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INTRODUCTION

The subject of this dissertation is the monotonicity property
of a class of tests which are derived by the union-intersection
principle /7 18 _]l, the tests being all within the Neyman-Pearson
set-up of two-decision problems.

It is well known that most non-sequential parametric tests
(within the Neyman-Pearson set_up), some of them in current use
and some of them more or less‘recently proposed by various workers
for different situations, have power functions with the following
property. In each case the power happens to be a function of
certain parameters, which are functions of the original parameters,
being much less in number than the original parameters. Further-
more, this set of parametric functions is such that the set as a
whole can be appropriately regarded as a measure of deviation fromv
the hypothesis to be tested. For example, in most cases it turns
out that every member of the set is zero, and in some cases every
member is unity if and only if the hypothesis tested (to be called
the null hypothesis) ie true. For many of the current none
sequential parametric tests (to be called the classical tests),
it is further known that this power function has the additional

property of unbiasedness in the sense of Neyman; later designated

1. Numbers in square brackets refer to bibliography.
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as complete or uniform unbiasedness in contrast with local unbiased-
ness, whose meaning is also obvious in the context of the Neyman
Pearson theory. Many of these uniformly or completely unbiased
tests happen to possess what is indeed a stronger property and one
that automatically implies complete unbiasedness. This property
is that the power function of the test monotonically increases, as
each of the parameters involved in the power function (to be called
the deviation parameters), tends away from its value on the null
hypothesis; the value being usually zero or unity. This property
has a considerable significance in terms of the loss functions of
the general Wald theory, but this point ﬁeed not be elaborated
here. We shall call this property, when it exists, the monotonicity
property of the power function and note that it implies the weaker
property of complete unbiasedness. |

In this dissertation a number of tests recently proposed in
relation to means and variances of univariate and multivariate
normal populations will be studied from this point of view, and it
will be shown that many of these tests have the monotonicity
property, while some of them are completely unbiased but do not
have the monotonicity property. It is also shown, incidentally,
that each of these tests can be derived from a uniform principle
of test construction called the union intersection principle which
yYields in most cases a lower bound to the power function which

turns out in many cases to be pretty good /19 _7.
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The monotonicity property of the multivariate analysis of
variance test, and of the test for the independence of two sets of
variables from a (p + q)-variate normal population, each test being
based on the union-intersection ﬁrinciple, has been proved by
Roy /7 19 7.

In Chapter I, we have proved, that under a certain partition
of the tail areas, the two-sided F test for the equality of two
variances from two univariate normal populations, has the
monotonicity property.. The case of one population follows as a
corollary to the above result, Percentage points connected with
the modified test are given for different values of the parameters.

In Chapter II, we have shown, that if we impose a certain
restriction on the tail areas, we get a test for the equality of
two covariance matrices from two multinormel populations, which
has the monotonicity property; when all the characteristic roots
of a certain matrix are equal. The case of one population follows .
as a corollary to the above result. The distribution problem
connected with the test procedure is also given. The results
given in this Chapter, generalize those given in Chapter I for
multinormal populations.

In Chapter III, we have investigated certain power properties
of the Tukey Studentized range q and the Hartley Fmax ratio tests.
We have shown that these tests are uniformly unbiased, but that
the power functions do not have the monotonicity property, Also

we have obtained certain useful lower bounds to the power functions
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of these tests., Multivariate extensionsof these tests are also
considered.

In Chapter IV, power properties of the sim. anova test are
investigated. We have shown that the sim. anova test has the
monotonicity property. We have also obtained lower bounds to
certain prabability statements connected with the sim., anova test.
The distribution problem connected with the test has been solved
and upper 5 per cent points of the Studentized largest chi-square
are given for different values of the parameters.

In Chapter V, certain optimum power properties of the
Studentized maximum modulus test have been proved., The distri-
bution problem connected with the test was solved by the author
Jjointly with Pillai /7 16 7, It is shown that the Studentized
maximum modulus test has the monotonicity property. Using a
certain result due to Kimball /"1l 7, we have obtained useful
lovwer bounds to certain probability statements connected with the

test,



NOTATION

All vectors are column vectors and primes indicate their transposes.
"X(p x Q)" denotes "a matrix with p rows and q columns."

"c(X)" means "the characteristic roots of X(p x p)."

"Sup c(X)" means "the largest c(X)."

1 in

" "
U sy Stends for "the maximum in the set (ul, ceey uk).

1" t

U,in Stands for "the minimum in the set (ul, cen, uk)."
"|x|" stands for "the absolute value of x."
"a.e." stands for "almost everywhere."
"p.d." stands for "positive definite."
"n.d." stands for "negative definite."
"p.d.f." stands for "probability density function."
"c.d.f." stands for "cumulative distribution function."
"d.f." stands for "degrees of freedom."
"N(E, 02)" stands for "a random variable x having a normal
p.d.f. with mean ¢ and variance 02."
"N(g, Z)" stands for "a random vector x(p x 1) having a

multinormal p.d.f. with mean vector g(p X 1) and covariance

matrix Z(p x p)."



CHAPTER I

UNIVARIATE TESTS ON VARIANCES FROM NORMAL POPULATIONS.

1.1 Case of one'population. Let Xy (i=1, 2, ..., n) be a random

sample of size n from aN(g,Ge) population. To test the hypothesis

a° 01L02 2
=3 = 1 against = = o} % l,we have the test procedure:
o N
0 0
L. acce 6 =90 i » where
(1.1.1) pt o° = o2 1 X2 <x® ¢ X2, wh

2 - 2 n
2 _ (n-l)s® _ Z(x -§)// -
X = 2 =1 ! Oe’x-f‘xi/n,and

Go 0

2
X" is a chi-square variable with n-1 def, and reject the hypothesis

otherwise.
: (
The usual procedure is to choose Xi and Xg such that
2
Xl Q0
(1.1.2) p(Xe/l;n-l) ax® = jp(xz/l;n-l) axe = a,
2
‘ 2
0 XE

where a is the given level of significance of the test.

p(X2/52; n-1) is defined to be equal to

n-3% X2
X2\ T3
(1.1.3) Const. (==) 28 .

62 e



If we do not impose the restriction (1.1.2), then the test pro-
cedure given above depends on two quantities X? and Xg which we can
choose in an infinite number of ways such that the level of signi-
ficance of the test is . Equation (1.1.2) gives one partition of -
the tail areas,

We shall choose the tail areas in such a way that the resulting
test has the monotonicity property. This presumably can be
accomplished in various ways, one being as follows:

Under the alternative hypothesis let P denote the power of

the test procedure, i.e., let

12

X2

(1.1.4) P=1- p(x%/6%;n-1) ax?,

' 2

)

2 .2

]
denote the power of the test procedure based on X and X2 , Where

1

2

X2

(1.1.5) l-a= p(X%/1;0-1) ax® ,

2
and 8° = ¢ /Gg # 1 is the deviation parameter. We shall choose

.2 2

$
Xl and XE such that, in addition to (1.1.5), we also have

BP/aSE = 0,when 8° = 1, i.e., when 0° = Ug.



2 2
1
This condition imposes a further restriction on Xl and X2 y

which, together with (1.1.5), fixes Xia and Xée .
We shall presently show that under this condition the test
procedure has the monotonicity property.

Now,

2 -3 X%/
(1.1.6) P=1-c _fr (xe/sz) 2 d(X2/52)

is the power function of the test procedure. Notice that ¢ > 0

is a pure constant independent of 62.

Hence
12 ' 2
| N X S X
P - 1 T2 2 T2
(1.1.7) E S (5 e 28® - (—%—) e 28 .
08 ) 5 8

The condition aP/aﬁe = 0 when 8> = 1 is equivalent to

12 12
p D=1 X1 p B-l x>
t = a5 [ - -
(1.1.8)  (x, ) F e % o) ? o 2
1 , 2
that is,
2 2
] n_l l 1 1
* 2 ] (x =% )
(—"_'é‘) = e .
1
X



Now (1.1.7) reduces to

2
2
X'Q n-1 o X 2 na L .x')
, - 2 T T3 1 2 T2t eT M
(1.1.9) ~§- (—2-2-) 2 ¢ 28 {(“"2‘ e 28 ]
5 5 !
2
2
Xle n_l X i l(X12 Xle) l (X!Q x'2)
o —— - omasemm - - - o E——— - ’
= :% (—25) e e 28 [e 2”2 L e 262 2 1
5 3]
using (1.1.8),
It is now easy to check that
S 2 . . 2 2
9/562 >0 if 8% > 1, that is, if o > 95

and <0 if 8° < 1.

Thus P, the power of the modified test is a monotonic

2

increasing function of 8% if 62 > 1,and a monotonic decreasing

function of 82 if 52 < 1. Hence the modified test has the
Bonotonicity property. The values of Xie and Xég for o =.05

are given in Table 1 (see appendix) for different values of n.

1.2 Case of two populations. Let X5 (1=1, 2, ... nl) and

xei(i =1, 2, 4eu n2) be independent samples of sizes n, and n,

from N(gl, Ui) and N(gz, Ug) respectively. To test the hypothesis
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2 2 ol 2, 2
ol = 02 against the alterna'civesol # 02 we have the test procedure:

2 2 2, . _ ,
accept 0] = o) , that is Ul/dg =1, if F, <F <F,, where
n, \
2 L (x,, ~x.) (n.-1)
(1.2.1) F = Bl/sg s 1 2" ,

(ay-1) oy 5,)°

n
nX, =% x. 4(j=1,2), and F has en ordinary F
CFRE

distribution with n, - 1, n, - 1 4d.f,, and reject the hypothesis
otherwise.

The usual procedure is to choose Fl and F2 such that

Fl o0

; a
(1.2.2) f p(F/l;nl -1, n, - 1) aF = fp(F/l;nl-l,nQ-l)dF =3,

0 F2

where @ is the given level of significance of the test.

p(F/82; n, -1, n - 1) is defined to be equal to (52= 02/ 2, .)
1 2 ’ 102741’

nl-3 _
2 n1+n2-2

1+ (nl'l)F/(n2-1)52_7 2"

(1.2.3) Const, (F/EQ)

If we do not impose the restriction (1.2.2), then the test



procedure given above depends on two quantities F1 and F2 which
we can choose in an infinite number of ways such that the level
of significance of the test is ¢, Equation (1.2.2) gives one
partition of the tail areas.

We shall choose the tail areas in such a way that the
resulting test has the monotonicity property. This presumably can
be accomplished in various ways, one being as follows:

Under the alternative hypothesis let P denote the power of the

test procedure, i.e., let

! t
denote the power of the test procedure based on Fl and F

5 where

1

Fa

(1.2.5) l-qg = \!( p(F/l;nl -1, n, - 1) 4F;and
1

Fy

t
8% = Ui/dg # 1 is the deviation parameter. We shall choose Fy

1
and F,, such that, in addition to (1.2.5), we also have

® - 1, i.e., when o? = Og » This condition

1

]
imposes a further restriction on Fl and F

aP/Bﬁg = O when 5

1

which, together with

n



H
(1.2.5), fixes F,

We shall presently show that under this condition the test

t
and F2.

procedure has the monotonicity property.

Now,
F2 nl-5 n.+n_-2
2 -1)F/ L2
(1.2.6) p = | (F/2) © a(F/g2), ['1+ (n,-1)877 2
F
1

is the power function of the test procedure., Notice that c > O is

a pure constant independent of 52.

Hence
n.+n_ -2
1l 72
(1.2.7) -af-é-g (F/z) (a-1)F, | T2
b 13) ) {1+ }
(n 1)5
n2-l
2 n.+n_ -2

The condition aP/BSQ = 0 when 8° = 1 is equivalent to



n,-1 1 ' 2
F' 1 1+ n. -l Fl 2
(1.2.8) F1/) & | —2_ T
F, n,-1 *
14+ oI F2
2
Now (1.2.7) reduces to
l (ni+n2-2)
n,- ' 2 n -1
- (F' ) 12 ( (nl-l)Fl ' 12
—_ 1+ ) F )
2y 2/ .2 2 (
5 /5 (n2-1)6 l/F'
2
t
(nl-l)Fl
1+ --—--——E n.+n_ =2
{ (n2-1)6 1 22
- : l(
L. (nl-l)F2 )
2
(n2-1)5
t
S ¢ =(ny+n,-2) 1+ (ny~LFy mytny-2
=52/ 2) 2 (14 0y -Fy 2 _"net) °
52 & 2 !
(n2-1)6 (nl-l)F2
S s
(n,-1)F.
L. nl- 1 nl+n2-2
2 2
) { (n2-1)6 } J
1 s
L. (nl-l)F2



using (1.2.8).
It is now easy to check that

d¥/y2 >0  if 8° > 1, that is, o?L > cg ,

and <0 if 8° < 1.

Thus P, the power of the modified test is a monotonic
increasing function of 62 if 52 > 1 and a monotonic decreasing
function of 82 if 62 < 1, Hence the modified test has the
monotonicity property. The values of F; and’F; fora = .05 are
given in Table 2 (see appendix) for different values of ny and n,.

It is worth noting that the results for the case of one
population can be derived from those for the case of two popu-
lations by meking nelarge. Also it is worth noting that the
likelihood ratio criterion in either of these situations does not
give a test which has the monotonicity property. As a matter of

fact the tests based on the likelihood ratio criterion in the

two situations are each biased.



CHAPTER I1

MULTIVARIATE TESTS ON COVARIANCE MATRICES

2.1 Case of one population. Let X(p x n) be a random sample

of size n from a N(¢, L) population. To test the hypothesis
T oL -
Ho: Z= Eo, i.e., ZZOl = I(p) against the alternativeszzol =

I'(p x p) # I(p) ve have the following test procedure /18 7,

accept HO if

!
S'e’ <ooo <€' S‘eo

(2.1.1) 2] 1 )

0

and reject H, otherwise, where Gl, seey ep are the p character-

0
- ' — -
istic roots of (n-—l)SZ-ol , vhere (n-1)S = XX - n xx , X being
t
the sample mesn vector. eo and eo are so chosen that

-1
(2.1.2) p(8), «vny ep/ZZO = I(p)) del...dep =1-aq,

t

L4
9, <98 <98,

¢ being the given level of significance of the test.

