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1. A method of constructing GDPBIB designs and its properties

Let us take v = mn treatments,{ 0,1,...,mn-1}, m and n being positive

integers, with the following association scheme of group divisible tyvpe:

0 m M. 'vervesessse (n=1)m (1-st group)

l m+l 2In+l- XXX EEREER] (n-l)m+l (2-nd 8roup)
(l-l) 2 m+2 2m+2..--.......£n-l)m+2 (5-1’6. group)

m-l em"l Bm-l- I EEEEEEEEX] m'l (m-th gI‘Oup).

We want to construct a GDPBIB design with the parameters
(1.2) v=m,k, b, r,A ,A,, m, 1,

for which it hold that

(1.3) vr =bk and A qn, *An, = r(k-1) ,
where n, = n-1 end n_ = n(m-1).

1 2
Let us take any block of size k, consisting of k distinct treatments

B ={ xl,...,xk}
and let({ yl,...,yk] be a set of integers corresponding to the block B

J if x; belongs to the (j+1)-th group

of the association scheme (1.1), i =1,...,k ; § =0,1,...,m=1. Further-

given above in such a way that v

more, let (ao,al,...,am_l) be an ordered m-tuple consisting of the multi-
plicities of y, 's in the set of integers,{ 0,1,...,m-1} , i.e., 2, is the

number of 'j' appearing in the set{ yl,...,yk] , J=0,1, .,m-1. It hold

then that
m-1
(1.4) 0<a,<n (j =0,1,...,m-1) and ) a, = k .
- j“ J-_-O J

Thus, for any given block of size k, there corresponds an ordered
m-tuple; we shall denote this correspondence by a mapping f defined over
the set of all blocks of size k :

f({xl,....,xk}) = (ao,...,am_l) .



This correspondence is of course a many-to-one correspondence.

Now, let us consider a set of ordered m-tuples satisfying the

conditions (1.4):

(1.5) S = {(apo,apl,...,apm_l)] (p=1,...,8),
where
(1.6) 0Ogay, gn (i=0,1,...,m=1; p=1,...,8) and )

(p =1,...,8) .
Iet C(S) be the set of all those blocks which are mapped onto the
set 3, i.e.,
c(s) = f'l(s).

Tt is clear that C(S) is a disjoint union of s subsets given by CPE £t

((apgr-eesayyg)) 5 P=L

Slnce the cardinality of the set C is equal to

b(S)" ;; ( ), p=l,...,s ,

8pi
the number of blocks in c(s) is given by
(1.7) b(s) = I b(s) .
p=1
For each (apo""’apmpl) in S , the number of blocks in Cp which

contain any given treatment belonging to the (i+l)-th group is given by
n -
G VUOTOL D WY o VUL D VOOV (LI i - 5(8)

8‘po pi=-1 pi p1+l 8‘pm-l n

from which it follows that the number of blocks in C(S) which contain

any given treatment belonging to the (i+l)-th group is equal to
S

(1.8) r;(s) =3 a b (8)/n, i =0,1,...,m1

The number of blocks belonging to C(S) in which any two treatments
in the (i+1)-th group occur together is given by
(1.9) A li(s) }p_ apl(apl l)bp(S)/n(n-l) , 1=0,1,. . ,ml,
and the number of blocks in C(S) in which any two treatments, one from

the (i+1)-th group and the other from the (j+1)=th group, occur together,
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is given by

(1.10) LI ( ) -):: & 1%5] p(s)/n , 1 # 33 1,3=0,1,...,m-1 .

We shall call the set S given by (1.5) a selecting set for a GDPBIB

design if the corresponding set of blocks, C(S), formsa GDPBIB design.
Then, we have the following

Theorem 1. A necessary condition for S given by (1.5) to be a
selecting set for a GDPBIB design with the parameters (1 2) is given by
the conditions

(1.11) b(8) =

(1.12) ri(s) =r,i=01,...,m=1,

(1.13) A li(s) =N > i=0,1,...,m1,

and

(1.14) A (8) =A o 1 #3; 1,3 =0,1,...,m=1 .

2i,J
Conversely, if there exists a set S given by (1.5) satisfying the

conditions (1.12), (1.13) and (1.14) for some set of positive integers,

T, xl andA o

parameters (1.2) with b = b(S).

then S is a selecting set for a GDPBIB design with the

Proof It is clear that the conditions are necessary.

