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STEVEN MICHAEL SNAPINN. An Evaluation of Smoothed.Error Rate
Estimators in Discriminant Analysis (Under the direction of
JAMES D. KNOKE.)

-

. No definitive technique for the estimation of error rates in

L1

discriminant analysis currently exists. The most commonly used
estimators include the parametric ﬁlug-in estimatér (b method), and
the ﬁonparametric résubstitution estimator (R method) and leave-one-
out estimator (U method). The U mgthod has received much attention
recently because it is less biased than any other method; however,
Glick (1978) has shown it to have very large variance. Smoothed
error rate estimators, suggested;by!Glick in order to reduce the
variance of the R method, are evaluated and compared with several

other methods of estimation.

Estimators are compared under a variety of conditions, including
univariate normal, multivariaté normal, and some non-normal observaticn
vectors; and several combinations of training sample sizes and prior
probabilities. The basis of comparison among the estimators, un-
conditional mean square error, is calculated in the univariate normal
situations using both numerical integration and Monte Carlo sampling,
and in all other situations using only Monte Carlo sampling. |

Smoothing is found to reduce the variance of the R method
considerably; the greater the level of smoothing the larger the
variance reduction. Low levels of smopthing tend to reduce the
normally optimistic bias of thezi method, whereas high levels tend to
-introduce a pessimistic bias. An algorithm is presented for deter- :
mining a reasonable level of smoothing, as a function éf theltraining'

sample sizes and the number of dimensions of the observation vector.

In terms of unconditional mean square error, the particular smoothed



error rate estimator defined in this way, called the NS method, is a
nonparametric estimator which is generally better than the R and U
methods, and which is nearly as good as existing parametric estimators
undgr normality.

The use of the NS method is illustrated on a data set collected
to study two—year_sﬁ;vival following myocardial infarction. A FORTRAN
subprogram is presented which may be used to evaluate the NS estimate

for several different types of discriminant functionms.
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I. INTRODUCTION

I.1 A History of the Problem of Error Rate

Estimation in Discriminant Analysis

1.1.1 Discriminant analysis

Discriminant analysis may be performed with any number of groups;
however, for convenience the two group problem is considered here..
Let LY and m, refer to two mutually exclusive parent populations,
each having a distribution function from the same parametric class.
The r-dimensional random variable, X, is defined such that the

distribution function of X 1s F(x;el) when X is from T and F(x;8

-

2)

when X is from wz;'where Bi, i=1,2, is a vector of parameters.

Given an observation, x, the purpose of discriminant analysis is to
classify the observation into its population of origin. Define 9 as
the prior probability that an observation belongs to . Similarly,

let ¢ be the cost of misclassifying an observation belonging to L
and let Py be the probability that an observation from L is mis-
classified. The expected loss, or risk, for an observation from "i is
the product of the cost of a mistake and the probability of making‘it:
P;Cy- The expected loss due to misclassification for a random
observation isAthe sum over the two populations of the product of the

probability of drawing from the population and the expected loss for

the population: .47¢7Py + q,C,P, (Anderson 1951}.



When 0 = ( 8, : 0, ) is known, the Bayes rule which minimizes the
loss due to misclassification is based on the likelihood ratio

(Wald 1944). Let the likelihood ratio be

Ee(f) = f(f;91) / f(fiﬁz)

-

and classify x as follows:

> k classify x into "

if Ee(x) < 'k classify x into T,

k classify x into T

and into T, with probability 1-vy,

(1.1)

with probability ¥y

ﬁhere k = 4,6 / 91€,- The symbol £ is used to denote the rule defined
by (1.1). Throughout this paper v = 0 is assumed, and in this
situation, the rule, 7, is nonrandomized.

In most applications of discriminant analysis, 61 and 02 are not

~

known, but rather must be estimated. Samples of size ny and Ny,

called the training samples, are chosen from w, and #,, and estimates

1 2

and 92 = 92 are obtained. Note that @1 and 02 refer to random

~ ~

0. =9

-1 1

variables, whereas Bl'and 82 refer to realizations of these random

variables.

The usual procedure is to replace 8 by 6 and 8, in the

1 2 1

and § 2

likelihood ratio; hence

la(f) = f(f;?l) / £(x;8,), )

where 6 = ( 81 : 92 }. Now classify x as follows:




> k classify x into =

1f 25(x) - ! (1.2)
- < k classify x into T

and use the symbol ¢ to denote the rule defined by (1.2). Although
this rule does not minimize the loss due to misclassification, it is

simple to apply and "it seems to be a reasonable procedure"

(Anderson 1951).

I.1.2 Error rates of the discriminant rules

There are several different error rates associated with the
discriminant ruléé above, and it is necessary to bé very careful to
avoid confusing them. First, let ai(c), 1=1,2; be defined as the
probability that a random member of @, is misallocated when the rule

i

{ is used:

it

al(;) Pr {£e(§) <k | § € ﬂl}

Pr {2,(X) > k | Xeml

-~

az(c)

These are known as the optimum error rates; they are the error rates .
that would occur if 0 were known.

Since my and T, are labelled arbitrarily, it is necessary only to
consider ul(;). To study az(c), the labels of the populations are
simply ihterchanged. Therefore, subsequently, any unknown observation,
X, is assumed to éome from L the subscript on a is dropped, and

a(z) = al(c). The optimum error rate is now given by

a(x) = Pr {2,(0 < k.

-~



The conditional actual error rate is defined as the probability

~

that a random observation from ﬂl is misallocated when the rule 7 .

is used:

a(®) = Pr {25(X) <k},

Note that this error rate is conditional on the estimated parameters,
which in turn are determined by the training samples.

The final error rate considered here is the expected actual
error rate. This is the probability that randomly chosen training
samples yield ‘a decision rule which misclassifies a randomlf chosen
member of T If the expected value operator is defiﬁed’with respect
to all possible training samples, then the expected actual error rate
is written as

Ela(D)]. = E[Pr (2500 < k}] = Pr {25(%) < k}.

-~ -~

N&te the hierarchy associated with these error rates: the
optimum error rate is a function only of the distributions of X for
the two populations, the expected actual error rate is a function of
the distributions of X and the tfaining sample sizes, while the con-
ditional actual error rate is a function of the distributions of X
and the particular training samples selected.

In order to compare error rate estimators it 1s necessary td
specify the error rate being estimated. Assuming 6 is unknown, esti-
mates of the optimum error rate and the expected actual error rate are
valuable for deciding whether or not a discriminant analysis should

be performed, for comparing possible discriminant rules, and for

determining the advantages of increasing the size of the training

i

A




samples. However, an experimenter is most likely to be concerned with
the performance of his or her discriﬁinant rule after the training
samples have been selected. Although the performance of the rule can
vary greatly with fhe choice of the training samples, the optimum
érror rate and the expected actual error rate are independent of that
. cboiée. Therefore, once a discriminant rule, E, has been determined,

it is the conditional actual error rate, a{f), which is of interest.

I.1.3 Expressions for a(zr), u(z) and E[u(g)] under normality
Throughout this paper the costs of misclassification are assumed

to be equal; this may be done without loss of generality since this

assumption does not restrict the range of the constant k (1.1). Now

consider the situation where “1 and n2 refer to r-variate normal

parent distributions with unknown means, u, and u,, respectively, a
. 21 -2

common covariance matrix, I, which may be known or unknown, and let

-~

2 = (y -y '3 -
65 = Qupmu) 'L (ymy) (1.3)

Ay

be -the Mahalanobis distance between the populations. Also assume
equal prior probabilities and, therefore, k = 1.

Now let il = §l’ iz = §2, and Z = S be the minimum variance

unbiased estimates of Hys My and I based on the training samples

(Anderson 1951). Note that I refers to a random variable, and S

to a realization of that random variable. In this situation, the

linear discriminant function, or Anderson's W statistic, is defined as

: [X—%(il+i2)]' E—l (il-iz) if I known
W(X) = - > ~ - ~

S (1.4)
[f'%(§1+§2?] IT X)) if

e~

unknown,



and the decision rule, ¢ of (1.2), reduces to

>0 assign x to 7
if Wix) -
- <0 assign x to T,.

The optimum error rate 1is simply

a(r) = ¢(-A/2) (1.5)

/2 3% (John 1961).

- —_—2
where 8(t) = [5_ (2m 7% ™
Conditional on the training samples (and therefore on §1, §2,

and S), W(X) has a univariate normal distribution:

)
- - -1 - -
- L —
NG 1T 20 Gyxg)
(R,~%)' I (&%) 3 f £ known
W(K) Tt T T -
-~ . - (] -
A T U
- =\ -1..~1 = =
\ (x7%)" § 728 7 (x7xp) } 1f T unknown.

The conditional actual error rate is the probability that W(X) is less

than or equal to zerc and hence can be given as

R T
e P S v L
o) - — . i if I known
R | [(xlﬂxz)' T (xl-xz)] - ' 1.6
azg) = r AR PR 1.6
| b (x4 1 871 (R,-%,)
9| - :l — -1 ”El "“1 :l :2 L if ¥ unknown
[Ge-x))" 877 2877 (xy-x,)] )
(McLachlan 1972). 2

The expected actual error rate is more complicated. For L

~

unknown, an asymptotic distribution of E[la(g)] was given by McLachlan

(1972, 1974a), and Sayre (1980) used numerical integration to tabulate




values of Ela{z)] for r = 1,...,4 and n, = m,

results were compared and were found to be in close agreement.

= 25, 50, 100. These

In the univariate case, r = 1, the situation simplifies con-

siderably. Equation (1.5) involves only A2 = (yu -u2)2 / 2. Equation

1
(1.6) reduces to

&4 -[ul—%(§1+§2)j / o} if §1 > §2

1 - of -lu%Ge+x)] /o )} if El < x

() =
2'

_for 02 known or unknown. John {(1961) showed that

Ela(z)] = G(-a,b;p) + G(a,-b;p) (1.7)
where a= (uz—ul)(nlnz)% / o(n1+n2)%
b = (uz-ul)(nlnz)ls / 0(4n1n2+n1+n2)%
o = (nyn)) / [(ap+n,) (4n nytn +n,) 1%
and ' G(t),t,50) = [27(1-p2) 7)1 5115

- 2 _n2
exp{ x] 2px1x2+x2 [ 2(1-p%) } dxzdxl.

I.1.4 Criteria for comparing error rate estimators
Let o represent an arbitrary estimator of the conditional actual
error rate, a{z), based on the training samples. The most reasonable

criterion for comparing estimators is felt to be
E[G - Q(C) ]2’ ] (1-8)

called the unconditional mean square error (UMSE) by Sedransk and
Okamoto (1971). Two other possible criteria are the conditional

mean square error,

E e - ()2 | 01, (1.9)



and the mean absolute error

E} o - «(2) 1. (1.10)

The results obtained'using'the criterion of conditional mean
square error are fﬁnctions of é; this criterion could be used if it
were desirable to have the choice of the error rate estimator depend -
on the training samples. However, the goal of this study is to compare
estimators chosen independently of the training samples. Therefore,
UMSE, which is the expected value of the conditional mean square error
over the distribution of é, is the preferred criterion.r The mean
absolute error is also felt to be a reasonable'criferion, but it is
not consldered further because it is not as sensitive to the variability

of the error as the unconditional mean square error.

1.2 Error Rate Estimators
Each of the methods of error rate estimation described in this
section is given a symbol to identify it. The estimators are referred

to by o with that symbol as a superscript.

I.2.1 Plug-in estimator
The earliest error rate estimator, called the plug-in estimator

or the D method, was proposed by Fisher (1936). Let

™

2‘1 (il-iz) if I known
(X,-X.)"' g_l (X.-X,) if I unknown; -1
g - 1 L2 ?

Y _¥ 1
b2 - (X7X,)

the plug-in estimator is defined by

o = 9(-D/2).




Note that this estimator can be obtained in two ways: by substituting
D for A in (1.5); or, conditioned on %1, %2, and §, by substituting
%1 for El and, if § unknown, § for f’ in (1.6).

.Many investigators have found that this estimator is optimistically
biased for the conditional actual error rate in that it tends to be
smaller than a(g) (Duhn and Varady 1966; Lachenbruch and Mickey 1968;
Glick 1978). The distribution of ;D has been well studied. In the

univariate case with o2 known, Hills (1966) established that’
D, _ ) _
E(a’) = ¢(al) + ¢(bl) 2G(a1,bl,p1) (1.12)

= L _ Y _ 4
where a, = A/2(l+hl) by = A/g(hl) » Py = [hl/(l+h1)] and
hl = (nl+n2)/4nln2. Moran (1975) generalized (1.12) to the r-variate

normal case with I known:
E(®) = Pr {w /w, > (14p,)/(1-p,)}
1' "2 1 1

where Py is as for.(1.12) and vy and v, are independently distfibutéd
hon—central xz random variables, each with r degrees of freedom. The
non-centrality parameters are complicated functions of A2 and the
training sample sizes. The asymptotic distribution of ;D has been
studied by McLachlan (1973) and Schervish (1981). This estimator has
been studied using Monte Carlo simulation by Dunn (1971) and Dunn and
Varady (1966), who determined confidence intervals for a(g) and a(zg)

-~

given aD, the training sample sizes, r and A.

I.2.2 Resubstitution eétimator
Another commonly used error rate estimator, called the resubsti-

tution estimator, the apparent error rate, or the R method, was first



proposed by Smith (1947). This is the proportion of the observations
in the training sample from Ty which is misclassified by the dis-

ceriminant rule.

Das Gupta (1974) presented the following inequalities in the

r-variate normal case:

E(uR) < E(aD) if T is known
E(GR) < a(z) < Ela(D)] 1f n, =1, and I is known or unknown

E(aR) < Ela(z)] if I is known and r = 1.

Although none of the above inequalities directly compares ;R and
a(g), they may serve as indirect comparisons, indicating tﬁat ;R is
optimistically biased for u(g); more so than ;D. Sampling studies
(Lachenbruch and Mickey 1968; Glick 1978) have shown that the bias
of the resubstitution estimator with respect to a(z) may be very
lgrge, especially when Nys My and A% are small.

In the univariate normal case with ¢2 known, Hills (1966) estab-

lished that
AR _ . . r .
E(a) = ¢(az) + é(bz) - ZG(az,bz,pz)‘ | (1.13)

.. e - oLy = |
where a, = A/ 2(h2) , b2 = A/ 2(1+h2 n,)% 0y [(nl+n2) /
(§n1n2+n1~3n2)]%, and h2 = (n1+n2) / &nlnz. In the multivariate

normal case with I known, Moran (1975) found that
AR b
E(a) = Pr{ vy / w, > (1+p2) / (l—pz) }

where Py is as in (1.13) and Wy and v, are independently distributed
non-central x2 random variables, each with r degrees of freedom. The

non-centrality parameters are complicated functions of A? and the

10




11

.training sample sizes. Schervish (1981) derived asymptotic expansions

for both the mean and variance of ;R, and McLachlan (1976), working

with asymptotic expansions, found an expression for the bias of the

resubstitution estimator with respect to the expected actual error rate,.
The R method is the simplest example of the class of nonparametric-l

estimators, while the D method is the simplest éxample of the class

which assumes multivariate normality. Although under normality the

R method appears to have a larger optimistic bias than the D method,

one would expect thefn;nparametric estimators to be less sensitive

to departures from normality than the parametric methods. In a Monte

Carlo sampling study with uniformly distributed populations, Glick

(1978) in fact found the R method to be less biased than the D method.

I.2.3 Leanfone-out estimator

Definé ?i’ i=1,...,n1, as the set of observations in the training
sample from Ty and ii as the discriminant rule obtained when ?i is
omitted. The leave-oné—out estimator, or the U method, is the
proportion of the §i misclassified by the corresponding Ei'

The leave-one-out estimator, also referred to as crosé—validation
(Efron aﬁd Gong 1983) and the jackknife estimator by the BMDP Package
(Jennrich and Sampson 1982), is frequently attributed to Lachenbruch.