It is well known that under the null hypothesis

P
o=l _ 2
(2.1.3) p(el,...,ep/zzc = I(p)) = Const. II &, e (e,

1=1 1>

0<8 <...<8p<m,

—Gj)
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The test procedure given above depends on two quentities eo

1
and eo which we can choose in an infinite number'of ways such that
the level of significance of the test is a, We shall choose eo

]

and.eo such that in addition to (2.1.2) we have

(2.1.4) g; ] =0(i=1,2, «.., p),
i

7=1 ]

where Tys sees 7p(=2') are the characteristic roots of I'yand P
is the power of the test based on Gb and Gé « It is easy to
check and it will be shown in (2.6) that the p equations (2.1.4)
are all equivalent each to the other, each being also equivalent

o (P) . .

7 LN N ] = = . Th .l.’+ t

to 5 71 s 7p y X 0 us (2 ) imposes just one
7::

further restriction on-eO and-@é,which, together with (2.1.2),
fixes-eo and 98 . We have shown that under this restriction the
resulting test will have the monotonicity property if all the y's
are assumed to be equal and to stay equal.

It is conjectured that when the y's are not equal, the test
based on 60 and Qé will have the monotonicity property if either
all y's are > 1 or if all are < 1.

The d;stribution probler connected with the test will be solved

in (2:5).
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2.2 Case of two populations, Let Xl(p x nl) and X2(p X n2) be ran~

dom semples of sizes n, and n, from N(gl, Zl) and.l\l(.gé,i‘. ) .respectively.
To test the hypothesis H: 21 = I,, l.e., Zli'-el I(p) against the ol

alternatives 2122 = I'(p x p) # I(p) we have the following test pro=

cedure [iB 7

accept HO if
1
(242.1) -eo Lo < -eo ’

and reject EO otherwise, where -61, saey Bp are the characteristic
n_ -1
o -1 -t -
roots of Sl(S 4 e . T 82) ~,and (ni - 1) 8, = Xixi -0, xixi, ES

being the semple mean vector of the i th population (i = 1, 2),

| 4
9 _ and -GO are s0 chosen that

0
' -1
(202.2) f P(‘el, uo,-Qp/lee = I(p))d:@l...d'gp £ ] - a,
R ?
9, <98 <9,

Q@ being the given level of significance of the test,

It 1s well known that

(2.2.3) p(8;,+00s80/8) 2'1 I(p)) = Const. II -Gm(l-—G)II (0,~8.) ,
1 1> 4

n.=p=2 n_=p=2

where m = 5 and n = 22 and0<-el<...<-9p<l.
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The test procedure given above depends on two quantities éb and
e% vhich we can choose in an infinite number of ways such that the
1
level of significance of the test is @, We shall choose'eo and~0b

such that in addition to (2.2.2),we have

(2+2.4) %; ] =0 (i=1,2, e, ),
i y =1

1
where Y1 veey 7p(=g ) are the characteristic roots of I',and P is

v '
the power of the test based on-eO and-eo. It 1s easy to check

and it vill be shown in (2,6) that the p equations (2.2,4) are all
9 (P) y = 0, Thus (2.2.4) imposes
7yr o0 Ty = x_/7 1, -

il

Just one further restriction on 60 and-eo which, together with (2.2,2)

?
fixes‘eo and-Go. We have shown that under this restriction the

resulting test will have the monotonicity property if all thé 7's are

equivalent to

assumed to be equal and to stay equal.

It is conJectured thet when the 7!'s are not equal, the test
based on QO and.eé will have the monotonicity property if gither
all y's are > 1 or if 8ll are < 1,

To solve the distribution problem connected with the test we
need the Joint distribution of the largest and smallest roots of
certain determinental equations. We shall derive in the next few

gsections certain mathematical results which we shall use to obtain

the joint c.d.f. of the largest and smallest roots.



2.3 Properties of a certain special function.

Let

(2.3.1) B ['x, Yi@gy D3 eees m nl)_7
m n m n
8 8 8 8
y X, X, . X (l-xs) oo xl (l-xl)
= J P II dx . ee e .
X X X . ese .
m n m n
1 i 1 1
X (l-xs) ves Xy (l-xl)
= B Z-x} ¥s . LR ] . “7 0
mS’ nS see ml, nl

The last expression is in

whose meaning is made clear by

case of 8 = 3 for which
(243.2) B/ x, v; .

y

-
=

X X

. x3
my Dy [ m
f x5 (l-x5) d:v:3 j X,

X
2
2(1—x)n2dx xml(lx)ldx
27 o 1 1 1
X

the form of a pseudo-determinant

considering, for illustration, the

1k
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x %,
5 m, n, . m, n, -
- f x, (l-xa) dx,, j X, ( l-xl) ax, _/
X x
y b 4 X
m, n, 5 my By e m, n,
- ‘f Xy (l-x3) dx3 [ Jf X, (1-x2) dx,, J/ X, (l-xl) dx,
X x x
x X
5 ml , nl 2 m3 n5 '
- j/ %, (l-xe) dx, .f x, (l-xl) dxl]
X x
y X b'4
my n, 5 m, B 2 m, n,
+ J( X5 (l-x3) dx3 Jﬁ %, (l-xe) dx2 Jf X, (l-xl) dxl
X x X
x X
3 2
. m n m n
2 2 > 3
- J %, (l-xe) dx2 _J X, (l-xl) dx, .
x x

In opening out the pseudo-determinant it is very important to
stick to the order of the factors, indicated in the expansion on the
right side of (2.3.,2)sand to keep in mind that the factors are non-
commutative, It 1s also clear that the.whole expression will be |

zero if any two columns become equal in



8’8 Bgm178g21 e 1’71
Again let
(243.3) B(x,¥5 my B 5 vee; myny)

y
n

X
2

X
: m n
1 1
ves J/ X, (l-xg dx, ,
x

v
m

n
so that B (x,y; m,n) = ,[ X, (l-xl) dx, .

X
Also let
(2.3.4) L(1-x)" = Bo(x; m,n).

Using (2.3.3), we can write (2.3.2) as

X
8
m n m
8 B g-1 s=1 .
= J xs (l-xs) dxs J xs_l (l-xs'l) dxs-lo oo
X

16
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' 1
(243.5) Z("l)r B(x,y; m3: nj.'v mel n25 oy, nl) ’

] ] t t 1 !
where (m3, n3; Doy Dy oy, nl) is any permutation of (mi, nj,

My, Dy; Wy, nl), the summation is taken over all such permutations;

r being the total number of inversions of the order of the sub-

scripts in (mB, Dgj Wy, Doj Wy, nl).
Care is to be taken to preserve on the right side of (2.3.2)
the order of the operations with regard to the x's from x3 through

x2 to Xl'

Similarly,(2.3.1) can be rewritten as

? ! ! '

t ]
(2.3.6) I( -1)r B ( x, ¥; Mgy Bgs Wy 15 By 15 eeei Wy, nl),

1
ml, nl), the summation is taken over all such permutations; r being

1 t ]
where (ms, D5 eees My, nl) is any permutetion of (ms, D5 oeees
the total number of inversions of the order of the subscripts in
(ms, ns; PR ml, nl). Care is to be taken to preserve the order of

the operations with regard to the x's fromxs through Xg 12 oo to Xy .

Lemma 1.
Yo
(2.3.7) f X (1-x)" £(x,x,) dx = m;{-y’g (1) ™2 (ygr%,)

%0
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Yo

. om o+l m ntl ! :
* X, (l-xo) £ (xo,xo) + j X (1l=x) f (x,xo) dx

%0

Yo |

-l
+. m J( X (1-x)" f(x,xo) dx:] ,
*o

! d
where f (x,xo) =& f(x,xo).

Proof: The result follows immediately by integration by parts N
integrating (l-x)mn,and differentiating (T}f'i)m and f(x,xo). We

shall asgume here thet m, n > =1, 0< Xy < ¥y < 1,and f(k,xo) is

t
such that ¢ (x,xo) and the two integrals on the right side of

(2.3.7) all exist,

Lemma 2,

t 1 ' t o 8
(203.8) Zﬁ(x,y; ms,ns; ms_l, ns..l; o;c; ml,nl) =i-]-:11 ﬁ(xly; mi)ni)’

| 4 s 1 4 t
where on the left sicle,(mﬁ,nB HEYH m, nl) is any permutation of

(ms, D eees My, nl), the summation being taken over all such
permutations.

Proof: The mechanism of the proof will be evident if we consider,
for simplicity of algebra, the case of s = 2.

We have
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y X,
| Mo By By ny
(2.3.9) VJ/ X, (l-xe) dx2 Jf X, (l-xl) dxl
X X
4 m n x2 m n
ul 1 2 2
+ {/ X, (l-xg) dx J{ x, (l-xl) dx,
X X
y %,
= f x 2 (1-x )n2 dx ! (1~x )nl dx
R - - 2 1 1 1
% x

y y
m n m n
2 2 1 1
+ J/ X, (l-x2) dx2 J/f x (l-xl) dxl
X x,

(obtained by interchanging, in the second term on the left side of
(243.9), the variables %, and X,,and rewriting the domain of

integration in the appropriate manner)

¥ y
n n m n
2 2 1 1
J(‘ X, (l-xe) dx,, J/ X, (1-xl) dx, ,
b 4 b )

i

B(x,¥; my,n,) B (x,55 m,n,),
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Lemma 3,

(2.3.10) ZBr(x,y; Mga1? Bgupd *ood BpyqsBiyqs W03 o 1,0 5
r

sse ml,nl)

= POy mm) B (635 my 158y 15 wees By B ys By

STHR P nl),

where By ( ) is the result of putting (m,n) in the r th place
and filling up the other positione with (mB_l,ns_l), ceey (ml,nl);
r going from 1 to s. Note that each ﬁr ( ) is an s-fold integral,

vwhile B(x,y; Ben1Pgu1’ *00s Mpgqahyys W 1B 15 sees ml,nl) is

an (s-1) fold integral.
Proof: The mechanism of the proof is brought out by considering, in

particular, the case s=3, where we have
b4
(2.3.11) gl(x,y; Wy yBa5My 4B, 5 m,n) + 52(X;Y; Wy,n,5 MW,n5 ml,nl)
+ Pg(x:Y.: B,0; Wy,0,; ml’nl)

y

Xz X,
m, n, w, B, m n
= ‘J/ Xy (l-xi) dx3 .}( %, (l-xg) dx,, ,f X, (l-xl) dx,
x

X X
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y *3 3
m n m n -
2 2 1 1 ! m n
+ x, “(1l-x,) “dx _/ﬁ X, “(lex,) “dx | X, (lex,) ax
[ 3 3 3 2 2’ T2 1 VR
x X X,
y x3 y
/ m n m n
+ J Xy 2(l-xB) 2dx3 jr Xy l(l-xe) ldx2 Jf xlm(l-xl)ndxl
X X X5

(by interchanging the variables and adjusting the domain of

integration)

=B (x5 m,n) B (x,5; my,n55 my, n)).

Lemma 4.
ms,ns [ N ] ml,nl
—l -
(2.3.12) £ (-1)F B, [7%,¥; . . 7
r
mg,n, ooe m,,8,
mgsfg  ese  m,n,
= BBy m i my ) B [y . e L | )
r
ms,ns L N ] ml’nl

where B [~ _J on the left side is the result of replacing the r th

- T t -
row of B / _] by (mg,n_; ooe; m,,n,),and Brp £ _J/ on the right
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side is the result of suppressing the r th row and r th column of
B/ _7. Notice that B e _J is an s x s,and Brr L 7 is
an (s «1) x (s - 1) pseudo-determinant.
gggggz The proof will be obvious if we consider, for simplicity of
algebra, the case of g = 3sand pick out from the expansion of each
pseudo-determinant on the left side of (2.3.12),(for the case s = 3),
the term involving the index, say, (m;,n;) and then put together
all such terms (with index m;,n;). We have thus the following con-
tribution from such terms

t t

(2.3.13) B (x,y, Msyla5 Wy, ml,nl)
? 1

= B (%55 myn55 w05 my,0,)

' ]
* B (65 myynys w0, my,n )

= B (x,y; my,np; m;,n;; m,,n,)
* B (%5 my,n3 my,ng; m;,n;)
- B (x,y; ) ,0y5 Wy, m;,n;)
=B (x,y; m;,n;) LB (%,3; myny5 m,n,)

- B (x,y; ml;nl:' me)ne)_7
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(using lemma 3)

' - O
=B (x,y; m3,n5) B [Tx,¥; _.7

B30
1 4 ?

=B (x,y;mB,nj) Bll JESRT Wyyly m,,n, m, ;0 7
M5y m,,n m

(by definition),

This shows that if, in the general case, from the

expension of each pseudo-determinant (with the proper sign) on the

left side of (2,3.12) we pick out the term with the index

(m;,n;) and add together such terms (with the same index (m;,n;)),

we shall have the following contribution

ms’ns [ X N 2 ml’nl
i ! - L] see .
(2.3.14) B (x,5; m,n ) By L7%¥5 7,
mg,n, cos m, ,n;

whence the proof is obvious by combining together different
‘expressions like (2 .3.14) involving the different indices

(m;,n;) Cf =1, uue, s).



2k

2.4 Reduction and evaluation of the integral:

ms’n LR N ml,n
(2.4,1) B /7x,y; . ces . 7 ;
‘ms,n see ml)n

where m D osee > my > =1, n > =1;and the m's differ by integers.
We have already seen from (2,3.6) that the pseudo-determinant can
be expanded into £ (-1)¥ B (x,7; m;,n; cee} m;,n).where

(m;, cery m;) is any permutation of (ms, vees ml) , the summation

1s taken over all such permutations, & ! in number;and r is the

total number of inversions of the order of the subscripts in
t

(m,

y soey m;). Recalling from (2,3,2) that B will be zero if any
two columns of the pseudo determinant become equal, let us try to
reduce m to oy by successive integration by parts. To this end
consider the typical term in the expansion. The largest exponent
in this will of course be m. To reduce this by 1 we proceed as
follows:

We have

t 1 1  §
(2.4.2) B (x,y; MM 5 eeel Wy 2pB5 B3 M 1,05 uj ml,n)



X X

r+1 *r !

ms n mr-l "\
,f X (l-xr) dx X1 (l-xr__l) dx  _qsee
x x

X

Using (2.3.7), we get
xl'+l xI‘ 1
- ms n mr-l
(2.4.3) Z ] X, (l-xr) dxr X1 (l'xr-l
x X

X ]

2 ml 0

f xX; (l-xl) dxl_]
x

*re1

ms n ] t
f X, (1-xr) dx 6(x,xr;mrul,n; ...;ml,n)
X

1

)n-i-l
ms+n+l

m
- 8 t . .

