the mechanism ordering is static for each individual, then the spread of in-

formation will be restricted to certain population structure pathways. That is, given a set of

mechanismsM , each individualx ∈ X will only be susceptible to influence across a single

relation corresponding to the mechanismm ∈ M that occurs first in the mechanism ordering

≻Dx. We may seek to elaborate on this observation as part of our future work.
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4.2.3 Convex Combination

A common method for combining multiple measures into a single measure is to take the aver-

age of the values given by each measure [44]. When applied to influence mechanisms, one may

view each influence mechanism as expressing an expert’s assessment of how an individual is

influenced. The combination of these influence mechanisms can be interpreted as the combi-

nation of each expert’s assessment of the influence probabilities. This type of combination has

been widely studied in the area of group decision making using what is called the linear opin-

ion pool method (see, for example, [44, 38, 26, 11]). A related method for defining transition

probabilities of individuals is used in [17].

The linear opinion pool method has been shown in other areas to offer improvements

over probabilities derived from any single measure. For example, weather forecasting typi-

cally makes use of multiple models and aggregates the respective probability measures into a

single forecast [38, 40]. It is concluded in [40] that the linear opinion pool method provides

better forecasts than each separate model.

The linear opinion pool method is simply a type of convex combination of values, or “opin-

ions”. We now present what we refer to as theconvex combination method, which is motivated

by the work on the linear opinion pool method and is flexible enough to capture more specific

combination methods by adjusting the convex weighting distribution. We denote the convex

combination method byc.

For eachM ⊆ M, letwc :M → [0, 1] be a function that assigns a weight to eachm ∈ M

such that we have
∑

m∈M wc(m) = 1. We define theconvex combination method measure
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functionµx
c(M) for all x ∈ X ,M ⊆ M, andψ̂, ψ̂′ ∈ φc(M)(ΨX ) as:

µx
c(M)(ψ̂)(ψ̂

′(x) | ψ̂(x))
def
=































































1 if δ
c(M)(x) = ∅ and

ψ̂(x) = ψ̂′(x),

0 if δc(M)(x) = ∅ and

ψ̂(x) 6= ψ̂′(x),

γ ·
∑

m∈M ′ wc(m)·

µxm(ψ̂[m])(ψ̂′[m](x) | ψ̂[m](x)) otherwise,

(4.2)

whereM ′ = {m ∈ M | δm(x) 6= ∅} is the set of mechanisms inM under whichx may be

susceptible to influence andγ = 1/
∑

ψ̂′′∈Ψ̂
c(M)

∑

m∈M ′ wc(m) · µxm(ψ̂[m])(ψ̂′′[m] | ψ̂[m](x))

is a normalizing constant that ensures
∑

ψ̂′′∈Ψ̂
c(M)

µx
c(M)(ψ̂)(ψ̂

′′ | ψ̂(x)) = 1.

Our definition of the individual measure assignment function for the convex combination

method ignores the transition probabilities for those mechanisms under which an individual

has an empty neighborhood since such individuals can not be influenced to transition by those

mechanisms. Moreover, if we did include the transition probabilities of individuals with empty

neighborhoods, then we can see from Equation 3.2 that the convex combination would lead

to those individuals tending to stay in their same state. Theresulting combined mechanism

measure would give misleading transition probabilities.

Although the convex combination method permits arbitrary weight distributions, we as-

sume for eachM ⊆ M andm ∈ M thatwc(m) = 1
|M |

. That is, we assume the weights

assigned to each mechanism form a uniform distribution for the set of mechanisms that are

being combined with the convex combination method. This assumption prevents us from eval-

uating mechanisms that have a weight of zero and, thus, have no effect on any individual.

For the remainder of this dissertation, we assume that all sets of mechanisms are combined
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using the convex combination method with uniform weight distributions.

4.3 Behavioral Types

One natural interpretation we give to combination methods is that they characterize various

individual behavioral types. That is, two individuals are of different behavioral types if and

only if they combine the influence exerted upon them using different combination methods.

We give a brief development of this interpretation of combination methods.

The composition of a population, in terms of behavioral types, may have a significant im-

pact on the expected spread of information. It is shown in [13] that behavioral type hetero-

geneity in a population leads to a faster diffusion of information than under homogeneous

populations, where an individual’s behavioral type is defined in terms of its susceptibility to

influence by its neighbors. The impact of population heterogeneity on information propagation

has also been explored in work on stochastic interacting systems [14]. These works highlight

the importance of making clear any assumptions about the individual behavioral types in a

population.

We define an individual’s behavioral type by the combinationmethod that they use to com-

bine the effects of multiple types of influence. The behavioral type of each individual is given

by a functionτ : X → C that takes eachx ∈ X to the combination methodτ(x) ∈ C employed

by x.

Individuals of the same behavioral type may be further differentiated by their parameteri-

zation of the corresponding combination method. With respect to the dictatorial combination

method, individuals with the same ordering of influence mechanisms are the same behavioral

subtype.

Individualsx, x′ ∈ X with τ(x) = τ(x′) = DICT are the same behavioral subtype if and
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only if ≻Dx=≻Dx′ . In this case, there does not exist a set of influence mechanismsM ⊆ M

for which individualsx andx′ will be influenced by different influence mechanisms based on

their respective orderings. Thus, exertion of influence onx andx′ is the same for any set of

influence mechanisms and they are therefore the same behavioral subtype. For theDICT com-

bination method, each behavioral subtype forms an equivalence class with respect to influence

mechanism orderings.

We define a simple distribution over the behavioral types in apopulation that characterizes

the individual behaviors. LetF : Pwr(X ) → (C → [0, 1]) be thebehavioral type distribution

functiondefined for anyX ⊆ X andc ∈ C by

F (X)(c)
def
=

|{x ∈ X | τ(x) = c}|

|X|
, (4.3)

with
∑

c∈C F (X)(c) = 1. The functionF (X) gives the distribution of behavioral types in the

populationX. The probability of a randomly selected individualx ∈ X having behavioral type

c ∈ C is given byF (X)(c).

A populationX ⊆ X in which there exists more than one behavioral type is calleda

heterogeneous population. Otherwise, a populationX is called ahomogeneous population. A

homogeneous populationX is thus one in whichF (X)(c) = 1 for somec ∈ C and, necessarily,

F (X)(c′) = 0 for all c′ 6= c. A population consisting of only a singleton{x} is always a

homogeneous population. A homogeneous population in whichall individuals are the same

behavioral subtype is called asubtype homogeneous population.

There are many questions that one may ask about the influence and information propagation

in a population consisting of many different behavioral types (e.g., rate of influence propaga-

tion in homogeneous vs. heterogeneous populations). We restrict our work in this dissertation

to behavioral subtype homogeneous populations (i.e., populations in which all individuals com-
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bine multiple mechanisms in the same manner). As we have already stated, we consider only

a uniform weighted convex combination method throughout the remainder of this dissertation.

We defer a more comprehensive treatment of behavioral typesto future work.
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Chapter 5

Maximizing Influence

The influence maximization problem [27] has received considerable attention in recent years.

We now give a statement of this problem using our formal framework.

5.1 Expected Influence

Analysis of information propagation in a population requires a method for determining the ex-

pected number of individuals that have been influenced in some way. The notion of expected

influence that we make use of assumes that we have a set of individuals that are each initially

in a specified individual combined mechanism state and that aset of mechanisms is used to

influence others to adopt that same individual combined mechanism state. The expected influ-

ence is given by the long-term behavior of the influence propagation. In the following, we give

specification to the notion of expected influence that we use throughout this dissertation.

Let I : Pwr(X ) × Pwr(M) × Ψ̂c(M) → [0, |X |] be theexpected influence function. We

refer to any argumentX ⊆ X of I as atargeted populationand any argument̂ψ ∈ Ψ̂
c(M) of I

asinfluence information.
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We define the expected influence functionI for all targeted populationsX ⊆ X , influence

mechanismsM ⊆ M, and influence information̂ψ ∈ Ψ̂c(M) as:

I(X,M, ψ̂)
def
=

∑

ψ̂′∈φ
c(M)(ΨX )

o(ψ̂′) · πc(M)(ψ̂
′), (5.1)

whereo : φ
c(M)(ΨX ) → R

+ is the objective function that assigns a value to each population

mechanism state andπc(M) : φc(M)(ΨX ) → [0, 1] is a stationary distribution of the Markov

chain induced byM .

For our purposes, we define theobjective functiono for all mechanismsM ⊆ M, influence

informationψ̂ ∈ Ψ̂
c(M), and population stateŝψ′ ∈ φ

c(M)(ΨX ) as:

o(ψ̂′)
def
= |{x ∈ X | ψ̂′(x) = ψ̂[M ]}|, (5.2)

which gives a count of the individuals that have been influenced to adopt the specified influence

informationψ̂ relevant to the mechanismsM . Our subsequent results assume an objective func-

tion defined as in Equation 5.2, however, we may choose to investigate alternate interpretations

of the values assigned to states, such as importance, utility, or cost.

Although there may be more than one stationary distributionfor the Markov chain induced

by M , we can use an initial state distribution to impose a particular stationary distribution.

We use the targeted population and influence information to place constraints on initial state

distributions that are used for the Markov chain induced by the mechanism measures. Given

any populationX ⊆ X , population combined mechanism stateψ̂ ∈ Ψ̂
c(M), and influence

mechanismsM ⊆ M, we require an initial state distributionπ0
c(M) to satisfy the following

constraints:

1. π0
c(M)(ψ̂

′) = 0 for all ψ̂′ ∈ φ
c(M)(ΨX ) such thatψ̂′(x) 6= ψ̂[M ] for all x ∈ X;
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2. π0
c(M)(ψ̂

′) = 0 for all ψ̂′ ∈ φc(M)(ΨX ) such thatψ̂′(x) = ψ̂[M ] for somex 6∈ X;

3. π0
c(M)(ψ̂

′) > 0 for all ψ̂′ ∈ φc(M)(ΨX ) such thatψ̂′(x) = ψ̂[M ] for all x ∈ X.

That is, we require that all individuals in the targeted population have states equal to the aspects

of ψ̂ that are relevant toM and all individuals not in the targeted population have states that

are not equal to the influence information relevant toM . These constraints are similar to those

made in related work [27].

For anyM ⊆ M, if |Ψ̂
c(M)| = 2, then an initial state distribution will be deterministic (i.e.,

π0
c(M)(ψ̂

′) = 1 for someψ̂′ ∈ φ
c(M)(ΨX ) andπ0

c(M)(ψ̂
′) = 1 for ψ̂′′ ∈ φ

c(M)(ΨX ) such that

ψ̂′ 6= ψ̂′′). Otherwise, we assume a uniform distribution over the statesψ̂′ ∈ φc(M)(ΨX ) that

satisfy our constraints on the initial state distribution.Of course, specification of an initial state

distribution is irrelevant for sets of mechanisms that induce an irreducible Markov chain over

the complete population since it will have a unique stationary distribution that is independent

of an initial state distribution.

For anyX ⊆ X and ψ̂ ∈ Ψ̂c(M), we defineI(X, ∅, ψ̂) = 0 since state transitions are

defined in terms of the influence mechanisms used. The lack of any influence mechanisms and

specification of̂Ψ∅ = ∅ result in no influence information with which to influence a population.

Similarly, we defineI(∅,M, ψ̂) = 0 since no individuals are given the influence information

in the first place.

The difficulty of computing the expected influence function given by Equation 5.1 is not

due to the objective function or the summation. Instead, thedifficulty is in finding a stationary

distribution for the Markov chain induced by a set of mechanisms.

Consider anyM ⊆ M and letn = |φc(M)(ΨX )|. Finding a stationary distribution for

a Markov chain involves computing an eigenvector with eigenvalue1. A common algorithm

for doing this is to use the inverse power method. Established complexity results state that
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the inverse power method takes time on the order ofO(n3). Clearly, the majority of the time

required to compute expected influence lies in the eigenvector (i.e., stationary distribution) so-

lution. There are other algorithms that might solve this problem more efficiently under specific

assumptions about the problem (e.g., size of state space, sparsity of matrix), but they still take

up the majority of the time in computing expected influence.

5.2 The Influence Maximization Problem

The influence problem to which we apply our model is called theinfluence maximization

problem. This problem was identified in [15] and has been studied extensively in more recent

work [27, 28, 30, 8]. We give the following statement of the influence maximization problem.

Given an integerk > 0, find k individuals that maximize the expected number of indi-

viduals that have adopted some specific influence information (i.e., individuals that have been

influenced). A formal statement of this problem follows:

The Influence Maximization Problem : Given k > 0, M ⊆ M, and ψ̂ ∈ Ψ̂
c(M), what

targeted populationX ⊆ X of sizek maximizesI(X,M, ψ̂)?

We use the influence maximization problem to demonstrate some of the properties and

claimed improvements of our model over related influence models. By taking this approach,

we view the influence maximization problem as a general problem that can be studied under

any influence model, each having different properties with respect to the problem.
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Chapter 6

Population Topology and Targeted

Optimality

The primary contribution of our approach to modeling influence comes from our usage of mul-

tiple influence mechanisms for spreading information throughout a population. In this chapter,

we show how the topology of a population impacts the expectedinfluence and how knowledge

of the population structure under the various mechanisms can improve our ability to recognize

optimal targeted population sizes for the influence maximization problem.

We begin by identifying the population structure that arises from mechanism relations un-

der one or more influence mechanisms. This is followed by a definition of optimal targeted

populations and a discussion on how the population structure affects the determination of an

optimal targeted population.
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6.1 Connected Populations

We apply graph-theoretic terms to binary relations by regarding pairs in the representation as

edges of a graph. In this way, we can rephrase the notion of transitive closure to say thatr+

contains(x, x′) whenever there is some finite path fromx to x′ in r. Most importantly, the

graph-theoretic view focuses attention on connectivity properties of the relations. As seen in

Figure 1.1, relations may leave a population disconnected,with some individuals occurring in

connected components, and others standing isolated from all other individuals.

We write[x]r to denote the set of individuals that are connected tox by a path of any length

in the transitive closure of the symmetrization ofr, which we identify as thecomponentof the

graph ofr containingx. Stated formally,[x]r = r⊕[x].

We say that a setX ⊆ X is a connected setunderr just in case each individual inX is

reachable from each other individual inX under the transitive closure of the symmetrization

of r, that is,X is connected underr just in casex ∈ [x′]r for eachx, x′ ∈ X with x 6= x′. By

symmetry, ifx ∈ [x′]r, then[x]r = [x′]r.

A component[x]r need not containx, for if x is not related either to itself or to any other

individual byr, then[x]r = ∅. In fact, [x]r is the maximal connected set ofx underr, and we

call it themaximal connected componentof x underr.