To prove the sufficiency, it suffices to show that the conditions
(1.3) are satisfied.

Summing up both sides of (1.12) with respect to i and using (1.6)

and (1.11), we have mr = kb/n , from which it follows that vr = bk .

Since n, = n-1 and n2 = n(m-l), it follows from (1.13) and (1.14) that

1

Ayt Agny = (a-1) E A (8)/m + n(n-1) )1:3—3 21, (8)/m(m-1)
= (% -kb)/mn i#]
= r(k-1) ’

which proves the second equality of (1.3).



Corollary 1. In the special case when k = m R

S =( (11"',1)}

is a selecting set for a semi-regular GD design with parameters
(1.15) vem, k=m b=n", r= nm-l, m, n,A ;= 0, 5 = ™2
Bose, Shrikhande and Bhattacharya[ lJ showed that a semi-regular

GD design with parameters
(1.16) v=m, k=m b = n5, r = n2, myn, N, =0 A o =1,
n being a power of a prime, is constructed from the finite projective

geometry PG(3,n) . The design with the parameters (1.15) is the n™ -

plicate of the design with the parameters (1.16) if n is a prime power.

Corollary 2. The set
s ={ (k,0,...,0), (0,k,0,...,0),...,(0,...,0,k)}

is a selecting set for a GDPBIB design with parameters

n-2

-1
(1'17) v o= mn: k} b = M(;), r = m(ll:_l)) m) n'.'x 1 = m(k_z)))\z =0 4

which is obtained from a BIB design with parameters

n-1 n-2
ven kb=, r=Ch, n = (02, (4]
Corollary 3. Suppose that n = 2 and k = 2t for some positive integer
t

t. If each n-tuple of S is a permutation of the m-tuple (é:E:i..,e,o,...,o) s
then S is a selecting set for a singular GDPBIB design.

The following theorem states a sort of additive property of our
method, the proof of which is easy and omitted.

Theorem 2., Let S' and S" be two mutually disjoint selecting sets for
GD designs with parameters
(1.18) v =m, k, b', r', m, n,A 10 M4

2
and

i

(1.19) v =m, k, d", r", m, n,A PAs

respectively. Then, the union, S = S' U S", is a selecting set for a GDPBIB




design with parameters

(1.20) v=m, k, b=Db' +bd", r=r'+1r", m oA, =A] N, NN N

Conversely, if § = S'US" and S'iS" = 4 , and if S and S' are the
selecting sets for GD designs (1.20) and (1.18) respectively, then S" is
a selecting set for a GD design with parameters (1.19).

Now, in the final place, we state without proof the following

Theorem 3. Let
be a selecting set for a GD design with the parameters (1.2) , and put

api = n-api for all i and p . Then
S ={ (aPO""’apm-l)} (P =1,.00,s)

is a selecting set for the complementary design of (1.2).

2. Selecting sets.

In order to construct a GD design by the method stated in the
preceding section for given values of v, m, n and k, one has to find a

suitable selecting set, such that the number of replications, and hence

of blocks, is as small as possible. This gives rise to some combinatorial

problems. In the present section, we shall investigate these problems

in some detail, though any solution has not yet been found for them.

Let us consider a set of m-tuples consisting of non-negative integers

not exceeding n:
S = {(apo,apl,---,apm_l)} (p=1,...,8)
We arrange the s m-tuples in S in an s X n rectangular array in such a

way that s rows of the array are the s m-tuples in S :



lo 11 lm-1
(2.1) s a,
20 "2l ... &,
asO a'sl oo asm-l

Then, Theorem 1 assures us that S is a selecting set for some GD design
if the following conditions are satisfied.

(i) E 8. "‘k,p=l’.oo,s

T=c Pi
(ii) E pi p = Cl 3 i = O,l,...,m—l 5]
p=1
I:f: 2
(202) (iii) api bp = 02 ) i = O,l,con’m-l »
o op=l -
s
(iv) a.,a .b =c,,1i#J;i,3=0,1,...,m-1,
5= » p3 P 3

where cl,c2 and c5 are constants and b :ZZ—( 1) s P= 1,..4,8.