2

)n

t

)n

dx

107

ax

rtl

r-l LN ]

25
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o n ' '
X (l-X) B (x,x; mr-l,n; eoe} ml

+

)n)

™+l
1

m o+ t 1 :
+ ,{ % 8 (1-xr) 1 ax B (x,x_; M, _105 eee; ml,n)
r

"

m-1 ' : '
n
+m x (1x )" dx B (x,x5m__,, n; eed m,,n) _J

"

m e
s ﬁ(x:xﬁ.l; M. .1285 erej ml:n)

1 - n+ 1
g WA )

(l'xr+1

m
s ntl ' !
x © (1lex) B(x,x; m._1sB5 ees; ml,n)

+

- 1
s B3 eeei My, n)

+

? t
B (x,xr+l; m o+ m, ., 20+ 1; m. o

] t
*mg B (%, x5 m=l, 05 m 1,05 eee;mg, ) 7,

(note that on the right side of (2.4.3), the first, second and
third B's are each an (r-l1) fold integral,while the fourth B is

an r fold integral). Now using (2.4.3), we have (2.&.?) reducing to
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- ? ' t '
(2.4.4) [= B (x,y; MesD5 seei Moy ¥ Wy 20413 m. 0y 05 eeej ml,n)

1 t t t

+ B (x,y;ms,n; ceni Mgy MW, ot m, 204 15 . ml,n)

t ! ?
+m B (x,y; a5 eve My 9505 W=1,05 +0uj my,n) 7

"L‘TE;I%FTX_7 ’

where the first and second B's are each an (8=1) fold integral,
while the third B is an s fold integral with index reduced to
m - 1. It is easy to check that this reduction holde for

8

r=68=l, «sey 2. If r =g, it is easy to check that (2.4.4)

will be replaced by

- 1
(2.45) [Ty (v; Mg,04l 3 B (%,55 m_ 1,05 eee; m,,n)

1 4 $ 1
+ B (x,y; me_y ¥ Mgy 2ntl; Wy _psB5 sess Wy, n)

1 1
+ m_ B (x,y; ms-l,n; Mo _1975 ees; ml,n) _7 3
(ms+n+ 1)

end, if r = 1, (2.4.4) will be replaced by
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' t 1

(2.4.6) Z' - B (x,¥; ms,n; see} BzyB; Wy + m, 2n +1)

t t 1
* By (x5 m, n+l) B (x,y5 m, D oo; my,n5 By,n)

1 ]
+m B (X,y; m_, B} eee; m,n; m =1, n) 7/ .
8 8 2 B @mé+n+l)

We shall now introduce the rether convenient notations

1 1 [ § ]
(2.4.7) B (x,y; Wy eees W o + m_, 2+l m 1,05 e ml,n)

G L
1 4 1

=B (X,¥3 M_,05 soe; M ,05 M _,0bl; oee; m ,0) »
. (3] ™1 8 ’ 1

< e '
where (ms,n+l) is supposed to be added to the (mr+l,n) on the

left so as to reduce the integral by one dimension;

1

- t
(2.4.8) By (y3 mm+l) B (x,55 m_ 1,05 oee; ml,n)

<~ <—"- t t
=B (x,¥; W, Del 5 M 1,05 oo ml,n);

b § t H 1
(2.4.9) B (%,y; WgsB3 wee M+ M, 20415 m 0,05 .ee; me,n)



' — . ' $
= B (X,y; m s,n; .00; ms’ m' .; mr~l’n5 mr-2’n; oto; ml’n),

O _ '
vhere (ms? n+13 is supposed to be added to the (mr_l, n) on the

right so as to reduce the integral by one dimension; and

] t 4
(2.4.,10) BO (%3 m., ntl) B (x,y; B sB5 eoe; My,n; me,n)

t t ___> __i
= B (x,y; DgyB3 eee Moty M5 TF Ve

Hence using (2.4.2) - (2.4.10),we have

m_,n eee , ,n
(2.4.11) B [Tx,y; . vee . )
ms,n ses ml,n
< e
ms,m-l m_1o0 vee m,,n
- l - L ® L ] L)
= ms+n+ B Z x,y; . ° R . hand
m_,n+1 m_1,0 ces m,,n
—_—
; ms,n-l-I m._ 10 vos m, ,n
+ l B Z-x ] [ ] L ] [N N ) .
ms+ml }y} _7
——
~ ms,n'*'i ms-l,n s 00 ml,n



- n
m, 1,n my_q?
m . ’
Y avwl P Ly
8 . .
mB-l,n my.120
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Recalling the notations introduced earlier,and using lemma L,

it is easy to see that

(2.4.12) B [7x,y;

e
ms s+l n

m n
g=1’

= BO (y; ms,l’ﬂ'l) p Z-X:YS

m n
s=1’

m n
=1’

sl
r -
+ 2 (-1)" B, [Tx,¥; mn_ 20+l
rel :

m n
5=-1’

LR

ms+ml,2n +1 _7 3

m

where Br Z- ‘_7 is an (s=l) fold pseudo-determinant

l,

n
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obtained by substituting (ms +m,_,, 2n +1), eeey (ms+ m,, 2n +1)

in the r the row of the (s-l) fold pseudo-determinant

Myw1?® e m,.8

. oo L ]

B /7x,y; 7 .

[ ] LN J *

ms-l,n o0 ml’n
Thus (2.4.12) is equal to
/ms_l,n ves m, ,0
Bo (v m_,0r1)B/ x,y; 7
\ mS-l,n XX} ’ml,n
n
ms-l, X X3 ml,n
S=1 r -
+r51(-l) B yys mgtmg 5 2n+ 1) B [Ty ],
ms-l’n L N 3 ml,n

where B /[~ _J is the (s-2) fold integral obtained by suppressing

the r th row and r th column of the (s-1) fold pseudo determinant

L _T.



Similarly
m—.,n+i mS-l,n e
(2.4.13) B /"x,y;
——
ms,n+i ’ ms_l,n vee

(-1)%L By (x; m

Sel

g 1) B [Tx,y;

-l Ld
+ E (=178 (xyy; mgr m_, 20 +1) B [7x,y;

r=l

3

ml,n
.
.
ml,n
L XN ) ml,n
0o .
ses .
XX} ml,n
mS-l)n [N N ] ml,n
] [N ] [
. sue .
mS—l,n  ses mi,n

Using (2.4.12) and (2.%.13),we f£ind that (2.%.11) becomes equal

to

(2.4.14)

—
m+n+l
8

8=-1
Z (-1)77B(x,ys mtm,_ ,2001) B /X,y

r=1

n B-l’n ore ml"n\
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ms-l,n LN J ml,n

Notice that the expression on the left side of (2.4.11) is an
& th order pseudo-determinant, while on the right side of (2.4.14),
the gecond B/~ _7 is an (s;l) th order pseudo-determinant, the
firet group of terms involves B /° _7, each such By 7
being an (s-2)th order pseudo-determinant, end the last term has a
B/ _]  hich is an s th order pseudo-determinant. It mey also

be noticed that B [~ _J can be written as

n . m n m_ .,n m. ,n
Bga1? ** r+1’ r-l’ o0 1’

. e e . . eed .

B /7x,y; 7.

. s . . seo 3

s_l,n ses mr+l,n mr-l’n e ml,n
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(2.4.14) thus gives a recurrence relation, whereby proceding along
the chain and reducing m, to By (in which case the pseudo-
determinant will venish) we have the following reduction of the

integral by one dimension.

ms)n ) ml,n
(2.4.15) B /7x,y; _
ms’n [N ml,n
ms-l’n oo ml,n
- -8 [%; ]
m 0 m. ,n
-l L N ] »
\ & 1
m-m, o _ t ] ’
- L L Bo(y5ms"r +1,n+1) = (-1) BO(X;’ms'r +1,n+1) 7
r'=l
.'Z-(ms) ! 1 __7
| r -»l/(ms+n+l)r
g=1 Bglgu1 r-1 .
22 L,  (-l) "B (xy;m_+m__.r+ 1, 2n+l)
r=1 r =1 _ ] 8 &=-T



ms-l,n XX mr.i.l,n mr-l,n
- B [-X:Y.;

‘ms_l,n see m.,B m o,
where (m)p = n(m-1) ... (m-p+tl),

35

The s th order pseudo-determinant

1s thus thrown back on (s-1)th and (s=2)th order pseudo~determinants,

and 80 on till we get to first order pseudo-determinants which are

easily evaluated from the incomplete beta function tables /™ 13 7.

2.5 On the Joint c.d.f. of the largest and smallest roots.

We have noticed in (2.2) that in testing for the equality of

covariance matrices from two multivariate normal populations we run

into the joint distribution of the largest and smallest roots of a

determinental equation:

8, - 8(8, + c8,)

n -1 '
c = hiol and (ni-l)si = XX, - n, X, X
and 82 will be a.e.p.d,
Now
. t
(2.5.1) P(o <€o < e*sg -Go <1)

= 0, where

(1 =1,2).

Note that S

1
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8 s,
° mp-l n m+ p-1 n
9 (1-ep) ¢, ... f 9 (1-8, ) a0,
% %9
= C(P,m:n)
1
90 Oé
: a [ &’ (1-0.)" ao
l A [ N )
/ % ( 'ep) o J 1 1 1
% %
nl-p-2 0, =p=2
where m = 5 end n = 5—rand c(p,m,n) =
2
2 P .
- 2m+2n+m 42,
L T 3 )7 /. Potitl, ., omEiel
! [ (&= r(&==)

Now, using the results given in (2.3) and (2.4), it is easy to
obtain the final reduction for the exact c.d.f. of the largest and
smallest roots,

For p = 2,

(2.5.2) P, = P9, < 9's ge(')) = &(2,m,n) [72B(8,,9,;

o s 2m+1,2n+1)

- B (eo,e;; m,n) {rBO(Gég mtl,ntl) + Bo(eo; mHl,nvl) } _7 .

For p= 3,
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(2.5.3) 5= P(8; < 0's < 9p) = H2BA /zp(e 05 m,n)

- B (.QO’-QO’ 2m+3, ontl) - 28 (-Qo,'g m+l,n)

O,

1 ~P ’ 1
. . 2 .
B ('90,'90, 2m+2,2n+l) ‘c‘m { BO (‘90, m2, n+l)
Forp= L,

1
(2.5.4) P =P (8 < 9's < 8)

c(b,mn) /- ' P

. 2
"SRl L% 0y 95 s, )iy

- Py
C(§,m n) {5 (%: m3,ntl) + B (60, m+3,n+l)}

('eo) 0, %3)

ont+l) , '
+2B (@ror3) ~BO(€O; mw+2,n+1) ﬁ(eo,eo;ml,n)

H H
-Bo(eo; m2,n+l) B(eo,-eo; mtl,n) + 2{3(@0, 4 2m+5,2n+l)}
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(eo,eé; 2m L4, 2n+1)
(mw+n+3)

-2 { By (8 m2,m+1) B (8,8,;m,n)

! H
- B, (-GO_; m+2,n+l) B (eo,-eo; m,n) + 2B (eo,eo; om +2,2n+1)

(m+2)
* c(2,m,n) Pe}—7"

The joint c.d.f. of the largest and smellest roots in the
case of one population can be easily obtained from the results
given in (2.5) by making n2 large.

It is worth noting at this point that the c.d.f. of the
largest or smallest root can easily be obtained from the expressions
(2.5.2) = (2.5.4). The joint c.d.f. of the largest and smallest
roots for p > 4 can easily be obtained from (2.4,14). But since the

expressions are lengthy, they are not given here.

2.6 Power function of the test procedure given in (2.2) .

It has been shown in ['19 __7 that the second kind of error of

the test procedure given in (2.2.1) is

-, 41
6 P A . - 1 1 1}
(2.6.1) B = Const, Ii 7; 2 BExp / -5 tr {D-]; zlzl+z222 __7;12le2.
D | 7

ot ¥oal t
where D is the domain: {-90 < c:(ZlZl (ZQZQ) ) < '90} .
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We shall show that when 71 = 72 F ase =Y = 7, ioeo,

P
2122 =71 (P): i.e., Z'l =7 22:
(2.6.2) g% <0 if y>1
and >0 if ry <1

1
provided that we choose -90 and -90 in such & way that in addition

to (2.2.2),we also have

(2.6.3) g% = 0 vhen y = 1,

In the case where the y's are not equal it is conjectured that

(2.6.4) %g <0 if ymin > 1
i

and >0 if ymax <1

1
provided that we choose -90 and -90 in such a way that in addition to

(2.2.2)ywe also have

(2.605) 37 = 0 if Z = i (i = l, saey p)o



Lo

There are p equations in (2.6.,5). We shall show that these p

equations are all equivalent each to the other, each being equivalent

to X

. oba t
S;E 71’72""’7p=7-7 = 0., Thus (2.6.5) imposes just one

7=l

' v
o and 9, vhich, together with (2.2.2),fixes

|
9, and QO' To prove that the p equations (2.6.5) are all equivalent

further restriction on @

to just one condition g% -77=l = ‘0, we proceed as follows:

Differentiating B given in (2.6.1) with respect to 74» Ve get,

-n_41
1
(2.6.6) L = Const flltjly ® mxp /-3¢ {Dlzz+zz}/
e 3y, ~ . 1 K P 1°17%2%
D
- ili ¥4 (Z 'y, 472 7
2 i 2 171711 i az.4z, ..
1772
Now make use of the transformetion
(2.6.7) Zl(p x nl-l) =U(pxp)D (p) Ll(p X nl-l) y and

’.g
22(1) X ne-l) = U(p x p) L, (p x ne-l), where €©'s are the

H !
c(Z (Z ) ) and L, and L2 are such that LL, = Lk, = I(p).

Under this transformetion,(after integrating out L
we get /0 19 7,

, and 11.2),

e

Al h ek . 4

3
3
}
:
E
l




e 1 k Y
D
n -1 n.+n.-p p .
- 1 -1 1 ! -2 - 1l 2 m y
LT 5 (), 0T 7 L]l II §; a8l TI(8,-8,)au/,
1 1>3
. ] < t
' 9, <889
where D 1is the domasin: t y and -el <-Q2 < aee <ep.'
~00< uid <

Now if y = 1, i.e., if Zl = L,, we get

(2.6.9) gf:-i-jy:l = Const. / Exp - % [Ttr o U'__7
- 1
D

1 PyFo,-p
./ "1 + 2 (wu'),. 7 [ QUL 6, 46 (9,-8,)]
) 2 Vg /i | ! ] 11 E,j

n+tn.-p p

-[iUll 2" me, ae, T (9,-0.) au 7.
1 ot sy L
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Similarly
B -3 '
(2.6.10) 3;.3- _71=_ = Const, Exp [T -5trUD, U ]
Dl
n.+n_«p p a, =l P
-~ L2 n 1 1 2
Jun I;e, ae I (ei-ej)du_] {- 5+ 5 =lujk€k} ,
1 1>
(3#1).

