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Static structure of polydisperse colloidal monolayers
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A generalization of integral equation theory of simple liquids is used to study the structure and
thermodynamics of a monolayer of spherical colloidal particles having a continuous distribution
f(o) of diameterso. The quasi-two-dimensional fluid is modeled using both a repulsive Yukawa
potential to represent charged hard sphefesth attendant charge polydispergityand a
Lennard-Jones potential to represent soft spheres with an effective attractive well. The numerical
solution of the integral equations makes essential use of polynomials that are orthogonal with weight
function f(o), which is taken here to be a Schulz distribution. 1©98 American Institute of
Physics[S0021-960808)51715-1

I. INTRODUCTION Il. INTEGRAL EQUATION FORMALISM FOR A

MONOLAYER OF POLYDISPERSE SPHERES
Colloidal particles, at the boundary of the microscopic ) i | i

and macroscopic worlds, provided the first direct evidence ”V_\(/jelcor;ISIder a unitorm mcIJno agg ?ﬂ po ydlstpeér_se

for the atomic hypothesis through Einstein’s 1905 explana9O oldal Spheres occupying a plane areat temperature .

. . : L The density of particles at poimtwith diametero is given

tion of Brownian motion and thereby gave credibility to the : .

: _ . . .. by the one-body density function

new techniques of statistical mechanics then being applied to

the hypothetical atoms. It seems fitting that nearly a century N

later colloidal suspensions should also offer a visible model  p™(r,0)= 2 5(r—ri)5(a—oi)> =pf(o), D

for the application of the most elementary statistical tech- =1

nique of all, namelycounting to determine a fluid structure \yherep=N/A andf(o) is the fixed distribution of particle

akin to that of atomsDigital video microscopyymakes pos-  diameterss. The two-body density function
sible the direct measurement of the averaged structure of a

colloidal fluid?~® a sort of real-world “molecular dynamics p'?(r,o,r’,0")
simulation.” For suspensions narrowly confined between
pgrallell glass' plates, .the particles form a quasi-two- :<2 5(r—ri)5(0'—0'i)5(r’—I’J-)5(o"—0'j)>
dimensional fluid. The direct measurement of the structure of P#]
a monolayer of charged polystyrene spheres of micrometer , , ,
scale in a confined aqueous solution can then be made to = f(@)f(eNg(r=r'l.o.0") @
yield an effective pair potential. Kepler and Fradend Car-  then defines the generalized pair distribution function
bajal et al® found in this way a potential that is short ranged g(r, o, "), which is the key quantity needed for a complete
with a significant attractive component, in contrast to thedescription of the structure and thermodynamics of the col-
essentially repulsive interaction between unconfined chargeldidal monolayer. In these expressioms,s the location of
colloidal spheres, while Crocker and Gfigletermined a re- particlei in the plane andr; its diameter; the angular brack-
pulsive interaction with a notably smaller Debyed#el ets denote a canonical ensemble average.
screening length than that of an unconfined suspension. From In classical liquid state theory, the pair distribution func-
the theoretical side, two-dimensional models of colloidal flu-tion is obtained from the Ornstein-ZerniK©Z) equation
ids with repulsive potentials have been studied using botitombined with a closure relatidn.The first of these, gener-
simulatiorf ~° and integral equatiors’!? alized for polydispersity, reads

All of these calculations have been for monodisperse
c_oIIoidaI suspensions. In thi; paper, we use intggral equa- 7(r12,01,02)=PJ dradosf(os)[c(ryz,01,03)
tions to study the effects of size and charge polydispersity on
_two—dimensional quids. The_effec;ive poten_tial that arises +Y(r13,01,03)]c(r 32,03,07) 3
in confined suspensions being still uncertain, we use two
familiar interaction models:(a) the repulsive part of for the indirect correlation functioy=g—1-c, wherec is
the Derjaguin-Landau-Verwey-OverbedPLVO) interac- the direct correlation function. The second, or closure, rela-
tion'2-1%and (b) the Lennard-Jones 12-6 interactith. tion expresses back in terms ofy and the pair interactios,

