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SUMMARY

The usual constitutive description of metals at high temperature treats creep as a phen-
omenon which must be added to time independent phenomena. A new approach is now
being advocated by some people, principally metallurgists. R. Lagneborg, J. H. Gittus, E.
Hart, K. C. Valanis, F. A. Leckie, and A. R. S. Ponter; S. R. Bodner and Y. Partom; and
A. Miller are just a few of the people involved. All of these theories are different. How-
ever, they have a common hypothesis. They all treat the inelastic strain as a unified
quantity, incapable of being separated into time dependent and time independent parts.
This paper examines the behavior of the differential formulations reported in the literature
together with one proposed by the author. These formulations are capable of representing
primary and secondary creep, cyclic hardening to a stable cyclic stress-strain loop, a con-
ventional plasticity behavior, and a Bauchinger effect which may be creep induced and
discernable either at fast or slow loading rates. These models are just beginning to attract
attention and have not begun to become standardized in form; however, there are several
aspects common to these formulations. One common difficulty is the design of simple ma-
terial tests which allow determination of constants or functions in the theories. Although
structural analysts could offer some help in this area, an aspect of more immediate concern
to the computational structural analyst is numerical integration of the resulting equations.

The new unified formulations seem to lead to very non-linear systems of equations
which are very well behaved in some regions and very stiff in other regions where the
word “stiff”” is used in the mathematical sense. Simple conventional methods of integrat-
ing incremental constitutive equations are observed to be totally inadequate. A method,
of numerically integrating the equations is presented.

Automatic step size determination based on accuracy and stability is a necessary ex-
pense. In the region where accuracy is the limiting condition the equations can be inte-
grated directly. A forward Euler predictor with a trapezoidal corrector is used in the paper.
In the region where stability is the limiting condition, direct integration methods become
inefficient and an implicit integrator which is suited to stiff equations must be used. A
backward Euler method is used in the paper. It is implemented with a Picard iteration
method in which a Newton method is used to predict inelastic strainrate and speed con-
vergence in a Newton-Raphson manner. This allows an analytic expression for the Jacob-
ian to be used, where a full Newton-Raphson would require a numerical approximation
to the Jacobian. The starting procedure for the iteration is an adaptation of time independ-
ent plasticity ideas.

Because of the inherent capability of the unified plasticity-creep formulations, it is felt
that these theories will become accepted in the metallurgical community. Structural an-
alysts will then be required to incorporate these formulations and must be prepared to face
the difficult implementation inherent in these models. This paper is an attempt to shed
some light on the difficulties and expenses involved.
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1. Introduction

A conventional constitutive description of metals at high temperature
uses an unnatural separation of inelastic strains into plastic and creep
strains. This description works well when laboratory material tests mimic
the final use load history. For complicated load histories this approach
has definite weaknesses. Metallurgists have always recognized that dis-
location generation and movement is a time dependent process and kinetics
becomes even more important at high temperature since other physical pro-
cesses become active and recovery from strain induced hardening becomes more
pronounced with temperature

Bailey [1] and Orowan [2] years ago suggested that the competing pro-
cesses of hardening and recovery be represented in constitutive equation for
metals at high temperature. This idea was revived by Mitra and McLean [3]
decades later and they experimentally verified the advantages of its basic
form. Again little seemed to be done with the idea until rather recently.
The approach is now gathering momentum and several full theories are now
available with many people contributing bits and pieces.

2. Basic Skeletal Model

It is logical at this point to present the models proposed by various
people. But the models are so diverse that it is convenient to place them
into a common framework and discuss the basic behavior of this abstracted
model. The behavior of the various models can then be explored by comparism
with the skeletal model.

