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'NONLINEAR REGRESSION METHODS
e
A. Ronald Gallantr

ABSTRACT -

The Modifled Gauss-Newton method for flndlng the least squares ,_.'

: ; , estlmates of the parameters appearlng 1n a nonllnear regre531on model e
L is descrlbed-‘ A descrlptlon of software 1mplement1ng the method whlch

> ; is avallable to TUCC users is. 1ncluded-



NONLINEAR REGRESSION METHODS

A. Ronald Gallant -

A sequence of responses y{ to inputs x, are assumed to be generated TR

~

according. to.the nonlinear regréssiqn model-_'}'
: yt = f('}\gt,r@)+ et ('t '=71, 12, ,‘i.’— n) . .

-Thé'inpﬁtuvariébles;are~k-diménsionalj:'

o '?\C{té V(xlt’, x2t’,""’_-vxkt)v .
.fbiahd the unknown parameterfvg is p-dimensional
‘g’= (Ql, 62, se v, ep) . i V'
The least squares estimater is that value

~ A A ~

_which minimiies AR SO 'f; .

SSE(g) = S (v - (x5 -

_ The following vector and matrix notation will be useful in describing the

modified Gauss-Newton method.



Thus,

¥ = (v, ‘yg,:..‘.v.,'yr;).' | C(nx 1),'],‘. |
(N) (f(xl:e): f(Xg:G), crey f("’n e))’ i (n Xl) i

Vf(X:,Q,) the p X 1 vector Whose Jth element is —b-b—— (x,,Q,)

E(@) the n X p matrlx whose tt - row 'is‘__ ‘,Y,'f(,‘%‘.t:,@) '

' To 111ustrate the notatlon, cons:Lder the 50 responses ';(=y£) and inputs :

(-x ) shown in Exhlblt I-- We assume that

. _Y so that  p=2  and k=l. 'The:’vectors and matrices_'in’.cr'oduced above are, for '
'thie example, - '

.82k

+515

-576 | _:,(50 X 1)



S i g B e e g e

883 eé

-249.8,

s, |,

88509, 8330 |
e 2 . ;853'ele -2

515 8. B v 515 6, | o
€ _‘j'-515 8.e 1 (0% 2) -

' The modified Gauss-Newton (Hartley, 1961) algorlthm proceeds as followsevfiey

:Flﬁd a start value 9 o} methods of flndlng startrvelues e?e dlecussed later-i.
-'ﬁ, 'iiO)i.Froﬁ theistarting estiﬁate;gé eompﬁtelv ./‘: |
| !3 [E'@;ﬁﬁﬁ')fl,@’c@cgitx : EOUEE
' i Fiﬁd a YX .betweeneo and 1 ;uch thatle
SSE(VO + xogqjﬁs SSECQO)’.'V"‘
1) Let el _,@ + x 2o ,{ eompute
'.IE& | ,@ rE(vl)]—l IQ@l)LX - fg@l)]
:‘ Find a Xl"between 0 and4l Such thaﬁ »"

&m@l+xlz)<swxe)



: ._2) Iet 8 = 8 +}\1r'gl..v

These 1teratlons are contlnued untll terminated accordlné to~some stopplngf}{s
rule, stopplng rules are dlscussed later. ‘7 | | L : 7 |
: l Hhrtley% (1961) paper sets forth assumptlons such that these 1teratlonsve
will converge to e . 'Sllghtly weaker assumptions (Gallant,1197l)»are-llsted7:;hi{
in Appendlx I. , : | ' | | R FECIR S
| As users of 1terat1ve methods are well aware, a mathemahlcal.pfoof of -
',convergence 1sxu>guarantee that convergence w1ll obtain on a. computer. In '

rthls author s experlence; convergence falls for two reasons'ril) The model
| chosen does not fit the data, .or 11) Poor start values are choseno o e
When the 1nputs are scalars, (k-l) the flrst dlfflculty can- be av01ded.fk
Plot the data- If your visual 1mpres31on of the plotted data dlffers from the 5"‘
regress1on model chosen, expect dlfflcultles- When the 1nputs are vector - |
lrvalued (k >'l) the same considerations apply but are more d1ff1cult to
_ ‘verlﬂy | |
f The choice of start values‘is entirely an ad hoc process- jThey may be
" obtained from prior knowledge of the s1tuatlon, 1nspectlon of the data, grld
search, or trlal and error.‘ Tor examples, see Gallant (1968) and Gallant and
vFuller'(1975)- A more general approach to flndlng start values is. given by 7
Hartley:and Booker (l965)- A s1mpler variant of their idea is the following.cc
Select p represenhative responses y, ~ and inputs ‘z%\V'(ivz l; .;.,'p)f

Solve the set of nonlinear equations :

e =_f('}\€t ’f@,) B¢ = L 2y e, P)
i i o Y

for § .