-(l967) (Hills 1966; Sorum 1971), but earlier references can be fouﬁd
(Brai{ovskiy 1964; Brailovskiy and Lunts 1964). This estimator "has
the flavor qf the estimation methods used in statistics to reduce bias
that are referred.to as jackknifing procedures" (Toussaint 1974). An

early reference to the jackknife, although not by that name, is

Quenouille (1956).
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The main advantage of ‘this method is felt to be that it obtains’
an unbiased estimate of the expected actual error rate for a discrimi-
nation problem with training samples of size nl-l and n, (Lachenbruch
1967). However, this does not mean that the leave-one-out estimator
has small bias with respect to the conditional actual error rate,
which is the error rate of interest here.

One disadvaﬁtage of this estimator is that it requires more
computation than the resubstitution estimator. However, ways have
been found to reduce this problem: Lachenbruch (1967) showed how all
of the discriminant rules, Ei’ i=l,...,n, could be qbtained with only
one matrix inversion, using a theorem by Bartlett' (1951). Fukunaga
and Kessell (1971) also considered this problem. The amount of
computation required with the leave-one-out estimator is not prohibitive,
however, as evidenced by this mgthod having been implemented by the
computer progfam BMDP /M (Jennriqh and Sampson 1981).

Another disadvantage of. the 1eavg—one—out estimator ;s its large
variance. The main consideration of ﬁost investigators‘when comparing
estimators has been the bias, but the variance is also an important
factor. Glick (1978) perforﬁed‘a sampling experiment in order to
demonstréte the importance of the vérianée. .In the univariate normal
case, he found that the bias with respect to Eiu(;)] is very sﬁaillfor
the leave-one-out estimator, larger for the plug-in estimator and
largest for the resubstitution.estimaF;r, as expec;e&. However, he
also compared the variance of the estimators and found that the leave-
~one-out estimator had a much iargér variance than the rgsubstitution

estimator, which in turn had a larger variance than the plug-in

estimator. Unfortunately, Glick did not consider the mean square error
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and, hence, left unanswered whether the resubstitution estimator ever

performs better than leave-one-out.

. I1.2.4 Smoothed estimators
Glick (1978) defined counting-type estimators as those which can
be‘written as
n
1
Z h(xi) / 1'117
i=2 -~

where 0 < h(X) < 1. Therefore, for resubstitution,

1 if X, is misclassified by ¢
-1
h(xi) =
- 0 otherwise;
and for leave-one-out,
1 4if X, is misclassified by 3

0 otherwise.

h(X;) = l

The large variance of the counting-type estimators is due to the

-fact that h is an indicator function; a very small shift in X, can

i
cause a large change in h(¥i)' Glick stated thap the leave~one-out
estimator reduces the bias of the‘resubstitution estimator in "the
worst possible way". He claimed that it "exacerbates rather than
- _smooths fluctuation of the ... [resubstitution] estimator". He then
afgued in favor of smoothed counting estimators, defined such that
h(§i) is a smooth fuﬁction of §i'
Glick suggested replacing the discontinuous jump function by a
smooth function which reflects to some degree the amount of confidence
one has when deciding whether or not ?1 is misclassified. Although

this suggested a class of estimators, Glick examined one member of
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.that class in his sampling experiment. He defined, for the univariate

case and il >.i2,

I

1 if ;xi-(il+i2)72]/$ -b

ggxi) = &-[xi-(il+iz)/2]/2b3 if [xi-(il+iz)/21/3 e (-b,b)

v

0 1f (X —(il+iz)/2]/3 b

i

with.b = %, He called this a smooth slide function, with the range
of the slide arbitrarily chosen to be (-%,%).

Glick founﬂ that the smoothed estimator did indeed have a
smallér bias and variance than the resubstitution estimator. Although

smoothed estimators were not examined further, Glick suggested
g(X;) = of [%(x1+x2)-xi]/bo }?

where b is a constant, as a more sophisticated smoothing function.
He concluded that:

1) ‘"the normal plug-in estimator ... is both optimistically
biased for close normal distributions [those separated by a small
Mahalanobis distance] and erratically biased for non-normal diétri—
butions. It is not robust and hénce should not be used in practical
problems." |

2) "the leave-one-out estimator is an anti-smooth modification
of counting .... Hence the leave-one-out estimator should be eschewed."

3) "fortunateiy, the counting method.can be modified to reduce
bias magnitude and standard deviation simultaneously, without

sacrificing robustness.”

4
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I.2.5 The DS method

There are many estimators based on the plug-in estimator which
all_assﬁme multivariate normality and contain a bias correction. When
£ is unknown, D? is a biased estimator of A2, Lachenbruch and Mickey
.(1968) described a consistent estimator of A2 which has less bias than

D2. Ihis estimator of A2 is
= —f- 2 -
DS (nl+n2 r-3)D< / (nl+'n2 2), (1.14)

and hence the estimator of a(g), called the DS method, is
a®® = o{-(0s)* / 2}.

I.2.6 The O and 0S methods

The distribution of Anderson's W statistic (1.4) is very com
plicated,aﬁd is not known exactly. Okamoto (1963) pfovided an asymp-
totic expansion for Pr{ W(X) < %A2+aA } where a is a real constant.
Since a(E) = Pr{ W(X) < 0 }, one could substitute an estimate of 42
into Okamoto's expansion in order to estimate a(g).. Lachenbruch and
Mickey (1968) suggested two such estimators: the O method is obtained
by replacing A2 with D?, and the 0S method is obtained by replacing
42 with DS. These estimators were explicitly obtained in the uni-

variate case with o2 known by Sedransk and Okamoto (1971):

a® = of=]%,7X, /20 } + @ M40y Y) ¢ -1%,-%, /20 )

3 b

-0s _Ixz-xll(nl+n2—&)

[%,-%, | (n 4n,-4)
a = ¢

1, -1, -1, .|_
+ ‘g(nl +n2 Y ¢

2U(n1+n2—2)% 20(n1+n2—2)%

where ¢'(t} = -t:(.'l'u)-!i exp(-t2/2).
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I.2.7 Other estimators

Lachenbruch (1967) and Toussaint (1974) described the holdout
method. The training samples are randomlf divided into two parts,
not necessarily of equal size, one of which is called the holdout
sample. A rule, E*, is obtained from those observations not in the
holdout saméle. The holdout estimator is defingd és the proportion
of observationé in the*holdout sample from ™ which is misclassified
by ;*. The problems associated with this estimator are that fairly
lafge training samples.are required, the discriminant fupction which

is evaluated (z*) is mnot the same one that is used (), and it is not

clear how large to make the holdout sample (Lachenbruch and Mickey 1968).

Téo estimators which combine aspects of the leave—one-out and
holdout methods are the data-shuffling method and the rotation method.
The rotation method, proposed by Toussaint (1974) is essentially a
leave-n-out procedure, where the training samples have been partitioned
into (nl+n2)/ﬁ-sets; In the data-shuffling method, atfributed'tb Duda
and Hart (1973),‘a large number of holdout sets>of size n are chosen
at random and with replacemgnt.

The posterior probability esiimétor was described by Moore,
Wﬁitsitt and Landgrebe (1976). Assuming equallprior probabilities,
if 8 is known and the discriminant rule is [, the posterior probability

of misclassification_is

When B is estimated, the posterior probability of misclassification

- by the rule 7, given Xi’ is estimated by




[min{ f(§i;§l) » f(§i;§2) N/ [f(§i;§1) + f(§1;§2)] )

This function is evaluated for each of the §i and the mean is the
estimator of a(E).

Lachenbruch and Mickey {1968) defined an estimator based on the
leave-one-out estimator called the U method. When %1 is omitted_and
Ei is calculated, Di may also be calculated, where Di is defined_as

b2 in (1.11). leaving out X, Let D and s; be the mean énd standard
deviation of the n,
is defined as ¢(-BISD).

Othef estimators were defined by Broffitt and Williams (1973),
Lachenbruch (1968), McLachlan (1974c¢), Sorum (1971 and 1973) and

Toussaint (1974).

I.2.8 The bootstrap

Bootstrap methods may be applied to a variety of statistical
problems;.Efron (1979) showed how they may be used in discriminant
anélysis. This technique is mentioned here Although it 1s actually
a blas reduction method, not an estimator. The bias of the resub-
stitution estimator with respect to the expected actual error rate

is given by
- .
§ = E{a) - Ela(p)].

The bootstrap method first estimates § to arrive at an estimate of

Efa(z)]: aR - §. Random samples of size n, and n, are generated

from the distributions F(x;ﬁl) and F(x;ez). These new samples are

used to define a new rule, £'. Let Pold be the proportion of the

original training sample from LAY which is misclassified by ¢, Pnew

values of Di; the estimator based on the U method

17
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be the proportion of the new sample from LA which is misclassified

by ¢', and let P = P - P

new . Old' The value of P may be used to -

estimate §, but in practice the above procedure is usually repeated-

a large number of times and the values of P are averaged in order to

reduce the variability of &.
While'the bootstrap may be used to reduce the bias of an estimator
with respect to the expected actual error rate, it is the conditionai

actual error rate which is of interest here. The bootstrap is there-

fore not very valuable in this context, and is not considered further.
I.3 Comparative Studies of Error Rate Estimators

I.3.1 Monte Carlo sampling.studies

Lachenbruch and Mickey (1968) performed a sampling study in which
they estimatéd the distribution of the absolute error, [;—a(a)l, fér
-several parametric and nonparametric estimators. Based on their
-+results, Lachenbruch and Mickey recommended the leave-one-out or U
methqd when the assumption of normality is questionable, but no method
was fbund uniformly best when normality is assumed. The plug-in and
resubstitution methods were found to be poor in general; of. the others
- the 0S5 method was found to be preferable to the O method and the DS
method‘to the D method. In general, the 0S and U methods were found
to be among the best.

Sorum (1972) studied estimators of a(z) and E[a(g)] in the multi-
variate normal case with I assumed known, usiné mean absolute error as
the criterion. She found the DS Fnd’O methods to be amdng the best
estimators of a(z), followed‘by the U and 0S methods; the R and D

methods were found to be among the poorest. These groups of estimators
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tended to diverge as r increased. The best estimator of E[a(g)] was
found to be the 0S method. The 0, DS, and U methods formed a second
group, followed by the R and D methods. Again, the difference between-
the groups 1nc¥eased with r. Estimators of a(a) were also studied,
reproducing the work of Lachenbruch and Mickey. The resultant ordering
of.estimators from best to worst was 0S, O, DS, U, R and D, "closely
matchiné" the order previously observed.

-Sorum (1973) compared estimators of d(g) and E{u(g)] in the
univarjate normal case with g? known, using the criterion of mean
absolute error. This time the DS method stood out as the best, and the
R and U methods were found to be equally poor. -

Glick (1978) examined the D, R, and U methods, as well as the
poste?ior probability estimator and his smooth slide estimator, im the
- univariate normal case. He compared the biases and variances of these
estimators and found that the smoothed estimator did indeed have a
smaller bias and variance than the resubstitution estimator. The
results confirmed that the plug-in and posterior probability esti-
mators pnder_normaiify are superior to the smoothed estimator, which
in turn is superior to the re5ubstitut16n estimator. It was not clear
where tﬁe'leave-one*out estimator fits in, since its'bias was found to
be much smaller, but its variance much larger, thaﬂ-the other estimators.
Glick also repeated his sampling experiment assuming the parents to be
‘uniformly distributed. In this case the two parametric estimators had
large optimistic biases, the resubstitution and smoothed estimators had
intermediate biases, and the leave-one-out estimator had a very small
bias. This study demonstrated the robustness of the nonparametric

estimators.
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Efron (1979) performed a sampling experiment to examine how well
the bootstrap method works when applied to the resubstitution estimator.
With LY and ﬂz having bivariate normal distributiohs with a common E,
he claimed that the bootstrap outperformed the leave-one-out method.
Both methods were found to have small biases, but the bootstrap method
had a variance which was one-third that of the leave-one-out method.

McLachlan (1980) studied the bootstrap method and concluded that
it "appears to provide an efficient estimator of the bias correction
of the apparent error rate in those situations where it is most needed;
that is, for underlying populations with a small Mahalanobis ‘distance
between them."

Ganesalingem and MclLachlan (1980) -examined the posterior proba-

bility estimator and found it to have a small optimistic bias.

I.3.2 Studies involving asymptotio expansions
Sedransk and Okamoto’ (1971) considered asymptotic expansions for v
uncond1tiona1 mean square error (1.8) in the univariate normal case.
They found all parametric estimatohs to outperform the respbstitution.
and leave—one-out methods. Among the parametr;c estimators studied,
they found that when o2 is assumoo known, the DS method is tho best
when |A| < 1.51 the 0 method is the best when 1.51 < la] < 1.79 and
the D method is the best when 1. 79 < |a]. Wwith 62 assumed unknown,
they. found that the OS method, which they did not study with o2 assumed
known, is the best when ]A| < 1. 63, the DS method is the best when
1.63 < |a] < 1.86; the 0 method is the best when _1.86 < |a] < 2.15;

and the D method is the best when 2.15 < |a|. They claimed that their

results "are somewhat inconsistent with the results of Lachenbruch and
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Mickey who showed experimentally the superiority of the estimator OS
in ‘the multivariate normal case”, .

Sorum (1971) considered asymptotic expansions for the conditional
mean square error (1.9) in the multivariate normal caée with I assumed
knoﬁn. By comparing the leading terms in the expansions, she found no
differences among the parametric estimators. These estimators, however,
were found to be better than the R and U methods.

In the univariage ‘normal case with o? known, Sorum (1973) studied
the mean square errors for estimators with respect to a(c) and E[a(c)]
The D and DS methods were found to be the best, followed by the R
method; the U method was found to be the poorest.

McLachlan (1974) examined asymptotic expansions for UMSE with &
unknown, and including a second order term, which was not done by
Sorum. He did not find any estimator to be uniformly superior to the
others;' In general, however, for r>7 the 0S method and the M method,
.defined by Mclachlan, were found to be the best, wﬁile fo; r<7 the
05 and DS methods were found to be the best.

- McLachlan (1974d) studied the relationship between asymptotic
expansions for mean square errors with respect to each of a{r),
E[a(;)] and a(g). He explored the range of values of r and A for
which each of the mean square errors is smallest.

McLachlan (1974c and 1975) explored the M method and directly
compared it to the 0S method. On the basis of asymptotic expansions
of UMSE the 0S5 method was found to be better unless r is large and

42 is small.
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1.4 General Objectives of this Study

¢

1.4.1 Evaluation of UMSE by numérical integratioﬁ in the
.uniﬁariate normal case.

The studies discussed in Seetion.I.B fall into one of two cate-
gories: either they used asymptotic expansions to compare mean sqﬁare.
errors or they used Monte Carlo sampling. Because tﬁe probleﬁ of |
estimation of error rates is most acute when the éample sizés are
small,‘asﬁmptotic expénsions might not give resulﬁs of direct inferest
for apﬁlications. Sorum (1971) wrote "... concluéions ... based o;
asymptotic MSﬁs, rather than on the dist*ibutiou of the estimatoré for
finite sample sizes, ... should perhaps not be t;ken as direct
recommendations for the estimation of ... ta(g)] in a practical
situation". | |

Monte Carlo sampling studies have been done‘gy several authors,‘
but in none of those reviewed was UMSE the criterioﬁ for éoﬁparison.
According to Sedransk and Okamoto {1971), ... ;he triterion_éf
unconditional mean square error ... both seems a ﬁore meaningful
measure of performance and provides clearer discriﬁipatiom améng the
estimators ...." While the mean absolu£e error‘(l.IO) is probably a
good criterion, it is of af least équal interest to compare estimators‘
using unconditional mean square éfror (1.8). |

Monte Carlo sampling can be uéed in'nearly any situation, but a
differenf technique can be applie& when”two éimplifications afe adopted.
Glick (1978) wrote, ﬁI believe that estimator pérformancg r;lative to
one aﬁother will be qualitatively similar for univariate and multi-

wvariate distributionms.... Another common simplification, employed by

Sorum (1971, 1972 and 1973), Sedransk and Okamoto (1971), and others,




23

is to assume I known. The resubstitution and leavé-one-out estimators
in the univariate normdl case with k=1 are unaffected by this
assumption (since the linear discriminant function in this case is
independent of.both o2 and sz), and the results of Sedransk and Okamoto
(1971) presented in Section I.3.2 tend to show thét the quality of the
‘parametric estimators relative to one another is ‘not greatly affected.
Since the parametric estimators rely on an estimate of the varianée,
the assumption of known variance will probably decrease their UMSEs
relative to the resubstitution and leave-one-ouf estimators. However,
the most important comparisons in this study are within the two classes
of esfima;brs, not between them.

