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An integral equation study of a simple point charge model of water
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We present an extensive integral equation study of a simple point charge model of water for a
variety of thermodynamic states ranging from the vapor phase to the undercooled liquid. The
calculations are carried out in the molecular reference-hypernetted chain approximation and the
results are compared with extensive molecular dynamics simulations. Use of a hard sphere fluid as
a reference system to provide the input reference bridge function leads to relatively good
thermodynamics. However, at low temperatures the computed microscopic structure shows
deficiencies that probably stem from the lack of orientational dependence in this bridge function.
This is in marked contrast with results previously obtained for systems that, although similarly
composed of angular triatomic molecules, do not tend to the tetrahedral coordinations that are
characteristic of water. €999 American Institute of Physids$s0021-960629)52202-2

I. INTRODUCTION of freedom of the molecules and hence most theoretical ef-

The description of liquid water from a microscopic per- [0S have gone into RISM-likéreference interactive site
spective hinges on the knowledge of its interaction potentialMode) theories, either in its original fortor in the proper
which in particular should be able to account for the tetraheRISM equation of Chandler, Silbey, and Ladahyapplied
dral coordination of the solid and the larger coordinationto Water by Lue and Blankschtetf.
numbers — and consequently larger density — found upon Very recently, the present authors have cast the molecu-
melting. On the one hand, several attempts have been madiy Ornstein—ZernikéOZ) equation into a form suitable for
to attain a pureb initio description of liquid watet,but the  application to real molecular fluids composed of nonlinear
practical limitations to small sample sizes and short timemolecules:®>** Calculations performed on realistic models
spans considerably constrain the range of problems to whicfor H,S and SQ showed that the molecular OZ equation
this sort of approach can be applied. On the other hand, @ith a reference-hypernetted chdRHNC) closure employ-
large and growing number of simpigfectiveintermolecular  jng a simple hard-sphere reference bridge function was very
potentials has been proposed. Without attempting to be eXccyrate in its predictions of the microscopic structure, ther-
haqs_twe, we can caztalog t?ose that deal with the molecule 3odynamics, and dielectric constaivhen the proper
a ”.g'd ent|tyS§T|P4, SPC, SP.C.I"—_*‘),.those that allow for charge distribution was usgdeven for a system with a rela-
bl bondS s e ot uaobboy f sy g detes of anisopy and oty s 5.0

' This success suggested that the simple RHNC recipe

dissociation, such as the central force mddel. iaht b i1 i t test v the study of
With such varied competition for the title of “the” mig € put to a more stringent test, namely the study o

model of water, it is obviously difficult to venture a sound Water- This is the task we undertake in the present work.

(and lasting assessment of which of these models might peoince the SPCE model for water is very similar to the point-
considered the most adequate. Nevertheless, one of the mé&targe model successfully used in Ref. 14 fojSH one
successful simple models, shown able to reproduce the moBtight expect that the same procedure, using a spherically
significant features of liquid water, has turned out to be thesymmetric reference bridge function, should perform nicely
simple point charg¢SPQ modef or its extended versidn for water as well. We shall see, however, that crucial differ-
(SPCH. A large number of works have concentrated onences arise in the case of water that are closely associated
computer simulation studies of this model to examine nowith the tendency of this substance to form tetrahedral coor-
only structure, thermodynamics, and dielectric propefties,dinations, a tendency lacking in liquid,B or SGQ. We con-

but also phase equilibriuth.In contrast, theoretical ap- clude that one needs an orientationally dependent reference
proaches have been constrained by the formidable task @fidge function that reflects this feature to construct a reli-
appropriately dealing with the threefold orientational degreegple RHNC recipe for liquid water.

In Sec. Il, we briefly sketch the essential aspects of the
dElectronic mail: E.Lomba@igfr.csic.es theory, with some emphasis on the optimization procedures
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utilized throughout these calculations. In Sec. Il we present 0.84 T T T
a detailed comparison of the RHNC results with data from
molecular dynamics simulatior3,paying particular atten-
tion to properties at room temperature and on the isochore 0.83 7
p=1 glcn?. Here the tetrahedral ordering of water is made
evident by appealing to an analysis of the three-body corre-
lation function. In the low-temperature, high-density regime 0.82
the microscopic structure obtained from the theory is far

from satisfactory. The structural data are more accurate at

somewhat higher temperatures and especially so in the su- 08! > e pros P
percritical regime. Surprisingly, the simple RHNC theory /K

performs reasonably well for t.he thermOdynamlcs over thq:IG. 1. Temperature dependence of the optimized reference hard sphere
whole temperature range studied.