The equations for the skeletal model are given as

gp = F¢ (1)
o =cle ey (2)
&= ngep - af @)
R = Ay épl - (R - R))g (4)

where 0 is the external or applied stress, o is the rest or back stress
corres;onding to the center of the yield surface for kinematic hardening
conventional plasticity, R is the drag stress corresponding to the radius
of the yield surface for isotropic hardening conventional plasticity, §

is the internal stress and is the deviatoric part of the stress difference
(g - g), é is the extern.l strainrate, and ép is the inelastic strainrate.
(The subscript p has been used but both plasticity and creep are included.)
The matrix ¢ is the matrix of elastic constants. The scalar functions F,
A, A

o R’
o and R in general. The direction of the inelastic strainrate is consistent

f, and g are functions of applied stress ¢ and internal variables

with the usual assumption that plastic strains and creep strains are in the

direction of £.
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The model is easily generalized to include other internal variables and
the scalar functions generalized to matrices and so forth. The opposite ap-
proach is taken here. This is the simplest model which will demonstrate most
of the observed behavior in metals at high temperature, and yet it is terri-
bly‘complicated already. "Sufficient unto the day is the evil thereof."”
There are already more constants and functions than one would want to experi-
mentally find without introducing general anisotropy into the list of mate-

rial tests required.

3. Behavior of the Basic Model
The various models to be discussed below are characterized by various

functional forms for F, Aa' A f, and g. Some of them also omit one or both

Rl
of the hardening variables. Those used in the various models are chosen
either to model a particular metallurgical mechanism or to fit observed data.

The functions By A £, and g will be chosen to be constants for the

'
explanation here. The fﬁnction F must be chosen such that creep of a form
observed in metals is represented. It contains a power function of stress
in most of the models presented. It also must be a function of R if
isotropic hardening is to be represented. The specific form beyond these
general properties is not necessary here.

Temperature variations have been purposely excluded from the skeletal
model as well as from the models taken from the literature. This is for
simplicity.

This formulation then shows that for any given stress level with no

hardening, i.e., A, = AR = 0, creep strainrate is given by e_ = F §, where

s is the deviatoric part of the applied stress, J. The funczion F would be
generated by creep tests. Note that no primary phase is modeled in this case.
Steady state creep is established immediately. This is true for any form

of F(%) if no hardening is present.

For the case where some hardening is present (A # 0 and/or AR # 0)
then a transient phase is modeled where ¢ and R build up to stationary val-
ues for a given steady applied stress state 0. We observe that if o and R-R
are initially zero then initially the recovery terms in Egs. (3) and (4) are
zero and the hardening terms, the first terms, are dominant and o and.R are
large and positive. As a and R grow, the recovery (the second terms in
Eqs. (3) and (4) become more dominant until ¢ and ﬁ approach zero. Steady

state values of ¢ and R and then given by

gss = (Aa/f) gpss
Rgg = Ry + (Bp/9) |epgs] (5)

and the function F for this applied stress level is given by Egs. (1) and
(5) as

F(S, o R.) =¢ e /g

ss’ “'ss <pss Zss’ '2ss
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so that measured values of Ugg? RSS and e under creep at various § could be
used to determine the functional forms of Au/f, AR/g, and F. For a suddenly
applied load then a transient period of high strainrate (primary creep) is
followed by an exponential-Ilike reduction in the rate as £ decreases to a
steady state value. This secondary creep state is characterized by hardening
and recovery processes which are in dynamic equilibrium.

Now consider the case of a system in secondary creep where the applied
stress is then suddenly reduced to zero. If F were a homogeneous function
of g: then ép would suddenly become zero. If F were a function of £ only
then gp would be nonzero and directed as 0, that is, opposite to the direc-
tion that the stress was originally applied. This would resemble an elastic
strain recovery (and point out the inappropriateness of the name for e_ for
this case). Even in this case ép would be small since ¢ is usually s%aller
than § and F is roughly a power function of the stress. Then under the zero
load condition, Eg. (3) gives an approximate value for a of -af so that o
would decay roughly exponentially for constant f as o = a, ex;(-t/f) and
similarly for R. Annealing is then demonstrated by the model. Again more
complicated functions for f and g are needed but the basic annealing behavior
is apparent.

Other behavior demonstrated by the model is hardening under a cyclic
load to a stationary loop which is of a different size for different strain
rates and different strain limits and hold times. Creep induced Banschinger
effect is apparent also. The list could be extended even further for this
basic model, but at this point it becomes more fruitful to look at some

specific forms for the functions as given in the various theories.

4. Survey of Various Models

Unfortunately, there isn't enough space here to present more than a
list of authors of the various models and a short statement about their work.
They are presented in alphabetical order to avoid the difficulties of
attaching dates and unintended bias to the models. Some of these constitu-
tive descriptions are called theories and others are called models by their
authors. The word "model" will be used throughout for consistency.