Within this simplified setting, where Ty and T, refer to
populations with univariate normal distributions having a common known
variance, it is relatively simple to use numerical integration as well
as Monte Carlo sampling to compare estimators. Numericél integration
can be more accurate and efficient than Monte Carlo sampling; it is to
be preferred whenever the problem allows and no analytical solution can
be found. Sayre (1980) used numerical integration to evaluate E[u(E)],
but it does not appear to have been used to compare error rate
estimators. The first purpose of this study is to show how numerical
integration can be used to evaluate E[;-a(a)]2 and to compare esti-

mators using this method.

I.4.2 Evaluation of smoothed estimators '
Glick (1978) brought up the following points: 1) nonparametric
estimators are to be preferred in practical situations due to the large

unstable bias of the parametric estimators under non-normality;
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2) both the blas and the variance should be considered when comparing

nonparametric estimators; and 3) the leave-one-out estimator reduces
the bias of the resubstitution estimator at the cost of additional
variance. Based on these points, Glick suggested a new class of
estimators, smoothed counting estimators, aimed at reducing the variance
of the resubstitution estimator.

The main purpose of this study is to evaluate this new class of
estimatqrs, comparing it with existing estimators on thg basis of UMSE.V
Both types of smoothing mentioned by Glick will be considered; namely,
the smooth slide estimator and the estimator smoothed by the function
¢. Since smoofhing 1s designed merely to reduce variance, it should be
most effective applied to a coqnting estimator with large variance but

small bias, Therefore, Glick's i1dea of smoothing will be applied to

the leave-one-out estimator as well as the resubstitution estimator.

I.4.3 Effects of unequal sample sizes, unedual prior
probabilities and non-normal distributions
Consider the following possible application of discriminant
analysis: let m refer to g pepulation of people free of dise;se A,
T, to those pepple who bave disease A, and x to the result of a
screening test for the disease. If diséase A is rére, the prior pro-
babilities of belonging to ™ and T, are not equai,land there is

probably a larger sample from 7., than from T,e For example, if a

1
screening test for ischemic heart disease is performed in an asymptomatic
population, there will be fewer diseased peoble to give false negative
results than there are healthy people to give false positives. Since

the error rates show the sensitivity and specificity of the test, their .
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estimation can be extremely important. Although this is a common
situation in discriminant analysis, the effects of nl*i‘n2 and k#1 (1.1)
on the estimation of error rates have not been thoroughly studied.

"It is also possiblé that the screening test results do not have
a normal distribution. While the parametric estimators have been shown
to be better than the nonparametric estimators under normality, it is
imbortant to determine which estimators are most robust. Therefore,
the error rate estimators will also be compared under some forms of

non—-normality.

I.5 Outline of the Specific Analyses Performed

The primary purpose of this study is to evaluate smoothed error
rate estimators in discriminant analysis under a wvariety of conditionms,
and to compare these estimators to the existing ones. In this section,
the specific analyses performed to fulfill that purpose are outlined.

Section I.2 describes many error rate estimators; however, only a _
subset of these are considered in the analyses. Three parametric
estimators are chosen: the plug-in estimator, or D method, which was
the first estimator to be suggested and 1s the simplest of the para-
metric estimators; and the DS and O methods, which are similar to the
D method, but which contain bias correction terms. The resubstitution
estimator, or R method, and the leave-one-out estimator, or U method,
are chosen since they are the most commonly used nonparametric methods.
The smooth slide and normal smoothing are each applied to both the R
and U methods; thesg four types of smoothed estimators are evaluated
with each of the constants b =%, %, 1, 1, 2.

In order to'comparé these estimators, a series of computer programs

are run. In each program the expected value, variance and UMSE are
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tabulated for several values of A (1.3), the square root of the

Mahalanobis distance between the populations.

The estimators are compared by two-separate methods: numerical’
intégration and Monte Carlo sampling. The numerical integration study,
presented in Chapter II, is fairly limited, due to complications in
the evaluation of the theoretical integrals. Only the univariate
normal case with known variance is considered, and smoothing is ﬁpplied
only.to the resubstitution estimator. Also, when therprior probabilities
are not equal, the leave-one-out estimator is not considered at all.
Trainin% samples of size ten aﬁd twenty-five are chosen, since they are
felt to be in the range of values for which ﬁhe estimation of error

rates is extremely importaht. The specific situations considered by

the numerical integration program are detailed in Table 1.1.

The Monte Carlo sampling‘study, presented in Chapter III, is much
more general. All of the estimators are evaluated in each run, both
with and without the assumption of known variance. -In addition to the
situatidns covered by the numerical integratién p?ogf;m kthis overlapl
serves to validate the accuracy of both programs)}, the Monte éarlo
sampling program is also used to explore the r-variate normal case,
and some fypes of non-normality; seé Table 1.2;

Some of the parameters of the model are held fixed in both of the
programs considered here. These are Ei = (o 0...0),‘Eé = (A 0...0) and
I = E. This may be done without loss of gengrality since the discrimi--
nant function, W(%), is invariant to linear transfotmations of the

observation vector (Dunn 1971), as are all of the error rate estimators

considered in Section I.2. 1In the Monte Carlo sampling program, the

values of A which are used are A = 0, %, 1, 1%, 2, 3; the numerical

integration program additionally uses A = 2%, 3%, 4, &4k.



TABLE 1.1
PARAMETERS FOR EIGHT NUMERICAL INTEGRATION RUNS IN THE
UNIVARIATE NORMAL CASE WITH 02=1 ASSUMED KNOWN,
u =0, AND u2=o,sg,1,...,4%

Run # n

1 2
1 10 10 0
2 10 25 0
3 25 10 0
4 25 25 0
5 5 25 1.4
6 10 20 .4
7 25 5 -1.4
8 20 10 -1.4
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TABLE 1.2

PARAMETERS FOR THE INITIAL FOURTEEN MONTE CARLC RUNS

WITH 4=0,%,1,1%,2,3

Run # n, n, c T Distribution
1 10 10 0 1 Normal
2 25 25 0 1 Normal
3 10 20 1.4 1 Normal
4 20 10 -1.4 1 Normal
5 10 10 3 Normal
6 25 25 0 3 Normal
7 10 10‘ 0 5 Normal
- 8 25 25 0 5 Normal
9 10 10 0 1 Uniform
10 25 25 0 1 Uniform
11 10 10 0 1 Exponential
12 25 25 0 1 Exponential
13 10 10 0 1 Double Exponential
14 25 25 0 1 Double Exponential
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The three non-normal distributions considered are the uniform,
exponential, and double exponential distributions, all in the univariate

case. For comparability, each of these distributions is transformed

in order to obtain u1=0, u2=A, and ¢%=1. The density functions for

the distributipns as they are used in the Monte Carlo sampling program
are given in Figure 1.1,

The two sets of programs defined here comprise the initial study
designeﬂ to explore the smoothed error rate estimators and examine the
factors which affect their quality relative to the other estimators.

In Chapter IV, one specific smoothed estimator is suggested as an
alternative to the existing estimators. This.estimator, called the

NS method, is compared to the existing estimators in all of the
situations shown in Tables 1.1 and 1.2 plus some additional situations.
Since sample size aﬁd dimensionality are deemed to be two very important
factors, the programs are run Qith some other values of ny, n, and r.
The additional situations covered in Chapter IV are shown in Table 1.3.

Finally, in Chapter V, the use of the NS method is illustrated on
a aata set collébted to study two-year survival following myocardial
infarction. -In that chapter a FORTRAN subroutine is described which
may Be used to evaluate the NS estimate for several different types of

discriminant functions.
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FIGURE 1.1
DENSITY FUNCTIONS FOR THREE NON-NORMAL DISTRIBUTIONS

USED IN THE MONTE CARLO SAMPLING PROGRAM
1) Uniform Distribution

/12 3<x<¥3 1if x from 7,

£,(x) = [
1/¥12, A-/3 < x < M/3 if x from T,
2) Exponential Distribution

' exp[-(x+1)], -1 <x < if x from m
f,(x) =
exp[-(x-5+1)], 4-1 < x <« if x from 7,

3) Double Exponential Distribution

l exp(~|x]//2) / V2, -~ < X <'¥, if x from =
f£,(x) = .
3 exp(-|x-A|/V2) / V2, -= <x <o 4if x from =




TABLE 1.3
PARAMETERS FOR ADDITIONAL RUNS,

ALL ASSUMING NORMALITY AND c=0

n, n, r Program
5 5 1 .Numerical Integration
100 100 1 Numerical Integration
5 5 2 Monte Carlo
.10 10 2 Monte Carlo
25 25 2 Monte Carlo
5 5 3 Monte Carlo
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II. THE NUMERICAL INTEGRATION STUDY

II.1 An Expression for Efa-a(z)]? for Counting-Type

Estimators under Normality

IT.1.1 Theory and notation

Let ™ and Ty refer to two populations. The random variable, X,

has the following distribution:

N(ul,o?-) 1f X is from m,
Xn

N(uz,cz) if X is from m,,

where 02 18 a known constant. Training samples of size ny and n, are

drawn from the two populations and the sample means are evaluated.

These have the following distributions:

X, ~ N@y,0%/n))
iz " Nﬁuz,ozlnz).

The linear discriminant function is

I

= _ ¥ 4% T 5 2 '
W) = [X - (X 4X,)] (X X)) / o, (2.})
and the decision rule is

> ¢ assign x to ™ =
if Wx) '

- ¢ assign x to ﬂ2
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where ¢ = 1n(k) may or may not be zero. The conditional actual error
rate is the probability that a random observation from ﬂl is mis-
classified by the decision rule (2.1), given §1 and Ezl Assuming X

is from ﬂl, this is

a(z) = Pr{ WD) < c | X,,%, 1.

II1.1.2 Conditioning on x, and 1';2

1
In order to evaluate E[a-a(z)]2, the first step is to condition

on the sample means:

E{a-a(2)]2

7, 0, Bl lo=a(@)1? | x,%, ) f)-(f:l) figiz) dx, dx,

[2. [T, T El?@) | x),%,) - 2E[oa(®) | x,,X%,] 2.2)

~ )= = P - -
+ Efa | xl,le 1 fX{xl) fX§x2) dx2 dxl.

Conditioned on §1 and §2, a(z) 1s a constant:

a(z)

i

Pr{ WX) < c | :?1.:':2 }

Pr{ [X-li(;clﬂ-:z)] (il-iz) /o2 <c}

o -[ul-%(§1+§2)]lc + co/(§1-§2) } if ;1 > §2

1 - of -[ul—%(xl-hrz)]/c + °°/(x1'x2) } if_ X, < X,
In order to solve (2.2) it is still necessary to obtain expressions

for E(a | §1’§2) gnd E(a? | ;1’§2)'

I1.1.3 The general counting-type estimator
Let Xi, i= 1,...,n1, denote the members of the training sample

from M- In addition, let U and V be two unique random members of

this group. The general counting-type estimator can be written as
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o= n I h! CX ).

Define h(X) = h'(X) , §1,§2; the expected values of a and o2 conditioned
on xl and x, are
_ -1 w1 :
E( | x X,,%,) = E[ 0] { h(x,) 1 = E[b(D)] (2.3)

and

B(o? | X),%,) = EI n}2 3o h(X;) h(X,) ]

1=1 j=1
= a2 gl T w2 P Lo h(X;) h(X,) ]
i=1 i=]1 4=1 .
i#j
= ot E[h2(0)] + (nl—l)nII E[h(U)h(V)]. (2.4)

It can easily be shown that the joint distribution of U and v,

given x, and ;2’ is:

1
[g] ' X, %, v N,

where p = —(nl-l)-l. Therefore

- 2
51] (nl-l)o [ 1 p.] (2.5)
["1 ,—;;1—-“— p 1

BT = [7, 0w [n)/2102(3,-1)]? expl-n, (u%,)2/202(n,-1)] du.
Letting Y = [nllaz(nl-l)]lﬁ (U—il),
E@] = [T b [0 -D/n )% + % } oG dy,  (2.6)

T
where ¢(t) = (211}-;5 exp(-t2/2). Similarly,

EI2] = [7, 02 [o%(n,-D)/n ]y + % ) 60) dy.  @.D)

The expression for E[h(U)h(V)] is somewhat more complicated.

Using (2.5),
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E[hhWM] = [T J':, h(u)h(v) [nl/chz(nl—l)] (1-p2) "%

(u-;cl)2 + (v*§1)2 - 2p(u-§1)(v-£1)
eXp | - 202(n1-1)(1—pz)/n1

du dv.

Letting Y = [nlloz(nl-l)]% (u-il) and Z = [nllcz(nl-l)]* (v-x,),

this expression reduces to

E@RM] = [, [7 b [62(n,-D /o) 1% + %) }

Y

h{ [oz(nl-l)/nl] z + El } gly,z;p) dz dy, (2.8)

7L expl (22 + ¢ - 20t,8,) / 201-0D) 1.

Therefore, by substituting (2.6) into (2.3), and (2.7) and (2.8)

‘where g(tl,tz;p) = [2m(1-p2)

into (2.4), exﬁressions have been found for E(o | 51’;2) and

E(a? , §1,§2) in terms of integrals involving the function h.

IT.1.4 Expressioﬁs for h for the smoothed estimators

The functioﬁ h(x) will now be defined for each of the four types
of smoothed estimators. Although defined by Glick (1978) only in éhe
.univariate case, they are here extended to the multivariaté case.

Define the following:

- - -1 - -
- ‘ -
2. | (%07 I (3y7xp) AF T knowm

(il-iz)' S—1 (§1-§2) if I unknown

- - “l - -
—-— ' —"
[x-l(x +x,)]" L7 (x)=x,) 1f I known

t ™

w(x) = [

- - -1 - -
-— ' -
[f %(§1+§2)] S (fl fz) if E unknown.

Smooth slide applied to resubstitution (RS method):

1 if w(x)-¢ < -bm
RS
h(x) = 0 if w(x)-c > bm (2.9)

[w(x)-c+bm] / 2bm otherwise.
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Smooth slide applied to leave-one-out (US method):

Let Ef be the sample mean of the n,-1 observations from 7. when

1 1
x is omitted, %f = (nl-].)m1 (“1%1‘§)' Therefore,

hUS(x;§ ) = hRS(x;i*).
po | Pk |
Normal smoothing applied to resubstitution (RN method): e
RN _
h™'(x) = ¢{ [c—w(x)] / bm }. (2.10)
Normal smoothing applied to leave-one-out (UN method):
hUN(x;il) = hRN(x;if)-

Note that with b = 0, both the RS and RN methods reduce to the R

‘method; similarly, the US and UN methods reduce to the U method.

I1.1.5 Expressions for integrals involving h(x)
The expressions for E[h(U)] (2.6), E[h4(U)] (2.7), and E[h(Dh(V)]

S and hRN defined in Section IT.1.4 A

(2.8) for the specific functions hR
seem to require numerical integration in order to be evaluated. 1In
this section, these formulas are written in terﬁs of functions which
are evaluated by readily availagle computer packages, eliminating

the need for numerical integration. The following derivations all
apply to ;esubstitﬁtion with il > §2. The expressions for resub;
stitution with El < ié follow directly from these. Similar derivétions
for the leave-one-out estimator with b = 0 and ¢ = 0 were performed,

but are not presented here.

First let

d = [n) /(0 -D17 [eo/ Gy-%,) - Gy-%,)/20]
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and
8 = [n./(n.-1)1% b.
1 1

Case 1: b =20

The function hRS{ [cz(nl-l)/nljky + §1 } is of interest here.

From (2.9) it can be shown that

’ _ 1 ify<d
el [oz(nl-l)/nllgy +'x1 } = (2.11)
0 otherwise.

Using (2.11) in (2.6) ang (2.7) gives
E[h()] = E[n2(0)] = [ ¢(y) ay = o@a).
Using (2.11) in (2.8) gives
E@hM] = 2 2 g(y,250) dz dy = G(d,d50).