/040

diameterd on the isochore=0.997 g/cm.
Il. THEORY

Since the details of the numerical procedure can beynsel® Thus one sees thafd4r) in Eq. (3) is the first term
found in Ref. 14, we will simply recall here the essentialj, the angular expansion @f(12) and is just the center-to-
equations that constitute the RHNC integral equation apgenter(or radial) distribution function. Specific expressions
proximation. Once again our starting point is the OZ relation s evaluate thermodynamic and dielectric properties as well

which for molecular fluids reads as to calculate site—site correlation functions from the expan-

p sion coefficients can be found in Refs. 13 and 14. An alter-

7(12)=—2f d3c(13)[c(32) + y(32)], 1) native procedure for the evaluation of site—site functions
8w

from the molecularg(12) has recently been described by

wherep is the number density anfid3= [dr; dws denotes  Richardiet al®
integration over positions and orientations of molecule 3. Once the interaction model has been chosen, one can
Here c(12) is the direct correlation function ang(12) iteratively solve the nonlinear system of Eq%)—(2) until
—g(12)—-1—c(12) is the indirect correlation function, convergence is reached for a given reference diamter
whereg(12)=g(r,,»1,,) is the molecular pair distribu- Systematically modifyl, and repeat the calculation until con-
tion function. dition (3) is further satisfied. This straightforward implemen-
The OZ relation is supplemented with a closure that esiation of the optimization is however somewhat tedious,
tablishes a functional relation betwee(2) andy(12). In  Since it requires repeated solutions of the fairly intricate in-

the case of the RHNC approximation, this is tegral equation. 2Thus, we resort to the strategy deviseq by
Lombarderoet al?* for systems of linear molecules. In this
c(12)=exd — Bu(12) + y(12) +Bo(12)]— ¥(12) - 1, scheme, the hard sphere diameter of the reference system —

@ which will be correlated only with the single set of Lennard-
where 8=1/kgT, u(12) is the intermolecular pair potential, Jones parameters, o that occurs in the SPC and SPCE
andBy(12) the so-called bridge function, which is obtained models for the O—O interaction — is determined as a func-
from a reference system whose physical parameters may hi®n of density and temperature according to the prescription
optimized by some criterion. Following Ref. 14, we use here
as a reference system the hard sphere fluid. The only optimi-  g= o[ 25— In(kgT/€)][25+In(pa?)]. (5)
zation parameter available is then the hard sphere diamieter
which we adjust to satisfy the criterion of free energy

T . - The length parametew in turn is determined using as a
minimization® This leads to the condition g p g

standard the optimized diametdrcalculated by means of
00 IBus(r;d) Eq. (3) at a high density statep=0.997 g/cm) for each

Pf drlgood 1) ~gns(rid)]—5—=0. (3)  isotherm. Obviously, for extensive computations, this proce-

dure will produce a considerable saving of computer time.

The hard sphereHS) fluid bridge functionByg(r;d) is ob-  The temperature evolution of the optimized diameter for the
tained from the Verlet—Weis—Henderson—Grurdk pa- high density state is displayed in Fig. 1.

rametrization. The solution of Eqél)—(2) proceeds through We now recall the definition of the SPCE model for
expansions in angular basis functions: water as proposed by Berendsehal? These authors in-
cluded a self-energy correction in the original SPC model;
X(12):I | > [(2+1)(20,+1)]2 the new interaction is characterized by three point masses
L2 min2 | with OH distances bl A and angle HOH- 109.47°(i.e., the
erﬁ%(rlz)[):ﬁnl(“’l)*Daznz(wz)*v (4)  tetrahedral angle Point charges equal te-0.847& and