We say thatx is isolatedin r if it is not connected to any other individual byr⊕. This can

happen in two ways: eitherr contains no pair containingx, in which case[x]r = ∅, or the only

pair containingx is the reflexive pair(x, x), in which case[x]r = {x}. If x is not isolated, then

it is connected to at least one other individualx′ 6= x, and hence[x]r must contain bothx and

x′ by symmetrization so that
∣

∣[x]r
∣

∣ > 1.

We write Isolates(r) =
{

x ∈ X | [x]r ⊆ {x}
}

to denote the set of all individuals isolated

underr, and writeComponents(r) to denote the set of all maximal connected components
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underr apart from the isolated individuals, that is,Components(r) =
{

[x]r |
∣

∣[x]r
∣

∣ > 1
}

. The

set of all maximal connected components including individuals isolated underr is denoted by

Components+(r) = Components(r) ∪ {{x} | x ∈ Isolates(r)}. For example, in Figure 1.1,

is-coworker-ofhas one maximal connected component and one isolate;is-friend-of has only

one maximal connected component.

We extend the notion to sets of relations by defining[x]R by [x]R = [x]⋃R, representing the

set of individuals that are connected tox under(
⋃

R)⊕. From this, the definitions for sets of

maximal connected components extend naturally to sets of relations and we writeIsolates(R),

Components(R), andComponents+(R) to denote all such sets. We often refer only to a single

relation since
⋃

R itself constitutes a single relation.

For anyr ∈ R, we writeη(r) = |Components(r)| for the number of distinct non-isolated

maximal connected components underr. We include the number of isolated individuals under

r by writing η+(r) = η(r) + |Isolates(r)|.

The following lemmas help to clarify the effects on the number of maximal connected

components when using multiple relations and, hence, multiple influence mechanisms.

Lemma 1. For all R ⊆ R, Isolates(R) ⊆
⋃

r∈R Isolates(r).

Proof. Consider anyR ⊆ R. AssumeIsolates(R) 6⊆
⋃

r∈R Isolates(r). There existsx ∈

Isolates(R) such thatx /∈
⋃

r∈R Isolates(r). By definition, we have
⋃

R =
⋃

r∈R r. There-

fore, we must havex ∈ Isolates(r) for somer ∈ R. This gives a contradiction and concludes

proof of the claim.

Lemma 2. For all R′ ⊆ R ⊆ R, η+(R) ≤ η+(R′).

Proof. By definition of
⋃

R, all ordered pairs of
⋃

R′ are included in
⋃

R for eachR′ ⊆ R ⊆

R. Therefore, the number of maximal connected components under
⋃

R cannot be greater than

under
⋃

R′.
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Lemma 3. For all R ⊆ R, η(R) ≤ minr∈R η
+(r).

Proof. The claim follows directly from Lemma 2.

Lemma 4. For all R ⊆ R, η+(R) ≤
∑

r∈R η
+(r).

Proof. The claim follows directly from definition of
⋃

R =
⋃

r∈R r for anyR ⊆ R.

Lemma 5. For all R ⊆ R, η(R) ≤
∑

r∈R η(r).

Proof. The claim follows directly from definition of
⋃

R =
⋃

r∈R r for anyR ⊆ R.

6.2 Bridges Between Populations

Under the relationis-coworker-ofthat is used in Section 1.1, the population exists within two

maximal connected components. However, the population exists within a single maximal con-

nected component under the relationis-friend-of. Two individuals that exist in different maxi-

mal connected components in one relation may exist in the same maximal connected compo-

nent in a different relation. The presence or absence of any such pairs of individuals provides

information about the potential expected influence in a population subject to multiple mecha-

nisms and their corresponding relations.

Definition 4. A pair (x, x′) is called abridgebetweenr, r′ ∈ R if and only if [x]r 6= [x′]r and

(x, x′) ∈ (r′)+.

In Figure 1.1, we can see thatx8 is unable to exert influence onx3 sincex3 is isolated

under relationis-coworker-of. Under relationis-friend-of, x3 is not isolated and is connected

to each individual in{x1, x2, x4, x8}. By definition of a bridge, we have, for example, that the

pair (x3, x8) is a bridge betweenis-coworker-ofandis-friend-of.
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Theorem 2. For all R ⊆ R, η(R) =
∑

r∈R η(r) if and only if there does not exist a bridge

between anyr, r′ ∈ R.

Proof. We prove both directions of the claim by contradiction. Consider anyR ⊆ R. Assume

η(R) =
∑

r∈R η(r) and there exists a bridge betweenr, r′ ∈ R. Since there exists a bridge,

there must exist[x]r, [x′]r ∈ Components(r) such that[x]r 6= [x′]r and(x, x′) ∈ (r′)+. This

results in[x]{r,r′} = [x′]{r,r′}. It follows thatη(R) 6=
∑

r∈R η(r), which contradicts one of our

assumptions.

For the other direction, assume now that there does not exista bridge between anyr, r′ ∈ R

andη(R) 6=
∑

r∈R η(r). From Lemma 5, we haveη(R) <
∑

r∈R η(r). We rewrite this inequal-

ity as|Components(R)| < |Components(r1)|+ |Components(r2)|+ . . .+ |Components(r|R|)|.

It follows by the pigeonhole principle that there must existx, x′ ∈ X andri, rj ∈ R such that

[x]ri 6= [x′]ri and[x]rj = [x′]rj . By definition, we can choosex, x′ such that(x, x′) is a bridge.

This leads to a contradiction of our assumption that there does not exist a bridge.

Corollary 1. For all R ⊆ R, Components(R) =
⋃

r∈R Components(r) if and only if there

does not exist a bridge between anyr, r′ ∈ R.

Proof. We prove both directions of the claim by contradiction. Consider anyR ⊆ R. Assume

Components(R) =
⋃

r∈R Components(r) and there exists a bridge betweenr, r′ ∈ R. Since

there exists a bridge, there must existr, r′ ∈ R and[x]r, [x′]r ∈ Components(r) such that[x]r 6=

[x′]r and(x, x′) ∈ (r′)+. This results in[x]{r,r′} = [x′]{r,r′}. It follows thatComponents(R) 6=
⋃

r∈R Components(r), which contradicts one of our assumptions.

For the other direction, assume now that there does not exista bridge between anyr, r′ ∈ R

andComponents(R) 6=
⋃

r∈R Components(r). We rewrite this inequality asComponents(R) 6=

Components(r1) ∪ Components(r2) ∪ . . . ∪ Components(r|R|). It follows that there must ex-

ist x, x′ ∈ X , distinct ri, rj ∈ R, X ∈ Components(ri), andX ′ ∈ Components(rj) such
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thatx ∈ X, x ∈ X ′, x′ 6∈ X, andx′ ∈ X ′; otherwise, we would haveComponents(R) =
⋃

r∈R Components(r). By definition, we can choosex, x′ such that(x, x′) is a bridge. This

leads to a contradiction of our assumption that there does not exist a bridge.

6.3 Optimal Targeted Populations

Given influence mechanismsM ⊆ M and influence information̂ψ ∈ Ψ̂c(M), the expected

influence functionI induces a total preorder%ψ̂
M over Pwr(X ) such thatX %ψ̂

M X ′ if and

only if I(X,M, ψ̂) ≥ I(X ′,M, ψ̂). The induced orderings over sets of individuals give rise to

notions of maximizing and optimal targeted populations.

Definition 5. Given influence mechanismsM ⊆ M and influence information̂ψ ∈ Ψ̂c(M),X

is maximizingwith respect toM andψ̂ if and only ifX %ψ̂
M X ′ for all X ′ ⊆ X .

We define the set ofmaximizing targeted populationsfor M ⊆ M and ψ̂ ∈ Ψ̂
c(M) as

O∗
M,ψ̂

def
= {X ⊆ X | X %ψ̂

M X ′ for all X ′ ⊆ X}. The set ofminimal maximizing (or optimal)

targeted populationsfor M ⊆ M and ψ̂ ∈ Ψ̂c(M) is given byO∗∗
M,ψ̂

def
= {X ∈ O∗

M,ψ̂
|

|X| ≤ |X ′| for all X ′ ∈ O∗
M,ψ̂

}. We writeO ∈ O∗
M,ψ̂

for a maximizing targeted population. By

definition,O∗∗
M,ψ̂

⊆ O∗
M,ψ̂

. We refer to eachX 6∈ O∗∗
M,ψ̂

assub-optimalwith respect toM and

ψ̂.

For the authoritarian mechanismAuth and relationis-coworker-ofused in Section 1.1,

each maximizing targeted population must contain{x3, x7, x8}, so we haveO∗
Auth,ψ̂

= {X ⊆

X | {x3, x7, x8} ⊆ X}. The set of optimal targeted populations is given byO∗∗
Auth,ψ̂

=

{{x3, x7, x8}}.

Lemma 6. For all M ⊆ M, ψ̂ ∈ Ψ̂
c(M), andO ∈ O∗

M,ψ̂
, we haveIsolates(r

c(M)) ⊆ O.
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Proof. The claim follows from Equation 3.2 and the definition of a maximizing targeted pop-

ulation.

Although the setO∗
M,ψ̂

captures all sets of targeted individuals that maximize expected

influence usingM ⊆ M and ψ̂ ∈ Ψ̂
c(M), we are often limited in practice to considering

maximizing targeted populations that are no larger than a particular size. Of course, this is a

constraint specified in the statement of the influence maximization problem.

Given some integerk > 0, we define the set ofk-bounded maximizing targeted popula-

tions for anyM ⊆ M and ψ̂ ∈ Ψ̂c(M) by Ok∗
M,ψ̂

def
= {X ⊆ X | X %ψ̂

M X ′ for all X ′ ⊆

X such that|X|, |X ′| ≤ k}. The set ofk-bounded minimal maximizing (or optimal) targeted

populationsis given byOk∗∗
M,ψ̂

def
= {X ∈ Ok∗

M,ψ̂
| |X| ≤ |X ′| for all X ′ ∈ Ok∗

M,ψ̂
}. As an example,

if we assumek = 2, then the set ofk-bounded optimal targeted populations for the authoritar-

ian mechanismAuth over relationis-coworker-ofin Section 1.1 isOk∗∗
Auth,ψ̂

= {{x7, x8}}.

Isolated individuals do not provide any benefit to the propagation of information in a pop-

ulation. This is due to the fact that isolated individuals must be contained in an initial tar-

geted population in order to contribute to an increase in expected influence (see Lemma 6). We

therefore ignore isolated individuals in most of our discussions about optimality of targeted

populations.

We restrict the sets of maximizing targeted populations to only those individuals that are

non-isolated underrc(M) for anyM ⊆ M and ψ̂ ∈ Ψ̂c(M) by definingÔ∗
M,ψ̂

def
= {X ⊆

X | ∃X ′ ∈ O∗
M,ψ̂

such thatX = X ′ \ Isolates(rc(M)))}. The restatement in terms of optimal

targeted populations is given bŷO∗∗
M,ψ̂

def
= {X ⊆ X | ∃X ′ ∈ O∗∗

M,ψ̂
such thatX = X ′ \

Isolates(r
c(M)))}. As with other (minimal) maximizing targeted populations,we writeO ∈

Ô∗
M,ψ̂

for a particular non-isolated (minimal) maximizing targeted population. Non-isolated

(minimal) maximizing sets extend naturally to suchk-bounded sets, which we denote byÔk∗
M,ψ̂
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andÔk∗∗
M,ψ̂

.

6.4 Population Monotonicity

Influence mechanisms exhibit various properties that we canexploit in order to better inform

our choice of optimal targeted population. One such property that some types of mechanisms

exhibit is that the expected influence resulting from the useof those mechanisms is non-

decreasing as the targeted population increases in size.

In Section 1.1, we used a targeted population{x7} and showed that it was able to influence

only two other individuals using an authoritarian mechanism over the relationis-coworker-of.

If we chose to include any other individual in the targeted population in addition tox7, then the

expected influence would not decrease. We refer to this as population monotonicity and prove

this property of an authoritarian mechanism in Theorem 18 inSection 7.2.1.

A mechanismm ∈ M is called non-decreasing population monotonicif and only if

I(X, {m}, ψ̂) ≥ I(X ′, {m}, ψ̂) for all X ′ ⊆ X ⊆ X andψ̂ ∈ Ψ̂c(M). A mechanismm ∈ M

is callednon-increasing population monotonicif and only if I(X, {m}, ψ̂) ≤ I(X ′, {m}, ψ̂)

for all X ′ ⊆ X ⊆ X andψ̂ ∈ Ψ̂
c(M). We sayM ⊆ M is non-decreasing population mono-

tonic if and only if eachm ∈ M is non-decreasing population monotonic. Similarly, we say

M ⊆ M is non-increasing population monotonic if and only if eachm ∈M is non-increasing

population monotonic. MechanismsM ⊆ M are calledpopulation non-monotonicif and only

if M is not non-decreasing or non-increasing population monotonic.

It follows from Equation 3.2, that the expected influence using any mechanism with the

empty mechanism relation will be equal to the size of the targeted population. Such mecha-

nisms satisfy our definition of non-decreasing population monotonicity.

Lemma 7. For all m ∈ M, if rm = ∅, thenm is non-decreasing population monotonic.
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Proof. Consider anym ∈ M such thatrm = ∅. For all targeted populationsX ⊆ X and

ψ̂ ∈ Ψ̂c(M), it follows from Equation 3.2 thatI(X, {m}, ψ̂) = |X| since targeted individuals

are unable to change states. This shows thatm is non-decreasing population monotonic.

Theorem 3. For all m ∈ M, if µm(ψ̂′ | ψ̂) > 0 for all ψ̂, ψ̂′ ∈ φm(ΨX ), thenm is non-

decreasing population monotonic.

Proof. Consider anym ∈ M such thatµm(ψ̂′ | ψ̂) > 0 for all ψ̂, ψ̂′ ∈ φm(ΨX ). Let (ψ̂tm)t≥0

be the Markov chain induced bym. It follows directly from the definition of irreducibility that

(ψ̂tm)t≥0 is irreducible. Therefore, a unique stationary distribution exists that is independent of

the starting state and, hence, independent of the selectionof targeted population. This gives

I(X, {m}, ψ̂′′) = I(X ∪X ′, {m}, ψ̂′′) for all X,X ′ ⊆ X andψ̂′′ ∈ Ψ̂c(M). It follows thatm

is non-decreasing population monotonic.

We can determine whether a mechanism is non-decreasing population monotonic through

a locally-checkable condition by looking at the mechanism state transitions of each individual.

Corollary 2. For all m ∈ M, if µxm(ψ̂)(ψ̂
′(x) | ψ̂(x)) > 0 for all x ∈ X andψ̂, ψ̂′ ∈ φm(ΨX ),

thenm is non-decreasing population monotonic.