The function G{(d,d;p) is the cumulative distribution function for a
standard bivariate normal random variable with correlation p. It,

and the function ¢(d), are both available in the IMSL library (1977).
Case 2: b > 0, normal smoothing

From (2.10), it can be shown that
NS 2 - _
h°{ {o (nl-l)/nllay + x; } = o{(d-y)/B}.. (2.12)

Using (2.12) 4in (2.6) gives

fl

d-
E[h()] = [7_ #{(d-y)/8} ¢(y) dy = Jm | B o) o(» de gy

Pr{ T < (d-Y)/B } = Px{ T* < d4/B },

where T* = T + Y/B is distributed N[O, (14+82)/B?].
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Therefore,

E[h (V)] = a{d/(1+82)*%}
Using (2.12) in (2.7) gives
E[2W] = [7 02{(d-y)/B} #(y) dy
. dey d-
- J l B | B o(s) ¢(t) ¢(y) ds dt dy
= Pr( S < (d-Y)/B, T < (d-Y)/8 } = Pr{ S* < a/p, T* < d/B },

where S* = S + Y/8 and T* = T 4+ Y/8 are distributed

o} 1+g2 1 (1+82) 7t
Y, [[o} , 82 [ aw)™ 1 ]} .

Therefore,

E[h2(0)] = 6{ d/(1+62)%, d/(1+82)%; 1/(1+82) }.

Using (2.12) 1in (2.8) gives

EIR(WhW] = [T [T a{(d-y)/8} #{(d-2)/8} g(¥,23p) dy dz

o o d-~ . d-z
) J J l i l P o(s) 0(e) g(y,230) ds dt dy dz

Pr{ § < (d-2)/8 , T < (d-Y)/8 }

it

Pr{ S* < d/B , T* < d/8 }

3

where S* = S + Z/8 and T* = T + Y/8 are distributed

v |fo} w2 1 p(1462)71 ]
2 {loj , 87 { p(2+8%) Y
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Therefore

b ¥

E[h{)h(V)] = 6{ 4/ (1+82)", 4/ (1+B2)"; p/(1+82) }.

Case 3: b > 0, smooth slide

From (2.9) it can be shown that

1 if y < d-B
RS 2 ko=
h { [o (nl-l)/nll y +x } = (a+B-y) /2B 1if d-B < y < d+8
0 if d+8 <y. (2.13)

Using (2.13) in (2.6) gives

B = [0F 00) &y + [5T5 [Cars-y)/26] 4(n) @y

d+8

o(d-8) + [(d+B)/28] I ¢(y) dy

+ [2817t JS8 4 (-yay

¢(d-8) + [(d+B)/28] [2(d+8) - ¢(d-B))

+ [2817F [0(a+B) - ¢(d-B)]

[(&+B) 0(d+B) - (d-B) 8(d-B) + ¢(d+B) - #(d-8)] / 28.

Using (2.13) in (2.7) gives

¢(y) dy + f g [(d+8-y)/2812 ¢(y) dy

o(d-g) + [(a+8)/28)% [$'5 o(y) dy

+ [(d+8)/282) Id+3 $(y) (-ydy)

-2 Id+3

+ (28) 1!)-]Li exp(-y2/2) y? dy
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= 6(d-8) + [(d+B)/2B]2 [0(d+B) - &(d-B)]

+ [(d+8)/2B%] [4(d+B) - ¢(d-B)]
+ @072 { (@-8)2mF expl-(d-8)2/2]

- @90 epl-@2/2] + [ 405 ay ) 0

= { [(a+8)%41] ¢(d+8) + [4B2 - (d+B)2 -1] ®(d-B)

+ (d+B) ¢(d+B) - (d+3B) 4(d-B) } / 4p2.
Using (2.13) in (2.8) gives

ElhW] = [978 198 oy.250) dy do

+ OB [ [(atsy) /28] 8(yizse) dy
d+8
+ fd*B

d+8 pd+8
+ Jaeg Jace

[9°B [(a+p-2)/28] g(v,250) dy dz

[(d+B-y) /28] [(d+B~2)/28] g(y,z;p) dy dz.

This derivation proceeds in a fashion similar to those just presented.
However, due to its length, only the result is presented here. The

entire derivation is presented in Appendix 1. The result is

E[h(h(V)] = { [(d+B)2+p] G(d+§;d+ﬂ;p) - 2[(d+8) (a-8)+p] G(d-B,d+B{p)

+ [(d-8)%+0] G(d-B,d-B3p) + (1-p?) g(da+8,d+B;p)

2(1-p2) g(d-8,d+8;p) + (1-p2) g(d-h,d-B;p)

+ 2(a+8) ¢(d+8) -¢[ (d+B-pd-pB) (1—::2>'}5 ]

2(d-8) $(&+8) o[ (d-B-pd-p8) (1-p2)~7

2(d+B) ¢(d-B) &[ (d+B-pd+pB) (1—;:2>“;i )|

gy

+ 2(a-B) ¢(d-B) ¢[ (d-g-pd+pB) (1-p2) " 1 } / 482,
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II.1.6 Summary

The purpose here 1s to evaluate the unconditional mean square'
error, or E[; - u(E)]Z, for any real value of ¢ for several counting-
type estimators in the univariate normal case with 02 known. The
first step is to choose particular values of il and Ez and to calculate
a(Z) (Section IT.1.2); and E[h(U)], E[h2(1)], and E[h(U)h(V)]

(Section II.1.5). Combine these to obtain:
B [a - a2 | %%, 1 = [0@@) | %,%,12 - 2[a(®) | %,5%,} E(0@W)]
+ nIl E[h2(U)] + (nl-l)nil-E[h(U)h(V)].

All of these terms can be evaluated using programs available in

the IMSL library.

The next step is to integrate over the distributions of il and

iz, using the following relationship:

Ela - a(g)]

x.) fs (x ) dx, dx

7,17 Bl Le - a@@)? | %)%, ) £ | &,

Xl 1

ffm IT@ E{ [o - a()]2 | §1,§2 } (n “2) (2m02)

fen (2 -y Y2722 e (2 v Y2/9421 4% g%
exp| nl(xl uy) [20%] exp[-n,(x,-1,) /20%] dx, dx,

T f_w f_w E{ [a - a(2)]? | Xy 5%, } e Y172 dyl dy2

. where Y, = (n1/202)%

1 (il_ul) and YZ = (n2/202)%(i2—u2). This equation

cén be solved fairly easily using numerical integration.

The numerical integration technique used here is Simpson's rule
(Carnahan, Luther and Wilks 1969, p. 73). While numerical integration
in two dimensions requires considerably more computer resources than

in one dimension, it can still be done easily and accurately.
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Two methods of validating the accuracy of this numerical inte-
gration technique are considered. The first involves comparison of
the expected values for the resubétitution, leave-one—out, and plug-in
estimators calculated by numerical integration with those using exacf
formulas in the literature. The other involves comparisons of uncon-
ditional mean square errors calculated by numerical integration with

those estimated by Monte Carlo sampling.

IT.2 Results of the Numerical Integration Study

The program which performed the numerical integrations, written
in FORTRAN, evaluates the unconditional mean square error (UMSE),
mean, and variance for each of fifteen estimators: resubstitution;
leave-one-out (only assuming c¢c = 0); normal smoothing applied to
résubstitution (RN method), with five values of the constant, b;
smooth slide applied to resubstitution (RS method), also with five
values of b; plug~in; the DS method; and the O method.

In addition the program evaluates six other values, all of which
are derived from results in the literature and assume ¢ = 0. These
are: the expécted actual error rate, E[u(a)] (1.7); the expected
values of the resubstitution estimator (1.13), plug-in estimator
(1.12), and leave-one-out estimator (Hills 1966); and the UMSEs for
the resubstitution and leave-one-out estimators based on asymptotic
expansions (Sedransk and Okamoto 1971). Noné of these values require
numerical integration for the;rﬁevaluation.

In each application of the numerical integration program with

= 0 (see Table 1.1), the expected values for the thrée error rate
estimators evaluated in this way were compargd with the same wvalues

evaluated by numerical integration. In no instance was the difference
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greater than'.001, suggesting that the results evaluated by numerical
integration are accurate to three decimal places.

Numerical integration is only performed in the univariate .normal
caée with variance assumed known. However, within this setting, the
program allows considerable flexibility in the parameters which may
be altered. Some of these parameters were held constant in all of
the.runs performed; These are By = 0, o% = 1, and the five levels
of b (1/4} 1/2, 1,_3/2, 2). The parameters which varied among and
within runs are i,, nl; nz, and ¢, as was showﬁ iﬂ Table 1.1.

In the following sections several aspects of the results from

these eight runs are discussed and evaluated.

11.2.1 The effect of smoothing on the resubstitution estimator

Smoothing appears to affect the resubstitution estimator in two

" ways: as the constant, b, increases from zero, the expected values of

" the two smoothed estimators monotonically approach onme-half, and their

variances monotonically approach zero. These effects are illustrated
by the sample results presented in Tables 2.1 and 2.2. Since larger
values of b clearly force hRS(f) (2.9) and hRN(f) {2.10) closer to
one-half, the effects make intuitive sense.

Consider these two effects in terms of estimation of the expected
actual error rate, a problem similar to that of estimation of the con-
ditional actual error rate (Sorum 1973). The smoothed estimators
always have smaller variance than resubstitution, and the larger the
value of b the smaller it is. In this respect the smoothed estimators
are always better than the R method. With respect tﬁ their expected

values, however, the results are not so simple.



44

TABLE 2.1

RESULTS OF NUMERICAIL INTEGRATION PROGRAM

WITH n.=n,=10, A=1, AND c=0

172
Estimator Mean Variance: = UMSE’
Method .303 .015 .021
Method .318 .019 024
D Method - .312 . 006 .012
DS Method .321 .005 .012
0 Method 317 .0086 .012
RS Method ‘
b=0.25 .305 .012 .019
b=0.5 . 310 .010 016
b=1.0 .330 .006 .013
b=1.5 .356 .004 .012
b=2.0 . 380 .003 .013
RN Method
b=0.25 308 - .011 017
b=0.5 .323 .007 .014
b=1.0 .359 .004 012
b=1.5 . 389 .002 .014

b=2.0 .410 - .002 © L0177

Exact Results (not requiring numerical integration)

~

Expected Actual Error Rate <3175
Expected Value of R Method .3032
Expected Value of U Method . 3189
Expected Value of D Method .3120
Asymptotic UMSE of R Method .0212

Asymptotic UMSE of U Method 0210 .




TABLE 2,2
RESULTS OF NUMERICAL INTEGRATION PROGRAM

WITH n.=5, n

1 =25, A=1, AND c=1.4

2

Estimator Mean Variance UMSE
R Method .799 .047 .026
D Method .786 .034 .014
DS Method .791 .033 .012
0 Method .782 .034 .014
RS Method
b=0.25 .798 044 .022
b=0.5 .793 . 041 .019
b=1.0 .777 .036 .016
b=1.5 . 754 .033 .016
b=2.0 .730 .030 .019
RN Metheod
b=0.25 .795 .042 .020
b=0.5 .783 .037 .017
b=1.0 . 749 .032 .016
b=1.5 .715 .028 .021

b=2.0 .688 .024 .027

45
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It is well known that the resubstitution estimator is optimis~
tically biased relative to the expected actual error rate (Hills 1966).
When the expected actual error rate is less than_one—half (this is
almost always true unless c > 0, in which case it may or may not be
true), the smoothed estimators tend to become less thimistically
biased as b increases to some point, b*. There the bias is zero,
and thereafter the bias beqopes increasingly pessimistic, approaching
some upper bound. For example, in the situation covered by Table 2.1,
b* appears to be-apprﬁximately 0.7 for the RS method and 0.4 for
the RN method.
| The value of b* is different in every different situation. It
seems to be large when the expected actual efror rate is closé to one-
half or when the training sample sizes are small, and to be small when
the expected actual error rate is far from one-ﬁalf or the training
sample sizes are large. !

In those cases when the expected actual error rate is greater
than one-half, two situations are possible. If the expected value of
the resubstitu#ion estimator is less than one-half, the optimistic
bias of the smoothed estimators decreases toward some lower bound
greater than zero. If the expected value of the resubstitution
estimator is greater than one-half, the optimistic bias of the smoothed
estimators.increaseé to an upper bound as b increases. This latter
situaﬁion is illustrated in Table 2.2. Although the expected actual
errer rate is not.given, presumably it is greater than .799, the
expected value of the R method.

Although the above discussion deals with estimation of the ex-

pected actual error rate, it is felt that the effects in terms of
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estmation of the conditional actual error rate are roughly similar.
This is explored further in Section I1.2.3, where the UMSEs of the

estimators are analyzed.

. I1.2.2 Normal smoothing versus smcoth slide

The discussion of Section II.2.1 applies equally to the normal
smoothing (RN) and smooth slide (RS) estimators. Based on their
expected values and variances there does not seem to be any evidence
for the preference of one type of smoothing over the other.

Although both the RN and RS estimators are defined using a
constant labelled b, this constant does not have the same inter-
pretation for the two estimators. For a given value of b, the RN
method seems to achieve more smoothing than the RS method; in other
words the RN method has a smaller variance and an expected value
closer to one-half (see Tables 2.1 and 2.2).

This does not mean, however, that the normal smoothing estimator

is any better than the smooth slide estimator. The better type of

.smoothing is felt to be the one which achieves the greater variance

reduction for a given change in expected value. Based on this
criterion there does not seem to be any basis for choosing one type

of smoothing over another.

I1.2.3 A comparison of estimators when sample sizes and prior
proﬁabilities are equal
Figures 2.1-2.4 contain plots of UMSE versus A for a sample of
four of the eight situations described in Table 1.1. Since the normal
smoothing (RN) and smooth slide (RS) estimators are felt to be nearly

equivalent, it was not deemed necessary to present both of them in
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these figures. The smooth slide estimators were arbitrarily chosen
to be included. TFigure 2.1 corresponds to a situation with equal
sample sizes and prior probabilities, which is of interest in

this section.

The most obvious feature of this plot is that the leave-one-out
estimator tor U method) has Sy far the largest UMSE when A is near
zero. As A increases the U method improves so that the UMSEs of the
U and R methods become approximately equal. The UMSEs of the fwo
estimators follow the.same pattern when the training samples are of
size ten, but they approéch less rapidly as A increases.

The three paramétric estimators (D, DS, and O methods) are ﬁery
nearly equal in terms of ﬁMSE, and, as would be expected under nor-
maiity; all‘have cénsiderably lower UMSE than the U and R methods.

The smooth slide estimafors seem to compare well with the other
estimators, but there are a few factors to consider. The value of
b has a large effect on the UMSE of the estimator. When the popula-
tions are very close, the more smoothing the lower the UMSE; the
smoothed estimators all have smalle¥ UMSE than resubstitution and the
larger the value of b tﬁe smaller the UMSE becomes. For moderate
and large separations betwéen the populations, however, the smoothed
estimators have smaller UMSE than the R method for small values of
b, but as b increases the UMSE of the smoothed estimator can increase
dramatically. Therefore, the optimum choice of b depends upon the
unknown separation between the éopulations.

If this were the only factor influencing the choice of b, the

solution would be fairly simple. For instance, in Figure 2.1, one

could choose b eﬁual to one~half and obtain an estimator which has
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FIGURE 2.1
UMSE EVALUATED BY NUMERICAL INTEGRATION

! IN THE UNIVARIATE NORMAL CASE WITH

n1=n2=25, c=0, AND KNOWN VARIANCE
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UMSE smaller than those of the U and R methods and nearly as small

/
as those of the parametric estimators. Unfortunately, the sample

sizes also seem to influence the cholce of b. ' When the training

sample sizes are smaller, a larger value of b {between one and one and

one-half for training samples of size ten) acﬁieves‘ﬁhe same result.
The results indicate that as sample size increases, the optimum

value of b decreases, but no generai relationship is apparent. In

the next two sections, two other factors which might influence the

choice of b are considered.