)
Now since the uij 8 are to be integrated out in the region
- Sy P L0 , and since the expressions in curly brackets on
the right side of (2.6,9) and (2.6.10) are symmetric in €'s, it is

evident that
B . B
(2.6.11) 5;-;_71=_ = 3-;5_?7 -1

. a s
Hence the p equations -3%— _7.____& =0 (1=1,...,p) are a}l

i
equivalent,

Now adding the p equations ) ve get,

(2.6.12) g—%—_] + ...+%‘i——_7=l



b3

ntn-p p m

- ? - 2 X
= Const. f Exp /- % tr W, U7 /710l dUJJiE-GidGiII(Bi-GJ)_]

Now when Y1 T eee = = ¥, ve have,

7p

(2.6.13) g%-77=l = Const, J// Exp‘[--'% tr UD, o Ui_7
t

D

. DbDin~p p m ¢ Nowl PP
/T TR QUT 6100, II(8,-0 )__71- Z—p + iz zuf.e I8
1 1>y + 11199
3B 7 B
= ot e + 7 .
37~ 7=1 75 L
B o B _
Hence 3;;;77-1 = 0 is equivalent to 3?—77=l = 0,

We shall now prove the following theorem:
Theorem 1. If in the set up given in (2.2) all the 7's are equal
and equal to 7, say, then the pover function P of the test procedure
given in (2,.2) will be a monotonic increasing function of y if ¥ > 1,

and a monotonic decreasing function of ¥ is 7 <1, provided that we
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$
choose 9, and 9, in such a way that in addition to (2.2.2),we also

haveg-P-7

—t = O,

y=1"

Proof: From (2.6.1), the second kind of error of the test procedure

Vis

-1

(2.6.14) B = Const / O [-2tridnal + gz

+0, = Const. 4 Xp -2 5 418 Z’)-
D

- ' ¢
= Const., [ Exp /- -Jé'- tr {lel * 2.2, % 7 s

5 dz,d2,
1
t
here D. is the d é0°< -t Qog
where D, is the domain: LT—C(lel(ZQZQ) )5-7—- .

Now ueing the transformation given in (2.6,7) and integrating

out Ll’ L, and U,wve get, .

2

l—’n’d

91 (1+e I v ¢ (o -QJ) d:Gi

(2.6.15) B = Const. /
1>
D

1

¢
(vhere n = min+prl)



= Const- f f(-@l, Qco, 'Qp) d‘el XX} d'ep ) (say)o

Dy

Now it is easy to verify that

- ]
S % 9,
Y
- 1 { {
(2.6.6) £ -c/ eoj
5(';)
% 2 20
4 14 V4
]
9. p-l
f('el’ seey .gp-l, T ) lII d'Gi
-Qx ° L
_0 P 3
V4
[
-eo [ e f(-y‘" s 62, soey 'gp) ZI d'@i
% % 0
4 V4 4
(where ¢ is positive)
4
. % % %
e b4
O\m
_ 060(7— J( J{ .f
" o0
QO n :
) % % %
7 4 7

/

45



-l m -n p-2 p-1 9,
[ e (1+e;) o, 1II (ei-fej) I (5= - %) 7
1 1>j=1 1
R o
% % 3
7
©,.m
0
-C‘eo(y—‘) (XX f
e 1
O\n
T
(2+==)
% % &
7 Y Y
t
P m -n p-1 P o
L1198 (1+0,) @6, II (ei-rej), II (8- 57)_/
2 i>j=2 2
=K, () I,(0) = K,(7) I,(7) » (say).

The proof of the theorem will be complete if we show that

(2.6.17) -9-%- >0 ify>1
5(7)

and <0 if <1

subject to the condition
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(2.6.18) R .0 iry=1.
3(3)

Condition (2.6.18) is equivalent to

[p m( )4“' I ( )P ( ) 7
II ¢ 1+ dae II S O IT (.8
5 i i i S j=2 17787 5 1707 -



K. I. =K, I, 4 (say)

0.

Hence the proof will be complete if we show that if 7 > 1,

Q ]
(1+=2)" I,(7) 9y ml
o g Tm 2D
(=) 0
7
1+9 I
te, >(—m) " A
1+, 2
and if ¥ < 1,
9 '
(1) i(?) < (l+90)n I
1 I T+57 I
(l+_9)n 2 2
7
p
1+—§ 19,
Now if 7 > 1, ! > e
8, 8,
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2o
and if y<1, *5 < g
9, 149
lﬁ-ég- 0

Thus, the proof will be complete if we show that Il(y) is an

increasing function of ¥ and 12(7) is a decreasing function of 7.

Now
3
fg %p-1 e
7
B
O\m
> 4,(==)
(2.6.20) —I—Il(7)=-_.o_l__r e
3(7) GO n
(1+5) E 8 8
L2 0 0
7 Y 7
/_p-l n | n' p-2 p-1 '90 p-1 -Qé -G(; '90
LT 0,7 (1+6,)7 a8, I (6,-8) Im (6,—2) IT (=20, ) (2.0
s i i 1i>j=213217§[7177—
<0
and '
€ £
t Y p-1 -95
(39"‘ ’ / /
0 " '
3 1,00 - 9'7 : ; f e
- ! /"
3(3) LI y
2 % o
4 4 4
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t
p-1 m ' p-2 p~-1 9 p-1 . L. 6
LI 8 (1+ei)'“ @8, II  (9;~8,) II (79"91) I (91'79) ('7'9'379) 7
2 1>3=2 o 2

> 0.

Hence Il(y) is a decreasing function of -;- and hence is an
increasing function of y,and 12(7) is an increasing function of
%— and hence is a decreasing function of 7.

Hence the theorem,

Making n., large, we get, as a corollary to theorem 1, the

2
following theorem:

Theorem 2. If in the set up given in (2.1), all the y's are
equal and equal to ¥, say, then the power function P of the test
procedure given in (2.1) will be a monotonic increasing function

of 7 if y > 1 and a monotonic decreasing function of 7 if ¥ <1,

1

0 and eo in such a way that in addition to

oP
(2.1.2),ve also have 3—7_77=1 = 0,

provided we choose €



CHAPTER III
TUKEY TEST ON THE EQUALITY OF MEANS AND

HARTLEY TEST ON THE EQUALITY OF VARIANCES

5.1 Introduction. 1In testing the equality of means of k

univariate normal populations with a common but unknown variance
02, Fisher proposed the analysis of variance z or the equivalent
F test based on the ratio of two independent mean squares. This
test has several optimum properties including that of the
monotonicity of its power function. As an alternative procedure
Tukey'['25__7 proposed the short cut test based on the Studentized
range q. This test has the advantage thgt it is rather easy to
carry out from the arithmetical point of view. We have shown
thet the q test is completely unbiased, but its power function
does not have the monotonicity property. Another feature of this
test is that its power depends on k - 1 parameters, whereas, in
the case of the anova F test, the power depénds only on one simple
function of the deviation  paremeters. Moreover it is well known
_/_- 17 _7, ['21'_7 that the anova F test is an all contrast test
for the means where as the q test is a test built around all two by
two differences of the means and hence is a test related to a
sub set of all contrasts. It is also well known that the anova F
test is a likelihood ratio test. |

When analysing date the experimenter is frequently faced with
the necessity of testing the homogeneity in a set of estimated

variances. When it is desired to combine a number of variances to
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obtain an estimate of the common variance,it is neceséary to apply
such a test. For general use in such cases Neyman and Pearson
/" 12_7 have suggested a test, namely, the L, test. The L test
has been modified by Bartlett /1 _7. The exact distribution
problem connected with the likelihood as well as the modified
Bartlett's criterion is rather difficult. Several approximations
have been suggested for the distribution of the likelihood ratio
criterion /"2 _7, /" 9 _] and percentage points tabulated /22 _7.
G, W, Brown [' 3 _7 has shown that the power function of the
likelihood ratio criterion is unbilased when the d.f. of all the
sample veriances are equal. Also he has shown that when the 4d.f.
are not equal the likelihood ratio criterion is biased but is
unbiased in the limit. It is easy to check that the likelihood
ratio criterion test does not have the monotonicity property. Also
it is known thaet the power of the likelihood ratio criterion depends
on k - 1 parameters.,

Cochran Z"+‘_7Vhas suggested for use in these situations a

rather simple test based on

k
- o2 2 2 2 2
k = Bmax / ? 8y s where 8) 5 85 5 e, B aTE the k sample

variances with n.d.f., each. The distribution of W bas been
tabulated /7 7 . No study of the power function of this test

is yet available.
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Hartley'l-lo _7 has intuitively suggested for use in these
2 2
/ min

situations a test based on the statistic Fmax = 8 ax
He recommends the short cut test based on Fmax vhen each s? is based
on the same number of d.f., It is easy to check that the Hartley
Fmax ratio acceptance region is the intersection of the acceptance
regions based on all the (g) two by two variance ratio F's. The
distribution problem connected with the Fmax ratio test has been
solved and percentage points tabulated /~ 5 _/. We have shown that
the Fmax ratio test is completely unbiased, but its power function
does not have the monotonicity property. Also the Fmax test depends
on k - 1 parameters.

An all contrast test in the case of testing for the equality
of several variances is unknown.

The Hartley Fmax ratio test vhose power properties we shall

study in detail, being a test built around two by two ratios of

variances, 1is a test related to a subset of all contraste. An

. k 2¢ k
all contrast for k variances will be II Gi subJject to Zci = 0,
1 1

3.2 The Tukey - q test. Let Xy (i=1, v.e, k; J=1, .0, n) be

k independent samples of size n from N(gi, GQ) (i=1,4.4,k)

population. Also let 82 be an independent estimate of 0? based on

m.d.f. (say, the error mean square in anova). To test the

hypothesiss 2 ees = gk, the anova F test of Fisher which is

£

also equivalent to an all contrast test of the form
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k
€, = 0 for all c, subject to Zc, = 0, is well known. In this
i®i i 1 i

R

situation it is also well known that if the null hypothesis is not
true, then the power of the test would involve as a deviation

k

k

2 2 -

=L (¢, - E) /02 where € = L ¢ .
i 1 i/k

parameter only the quantity 7

AlsoAit is well known that the power of the test is a monotonic
increasing function of the absolute value /n/. We shall show that
an alternative test for the equality of several means from normal
populations with a common variance 02 based on the Studentized
range 4 which is much simpler than the anove F test from the
computational point of view has the following properties. The
rower of the test would involve as parameters the k - 1 differences
Ny =& - £ (1 =2, ..o, k). The test is completely unbiased,

. but the power function does not have the monotonicity property.

5.3 Power function of the g test. Under the set up given in (3.2),

n
X, =% x,./nis N(t,, —). Let s° be an independent and unbiased
i =1 iJj i’n

estimate of 6° (say, the error mean square in .anova) with m.d.f.
The hypothesis HO: gl = Lee = %; is equivalent to the
hypothesis HiJ: £, = gj (811 1 # J). Now for any two &'s, the
hypothesis gi = §J can be tested using Fisher's 't' with m.d.f.
The hypothesis gi = gd is accepted if ‘ii - ij! < ﬁmsjzg—;
where ﬁz is the upper & point of Fishers 't' with m.d.f. Now

since H, is equivalent to HiJ s (for a1l i # j = 1,...,k)swe get &



test of HO

two Fishers 'tij' acceptance regions and accept H if

largest | tij' =

:;? 'ii-ijl./sg Stoz'

25

as follows: Take the intersection of all the (:) two by

It is easy to check that this is the same as accepting HO if
X - J.Emin 2
q= Py <Q |= » where Q is the upper @ point of the
Studentized range with m.d.f. This is the Tukey q test.
If the hypothesis H0 is true, then
-imax'i in
(3.3.1) l-a=P/ — < q7
1z
o) oo J-ci'l"Q'S
k _k ]
=Z p(s)as |  p(x,)ax, / 1II p(x )ax, 7
i=1 J i i j%i J Jd -
c - 0o -
%
where
-2
i .-E -.x}— ¥
p(x) = gﬁ. e 2 02
. G ‘En
N
n -m52
2(5)2 M=l 202 ’
p(s) = m, m
r=)o
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and @ is the given level of significance of the test.

If HO is not true, then the second kind of error of the test is

(3.3.2) p=p imaxmin o0/, 4
o Je - s - S
- t
0 [x ] xi+Qs
k ( [ X ,
= Y, % * > - ] > v <
) p(s)ds p(x,;6,) ax, / g;i Jr p(xj,éj)dxj_Z,
. o - OO
Xy
= .12
P .—ELQ-X-
where p(x;¢) = VD e ° @

o {
t
and E = (gl, 0asy gk).

It is easily checked that the right side of (3.3.1) 1is egual

to

1"
w to , yitQ s
( ) : (’ (s) J/ ) : ;/, 7
(3.3.3) L [ p(s)ds p(y,)dy, /I p(y,)dy
i=1 O) e i 1 'Z 37!1 -j J. ’

Yy




o

where
L}
Q = Q‘[; ’
1
e m-l =142
- * A e .
and p(y) =-3-'--‘e 2 ; onds /’('6)- W

Jox
Similarly the right side of (3.3.2) is equal to

y,.+rQtls
0 O i
/

k k
(3.3.4) §=1 JP(S)QSJ (3¢, )y, [;I‘i f p(yjsgj)dyj_],
© -0
Iy
where
--;-(y-ﬁ)2

p(y;¢) =

A _.‘ -
@
.

3.4 Canonical reduction of the pover function. We shall presently

show that B given in (3.3.2) could involve as parameters only the
k - 1 differences 7 _, = ¢, ~ &y (L=2, .u., k).