It is difficult in general to find a selegtlng set satisfying the
conditions (2.2). Hence, we confine our attention to the case where the
rows of the array (1.l) are obtained by permutations of a given m~tuple,
(ao,al,...,am_l) say, for which If:% a, = k. In this case, the values
of bp 's are the same, and one may s;ek for the array 2.1 under the

conditions

(i) z 8. = 1, —o, 1, c.om-l

p—l

(2.3) < (i1) E a%i = cé, i=o0,1,...m-1

(111) E 8.4 8py = 5 , i#3;41i, 3 =0,1,...,m-1,

where cl, 02 and c5 are constants. This type of array is useful for the

construction of GD designs, as will be seen in the following section.




One of the easiest ways of obtaining arrays satisfying (2.3) is
as follows: Take all distinct permtations of a given m-tuple (ao,a
to form the rows of the array (2.1) . If the given m-tuple contains q
distinct integers dl""’dq’ with respective multiplicities ¢l,...¢q , then

the number of rows in the array is given by

s = m! /#(Wu!).

u=l
This number, nowvever, appears too large for our purpose; it would be

desirable to get a smaller value of s, for vhich any effective method has
not yet been found.
The parameters of the design in this case are given by
Ui q

Z 4 a z (2 /
v=m, k=X ¢ s, b=81xX , r=b X% § 4d mn,
u=l uou u=l du u=l1 ¢ U
(2.4)

buil Wu du(du-l)/mn(n-l) ,

N

A

. 2 KRN 2
o =b(z ¥ (¥ -1)a + 2uzu'_;u¢ qd ,)/a"m(m-1).
u's

u udu'
u=l
uu'
Another easy way of obtaining arrays satisfying (2.3) is to use
the incidence matrices of known BIB designs: ILet us consider the case
where the m-tuple (ao,al,...,am_l) consists of two distinet integers,

da , With respective mult{iplicities Wl,Wz. Take the transpose of the

d
1’2
incidence matrix of a BIB design with parameters
v¥ =m, k*‘\'r'l: b¥, r¥, N,

assuming that this design exists:

Ny oy ees nmlT

N, Dy, eee D,
N' =

nlb* . 00 nrlm*

l,...,am_l)



We change the elements nij for wl if nij = 1 and for wz if nij = 0 to get
a matrix or an array corresponding to (2.3):

a5 all cee B9

80 %1 ...

(2.5) “2n-1

Fpxo  Bpx1 Fp¥m-1
Then, each row of this array is a permutation of the m-tuple (ao,al,...,am_l)
and contains Vl 'd," and Wz 'd,"' . On the other hand, each column of this
array contains r¥ 'dl' and b¥-r¥ 'd2' and among the b* unordered pairs of
elements, { (api’apj)} (p = 1,...,b%),i # j, the unordered pairs (dl’dl)’
(dl’dz) and (d2,d2) appear *, 2(r¥-A ¥) and b*-2r*+\ ¥ times respectively.
Hence the condition (2.3) is satisfied, where s = Db*.
The parameters of the resulting design are
v =m, ksj,d+yyd,, b= b¥ ugl(gll)“*"‘, r = b(r*dl+(b*-r*)d2)/nb* s
(2.6) A

1 =0 (r*d'l(dl-l)+(b*-r*)d2(d2-l)) /n(n=-1)b* ,
Ay, =D (A *d§+2(r*-7\ *)dld2+(b*-2r*+'/\ *)dg)/nab*

1

As for the other types of selectingrsets we have not succeeded to

get any suitable method of finding them. In the following section, some
of the examples will exhibit the technique of finding suitable selecting
set by an intuitive method.

In the final place of this section, it should be remarked that there
might be a way of reducing the number of replications or of blocks of the
resulting GD design: If we can reduce the number of inverse images of each
m-tuple in S with respect to the mapping f, then the number of blocks of the
resulting design is reduced. This would concern to a king of decomposability

of the mapping f, which has also not investigated yet.



3, Some of the GD designs which can be constructed by our method.

In this section, we construct some of the regular GDPBIB designs
by using our method; most of the singular and semi-regular GD designs
obtained by applying the method mentioned in Section 1 have been already
solved t 2J . The designs in the examples below have k g 10 and r < 10,

and they have not listed inL 5J .

Example 1.
(3.1) v=6,%x=3b=18, r=9,A; =3,A, = b,m=2,n=3n =2,n

This design is obtained by using the selecting set

21

S: 12

and the association scheme of the treatments and the blocks of the design

are given by

024 0000002221111113353
22244444 4333555555 ,
135 135135135024 0240214
Example 2.