C(r,o1,0)=exd —Bo(r,o1,02)+ ¥(r,01,07)
30n sabbatical leave from Department of Physics, North Carolina State
University, Raleigh, North Carolina 27695-8202. +b(r,o1,05)]—1—y(r,o1,05), (4)
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where 8= 1/kgT, with kg Boltzmann’s constant. This equa- with the same numerical procedures. The new feature, the
tion must be supplemented with an approximation forHankel transform, is evaluated using an orthogonality-
b(r,o1,0,), the so-called bridge function, whose formal preserving algorithm’

definition as an infinite series in densityffers only modest The generalized pair distribution function
practical guidance. Most approximate closurescfaiefineb
implicitly. g(r,o1,0)=exd —Bo(r,o1,07)
~_The numerical evaluation of the OZ equation is simpler +y(r,01,05)+b(r,01,05)] (13)
in Fourier transform representation, which deconvolutes the
r integral. Thus, in transform space, H8) becomes is finally constructed from the self-consistent solution of the
. (OZ+closure) equations for the coefficientg;(r). The
(K, oy Uz)sz' dosf(os)[C(k,oq,05) thermodynamic quantities then directly computable frgm
0 are the internal energy,
+y(k,0q,03)]c(k,03,0,), 5 u_
y(k,o1,03)]c(K,03,05) ®) ,3 Jdr do do” (o) f(o)
with one remaining integration. We note that the Fourier
transform of a circularly symmetric function in two dimen- xg(r,o,0)Bo(r,o,0'), (14)

sions becomes a Hankel transform,
and the pressurp,

v"'v(k)=2wf dr rw(r)Jo(kr), (6) 8p 1
0 —=1-7p fdr do do’ f(o)f(a")
whereJy(x) is the zeroth-order Bessel function; the inverse P
of (6) is d r,o,o'
Xg(r,a,a’)rL). (15
1 Joc _ dr
w(r)y=-— [ dk kw(k)Jq(kr). 7
" 2w Jo W) Jo(kr) @) In addition, the isothermal compressibiliky ,
The final integration in Eq(5) can also be eliminated 1 ap
and the evaluation of the OZ equation reduced to algebra bg—k TK- ((9_)
now expanding allo-dependent functions in orthogonal BT Pl
polynomialsp;(o), j=0,1,2,.., defined such that :1_pf dr do do’ f(o)F(a)e(r,o0")
| a0 t@mompo1=5, ® I 5
where g;; is the Kronecker delta. Then with is obtained from the direct correlation function.
o Pair functions of interest can be expressed directly in
(K1, 0)= Z (K (0)p;(02) 9) terms of the computed coefficients. In particular, the

= number-number pair distribution function and the number-

o L~ number structure factdt are, respectively,
and a similar expansion af(k,o¢,05), Eq.(5) becomes

;ij(k):pz [E”(k)‘f'n’);”(k)]zu(k), (10) gNN(r)Ef dUl dUZ f(Ul)f(Uz)g(l’-01,02):900(”,
' (17)

or, in matrix notation,
Tk =p[C(k)+ T(k) 1) =pT (T~ pT (k)] Sui0= | doy el (o) (1=

(11) _ ,,
+pf(o)f(oa)h(K o1,02)]=1+phoy(k).