Form (3.3.4) we see that
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k 1
i=1

11t L ] 1!
Yo Vit Q 85 &y 15 ¥ Yt Q 85 Eyas ees Y VY Q85 E),

where

. i § Tt
I(0,00 ; m; =00 ,00 ; B3 90 ¥ v Q 85 Eo5 eees ¥y Yy T Q8 §k)

(]
oo oo y*Q 8
= f p(s)ds f p(yy38,)4y, f P(¥,5 &) ay, oo
° - > 41 ‘
te
y*Q 8
p(y,; & )dy, -
1

Now putting Yy - §i =z and §l - gi =My _qs after a little

simplification, we get



29

k-1 .
(3.4.2) p=2 1(0,00;m -00,00; 0; 2, -7, 2, =0, +Q 8
te1 1”0 2=y

1t
Ob 2g =My ¥ My, 2) =My + 0y +Q 85 05 ..oj R I W
te
Zl-ni‘.-nk_l"'q 5,0)

L ]
+ I(0,00 ; m; ~co ,00; O; zy + Ty 29 * n, + Q@ s; 0; z, + Ty

1 . | 25 ] .
29+ Nt Q85 05 u.u 2)% M g5 2 * M1 * Q@ 8; 0).

From (3.4.2) it is evident that B could involve as parameters
only the k-1 n's,

Hence the power ( = 1 - B) of the q test could involve as
prarameters only the k - 1 g's. It is worth noting at this point
that the right side of (3.4.2) is symmetric in the n's, Hence the

rover of the q test is also symmetric in the n's.

3.5 Uniform unbiased nature of the q test. To prove the uniform

unbissed nature of the g test we need to use certain lemmas which we
shall prove nowv.

Lemms 1, If

_ )
(1) in the domain D: %:5: a r

iniSbi» i=1, ¢ony k) P)

f(xl, cony xk) exists,
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all partial derivatives of order one and two exist, all partial
derivatives of order one vanish simulteneously at one and only one
inner point P = (x,, Xpgr s xko) of D,

(2) the matrix of second partials evaluated at P is negative definite
(n.d.), and

(3) at every point (xl, ceey xk) on the boundary of D,

f(xl, veny xk) < f(xlo, ceey xko), that is, < A,(say, then

(3.5.1) f(xl, ceey xk) < f(xlo, cony xko) that is, < A for all

xeD,
Proof: Condition (1) implies there is one and only one stationary
point P inside the domain D. By condition (2) we see that at this
point there is actually a local maximum. Hence there cannot be
another point inside D where f(xl, ves, xk) > A, for otherwise
there will be a contradiction. But there can be points on the
boundary of D where f(xl,...,xk) > A. But by (3) this is impossible.
Hence f(xl, coey xk) < A for all xeD.

Lemma 2. If the conditions of lemma 1 are satisfied, as a, —> = 00
or b, —> o , for any i and for fixed values of P bj (J#1=1,
vesy k),

f(xl, cesy xk) <A for all xeD : ’{35: —o<xs <00j
Proof: The proof follows obviously from lemms 1.
Theorem 1. The Studentized range test of Tukey is completely
unbiased, but its power function does not have the monotonicity

property.



Proof: The second kind of error of the q test for a ' given

significance level a is

x
(3.5.2) p=p/ _ni‘ﬁ_g__@lrl < Q/ ¢ 7

k.l
=% I(0,00; m; -00 ,00; O; Zy = Mg zy - Ny + Qs O;
i=1

Pyt My 2o Mg Ny Q85 05 ez -y o, L,
Zpo Mt ”;.1 T Q85 05 Zy - Mgt Mpgy Zy - My oM+ Qs;
O eees 2y =My + My 45 2, = Nyt Myt Qs; 0)

+ 1(0,00 ; m; =0 , 0 ; 0 2+ Ny, 2+ N+ Q85 05 ...
ceei 2yt My o 2t M, + Qs; o) ,

where @ > 0 is so chosen that

k 1(0,00 ; m; -~co ,00; O; Zs zl+ Qs; 0; 295 2, + Qs; 0; ...

oo 295 2, + Q8; 0) =1-aq.

61
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. Now differentiating B with respect to 'nl ve get, after some

simplification,

k
3 225 (2 1 +Qs)?
(3.5.3) (2n)° %’,fq - p(s)ds /” / 72 az,

oo Z +'fl +Qs
1 21 2 12
- glzrn, ) 5z +as) ) 2R
haad e dZ 7 e dZ s 00
l -~
- 0o
2% M

2, _1tQs
1% Wy

oD

o0
1 2 1 2
“=(2z,+1n,)° -=(z,+n.+Qs)
+ / p(s)dsl ]ee 172 21 1 dzl
- o0

o .

o zl+Qs

. 1 21 2 12
52+ ) 5z 54Qs) ) 2%
- e A : dzl_] e éi.z2

- 0O

1
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zl+ 'qk_l+Qs
S ' "3 kel
oee e dz, 7
21 1
+ LN 2R 2
o0 (o]

21 2
(2t 1) -5(2 +n,+Qs)

+ ‘] p(s)as /~ J// e az,
zl+Qs
@ 1( )2 l( . +Qs)2 ;ize
IR AL RO AL L " | N 2%2
- e dz, /i e
- 00

Z

2+ o*e8 5
“5%k-1
0ere e dzk-l _7.
2 o

It is easy to check that the right side of (3.5.3) will be
negative if 1, > 0 and U > n (1i=2, ..., k-1),and positive if
g < 0 and ul <mny (i=2, vouy k = 1). By the symmetry in the

variables the same is true of é?/ani (i=2, oo, k=1), i.e.,
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(3.5.4) aﬁ/ani <0 if ny > 0 and N = Moy
<
and 7 >0 if ny } 0 and Ny = Mpyne
Also it is evident that

3.5.5) B -
( Fﬁjﬂ_ -0 0.

Similarly g—i—]n 0 =0, (i=2, ...,k-l).
i L3

Now suppose no # 0. Then either nﬁax > 0 or ngin < 0.
Hence the first partials can vanish simultaneously only at
(o, 0, ..., 0).

Again it is easily verified that

326 .
(3.5.6) =5 _7 = -2(k-1)a C (Q) ,

oy =0
where

z.+Q8s

k /aa e -%zi -2]=(zl+Qs)2 1 12

-5 \ - —é-zg
¢(@) = (&) © | sp(s)as / e L j e %%z, 7

2 o - QO .
%1

> 0.
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2n -

Hence é—%_/ <O,G‘L=l, ...,k-]}
oy =0 |

Also

32
(5.5.7)351%-,%]":9 =20c (>0 L Fd=1, ..., k-1

Hence the matrix of second partials when n z O

(3.5.8) M= 525 / §
e || %msny =0
2(k-1)£(Q) 2r(Q) . 2£(Q)
2£(Q) -2(k-1)£(Q) cee 2F(Q)
2F(Q) 2f(Q) vee -2(k-1)£(Q)

where £(Q) = Q C (@), is n.d.

It will now suffice to show that B —> 0 on each point of the
boundary of the domain D: { niey < ny < )s.i; i=l,...,k-lg as, say,
€, —> -0or hl —> oo for fixed values of €55 xi (1=2,...,k-1).

Now




Z,%0
o0
k - 0 -%'22
= 21
(3.5.9) (exfB = f p(s)ds e dz
: 0 - oo 240,
2.+t . +(s 1
1 kel -é-zk
eee - e dzk
29 e
co z -1';1+Qs
Phat 1.2 1.2
2°1 J 2%
+ j p(s)ds e dzl e dz2
- OO 2, -n
> 1™M
SRR
f e 2k dzk
S UAY
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- 21" M1
(@,%] o0
lz lz2
' 2 2%
+ ~J// p(s)ds e dzl e dz, ..
° Zeo
2171
21 M1+ _otQs
/ 1p
27k
o V} e dzk .

29 M 1 Mo

Now consider the case where m. = €. and 7 cevy N are
1 1 2’ ? k-l

) .
in the domain D : {ei <ng <Ay, 1=2,.. ,k-l} .

zl+el+Qs , zl-el+Qs
z ’ 12
-'2- . -E-Z
(3.5.10) J/( e dz = Oyand J/ e dz =
Z17€ 217€;
Lt.e1 —_— - Lt.el —_— . 00

t
Similarly when ;= kl and Moseresty | are in D , we have,

67



Zi+ki+Qs zl-Ai+Qs
. 7
Le 1.2
(3.5.11) e dz = 0 and e dz = O.
zl+hl zl-kl
Lt A, —> 00 Lt A—> oo
1 1
<O
1.2
-'-2-'}{
Also e dx exists finitely.
-0

Hence as el —_ - OO0 Or kl —> &2 ', the value of B at each
point on the boundary —~> O while the value of B at the point where

1's = 0is 1 - ¢ > 0. Hence
(3.5.12) 1 -x=8(0) >B(Das € —> -ooor A—>00) = 0.
Hence all the conditions given in lemma 2 sre satisfied by the

function B (q).

Hence

(3.5.13) B(0) > 8(n) for every Q_# 0 .

Hence the Tukey q test is completely unbiased.

Now by equation (3.5.4) we have
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(3.5.14) g—?ﬂ <0 i, >0andn, =n

>0 ifn <Oandn =n ., (i= 1,2, ..., k-1

U Cam be abuww that 2B/20 30 o <o W?MC[) 0<%
(u-)yl“’?q,<0 (‘f"”a-u\'d’(«:l 2,- -+ k —')
Hence the power function of the g test does not have the

monotonicity property.

3.6 Lower bound to the pover of the 4 test. The second kind of

error of the q test is

N
(3.6.1)  p(np) =P/ EBE_WD g /5 v/

s —

e /évall i 74 J=1,2,...,k -—7

/&, 7.
hand j=l’2,o.0,i‘l’i+l,u..,k‘—

Hence
(3.6.2)

Power of g test > l—P ['

i -x

s Q/g’.j =1,2,...,1-1,i+1,...,k 7.

There are k such lower bounds and the power of the q test will
be greater than the g.l.b. (greatest lower bound).
The lower bound given in (3.6.2) can be evaluated by using the

distribution of a multivariate analogue of Students' t considered
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by Dunnett and Sobel /~ 6 _/. Entensive tables of the distribution
of the bivariate analogue of Student's t are given in /" 6 _7.

It is to be noticed that the evaluation of the exact value of
the power function of the q test is extremely difficult. The
evaluation of the lower bounds given in (3.6.2) is difficult, but
the tabulation of the expression on the right side of (3.6.2) is
useful not only in this situation but also in other situations
including the important situation of ranking means of normsal

populations.

3.7 The Hartley Fmax ratio test. Let

Xy (i=1, ..o, k; J=1, ..o, n+ 1) be independent sampies

of size (n+ 1) from N(gi,of),(i =1, ..., k).

o w1 - 2 - ntl
Let s; =% (x,, - x,)%/n, where x_, = £ x__/(n+l), be the
i _ i i i . i
J=1 J=1
unbiased estimate of 0? based on n.d.f. To test the hypothesis
HO:02 T ee. = ci, we can obtain a test procedure as follows:
To test the hypothesis Hij: 0? = o? we have the well known variance

ratio F test of Fisher given by Fi =<§§/s§}with d.f. (n,n). The

J
L2 2. _ 1/ 2,2
hypothesis 0 = oy is accepted if ~/F, S(Si/§j)5 F,, where F_ is

the upper & point of Fisher's F with d.f. (n,n). Since HO is

0 as foliows:

Take the intersection of all the (g) Fisher's Fij acceptance

equivalent to Hij (all 1 # j) ve get a test of H



T1

regions and accept HO if

F

largest Fij < P

It is easy to check that this is the same as accepting HO if

2 2 < F , where F_ is the upper & point of the
=(s /8, )= "a’ a
max max nin

F
Fmax distribution with d.f. (n,n). This is the Hartley Fmax ratio
test.

We shall show that the power function of the Fmax test could

involve as parameters only the k-1l ratios

=(g° ‘o
LY —(oléf),(l-E,.. ;k). Also we shall show that the Foox

test is completely unbiased, but the power function does not
have the monotonicity property. A set of useful lower bounds is
.obtained on the power of the Fmax test, which can be evaluated
using tables of the distribution of the Studentized largest chi-
square. The distribution of the Studentized largest chi-square
is given in Chapter IV. & multivariate generalization of the

Fmax test is given in (3.12).

3.8 Power function of the Fmax test. Let

Xy (i=1, ..., k; j=1, ..., n+l) be k (n+l)
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T2

independent N(gi, o5 i=l, ..., k) variables. It is well known

nt+l

2 -
that s [,= (x
Y& s TN

chi-square distribution with n.d.f.

When the hypothesis Hozoi = ...

2
(3.8.1) 1 -a=P [(si/s,?) <F

Fu?
i
QO
k 5 k
= Z p(ui) /a
i=1 J#L
[0}
2
u;
i
o B=2 - BE
where p(ug) -1 25) 2 e 2

2r(z)

- xi) /nggwhere x, =

yfor all i # 3-7

p(u?) du§_7 du

1

™ ]

j=1 xij/(n+l), has a

= ai is true, then

2
S

<> p[F<F ]
5

min

2

and o is the given level of significance of the test.

If H, is not true, then the second kind of error of the test

0

is

2
8
(3.8.2) pep/ M
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Fv?
Qo {’ i 7
k k
- 2 2 2 2
=z p(v%; o) ! p(v5; o) & 7 v ,
-~ 13 %) L5 3?7 i
i=1 I
[+
2
Vi
2
L2 a2 Ui
where p(v?; G?) 1 =) 2 ¢ 20

U %) = (=
or (@) 2o

and g2 = (of, coey aﬁ)

3.9 Canonical reduction of the power function. We shall presently

show that B given in (3.8.2) could involve as parameters only the

k-1 ratios n, , = of/&e (i=2, ..., k).
- i

From (3.8.2) we see that

k
. 2 2 2 2. 2 2 2
(3.9.1) B = §=1 I(0,00 , oi; 8], Fsy, 075 87, Fs , o ;
2 2 2 2 _2 2 2 .2 2
s, F8y, 05 5 8], Fsy, 00 5 ... 8], Fs, qk),
© where
. 2 2 e 2 2 2 2
I(C, %, 975 515 Fsi, On; «++5 81, Fs7, d})
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2 2
o Fsl Fsl
2, 2 2 2 2 2 2.2 2
= J{’p(sl,ol)dsl ~{' p(sg,dg)dsg .o J( p(sk,dk)dsk.
o 2 52
%1 1

L2, .2 -
Now putting si/gf =vyandn ;= Ul/o? we get, after a

little simplification,

k-1 vi Fvi vinl Fvﬁnl
(3.9.2) B=2%2 1I(0,00,1; T Lo S L
i=1 i i i i
V2 V2
e e e TR g0 1)
1 1

2 2 .. 2 _92 2 2
+ I(0,00 sL3vang L Fving 15 ving,Fvin,, ... vlnk_l,Fvlnk_l,l).