The descriptive equations for the models are listed in Table I. The
notation used is that presented here. The notations for constants and func-
tions are only meant to convey that meaning so Cq» for example, is completely
different for each model.

S. R. Bodner [4] discussed a simple viscoplastic model in 1968 using
only Egs. (1) and (2) with no hardening. This was expanded by Bodner and
Partom {5] to include isotropic hardening. This model should perhaps be
omitted here because of its lack of recovery behavior (g = 0) but is included
because of the unique way of incorporating the isotropic hardening parameter
R into the function F. They write the Z equation in terms of plastic work
put if this is' identified as g - ép and the transformation R = -C times
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in(z - Zl)/Z0 is applied, then the forms shown in the table are the result.
The model is particularly aimed at lower temperature behavior.

E. W. Hart [6] outlined his basic model in 1970. A more recent version
[7] is stated for a general stress state. The equations used by Hart are
computationally awkward in order to illuminate various metallurgically
meaningful quantities. The variables Ter Tqr g*, and ¢ (in his notation) are
eliminated by algebraic manipulations and our o is substituted for his ¥ a.
Note that an additional evolutionary scalar variable 0* is used in this
theory. But it does not play the role of the isotropic hardening parameter
R since F is not a function of o%. 1In fact 0* only influences the recovery
rate on 0. The case where 0 is zero introduces problems in this model as
noted in the form for f.

My own model is presented here as a composite of the other models so
that the numerical difficulties of integration of a unified theory could be
illustrated. It has both isotropic and kinematic hardening. It has non-
linear recovery behavior for ¢ and R, and has a power function of stress in
the form for F. A unique feature is that it is based on a (yet unpublished)
time independent plasticity theory with a nonlinear hardening rate, similar
in behavior to that in [8] but the one here is much simpler to implement.

R. Lagneborg [9, 10] developed a model based on dislocation density,
Since his is a uniaxial model it cannot be compared directly. The table
entries are a multiaxial extension where we have made 92 in his Eq. (5b) [10],

-0.50_ This extension has the curious

to be |p|p and identified our o as C|p]|
behavior that a does not harden at the same rate in all directions, but moves
at twice the rate when ép is perpendicular to ¢ than when it is parallel.
This should not be blamed on Lagneborg since it is only the result of the
extension. The model is particularly notable in its strong physical
motivation. A notable point here is that the form for A does not admit the
condition |g| = 0. This is only a fault of the identification of o with p
where the equation for p does not have this defect. This leads one to
question the appropriateness of the variable 2.

A. Miller [11-12]) has a model based on a combination of metallurgical
arguments and emperical observations. This model has been applied to Zirc-
alloy particularly. It has both isotropic and kinematic hardening and is
computationally unique in the transcendental form for F since lépl occurs on
the right side of the equation through its relation to V.,

P. R. Paslay and C. H. Wells [13] applied the concepts of Lagneborg
together with other metallurgical arguments to arrive at a uniaxial model.
This has been extended here to the multiaxial case in the manner explained
above for Lagneborg's model and has the same difficulty. Again the diffi-
culties are not present when the equation is stated in terms of their
variable p rather than o.

A. R. S. Ponter and F. A. Leckie [14) have proposed two models, one with
isotropic and the other with kinematic hardening. They use the creep poten-
tial ideas of Rice [15) to good advantage. Their models are deduced from
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Egs. (29) [14].
The ideas of Lagneborg and those of Rice are also reflected in the
Robinson-Pugh-Corum Model [16]. This model is unique in its use of the Mises

function £+& - R,. This model is notable in the small number of constants
required.

There are others who have contributed to the literature in this area,
several with their own models which for one reason or another cannot be
directly compared. G. M. Brown [17], J. H. Gitters [18-19], and K. C.
Valanis [20] are particularly notable.

5. Implementation of the Models

0f the models presented, only those of Bodner and Partom and Hart [21]
have been implemented in structural computations. Miller's model has been
programmed into a subroutine and is presently being incorporated into a
structural program. A difficulty common to all the models is that the equa-
tions have regions, particularly the high stress regions, where the equations
are "stiff" in the mathematical sense. Miller has handled this stiffness
by using the methods of C. W. Gear [21] in an adaptive general purpose com-
puter integration program. This has been very successful and is recommended
as a technique for examining the behavior of the various models. This model
is now being incorporated into a finite element structural computer program
at General Electric in Schenectady, New York.