In these equationk (k), C(k) are symmetric matrices with

—~ —~ 18
elementsy;;(k), c;;j(k) andl is the unit matrix. Orthonor- N '( )
mality allows the easy inversion of E¢P) as Further, low order coefficients @f(r,o1,05) can be given a

physical interpretation. Thus, local fluctuations in density
;ij(k):f doy do, f(o.l)f(o.z)’:);(klo.l!o.z)pi(a.l)pj(a.z)‘ and size may be expressed in normalized form as
(12) %

Spo(r)= o(r—rj) 19
Similar expansions and inversions hold for functionsrin Po(1)= = ( (19
space. N

With the substitution of thd, transformg6) and(7) for 1 —

the corresponding sine transforms, these ingredients for a 9P1(== 121 ojé(r—ry)—op|. (20

polydisperse fluid in two dimensions are identical to those of
a polydisperse fluid in three dimensidhand can be solved Their spatial correlations are then given by
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8(r) where o, is defined as above. The Percus-Yevick and
<5Po(f)5po(0)>:T+[goo(r)—1], (21)  hypernetted-chain closures do not, in general, bracket the
exact results for potentials with an attractive tail and so the
(8p1(r)Spo(0))y=—ga(r), (22 RY closure is not as successful for such cases. Here we will
5(1) use instead a different closure “mix” proposed by Zerah and
1
(8pA(r) Bpa(0))= = +gyy(r). (23  Hanserf,
g g°"(r,oq,0p) =" PPsilln01.02)
11l. POTENTIAL MODELS WITHOUT AND WITH AN eM(N[=B¢i(r,01,09)+¥(r,o1,02)] _ 1
ATTRACTIVE WELL X1+ ,
m(r)
Two familiar potentials are used here to model a poly- (29)

disperse colloidal monolayefa) the repulsive part of the
DLVO interactiont* ** and (b) the Lennard-Jones 12-6
interaction®®

For charged hard spheres of polydisperse diameters
the repulsive DLVO potential, of Yukawa form, is

wherem(r) and its parametek are defined as in the RY
closure. The ZH equation requires a separation of the poten-
tial p= ¢, + ¢, into a repulsive short-rangsr) part and an
attractive long-rangdlr) part. We use for this the WCA
schemé?

oo, r<0'12
= Bd(r,o1,00)+Be, 11<rppn
PUCTL D NapAoex ki, 2, ﬁ¢>sr<r,al,az>={o, o ,
. :Z(U)ngeXQKUIZ)' [~Be <y
1+KO-/2 B¢)|r(r,a-l,0-2)_ B¢(r,01102): r>rmin7 (30)

where o,=(01+ d,)/2. In these expressiong, is the in-
verse [?ebye—HckeI ;creenmg_ '2”9”‘ determlneq by the tween Be=0.2 found by Kepler and Fradgmnd Be~0.3
counterion concentration ang = e“/4megekg T the Bjerrum : 6

found by Carbajakt al.
length. The charged mesospheres are assumed to have a con-
stant surface charge densityso that their resulting charge
polydispersity is mapped onto the size polydispersity accordry/. RESULTS FOR THE SCHULZ DISTRIBUTION
ing to

wherer i,=2%01,. The well depth is set g8e=0.25, be-

) The results presented in this section for two models of a
Z(0)=7 o (25) monolayer of polydisperse colloidal spheres are based on the
(0)=Z5 = Schulz distributio®® of sphere diameters. For particles

. . with a mean diameter, this is
whereZ_ is the number of elementary charges on a particle

of mean diametea We use the parameter \ values of Crocker
and Grie* ¢=650 nm, Lg=0.715 nm, ko =4.0, andZ;
=1990. Under these conditions, electrostatic repulsion keeps

the hard spheres from touching, so that only charge polydis\é"hefre_r(Z)f ish_thg_ 95_‘3""_‘3 f_unction. The relative standard
persity is relevant in practice. eviation of this distribution Is

a+1 O_ae—(a+1)o'/;

MNat+l) °

a+1l

o

f(o)=

(31)