I11.2.4 The effect of unequal sample sizes
Figures 2.2 and 2.3 correspond to situations identical to that
in Figure 2.1 except for one of the training sample sizes. Figure 2.2,

in which n1=25 and n2=10, is virtually identical in appearance to

Figure 2.1, while Figure 2.3, in which n1=10 and u2=25, is very
dissimilar. The conclusion to be drawn from these figures, and from

other results not shown, seems to be that n. has a much larger effect

1
than n, on the UMSEs of the error rate estimators.

It-should be emphasized that the error of incorrectly classifying
an observation from ™ is the err;r rate under consideration. A more
general conclusion is that, when considering the estimation of the
.érror of misclassifying an observation from population i, the size of
the training sample from population i is much more important than that

A

from the other population.

I1.2.5 The effect of unequal prior probabilities

Figure 2.4 corresponds to a situation in which the prior

probability for population 1 is smaller than for population 2 (.20 to



ZDMmx MFDE-44-OZ0OO0EC

WO@@AMm Mmoo M

51

FIGURE 2.2

UMSE EVALUATED BY NUMERICAL INTEGRATION
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FIGURE 2.3

UMSE EVALUATED BY NUMERICAL INTEGRATION _ e
] IN THE UNIVARIATE NORMAL CASE WITH
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.80). This figure appears to be very different from Figures 2.1 - 2.3,
in which the prior probabilities are equal. However, the conclusions
about the UMSEs of the estimators, relative to one another, to be
drawn from it are virtually the same.

When the prior probabilities are equal, the UMSEs of the érrér
rate ‘estimators (with the exception of the smooth s;ide estimators
with large b) are.at a maximum when A=0. When the prior probabilities
are not eqpal, hbwever, the maximum is achieved at some value of A
greater than zero. For instance, in Figure 2.4, the UMSEs of all
estimators (with thé same exception as above) are maximized with A=2.

- At the value of A where the UMSEs are maximized, the values of the
UMSEs of the error rate estimators relative to one another appear to
be the same whéther or not the prior probabilities are equal. Compare

Figures 2.3 and 2.4, which both have n1=10. The UMSEs of the estimators

| with 4=0 in Figure 2.3 are approximately equal to the same UMSEs with

A=2 in Figure 2.4. Similarly, the UMSEs with A=2 in Figure 2.3 are
approximately equal to those with A=3 in Figure 2.4. . The result here
seems to be that inequality of prior probabilities is not an important
factor in comparing the UMSEs of the error rate estimators.

Note tﬁat the leave-one-out estimator is not presented in Figure 2.4
because this_estimator is not evaluated by the numerical integration

program with c#0.

11.2.6 Summary

Some of the main results learned from the numerical integration
study about the univariate normal case with 0% known are as follows.
With c=0, the U method never has UMSE much lower than the R method,

but, 1f the populations are close, it can be much greater. The three
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UMSE EVALUATED BY NUMERICAL INTEGRATION IN THE UNIVARIATE NORMAL

CASE_WIIH n1=10, n2=20; c=l.4, AND KNOWN VARIANCE
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parametric methods have very nearly equal UMSEs, which are considerably
lower than those of the U and R methods. The UMSE of the smcoothed

estimators depends greatly on the choice of the constant b. At best,

~a smoothed estimator has UMSE much smaller than the U and R methods

and not much larger than those of the parametric methods. The optimum
choice of the constant depends upon the size of the training sample

from ﬁl’ but does not seem to depend much on the size of the sample

from 7, or on the prior probabilities.

The numerical integration study has explored the effects of
several factors on the estimation of error rates, but it has omitted
many others. A Monte Carlc sampling study, described in Chapter III,
examines some of the other factors. In the univarjiate normal case
the Monte Carlo sampling study considers the effect of the assumption
of knpwn variance on each of the estimators, and looks at smoothed
versions of the leave-one-out estimator, with and without equal prior
probabilities. Thi; study also considers the effects of multivariafe

normal, and:some‘nonfnormal, parent distributions.



III. 'THE MONTE CARLO SAMPLING STUDY

Fl

IFI.l Properties of the Monte Carlo Program
The Monte Carlo sampling program allows much more flexibility
than the numerical integration program. Along with all of the esti--
mators inclﬁded in the ﬁumgrical integraéion prégram, the Monte Cérlo
program adds smoothed versions of the leaQe—qne-out estimator, and no
estimator is excluded due to unequal prior probabilities, as is done
in the numerical intggra;ion program. In addition, all of the

estimators in the Monte Carlo sampling program are evaluated both with

and without the assumption of known variance. While the numerical
intggration program considers only the case of univariate normal
parent disqributions, the Monte Carlo program alloﬁs;r-variate-normal
and some types of non-normal parents. The parameters El=9; §=E, and
the five levels of smoothing (b = 1/4, 1/2, 1, 3/2,'é) were held
fixed throughout all of the runs performed for this study, while the
barameters Hps Nps My, C, r, and the class of parent distribution vary
among and within runs.

In the remainder of this section, two aspectslof the Monte Carlo
sampling program are examined: the pseudorandom number generator,

and the accuracy of the results. In Section III.2, the results of

the Monte Carlo program are discussed.
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11I.1.1 The pseudorandom number generator

Uniform (0,1) pseudorandom numbers are generated in the Monte
‘Carlo sampling program using the mixed multiplicative congruential
method (Carnahan, Luther and Wilks 1969, p. 588). The general

recursive relation for this method is

x, = (ax + c) mod m,

i i-1

where a,c, and m are integer constants, and the values'yi=x1/m are
uniformly distributed between zero and one.
The maximum period for this sequence is m numbers, and this

maximum 1s achieved provided the following three conditions are met:

i) c and m do not have a common divisor (3.1)
i) a mod p = 1, where p is any prime factor of m

iii) amod 4= 1, if m is a multiple of 4

(Carnahan, Luther and Wilks 1971, p. 588).

The constants used in the program, a=509, ¢=886361, and m=222=
4194304, were‘chosen for the following reaéons: they meet the three
criteria in (3.1); they reduce the upper bound for the autocorrelation
between successive numbers, based on a formula given by Hammersley
and Hanscomb (1967, p. 29); and they yield a period large enough to
satisfy the requirements of the program. The maximum number of
pseudorandom numbers generated by the program for any given set of
parameters is 2,500,000, which is less than m.

Normal pseudorandom numbers, labelled z,, are obtained from the

uniform numbers by the method of Box and Muller (1958). Chen (1971).

and Neave (1975) have cast some doubt about the quality of normal
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pseudorandom numbers obtained in the manner used here by the Monte Carlo
sampling program; for this reason, some of the properties of these
pseudorandom numbers are examined. : P

The distribution of the pseudorandom normal numbers is examined
by éalqulating the first nine moments, :E, k=1,...,9. The results,
based on a sample of 100,000 consecutive numbers and presented in
Table 3.1, suggest that the second, and possibly fourth, moments of
the pseudorandom numbers are iess than for a true standard normal
distribution. However, the differences are very small, and all of the
other moments are close to their theoretical expected values. Based
on this result, the pseudorandom numbers seem to have a very nearly
normal distributiom.

The autocorrelations of the norﬁal pseudorandom numbers aré also
examined, based on the same sample of 106,000 cohseéutivé numbers.

The hypotheses considered are that the means of z'z i=1,...,9,

N ok O
are equal to zero. If the zj act. as independently distributed standard

normal random numbers, then the mean of the 100,000-1 values of

zjzj-i’ zz_i,'would have an expected value of zero, and a standard
error of approximately .00316. -The results, presented in Table 3.2,

indicate that autocorrelations are not  a problem for these pseudorandom

numbers.

ITI.1.2 Accuracy of the results

The Monte Carlo sampling prﬁéram estimates the éxpeéteé value,
variance, and UMSE for each error rate estimator. 1In this section,
the accuracy of these,estimét;;rié e;amined. “

As a first step, expressions are obtainea for the standafd errors'

of the three estimates in terms of the number of répetitions in the
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STANDARD

TABLE 3.1

WHERE z~ IS THE MEAN OF THE VALUES OF z

k

i=1,...,100

ERROR OF Z~, ASSUMING Z HAS A STANDARD

NORMAL DISTRIBUTION

MOMENTS OF 100,000 CONSECUTIVE PSEUDORANDOM NORMAL NUMBERS,

,000;

" AND E(Zk) AND s.e.(Zk) ARE THE EXPECTED VALUE AND

K 2 E(z5) s.e. (25 [2°-E@Z5) /s 0. (25)
1 3.9x1073 0 3.2x107° 1.24
2 9.8x10™ 1 4.5%x1073 -4.13
3 6.5x10 > 0 1.2x1072 0.53
4 2.9x107 3 3.1x10" 2 -2.06
5 -2.9x10 2 0 9.7x10" 2 -0.30
6 1.5x10! 15 3.2x107% ~1.56
@ 7 -1.0x10° 0 1.2x10° -0.86
8 9.8x10" 96 4.5x10° 0.55
9  —1.9x10' 0 1.9x10% -1.02
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TABLE 3,2

AUTOCORRELATIONS OF 100,000 CONSECUTIVE PSEUDORANDOM NORMAL NUMBERS,

WHERE zz__ IS THE MEAN OF THE VALUES OF 2525 5 j=i+1,...,100,000;
E(YZ) AND s.e.(YZ) THE EXPECTED VALUE AND STANDARD ERROR OF YZ,

ASSUMING Y AND Z ARE INDEPENDENTLY DISTRIBUTED NORMAL RANDOM VARIABLES

i zz_x10° [z2_~E(YZ)1/s.e. (YZ)
1 ~4.20 -1.33
2 3.22 1.02
3 1.16 0.37
4 0.29 0.09
5 ~1.46 ' ~0.46
6 2.72° 0.86
7 ~4.49 ~1.42
8 2.09 0. 66
9 -0.20 -0.06
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Monte Carlo sampling (n) and the variance of the error rate estimator.

~ ~

Let o refer to an arbitrary error rate estimator, and V(a) to its

variance. The first result is
s.e.(X) = [V(u)/n]%. ‘ ' (3.2)

Snedecor and Cochran (1967 p. 89) give the following:

s.e.(02) = V(a) (2/(n-1) + y/nl®,

where y is the kurtosis of a, defined such that (y+3) vZ(a) =
Ela - E(a)]%. TFor normally distributeq random variables vy is zero,

and so as an apﬁroximation:
s.e.(52) £ V(e) [2/(n-1)17%. (3.3)

It is more difficult to find the standard errcor of the uncon-

~

ditional mean square error (1.8). However, by assuming that a(Zz) is

a constant and that ¢ is normally distributed, the following

is obtained:
UMSE = (n-1)o2/n + [X - a(z)]}2.

Under the above assumptions, X - a(f) ~ N[ Bias, V(a)/n ], where

Bias = E[la - a(z)]. It can easily be shown that
var[X - a(g)]? = 2V2(u)/h2 + 4V(a)Bias?/n
and

Var{(n-1)02/n] = 2(n-1)V2(a)/nZ.



62

The final result is therefore
s.e. (UMSE) = [2V2(a)/n + 4V(&)Biasz/n]%. (3.4)

In évery Monte Carlo saﬁpling run, n=5000 is used. Although
V(&) is unknown and'varies considerably_with different estimators and
in different situations, one.can still explore the magnitudes of -the
standard errors for extreme and typical values of V(;).

The largest value of V(;) observed in Table 2.1 or 2.2 is . 047
(R method in Table 2.2); Using- this value in Equations 3.2 and 3.3,
along with n=5000, yields s.e.(X) = .0031 and s.e.(az) = ,0009. The
standard error of UMSE increases with Bias, but, if Bias is not very
large, it is ﬁery nearly equal to s.e.(éz). For example, using
Bias=.15, V(;)=.047, and n=5000 in Equation 3.4 yields s.e.{UMSE)
= .0013.

Based on all of the results of the numerical integrationm program,

however, a typical value of V(au) seems to be closer to .0l. Using

V(a)=.01, n=5000, and Bias=.15 in Equations 3.2-3.4 yields s.e. (X)

i+

X .0014, s.e.(o?) * .0002, and s.e.(UMSE) £ -.0005. These results

indicate that while X may be accurate only to two decimal places,

~

a2

and UﬁSE usually have three digit accuracy.

There is some overlap between the situations covered by numerical
integration (Table 1.1) and Monte Carlo sampling (Table 1.2).. A com~-
parison of the resﬁlfs of the tworstudies in tﬁese situations is
another way of assessing the accuracy of the two programs. Fof
instance, Table 2.2 can be compared with the fifst three columns of
Table 3.3. When all of the resﬁlts are compared, the above result is

».

confirmed: the variances and UMSEs estimated by the two programs




TABLE 3.3

RESULTS OF THE MONTE CARLO SAMPLING PROGRAM

WITH UNIVARIATE NORMAL PARENT DISTRIBUTIONS,

n1=n2

Known Variance

=10, a=1, AND c=0
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Unknown Variance

Estimator - Mean - Variance UMSE Mean Varianée UMSE
R Method .302 .015 .022 :302 .015 .022
U Method .318 .019 .024 .318 .019 024
D Method .312 .006 .012 .305 .007 .013
DS Method .321 .005 .012 .314 .006 .013
0 Method .316 . 006 .012 .309 .007 .013
RS Method
b=0. 25 .305 .012 .019 . 304 .012 .019
b=0.5 311 .010 .016 .310 .010 .017
b=1.0 330 . 006 .013 .327 .007 .013
b=1.5 .356 .004 .012 .351 .005 .012.
b=2.0 . 380 .003 .013 .375 .003 .013
RN Method - '
b=0.25 .309 .011 .017 .308 011 .017
b=0.5 .323 .007 .014 .321 .008 .014
b=1.0 .359 .004 .012 .355 - .005 .013
b=1.5 .389 .002 .014 .385 .003 014
b=2.0 411 .002 .017 . 407 .002 .017
" US Method
b=0.25  .320 .016 021 .320 .016 .021
b=0.5 .325 .014 .019 .325 .014 .019
b=1.0 .342 .009 .015 .342 .010 .016
b=1.5 .364 .006 .014 .363 .007 .014
b=2.0 .386 .004 .015 .384 .005 .015
UN Method
b=0.25  .323 .014 .019 .323 015 .019
b=0.5 .336 .011 .016 .336 .011 .016
b=1.0 .368 .006 .014 . 366 .007 .014
b=1.5 .395 .004 .015 .393 .004 .016
b=2.0 .415 .002 .018 412 .003 .018
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+

always agree to three decimal places, while the means sometimes agree

to only two decimal places.

IIT.2 Results of the Monte Carlo Sampling Study

IIT.2.1 Sﬁoothing applied to the leave-one-out estimator

The idea of smoothing was originally suggested in order to Feduce
the variance of the resubstitution estimator. While Glick (1977) hoped
that smoothing would have the beneficial side effect of reducing the
resubstitution estimatof’s bias ("The smoothed estimator ... not only
will feduce variance, but also is likely to lower the optimistic bias
of the [resubstitution estiﬁator]."), variance reduction ié the rggl
goal. It seems reasonable, therefore, that smoothing will be of most
benefit to a counting estimator which has large variance and small
bias, such éé the leave-one-out estimator. For thiélreason, smoothed
versions of the leave-one-out estimator were evaluated in the Monte
Carlo sampling program, and these results are examined in this section.

Smoothing appears to havg the same two effects, described. in
Section II.2.1, on the leave~one-out estimator as on the resubstitution
estimatof. First consider the effect on variance: as the level of
smoothing increases, the Qariance monotonically approaches éero, For
aﬁy given type of‘smoothing and value of b, the sﬁoothed U method has
variance as large as or larger than the corresponding smoothed R method;
however, the reduction in variance due to smoothing is generally greater
for the U method than for the R method (see, for example; column.Z or
column 5 of Table 3.3). Therefore, the effect of smoothing on the
estimators' variances is actually more beneficial to‘the U method than

to the R method.
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The other effect of smoothing is that as the level of smoothing
increases, the expected values of the estimators approach one-half.
While-this effect is often beneficial to the optimistically biased
resubstitution estimator (see Section II.2.1), it is almost always
detrimeﬁtal to the leave-one-out estimator. Bécause the bias of the
U method relative to the expected actual error rate is very small
{Section I.2.3), changes in its expected value are very likely to
increase the magnitude of tﬁe bias of this estimator.