Kumar and Mukherjee [22] who incorporated Hart's model into a structural
model did not use a stiff integrator. They used a fourth order Runge-Kutta
method which is only conditionally stable. They mention that "the choice of
a time step size is critical and variable time steps are necessary." The
problems worked were only one dimensional in space and the stress was mono-
tone in time at each point. Only 100 nodal points were used for these stress
relaxation types of problems but the execution time was revorted at under
40 seconds on the IBM 360/168. It remains to be seen whether this approach
is viable when the problem involves rapid loading to high stress levels with
stress reversals over some regions.

The viability of various integrators is illustrated with Egn (4) which
has been decoupled by assuming lép| to be constant and then non-dimensional-
izing to the form:

3
y'=1-vy r ¥, 20

One method of integrating this is to use a simple backward Euler method as

_ 3
Ype1 T ¥p v (1 - yp) At

This equation is absolutely stable as defined by Dalquist [23] when the equa-
tion of first variation gives |yn+l| less than lyn|. This gives the stability

condition: )
At < 2/Va.
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When yn = 100 for example, the time step may become so expensive that this
method must be abandoned.

The forward Euler method simply uses yi+l on the right side of the equa-
tion. The resulting cubic scalar equation could be solved directly but an
iterative method must be used on the real equations so we apply the simplest

iterative method, the Picard method as

) . 3
v -y e |1 ha) ] e

where the superscript i refers to the iterate number. In spite of the fact
that the forward Euler method is an A-stable method and Yoi1 is positive for
any positive Yy and At, this implementation of the method will not always
converge. As an example, with At = 2 and Y, = 100, an overflow will be en-
countered in four iterations or less, even 1f the initial guess for y +1 is
within 0.001 of the desired value 3.66349. A similar thing happens for A
0.01.

The full Newton-Raphson iteration method applied to the Euler forward
difference integrator does converge if the analytic form for the Jacobian is
used. In fact, it will even converge if the cubic term is replaced by a
general positive power p.

A promising technique then seems to be to use a simple integrator such
as a Runge-Kutta or even a simple Euler backward difference method as long
as stability (and accuracy) does not require a time step which is too small.
In that case a backward Euler method with a Newton-Raphson jiteration would

be used.

6. Stability of the Explicit Method

A vector unknown can be defined as y = {snéanfR}T. The backward Euler
method can then be written as

Yl = Q ¥n + P

where the matrix A is a function of Yn- Absolute stability requires that
the usual norm of Yo+l = A Yn be less than that of Yn This in turn re-
guires that all the eigenvalues of A have magnitudes less than one. But if
S and o have six components, then A is a 13 x 13 matrix and only finding the
largest eigenvalue will be expensive. A cheaper method is simply to compute
y e+l with a single step, compute its norm, and compare this with the norm
of y, |yn+1| < f|§ | where £ < 1 is an experimentally determined para-
meter which produces acceptable accuracy, then the desired integration is
Yo+l = ¥n+l + 9. If not, then the process could be repeated again with the
smallest economically acceptable step size. This step size could be used to
subincrement inside the constitutive subroutine. This process must be re-
peated at every step.

The advantage of this method is that it is virtually free if the step
size is acceptable and cheaper than finding the eigenvalue of A with the
largest magnitude in any case. )
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7. Newton-Raphson forward Euler Method

The Newton-Raphson forward Euler method when applied directly to the
differential equation 2 - F(y,t) is an expensive method since y has nine sca-
lar components for a plana; ;roblem or 13 for a three-dimensional problem.
This means the resulting non-symmetric Jacobian has 81 or 169 components
which must be formed to solve:

i

i i
(I - 38/3ylh,y 8Y = ¥, Yne1 t Fper AF

and obtain the next iterate as ggii = ¥:+l

is to form the scalar equations for the time rates of |§|, |a| and R. These

+ 8y. A more economical approach

equations involve the relative directions of the vectors in terms such as
e 5/ |el|s] and o - § / |e||§] which are taken to be constant over the
;ime of i;tegration? The Jacobian which must be reformed at every iteration
has only eight non-trivial components. This allows |ép| in particﬁlar to be
found reliably and rather economically. The solutions for these magnitudes
are then used in the Euler equations for é and é but now the matrices which
multiply Yo+l only contain the scalar magnitudes which have been found al-
ready so that no iteration is needed here,.