Proof. The claim follows directly from Equation 3.3 and Theorem 3.

For any non-decreasing population monotonic mechanism, wecan simply target the com-

plete population in order to maximize expected influence. Although a smaller optimal targeted

population may exist, we know that the complete population in this case will not produce less

expected influence than any subset.

Theorem 4. For all m ∈ M and ψ̂ ∈ Ψ̂c(M), if m is non-decreasing population monotonic,

thenX ∈ O∗
{m},ψ̂

.
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Proof. Assume anym ∈ M such thatm is non-decreasing population monotonic. By defini-

tion of maximizing targeted population and non-decreasingpopulation monotonicity, we have

I(O, {m}, ψ̂) = I(O ∪ X, {m}, ψ̂) for all X ⊆ X , ψ̂ ∈ Ψ̂
c(M), andO ∈ O∗

{m},ψ̂
. It follows

thatX ∈ O∗
{m},ψ̂

.

6.5 Component Restricted Optimal Targeted Populations

Maximizing the spread of influence over the complete population is the typical goal of influence

problems. We have already described types of relations thatexhibit a natural disconnectedness

in their structure; that is, they consist of more than a single maximal connected component. We

restrict the expected influence function to any maximal connected component and define max-

imizing targeted populations in terms of a component restricted expected influence function.

For anyX ⊆ X , M ⊆ M, ψ̂ ∈ Ψ̂
c(M), andX ′ ∈ Components+(r

c(M)), we write

IX′(X,M, ψ̂) for the expected influence restricted to the population in the maximal connected

componentX ′. In this way, we haveIX (X,M, ψ̂) = I(X,M, ψ̂). The propagation of infor-

mation being restricted to a populationX ′ ∈ Components+(rc(M)) gives0 ≤ IX′(X,M, ψ̂) ≤

|X ′| for all ψ̂ ∈ Ψ̂c(M). We haveIX′(X,M, ψ̂) = 0 wheneverX ∩ X ′ = ∅, which follows

from our specification ofI(∅,M, ψ̂) = 0.

For any maximal connected component, we can determine targeted populations that maxi-

mize influence over that component. For anyM ⊆ M and ψ̂ ∈ Ψ̂c(M), the set of all max-

imizing targeted populations for the population inX ∈ Components+(rc(M)) is given by

O∗
M,ψ̂

(X) = {X ′ ⊆ X | IX(X
′,M, ψ̂) ≥ IX(X

′′,M, ψ̂) for all X ′′ ⊆ X}. The set of all

minimal maximizing (or optimal) targeted populations in the maximal connected component

X is given byO∗∗
M,ψ̂

(X) = {X ′ ∈ O∗
M,ψ̂

(X) | |X ′| ≤ |X ′′| for all X ′′ ∈ O∗
M,ψ̂

(X)}. These sets

of (minimal) maximizing targeted populations for any givenmaximal connected component
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extend naturally tok-bounded sets of targeted populations.

We show that the probabilities of influencing individuals within one maximal connected

component are independent of the probabilities of influencing individuals in a different max-

imal connected component. This independence of influence exerted within different maximal

connected components follows directly from our definition of a population measure function

(Equation 3.3).

Theorem 5. For all M ⊆ M, ψ̂, ψ̂′ ∈ φ
c(M)(ΨX ), andX,X ′ ∈ Components+(r

c(M)), if

X 6= X ′, thenµX
c(M)(ψ̂)(ψ̂

′(X) | ψ̂(X)) is independent ofµX
′

c(M)(ψ̂)(ψ̂
′(X ′) | ψ̂(X ′)).

Proof. The claim follows directly from Equation 3.3 since the transition probabilities of an

individual are dependent only on its current state and on thestates of its neighbors.

Theorem 6. For all X ⊆ X , M ⊆ M, and ψ̂ ∈ Ψ̂
c(M), we have thatI(X,M, ψ̂) =

∑

X′∈Components+(r
c(M))

IX′(X,M, ψ̂).

Proof. Consider anyX ⊆ X , M ⊆ M, and ψ̂ ∈ Ψ̂
c(M). Let πX′

c(M) be the stationary dis-

tribution andoX
′

be the objective function used to computeIX′(X,M, ψ̂) for any X ′ ∈

Components+(rc(M)). From Theorem 5,πX′

c(M) is probabilistically independent ofπX′′

c(M) for

all X ′, X ′′ ∈ Components+(r
c(M)) wheneverX ′ 6= X ′′. For allX ′ ∈ Components+(r

c(M)),

oX
′

will count only individuals inX ′ since it follows from Theorem 5 that there is zero proba-

bility of any x ∈ X ′ influencing anyx′ 6∈ X ′. For all ψ̂′ ∈ φc(M)(ΨX ), we haveπc(M)(ψ̂
′) =

∏

X′∈Components+(r
c(M))

π
X′

c(M)(ψ̂
′(X ′)) ando(ψ̂′) =

∑

X′∈Components+(r
c(M))

oX
′

(ψ̂′(X ′)). We now

have the following derivation of the claimed result in whichwe letSX
′

ψ̂′
= {ψ̂′′ ∈ φ

c(M)(ΨX ) |
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ψ̂′′(X ′) = ψ̂′(X ′)}:

I(X,M, ψ̂) =
∑

ψ̂′∈φ
c(M)(ΨX )

o(ψ̂′) · πc(M)(ψ̂
′)

=
∑

ψ̂′∈φ
c(M)(ΨX )

[

∑

X′∈Components+(r
c(M))

oX
′

(ψ̂′(X ′))
]

·
[

∏

X′∈Components+(r
c(M))

π
X′

c(M)(ψ̂
′(X ′))

]

=
∑

ψ̂′∈φ
c(M)(ΨX )

∑

X′∈Components+(r
c(M))

oX
′

(ψ̂′(X ′)) ·
[

∏

ψ̂′′∈SX
′

ψ̂′

πc(M)(ψ̂
′′)
]

=
∑

X′∈Components+(r
c(M))

∑

ψ̂′∈φ
c(M)(ΨX′)

oX
′

(ψ̂′) · πX′

c(M)(ψ̂
′)

=
∑

X′∈Components+(r
c(M))

IX′(X,M, ψ̂).

Corollary 3. For all M ⊆ M, ψ̂ ∈ Ψ̂
c(M),O ∈ O∗

M,ψ̂
, andO′ ∈ Ô∗

M,ψ̂
, we haveI(O,M, ψ̂) =

I(O′,M, ψ̂) + |Isolates(r
c(M))|.

Proof. The claim follows directly from Theorem 6 and Lemma 6.

6.6 Targeted Population Size

The size of a targeted population,k, is given simply as a parameter of the influence maximiza-

tion problem. There is no mention of what values fork will give the largest expected influence

over all possible choices. The value we choose fork is not guaranteed to give the largest

possible expected influence either for the complete population or within any given maximal

connected component. We define what it means fork to be optimal and also give a notion of

optimalk values for each maximal connected component in a population.
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Definition 6. For anyM ⊆ M and ψ̂ ∈ Ψ̂c(M), we say thatk is optimal(with respect toM)

if and only ifk ≥ |O| for someO ∈ O∗∗
M,ψ̂

.

Definition 7. For anyM ⊆ M, ψ̂ ∈ Ψ̂
c(M), and~o ∈

∏

X∈Components+(r
c(M))

O∗∗
M,ψ̂

(X), we say

thatk is component optimal(with respect toM) if and only ifk ≥ max1≤i≤η+(r
c(M)) |~oi|.

We refer to anyk > 0 that is not (component) optimal as (component) sub-optimal.

Lemma 8. For all M ⊆ M, if k > 0 is component optimal with respect toM , thenk·η+(rc(M))

is optimal with respect toM .

Proof. The claim follows directly from Definitions 6 and 7.

Lemma 9. For all M ⊆ M andψ̂ ∈ Ψ̂c(M), if k > 0 is component optimal with respect toM ,

thenOk∗∗
M,ψ̂

(X) = O∗∗
M,ψ̂

(X) for all X ∈ Components+(rc(M)).

Proof. The claim follows directly from Definitions 6 and 7.

There are mechanisms that will never influence anyone in a population to accept some

influence information, no matter which individuals are targeted. A trivial example is a mech-

anism that is opposite to a contagion mechanismCont, where each individual transitions with

certainty to an individual mechanism state other than the influence information.

On the other hand, some mechanisms exhibit the opposite property, in that they will always

be able to influence someone in a population. An example of such a mechanism is a contagion

mechanismContas we specified in Section 3.7.5, where infected individualsremain infected.

Other types of influence may only exhibit this property over some relations, which we show

for authoritarian and group conformity types of influence inSection 7.2. We use this property

of mechanisms to inform our choice of size for an optimal targeted population.
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Definition 8. A mechanismm ∈ M is said to exertnon-vanishing influenceif and only if

for all ψ̂ ∈ Ψ̂c(M), we haveIX(X ′, {m}, ψ̂) ≥ 1 for eachX ∈ Components+(rm) whenever

X ′ ∩X 6= ∅.

That is, a mechanism is called non-vanishing if and only if there is an expectation that at

least one individual will be influenced in each maximal connected component that contains at

least one individual from the targeted population.

For a contagion mechanism, we can see from the definition ofµCont in Equation 3.9 that

eachx ∈ X will be influenced with certainty only if a neighbor is itselfinfluenced. Moreover,

each targeted individual will remain influenced. As a result, at least one individual will be

influenced in each maximal connected component whenever we target at least one individual in

that component. We prove this non-vanishing property of a contagion mechanism in Theorem

19 in Section 7.2.2.

Lemma 10. For all m ∈ M, if rm = ∅, thenm is non-vanishing.

Proof. Consider anym ∈ M such thatrm = ∅. From Equation 3.2, we haveµxm(∅)(ψ̂ | ψ̂) = 1

for all x ∈ X andψ̂ ∈ Ψ̂m. It follows thatm is non-vanishing.

Definition 9. A set of mechanismsM ⊆ M is called anon-vanishing set (of mechanisms)if

and only if eachm ∈M is non-vanishing andc(M) is non-vanishing.

The objective of the influence maximization problem is to finda targeted population of a

specified sizek > 0 that maximizes the expected influence, but the problem statement says

nothing about the best choice for the value ofk. We may, for example, choose a largerk than

is necessary to produce the same value for expected influence. Or, we may choose a value for

k even though it is clear that larger values will produce larger expected influence. For any non-

vanishing set of mechanisms, we give a lower bound on the sizeof optimalk values for the

influence maximization problem.
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Theorem 7. For all M ⊆ M, if M is non-vanishing andk < η+(rc(M)), thenk is sub-optimal

with respect toM .

Proof. Consider any non-vanishing set of mechanismsM ⊆ M, k > 0, ψ̂ ∈ Ψ̂
c(M), and

O ∈ Ok∗
M,ψ̂

. Assumek < η+(r
c(M)). There must exist a maximal connected componentX ∈

Components+(rc(M)) such thatIX(O,M, ψ̂) = 0. It follows that we can find a setX ′ ⊆ X

such thatI(O ∪X ′,M, ψ̂) > I(O,M, ψ̂) sinceM is a non-vanishing set of mechanisms.

6.7 Decomposition of Targeted Populations

Distinguishing between the expected influence over the complete population and that within

each maximal connected component allows us to characterizethe corresponding sets of op-

timal targeted populations. In this section, we show that optimal targeted populations for the

complete population are composed of optimal targeted populations for each maximal connected

component. We then show that the absence of bridges between the relations of each individ-

ual mechanism in some set of mechanisms leads to optimal targeted populations for the set of

mechanisms that are composed of those for each individual mechanism.

Theorem 8. For all M ⊆ M, ψ̂ ∈ Ψ̂c(M), and~o ∈
∏

X∈Components+(r
c(M))

O∗
M,ψ̂

(X), we have

(
⋃η+(r

c(M))

i=1 ~oi) ∈ O∗
M,ψ̂

.

Proof. Consider anyM ⊆ M, ψ̂ ∈ Ψ̂
c(M), and~o ∈

∏

X∈Components+(r
c(M))

O∗
M,ψ̂

(X) with

the factors ordered in accordance with an enumeration givenby 〈Components+(rc(M))〉 =

〈X1, X2, . . . , Xη+(r
c(M))〉. Let O =

⋃η+(r
c(M))

i=1 ~oi. From Theorem 6, we haveI(O,M, ψ̂) =
∑η+(r

c(M))

i=1 IXi(O,M, ψ̂) =
∑η+(r

c(M))

i=1 IXi(~oi,M, ψ̂). AssumeO 6∈ O∗
M,ψ̂

. It follows that

there must exist someXi ∈ Components+(r
c(M)) andX ⊆ Xi such thatIXi(~oi,M, ψ̂) <

63



IXi(X,M, ψ̂). However, this contradicts our construction with~oi ∈ O∗
M,ψ̂

(Xi). We therefore

have thatO ∈ O∗
M,ψ̂

, which gives the desired result.

We restate Theorem 8 in terms of optimal targeted populations simply by assuming optimal

targeted populations are chosen for each maximal connectedcomponent.

Corollary 4. For all M ⊆ M, ψ̂ ∈ Ψ̂
c(M), and~o ∈

∏

X∈Components+(r
c(M))

O∗∗
M,ψ̂

(X), we have

(
⋃η+(r

c(M))

i=1 ~oi) ∈ O∗∗
M,ψ̂

.

Proof. Consider anyM ⊆ M, ψ̂ ∈ Ψ̂c(M), and~o ∈
∏

X∈Components+(r
c(M))

O∗∗
M,ψ̂

(X) with

the factors ordered in accordance with an enumeration givenby 〈Components+(r
c(M))〉 =

〈X1, X2, . . . , Xη+(r
c(M))〉. Let O =

⋃η+(r
c(M))

i=1 ~oi. From Theorem 6, we haveI(O,M, ψ̂) =

∑η+(r
c(M))

i=1 IXi(O,M, ψ̂) =
∑η+(r

c(M))

i=1 IXi(~oi,M, ψ̂). We showed in Theorem 8 thatO ∈

O∗
M,ψ̂

. Assume now thatO is maximizing but not minimal maximizing, that is,O 6∈ O∗∗
M,ψ̂

. It

follows that there must exist someXi ∈ Components+(rc(M)) andX ⊆ Xi such that|X| < |~oi|

andIXi(~oi,M, ψ̂) = IXi(X,M, ψ̂). However, this contradicts the optimality of~oi since we

have by construction that~oi ∈ O∗∗
M,ψ̂

(Xi). We therefore have thatO ∈ O∗∗
M,ψ̂

, which gives the

desired result.

The extension of Corollary 4 tok-bounded targeted populations follows by requiring that at

mostk individuals are targeted in each maximal connected component, wherek is component

optimal. This results in at mostk ·η+(r
c(M)) individuals being targeted for the entire population

when usingM ⊆ M.