(3.2) v=8, k=4 b=16, r = 8 3 = oA p =3 m=2, n= L, n, =3, n, = L

This design is obtained in the following way: Consider first the case

m=4 and n = 2, and take the following set

S: 2011
é 1120
0112
1201

Then, it is clear that this set cannot be a selecting set for any GD design

with v =8, k =4, m =4 and n = 2. Ve have however, the following values

for the parameter (1.7), (1.8), (1.9) and (1.10):



b

16, r(0) =r(1) =r(2) =r(3) =8,
X, (0) =a (1) A (2) A (3) = b,
A (0,1)=M,(0,3)=N, (1,2)=)\,(2,3)=3 ,
A 2(0,2)'-‘-)2(1,5)=1~L ;
where we have put ri(s)=r(i),k li(S)=7\ l(i)-,?x 213(8)=k 2(1,3), i,j=0,1,...,m-1.

Comparing two association schemes corresponding to the cases m = h, n=2

andm=2, n=14:

(m:h,ﬁ=2) (m=2,n=l)

0
% and 0246
26 12271

AN
one can see easily that the above values of parameters give those of GDPBIB

design with parameters (3.2), that is, the set S given above is a selecting
set for the GD design (3.2).
The 16 blocks of the design are given by the columns of the

following scheme:

0000111122223333
Lihlh555566667T7T77
2236004400441 155
376 737371L5152626

Eﬂgle%

(3.3) v=8, k=3, b=2k r=9,2 1= 6, A 5=2, m=k n=2, n, =1, n, =6.

This design is obtained by taking the set

S={(2100) >} (the set of all permutations)

and the association scheme and the 24 blocks of the design are given by
ok 0000001111112222223333353
_1_% LL4L LWl h55555566666677TT7TT7T77
26 15263704263 7041537041526
21
Example L,
(3.4) v=10, k=3, b=20, r=6A,=bA,=1,m=5n=2, n, =1, n, =8.

Firstly, let us take the selecting set
S = [(2:1J0:0:0) =]}

10



Tt is then easy to see that this selecting set results a GD design with
parameters

v=10, k=3, b=4, r=12,N, = 8,A,=2, m=5, n=2,
which is the duplicate of a GD design with parameters (3.4), if it exists.
Hence, we try to find 10 tuples from the set S which form a selecting set
for the design (3.4), for which it is easily noticed that we may seek for
an arrangement like (2.1) such that each pair of columns contains the pair
(unordered) (2,1) as its row exactly once and each column contains '2' and

'1' exactly twice for each. Such an arrangement is given by

S':

OHHOOOOOMNMMN
HOOOOOMNMMNMOH
QOO0 OMNMMNOHHO
OOMNMMNOHEHOOO
MNNDOHHOOOOO

This set generates the design (3.4), and the association scheme and

blocks are given by

05 00001111222233334441L
16 55556666777 7888899909
27 16272738384L905490516
38
<]

Ex le 5.

(5'5) V=12:k=6)b=18}r=9))\1=7:7\2=3, m4=3:n=)"': nl=3’

This design is obtained by using the selecting set

S

O+
N0
O N
-

and the association scheme and blocks are given by

11
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vk =7, k¥ =2, b¥ =21, r¥=5,A¥%¥=1
by changing one-half of the 'l' in each column and in each row for '2°',
Similar fact will be seen for the generating set S' given in Example by,
Example 7.
(3.7) v=15,k=h,b=30,r=8,7\l=6,7\2=1,m=5,n=5, n; =2, n, =12
From the incidence matrix of a BIB design with parameters
vk = 5, k¥ = 2, b¥ = 10, r¥ = hn*=1,

we easily have a selecting set for the above GD design (3 7):

31000
30100
03100
035010
S3 00310
003501
00031
10030
100053
01003
The association scheme and the blocks are given by
0510 O 0 0 0 0 0 1 1 1111222222
161 555556566 6 6 6 6 7 T7TTTTT
2712 10 10 10 10 10 10 11 11 11 11 11 11 12 12 12 12 12 12
3813 1 611 2 712 2 712 3 813 3 813 L 9 1k
Egﬂ
3 3 3 3 3 3 L 4L 4 b 4 Lk
8 8 88 88 9 99 9 9 9
13 13 13 13 13 13 1h 1k 14 14 14 1k
L 914 0 510 0 510 1 611
Example 8.