+0.423& are located at the O and H sites, respectively,
wherew= (¢, 6,x) are the Euler angles referred to the axial whereeis the elementary charge. In addition to the Coulomb
line ry, joining the molecular centers ar[d'mn(w) are gen- interactions, the model incorporates dispersion forces via a
eralized spherical harmonic coefficients in the convention okingle Lennard-Jones interaction between the oxygens:
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TABLE I. Thermodynamic properties of the SPCE model of water at am-
bient conditions and above the critical temperature obtained from MD simu-
lation and RHNC integral equation.

p/kbar

U/(kJ/mol)

2 — MD simulation
o Neutron diffraction T/IK

doolr)

pl(glcnt) MD

0.000.54 —0.06
0.320.2)  0.36
7.860.98  8.88

RHNC MD RHNC

298.15
700.00
700.00

0.997
0.320
1.000

—42.06
—-17.71
—30.50

—46.79(0.21)
—17.63(0.54
—32.57(0.44

although not remarkable. The calculated structure, on the
other handseen in Fig. 3 is decidedly poor, particularly
for the O-0O distribution function. Moreover, comparison
with results from the ordinary hypernetted ch@iiNC) ap-
proximation, with Bo(12)=0, suggests that the reference
hard-sphere bridge function has little effect on the structure.
In the O—H distribution function, we see that the position of
the OH hydrogen bond is correctly located. As with(r),
however, the amplitudes are off.
The notable mismatch of the O—0O structure needs some
2 4 3 8 10 explanation. To gain insight into the temperature dependence
r/A of the pair structure of water, we have performed several MD
FIG. 2. Atom—atom distribution functions for water at ambient conditions "UNS atp=1 g/en? and T ranging from 300 to 700 K. The
from MD (SPCE modséland experimentRef. 22. 0oo(r) curves from these calculations are displayed in Fig.
4. They exhibit a rather peculiar behavior, in that the 700 K
distribution function seems to have somewhat more structure
than the 400 K curve, while an abrupt change occurs at 300
K where considerably more pair structure shows up. The
integral equation results fagoo(r) in Fig. 3 appear to fit
with the parameters=3.7122 A(kJ/mo)® andB=3.428  those of MD at a higher temperature. Actually, when one
A (kJimo)¥/*2 This gives a value 0éoo/ks=78.197 K and  compares the RHNC results for 700 K with those of simula-

700=3.1656 A. In Fig. 2, we show the atom—atom distribu-ion at the same temperature, the agreement is seen to be
tion functions of water at room temperature from neutron

scattering? and from a molecular dynami¢MD) simulation
using the SPCE interaction. This comparison illustrates the

gy lr)
T
+

gyu (1)
T

B 12
—) : (6)

r

6
U5J0(12)=—(/;) +

ability of this simple interaction to model the structure of 3_ : 135995 glem? 7

liquid water. 3 i .
T oL — RHNC |
o --— HNC

Ill. RESULTS AND DISCUSSION o o MD simulation

All the integral equation calculations presented here
have been carried out using 512 points with a grid fize
=0.020gp On the center-to-center distancdn the spherical
harmonic expansions, E¢), we have used coefficients up
to and includingX334r). All the simulations have been per-
formed for a 256 molecule sample in the canonical
ensembl® using Berendsen’s thermostaiwith a time con-
stant for temperature coupling of 0.4 ps and a time step of
0.001 ps. A typical run comprises 10000 configurations for
thermalization and 35000 for averaging of thermodynamic
and structural properties. Given the success of the SPCE _ o
model in representing liquid water, we begin the study with el
ambient thermodynamic conditions, namely 0.997 g/cri ®
andT=298.15 K. For this state we use the full optimization
procedure, Eq(3), and derive atom—atom distribution func-
tions from the coefficients aj(12) using the procedure out-
lined m. Ref. 14. .The computed .therr.nOdynamlc pl’Opert.IeﬁzlG. 3. Atom-—atom distribution functions for SPCE water at ambient con-
from this calculation are summarized in Table I, along with giions from MD (solid circle, RHNC (solid line9, and HNC (dashed
the corresponding MD data. The agreement is reasonablies.