Corollary 5. For all M ⊆ M, ψ̂ ∈ Ψ̂c(M), component optimalk > 0 with respect toM , and

~o ∈
∏

X∈Components+(r
c(M))

Ok∗∗
M,ψ̂

(X), we have(
⋃η+(r

c(M))

i=1 ~oi) ∈ On∗∗
M,ψ̂

, wheren = k · η+(rc(M)).

Proof. The claim follows directly from Corollary 4 and Lemma 9.
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We have not yet made any assumptions about the connectivity between the population

topologies as viewed by each different influence mechanism from some set of mechanisms.

There might be bridges between different maximal connectedcomponents of the relations cor-

responding to each of the different influence mechanisms, and these bridges might facilitate

the propagation of influence information between mechanisms that exert otherwise indepen-

dent influence.

For some applications, we may wish to influence a population over relations that partition

the population. For example, people that identify themselves as Democrats represent a popu-

lation that is distinct from people that identify themselves as Republicans. There are different

entertainment news programs that cater to the viewpoints ofeach of these political identities.

As such, we may wish to use different mechanism in order to influence each of these disjoint

populations. This case corresponds to one in which there areno bridges.

We now present results on sets of mechanisms for which there are no bridges. We show

that the absence of any bridges allows us to determine an optimal targeted population for a

set of mechanisms by taking the union of the optimal targetedpopulations for each individual

mechanism in that set. For anym ∈ M, if there is no bridge betweenrm and rm′ for all

m,m′ ∈ M with m 6= m′, then, in following discussion, we say simply that there areno

bridges overM .

Theorem 9. For all M ⊆ M, ψ̂ ∈ Ψ̂c(M), and~o ∈
∏

m∈M Ô∗∗
{m},ψ̂

, if there are no bridges over

M , then(
⋃|M |
i=1 ~oi) ∈ Ô∗∗

M,ψ̂
.

Proof. Consider anyM ⊆ M, ψ̂ ∈ Ψ̂
c(M), and~o ∈

∏

m∈M Ô∗∗
{m},ψ̂

. Assume there are no

bridges overM . LetO =
⋃|M |
i=1 ~oi. Since there are no bridges, we have from Corollary 1 that

O =
⋃η+(r

c(M))

i=1
~o′i for some~o′ ∈

∏

X∈Components(r
c(M))

Ô∗∗
M,ψ̂

(X). It follows from Corollary 4

and Lemma 6 thatO ∈ Ô∗∗
M,ψ̂

, which gives the desired result.
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Corollary 6. For all M ⊆ M, ψ̂ ∈ Ψ̂c(M), component optimalk > 0 with respect toM , and

~o ∈
∏

m∈M Ôkm∗∗

{m},ψ̂
wherekm = k · η(rm), if there are no bridges overM , then(

⋃|M |
i=1 ~oi) ∈

Ôn∗∗
M,ψ̂

, wheren =
∑

m∈M km.

Proof. The claim follows directly from Theorem 9 and Corollary 5.

The composition of an optimal targeted population for a set of mechanisms from optimal

targeted populations for each mechanism in the set leads us to a related composition using the

expected influence functions. We show that the expected influence for some sets of mechanisms

can be determined from the expected influence for each mechanism in the set.

Theorem 10. For all M ⊆ M, ψ̂ ∈ Ψ̂c(M), O ∈ Ô∗∗
M,ψ̂

, and~o ∈
∏

m∈M Ô∗∗
{m},ψ̂

with the

factors ordered in accordance with an enumeration〈M〉 = 〈m1, m2, . . . , m|M |〉, if there are

no bridges overM , thenI(O,M, ψ̂) =
∑|M |

i=1 I(~oi, {mi}, ψ̂).

Proof. Consider anyM ⊆ M, ψ̂ ∈ Ψ̂
c(M), and~o ∈

∏

m∈M Ô∗∗
{m},ψ̂

with the factors or-

dered in accordance with an enumeration〈M〉 = 〈m1, m2, . . . , m|M |〉. Assume there are

no bridges overM . Let O =
⋃|M |
i=1 ~oi. From Theorem 9, we know thatO ∈ Ô∗∗

M,ψ̂
. From

Theorem 6, we haveI(O,M, ψ̂) =
∑

X∈Components(r
c(M))

IX(O,M, ψ̂) andI(~oi, {mi}, ψ̂) =
∑

X∈Components(rmi )
IX(~oi, {mi}, ψ̂) for eachmi ∈ M . Since there are no bridges, we have

from Corollary 1 and the definition of the convex combinationmethod in Equation 4.2 that

IX(O,M, ψ̂) = IX(~oi, {mi}, ψ̂) for eachmi ∈M andX ∈ Components(rmi). It follows that

I(O,M, ψ̂) =
∑

X∈Components(r
c(M))

IX(O,M, ψ̂)

=

|M |
∑

i=1

∑

X∈Components(rmi )

IX(~oi, {mi}, ψ̂)

=

|M |
∑

i=1

I(~oi, {mi}, ψ̂).
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Corollary 7. For all M ⊆ M, ψ̂ ∈ Ψ̂c(M), component optimalk > 0 with respect toM ,

~o ∈
∏

m∈M Ôkm∗∗

{m},ψ̂
with the factors ordered in accordance with an enumeration〈M〉 =

〈m1, m2, . . . , m|M |〉 wherekm = k · η(rm), andO ∈ Ôn∗∗
M,ψ̂

wheren =
∑

m∈M km, if there

are no bridges overM , thenI(O,M, ψ̂) =
∑|M |

i=1 I(~oi, {mi}, ψ̂).

Proof. The claim follows directly from Theorem 10 and Corollary 6.

6.8 Independence of Influence on Selection of Targeted Pop-

ulation

Under certain conditions, the Markov chains that express the underlying probabilistic state tran-

sitions in our model may exhibit behavior that trivializes solutions to the influence maximiza-

tion problem. We relate well-known properties of Markov chains to properties of our model

(e.g., influence neighborhoods, maximizing targeted populations) under which the expected

influence is independent of the choice of targeted population. Knowledge of this independence

can save considerable time trying to find an optimal targetedpopulation.

Theorem 11. For anyM ⊆ M and Markov chain(ψ̂t
c(M))t≥0, if there existsx ∈ X such that

δ
c(M)(x) = ∅, then(ψ̂t

c(M))t≥0 is reducible.

Proof. Assume a set of influence mechanismsM ⊆ M and corresponding Markov chain

(ψ̂t
c(M))t≥0. Let x ∈ X be an individual such thatδc(M)(x) = ∅. It follows from Equation 3.2

thatµx
c(M)(∅)(ψ̂

′ | ψ̂) = 0 for all ψ̂, ψ̂′ ∈ Ψ̂
c(M) such thatψ̂ 6= ψ̂′. From Equation 3.3, we know

that not every state is reachable from every state. This gives the claimed result.
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Theorem 12. For anyX ′ ⊆ X ⊆ X , M ⊆ M, ψ̂ ∈ Ψ̂c(M), and Markov chain(ψ̂t
c(M))t≥0, if

(ψ̂t
c(M))t≥0 is irreducible and aperiodic, then|I(X,M, ψ̂)− I(X ′,M, ψ̂)| = 0.

Proof. The claim follows directly from the irreducibility and aperiodicity of (ψ̂t
c(M))t≥0 and its

long-term independence from any initial state distribution π0
c(M).

Corollary 8. For anyM ⊆ M, ψ̂ ∈ Ψ̂c(M), and Markov chain(ψ̂t
c(M))t≥0, if (ψ̂t

c(M))t≥0 is

irreducible and aperiodic, thenO∗
M,ψ̂

= Pwr(X ).

Proof. The claim follows directly from Theorem 12.

Corollary 9. For anyM ⊆ M and Markov chain(ψ̂t
c(M))t≥0, if (ψ̂t

c(M))t≥0 is irreducible and

aperiodic, then anyk > 0 is optimal with respect toM .

Proof. The claim follows directly from Corollary 8.
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Chapter 7

Analysis of Influence Mechanisms

In this chapter, we characterize the behavior of the exampletypes of influence mechanisms

from Section 3.7 using mechanism properties that we have defined throughout this dissertation.

We provide examples of information propagation when using one and two influence mecha-

nisms from which we make observations about their mechanismproperties. We use these ex-

amples to address the question of whether a single mechanismwill give more or less expected

influence than two mechanisms.

The question of whether multiple mechanisms will result in an increase in expected influ-

ence leads us to define two types of interactions between different mechanisms in terms of their

impact on expected influence. These mechanism interactionsare not only useful on their own

by making clear any benefits offered by using multiple mechanisms, but they may also prove

useful in the pursuit of stronger notions of mechanism interactions that we discuss in Chapter

8.

We conclude this chapter with an example construction of thetransition matrices induced

by two different influence mechanism measures. We show how the transition matrices induced

by the individual transition measures are used to constructthe population transition matrix.
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This is followed by a construction of the individual and population transition matrices resulting

from the uniform convex combination of the two influence mechanisms. We make use of the

example matrices by showing how the expected influence is calculated for a specific targeted

population.

7.1 Mechanism Interactions

In Chapter 6, we showed how various mechanism properties (e.g., non-vanishing influence,

population monotonicity) and the population structure impact the determination of optimal

targeted populations and, as a result, better inform us about the possible solutions for the influ-

ence maximization problem. In addition to their effects on optimal targeted populations, it is

of similar interest to better understand how multiple mechanisms affect change in the expected

influence over using any single mechanism in isolation. To this end, we give a formal statement

of the types of interactions between mechanisms that lead toincreases or decreases in expected

influence.

7.1.1 Mechanism Interference

Although mechanism properties such as non-vanishing influence and the existence of bridges

have been instrumental in stating some of our results, they alone do not specify in general

whether any given set of mechanisms will provide a larger expected influence than any of its

subsets. When using multiple mechanisms, we may have that the different mechanisms exhibit

a synergistic effect when used in combination. We refer to such synergy as the interference

type of sets of mechanisms.

Consider the authoritarian and group conformity mechanisms used for the example in Sec-

tion 1.1 over the relationsis-coworker-ofand is-friend-of, respectively. For the specified tar-
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geted population{x7}, we showed that using both mechanisms and their corresponding rela-

tions leads to a greater spread of information throughout the population than is achieved using

only an authoritarian mechanism over the relationis-coworker-of. We now formalize this kind

of interference type in the following definitions.

Definition 10. If I(O,M, ψ̂) ≤ I(O′,M ′ ∪M, ψ̂) for all k > 0, ψ̂ ∈ Ψ̂c(M), O ∈ Ok∗
M,ψ̂

, and

O′ ∈ Ok∗
M∪M ′,ψ̂

, then we say thatM ′ positively interfereswithM .

Definition 11. If I(O,M, ψ̂) ≥ I(O′,M ′ ∪M, ψ̂) for all k > 0, ψ̂ ∈ Ψ̂
c(M), O ∈ Ok∗

M,ψ̂
, and

O′ ∈ Ok∗
M∪M ′,ψ̂

, then we say thatM ′ negatively interfereswithM .

Definition 12. If I(O,M, ψ̂) = I(O′,M ′ ∪ M, ψ̂) for all k > 0, ψ̂ ∈ Ψ̂c(M), O ∈ Ok∗
M,ψ̂

,

andO′ ∈ Ok∗
M∪M ′,ψ̂

, thenM ′ andM are callednon-interfering. If M ′ andM are not non-

interfering, then they are calledinterfering.

A set of mechanismsM ⊆ M is called aset of positively (negatively) interfering mech-

anismsif eachM ′ ⊆ M positively (negatively) interferes with eachM ′′ ⊆ M whenever

M ′ 6⊆M ′′. A set of mechanismsM ⊆ M is called aset of non-interfering mechanismsif each

M ′,M ′′ ⊆M are non-interfering.

We further characterize interference types of mechanisms in terms of homogeneity. We say

that a set of mechanismsM is interference type homogeneousif it is either a set of positively

interfering mechanisms, a set of negatively interfering mechanisms, or a set of non-interfering

mechanisms. Otherwise, we refer toM asinterference type heterogeneous.

7.1.2 Mechanism Monotonicity

As with population monotonicity, in which expected influence using some set of mechanisms

monotonically increases/decreases as we add more targetedindividuals, there exist sets of
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mechanisms that are similarly monotonic, in that, the expected influence monotonically in-

creases/decreases as we include each additional mechanismfrom the set of mechanisms. We

call this property mechanism monotonicity.

The expected influence functionI is non-decreasingM-monotoneif and only if for all

M ′ ⊆ M ′′ ⊆ M , ψ̂ ∈ Ψ̂c(M), k > 0, O ∈ Ok∗
M ′,ψ̂

, andO′ ∈ Ok∗
M ′′,ψ̂

, we haveI(O,M ′, ψ̂) ≤

I(O′,M ′′, ψ̂). The expected influence functionI is non-increasingM-monotoneif and only

if for all M ′ ⊆ M ′′ ⊆ M , ψ̂ ∈ Ψ̂
c(M), k > 0, O ∈ Ok∗

M ′,ψ̂
, andO′ ∈ Ok∗

M ′′,ψ̂
, we have

I(O,M ′, ψ̂) ≥ I(O′,M ′′, ψ̂). If strict inequality holds, then we say simply thatI is increasing

(or decreasing)M-monotone. We sometimes refer toI asM-monotoneif it is either non-

decreasing or non-increasingM-monotone.

We capture a relation between interference type and mechanism monotonicity by showing

that interference type homogeneity implies mechanism monotonicity.

Theorem 13. For anyM ⊆ M, if M is a set of positively interfering mechanisms, then the

expected influence functionI is non-decreasingM-monotone.

Proof. Consider anyM ⊆ M, ψ̂ ∈ Ψ̂c(M), andk > 0. AssumeM is a set of positively

interfering mechanisms. For anyM ′,M ′′ ⊆ M , O ∈ Ok∗
M ′,ψ̂

, andO′ ∈ Ok∗
M ′∪M ′′,ψ̂

, we have

I(O,M ′, ψ̂) ≤ I(O′,M ′ ∪ M ′′, ψ̂). By lettingM ′′′ = M ′ ∪ M ′′, we haveI(O,M ′, ψ̂) ≤

I(O′,M ′′′, ψ̂), which satisfies our definition of non-decreasingM-monotonicity.

Theorem 14. For anyM ⊆ M, if M is a set of negatively interfering mechanisms, then the

expected influence functionI is non-increasingM-monotone.