From (3.9.2) it is evident that B could involve as parameters
only the k-1 n's. Hence the power ( = 1 - B) of the Fmax test
could involve as parameters only the k-1 n's. It is worth noting
at this point that the right side of (3.9.2) is symmetric in the

n's. Hence the power of the Fmax test is also symmetric in the y's.

3.10 Uniform unbiased nature of the Fmax test. To prove the

uniform unbiased nature of the Fmax test we need to use a lemma

which is



5

Lemma 3. If the conditions of lemma 1 are satisfied, as ay —> 0

or b, —>00 , for any i and for fixed values of 2y bJ(j%i=l,...,k),
f(xl, ceey xk) < A for all x € D': Stz_:: 0< x's < °°}.

Proof: The proof follows obviously from lemma 1.

Theorem 2. The Fmax ratio test of Hartley is completely unbiased,
but its power function does not have the monotonicity property.
Proof: The second kind of error of the Fmax tesf for a given

significance level o is

2
8 A
(3.10.1) B=P [~5= < F/22_7
®min
e 2 2 2
k-1 v, V von v 1 n.
5 1 1 17 171 2 'iel . 27i-1
=% I(0,00,1; -ﬁ-—,F-ﬁ-, 1; o’ P S 1; veo; vy n ,Fvl lﬂ PR
i=1 i f i i i i
Al o2 L. 201 e -1 1)
1 ni J 1 "1 ) 2 0, 1 ni H 1 ni »

2 2 2 2
+ I(O)OO )l; Vlnl:FVlﬂl:lio~-3Vlﬂk_l:FVlﬂk_l;l),

where F > 1 is so chosen that

2 ~
(3.10.2) k 1(0,00 ,1; vi,Fvl,l;...;v;, Fvi,l) =1 -a.



Now differentiating B with respect to nl we get, after some

simplification,
2
co 2 -u]_ 2
kK n, OB - up n-l = (W) wy
(3.10.3) T ('2')3;)-1' = / | (-2- e d(§—
2
2 Fupn, 2
2 1 2 2 n-2 "Moo
+1.) U § U, === ——— U
1n-1 2 1 1 - 2y 2 2 2
-J (=) (=)7L (7) “ e " alz
[o]
2
Fu’n 2
1K1 uf: nep o1 ui
. j o T
2
1M1
{
s u2
1 2
N =T L
2 2
()

76
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2 2
Fuy 2 Fayme g L 2
2 n.2 "2 2 2 n-2 k-l 2
U, smee oo u
- 2.2 o 2 Y1 2 Yk-1
/L [ (=) ° e” az™) ... (5= d5=)_7
J
2 2
Y 1M1
+ s 9
- “i | 2 2 2 ‘“ﬁ
us n-l ==( +Fq.) u us n-l (n.4Fn,_ ) u
- 1 AN R R 1 2 T M
+/ j () e ah - ) (D) a3 7
(o]
2 2
Fu 2 Fu.n 2
2 2 T2 o2 1%-2 o np "% 2
- o, T3 7B D k-1, 8 _ 2
/ ‘] (z e dl=3) ... J’ (=) (—=—=)_7
2 2
by YMep

It is easy to check that the right side of (3.10.3) will be

negative if T > 1 and Ul > ny (i=2,...,k-1) and positive if T <1

and n, < ny (1 =2, ..., k-1). By the symmetry in the variables, the

B

same is true of TN (i=1,...,k-1), i.e.,
i
(3.008) & <0 1r  n >landnm =
dni i i max
and >0 if Ny <1 and = Yint
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Also it is evident that

(3.10.5) 9B 7 =0 .
M ey
Similarly g-an—- _73 ., =0 (=2, ...,k-1.
i -

Now suppose 30 # 1. Then either n:?xax >1or nm?in < 1.
P
Hence the first partials can vanish/\onzy at (1,¢.0,1).

Again it is easily verified that

3% N
(3.10.6) =5 _7 = (k-1) (1-F) C (F),
Bni 1=1
where
2
(OO 2 2 2 f 222 4° k-2
1 u \n 2 u - vVy2 2 v
C(F) = 4 J )" e® az) [ f (=) “ e d(-§)j
N A
2
u
> 0.
3%
Hence — 7/ ., <0, (i=1,.. .,k-ﬁ.
bni <=

Also 3%%3 -73 -1 = (F-1)C(F) >0, (1%3:1,...,1(-1).



Hence the matrix of second partials when 7 = 1

i
3% I
M=

n;9n; ~7né_![

~(k-1)g(F) &(F) or) |

&(®) -(x-1)g(F) ... g(F) ||

]

g(F) g(F) -(k-1)g(F) '

where g(F) .= (F-1) ¢ (F), is n.d.

It will now suffice to show that § —> 0 on each point of
the boundary of the domain D: {3: € < Ny < li; i=1l, ..., k-lJ\(
as, say, e1 —> 0or M —>0© and for fixed values of €, and A

1 1 1
(i=2, ..., k-1).

Now
2
Ful'nl
oo o2 / 2
w2 Bn2 1 2 j w202 _2
n 1 2 2 1 2
(3.20.7) @ e= | () az (5
2
C
YU
2 ..
Fup %y u}2{ -2 1 2
2 2k k
=" e iz )
2
Uy oy



L
the domain D : 2

Fu2
1
oo -u2 n
[ @2p2 "1 2 Tkl 282 1
2 e®ad) | (BB e?
2 2! J 2
0 ui
The-1
Fu2
nk_l“k-e
ui n-2 —-u2 u2
) 2k K
_( (= ) e d(—5 ).
2 Do
1 Moy
Now consider the case where N, = el and ne,

1
€ 3y S5 172, wee, kel 0

L J
2
Ful el 0
n-2 u
- 4 W) T B a8
(3.10.8) J (=) e d(=) = 0,
2 2
u2€
171
It. e, —> 0
2
Fuy /e,
- n-2 u2
j T T
and (=) e d(§-) = 0.
u2e
1/ "1
ILt. e, -—> 0

2

LR ) nk-l

80

are in
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1
Similarly when n o= A, and Moy esey Wy, are in D , we have,

1
2
Fu A
o o 0=2 _EE o
u-, 2 2 u,
(5.10.9) j H % e ®a¥y-o
2
Uy
-— 00
Lt.hl >
2
U’y 2 2 u _
and J (5— e d(—’é_ = 0.
2
us/
Lt.l}\:i-->oo
o0
n-2 u2

i 5
2 d(E-E-) exists finitely.

Hence as el->0 or Kl*-> OC ,the value of B at each point on the
boundary —> O while the value of B ut the point where all 3's = 1

is 1 -a > 0. Hence
(3.10.10) l-a=p(l)>B(Dase—>00rA=—>0 )=0.
Hence all the conditions given in lemmz 3 are satisfied by the

function B (7).

Hence B(1) > B(n) for every g # 1.,
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Hence the Hartley Fmax ratio test is completely unbiased.

Now by equation (3.10.4),we have,

(3.10.11) %%— <0 dfn >landn =n.
i

and >0 if n, <1 and ;=M . (i=1,...,k-1).

sk can be AJ\JMVM }p/)’)’l‘_- >0 o7 <o wm? ao(C) /<77L.4<"’1j
or (€¢) %<<%~"(ﬁﬂﬁuJ#5:6%~-bd-

Hence the power function of the Fmax test does not have the

monotonicity property.

3.11 Lovwer bound to the power of the Fmax test. The second kind

of error of the F test is
max

2

S [
(3.11.1)  B(n) = B/ 5= <F /32 J
min
2
=51 2
. T 7
85 allif#j=1, ..., k

Hence
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(3.11.2) Power of Fmax test

2
-1 % 2 ~
21-B FS? SF/E§J=1, ooy i=1, 141, o, k7,
J

There are k such lower bounds «nd the power of the Fmax test
will be greater than the g.l.b.

The lower bound given in (3.11.2) can be evaluated by using
tables of the distribution of Studentized largest chi-square.
The distribution of the Studentized largest chi-square is derived
in Chapter IV.

It is to be noted that the evaluation of the exact value of
the power function of the Fmax test is extremely difficult. The

evaluation of the lower bound given in (3.11.2) is rather easy.

5.12 Multivariate analogue of Tukey and Hartley tests. Given

random samples Xi(p X ng + 1) of sizes (ni +1)(i=1, ..., k)
from k independent N(gi, %){i=1,...,k); the hypothesis
HO: El = ... =§ g cop be tested by using a multivariate analogue
of the q test. This test based on the largest of a set of
Hotelling's 72 is due to Roy and Bose / 20 7.

Let Xi(p xn+ 1),(i =1, ..., k) be k independent samples of
sizes (n + 1) from N(gi, Zi),(i =1, ..., k). To tesf the hypothesis
Hy 2 = ...=1 against the alternative H # Ho,we can get a

0 1 k
multivariate extension of the Hartley test as follows: The test
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of the hypothesis H?j : Li = ZJ can be carried out,as given in
Chaepter II,using the joint distribution of the largest and
smallest rcots of Si(si + cSJ)'l‘or equivalently of SiSSl where

t

Hence the test of H_ will be based on

t . - -
Si=xixi - (n+1) XX, . 0

?;? c(Sisgl), where the supremum is to be taken over all

1#J=1, ..., k. The distribution problem connected with this
test is quite difficult. Power properties of this test will not
be discussed here.

So far in this chapter we considered the Fmax test when all
the s?'s are based on the same number of d.f.n. Investigation
is proceding on the behaviour of the Fmax test when the d.f. are
unequal. Power properties of similar generalizations of the g

test are also being investigated.



CHAPTER IV

THE SIMULTANEQUS ANALYSIS OF VARIANCE TEST.

%.1 Introduction. It is well known that in situations involving

the testing of the significance of k mean squares, the usual method
of anova gives tests which are not indepehdent. To test all the k
hypotheses together we can either use the usual analysis of variance
test (which we shall call the joint test) or else we can use a
simultaneous test (which we shall call the sim. anova test). This
sim. anova test is due to M.N. Ghosh /"8 7. It will be presently
seen that the sim. anova test has a very close tie up with the
individual tests of hypotheses, unlike the joint test.

The essential difference between the sim. anova test and the
usual joint test can be best illustrated if we consider, fbr
simplicity of expositidn, the case of two hypotheses Hl end H2.
Ind;vidual tests on Hl and H2 are well known. They are based each
on the F statistic. The sim. anova test has an acceptance region
which is given by the intersection of the acceptance regions'of
the individual F acceptance regions of the two hypotheses. Thus
if the significence levels of the tests of Hl and H2 are al and a2 »
that of the sim. anova test will be > (al,a.-e) but <a, + @,. The
extension to the case of several hypotheses is immediate. The Joint
test is an F tést obtained by considering the hypothéses Hl and H2
together.

We shall in this chapter study certain distribution problems

connected with the test and shall also investigate certain power
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properties of the test. Suppose in a field experiment there are
k hypotheses Hl’ veey Hk based on, say, Dyy evey Dy d.f. and
sSuppose si, oo sﬁ are the k mean squares corresponding to these
hypotheses. Let 32 be an independent estimate of the common
unknown variance 02 based_on m.d.f. (32 will be the usual error

mean square in the anova). In the usual anova situations we test

each hypothesis Hi individually by the F ratio

t\)l I-*ml\)

m

8 ni

(4.1.1) F, =

i ’ <§ =1, o0, k)

with (ni,m) d.f. These k tests are not independent because we are
using the same estimate of error variance for aill the k tests,and
because also of the possible non-orthogonality of the estimates.
We shall consider the problem of simultaneous tests of hypotheses
by the method of anova. We introduce below the notion of quasi -
independent tests of multiple hypotheses which proved useful in

Ghosh's development of simultaneous tests.

L2 Quasi-independent test of hypotheses. Consider k hypotheses

Hl’ seey Hk‘ For any test of hypotheses we consider the first and
second kinds of error. The second kind of error depends upon the

alternative hypotheses, Hl(el), veny Hk(ek); where the hypotheses

Hl’ crey Hk are, say, Hl: Gi =0, .. , Hk: ek = 0. Tests Tl’ cesy
Tk of Hl' coey Hk are defined to be quasi-independent if, for

i=l, ..., k,
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(k.2.1) Fp (accept H,/ 9, #0; B vees BL-1, By 05 vee, §) 1S
i

independent of Gl, erey Gi-l’ 91+1’ ceay Gk,

and

(k.2.2) P, (reject H,/®; = 0; 85 eaes By 15 Oqs e ek) is

T,
i

independent of Ql, ooy Gi-l’ 9r+1' ..q,-Qk-

As an example consider the anova of k linear hypotheses
Hl’ oy Hk.
Let x (n x 1) be a set of n uncorrelated stochastic variates

with the same (unknown) variance o and let E(Xx) be subject to the

constraint:
(4.2.3) E(x) =4(n xp) ¢ (px 1)

where p <n and § (p x 1) is a set of unknown parameters (to be
estimated or about which we are interested in testing certain
hypotheses) and 4 is a matrix of rank r < p < n, vhose elements
are given by the parficular experimental design.