In terms of UMSE, Lhe U method is always improved by low levels
of sﬁoothing, indicating that the reduction in variance overshadows
the increase in bias (see the third or sixth column of Table 3.3).

As thé level of smoothing increases, however, the‘UﬁSE also begins to
increase.

- This pattern is identical to that seen with the resubstituticn
estimator; however, there are important disfinctions. First, the point
at which the. UMSE begins to rise is different for the U and R methods;
sometimes it is greater for the U method than for the R method, and
sometimes vice versa. Also, the minimum UMSE achieved by the smoothed
resubstitution estimators always appears to be less than or equal to
the minimum achieved by the smoothed leéve—one-out estimators; this
fact is not influenced by the relative wvalues of UMSE for the unsmoathgd
U and R methods. For example, in Table 3.3, the minimum UHSE for the
smoothed U metﬁod is approximately .0l14, while for the smoothed R method
it is approximately .012.

Application of the idea of smoothing to the R method has two
advantages over the application of it to the U method.. While the bias

of the R method with respect to the expected actual error rate usually
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tends to decrease with smoothing (at least at low levels), the bias of
the U method tends to increase:; and smoothed resubstitution estimators
are potentially better than smoothed leave-one-out estimators in terms
of UMSE. For these reasons, smoothed versions of thé ieave-one—out

estimator are not considered any further.

I11.2.2 The assumption of known variance

The assumptién of known variance ié usually artificial; being
employed for tﬁeoretical éonvenience. ‘This was the case with the
numerical integration ﬁrogram. in most real situationg, howgveg, the
variance of the parent distributions is not known. Since unknoﬁn
variance'is.the situation of.g;eatest interest, thé results of the
ﬁumerical integration study may be of limited value unless'some measure
of the effect of the assumption of known variance on the error rate
estimators is obtained. ‘

The numerical integration program is restricted to univgriate
normal parent distributions. In this case, 1f c=0, thé resubstitution
and leave—one—out_estimatoys depend only on the sample means and not
on s?; therefore, they are identical with and without the assumption

~of known variance. To evaluate thé effect of the assumption of known
variance on the other estimators; aﬂd on the R and U methods for c#0,
the results of the Monte Carlo sampling proéram were reviewed. For
example, in Table 3.3, the change in the UMSE of the estimators is
very small (.00l or less). The ;ean and variance of the smoothed '
estimators are also not greatly affected by the assumption of knoﬁn
variance, while those of the parametric estimators are affected to a

greater extent.
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The general conclusion that the UMSEs of the error rate estimators
are not greatly affected by the assumption of known variance is supported
by all of the Monte Carlo sampling results. While the UMSEs of thé
parametric estimators decrease to a greater extent than those of the
nonparametric estimators when known varianée is assumed, these changes

all seem to be relatively unimportant. Therefore, it is felt that the

~ordinality'of the results of the numerical integration study are

preserved in the case of unknown variance.

It is interesting £o note that in the multivariate normal case '
the assumption of known variance has an entirely different effect.
Consider, for example, Tabie 3.4, which corresponds to a five-variate
normal situation. There, the decrease in the UMSE of the R method
when assuming known variance is very large (.0l4), especially when
compared to the decreasg in the‘UMSE of the U method (.002); and the
decrease for the D methed is even greater (.017). Therefore, while
the artifi?ial assumption of known variance seems to have a benign
effect in ;he univariate normal case, the same is not true in the

multivariate normal case.

I11.2.3 The effect of multivariate normality

In order to explore the effects of increasing the number of
dimensions of the observation vector (r) on the UMSEs of the error
rate estimators, the Monte Carlc program was run using three- and five-
dimensional vectors, and with training samples of size ten and twenty-
five. In this section these results are compared with the results from

the univariate normal case.
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TABLE 3.4

RESULTS OF THE MONTE CARLO SAMPLING PROGRAM -

WITH 5-VARIATE NORMAL PARENT DISTRIBUTIONS,

n1=n2=10, A=1, AND c=0
Known Variance Unknown Variaﬁce
Estimator Mean Variance - UMSE Mean Variance UMSE
R Method .239 .012 . .035 .210 .013 - 049
U Method .372 .022 .027 .389 - .023 .029
D Method 251 . .004 .023 216 .006 .040
DS Method .291 .003 .015 .258 ~.005 .027
0 Method . .256 .003 - .022 222 .006 .038
RS Methed , |
b=0.25  .243  .010 .031 216 .01l .046
b=0.5 .250 .008 .028 .220 .009 .042
b=1.0 .275  .005 020 - .244 .007. ..033
b=1.5 .307 .003 013 .276 .005. .024
b=2.0 .339 002 010 .310 . 004 .017
RN Method ' : »
b=0.25 .248 .008 .029 .218  .0l0 . 043
b=0.5 ..266 .006 .022 .235 .007 .036
b=1.0 312 003 .013 .282 005  .022
b=1.5 .351 . .002 .009 .325 - .003 ' .0l4
b=2.0 .379 001 .009 .357 .002: .011
US Method o _
b=0.25 .373 019 .024 .389 021 .027
b=0.5 .377 .017 .022 .391 .019 .025
b=1.0 .388 012, .017 .397 .015 .021
b=1.5 404 .008 . .015° .407 .011 .018
b=2.0 .420 005  .014 .418 .009 .017
UN Method )
b=0.25 .376 ,017 .022 .390 .020 .026
b=0.5 .384 .013 .019 .395 .016 .022 .
b=1.0 . 407 .008 .015 .609 .011 .018
b=1.5 426 .005 .014 424 .007 . .016

b=2.0 440 . .003 .015 .436 .005 .015
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While the UMSEs of all other error rate estimators always increase
as r increases, the UMSE of the 1eave—one4§ut estim;tor can actually
decrease. For example, compare Figures 3.1-3.3. When A is small, tbe‘
U method has by far the largest UMSE Inﬁthe univariate case, while in
the multivariate cases, its UMSE is much improved relative to all other
estimétors. In fact, while the UMSEs for all other estimators at leagt
dogble_when r increases from.one to five, the U metﬁqd's UMSE decreases.
fhese results indicate‘that, as the number of dimensions in the
observation vector increages, the U method improves relative to all
othef.gstimatbrs, expecially when 4 is small.

Increasing r also affects the UﬁSEs of the parametfic estimators
relative to one another. In the univariate case the UMSEs of the
three parametric estimators are nearly equal (for example, Figure 3.1),

while in the multivariate case they tend to separate (Figures 3.2 and

3.3). 1In almost all cases the DS method has the smallest UMSE, followed

by the O method and then by the D method. The gaps between the para-
metric estimators seem to widen as the mumber oﬁ dimensions increasés,
but, for any given value of r, they seem to decrease as A increases.
Also_important is how increasing‘dimenéionality affects the
smoothed estimators. In general, as r increases, largér values of S
appear to be useful in reducing UMSE. To illustrate this effect,
consider Figures 3.1-3.3, in which the five smooth slide estimators

are displayed. 1In the univariate case (Figure 3.1), b=1.5 clearly

_results in too much smoothing (note the elevated UMSE for A>1.5),

‘while the best results with respect to minimizing the UMSE seem to be

obtained with b equal to one-half or one. In the three-dimensional

case (Figure 3.2), b=1.5 appears to result in a good estimator,
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FIGURE 3.1 '
UMSE EVALUATED BY MONTE CARLO SAMPLING
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FIGURE 3.2
UMSE EVALUATED BY MONTE CARLO SAMFLING
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n1=n2=25, c¢=0, AND UNKNOWN VARIANCE

EINME O EO.ANO R OO

mOoooemMm MmopoOw

0110

7.009

0,008

h.007

0. 196 -]

9.09¢

D.000

i P S

-

0.0

0.5

- T ™

i.n 1.5 <. 0
SQUARE ROOT OF MAHALANOBIS JISTANCE



ZIODMIE FIODZOHN-JH4DZ000=c

it

.29

.018

L0148
012
010
.58
006
.ao}
.002

.0090

i ]

lJ]lIllAll:llllJllxx

% IV TR FOURITTUNE U TN PO TN

sl

[SURUNS TN FURTE N

Y

P W

TS PR
T o

calaaiiaia,

72

FIGURE 3.3
UMSE EVALUATED BY MONTE CARLO SAMPLING

IN THE '5-VARIATE NORMAL CASE WITH

ni=n2=25, c=0, AND UNKNOWN VARIANCE
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although b=1 might still be preferred. In the five-dimensional case
(Figure 3.3), however, b=1.5 gives excellent results. In every
situation, at least one of the smoothed estimators compares very well
with all other.estimators with respect to minimizing UMSE. For example,

in Figure 3.3, the smooth slide estimator with b equal to one and one-

half has considerably lower UMSE than either the U or R methods over .

most of the range of A shown. Compared with the parametric estimators,
this smoothed estimator has lower UMSE when & is less than two, and

only slightly higher UMSE when A is greater than two.

I111.2.4 The effect of non-normal parent distributions

The results presented in this chapter and in Chapter.1I iﬁdicate
that the parametric-estimators, the DS method in particular, tend to
have lower UMSE than any of the nonparametric estimators. While in
some instances one or more of the nonparametric estimators was shown
to have smaller UMSE than the DS method for some values of 4 (for
example, the U method in Figure 3.3), in no case was this true over
the entire range of A. However, thus far only normally distributed
parents have been considered; in this sectiAn the UMSEs of the error
rate. estimators are compared assuming three types of non-normal pareﬁts,

described in Section I.5. The uniform and double exponential distri-

" butions were chosen as examples of symmetric distributions with tails

narrower and wider, respectively, than those of the normal éistribution;
and the exponential distribution was chosen as an example of a skewed
disgribution. While it is expected that the U and R methods will prove
to be more robust than the parametric estimators, it is of particular
interest to determine whether or not the same is true of the smoothed

estimators.
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The results (some of which are illustrated in Figures 3.4-3.6)
demonstrate that the UMSEs of some of the error rate estimators are
relatively unaffepted by non-normality, while th&se of the other
estimators can be greatly affected. The estimators in the former
class include the U and R methods and the smoothed estimators with
low levels of smoothing (b equal to one-fourth or one-half in
Figures 3.4-3.6). Compare'these estimators in the normal case
(Figure 3.1) with the same estimators in the three non-normal situations.
The UMSEs of these estimators are higher in the uniform case than in
the normal case, and lower in the exponential and double exponential
cases. However, the differences between the normal and non-normal
cases are always very small, and the UMSEs of these estimators

relative to one another remain nearly identical.

The other group of estiwmators, including all of the parametric
estimators‘and the smoothed estimators with high levels of smoothing
(b equal to one and one-half or two in Figures 3.4-3.6), have UMSEs )
which are highly dependent on the class of parent distribution. In
general, the UMSEs of the parametric estimators are larger under non-
normality than under normality. ‘The difference is especially large
for those non-normal distributiong with tails wider than those of the
normal distribution. For example, the UMSEs for the parametric
estimators are much larger in the exponential case in Figure 3.5 than
in Figure 3.1. ﬁhen the parent aistributions‘are uniform (Figure 3.4),
the difference is not very large; in fact, f;r small vaiues of A, the N
UMSEs of the parametric estimators are smaller for uniform Qata than

for normal data.
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FIGURE 3.6
UMSE EVALUATED BY MONTE CARLO SAMPLING
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The UMSEs of ﬁhe smoothed estimators with large levels of smoothing
seem to be affected by the class of parent distribution to an even
larger extent than the parametric estimators. For example, the UMSEs
of these estimators-with uniform parent distributions in Figure 3.4
are entirely différent than with exponential parent distributions in
Figure 3.5. While the UMSEs of these smoothed estimators are sometimes
smallef under non-normality than undef normality (for example, uniform
parent distributions with small values of A), they are usually larger,
and are sometimes considerably larger.

While a low level of smoothing does not seem to affect the
robustness of the smoothed estimator to a very large extent, a high
level of smoothing certainly may. Because robustness is possibly the

most important advantage of nonparametric estimators, the results of

this section should serve as a caution against the use of too much
smoothing. Thérefore, any smoothed estimator suggested by this paper
will be carefully evaluated in the three non-normal situations

considered here.

II1.2.5 Summary

One important result described'in Section III.2 is that the
assumption of known variance has very little effect on the ﬁMSEs of
the error rate estimators in the univariate normal case. Theréfore,
the results of the numerical intggration study, described in Section II.2,
are assumed to be valid with unknown variance as well. Two results of
the multivariate normal case are that as r increases, 1) the DS method

enmerges as the parametric estimator with the smallest UMSE, followed

by the O-methdd; and 2) the UMSE of the U method improves dramatically :

relative to all other estimators', especially when A is smalli
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Replacing normal with non-normal parents has little effect on the
UMSEs of the U and R methods and the smoothed estimators with low
levels of smoothing; but may have a large effect on the parametric
estimators and the smoothed estimators with high levels of smoothing.

The results of this section help to understand the properties
of the smoothed error rate estimators. Smoothed leave-one-out
estimators were found to be of less interest than the smoothed
resubstitution estimatﬁrs and are no longer being considered, Sut the
smoothed resubstitution estimators were sﬁown to have great potential.
With the proper amount of smoothing these‘estimators were shown to
have UMSE nearlf as 'low as the parametric estimators in the univariate
and multivariate normal cases. Under some types of non-normality,
however, they have UMSE smaller than any other estimator.

It is clear that the smoothed estimators offer a reasonable
alternative to the existing error rate estimators. The important
question which remains to be answered is: How do we determine the
proper level of smoothing? This question will be addressed in the
next chapter, where a specific smoothed estimator, calied the NS
mefhod, is defined. - This estimator is then compared with the R and

U methods, and the parametric estimators.



IV. THE NS METHOD: A PROPOSED SMOOTHED ESTIMATOR

In Chapters II and III the results of the numerical integration
and Monte Carlo sampling studies were examined. The idea of smoothing
in general was found to offer the possibility of a considerable reduc-
tion in the resubstitution estimator's UMSE. It was also found that
the level of smoothing.which maximizes this reduction in UMSE is a
function of both the training sample sizes and the number of dimensions
in the observation vector (r). In this chapter, a specific smoothed
estimator is defined which it is felt acﬁieves a large portion of the

maximum reduction in UMSE. In Section IV.1 the development of this

estimator, called the NS method, is detailed. The UMSE of the NS
method is then compared with the UMSEs of the other estimators; the

results are presented in Section IV.2.
 IV.1 Definition of the NS Method

IV.1.1 Determination of the proper level of smoothing
'Assume that an expression for the expected value of some type of

smoothed estimator were known, conditioned on ;1, 52, and S. This

-~

quantity, denoted E(c:S | ;1,§2,S), is a function of b, the smoothing

constant. In Section II.2.1 it was shown that a low level of smoothing
tends to reduce the bias of the resubstitution estimator as it simul-

taneously reduces the variance. Therefore, one way to obtain a reason-

able level of smoothing would be to equate E(aS f §1,§2,S) with the

~ -

expected actual error rate and solve for b. Unfortunately, this error
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rate is a function of the unknown parameters of the parent distribu-
tions; hence, this method is not feasible.

Another possibility is to equate E(c:S I gl,%z,g) with the expected
value of some other error rate estimator, also conditioned on %1, gz,
and S. This estimator must both have an expected value which is in-
dependent of the unknown parameters of the parent distributions, and
have less bias than the R method. Two such estimators are the D and
DS methods.

It has been shown that the D method is less biased than the R
mefhod (Section 1.2.2) and that the DS method tends to have less bias
than fhe D method (Section I.2.5). Conditioned on %i,

D and DS methods are constant; hence their expected values under

52, and S, tbe

normality are

B@D | %b%,08) = o{-n/2) JCRY
and
" E@PS | %1*%2'5) = o{ —(n1+n2—r—é)%m / 2(n1+n2-2)% ., (4.2)
where o2 = (x,~X,)" s7 (%, x.).

~ -1 .2

The method used to determine a possible level of smoothing,

therefore, is to determine an expression for E(us | ;1,;2,8), equate

it with (4.1) or (4.2), and solve for b.