Proof. Consider anyM ⊆ M, ψ̂ ∈ Ψ̂
c(M), andk > 0. AssumeM is a set of negatively

interfering mechanisms. For anyM ′,M ′′ ⊆ M , O ∈ Ok∗
M ′,ψ̂

, andO′ ∈ Ok∗
M ′∪M ′′,ψ̂

, we have

I(O,M ′, ψ̂) ≥ I(O′,M ′ ∪ M ′′, ψ̂). By lettingM ′′′ = M ′ ∪ M ′′, we haveI(O,M ′, ψ̂) ≥

I(O′,M ′′′, ψ̂), which satisfies our definition of non-increasingM-monotonicity.
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Theorem 15. For anyM ⊆ M, if M is a non-interfering set, then the expected influence

functionI isM-monotone.

Proof. The claim follows directly from the definitions of sets of non-interfering mechanisms

and non-increasing/decreasingM-monotonicity.

Theorem 16. For anyM ⊆ M, if M is a homogeneous set, then the expected influence

functionI isM-monotone.

Proof. The claim follows directly from Theorems 13, 14, and 15.

Our interest in the examples that follow is on the notion of interference type. However,

we note the applicability of mechanism monotonicity to the stronger notions of mechanism

interactions that motivate the discussions in the following Chapter 8.

7.2 Examples of Analysis

We now provide examples of analysis within our framework using some of the most widely

studied types of influence: authoritarian, contagion, group conformity, and voter model. We

begin with an example using only a single authoritarian typeof influence mechanism. We then

consider the mechanism interference when including a contagion mechanism in addition an

authoritarian mechanism. For each of the types of mechanisms discussed, we prove some of

the properties that it maintains (e.g., non-vanishing, population monotonicity).

7.2.1 Authoritarian Mechanism

The simplest example of analysis is the one in which we have only a single influence mecha-

nism. This example corresponds to related influence models that are also restricted only to a
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single influence mechanism (e.g., voter models, Asavathiratham’s Influence Model, and cas-

cade models).

Consider once again the populationX = {x1, x2, x3, x4, x5, x6, x7, x8} from the example

in Section 1.1 (depicted in Figure 1.1). In this example, we assume an authoritarian mechanism

Auth with a corresponding mechanism relationrAuth = is-coworker-of. As we stated in Section

3.7.4, the indices of individuals in the individual enumeration 〈X 〉 correspond also to the level

of authority assigned by the authority ordering≻a, that is,xi ≻a xj if and only if i > j. For

simplicity, we assumêΨAuth = {0, 1} and sometimes refer to the mechanism states directly by

their binary value.

Let k = 1 so that we are allowed to target only a single individual. Assume a targeted popu-

lationX = {x7} and influence information̂ψ ∈ Ψ̂c(M) whereψ̂[Auth] = 1. Since we are deal-

ing with binary mechanism states, this gives an initial state distribution such thatπ0
Auth(ψ̂

′) = 1

if and only if ψ̂′(x7) = 1 and ψ̂′(xi) = 0 for all i 6= 7. Our objective is to determine the

expected number of influenced individuals given byI({x7},Auth, ψ̂).

Eachxi with x7 ∈ δAuth(xi), except forx4 (sincex8 ∈ δAuth(x4)), will transition from state

0 to state1 with a probability of1 sincex7 is more authoritative than each of the individuals to

which it is related throughis-coworker-of(see Equation 3.8). However, there is zero probability

of making such a transition for eachxi ∈ {x1, x2, x3, x4, x8}. This is due to the population

structure underis-coworker-of, which requires the influence information isolated on one side

of the cut-edge(x8, x4) to traverse this cut-edge in order to reach over half of the population.

Sincex8 will never be influenced byx4 usingAuth over is-coworker-of, we are incapable of

influencing more than half of the population when using targeted population{x7}. With such

deterministic state transitions underAuth, we haveI({x7},Auth, ψ̂) = 3 for all ψ̂ ∈ Ψ̂c(M)

(see Appendix A.1 for the individual transition matrices).

In general, noxi ∈ {x1, x2, x3, x4, x8} will be influenced to adopt state1 unlessx8 andx3
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are in the targeted population. Influencing the complete populationX to adopt state1 using

influence mechanismAuth requires thatx3 (since it is disconnected underis-coworker-of),

x8 (since it commands the most authority inX ), andx7 are in the targeted population. In

other words, there is zero probability of influencing more than half of the populationX using

Auth whenk = 1. This gives an optimal targeted population{x3, x7, x8} ∈ O∗∗
Auth,ψ̂

for all

ψ̂ ∈ Ψ̂c(M), whereI({x3, x7, x8},Auth, ψ̂) = 8.

We make a simple observation that, in terms of the underlyingMarkov chain, it is clear

that not every state is reachable from every other state. This gives a reducible Markov chain on

the population state space and the long-term behavior is therefore dependent on the initial state

distribution.

This example brings to light two properties of an authoritarian influence mechanism. First,

there is a chance of having zero expected influence when we target any individual that has a

more authoritative neighboring individual. Second, the expected influence can not decrease as

we target more individuals.

Theorem 17. An authoritarian mechanismAuth exerts vanishing influence whenever there

existsx ∈ X such thatx′ ≻a x for all x′ ∈ δAuth(x).

Proof. Let x ∈ X be an individual such thatx′ ≻a x for all x′ ∈ δAuth(x). It follows that

I({x},Auth, ψ̂) = 0 for all ψ̂ ∈ Ψ̂c(M) sincex is incapable of influencing any of its neighbors

and will itself be influenced to adopt a state other thanψ̂.

Theorem 18. An authoritarian mechanismAuth is non-decreasing population monotonic.

Proof. Without loss of generality, we assume any relationrAuth ∈ R over which an author-

itarian mechanismAuth can exert influence consists of a single maximal connected compo-

nent, i.e.,η+(rAuth) = 1. AssumeAuth is not non-decreasing population monotonic. For any

ψ̂ ∈ Ψ̂
c(M), there must existX,X ′ ⊆ X such thatI(X,Auth, ψ̂) > I(X ∪ X ′,Auth, ψ̂).
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If there does not existx ∈ X ′ such thatx ∈ δAuth(x
′) for somex′ ∈ X andx ≻a x′, then

I(X,Auth, ψ̂) ≤ I(X ∪ X ′,Auth, ψ̂), contradicting our assumption. Otherwise, letx ∈ X ′

be an individual such thatx ∈ δAuth(x
′) for somex′ ∈ X and x ≻a x′. It follows that

I(X,Auth, ψ̂) ≤ I(X ∪ X ′,Auth, ψ̂), which also contradicts our assumption thatAuth is

not non-decreasing population monotonic. Thus, there is noX ′ that will result in a decrease in

expected influence.

7.2.2 Authoritarian and Contagion Mechanisms

The use of multiple influence mechanisms for information propagation can have a substantial

effect on the expected influence in comparison to the expected influence under only a single

influence mechanism, especially when the multiple influencemechanisms apply to different

relations. In this example, we show that we may be able to influence a larger number of indi-

viduals in a population through the use of multiple mechanisms than when we use only a single

mechanism.

We use the same populationX = {x1, x2, x3, x4, x5, x6, x7, x8} from the previous example,

but we now use two mechanismsM = {Auth,Cont}. The relations we assume here for each

mechanism arerAuth = is-coworker-ofand rCont = is-friend-of (see Figure 1.1). Note that

we can apply different types of mechanisms to the same relation (e.g., contagion and group

conformity types of mechanisms can be applied tois-friend-of). For simplicity, we assume

Ψ̂Auth = Ψ̂Cont = {0, 1}. One natural question to ask is: Does the expected number of influenced

individuals increase when we utilize more influence mechanisms?

Before we proceed with our example, we demonstrate some properties of a contagion mech-

anismCont. As we discussed in Section 6.6, a contagion mechanism exerts non-vanishing in-

fluence.
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Theorem 19. A contagion mechanismContexerts non-vanishing influence.

Proof. From the definition ofµCont in Equation 3.9, we have that eachx ∈ X will change

states with certainty only if a neighboring individual has been influenced to adopt the specified

influence information. We therefore have for allX ⊆ X andψ̂ ∈ Ψ̂
c(M) thatI(X,Cont, ψ̂) ≥

|X|. It follows thatContexerts non-vanishing influence.

From Theorems 19 and 7, we know that any optimal targeted population must contain at

least one individual from each maximal connected component. This can be used to inform

our choice ofk for the influence maximization problem since anyk < η+(rCont) will give a

sub-optimal solution.

Theorem 20. A contagion mechanismCont is non-decreasing population monotonic.

Proof. It follows directly from the deterministic transitions ofµCont defined in Equation 3.9

that there can not exist a targeted populationX ⊆ X and a subsetX ′ ⊆ X such that targeting

X ′ results in a larger expected influence than that given by targetingX.

Continuing with the previous example using an authoritarian mechanismAuth, assume

k = 1 and we have the same targeted population{x7} and influence information̂ψ ∈ Ψ̂
c(M)

where ψ̂[Auth] = 1. We have already shown in Section 7.2.1 that such a targeted popula-

tion is incapable of influencing more than half of the population usingAuth over the relation

is-coworker-of.

The different population structure given by relationis-friend-ofallowsx3 to be influenced

and does not have a cut-edge as underis-coworker-ofthat restricts the pathways for the spread

of information. This suggestsI({x7},Auth, ψ̂) ≤ I({x7}, {Auth,Cont}, ψ̂). We could com-

pute these values directly for the given targeted population, but instead we are able to make a

stronger claim by showing thatContpositively interferes withAuth.
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Theorem 21. A contagion mechanismContpositively interferes with an authoritarian mecha-

nismAuth.

Proof. Let M = {Auth,Cont} and assume anyrAuth, rCont ∈ R, ψ̂ ∈ Ψ̂
c(M), k > 0, O ∈

Ok∗
Auth,ψ̂

, andO′ ∈ Ok∗
M,ψ̂

. By definition of the convex combination method in Equation 4.2,

if x ∈ Isolates(rAuth) for all x ∈ X , thenI(O,Auth, ψ̂) ≤ I(O′,M, ψ̂). Otherwise, there

must exist a non-isolated maximal connected componentX ∈ Components(rAuth). If x ∈

Isolates(rCont) for all x ∈ X, thenX ∈ Components(r
c(M)) and from Equation 4.2 we have

IX(O,Auth, ψ̂) = IX(O
′,M, ψ̂). Otherwise, there must existX ′ ∈ Components(rCont) such

thatX ′′ = (X ∪ X ′) ∈ Components(rc(M)). For any targeted individualx ∈ X ′′ ∩ O′, if

x ∈ δAuth(x
′), x ≻a x′, andx = max≻a(x

′′ ∈ δAuth(x
′)), then the probability ofx influencingx′

is at least as great underc(M) as underAuth alone since the influence probability underCont

is either certain (i.e., probability1) or does not contribute at all toc(M) (e.g.,δCont(x
′) = ∅). If

x ∈ δAuth(x
′), x ≻a x′, andx 6= max≻a(x

′′ ∈ δAuth(x
′)), then the probability ofx influencing

x′ is zero underAuth and, again, the probability ofx influencingx′ underContis either certain

(i.e., probability1) or does not contribute at all toc(M) (e.g.,δCont(x
′) = ∅). For each of these

cases for the components inComponents(r
c(M)), we have that the probability ofx influencing

x′ is at least as great underc(M) as underAuth alone. We therefore have from Theorem 6 that

I(O,Auth, ψ̂) ≤ I(O′,M, ψ̂), which gives the desired result.

We note that the verification of our claimed improvement to expected influence under both

types of mechanisms in Theorem 21 does not rely on computation. Instead, we make use of

our formal framework for proving the claim. This highlightsone of the benefits of using a

framework such as the one we have developed.
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rConf:

x3x1 x2

Figure 7.1: Depiction of a relation over which a group conformity mechanismConfcan exert
influence.

7.2.3 Group Conformity and Voter Model Mechanisms

We turn our attention now to group conformity and voter modeltypes of mechanisms. We state

conditions under which both types of mechanisms exert vanishing influence and show that they

are non-decreasing population monotonic. Establishing these properties should prove useful in

any future analysis of these types of mechanisms within our model. We use these same types

of mechanisms in the following Section 7.3 for an example computation.

Theorem 22. There exist relations over which a group conformity mechanism Conf exerts

vanishing influence.

Proof. Consider the populationX = {x1, x2, x3} depicted in Figure 7.1 that is connected by

a relationrConf over whichConf can exert influence. Let{x2} be a targeted population and

ψ̂[Conf] = 1 be the relevant influence information, whereψ̂ ∈ Ψ̂c(M) and we are assuming

Ψ̂Conf = {0, 1}. We haveIX({x2},Conf, ψ̂) = 0, which shows thatConf is non-vanishing over

rConf (see Appendix A.2 for the transition matrices used to determine the expected influence).

Theorem 23.There exist relations over which a voter model mechanismVoterexerts vanishing

influence wheneverpx is uniform for allx ∈ X .

Proof. The claim follows directly from Theorems 1 and 22.
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The expected influence when using a group conformity mechanismConf can not decrease

as we add more individuals to a targeted population.

Theorem 24. A group conformity mechanismConf is non-decreasing population monotonic.

Proof. We prove the claim by contradiction. Assume a group conformity mechanismConf is

not non-decreasing population monotonic. There must existX,X ′ ⊆ X andψ̂ ∈ Ψ̂c(M) such

thatI(X,Conf, ψ̂) > I(X ∪X ′,Conf, ψ̂). From Equation 3.5, we have that the probability of

influencing anyx ∈ X grows in direct proportion with the number of neighborsx′ ∈ δConf(x)

that have already been influenced to adoptψ̂[Conf], regardless of the type of relationrConf ∈ R.

Thus, each additional targeted individual can not decreasethe probability of influencing any

other individual to adopt̂ψ[Conf]. It follows that there does not existX,X ′ ⊆ X such that

I(X,Conf, ψ̂) > I(X ∪ X ′,Conf, ψ̂), which contradicts our assumption. We conclude that

Conf is non-decreasing population monotonic.

Showing that a voter model mechanismVoter is non-decreasing population monotonic fol-

lows from Theorem 24 by generalizing the proof to include non-uniform weighting distribu-

tions.

Theorem 25. A voter model mechanismVoter is non-decreasing population monotonic.

Proof. The claim follows directly from Theorems 1 and 24 if we assumeuniform neighborhood

distributionspx for eachx ∈ X . Otherwise, assumepx is not necessarily uniform for each

x ∈ X . From Equation 3.7, the probability of influencing anyx ∈ X increases as the number of

influenced neighboring individuals increases, regardlessof the type of relationrConf ∈ R. Thus,

there does not exist an assignment of distributionspx to eachx ∈ X such thatI(X,Voter, ψ̂) >

I(X ∪ X ′,Voter, ψ̂) for anyX,X ′ ⊆ X and ψ̂ ∈ Ψ̂
c(M). We conclude thatVoter is non-

decreasing population monotonic.
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rConf:

x3x1 x2

rVoter:

x3x1 x2

Figure 7.2: Graphs ofrConf andrVoter representing two different relations over the same set of
individuals.