8 10
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s T =700 K .
p=0.320 g/cm?®

— RHNC
+ MD simulation

9oo (1)

9oolr)

FIG. 6. Atom-atom distribution functions for supercritical SPCE water

o o from MD (solid circleg and RHNC(solid lines.
FIG. 4. MD data for the oxygen—oxygen distribution function in SPCE

water along thep=1 g/cn?® isochore for various temperatures.

proceed to lower the temperature and monitor the behavior
excellent(Fig. 5). If we now move to the supercritical region Of the isothermal compressibility. The evolution with tem-
shown in Fig. 6 p=0.32 g/cnd, T=700 K), we find the Perature of this quantity can be observed in Fig. 7. We see
integral equation continues to provide excellent estimateghat the estimate for the critical temperatlite=678 K is not
well (See Tab'e)l NOW, keepingp fixed at 0.32 g/cr;h we sani and GU|”O?, TS C— 657 K. For the critical pressure
we obtainp,=303 bar, which is of the same order as the
proposed estimatépY'“=160-189 bar. Further, we obtain

L £=5.6 for the dielectric constant at the critical point, in good
L T =700 K N agreement with the value reported by Guissani and Guillot,
P =1.000 g/cm? eMC=6. This last datum stands in contrast with the poor
- | ZENQ - i result furnished by the theory at ambient conditioms,
3 T D simaatien =53, well below the simulation value af'°=81. Taking
1  —
I T
10+~
0
R N 8
o} . .
s | | (32),
6 .
0 bt}
1 —
z ‘r
0 I E U ST 2 '
2 4 6 8 10 670 710 750
r1A T/K

FIG. 5. Atom—atom distribution functions for high temperat7®0 K) FIG. 7. Temperature variation of the isothermal compressibility near the
SPCE water from MD(solid circle3 and RHNC(solid lines. critical point at densityp=0.32 g/cni in RHNC approximation.
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FIG. 8. Internal energy for SPCE water along various isotherms from MDFIG. 10. The density maximum in water at zero pressure. Empty circles
(solid circles, RHNC (solid lineg, and HNC(dashed lines correspond to experimental data from Ref. 24, filled circles to NPT MD
calculations, and the solid line to RHNC results.

into account the deviations exhibited by the theoretical dis-
tribution functions seen in Fig. 3, it would be surprising if a results from theory, MD in the isothermal—isobaric
quantity as closely linked with the orientational order of theensemblé? and experiment! For the MD runs, we have
fluid as is the dielectric constant would be reproduced withalso used Berendsen’s thermostat and barétatth time
better accuracy. constants of 0.4 ps for temperature coupling and 0.5 ps for
In order to assess the overall behavior of the integrapressure coupling. Regarding the integral equation, the zero
equation results, we have performed calculations along sepressure results are obtained by fine tuning the density until
eral isotherms. The resulting internal energies and pressuréie virial pressure vanishes. These are perhaps the thermo-
are plotted in Figs. 8 and 9, respectively. For comparison, weynamic conditions where discrepancies are most apparent.
also include results from the HNC equation. It turns out thafThe theoretical calculation does not exhibit at all the very
the HNC approximation seems to have no physical solutiorsignificant density maximum, which is found both experi-
for T=300 K. For the RHNC approximation at 300 K, it is mentally and in the simulation.
striking that the pressures are rather accurate while energy To find an answer to these puzzles one must go beyond
values show discrepancies of about 10%. But what is morghe pair structure. Thus, we have extracted from the
surprising is that on average the approximation should be ssimulations  the  three-body  distribution  function
much better for the thermodynamics overall than for thegSio(r 12, 23,0129 for r,=r,=2.75 A, which corresponds
structure at low temperature. For the sake of completenesty the position of the maximum in the pair functiggo(r).
we include in Fig. 10 the zero pressure curve comparingVe plot this quantity in Fig. 11 as a function @f,3, the

T T T
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FIG. 11. Three-body distribution function between oxygen atoms from MD

FIG. 9. Pressure for SPCE water along various isotherms from(ssiid simulation forr,,=r;3=2.75 A, which corresponds to the maximum in
circles, RHNC (solid lineg, and HNC(dashed lines 9oo(r)-
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angleformed by the vectors, andr,3 (vectors that in this incorporated into the RHNC approximation via a spherically
case go from O atom to O atgphere we see the evolution symmetric hard-sphere bridge function. Future work should
in this distribution with temperature. The growth of the thus aim at incorporating those geometric features into the
maximum froméooo=100° to 120° indicates the buildup of reference bridge function.

tetrahedral ordering. This tetrahedral ordering is averaged
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