Assuming that each x, is N(E(xi), 02),(1 =1, ..., n); to

obtain the test for the hypotheses:
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E(px1) =0(ux1),

— .
=
no
=
g
. . - =1}
=
- . KQ
[ ol
- . «Q
[
g

1
B U \ Cy |
b

k
where q = X gl‘and

1l

\

1)

C = i is a given matrix of rank t < min(r,q)
Ck

Taking (Cill 112) (i= l,...,k) to be the set of t,

independent row vectors of Ci,and Al(n X r) the matrix formed by

the r independent columns of A we get,

2 1 v‘ _l -1
(h.2.5) vys] =g (Ap) 7 Cpy [T, () c111 ARRCWAE S

to be a chi-square variable with ti a.f.
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Now if

t

o -1 - v -1 ' - ] _lc
(4:2.6)  aglaga)™ €y [0 (e T T (0a) 0

- '” -1 -1 1 -1 '>| - .
LCgpy (oyn) €/ Cypilapa))™ a; =0y

then ¢ s? and tjs§ will be independent.

i
-Let 82 be an independent and unbiased estimate of 02 with
m.d.f. (say, the error mean square in the anova). Then we have,

2 2
on the null hypothesis (4.2.4), estimates 81y +ves By of o°

X 2 i
corresponding to Hl, oy Hk' We construct Fi = (si/SQ) 0’

(i =1, esey K)yand obtain,from the joint distributions sf, veey
2 2
sk, 8 given by
t,-2 k
2 2 2 k 2 ; ? mf ‘%[Z‘tis?*msf7 ;
(+.2.7) p(sl,...,sk;s )= Const.'Ii (si) (s°) “ e 1 ’
i=

the Jjoint distribution of Fl’ veey Fk equal to

(4.2.8) p(F,, vee, F) =

k t,-2
(Z% i+m) , X ._-.._.; It £n 7
- 1 - . 'k .
= /e [k % J [orF 5 —
- 2 I p(_}.) r & 1 ¢ (#ZF,)
4=1 2 2 1

The marginal distributions are, of course, the usual distribution
of ratios of chi-square variazbles. Since any deviation of
HQ, ‘i Hk from the null hypothesis does not affect the marginal

distribution of Fl, the first and second kinds of errors in the
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test of H1 are independent of the parameters under HE’ ces) Hk'
Similarly for the other hypotheses. Thus theusual F tests of
multiple hypotheses where these are orthogonal are gquasi-independent.
Even when the X? variables were not independent, if the marginal
distribution of Fi did not involve the parameters of the other
hypotheses, then the F tests would be quasi-independent by definition.
There may be different points of view for assigning
significance limits in the case of simultaneous tests of hypotheses.
In certain situations where the decisiocns regarding the hypotheses

H, ... Hk are unrelated it is proper to consider the significance

l,
level of each hypothesis individually at 5 per cent or 1 per cent
(say). But when these decisions have a Joint import it is proper
to consider the first kind of error of the simultaneous test as the
error of rejection of at least one of the hypotheses when all are
in fact true. The significance level of u simultzneous test is

defined as the probability of rejecting at least one of the

hypotheses when all are in fact true.

4.3 Simultaneous analysis of variance model and tests of hypotheses.

Let x(n x 1) denote a set of n uncorrelated stochastic variates with
the same (unknown) variance o° and let E(x) be subject to the

constraint:

(4.3.1) E(x) =A(nx p) £ (p x 1),

where p < n,and £ (p x 1) is a set of unknown parameters
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(to be estimuted or sbout which we sre interested in testing
certain hypotheses);and A is a matrix of rank r < p < n, vhose
elements ure given by the particﬁlar experimental design. Let
us assume that each x; is N(E(xi),o%,(i*=l, «vey n). To obtain

the simultineous test for the k hypotheses on ¢:

4 Cl\

(k.3.2) . . £(px1)=0(ax1),
o | o f
k k k [

/
C
k P .1\
where q = % q;,30d C =f. J is 2 given matrix of riank t < min(r,q).
1 L. ‘
‘ k

C
\

Now for testing the hypothesis Ci £ = O we get, using certain
results given in /° 19 7, that

_ : 1 l” -1 ( 'A -1t -1
(4:3:3) Fy=fln-r)x a)(a)a))77C10; 40,0 (aymy) Cill}

{

4 ! I T . - 1 ' B <1 ! } :
SERTICORRNCY SRS {2z xap) T 2} 7,

is «n F with ti ~-nd n-r d.f. (i = 1,2,...k).
Notice that 4y -nd (Cill CilE) «re s defined in (L4.2),

We note thut euch Fi is distributed as an F with ti and (n-r)
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d.f. But the F's are not mutually independent. If the tests are
quasi~independent, then the numerators of the different F's are
independent chi-square variahles with t, d.f, (L =1, euey k).

But if the tests are not quasi~independent, then the different chiw
squares are not independent. The hypothesis C(q x p).g (px1)

= 0 (q x 1) is accepted if F, < 8y (1=1, eee, k).

i
The optimum choice of ai is not known. We shall choose'ai
proportional to ti. If we want the significance level of the

simultaneous test to be &, then we choose 8y such that

(be3.4) P[F,<a;51=1, oo, k] =1-a.

A method to evaluate the probability in the left side of
(4.3.4) will be presented in (L) - (4. 9).

If the tests are not quasi-independent, then the numerators
of the different F's are not independent. These tests can easily
be made quasi-independent and the results given for quasi-

independent tests can then be applied.

4,4 Evaluation of the probability statement given in the left

side of (k.3.4). From (4.3.4) we see that the sim. anove test

depends on the evaluation of expressions of the form, (with

m=ne-r),



ti~2
8y 8y k )

IIF ar

i i
1l
(b.b,1) C(tl:--utk;m) cee f k 2ti+m

[HEF, ]

1 i- 2
o]

T o

b

where ¢ = c(tl, eeey bys m) is a function of tiseee,t, and m.

k
Usually we will be interested in obtaining Byy evey &

such that

(4.4.2) c j.

This can be evaluated as follows:

P VU S

Denoting the left side of (k.4.2) by I(al, TIVILE:

t1s eeey b m), we get, by integration by parts,

(%.4.3) I(al, ooy B by eee, b m)

8y "5 | by -2
k-l =%~
. IIF aF

- -C(tl,oo.,tk,m) { ses i l i 1
"k ‘ T K T +m-2
§ (Ztgm-2) l J - [weE 7L
P4 | 1
{ 2 0 0

93
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t,-2 t -k
! % k-1 —— —5k
» F F II aF
(t=2) (b, 00 b, im) j oE R Oy
+ * e ,
2 (TX +u-2) Tk ¢ m-2
2 0 0 L wEF ]
1
il.e.,
a8
& -0 1 -1 t,-2
k l+ak l+ak Kel e
e — 2
-a, © c(t t, ;m) o F - dFy
% 120l ( . f 1
T tm-2 ((Z%,7m-2) k-1 It +m-2
k i i
(e, )—5 { =35 J [1+>: iy A —
0 0

(t -2) C(tl,oo-,tk,m) )
I a soe H t san t t "2 m).
o 88) Tt veest o tomm) He sees A bpoeent ) b2

Successive reduction will leave us with the evaluation of

integrels of the form

e

b, b,
(
bah) .
( ) ) J [T1+E F,7
0 0 1

Now it is easy to see that (4.4.4) is equivalent to
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0 b.,v b.v
= / v %’g" "% Uy
(L"’L"'s) dv -) see ) e- v II ui e dui wo
: 1
0 0 o  I(ex)
Also from /715 _],ve get,
x
1 "% , 'é’ ‘% 00 1
J ueVdau=2x e E.Ai X .
)
4]

The evaluation of (4.4.2) for given values of 8 yeees8y CED
be carried out successively for different values of tl,...,tk and
m by using the reduction formula (4.4.3).°

When m is large, (L.4.2) can be evaluated using tables of the
incomplete gamma function [- i _7/.

It is easy to notice that the tabulation of (4.4.2) is rather
tedious because of the large number of parameters involved. In
the next section we shall considér the special but important case

when ti = t,( i= l, seay k)-

4.5 Special case when ¥y = t(i =1, ..., k). In this case we

have to obtain an & such that

-}
(ho5.l) l -0 = C(k,t;m) ‘( sse J
0 0

—~—\ @
l—‘mw
bxj
[ d
n
B
\{\
w
a3
+
=)
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where c(k,t;m) = P(‘%tg)/r'k(%)r(g) .

It is evident that the right side of (4.5,1) is equivalent to

the following statement:

2 2
_tsi -tsmax
(h3.2) P /=5 <a; i=1,2,..k ] <> P/ 5~ <a/=1-a.
ms . : ms
Let us call the statistic u = 59 the Studentized largest
ms

chi~square.
In order to obtain an a such that (4.5.2) is satisfied, ve

shall study the distribution of the Studentized largest chi-square.

L,6 Studentized largest chi-square., Let xl,...,xk be k independent

chi-square variables with the common p.d.f. given by

n_ax
X e
(4.6.1) p(x) = m) .
Let y be another independent chi-square variable with the p.d.f.

m_ =y

(k.6.2) p(y) = %{E;T) *

The Studentized largest chi-square is defined as



97

X
(14.6.}) uk = m;x .

We shall derive in the next few sections certain mathematical

results which we shall use to obtain the distribution of uk.

4.7 Power series expansion for the incompiete gamma type integrals.

Let

k

X
une-u
(k.7.1) I(n,k;x) = Z- m du __7 .
0

Using methods similar to those given in|[- 16 _7,we find an

appropriate expansion for I(n,k;x) is given by

k(o+1)  prl

‘ kx oo (k)
(ho7.2) I(n,k;x) = X e w2 Z.Ai xi ,
l‘k(n+2) 0
where the A's satisfy the recurrence relation
(k) (k-1) (k-1)

- i - 1
(4e7.3) A / 1+ETE:T7-7 = Z‘Ai - TorEy Ayt e

1 ._
YT Twet b0 ey Al 0 (1F0L,2,...0).
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(k) (k)
Notice that AO = 1 and Al = 0 for all k.
) 00 (k) i
We shall now prove the convergence of the series & Ai X .
0

4.8 Convergence of the seres on the right side of (4.7.2).

Consider

X
{ D=l xn+l ~§;£ x oo (1) 1
(4.8.1) I(n;x) = ) m du = WE) e z-;-Ai X",
‘ 0
where
(1) i (1)
i (-1) 1 1
(4.8.2) A, (r—) = + A .
i o+l il (n+2)i nt2 i-1

Since we will be interested in cases where n is of the form-gv

(r = =1, 0, 1, ...),vwe shall prove the convergence of the series
on the right side of (4.8.1) for the case n = % s (r = =1,0,1,000)0
The case when r = -1 has been already considered / 16 7.

Case 1. n=0, i, T = 0.

In this case

. (1) (1) .
( . 03) A21+l = 0 (i=0’l,ono), Aei = 2212.3...21:*‘1

(1=1,2,404)

and AO =1 .
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Hence

A(1)
A 1 L
(4.8.4) ) T VAR <1612 .

A21-2

oo (1)
Hence £ A
0 i
i th to the (i-1)th term of the power series in (4.8.1) is less than

is convergent and the value of the ratio of the

2 oo (1)
X + Hence the series Z A x~ 1s convergent and therefore the
161° o 1 ’

powers of the series are also convergent. It may be noticed that

the series (4, 7.2) is rather rapidly 6onvergent, 80 that for a
relatively small x, only a few terme of the series will suffice for
any degree of accuracy desired in practice.

Case 2. n > 0, i.,e., r > 0.

Now from (4.8.2) after a little simplification,we get,

(1) i . ,
(n+1)" (n+tl)} (nr2) 1 {n+2{nt3)

(4.8.5) o0<a4 = P : Sp eSSl L,
-1 (o)l (meae1y & OFL BT T2

» LD (o)
11 (o+ i (e 1) 101

Hence
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(1)

A Sum of first (i+l) terms in (1+3-—)’(n+1)
(4.8.6) gy = Torard) Wl
A ' (o¥2) (m+1+1) Sum of first 1 terms in(1+ %:i)-(n+l)

i-1

Hence if i is large,

(1)
A
i 1
(4.8.7) -—(i—)- < I
Ai-l
oo (1)
Hence X Ai is convergent and the value of the ratio of the

0

i th to the (i-1)th term of the power series in (4.8.1) is less than

oo (1)
% . Hence the series Z Ai X" 1s convergent and therefore the
0]

povers of the series are also convergent.

b,9 Distribution of the Studentized largest chi-square. Under the

set up given in (4.6), the p.d.f. of X ox = V18

v
i N =X
(4.9.1) p(v) = TTE%T7 VeV ya ! %TEFTT ax 7 k-1
0

kgn+l)+l
K vk(n+l)-l - SaE—v 00 (k~1) 4

=7 e L A ve o,
F(n+l) I.E];-S o i
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using (4.7.2).
Multiplying (4.6.2) and (4.9.1), using the transformation
u = %, and integrating with respect to y in the interval 0 to 00,

we get

k(ntl)+i-l
(4.9.2) p(u) = ——ilotl) 200 (k1) L {k(nt1)fm1¢d) w ( : .
pk(me)r(ml) o 1 Z-l+_1:_£%y_r__1_27krn+1)+m+i+1

From (4.9.2) it is evident that the distribution of u can be
tabulated using tables of the incomplete beta function /~13 7.
Upper 5 per cent points of u are given in Table 3 (see appendix)
for k = 2 and for d&ifferent values of m and n.

The methods presented in (4.4) - (4.9) will ensble us to

evaluate integrals of the form

20 au g, u
(h'9‘3) ’ du ( vese [ ume-u ];I Vni e-Vi dv, .
) J ) e 1
0

0 0

Theee integrals are found to be useful in obtaining lower bounds
to the power of the Hartley test for equality of several variances
from univariate normal populations which is discussed in Chapter III,

Before proceding to the study of the power of the'sim. anovea
test it is interesting to note that a very useful lower bound to

the probability statement on the left side of (4.3.4) can be
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obtained by using e result due to Kimbell /~ 11 7 .

Using the result given in [- 11 _7,we get

k
(4.9.4) P/ P <ai=1, oo, k]> i]: P(F, <a,) .

The expression on the right side of (4.9.4) can be easily

obtained from /~ 13 7.

4,10 Power function of the sim. anova test. When the hypothesis

given in (4.3.2) is not true, let the alternative hypothesis be

9, [ 9}y [§
(4.10.1) E(px1)= A(ax1)=. .

o}
=

In the anova situation it is well known that the power function
of the test Hl would involve as a parameter only
chaoers

! - 3 - K} - A*A
A N L e | (%)

a0 b raled Q”,¢(£,de)-
In a similar way it is easy to verify that the power function

of the sim. anova test, in the case of quasi-independent tests,
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would involve as parameters only )‘.L ) eeey )}3 where A 5

_ st - vyl Lt -1 .
=85, LC51 (A8 Cyyy T By P
Also it is well known that under this set up the power

function would be equal to
00 /
‘ 2 2 2
(4.10.2) P=1-c I P(Sa)ds J P(sl’-":ski"l:'-u)‘k;
0 D '
2 2
tl,...,tk;al,...,ak) ds] ... ds,

where

2 2
P(sl,clo,sk;kl,ooc’)k;tl,olo’tk;al, ..O,ak)

t 2
1 8
k] =] 1
00 (s?‘)2 1 "t M n,
= X
‘ Kl *e
n.=0 tl n, s
1 F(-é— + nl)
t 2
k ]
—tn -l k
oo (sﬁ) 2 'k "t BN ny
5 e
o n, =0 b n, ! Mo
M(z=+ ny)
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P(Se) = Const. (sz) 2 ¢ 2
2
0<s§< 8,8 (

- - l

(
D is the domain: -1~

and ¢ > 0 is a pure constant independent of the A's .