7.3 Example Computation

In previous examples, we used a population consisting of eight individuals, which was suf-

ficient for recognizing some of the benefits of our model. However, the transition matrices

resulting from a population of this size are too large to include in these examples. Assum-

ing only binary states, we have256 × 256 population transition matrices. Because of this, we

present an example of computation for a smaller population of only three individuals.

Let X = {x1, x2, x3} be a population consisting of three individuals. We use a group

conformity and voter model mechanism withM = {Conf,Voter}, and assume their corre-

sponding mechanism relations for this example are given byrConf andrVoter (see depiction in

Figure 7.2). For simplicity, assumêΨConf = Ψ̂Voter = {0, 1}, which gives a combined state

spaceΨ̂c(M) = {0, 1}.

Listed below are the individual transition matrices for each individual in the population

that are conditioned on each neighborhood state, and the population transition matrix of the
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corresponding population transition measure. The population transition matrix[µConf] contains

the transition probabilities usingConf and [µVoter] contains the transition probabilities using

Voter. The canonical form for each of these matrices is such that the columns (and rows) are

labeled in increasing value according to the numerical interpretation of the binary states. The

population states are assumed to be consistent with the individual enumeration order〈X 〉 =

〈x1, x2, x3〉. For example, the rows of the population transition matrices [µConf] and[µVoter] are

labeled000, 001, 010, . . . , 110, 111.

The individual transition matrices and population transition matrix underConf are as fol-

lows:

[µx1Conf(∅)] =







1 0

0 1







[µx2Conf(00)] =







1 0

1 0






[µx2Conf(01)] =







0.5 0.5

0.5 0.5







[µx2Conf(10)] =







0.5 0.5

0.5 0.5






[µx2Conf(11)] =







0 1

0 1







[µx3Conf(0)] =







1 0

1 0






[µx3Conf(1)] =







0 1

0 1






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[µConf] =













































1 0 0 0 0 0 0 0

0.5 0 0.5 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0.5 0 0.5 0 0 0 0

0 0 0 0 0.5 0 0.5 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0.5 0 0.5

0 0 0 0 0 0 0 1













































A voter model mechanism requires that we specify a neighborhood weight distribution

for each individual. Letpx1 = (0.2, 0.8), px2 = (0.5, 0.5), andpx3 = (0.4, 0.6). We have,

for example, thatpx1(x3) = 0.8 and px3(x1) = 0.4. Provided these neighborhood weight

distributions, the individual transition matrices and population transition matrix underVoter

are as follows:

[µx1Voter(00)] =







1 0

1 0






[µx1Voter(01)] =







0.2 0.8

0.2 0.8







[µx1Voter(10)] =







0.8 0.2

0.8 0.2






[µx1Voter(11)] =







0 1

0 1







[µx2Voter(00)] =







1 0

1 0






[µx2Voter(01)] =







0.5 0.5

0.5 0.5






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[µx2Voter(10)] =







0.5 0.5

0.5 0.5






[µx2Voter(11)] =







0 1

0 1







[µx3Voter(00)] =







1 0

1 0






[µx3Voter(01)] =







0.4 0.6

0.4 0.6







[µx3Voter(10)] =







0.6 0.4

0.6 0.4






[µx3Voter(11)] =







0 1

0 1







[µVoter] =













































1 0 0 0 0 0 0 0

0.1 0 0.1 0 0.4 0 0.4 0

0.32 0.48 0 0 0.08 0.12 0 0

0 0 0 0 0.2 0.3 0.2 0.3

0.3 0.2 0.3 0.2 0 0 0 0

0 0 0.12 0.08 0 0 0.48 0.32

0 0.4 0 0.4 0 0.1 0 01

0 0 0 0 0 0 0 1













































Each entry in the population transition matrices[µConf] and[µVoter] is computed by taking

the product of the probability of each individual making thetransition corresponding to their re-

spective individual transition matrix, given the corresponding neighborhood state. Specifically
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(see Equation 3.3), for all̂ψ, ψ̂′ ∈ φc(M)(ΨX ) we have

µc(M)(ψ̂)(ψ̂
′ | ψ̂) =

∏

x∈X

µx
c(M)(ψ̂(δc(M)(x)))(ψ̂

′(x) | ψ̂(x)). (7.1)

For example, the entry[µVoter]2,1 = µVoter(010 | 001) = 0.48 gives the probability of

the populationX transitioning from state001 to state010 under the influence ofVoter. The

neighborhood states that condition the transitions for each individual are represented by the

population state001 sinceδVoter(X ) ⊆ X . For each individual, we haveµx1Voter(10)(0 | 0) = 0.8,

µx2Voter(00)(0 | 1) = 1, andµx3Voter(01)(1 | 0) = 0.6. The population transition probability is given

by

[µVoter]2,1 = [µx1Voter(10)]0,0 · [µ
x2
Voter(00)]1,0 · [µ

x3
Voter(01)]0,1 = 0.48. (7.2)

The individual transition matrices and the resulting population transition matrix under both

types of influence, denoted by[µc(M)], are provided below. Each entry in the population tran-

sition matrix[µc(M)] is computed using Equation 4.2.

[µx1
c(M)(00)] =







1 0

1 0






[µx1

c(M)(01)] =







0.2 0.8

0.2 0.8







[µx1
c(M)(10)] =







0.8 0.2

0.8 0.2






[µx1

c(M)(11)] =







0 1

0 1






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[µx2
c(M)(00)] =







1 0

1 0






[µx2

c(M)(01)] =







0.5 0.5

0.5 0.5







[µx2
c(M)(10)] =







0.5 0.5

0.5 0.5






[µx2

c(M)(11)] =







0 1

0 1







[µx3
c(M)(00)] =







1 0

1 0






[µx3

c(M)(01)] =







0.2 0.8

0.2 0.8







[µx3
c(M)(10)] =







0.8 0.2

0.8 0.2






[µx3

c(M)(11)] =







0 1

0 1







[µc(M)] =













































1 0 0 0 0 0 0 0

0.1 0 0.1 0 0.4 0 0.4 0

0.16 0.64 0 0 0.04 0.16 0 0

0 0 0 0 0.1 0.4 0.1 0.4

0.4 0.1 0.4 0.1 0 0 0 0

0 0 0.16 0.04 0 0 0.64 0.16

0 0.4 0 0.4 0 0.1 0 0.1

0 0 0 0 0 0 0 1













































The population transition matrices that we have presented appear to show some block struc-
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ture. In terms of the underlying Markov chain, this indicates reducibility. We avoid diversion

into rigorous formal analysis of any obvious structure of the example transition matrices since

our objective here is to demonstrate how the transition matrices are computed for one or more

influence mechanisms within the framework of our influence model.

Now that the transition matrices have been specified, let us consider the expected influence

computation using the targeted population{x1, x2} and influence information̂ψ ∈ Ψ̂c(M)

whereψ̂[M ] = 1. The binary state space for each mechanism, and their combination, gives us

a deterministic initial state distributionπ0
Conf = π0

Voter = π0
c(M) = 〈0, 0, 0, 0, 0, 0, 1, 0〉. Using

this initial state distribution, we use the computational software programMathematicato find

a stationary distribution for each of the population transition matrices as follows:

π0
Conf · lim

t→∞
[µConf]

t = 〈0, 0, 0, 0, 0, 0, 0, 1〉

π0
Voter · lim

t→∞
[µVoter]

t = 〈0.394737, 0, 0, 0, 0, 0, 0, 0.605263〉

π0
c(M) · lim

t→∞
[µ

c(M)]
t = 〈0.384615, 0, 0, 0, 0, 0, 0, 0.615385〉.

We use these stationary distributions to compute expected influence by summing over all possi-

ble states, the probability of being in a state multiplied bythe number of influenced individuals

in that state (Equation 5.1). This gives usI({x1, x2},Conf, ψ̂) = 3, I({x1, x2},Voter, ψ̂) =

3 ∗ 0.605263 = 1.815789, andI({x1, x2}, {Conf,Voter}, ψ̂) = 3 ∗ 0.615385 = 1.846155.

We can see for this particular example that using bothConfandVotergives a small increase

in the expected influence over usingVoter alone. However, it is clear thatConf is able to

influence the entire population and the inclusion ofVoter significantly decreases the expected

influence over usingConf alone. There is more analysis that can be done using this small

example, but this presentation is sufficient for our intended demonstration in this section.
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Chapter 8

Diminishing Influence

Much of our work has focused on targeted populations. In fact, analysis of expected influence

under maximizing targeted populations forms the majority of the related work. Notable among

these are the results presented in [27, 28] on their definition of expected influence with respect

to sets of targeted populations. They show that adding anyx ∈ X to a targeted population

X ⊆ X gives at least as large of an increase to expected influence asaddingx to any superset

X ′ ⊇ X. We refer to this property astargeted population submodularity, where submodularity

is less formally referred to as diminishing returns.

We do not dismiss the importance of targeted population submodularity, but the use of mul-

tiple mechanisms in our model motivates our focus in this dissertation on the submodularity

of expected influence with respect to sets of mechanisms, which we refer to asmechanism

submodularity. Our aim in establishing mechanism submodularity is to identify sets of mech-

anismsM ⊆ M such that the inclusion of each additional mechanismm ∈ M to some

M ′ ⊆ M gives at least as large of an increase to expected influence asaddingm to any su-

persetM ′′ ⊇ M ′. This is especially important if we assume that each additional mechanism

comes with a cost, or that we may only use a certain number of mechanisms or relations.
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There is a tremendous amount of literature that details the problems and complexity results

of minimizing a submodular function (see [18]). Recent related works [27, 28] make use of

an expected influence function that exhibits targeted population submodularity, and view the

influence maximization problem as one of maximizing a submodular function. Whereas min-

imization of a submodular function has been shown to be solvable in polynomial time [21],

maximizing a submodular function has been shown in related models to be NP-Hard by reduc-

tion to the optimization version of theSet Coverproblem [27].

The work we describe in this chapter represents our preliminary investigations into the

mechanism submodularity or diminishing returns of our expected influence function. Our goal

is to find a simple and efficient method for determining mechanism submodularity or dimin-

ishing returns of expected influence relative to a given set of mechanisms. Unfortunately, we

are unable to establish mechanism submodularity of expected influence for anything other than

for one type of sets of mechanisms. Unlike targeted population submodularity results in related

work [27] in which individuals are indistinguishable asidefrom their current state and relational

position in a population, mechanisms exhibit a wide range ofproperties that must be taken into

consideration in order to establish mechanism submodularity. This motivates our consideration

of alternative approaches that might give us diminishing returns or at least identify the most

effective influence mechanisms for maximizing expected influence.

Among the alternatives to mechanism submodularity that we consider are orderings over

sets of mechanisms that exhibit diminishing returns, a component restricted version of such di-

minishing mechanism orderings, a local bias measure of mechanisms for inferring magnitudes

of change in expected influence, and Principal Component Analysis. We show that each of

these is plagued by one or more pitfalls that hinders its practical usefulness, and we conclude

with an existing method for testing submodularity.
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8.1 Mechanism Submodularity

We do not always have the full set of mechanismsM at our disposal for spreading information

throughout a population. Some of the mechanisms may be irrelevant for an application (e.g.,

useless mechanism relation) or may be known to produce undesirable effects (e.g., interfer-

ence type). Still, however, we are interested in the mechanism submodularity for the subset of

mechanisms of interest. This leads us to define mechanism submodularity relative to any given

set of mechanisms. In order to simplify the presentation, wedefine

∆k

ψ̂
(M,M ′)

def
= I(O,M, ψ̂)− I(O′,M ′, ψ̂) (8.1)

for anyM,M ′ ⊆ M, ψ̂ ∈ Ψ̂
c(M), k > 0,O ∈ Ok∗

M,ψ̂
, andO′ ∈ Ok∗

M ′,ψ̂
.

Definition 13. Given anyψ̂ ∈ Ψ̂
c(M) andM ⊆ M, we say thatI is mechanism submodular

with respect toM , orM-submodular, if and only if∆k

ψ̂
(M ′∪{m},M ′) ≥ ∆k

ψ̂
(M ′′∪{m},M ′′)

for all M ′ ⊆M ′′ ⊆M , m ∈M \M ′′, andk > 0.

We have defined several properties of mechanisms and sets of mechanisms and have used

these to characterize the expected influence and corresponding sets of optimal targeted popula-

tions. Establishing mechanism submodularity with respectto some set of mechanisms requires

knowledge of the ways in which each of the subsets will interact with each other. For sets of

non-interfering mechanisms, the expected influence function is mechanism submodular.

Theorem 26. For anyM ⊆ M, if M is a set of non-interfering mechanisms, thenI is M-

submodular.

Proof. Consider any set of non-interfering mechanismsM ⊆ M. We have by definition of

non-interference that∆k

ψ̂
(M ′,M ′′) = 0 for all M ′,M ′′ ⊆ M , ψ̂ ∈ Ψ̂c(M), andk > 0, which

satisfiesM-submodularity in Definition 13.
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We expect that other properties of mechanisms, as well as other conditions on the mecha-

nism properties we have already defined, will lead to more general mechanism submodularity

results. Theorem 13 shows that positive interfering sets ofmechanisms are mechanism mono-

tonic, and we might be able to place additional constraints on such sets in order to achieve

mechanism submodularity. Although mechanism submodularity under more general assump-

tions about the mechanisms would be of much interest, we turnour attention now to alternative

notions of diminishing returns.

8.2 Mechanism Orderings

We define an ordering over a set of mechanisms such that each additional mechanism included

in accordance with the ordering will give the largest possible increase in expected influence

over the alternatives.

Definition 14. Let % be any linear ordering overM ⊆ M with elements indexed such that

mi % mi+1 andMi =
⋃i

l=1{ml}. We say that% is a diminishing mechanism ordering(under

k > 0 and ψ̂ ∈ Ψ̂c(M)) if and only if∆k

ψ̂
(Mi+1,Mi) ≥ ∆k

ψ̂
(Mi+j+1,Mi+j) for all i ≥ 1 and

j ≥ 0. We say that% is a non-decreasing (or non-increasing) monotonic mechanism ordering

(underk > 0 and ψ̂ ∈ Ψ̂
c(M)) if and only if∆k

ψ̂
(Mi+1,Mi) ≥ 0 (or ∆k

ψ̂
(Mi+1,Mi) ≤ 0) for

all i ≥ 1.