A closure relation proposed by Rogers and Yodhg, [(o?)—(0)?]V? 1
M ¥(ro1,02) _q o (o) " (at+1)V2 (32)
RY, — o= Bé(r,o1,0)
r,o,,0 e 1+ , (26
g (r,o1,07) m(r) (26)
has proven to be very successful for purely repulsive potenFABLE I. Computed thermodynamics of a polydisperse colloidal mono-
tials such ag24). This equation mixes, via the function layer with repulsive DLVO potential and Schulz distribution of relative
' standard deviatios,, .
mr)=1—e ', (27)
. . . p;2 So BUIN Bplp pkgTKy
the Percus-Yevick and hypernetted-chain clostiteshich
separately bracket the exact results. The parameterEq. 0.05 0 0.1336 1.729 0.3587
(27) is chosen to enforce consistency between the inverse 8'; 8'1223 i;g? g'gggg
comprgssml!ny calc_ulgted from E¢L6) and t_hat obtained by 03 01319 1725 0.3593
numerical differentiation of Eq(15). We will use the RY 0.10 0 0.4544 3.434 0.1168
closure below for the DLVO potential. 0.1 0.4540 3.435 0.1166
To model the effective attraction observed between col- 0.2 0.4527 3.437 0.1163
loidal spheres forming a monolayer between charged glass 0.3 0.4504 3.442 0.1157
56 he simple L 4-J tontial 0.15 0 1.3030 7.742 0.0368
plates;”® we use the simple Lennard-Jones potential, 01 13041 7761 0.0366
o \12 g\ 6 0.2 1.3065 7.811 0.0362
12 12
ro,,0,)=48¢ | —| —|—=| |, 28 0.3 1.3090 7.891 0.0354
Bo(r,o1,07)=4p ( ; ) » ) (28
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FIG. 1. The number-number pair distribution functigg.(r) =goqo(r) for a
polydisperse colloidal monolayer with repulsive DLVO potential at densit

po?=0.15. The size dispersion of the colloidal spheres in descending ordelS

of the first peak is, =0, 0.2, and 0.3.
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FIG. 3. Pair correlation function coefficiengg(r)—1 (solid line), g,o(r)

(dash-dot ling, andg;4(r) (dotted ling for a polydisperse colloidal mono-

pyer with repulsive DLVO potential at densin/;Z:O.lS and size disper-
ions,=0.3.

which will be used to characterize the suspensions and defiriacreasing widths,=0.1, 0.2, 0.3, as well as the monodis-
the parametes. The orthonormal polynomials satisfying Eq. perse cases, =0, for reference. These quantities are seen to

(8) for the Schulz distributiorf (o) are
jIT(a+1) 1M?

: = (a)
P = FirarD) b

(a+ 1)2), (33)

be relatively insensitive to the charge dispersion for the
highly charged particles of the present sample. The effect of
increasing polydispersity on the number-number distribution

functiongyn(r) is seen in Fig. 1 fopc72=0.15. The general

where theLJ(“)(t) are the associated Laguerre polynomials. pattern of decreasing structure with increasing dispersion re-
We present first the results for the repulsive DLVO po-produces the behavior of polydisperse colloids in three

tential. Computed thermodynamic values are shown in Tablgimensions? This is further mirrored in the number-number

| for po2=0.05, 0.10, 0.15 and three Schulz distributions ofStructure factoSyy(k), shown in Fig. 2(The gny and Syn

curves fors,=0.1 are quite close to their monodisperse lim-
its and are omitted in Figs. 1 and 2 for clartffhe functions