At this point it may be profitable to repeat the entire process where
values of é © 5/ |é||§| and o + § / |a||§|have been averaged over the time
step. ) )

8. Summary and Unanswered Questions

Eight unified creep-plasticity models of various authors were stated
in isothermal form in a common framework or skeletal model. The behavior
of this model is explored and seen to have many attractive features. But
an intriguing question arose concerning whether o or the dislocation density
vector p should be used. Another point concerns the wide variety of func-
tional forms which can be applied to the skeletal model as noted in Table TI.
Random searching for functions which fit test data seems to be an expensive
way to build a model. Applied mechanicians must rely on materials experts
for physical motivation for these functional forms.

The rate equations which result from these models are noted to be
mathematically stiff in many interesting regions. Suggested methods of
numerically integrating these equations are motivated and presented. Since
this is a report on work in progress, the suggestions are merely that, not
proven fact. 1In particular, even if the constitutive equations can be
successfully integrated, this does not imply that the finite element program
containing a theory of this type can successfully converge.

This merely points out that researchers working with structural computer

programs will not run out of meaningful work for some time.



M 6/ 4%

0.0 sTToM-ko21Ssed
0. 0 - .
¥°N YN Lﬂ_. m_\ (0 ¥ _ z w._nu pPopuUalXy
{(P)¥_u aly § %5
4 4
~ d~ 7T T=T d~
‘o IRl o+ % —N: 2| {2 Port vn _ dxe mmo N + ° €T5) sotr Tl + 0T = A :ozoum
I T =
% -u = " ¢ 2 .
6 g _a_\—ﬁ_u_ Uvaqﬂm_ 0 o) < _m .oA A+d v .15} _ quts | o ISTTTH
—A g Uvnc.nm_ o) u § L S T
ul'€ ' u
~ D0 - ~ 61oqoubeT
N N d'mo D )a dm -1 NU Q_m_._uo popus1IxXyg
c @5
o B o ~
a5 N_5_5 (Fo/m.5-rdxe Eo4lp Lesi| o BorTy
?Hfovm - ﬁa.*ovamo = ,DPuy aasym
- z )
¥°N ¥°N |_|_.M uy E«om”U 2 u § ._”o JICH
¥
(So/g-)dxs Vo + €5 = z :ezeum
u
0 e "Y¥UN YN : AWX|H+L - _ dxs [ o ) wo3Ied-ISUpPOg
z — — s-ol @
e 3 v s TSPOW oTsed

I JTdVYdL



M 6/ 4%

*sxoyane oyl Aq popuUSIUT SOTFTTenbouT oy3 oIe SSOUY3 ISYISYM 3NOge UoT}sonb oswos ST 2Ia9YLy

SUOT3OUNF S930UdP —-= ()T * * * ‘()€ ‘()Y
S3UB]SUOD S9J0USIP —-— Hq.nU < ~Ho
:uoT3e3ION
!
e unxon
] =€ S /T N 5 s )T Bng-uosuTqo
YN *¥°N _a fo) _a_\\ o) A g -5 « § o) -ybng-uosutrqod
£ e\ @
¢ > 5] ¢ 0
N . . o B $OTIPWOUTY
wN "voN OF ® v a = 1E]1E)/(% - 180y rpeLasated
g > __W_ ! 0
R N yoTdoxjosIT
()6 e oRa’s YN YN ¥ = |s| ._mw\Nm - _m_v< SH{PII-183U0g
% T N o = Topow otsea
A4 E 7 a T9POW OTsed

ponUT3UOD I AIdvdL



10

11

12,

13.

14

15.

16.

17.

18.

— 11—

M 6/ 4%

Bailey, R. W., J. Inst. Metall., Vol. 35, (1926), p. 27.
Orowan, E., J. West. Scot. Iron St. Inst., Vol. 54 (1946-7), p. 45.

Mitra, S. K and McLean, D., Proc. of Royal Soc. (London}), 4, Vol.295
p. 288-299. (1966) .