(3.8) v=15,k=5,b=30,r=10,)\1=8,7\2=2,m=5,n=3, n, =2, n2=12
A selecting set for this design is obtained by changing 'l' for '2' in

the selecting set S given in Example 7:

13
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SPMNOOOO O
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The association scheme and the blocks are

0510 0 0 0 0 0O 1 1 111 12 2 2 22°2
1611 5 5 55 55 6 6 6 6 66 77T 777177
271210101010 10 10 11 11 11 11 11 1112 12 12 12 12 12
815 1 1 6 2 2 7 2 2 73 3 8 3 3 8 L4 L4 9
E‘gﬂi 61111 71212 71212 81313 81313 9 14 1k

33 3 3 3 3% 4L 4L 4 4 4 L

g8 8 8 8 8 8 9 ¢ 9 9 9 g

13 13 13 135 13 13 14 14 14 14 14 14

L4 9 005 005116
Example 9.
(3.9) v=18, k=5, b =36, r=10,A 1= 8, 52, m=9,n=2,n =1, n,

Firstly, let us check the selecting set
s ={ (2,2,1,0,0,0,0,0,0)=} .
This set contains 252 tuples and generates a GD design with parameters
v=18 k=5b=50 r=140, 7\1=112,7\2=28,

which is the lk-plicate of the design (3.9) provided that the latter exists

Since 252 is divided by 14, 252 = 14 x 18, there might be a subset
of S, consisting of 18 tuples in S, which generates the design (3.9). If so,
each column of the arrangements (2.1) of these 18 tuples must contain 4 '2'
and 2 'l', as will be enumerated from the values of r andA 1 given by (3.9).

Now, let us take any two columns the (i + 1)-th and the (j + 1)-th,
and let x and y be the numbers of pairs (2,2) and (2,1) (unordered) among
their 18 rows, respectively. Then, the number of incidences of any two
treatments, one from the (i + 1)-th group and the other from the (j -+ 1)-th,
is given by

7\2(1,3) = (hx + 2y)2/k = 2x + y.
Since this must be equal to 2 for any pair (i,Jj) (i # ), the only allowable
cases are x =1, y =0, and x =0, y = 2.

Hence one may seek for such an arrangement of 18 distinct

14
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CoOOoOHHOOOONOOOANONO N
COHOO0OOHMOMNOOONOOOA
OHOOOHOOOOOMNOCOAUANWN O
HOOO0OO0OO0OOHOONONNNOOO
coonNOOoOCANNOOANOOOOOH
COoONOOANUNOCOHAUNHOOOOOO
OCNOONOOMNANHOOOOHNOOO
NOOOANNANOOOOOOHOOHO
AANANNOOOOO0OOO0OOHOOHMOCO

permutations of (2,2,1,0 0 0 0 O 0) that (i) each column contains 4 '2' and
Such an arrangement is given by

2'1', and {4i) any two columns contain the pair (2,2) exactly once and the
pairs (2,0), (1,0) or (0,0) elsewhere, or the pair (2,1) exactly twice and

the pairs (2,0), (1,0) or (0,0) elsewhere, among their 18 rows.

The association scheme and the blocks are given by

“otgy
2H7f.mz/
=Rl
Q..u\u.ﬂuc)
9199
lmh.m../7
“gnyn
lmz/mro
bRkl
1m2n8
0914“.)”
00/.4“_/8
093.2/..&
092)m7
09211..5
092u6
OQ/l.nlu_..M

OO OIN
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(ol Lo} (a1 g\

~\0 0 -
T an

B~\O €O b~ ot
Bes
N\ 0

wvnrtss
1N\ -0

0 1N -0

O INCO - O\
- A
N B~ O

=t

NS\ Y
— — o~

~FOQ
5.47./1@_0

—

0 i H
TRYad

Y e
MO I~

o~

L

le 10.

Ex

18,r=9,)\1=8,7\2=h,m=9,n=2, n, =1, n2=l6

(3.10) v=18, k=9, b

By a similar investigation as in Example 9, it is not so difficult to

find out a selecting set for this design:
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NooOoOAQNauNNOO

NN ANNAOOOO

Association scheme and blocks are

Y e g
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ohnuhwuuﬁumunumuw¢
N HF 10 1D
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O NN O0 NG
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OlmMZJ r~
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This design is generated by the selecting set
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