IV.1.2 An approximation for E(as | ;1,52,5)
According to Section I11.2.2 it makes little difference which type
of smoothing is used here in terms of UMSE. For mathematical conve-

nience, normal smoothing is chosen rather than the smooth slide.
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In Section II.1.5 an expression for E(uRN [ ;1,52

in the univariate normal case with 02 assumed known. Through-

»S) was found

out this section, however, it is assumed that the parent distributions

are multivariate normal with means p, and u., and a common unknown

1 2

variance, Z. It is also assumed that the prior probabilities are
equal, and hence c=0. Because the smoothed estimators are simply the
average of a function of the independent sample observations, the

following is true:

~

E@\ | X,%,,8) = [ (0] = E{ o[-w(X)/bn] },

where w(X) = [X—%(§1+§2)]' S-l (x *;2) and X is a random observation

~1 .
from the training sample from e
It can easily be shown that the joint distribution of X, il’
and %2 is
~1
"1 Lz 0
N aly o7l: 0
5! 12 ™ e .
. -1
Hy J s © 0 ne ’
and therefore that the distribution of X conditioned on il = §1 and
Xy =%y is
X | %.,%. ~ N[x (n —1)n_12]
- L1722 i R | 1.7

Conditioned on il = il’ iz =‘§2, and £ = §, X has expected'valqe

X, and variance (nlwl)nils, but it does not have a normal distribution.

It should be clear, however, that X in this case is asymptotically .

normal. Therefore, as an approximation, it will be assumed that




root decomposition of S. This gives X = [(n -l)ln ] Y+ x

Now define Y

83

| X

t b

ERLRN NIx , (nl-l)n11§]. 4.3)

[n /(n -1)];i i 0 x ), where S!‘2 is a square
35‘5

.

-1

If X has the distribution given by (4.3), then Y ™ N(O . Ir)'

E(a

| %

t A

1’

i

,+S)

E{ ¢[-w(X)/bm] }

[ [X-b(x.4+x,)]' S (x
I TR s B - x, l \

[ [(“1'1)%“I%§%¥ + %1 "%(%1+%2)]' §—1 (%1'%2 ] ]
E{ ¢{- —

bm

' [(n,~D) /0y %S T3, %) + 32 ] ]

E| ¢/-

i

E[ #(T) ], where T ~ N[-m/2b , (,-1)/n b?]

Pr{ Z < T }, vhere Z ~ N(0,1)

Pr{ z-T < 0 }, where Z-T ~ N[m/2b , 1 + (nl-l)/nlbz]
b

o{ -[1 + (nl—l)/nlbz]— m/2b }

o{ -[nll(nlb2+n1—1}]%m/2 1.

Because the distribution of X used in this derivation is only approxi-

mate,

the res

E

ult is

@ | %),%,,8) 2 0 ~[ny/(a b24n -1 %/2 ). )
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Iv.1.3 Solution for b
In order to obtain a normal smobthing estimator with expected

value equal to that of the D method, (4.1) is equated with (4.4).

This yields
o{-0/2} = #{ ~[n,/(n b%m -1)1%/2 }
or . -1 = nll(nlb2+n1-1)
or | b=t (4.5)

Similarly, in order to obtain a normal smoothing estimator with
expected value approximately equal to that of the DS method, (4.2)

is equated with (4.4). This yields
o{-(n tn,--3)/(n 4,-2) /2 } = C ~[n,/ (n;b%4n -1)1%0/2 )

or (n1+n2-r—3)/(n1+n2-2) = nl/(n1b2+n1-l)

or b= { [ (a-1) + (1,-D] / [n (njtn,-r-3)] VL (4.6)

The smoothing constant defined by (4.6) has certain- advantages
over that defined by (4.5). It was shown in Section III.2.3 that r is
an important factor in the choice of the level of smoothing, but,
while the constant defined by (4.6) is influenced by r, the constant
defined by (4.5) is not. An examination of the results of the Monte
Carlo sampling study reveals the following. The smoothing constant
in (4.5) yields an estimator which always has lower UMSE than the R
method; however, the reduction in UMSE due to smoothing is usually
very small. This estimator does not seem to smooth enough. The

smoothing constant in (4.6) is larger than that in (4.5); hence this
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estimator has a larger level of smoothing than the other smoothed
estimator. The reduction in UMSE due to smoothing is usually quite
iarge for this estimator.

'The smoothed estimator proposed here, called the NS estimator,
is defined_as follows. For each observaﬁion in the sample from

T calculate

W% (x,) = 8 ~[n, (aptmy-r-H TGy / ml(r42) (ny-1) + (,-1)17 3,

and take the mean of the nl values.

“IV.2 Evaluation of the NS Method

The results of the same numerical integration and Monte Carlo
sampling runs which were discussed in Chapters Il and III are used
to compare the NS method with other error rate estimators. In addi-
tion, in order to obtain a wider range of situations under which the
NS method could be evaluated, several new ruﬂs were performed. These
were listed in Table 1.3.
| The numerical integration and Monte Carlo prograﬁs evaluate the
smoothed estimators only at five specific values of b; however, the
value of b defined by (4.6) is usually not among them. In order to
estimate the results for the NS method for these programs, a quadratic
interpolation formula, based on Newton's divided difference inter-
polating polynomial (Carnahan, Luther and Wilks 1969, p. 9) is
employed. This method is defined as follows. Let bi’ i=1,...,5,
correspond to the_five levels of smoothing which are considered by
the two programs, in ascending order. Therefore, b1=0.25, b2=0.5,-
and so on. Similarly; let b6=0 correspond to no smoothing: the R

method. Now let f(bi)’ i=0,...,5, denote one of the three functions
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evaluated by the programs (mean, variance, or UMSE). In order to
estimate f£(b) for b defined as in (4.6), determine the integer j such

that 1 < j < 4 and |b-bj| f_lb-bil for 1 < 1 < 4; and calculate

£ = £(by 1) + (bby I£G) = £(by 1)1 / (by-b, )

1
* by ) (bby) L IECh; 1) - £ )T/ (byy,-b)
= [EGy) - £0by 1)1/ (bymbs 1)}/ (byy-by ).
In every case considered, the value of b defined by (4.6) is
within the range of smoothing constants consideredrby the programs;
in other words, 0 < b < 2. The quadratic interpolation formula is
used rather than a simple linear interpolation for greater accuracy,
especially in light of the fact that the functions being interpolated
generally do not appear to be linear. However, the difference between
the results obtained using linear and quadratic interpolation formulas
is always very small. For example, consider the results for the RN
method presented in Table 3.4. The sixth column of this table corre-
spond; to the UMSE of the estimator when the variance of the parent
distributions is unknown. Using the quadratic interpolation formula

to this function for b=0.7746 yiélds 0.0276, while a linear inter-

polation yields 0.0283.

IV.2.1 Results in the univariate normal case

Figures 4,1-4.4 display the UMSEs of five error rate estimators
iﬁ the univariate normal casé with four different sets of traiﬂing
sample sizes. Of the estimators considered.in Chapters II and iII,
the smoothed estimators are here represented by fhe NS method, and

and the O method is omitted, since it was found to have UMSE nearly
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always intermediate to those of the D and DS methods. The results in
these figures were obtained from the numerical integration program

in order to conveniently cover a very wide range of training sample
sizes. In Section III.2.2 it was found that the assumption of known
variance implicit in these results has only a very small effect.

It is interesting to consider how the relationships among the
UMSEs of the estimators vary with the training sample sizes. As the
training sample sizes increase, the UMSEs of all five estimators
decrease, while the raﬁk order éf these UMSEs remains nearly constant.
With one exception, the NS method has UMSE greater than both the D and
DS methods', and smaller than both the U and R methods'. This

exception occurs with training samples of size five (Figure 4.1),

Awhefe, with A less than one, the UMSE of the NS method is less than

that of the D method.

For the smallest training sample sizes, the UMSE of the NS method
is much closer to those of the parametric estimators than it is to
that of the R method. TFor the largest training sample sizes, however,
the opposite is observed. Figures 4.1-4.4 illustrate a trend as the
training sample sizes increase: the difference between the UMSEs of
the NS and parametric methods increases relative to the difference
between the UMSEs of the NS and R methods. This result indicates,
therefore, that smoothing improves the R method most dramatically in
just those situations where the UMSEs are largest, and, hence, where

the improvement is most beneficial.

IV.2.2 Results in the multivariate normal case
When comparing the UMSE of the NS method with those of the other

error rate estimators, the relationships observed in the multivariate



92

normal case are very similar to those that were observed in the uni-
variate normal case. ‘For the smallest training sample sizes, the
UMSEs of the NS and DS methods are nearly equal, and both are smaller
than the UMSEs of the D and R methods. Again, fhis indicates that
smoothing is most effective when the UMSEs are largest, and hence,
where it is most necessary.

For the largest training sample sizes, illustrated by Figures 4.5
and 4.6, the NS method has UMSE which is less than the UMSE of the R
method and greater than the UMSE of the DS method. In Figure 4.5,
with r=3, the UMSE of the NS method is greater than that of the D

method, while in Figure 4.6, with r=5, the opposite is observed.

IV.2.3 Results in non-normal situations

In Section III.2.4 it was learned that if the level of smoothing
is small, the smoothed estimators, like the R and U methods, aré robust;
that is, their UMSEs are relativelylunaffected by non-normal parent
distributions. However, it was also found that the UMSEs of the
smoothed estimators could be greatly affected by non?normality if the
level of smoothing is large. Therefore, it is important to investi-
gate the question of robustnesé #s it relateg to the NS method.

In general, the UMSE of the NS method does.not seem to be greatly
affected by non-normality. For example, consider the resul;s for
three non-normal distributions presented in Figures 4.7-4.9, along
with the results under normality,in Figure 4.3. TFor any given value
of A, the UMSE of the NS does not seem to vary among these figurés
any more £h;n the UMSEs of the R and U methods. Apparently, the level
of smoothing in the NS method is not large enough to appreciably

affect this estimator's robustness.
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The UMSEs of the parametric estimators are, of course, greatly
affected by the parent distribution type. The result is that in some
situations (Figure 4.7) the parametric estimators have UMSE lower
than that of the NS method, while in other situations (Figures 4.8
and 4.9) the NS method has UMSE considerably lower than that of any

other estimator studied.
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V. AN APPLICATION OF THE NS METHOD

The NS method has been shown to perform very well relative to
ther error rate estimators in many situations when the linear dis-
ériminant function (LDF) is used. It is also important to demonstrate
how this method may be applied when discrimination functions other
than the LDF are used.. In this chapter, therefore, the NS method is
used-to predict the érror rates of several different discriminant
rules developed from a real data set.

Luria et al. (1976), studying two-year survival following myo-
cardial infarctlon, collected data on training samples of 110 patients
who lived and 27 who died, and testing samples of 91 who lived and
14 who died. A stepwise discriminant procedure was performed on the
training samples, and resulted in five variables being selected as
minimally.;ufficient for prediction. These include two continuous
variables (zl and Z,t systolic blood pressure and blood urea nitro-
gen) and three binary variables (yl, Yos and y4: Ppresence of atrial
arrhythmias, history of coronary artery disease, and more than one
vent;icular ectoplc beat per hour) scored as 1 for absent and 2
for present.

Knoke (1982) analyzed these data using four types of discrimi-
nant rules developed from the training samples: the LDF, logistic
regression (LR), the quadratic discriminant function (QDF), and the
location model (LM). Error rates for these rules were estimated

based on the resubstitution and leave-one-out methods; these were
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compared with unbiased estimates of the error rates obtained from the
independent testing samples. The purpose here is to reproduce some
of this work, adding error rate estimates based on the NS method.
Logistic regression is frequently used in discrimination problems,
especially when one or more of the explanatory variables is categori-
cal. The application of the NS method is essentially identical when
logistic regression and linear discrimination are ﬁsed. To illustrate
this fact, consider that logistic regression and linear discrimination
are simply two distincf methods of estimating the same parameters.
"In linear discrimination, multivariate normal observation vec~-
tors are assumed; hence, the log of the likelihood function can be

written as

In L(x) = % + x'a,

-~

where ay = -¢ = %(ul+u2)' Zﬁl (pl—pz) is the intercept term, a =

~

-1 :
E (EI“EZ) is a vector of parameters, ¢ = ln(qzlql), and,q1 and 4,

are the prior probabilities. In the LDF these parameters are esti-

L agmam e ol gz = S R
mated by ay = -c - 4(xjtx))" § 7 (x)=x)), a = § " (x;7%,), ¢

-~ -~

1n(;2/al), and al and ;2 are estimates of the prior probabilities.
In logistic regression, a different method of parameter estimation is
used and different estimates are obtained, but the same parameters are
estimated, and a linearized classification rule may be written.

There is one important distinction between the estimafés of %
in linear &iscrimination énd 1ogi§tic regression. While in linear
discrimination any desired estimates, af and ag, of the prior proBa-.

bilities may be chosen, in logistic regression these values are auto-

matically estimated by the relative frequencies of the training
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samples: hence, in logistic regression, ;1 = nll(nl+n2) and az =
nz/(n1+n2). In order to use estimates of the prior probabilities
other than these, a method due to Anderson (1972) may be employed.
If.;i and ;5 are the desired estimates of the prior probabilities,
then the correction term ln(nzai / nlag) is added to the logistic
regression's estimate of 85 Using this correction term, the lin-
earized classification rules estimated by.logistic regression and
linear discrimination are completely analagous, and the NS method
of error rate estimation may be applied similarly.
In quadratic discrimination, the covariance matrices for the two

populations are estimated separately (denote these estimates by §1

and 52) and are not assumed to be equal. The QDF is of the form

Q(:f) = af + :_t'il* + x'A*x,

-

]
=
1)
Ia]
1]
34
*
]

- - -1 -
§= -c+%l 1n|s,| - Inls,| ] - %G S, x

.1
at = S-l X, - S_1 x.,, and A* = !;:(S_1 - S—l) In order to apply the
- P R | 22 L2 - 2 170

NS method in this case, the LDF may simply be replaced by Q(x).

- X

The location model is sometimes used when the explanatory vari-

ables consist of a mixture of r, continuous variables and r, categori-

cal variables. Although a modification by Krzanowski (1975) shows how
the location model can be altered to reduce the number of parameters
estimated, this method essentially consists of a separate LDF using

the T continuous variables as the independent variables within each

of the cells defined by the r, categorical variables. For example,

2
in the data set considered here, there are three binary variables, and

therefore eight distinct linear discriminant functions are estimated,

each with z1 and z2 as independent variables. Within each cell,
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indexed by i, let Ny and By be the training sample sizes; let %ij’
j=1,...,n11, be the observations in the training sample from wl; let
mi be the estimated Mahalanobis distance between the populations;

let by =.{ [(rj+2)(n;;-1) + (=11 / In (o pbn =1 -3)] 1¥ be the

117742771
smoothing constant; and let wi(§) be the linear discriminant function.
The NS method applied to the location model can be defined as

NP & S :
o =n; g jzl 3¢ Ic-wi(:fij)] / bim‘i 1.

A FORTRAN SUBROUTiNE which computes the NS estimafe is given in
Appendix 2. In orde? to usé this subprogram, the appropriate dis-
crimination procedure must already have been performed. The training
samples, training sample sizes, number of dimensions in the obser-—
vation vector, and the square root of the Mahalanobis distance
between .the populations must all be entered as parameters into this
subprogram.” In addition, the discriminant function, regardless of the
type of discriminant procedure used, must be supplied in a separate
FUNCTION subprogram. Two examples of this subprogram are given in
Appendix 2. Twé NS error rate estimates are returned by the
SUBROUTINE: one for observations from population 1 and another for
observations from population 2.

When.the location model is used, the FORTRAN SUBROUTINE must be
run separately for each of the cells defined by the r, categorical
variables. For each cell, indexsd by 1, a separate set of parameters
must be entered into the SUBRCUTINE, and a separate FUNCTION subpro-
gram with the appropriafe discriminant function must be written.

Error rates for cell i and population j, 3-=1,2, labelled uij’ are

obtained. In order to obtain overall estimates of the error rates,

8
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~

@y and a,, a weighted average must be taken:

° -1
G, =7

j 3 E nij &1j, j=1,2.
This is not done by the FORTRAN SUBROUTINE.