Bodner, S. R., "Constitutive Equations for Dynamic Material Behavior,"
Mechanical Behavior of Materials under Dynamic Loads, Lindholm,
U. S., ed., Springer-Verlag, New York, 1968, pp. 176-190.

Bodner, S. R., and Partom, Y., "Constitutive Equations for Elastic-
Viscoplastic Strain-Hardening Materials," Journ of Appl. Mech.,
Vol. 42, No. 2, (June 1975), pp. 385-389.

Hart, E. W., "A Phenomenological Theory for Plastic Deformation of
Polycrystalline Metals," Acta Metallurgica, Vol. 18, No. 6, (June
1970), pp. 599-610.

Hart, E. W., "Constitutive Relations fo; the Non-Elastic Deformation
of Metals," 1975, Report 75CRD168, General Electric Co., Corporate
Research and Dev., Schenectady, N. Y.

Krieg, R. D., "A Practical Two-Surface Plasticity Theory,” J. of
Appl Mech., Vol. 42, No. 3, Sept. 75, pp. 641-646.

Lagneborg, R., "Development and Refinement of the Recovery-Creep
Theory," Met. Sc. J., Vol. 3, (1969), pp. 161-168.

Lagneborg, Rune, "A Modified Recovery-Creep Model and its Evaluation,"
Met. Sc. J., Vol. 6, (1972), pp. 127-133.

Miller, A., "An Inelastic Constitutive Model for Monotonic, Cyclic,
and Creep Deformation: Parts I and II," J. of Engr. Mat. and Tech.,
Vol. 98, No. 2 (Apr. 76), pp. 97-103.

Miller, A., and Sherby, O. D., "Development of the Materials Code,
MATMOD ({(Constitutive Equations for Zircalloy)," Quart. Prog. Reports
(1975-1976) Sponsored by E.P.R.I., Palo Alto, Cal., Project No.
RP-456-1.

Gittus, J. H., "Multiaxial Mechanical Equation of States for a Work-
hardening/Recovery Model of Dislocation Creep," Phil. Mag., Vol. 25,
No. 5, (May 1972), pp. 1233-2148.

Porner, A. R. S., and Leckie, F. A., "Constitutive Relationships for
the Time-Dependent Deformation of Metals," J. of Engr. Mat. and Tech.
(Jan. 1976), pp. 47-51.

Rice, J. R., "On the Structure of Stress-Strain Relations for Time-
Dependent Plastic Deformation in Metals," J. of Appl. Mech., Vol. 37,
(Sept. 1970), pp. 728-737.

Robinson, D. N., Pugh, C. E., and Corum, J. M., "Constitutive Equa-
tions for Describing High-Temperature Inelastic Behavior of Structural
Alloys," IAEA International Working Group on Fast Reactors, Specia-
lists--Meeting on High Temperature Structural Design Technology,
April, 1976.

Brown, G. M,, "A Self-Consistent Polycrystalline Model for Creep
Under Combined Stress States," J. Mech. Phys. Solids, Vol. 18 (1970),
pp. 367-381.

Gittus, J. H., "Development of Constitutive Relation for Plastic De-
formation from a Dislocation Model," J. Engr. Mat, and Tech., Jan.1976
p. 52-59,



a9.

20.

21.

22

23.

—_12 —

Gittus, J. H., "Microstructure Based Modelling of Constitutive

Behavior for Engineering Applications," Equations in
Plasticity, Argon, A. S., ed., M.I.T. Pr e, Mass., 1975,

pp. 487-548.

Valanis, K. C., "On the Foundations of the Endochronic Theory of
Viscoplasticity," Arc. of Mech., 27, 5-6, pp. 857-868, (1975).

Hindmarsh, A. C., "GEAR: Ordinary Differential Equation System Sol-
ver," Lawrence Livermore Laboratory Report #UCID-30001, Rev. 3,
Dec. 1974.

Kumar, V., and Mukherjee, S., "Creep Analysis of Structures Using a
New Equation of State Type Constitutive Equation," Computers and
Structures, Vol. 6, (1976), pp. 429-437.

Dalquist, G. G., "A Special Stability Problem for Linear Multistep
Methods," BIT Vol. 3 (1963), pp. 27-43.

M 6/ 4%