oo Tt Joo(r)—1, gq09(r), and gq4(r) for correlations of density-
density, size-density, and size-size fluctuations, respectively,
Egs. (21)—(23), are shown in Fig. 3 for densityo?=0.15
~ - and dispersiors,=0.3. We see, for example, that at the first
peak ofgyo(r), which occurs at =2.540, the size-size fluc-
sfé TABLE Il. Computed thermodynamics of a polydisperse colloidal mono-
F layer with Lennard-Jones potential of well deggla=0.25 and Schulz dis-
L tribution of relative standard deviatics), .
pa? Sq BUIN Bplp pkeTKy
0.2 0 —0.0882 1.232 0.6468
0.1 —0.0887 1.234 0.6449
0.2 —0.0901 1.239 0.6389
° . . . | ) | ) 0.3 —0.0926 1.247 0.6291
0 2 4 6 8 0.4 0 —0.1736 1.658 0.3459
0.1 —0.1745 1.665 0.3426
ko 0.2 -0.1775 1.688 0.3328
_ 0.3 —0.1824 1.727 0.3168
FIG. 2. The number-number structure fac®jy(k)=1+phgyk) for a 0.6 0 —0.2383 2541 0.1540
polydisperse colloidal monolayer with repulsive DLVO potential at density 0.1 —0.2389 2.568 0.1510
p(?:O.lS. The size dispersion of the colloidal spheres in descending order 0.2 —0.2408 2.651 0.1423
of the first peak iss,=0, 0.2, and 0.3. The value &&=0 is largest fors, 0.3 —0.2431 2.801 0.1287

=0.3.
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FIG. 4. The number-number pair distribution functigig(r) =go(r) for a FIG. 6. Pair correlation function coefficiengg(r) —1 (solid line), gi(r)
polydisperse colloidal monolayer with Lennard-Jones potenfiai=0.38) (dash-dot ling, andg;4(r) (dotted ling for a polydisperse colloidal mono-

at densitypas?=0.48. The size dispersion of the colloidal spheres in de-layer with Lennard-Jones potentigBé=0.38) at densitypo?=0.48 and
scending order of the first peak$5=0, 0.2, and 0.3. size dispersiors,=0.3.

tuations arenegativelycorrelated, while the cross correlation the compressibility decreases—in contrast to the mixed be-

of size ?]nd Idensﬂy :]Iuctuatlonsh passes through ”zero. Thigavior seen for the purely repulsive potential in Table I; the
means that large spherdarge charggsare generally sur- percentage changes of these numbers with increasirge
rounded by small spherésmall chargesand vice versa. 554 several times larger than Table | data. The compara-

Thermodynamm results for the polydisperse Lenn_ard'tively greater effect of the polydispersity is seen also in the
Jones potenti&t for well depth Be=0.25 are gathered in gny and Syy curves for the Lennard-Jones model, Figs. 4
Table Il for three densitiesio?=0.2, 0.4, 0.6, and the same gng 5, compared to Figs. 1 and 2 for the repulsive DLVO
four values ofs, as above. Here the trends with increasingpotential, and further in the larger peaksgaf(r) andg,(r)
dispersion are consistent for the three densities—the internab|ative togo(r) —1 in Fig. 6, compared to Fig. 3. The phe-
energy becomes more negative, the pressure increases, ai§imenon of small spheres having large nearest neighbors

and vice versa, seen again in Fig. 6 &r=0.3, is shared

with the other model.
L B B The model parameters for the curves displayed in Figs.
] 4-6, namely, a well depttBe=0.38 and a densitpo?
=0.48, are chosen to approximate the highest density quasi-
two-dimensional colloidal suspension reported by Carbajal
et al® These authors note that, for their larger plate separa-
tions, displacements of the colloidal spheres perpendicular to
the midplane between the glass plates lead to changes in the
observed structureg§‘dimensionality effects’) that in fact
are similar to the effects of polydispersity seen in Figs. 1 and
4. (It is, of course, evident that the Schulz distribution is not
an appropriatequantitativemodel of the effective polydis-
persity due to such perpendicular displacemgitsabsolute
terms, the curve fos,=0 in Fig. 4 shows a “compressed”
structure compared to the measuyeef = 0.48 shape in Fig.

L 1(b) of Ref. 6, suggesting perhaps that the attractive well of
°5 5 10 15 20 the effective potential for the confined colloid has a shorter
range than that of the Lennard-Jones potential.

0
-

Sw(®)

ko

FIG. 5. The number-number structure fac®yy(k)=1+phoyk) for a
polydisperse colloidal monolayer with Lennard-Jones potengal<0.38) ACKNOWLEDGMENTS
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