The discriminant rules considered by Knoke (1982) include the
following: LDF (linear discrimination using all five independent
variables); LR: LDF (logistic regression using all five independent
variables), LDF + HT (linear discrimination using Zy» 245 and ylyzyB);
LR: LDF + HT (1ogistié regression using Z{» Zys and ylyzyB);

LR: LDF + HHT (logistic regression using zl, Zys yl, yé, ya, ¥1Y2>
¥1Y3 and y2y3); QDF (quadratic discrimination using all five indepen-
dent variables); and IM (location model using all five independent
variables). Each of these seven rules is considered twice: once with
; = -1.405, which corresponds to the prior probabilities estimated by
the training sample sizes (n1=110, n2=27), and called the minimum
misclassifiéations rule; and again with ; = 0, which corresponds to
equal prior probabilities, and called the minimax rule.

The results of these analyses are presented in Table 5.1. The
columns labelled R correspond to the resubstitution estimates, NS to
the NS estimates, U to the leave-one-out estimates, and I to the error
rate estimatés based on the independent testing samples. For the
minimax rule, the average error rate is the simple average of the two
values; while for the minimum misclassifications rule, the average
error rate is a weighted average of the two values, where the weights
correspond to the appropriate sample sizes.

The main purpose of this chapter is to illustrate how the NS

method can be used in a practical situation, and this has been done.
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TABLE 5.1
ERROR RATE ESTIMATES FOR SEVERAL DISCRIMINANT RULES: -
FOR PATIENTS WHO LIVED (L), THOSE WHO DIED (D),

AND THE AVERAGE (A)

Minimum
Misclassifications Rule Minimax Rule-

R NS U 1 R NS U 1

_ 5 5 6 8 26 25 27 22

LDF D ' 56 58 59 57 22 24 22 29

15 15 17 14 24 24 .25 25

L 5 5 - 7 25 25 - .22

LR: LDF D 56 57 - 71 22 24 - 29

‘ A 15 16 - 15 24 24 - 25

Lo 4 4 4 s 14 17 14 14

LDF + HT D 52 52 52 64 26 31 30 29
13 14 13 13 20 24 22 21 :

L 4 5 - 5 18 21 - 15

LR: LDF + HT D 56 55 - 64 19 25 -~ 29

A 14 15 - 13 18 23 - 22

5 5 - 7 20 22 - 16

LR: LDF + HHT D 56 55 - 64 19 25 - 29

A 15 15 - 14 19 23 - 23

5 5 5 8 12 13 15 12
QDF D 56 58 63 43 .37 37 44 21 -
15 15 17 12 26 25 29 17 '
5 6 6 8 16 18 18 16 :

LM D 48 47 63 50 22 28 48 14

A 13 14 18 13 19 23 33 15
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A few other comments can also be made. The NS estimates in Table 5.1
seem to be reasonable in that they are fairly close to the other
estimates; and in general the NS estimates tend to-be intermediate
in value between the resubstitution estimate, which is usually the
smallest, and the leave-one-out estimate, which is usually the
largest. This, of course, is the rank order that would be expected
based on the relative biases of the estimators: the R method has a
large optimistic bias, the NS method tends to have a smaller optimis-

‘tic bias, and the U méthod is nearly unbiased. Notice that these

.three estimates tend to be relatively similar for the group of
patiengs who lived, but are sometimes very dissimilar for the group
of'patients who died. This reflects thét the training sample for ghe
former group is larger than for the latter, and that all three esti-

mators asymptotically converge on the actual error rate.



VI. CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER RESEARCH

Under the criterion of minimizing the UMSE, the NS method is
never much worse than any other error rate estimafor, but with some
types of non-normal parent distributions it can be considerably
better than all other estimators. In addition, smoothing seems to be
of most value in exacfly the situations where it is most necessary.
Therefore, smoothing should certainly be considered as an alternative
to all other estimators;

In some situations, error rate estimators other than the NS
method are recommended for use. If more than two indepeﬁdent variables
are used in the discriminant analysis, and if the Mahalanobis distance
befween the parent distributions is felt to be relatively small, then
the leave-one-out estimator should be chosen. If this is not the case,
and if one is reasonably certain that the parent distributions are
normal, then the DS method is probably the best choice. However, if
a single estimator is to be chosen for use in all situations, then,
based on the results of this study, this estimator should be the
NS method.

While fhe NS method appears to be a good smoothed estimator, it
is, however, not necessarily the}best one. In a future study, two
aspects of smoothing might be examined in order to improve upon the
NS method. Very little difference was found between the two types of
smoothing functions examined in this paper. However, it is certainly

possible that some other smoothing function will prove to have advan-
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tages over both normal smoothing and the smooth slide. .Assuming that
normal smoothing is used, the value of b given by {(4.6) does not neces-
sarily define in any sense the optimum level of smoothing. While this
equation has the advantage of being based on theoretical, rather than
ad hoc, considerations, another equation might be found which yields

an estimator with consistently lower UMSE than that of the NS wethod.

When the amount of smoothing is substantial, the UMSEs of the
smoothed estimators were shown to be very sensitive to the type of
parent distribution. -Whilg the NS method does not appear to suffer
from ; lack of robustness in any of the situations studied, this
potential problem should be examined more closely. In partiecular, the
level of smoothing defined by (4.6) increases with the number of
independent variables: Does this have any effect on the robustness
of the NS method? To help answer this question, several type of non-
normal parent ﬂistributions should be studied, both in the univariate
and multivariate cases. For the same reasons, the NS method should
also be examined in other real data situations, such as the one
presented in Chapter V.

In that example, the NS method was used in situations where dis-
criminant functions other than the LDF were being evaluated. While the
application 6# the NS method in these situations seemed reasonable,
the theoretical development of this method was restricted to the LDF.
It is therefore important to examine the quality of the NS method as
measured by UMSE for logistic regression, quadratic discrimination,
and the location model.

The bootstrap is a statistical technique which can be applied to

the estimation of error rates in discriminant analysis. As discussed
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in Section I.2.8, this technique can be used to reduce the bias of the

resubsﬁitutioy estimator relative to the expected actual error rate;
however, there is nothing to prevent one from similarly using the
bootstrap to reducg the bias of the NS method. Since the major advan- '
tage of smoothing is a variance reduction, and that of the bootstrap
is a bias reduction, application of the bootstrap to the Né method
might be a valuable complement. This possibility should be explored.

In conclusion, the results obtained in this paper on smqothing
and the NS method cerﬁainly seem to be encouraging enough to warrant

further research.

4
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A.1 AN EXPRESSION FOR E[h(U)h(V)] IN THE UNIVARIATE

NORMAL CASE FOR THE SMOOTH SLIDE ESTIMATOR

El@hW)] = [4° [9°8 g(y,z30) dy dz
+ fd 6 fd+8 [(d+8-y) /28] g(y,zip) dy dz
+ fd+B J98 [(avp-2)/28) 8(y,z;p) dy dz
+ 38 195 ((avgoy) /28] [(a+6-2)/28] g(r,230) &y de

= 38 (9B p(y.zi0) dy a2

+ [(a+p) /28] [9° fd+a g(y,zip) dy dz
+ 1@)/28) [3 [1Pgy,2i0) dy a2

[ (a+8)/28]2

-+

fd+8 Id+8 g(y,z;p) dy dz
+ et [0 (SR oy gtrzie) dy

@287t J3*8 19 (o) 80r.2i0) ay a2

-+

d+B Id+B

+ [(a+8)/482) [ (~y) g(y.z;p) dy dz

d+8 Id+6

+

[ (a+B) /482] I

fd+8 f:t: (yz) g(y,z;p) dy dz (A.1)

Z) g(er;p) dy dz

+ (28)°

This result consists of the sum of nine double integrals. The first

four integrals are evaluated using the result

ky %
’ . J I g(y,z;p) dy dz = G(klskz;p)' (A.2)

—r
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In order to evaluate the other five integrals, the following results
are first derived.

Let S =Y «pZand T =
ki %
J J (-y+pz) g(y,z;p) dy dz

k1 R ' b5 -1 2yern 2
= J J (-y+pz) [27(1-0%)"17" expl-(y-p2)2/2(1-p2)] exp(-z2/2) dy dz

-0

k., tk, -pt
= J 1 J 2 {2“(1_p2)5]-1 exp[-sz/z(l‘pz)] EXp(—t2/2) (-sds) dt

-

k | : .
= J 1 [(1~pz)%/2w] exp[-(k,~pt)?/2(1-0?)] exp(-t?/2) dt

k ‘
= f 1 [(1-p2)!’/2n1 exp(-k,2/2) exp[-(t-ky0)?/2(1-p?)] dt
- (197 #(ky) o[G,0) (1p2)H]. (A.3)
Similarly,

k) kg ' 5
I | J (-z+py) g(y,z;p) dy dz = (1-p?) $(ky) o[ (k,-k p) (1-p%) *]1.
- -0 ' (A. 4)

k) 1k
I J (y-pz)? gly,z;p) dy dz

—ry

k. ¢k, -pt :
) J ) [ 27 [2r(1-p2) L exp[-s2/2(1-p?)] exp(-t2/2) s? ds dt

-0

kl kz—pt L
= J J [(1-p2)"/27] exp[—$2/2(1—p2)] exp(-t%/2) ds dt

-0

k
- J 1 [(lfpz)%/Zvl(kz—pt) exp[-(kz-pt)ZIZ(l-pz)] exp(-t2/2) dt
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k1 kZ k
= l I {(-p2)%/27] expl-(y-pz)2/2(1-p?)] exp(~22/2) dy dz

—r

k .
- pI 1 [(l-pz)%/Zn]exp(-k§/2) exp[-(t-pkz)zlz(l-p2)] (—t+pk2) dt

-l

k
- kz(l—pz) ] 1 [(1-92)*/2w]exp(—k§/2> exP[r(t-pkz)ZIZ(l-oz)] dt

= (1-p?2) Glk;sk,i0) - p(1-p9)2 gk, ,k,3p)
_ a2 _ _2yh
kzcl p2)2 ¢(k,) ¢[(k -pk,){(1-p Y 4. (A.5)
Similarly,

k) (%2
I ] (z-py)2 g(y,z;p) dy dz = (1-02) G(kl,kzip)

il

- p D)% Blkysky50) = kg (pD)? 00Ky o[ (icymk p) (1-p2) 1.

(A.6)

ky 1k '
J J (y-pz) (z-pk,) g(y,z;p) dy dz

kl kz-pt -1
= J J [21(1-p2) %17} expl-82/2(1-p2)] exp(-t?/2) s (t-pky) ds dt

= - [(1-p2)¥12n] exp[-(ki—pt)zlz(l-pz)] exp(-t2/2) (t-pk,) dt

o [T [Q-p® /201 exp(k2/2) expl-(t-pk))2/2(1=pP)] (2-pky) dt
- 1-p232m L exp(k2/2) expl-(k -pky)2/2(1-0D)]

= (1-p2)? g(ky,k,50). (A.7)
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Similarly,

k) rk, o ' .
f J \(z~py)(y-pk1) 8(y,z;p) dy dz = (1~p2)2 g(kl,kz;p)- (A.8)

Since -~y = [(-y+pz) + p(~z+py)] { (1-p2), combine (A.3) and

(A.4) to obtain

k, ¢k S . |
J 1 j 2 () 8,230 dy dz = ¢(k,) Ql(il-okz)(l-pz)ng

+o G ellypk) DI (a.9)
And finally, since
yz = p(1+p2) { [(z-0¥) (y-0k)) + (y-pz) (z-pk,)1 / o
-+ [(y-p2)2 + (2-py)?] ./ (1+p2)

= ky(-y+oz) - ky(=z4py) } / 2(1-p2),

(A.3) through (A.8) are combined, and after much algebra the following
result is obtained.

ki rk, : .
I f (vz) g(y,z;p) dy dz = pG(kl.kz;p) + (1-p2) g(kl.kz;p)

- _ ooy . - o2y
pk, ¢ (k) o[k, Pk, ) (1-0%) 7] ek, ¢(k,) ®L(k, pk,) (1-p<) *].
(A.10)
The results (A.2), (A.9) and (A.10) are suﬁstituted into (A.1),

and again, after much algebra:
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E[h(U)h(V)] = { [(a+B)%4p) G(d+8,d+8;p) — 2[(d+B) (d-B)+p) G(d-B,d+B5p)
+ [(3-8)24p] G(d-B,d-B;p) + (1-p2) g(d+B,d+8;p)

- 2(1-p2) g(d-8,d+B;p) + (1-p2) g(d-8,d-B;p)

&

+ 2(d+B) ¢(d+B) o[ (d+B-pd-p8) (1-p2) " 1]

X

2(d-8) ¢(a+8) o[ (d-B-pd-pB) (1-p2) ° ]

=l

2(d+8) $(d-g) o[ (d+B-pd+pB) (1-p?)

20d-8) $(d-8) o] (d-B-pd+pB) (1-pD T 1} / 4B2.

+
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A.2 A FORTRAN SUBROUTINE TO EVALUATE THE NS ESTIMATE

SUBROUTINE SMOOTH (DATA,N,NDIM,M,NS)

DIMENSION DATA(2,10,200),N(2),B(2),X(10)

REAL M,NS(2)

B(1) = SQRT(FLOAT((NDIM+2)*(N(1)-1) + (N(2)-1)) / FLOAT(N(I)*
X (N(1)+N(2)-NDIM~3)))

THIS IS THE SMOOTHING CONSTANT FOR THE ESTIMATOR OF ERROR RATES
FOR POPULATION 1.

B(2) = SQRT (FLOAT ( (NDIM+2)* (N(2)-1) + (N(1)-1)) / FLOAT(N(2)*
X (N(1)+N(2)-NDIM-3)))

THIS IS THE SMOOTHING CONSTANT FOR THE ESTIMATOR OF ERROR RATES
FOR POPULATION 2.

DO 10 I=1,2
NI=N(I)
NS(I)=0.

A SEPARATE ESTIMATE (NS(I)) IS OBTAINED FOR EACH POPULATION,
I=]1 AND I=2.

DO 10 J=1,NI
SUM OVER EACH SAMPLE OBSERVATION FROM POPULATION I.

DO 20 K=1,NDIM
20 X(K)=DATA(I,K,J)

SET THE VECTOR X EQUAL TO THE NEXT SAMPLE OBSERVATION.

2=F(X) /(B (L) *M)
IF (I EQ. 1) Z = =1.%*2
CALL MDNOR(Z,A)

THE VARIABLE A TAKES ON THE VALUE OF THE SMOOTHING FUNCTION.
THE FUNCTION SUBROUTINE F(X) MUST BE WRITTEN BY THE USER, AND THE
SUBROUTINE MDNOR IS AVAILABLE IN IMSL.

10 NS(I) = NS(I) + A/FLOAT(N(I))

THE ESTIMATE IS THE MEAN VALUE OF A.

RETURN
END

i
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Variables Entered Into SUBROUTINE SMOOTH

DATA - The matrix DATA(I,J,K) contains the training samples from
group 1 (I=1) and group 2 (I=2). Space is available for as many
as ten independent variables (J) and two hundred observations
per training sample (K).

N - N{1) is the number of observations from group 1 and N{2) is the
number of observations from group 2.

NDIM - The number of independent variables.

M - The square‘root'of the distance between the sample means,
weighted by the inverse of the pooled covar;ance matrix.

NS - NS(1) and N$(2) are the smoothed error rate estimates for poﬁ-

ulations 1 and 2 which are returned to the main program.

Subprograms Called by SUBROUTINE SMOOTH
MDNOR(Z,A) - This subroutine, available in the IMSL library, returns
A such that A = ¢(Z). Similar subroutines are readily available
in other statistical packages.
F(X) - This function subroutine, which must be supplied by the_user,
evaluates the discrimin#ht.function. Two examples of this

subprogram follow.

FUNCTION F(X)

DIMENSION X(10)

W= -1.437 + 0.02323*%X(1) + 0.05636%X(2) + 0.79179*X(3)
RETURN

END

FUNCTION F(X)

DIMENSION X(10)

W= 1.247 + 0.041%X(1) - 0.184*X(2) - 1.118*X(1)*X(1)
X 4+ 0.823*X(2)*X(2) + 1.124%X(1)*X(2)

RETURN

END
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