" S ‘ Illustratlng Wlbh our example, we will choose the observatn.ons wrbh the
é . 'largest and smallest 1nputs obtalnlng the equatlons ' o
i St ) R RN RO '-99%91?'

; g : -106 8,
A:'l"81=ele‘“ ] .

: The‘SOlution:ofvthese equations,is_ N _
= (o L‘oh’-‘»’o823) ) V' -
There are several Ways of chosing A to satlsfy SSE(V + l D, )'< SSE(Q )

at each 1terat1ve step. Hhrtley (1961) suggests two methods in his paper., In

}thls author's experlence, 1t doesn t make very much difference how one chooses

'i'Ai . What is 1mportant is that the computer program check that the condltlon

YASSEQQ1:+ Kigi)'<—SSE(@i)

Cois saﬁisfied before'taking the next iterative'step.
In an 1ntermed1ate step in Hartley 8 (1961) proof one sees that there 1s

an . € >-O such that for every A between 0 and €
,SSEQQ1'+ %gi)l< sSEg@i) .

. For this reason, the aathor prefers the following method of choos1ng k

. 'For some o between O and l > S8y o= = . 6, :success1ve1y eheck the valuesv -
By=(f y=0,1, ...
h'andtchoSe A, to be the largest BJ'Vsuch that



o In some case>, no . l satlsfylng the requlrements can be fbund w1th1n the

yilcomputatlonal llmlts of the machlnea This 51tuatlon is dlscussed in the next
,7paragraph.rj“
- There aze a varlety of stopplng rules or tesus for convergence employed

“to dec1de when to termlnate the 1teratlons. For example, one mlght uet some

- tolerance € >0 and termlnate when

gy g lise g, I
:candvsimultaneously i
:|'ssE(,Qi) _'SSE(nqi;rln e !SSE(Q >|

) (The'symbol ” Z H' denotes the Euclldean norm, ;H ZvH, (Ef_l z; )2 ) There is faif
one 81tuatlon Where one: must stop-, ThlS is When no A can be found such o

that

AVVSSE(\e‘i +AD) < SSE'@ .

o The author! s preference 1s ‘not to use a stopplng rule other than some pre~ . i

"chosen 11m1t on the number of 1terat1ves.' The values of e , and SSE(G )

"are prlnted out for each 1teratlon untll elther this llmlt 1s reached or no

A can be found to 1mprove f@i . The observatlons, predlcted values, and

’ re81duals from this last 1terat10n are printed out as: Well- If the last few

. 1terat10ns ‘are’ 1dent1cal to seven 31gn1f1cant alglts and the predlcted values;'
:and re81duals 1nd1cate that these values are acceptable they are useds A 7
»E further check is to try another start value and see if the same answers‘are'
obtalned., : » o | 7 7 T . ,

| The value of thls last 1teratlon Wlll be taken as 6 ;f fromithis‘last {’5'

rlteratlon are oomputed




: ;;iI.fTI.‘_YIV.I ‘f;,' , E ' ,% [F (9> F(G)]

o .Ji’ S Under the assumptlons llsted in Appendlx II, the least squares estlmator is’

,approx1mately normally dlstrIbuted W1th mean 9 “and var1ance~covar1ance ]

62 ~
matrix o~ § .