We introduce a simple greedy approach for constructing mechanism orderings. Let%ψ̂,k
I

denote thegreedy mechanism orderingoverM ⊆ M induced byI using influence information

ψ̂ ∈ Ψ̂
c(M) andk > 0. We define%ψ̂,k

I such thatmi %ψ̂,k
I mi+1 if and only if ∆k

ψ̂
(Mi ∪

{mi+1},Mi) ≥ ∆k

ψ̂
(Mi ∪ {m},Mi) for all m ∈ M \Mi, whereMi is the set of mechanisms

including and precedingmi under a linearization of the ordering constructed thus far.
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M5

I
↑

M1 M2 M3 M4

Figure 8.1: Illustration of one possible shape for the expected influence corresponding to a
greedy mechanism ordering. The horizontal axis representsthe sets of mechanisms obtained
by the inclusion of each additional mechanism in accordancewith the ordering and the vertical
axis represents the corresponding expected influence value.

A greedy mechanism ordering need not be a diminishing or monotonic mechanism order-

ing. To see this, consider a linearization%l
I of a greedy mechanism ordering%ψ̂,k

I overM =

{m1, m2, m3, m4, m5}. Assume we havem1 %l
I m2 %

l
I m3 %

l
I m4 %l

I m5 and that expected

influence is non-decreasing everywhere exceptI(O′,M4, ψ̂) < I(O,M3, ψ̂) < I(O′,M5, ψ̂)

for any choice ofO ∈ Ok∗
M3,ψ̂

, O′ ∈ Ok∗
M4,ψ̂

, andO′′ ∈ Ok∗
M5,ψ̂

. That is, we have a “dip” in

expected influence with the inclusion ofm4 using a greedy mechanism ordering (see Figure

8.1).

We are able to avoid “dips” in a greedy mechanism ordering when using a homogeneous

set of mechanisms (see Figures 8.2, 8.3, and 8.4).

Theorem 27. For all k > 0, M ⊆ M, and ψ̂ ∈ Ψ̂
c(M), if M is an interference-type ho-

mogeneous set, then any linearization of the greedy mechanism ordering%ψ̂,k
I overM is a

monotonic mechanism ordering.

Proof. Consider anyk > 0, M ⊆ M, andψ̂ ∈ Ψ̂
c(M). Without loss of generality, assume
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M is a positively interfering set. LetMi denote the set of all mechanisms precedingmi+1

in a linearization%l
I of the greedy mechanism ordering%ψ̂,k

I . SinceM is a set of positively

interfering mechanisms, there does not existm ∈M andk > 0 such that∆k

ψ̂
(Mi∪{m},Mi) <

0. We conclude that%l
I is a (non-decreasing) monotonic mechanism ordering.

Corollary 10. For all k > 0,M ⊆ M, andψ̂ ∈ Ψ̂c(M), the existence of a monotonic lineariza-

tion of the greedy mechanism ordering%ψ̂,k
I overM does not imply thatM is an interference-

type homogeneous set.

Proof. Assume anyM ⊆ M, ψ̂ ∈ Ψ̂
c(M), andk > 0. Without loss of generality, assume a non-

decreasing monotonic linearization%l
I of the greedy mechanism ordering%ψ̂,k

I overM ⊆ M.

By definition, an ordering ofmi %l
I mi+1 does not preclude the existence of a mechanism

m ∈ M \Mi such that∆k

ψ̂
(Mi ∪ {m},Mi) < 0. It follows thatM is not an interference-type

homogeneous set.

Given any interference-type homogeneous set of mechanisms, we have shown a simple

greedy mechanism ordering that exhibits monotonicity overexpected influence values; how-

ever, we have not stated conditions that guarantee a diminishing mechanism ordering. In any

case, determination of interference-type homogeneity of aset of mechanisms still requires

computation of the expected influence over the complete population. The main motivation for

finding diminishing mechanism orderings is to avoid having to use more mechanisms than

are useful (or affordable, if we assume a cost with each mechanism). By having to compute

expected influence for each subset of mechanisms, we lose anyadvantage offered by dimin-

ishing mechanism orderings. In the following section, we define mechanism orderings using

component restricted expected influence.
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M5

I
↑

M1 M2 M3 M4

Figure 8.2: Illustration of one possible shape for the expected influence corresponding to a
greedy mechanism ordering over a set of positively interfering mechanisms. The horizontal
axis represents the sets of mechanisms obtained by the inclusion of each additional mechanism
in accordance with the ordering and the vertical axis represents the corresponding expected
influence value. The greedy mechanism ordering exhibits monotonicity, but not diminishing
returns.

M5

I
↑

M1 M2 M3 M4

Figure 8.3: Illustration of one possible shape for the expected influence corresponding to a
greedy mechanism ordering over a set of negatively interfering mechanisms. The horizontal
axis represents the sets of mechanisms obtained by the inclusion of each additional mechanism
in accordance with the ordering and the vertical axis represents the corresponding expected
influence value. The greedy mechanism ordering exhibits monotonicity, but not diminishing
returns.
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M5

I
↑

M1 M2 M3 M4

Figure 8.4: Illustration of one possible shape for the expected influence corresponding to a
diminishing mechanism ordering. The horizontal axis represents the sets of mechanisms ob-
tained by the inclusion of each additional mechanism in accordance with the ordering and the
vertical axis represents the corresponding expected influence value. The greedy mechanism
ordering exhibits monotonicity and diminishing returns.

8.3 Component Restricted Mechanism Orderings

Our work in Chapter 6 shows that expected influence functionsand optimal targeted popula-

tions can be decomposed into computations on maximal connected components of a popula-

tion. We utilize that work in this section by showing that mechanism orderings can be similarly

decomposed.

To begin with, we show that orderings of mechanisms based on strict comparisons of their

component restricted expected influence are preserved in the expected influence for the com-

plete population.

Theorem 28. For all k > 0, M,M ′ ⊆ M, ψ̂ ∈ Ψ̂
c(M), O ∈ Ok∗

M,ψ̂
, andO′ ∈ Ok∗

M ′,ψ̂
, if

IX(O,M, ψ̂) ≥ IX(O
′,M ′, ψ̂) for all X ∈ Components+(r

c(M∪M ′)), thenI(O,M, ψ̂) ≥

I(O′,M ′, ψ̂).

Proof. The claim follows directly from Theorem 6.
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We define acomponent restricted mechanism orderingover anyM ⊆ M induced by

component restricted expected influence functions usingk > 0 and influence information

ψ̂ ∈ Ψ̂
c(M), denoted by%ψ̂,k

r . We definemi %
ψ̂,k
r mi+1 if and only if we haveIX(O,Mi ∪

{mi+1}, ψ̂) ≥ IX(O
′,Mi ∪ {m}, ψ̂) for all m ∈ M , O ∈ Ok∗

Mi∪{mi+1},ψ̂
, O′ ∈ Ok∗

Mi∪{m},ψ̂
,

andX ∈ Components+(rc(Mi∪{mi+1,m})), whereMi is the set of mechanisms including and

precedingmi under a linearization of the ordering thus far.

A greedy mechanism ordering and a component restricted mechanism ordering may have

respective linearizations that are equal, for someM ⊆ M, k > 0, andψ̂ ∈ Ψ̂
c(M). Such equal

linearizations are not guaranteed to exist for allM ⊆ M since the strict pairwise compar-

isons that define the component restricted mechanism orderings may leave some mechanisms

unordered even though they are ordered by the greedy mechanism ordering. We state this exis-

tence of equal linearizations for some sets of mechanisms inthe following.

Theorem 29. There existM ⊆ M, k > 0, ψ̂ ∈ Ψ̂
c(M), and linearizations%l

I of %ψ̂,k
I and%l

r

of%ψ̂,k
r overM such that%l

I = %l
r.

Proof. Consider anyM ⊆ M, k > 0, andψ̂ ∈ Ψ̂c(M). From Theorem 6, ifIX(O,M ′, ψ̂) ≥

IX(O
′,M ′′, ψ̂) for all X ∈ Components+(r

c(M ′∪M ′′)), O ∈ Ok∗
M ′,ψ̂

, andO′ ∈ Ok∗
M ′′,ψ̂

, then we

haveI(O,M ′, ψ̂) ≥ I(O′,M ′′, ψ̂) for all O ∈ Ok∗
M ′,ψ̂

andO′ ∈ Ok∗
M ′′,ψ̂

. The claim follows now

from the definitions of a greedy mechanism ordering%
ψ̂,k
I and a component restricted greedy

mechanism ordering%ψ̂,k
r overM .

We can achieve the same conclusion as in Theorem 28 without requiring the mechanism

orderings induced by each component restricted expected influence function to be the same.

Theorem 30. For all k > 0, M,M ′ ⊆ M, ψ̂ ∈ Ψ̂
c(M), O ∈ Ok∗

M,ψ̂
, andO′ ∈ Ok∗

M ′,ψ̂
,

if for all X ′ ∈ Components+(rc(M∪M ′)) there existsX ∈ Components+(rc(M∪M ′)) such that

96



IX′(O,M, ψ̂) < IX′(O′,M ′, ψ̂) implies
[

IX(O,M, ψ̂)−IX(O
′,M ′, ψ̂)

]

≥
[

IX′(O,M ′, ψ̂)−

IX′(O′,M, ψ̂)
]

, thenI(O,M, ψ̂) ≥ I(O′,M ′, ψ̂).

Proof. Consider anyk > 0, M,M ′ ⊆ M, ψ̂ ∈ Ψ̂
c(M), O ∈ Ok∗

M,ψ̂
, andO′ ∈ Ok∗

M ′,ψ̂
. Assume

for all X ∈ Components+(r
c(M∪M ′)) there existsX ′ ∈ Components+(r

c(M∪M ′)) such that

IX(O,M, ψ̂) > IX(O
′,M ′, ψ̂) implies

[

IX(O,M, ψ̂)−IX(O
′,M ′, ψ̂)

]

≥
[

IX′(O,M ′, ψ̂)−

IX′(O′,M, ψ̂)
]

. All suchX andX ′ give
[

IX(O,M, ψ̂) + IX′(O,M, ψ̂)
]

≥
[

IX(O
′,M ′, ψ̂) +

IX′(O′,M ′, ψ̂)
]

. The claim now follows from Theorem 6.

Theorem 30 may afford us a slight increase in the efficiency ofcomputing mechanism

orderings since we are not necessarily required to evaluatethe component restricted expected

influence for every maximal connected component. If the difference in the expected influence

summed over all maximal connected components checked so faris greater than the size of the

last unchecked maximal connected component, then the mechanism ordering induced by the

expected function over the complete population will not change.

To clarify this point, assume anyM ⊆ M. For eachXi ∈ Components+(r
c(M)), we write

ni = |φc(M)(ΨXi)| to denote the size of the population mechanism state space for that compo-

nent. The expected influence computation for eachXi ∈ Components+(rc(M)) takes time on

the order ofO(n3
i ) (assuming inverse power method, see Section 5.1). Under theconditions

stated in Theorem 30, we may be able to avoid computation of component restricted expected

influence for one or more maximal connected components. If welet n∗ denote the size of the

population mechanism state space for the maximal connectedcomponents that we can avoid,

then we can compute expected influence taking time on the order of O((n − n∗)3), where

n = |φ
c(M)(ΨX )|.

Regardless of potential efficiency improvement when using the component restricted mech-

anism ordering approach, such decomposition of mechanism orderings is worthwhile only
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when the number of maximal connected components under the union of each mechanism’s

relation is significantly less than one. For the cases approaching one component under the com-

bined relation, we gain nothing from decomposing the computation of the mechanism ordering

since we still end up computing expected influence for the complete connected population.

The significance of any improvements is still questionable for cases in which the number of

maximal connected components under the combined relation is less than one since there may

be a large number of isolated individuals or very small maximal connected components, both

of which offer marginal improvement.

As with the greedy mechanism ordering approach, the component restricted ordering ap-

proach also fails to provide us with an efficient approach forestablishing diminishing returns

that does not require computation of expected influence for the complete population.

8.4 Local Bias Magnitude

Having considered two mechanism ordering approaches that fall short of our goal of estab-

lishing diminishing returns and that are expressed in termsof the global behavior of expected

influence, we turn our attention now to finding a locally-checkable property that allows us

to make comparative judgments about the magnitudes of expected influence under different

mechanisms.

We have identified an approach for making local judgments of global expected influence

behavior that uses a measure for each individual of the bias of a mechanism to transition toward

an individual mechanism state, where the individual mechanism state of interest corresponds to

the influence information. Although it seems natural that this type of local bias of a mechanism

toward an individual mechanism state should be consistent with the induced global process, we

show that our notion of bias magnitude does not give any computational advantage over using
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the expected influence function on the complete population.

In the following, we give a formal development of our notion of local bias magnitude of

mechanisms. We present this formalization only to make clear the issues that prevent such a

notion from offering any advantage over computation of expected influence on the complete

population.

We determine the bias of a mechanism toward a mechanism statefrom the long-term state

distribution probabilities for individuals. Given a mechanismm ∈ M, the transition probabil-

ities overΨ̂m of an individualx ∈ X are given by the individual measure assignment function

µxm. The transition probabilities for each individual are conditioned on the mechanism states of

the neighboring individuals, which are themselves conditioned on their neighbors and so on.

The long-term state distribution forx ∈ X is therefore dependent upon eachx′ ∈ X, where

X ∈ Components+(rm) is the maximal connected component containingx.

Let π0
m be an initial state distribution overφm(ΨX ) for the complete population. Each

initial state distributionπ0
m projects onto an initial state distribution overφm(ΨX) for each

X ∈ Components+(rm), which we denote byπ0
m[X ]. Such a projection is given for each

ψ̂ ∈ φm(ΨX) by π0
m[X ](ψ̂) =

∑

ψ̂′∈Q π
0
m(ψ̂

′), whereQ = {ψ̂′′ ∈ φm(ΨX ) | ψ̂
′′(X) = ψ̂}. For

eachX ∈ Components+(rm), we useπ0
m[X ] to compute a stationary distributionπm[X ] of the

Markov chain induced byµXm.

Formally, we define thelocal bias magnitudefunction b : X × Ψ̂c(M) → (M → R) for

eachx ∈ X , ψ̂ ∈ Ψ̂
c(M), andm ∈ M as:

bx
ψ̂
(m)

def
=















∑

ψ̂′∈S πm[X ](ψ̂′) if X 6= ∅,

0 otherwise,

(8.2)

whereX = [x]rm andS = {ψ̂′′ ∈ φm(ΨX) | ψ̂
′′(x) = ψ̂[{m}](x)}.
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At this point, we might make comparisons between the local bias magnitudes of each in-

dividual under the influences of different mechanisms with the goal of making claims about

the differences in expected influence under each different mechanism. Unfortunately, the local

bias magnitude function does not give a completely locally-checkable method for determin-

ing mechanism orderings. The long-term state distributionprobabilities of each individual are

dependent upon the states of every other individual in the maximal connected component in

which they are a member. This requires us to solve the Markov chain corresponding to each

maximal connected component, which does not support our motivation for considering local

bias magnitude in the first place, and presents the same problems as with the component re-

stricted mechanism orderings.