We shall now prove an optimum property of the sim. anova A
test,
Theorem 1., The power function of the sim, anova test, in the case
of quasi~-independent tests, is a monotonic increasing function of
the absolute value of the square root of each of the deviation
parameters separately.
Proof: The second kind of error (complement of the power) of the

sim, anova test is equal to

00 7/
/

2 2 2 2
(%.10.3) ¢ Jf p(s°) ds »} p(el,...,sk;kl,...,Ak;tl,...tk;al,...
Q D

2 2
oco,ak) dsl esas dsk .
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It is well known that for the purpose of discussing the power
properties of the sim. anova test, we can start, without any loss

of generality, from the canonical probability law:

t t

1,1 2 ky mog
(4.10.4) Comst. Exp [T~ 3 (E xj, + wou+ Zx, + 2y] )]
1 1 1
k 1:i m
IT IT dx,, II dy
11 gy i

where -~ 0o < x's < 00 and - oo < y's < oo,

Also it is well known that

2 2, 2 2
(L"olOos) " tlsl (Xll + R) + xle + ese + xlt \

~ 2. 2 2
ki (2 + (%) +xk2+"°+xkf,k

ms =y§+ eee yio

ct
]
L}

Under this set up,the second kind of error of the sim. anove

test is equal to

-1 kb 2 T 5
(%.10.6) B = ¢ Exp[- -2-(2‘. X x +§ yi)-J

t.
31 J
Je1 1=1

k
IT IT dx
11
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t
s zl Z 2 3\
‘ 02 (%) \P:.I.) * x11< 17 Vi
where Dl is the domain:\)
l L 4 L4 t. *

\
{ - k m
o5t RPIEsels? |

and ¢ > 0 is a pure constant independent of the A's.
It is easy to see that B is symmetric in the A's. Hence we

shall prove the theorem only for Al. For any other Ai the theorem

is immediate because of the symmetry in the variables.

Notice that xl occurs only with x From (4,10.5) we get the

11°

limits of xll 40 be

t o t

. 1
m -—-
2 2 2
(4.20.7) - G f yi - éz xli) ]Al <x,2 (a f yi-z "11) l 1

In (4.10.6) perform first the integration over x The

11°
contribution to the total p.d.f. (4.10,4) made by Xy, 18
1. 2

wis X
Const. e 2 11. The upper and lower limits of the X4 integration

are il end £2 given by

(4.10.8) .= (a
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t

m
_ 2
and‘e"(alf yi'z "11) -dn

If we now differentiate w.r. to\?Ki the integral of (4.10.4)
over the domain D1 ve get, through the X1 integral an integrand

which is

ol
I\)I l\)bl\)

(4.,10.9) -e + e .

For all positive values of JX&, the expression in (4.10,9) will

be negative, and for all negative values of |A. it will be positive.
’ 1

Thus
(4.10,10) ~B_ <o £ A >0
d P\
A
and >0 £ [x <o,

By symmetry in the variables, the same is true of any \fxi,

i'e.’

(4,10.11) B _ <0 if ﬁi >0
B%M
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and >0 if A <Oy (1 =1, vee, kK)o
Hence the second kind of error of the sim. anova test is a
decreasing function of each l J;i, separately and hence the

power of the test (complement of the second kind of error) is an

I,

41

increasing function of each separately.

Hence the theorem,



CHAPIER V

THE STUDENTIZED MAXIMUM MODULUS TEST.

5.1 Introduction., In a 2° factorial experiment suppose we are

interested in testing the hypothesis that all linear functions of
the treatment effects tiJ are simultaneously zero. The estimates
of the treatment effects are assumed to be independently and
normally distributed with a common variance 02 which can be
independently estimated by en appropriate multiple of the error
mean square in the anova.

The test of this hypothesis can be obtained by taking the
intersection of the n Student's 't' acceptance regionvs /20 7. 1t is
eaglly shown that this test is based on the Studentized maxiﬁum
modulus given by u, = jxi‘/;, where X1y esey X are independent
N(O, 02) variates, 52 is an unbilased and independent estimate of 02
based on m.d.f. and ‘x% is the maximum of ‘xli > esey f xni .

The distribution problem connected with the test has been
solved in /~ 16 7. Ve shall investigate certain optimum power
properties of the test in (5.2).

Before proceding with the power properties of the Studentized
meximum modulus test we shall prove two lemmas which are useful in

demonstrating the optimum properties of the test.
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Lemma 1.
(5.1.1) 1(0, oo; m) U(-us, us; §l) e U(-us,us;gn)

<  I(0, 00; m) ['U(-us,us;ol_7n s

00 2
/ - ms
: m-1 2
where I{(0, oo; m) = ¢ s e ds
J
0
1 e
y -5(t-¢)
and U(x,y; &) = ji_ dt.
J Jen
x

Proof: It is easy to see that the expression on the left

side of (5.1.1) can be put in the form

(5.1.2) 1(0, 00; m) U(-us-gl, us-§, ; 0) o.ve U(-us-gn,us-gn; 0).
Also it is easy to check that

(5.1.3) U(-atb,a+b;0) <U(-a,a;0) for every b # O.

Hence the lemma.



Lemma 2. If
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(5.1.4) B(g) = 1(0, oo; m) U(-us-gl,us-gl;o)...U(-us-gn,us-gn;o),

then

B

B_E; <0 if Ei >0

and >0 if §i<0 (i=l,...,n).
Proof:

(5.1.5) \1_2_31 g%; = I(O,oo;m)U(-us-gl,us-gl;o)...

U(-us-gi_l,us-gi_l;o)ll(-us-§i+l,us-§i+l;o) cee

1 2 1 2
~z(ustg )" -Z(us-¢,)
U(-us-gn,us-gn;o) ['e2 17 e i

2

which is negative if §i > 0jand positive if gi < 0.

Hence by the symmetry in the variables, ve get,

(5.1.6) %’é— <o if £, >0
1
~and >0 if g, <0 (i=1, ..., n).

Hence the lemmsa,
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5.2 Power function of the Studentized maximum modulus test. Under

the set up given in (5.1), if the hypothesis is not true, let X5

2
H i=l, ssey n).

«++» X be independent N(gi,d
The second kind of error of the Studentized maximum modulus
test is

ix L </
—=<u /g; all i=1,...,n ] = PZ'%*S af &7

(5.2.1) B =P/

s
= I(O,oo;m)U(-us,us;gl) eee U (-us,us;gn),

where u is so chosen that

l-a=p/" -}ls‘-!- </ = 1(0,00;m) /U (-us,us;0) 7 *

_ i
’ x‘ is the maximum of ixl! s ‘ xat s ey txn;;and ais the given

level of significance of the test.

We shall now prove the following properties of the Studentized
maximum modulus test.
Propertz I. The Studentized maximum modulus test is completely
unbiased.
Proof: The proof follows from lemma 1 and (5.2.,1).
Property II. The power function of the Studentized maximum modulus
test 1s a monotonically increasing function of each of the absolute
values of the deviation parameters gl, covy gn separately.

Proof: The proof follows from lemma 2 and (5.2.1).
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Property III.

-*x? a %)
(5.2.2) P[-<u_J> ?1 Pff=—<u_]
Proof: We have
{xl{§ us
(5.2.3) 'fx' pu/<—= p . 7
)xn 1_<_ us

>IIP1 lx'<us_]

trom /- 11 _7.
Notice that the right side of (5.2.3) is easy to evaluate and

hence we can easily obtain an upper bound to the error probability

of the first kind.



APPENDIX

TABLE 1

Values of X!° and Xéz (see Chapter I) for @ = ,05 and for

1
1 1
different values of n , where n =n - 1 is the 4.f. of X2. -

n xie X2 ‘n' x1? xée
1 .0352 7.82 13 5.32 25.90
2 .08 9.53 14 5.95 27.26
3 +30 11.19 16 7.2k 29.95
b .61 12,80 18 8.58 32.61
5 99 14,37 20 9.96 35.23

‘ 6 1.43 15.90 22 11.36 37.82
7 1.90 17.39 ol 12.79 40.39
8 2.4l 18.86 26 1h,2h 42,93
9 2.95 20.31 28 15.71 45,45

10 3.52 21.73 30 17.21 L7.96

11 L.10 23.13 Lo 2k ,86 60.32

12 L.70 ol 52 60 40.93 8k ,23
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*
TABLE 2

1 4 t
Values of F, and F2 (see Chapter I) for @ = ,05 and for

) 1 H

t
different values of n, and Ny, vhere n; =n, ~1 and n, = n, -1

are the d.f. of F.

Li 2 b 6 8 10 12 16 20 o4 30

2 ]39.0 30.5 28.0 26.8 26.1 25.6 25.1 24.8 24.6 oh.k
12,9 9.60 8.56 8.05 T.75 T.55 7.30 7.16 7.06 6.97
6 9.14 6.64 5.82 5.h2 5,17 5.01 L.81 k.69 L4.61 4,53
8 7.73 5.53 4.80 L.b3 421 4,07 3.88 3.77 3.69 3.62
10 7.00 4,95 L.27 3.93 3.72 3.58 3.40 3.29 3.22 3,14
1z 6.56 4.61 3.95 3.62 3.41 3.28 3.10 3.00 2.93 2.85
16 6.05 4.21 3.58 3.26 3.06 2.93 2.75 2.65 2.58 2.51
20 5.76 3.98 3.37 3.06 2.87 2.7h 2,56 2.46 2.39 2.3
2h  15.58 3.8k 3.0h 2,93 2.7k 2.61 2,43 2.34 2.27 2.20

30 5.41 3.70 3.12 2.81 2.62 2.49 2,31 2.22 2.15 2.07

T
2.
t ] ]

t | 1
F1 fo? Dy, 0,5 take the reciprocal of F2 with Ny, Dy

»*
The values given in the table are F To obtain the value of
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TABLE 3

Upper 5 per cent points of u(see Chapter IV) for different

values of m and n when k = 2.

;}Qf 0 1 2 3 b 5

2 6.90 5.82 5.38 5,14 4,98 L.89
3 5.86  4.83 433 kg b.ok 3.96
y 5.2 b3k 3.93 3.1 3,56 3.8
5 4.99 4,03 3.65 3.42 3.27 3.19
6 boT7 3.83 3.4h 3.21 3.06 2.98
7 4.65 3.69 3.29 3.07 2.92 2.85
8 4,51 3.57 3.19 2.96 2.82 2.75
9| s 3,46 3.1 2.88 2.75 2.66
o0 |  3.69 2.79 2,41 2.19 2.05 1.94




L7

L2]

737

/17

[87

1797

117

BIBLIOGRAPHY

Bartlett, M. 8., "Properties of Sufficiency and
Statistical Tests," Procedings of

the Royal Society of London,
160 A %19}73, 268-282,

Bishop, D. J., and Nair, U, 8., "A Note on Certain
Methods of Testing for the Homogenity
of a Set of Estimated Variances,"
Supplement to the Journal of the

Royal Statistical Bociety, VI (1939),
89-99.

Brown, G. W., "On the Power of the L, Test for Equality
of Several Variances," Annals of
Mathematical Statistics, X (1539),
119-128.

Cochran, W. G., "The Distribution of the Largest of a
Set of Estimated Variances as a Fraction
of Their Total," Annals of Eugenics,

XI (1941), 47-52.

David, H. A., "Upper 5 and 1 Per Cent Points of the
: Maximum F-Ratio," Biometrika, XXXIX(1952),
Loz.li2h,

Dunnett, C. W., and Sobel, M, "A Bivariate Generalization
of Student's Distribution, with Tables
for Certain Special Cases," Biometrika,
XXXXI (1y5k), 153-169.

Eisenhart, Hastay and Wallis, Techniques of Statistical
Analysis, McGraw-Hill Book Company, Inc.,
First edition (1947).

Ghosh, M, N., "Simultaneous Test of Linear Hypothéses
by the Method of Analysis of Variance,"
(unpublished manuscript), 1953,

Hartley, H. 0., "Testing the Homogeneity of a Set of
Variances," Biometrika, XXXI (1939-40),
249.255,



118

/710 ] Hartley, H. 0., "The Maximum F-Ratio as a Short Cut
Test for Heterogeneity of Variance,"
Biometrika, XXXVII (1950), 308-312.

/711 ] Kimball, A. W., "On Dependent Tests of Significance
- in the Anslysis of Variance," Annals
of Mathematical Statistics, XXIT (1951),
600602,

[12_7 Neyman, J., and Pearson, E. S., "On the Problem of k
: Semples,"” Bulletin de l'academie
Poloneise Sciences, lettres, Serie A

(1931), L60-L68.

/13 ] Pearson, K., Taebles of the Incomplete Beta Function,
London, The "Biometrika" office, 1954.

/14 7 Pearson, K., Tables of the Incomplete ' ~ Function,
Cambridge University Press, 1946,

/7157 Pillai, K. C. S., "On the Distributions of Midrange and
Semirange in Samples from a Normal
Population,” Annals of Mathematical
Statistics, XXI (1950), 100-105.

/16 ] Pillai, K. C. 8., and Ramachandran, K. V., "On the
' Distribution of the Ratio of the i th
Observation in an Ordered Sample from
a Normal Population to an Independent
Estimate of the Standard Deviation,"
Annals of Mathematical Statistics,
XXV (195%), 565-572.

/177 Roy, S. N. "Notes on Testing Composite Hypotheses -
II," Sankhya, IX (1948-49), 19-38.

['18_7 Roy, S. N., "On a Heuristic Method of Test Construction
and Its Use in Multivariate Analysis,"
Annals of Mathematical Statistics, XXIV
1953 ;] 220—23 L}

/197 Roy, S. N., "Lecture Notes on Multivariate Analysis,"
(Unpublished).

/[720_] Roy, S. N., and Bose, R. C., "Simultaneous Confidence
Interval Estimation," Annals of Mathe-
matical Statistics, XXIV (1953 R
515-536.




/721 7 Schetre, H.,

/722 ] Thompson, C. M.,

/723 ] Tukey, J. W.,

119

"A Method for Judging All Contrasts in
the Analysis of Variance," Biometrika,

XXXX (1953), 87-10k.

and Merrington, M., "Tables for Testing
the Homogeneity of a Set of Estimated
Variances," Biometrika, XXXIII (1946),
296-30k,

"Allowances for Various Types of Error
Rates,” (unpublished invited address,

Blacksburg meeting of the Institute of
Mathematical Statistics, March, 1952).