8.5 Principal Component Analysis

Each of the approaches that we have taken to establish diminishing mechanism orderings falls

short of our goal of finding a simple and efficient method for determining such orderings. We

now explore a different approach by viewing each subset of mechanisms as a different di-

mension over which expected influence is computed and apply Principal Component Analysis

(PCA) in an attempt to find the dimensions (i.e., subsets of mechanisms) that give the largest

variance (i.e., impact on expected influence). Despite the usefulness of PCA for dimensionality

reduction, it is unable to give us a diminishing mechanism ordering. We give a brief construc-

tion using PCA in order to make clear why it is does not work forour purposes.

GivenM ⊆ M, k > 0, andψ̂ ∈ Ψ̂
c(M), letD(M) be the|Pwr(M)| × |Pwr(M)| matrix

defined such that each entryD(M)ij = ∆k

ψ̂
(Mi ∪ Mj ,Mi), where the indices for the sets

of mechanisms are consistent with the mechanism set enumeration 〈Pwr(M)〉. Each entry

D(M)ij gives the value of adding mechanismsMj to mechanismsMi. We haveD(M)ij =
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D(M)ii for all Mj ⊆ Mi. We writeD′(M) to denote the matrix obtained fromD(M) by

subtracting the mean along each row vectorD(M)i from each entry inD(M)i. This gives a

mean of zero along each row vector and is required for PCA.

We compute the|Pwr(M)| × |Pwr(M)| covariance matrixDc(M) fromD′(M). Each en-

try Dc(M)ij = cov(D′(M)i, D
′(M)j) gives the covariance of the row vectorD′(M)i corre-

sponding to mechanismsMi with the row vectorD′(M)j corresponding to mechanismsMj . If

Dc(M)ij > 0, then the value of adding any set of mechanisms toMj tends to increase when-

ever adding the same set toMi increases. IfDc(M)ij < 0, then the value of adding any set of

mechanisms toMj tends to decrease whenever adding the same set toMj increases. And, if

Dc(M)ij = 0, thenMi andMj are uncorrelated.

The eigenvectors and their corresponding eigenvalue are computed fromDc(M). We order

the eigenvectors by decreasing eigenvalue and choose the first n eigenvectors as ourprinci-

pal components, wheren is chosen such that these firstn eigenvectors adequately capture

the largest variance of the original data. The principal components represent the new linearly

transformed dimensions of the original data.

Although PCA does provide a very simple method for dimensionality reduction, the eigen-

vectors that give the new dimensions do not allow us to specify the set of mechanisms to which

they correspond. This is due to these new dimensions being expressed as linear transforma-

tions of the original dimensions (i.e., sets of mechanisms). As with the other approaches we

have addressed in this chapter, PCA still requires computation of expected influence for all

possible sets of mechanisms. As such, we might as well make our determination of the best set

of mechanisms with those computations and avoid the additional work of PCA altogether.
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8.6 Violated Squares Approach

The best method to date that we have found for testing submodularity of a set function is

defined in [42] using what are calledviolated squares. The method is rather simple and uses

a geometric construction on ann-cube. Although the basic approach is straightforward, we

avoid rehashing its full presentation in [42]. Instead, we restate their approach as it applies to

our framework.

Assume somek > 0,M ⊆ M, andψ̂ ∈ Ψ̂
c(M). LetQn denote then-cube, wheren = |M |.

The vertices are labeled as sets of mechanisms and edges connect sets of mechanisms that differ

in only one element. For anyM ′′ ⊆ M ′ ⊆ M andM ′′′ ⊆ M \M ′, the set{M ′,M ′′,M ′ ∪

M ′′′,M ′′∪M ′′′} is called asquare. A square is called aviolated squareif ∆k

ψ̂
(M ′′∪M ′′′,M ′′) <

∆k

ψ̂
(M ′ ∪M ′′′,M ′). That is, a violated square does not satisfy the submodularity condition.

The problem now is to determine how many violated squares exist. If no violated squares

exist, then it follows that expected influence isM-submodular when using the specifiedk and

ψ̂. Otherwise, the existence of any violated squares reveals that expected influence is notM-

submodular. It is shown in [42] that only a small number of violated squares can require a large

number of changes in order to make a function submodular.

The violated squares approach presented in [42] for testingsubmodularity can easily be

applied within our framework to test theM-submodularity of expected influence for any

M ⊆ M. As with the other approaches we have presented in this chapter, the violated squares

approach still requires computation of expected influence for all subsets of mechanisms of

someM ⊆ M over the complete population.
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Chapter 9

Concluding Remarks

The proliferation of digital means of communication has ledcorrespondingly to an increase

in the number of digital representations of social networks. At first thought, many people may

confine their ideas of a social network to the massive, popular forms that are common today.

However, social networks take on a much finer distinction in real-life. For example, one’s

family can be thought of as forming one social network, whereas one’s work colleagues form

another social network.

Being able to express formally the many different social networks in which people exist

has allowed researchers in a variety of fields to study phenomena that was not feasible prior

to the development of digital social network representations. One such phenomenon that has

received considerable attention over the past decade is thepropagation of information across a

population, where such propagation is taken as an result of the influence between individuals.

A better understanding of how influence affects informationpropagation has many important

applications and has led to the statement of different influence problems.

In this dissertation, we have focused on what is called the influence maximization problem.

For this problem, we assume that a set of individuals (i.e., targeted population) is given some
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information (i.e., influence information) with the objective of maximizing the spread of that

information throughout the population.

Existing approaches to the influence maximization problem have assumed that individuals

are placed within a single social network and that they are able to influence each other through

a single influence mechanism. The goal then is to find the best targeted population of a cer-

tain size that maximizes the expected number of influenced individuals in the long-term. Such

approaches take a limited view of the potential types of influence in a population.

We have presented in this dissertation a new model for studying influence problems, such as

the influence maximization problem, that leverages multiple influence mechanisms and mul-

tiple social relations for propagating information acrossa population. The usage of multiple

social relations reflects more accurately the social structures of a population. We provide ev-

idence from the social psychology literature that supportsthe formulation of our influence

model.

Our results have focused on the impact of multiple mechanisms and their corresponding re-

lations on optimal targeted populations for the influence maximization problem. We define sev-

eral mechanism properties that we use to characterize different types of influence mechanisms,

and show how different types of mechanism impact expected influence and the determination

of optimal targeted populations.

Unlike most related works, we have not assumed a connected population. We showed that

the maximal connected components of a population place a lower bound on the size of an op-

timal targeted population when using mechanisms that exertnon-vanishing influence. We also

showed that targeted populations for the complete population are composed from those of the

maximal connected components. We build upon this result by showing that targeted popula-

tions for sets of mechanisms that do not contain any bridges between their mechanism relations

can similarly be composed from the targeted populations foreach individual mechanism from

104



the set of mechanisms.

We gave formal definitions for several well-known types of influence within our model

(e.g., group conformity, authoritarian, contagion), and we established properties for each of

these types of mechanisms using some of the mechanism properties we have defined.

We concluded with a presentation of our preliminary resultson what we refer to as mech-

anism submodularity. We showed that expected influence is mechanism submodular for mech-

anisms that exert non-interfering influence, but did not state general conditions for satisfy-

ing mechanism submodularity. We explored several alternatives to mechanism submodularity,

some of which may prove fruitful in future work, but each fellshort of our goal of finding a sim-

ple and efficient method for determining mechanism submodularity or diminishing mechanism

orderings.

9.1 Future Work

The large number of parameters in the specification of our model required us to make many

assumptions so that we could focus on the problems of interest. The properties of other types

of influence mechanisms can be analyzed, other combination methods can be used, or other

influence problems can be studied within our model’s framework. We conclude in this section

with a discussion of just a few of the possible areas for future work.

The use of a combination method is essential for specifying how individuals react to the

effects of multiple influences, and also provides a natural interpretation as the behavioral type

of an individual. We assumed a single combination method and, hence, a behavioral (sub-

)type homogeneous population. Our interpretation of combination methods as behavioral types

requires elaboration, but we expect that improvements to the information propagation shown

in other works [13, 14] would be reflected within our model as well.
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Another extension to our statement of behavioral types is the potential for viewing be-

havioral types in a hierarchical manner so that we could discuss behavioral types of sets of

individuals. We maintain the individual behavioral types,but observe that individuals may be

members of various groups, organizations, or corporations(see, for example, [22, 24, 39, 54]).

Aggregate population behavioral types could be leveraged to better understand the potential for

influencing individuals that belong to certain communities, or for characterizing these various

groups in terms of their influence susceptibilities.

We have assumed that the mechanism relations do not change over time, but we do rec-

ognize that social relations may continuously evolve. For example, theis-coworker-ofand

is-friend-of may evolve as employees leave or are hired, or as friendship is formed or bro-

ken. Use of dynamic relations must also consider time-dependent transition probabilities and

the induced time-heterogeneous Markov chains. This would introduce additional complexity,

but it would also result in a more accurate reflection of social relations.

An extension to the results we presented in Section 6.7 is to consider the decomposition

of optimal targeted populations in the presence of bridges.Any bridges that exist between

different mechanism relations might lead to an increase in expected influence, but they might

also lead to an increase in the size of an optimal targeted population over the ones for each

individual mechanism. On the other hand, the size of an optimal targeted population for the

set of mechanism might decrease over those for each individual mechanism. Determining the

mechanism properties that guarantee an increase in expected influence along with a decrease

in the size of an optimal targeted population provides an interesting problem for future work.

Another research pursuit that is of great interest deals with the inversion of our influence

model. Our focus has been placed on modeling how individualsare influenced and understand-

ing how such influence affects the expected spread of information throughout a population.

Our current pursuit could offer insight into modeling the inverse process of determining the
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originating source(s) of influence. That is, given the current state of a population, how were the

individuals influenced to transition into their current states and what individuals are the origi-

nators of exerting that influence? Modeling this inverse process has important applications in

areas such as computer security.
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[38] L.-E. Öller. A method for pooling forecasts.Journal of the Operational Research Society,
29(1):55–63, January 1978.

[39] Avi Pfeffer, Subrata Das, David Lawless, and Brenda Ng.Global/local dynamic models.
In Manuela Veloso, editor,Proceedings of the Twentieth International Joint Conference
on Artificial Intelligence (IJCAI), Hyderabad, India, pages 2580–2585. IJCAI / AAAI
Press, January 6-12, 2007.

[40] Roopesh Ranjan and Tilmann Gneiting. Combining probability forecasts. Technical
Report 543, Department of Statistics, University of Washington, October 2008.

[41] Kazumi Saito, Ryohei Nakano, and Masahiro Kimura. Prediction of information diffusion
probabilities for independent cascade model. InKnowledge-Based Intelligent Information
and Engineering Systems, volume 5179 ofLecture Notes in Computer Science, pages 67–
75. Springer Berlin / Heidelberg, 2008.
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Appendix A

Example Matrices

A.1 Individual Transition Matrices for Section 7.2.1

The individual transition matrices used to compute the expected influence values in Section

7.2.1 are provided below. We do not include the large256 × 256 population transition matrix

for lack of space, but it can be constructed from the individual transition matrices.

[µx1Auth(00)] = [µx1Auth(10)] =







1 0

1 0







[µx1Auth(01)] = [µx1Auth(11)] =







0 1

0 1






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[µx2Auth(00)] = [µx2Auth(10)] =







1 0

1 0







[µx2Auth(01)] = [µx2Auth(11)] =







0 1

0 1







[µx3Auth(∅)] =







1 0

0 1







[µx4Auth(0000)] = [µx4Auth(0010)] = [µx4Auth(0100)] = [µx4Auth(0110)] =







1 0

1 0







[µx4Auth(1000)] = [µx4Auth(1010)] = [µx4Auth(1100)] = [µx4Auth(1110)] =







1 0

1 0







[µx4Auth(0001)] = [µx4Auth(0011)] = [µx4Auth(0101)] = [µx4Auth(0111)] =







0 1

0 1







[µx4Auth(1001)] = [µx4Auth(1011)] = [µx4Auth(1101)] = [µx4Auth(1111)] =







0 1

0 1






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[µx5Auth(000)] = [µx5Auth(010)] = [µx5Auth(100)] = [µx5Auth(110)] =







1 0

1 0







[µx5Auth(001)] = [µx5Auth(011)] = [µx5Auth(101)] = [µx5Auth(111)] =







0 1

0 1







[µx6Auth(000)] = [µx6Auth(010)] = [µx6Auth(100)] = [µx6Auth(110)] =







1 0

1 0







[µx6Auth(001)] = [µx6Auth(011)] = [µx6Auth(101)] = [µx6Auth(111)] =







0 1

0 1







[µx7Auth(000)] = [µx7Auth(010)] = [µx7Auth(100)] = [µx7Auth(110)] =







1 0

0 1







[µx7Auth(001)] = [µx7Auth(011)] = [µx7Auth(101)] = [µx7Auth(111)] =







1 0

0 1







[µx8Auth(000)] = [µx8Auth(010)] = [µx8Auth(100)] = [µx8Auth(110)] =







1 0

0 1






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[µx8Auth(001)] = [µx8Auth(011)] = [µx8Auth(101)] = [µx8Auth(111)] =







1 0

0 1







A.2 Counter-example for Proof of Theorem 22

The individual transition matrices and population transition matrix used in the proof of Theo-

rem 22 are as follows:

[µx1Conf(∅)] =







1 0

0 1






[µx2Conf(00)] =







1 0

1 0







[µx2Conf(01)] =







0.5 0.5

0.5 0.5






[µx2Conf(10)] =







0.5 0.5

0.5 0.5







[µx2Conf(11)] =







0 1

0 1






[µx3Conf(∅)] =







1 0

0 1






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[µConf] =













































1 0 0 0 0 0 0 0

0 0.5 0 0.5 0 0 0 0

1 0 0 0 0 0 0 0

0 0.5 0 0.5 0 0 0 0

0 0 0 0 0.5 0 0.5 0

0 0 0 0 0 0 0 1

0 0 0 0 0.5 0 0.5 0

0 0 0 0 0 0 0 1













































Using targeted population{x2} and influence information̂ψ ∈ Ψ̂c(M) with ψ̂[Conf] = 1,

we have an initial state distributionπ0
Conf = 〈0, 0, 1, 0, 0, 0, 0, 0〉. We find a stationary distri-

bution given byπ0
Conf · limt→∞[µConf]

t = 〈1, 0, 0, 0, 0, 0, 0, 0〉. The expected influence is now

easily computed asI({x2},Conf, ψ̂) = 0.

118