A FORTRAN subroutine, IMGN, is-: avallable to TUCC users Whlch w1ll performt

"one delfled Gauss-Newton 1terat1ve step- The user is free to handle hls own
';Ii' '{*v‘z 1nput, output,-and stopplng rules-' The dooumentatlon is dlsplayed as Exhlblt

II» ‘The requlslte JCL 1s as follows

G i //NONLIN JOB xxx.yyy.zzzz,programmer-name
. ... /[smEPL  EXEC  FIGCG |
SRR TR - v//C-SYSIN DD * ' IR
" source code
 //c.s¥s1IB DD DSN=NCS- ES. B4139- GALLANT.GAILANT, DISP=SHR |

~// . DD DSN=8YS1l.FORTLIB, DISP=SHR
// DD DSN=SYS1.SUBLIB, DISP=SHR -
//e.sysTW DD * -
7 data 7

Source coding which will handle 1nputrand output 1s shown in Exhlblt III T
>i and the documentatlon is shown in Exhlblt Iv. Users at NCSU, Duke, and UNC
'vumay obta1n copleubof the source deck by calllng the author.

| The‘exponentlal example we have been con81der1ng will berueed to illﬁstfatev{
» %he use of'thisvprogram-, Assume that the datsa of Exhlblt I have been punched

‘ R 'one obqervatlon per card accordlng to




-

. _1¢g5 : 'FORMAT(eFlgS. 3)' .
Subroutlne INPUT is coded 1n Exhlblt V and Subroutlne FUNCT is coded in f'

Exhiblt VI.

" The deck arrangement is as followss -

-//NONLIN-'JOB‘,'xxx-yyy-zzzzz}programmer—ﬁame
" //STEPL EXEC - FIGCG | S
//c.sYsIyw DD *
- source deck ‘
subroutine INPUTrdeck 7
. " subroutine FUNCT deck -~ : . : o
o '//G-SYSLIB DD DSN=NCS.ES.B4139. GALLANT. CALLANT, DISP—SHR‘
// DD ISN-SYS1.FORTLIB, DISP-SHR |
-/l DD DSN=8YS1.SUBLIB, DISP=SHR
//G.sysIn DD % SIRC R ‘
~ " data cards
// R
. The output for the example is- shown in Exhlblt VII. Note that-the.program

prlnts ‘a correlation matrlx computed from E rather than z . The variance- =

ANy N

_covarlance natrix qgfg' can be recovered by'us1ng the standard'errors printed Ll

,oh'the-preVious page.

If any amblgultles 1n documentatlon or dlfflcultles with the program ’

7are encountered please call the author.r_



| Exhibit I. Observations .
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0.5

@Oo850 .

0688

Coub22

S 0.626
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PURPOSE

. Exhibit TT

3 u/e_oﬁe

- COMPUTE A MODIFIED GAUSSmNEWTON ITERATIVE STEP FOR THE REG-RESSION i- ~
' MODEL YT—~F(XT, THETA) +ET. .

USAGE

- CALL DMGN ( FUNCT, Y,x, T1,N,K, IP, T2,8,D,C, VAR, IER)

- SUBROUTINES CALLED
' ’FUNCT, DGMPRD, ISWEEP

ARGUMENTS

FUNCT -

USER WRITTEN SUBROUTINE CONCERNING THE FUNCTION TO BE -
. FITTED. = FOR AN INPUT VECTOR XT AND PARAMETER THETA FUNCT = -
SUPPLIES THE VALUE OF THE. FUNCTION F(XT,THETA), STORED IN -

< THE ARGUMENT VAL, AND THE PARTIAL DERIVATIVES WITH RESPECT o

- END ' c R
THIS STATEMENT MUST BE INCIUDED IN THE CALLING PROGRAM S '

TO THETA, STORED IN THE ARGUMENT DEL.

SUBROUTINE FUNCT IS OF THE FORM:
SUBROUTINE FUNCT(XT, THETA, VAL, DEL, ISW)
REAI*8 XT(K), THETA(IP), VAL, DEL( IP)
(STATEMENTS TO SUPPLY.VAL) .
IF(ISW.EQ.1) RETURN

(STATEMENTS TO SUPPLY IEL)

RETURN :

EXTERNAL FUNCT .
AN N BY 1 VECTOR OF OBSERVATIONS- T

* ELEMENTS OF Y ARE REAI¥*8.

M.

A X BY N MATRIX CONTAINING THE INPUT XK BY 1 VECTORS STORED' 3

AS COIUMNS OF X. COLUMN I OF X CONTAINS THE INPUT VECTOR s
‘CORRESPONDING TO OBSERVATION Y(I) STORED COLUMNWISE

(STORAGE MODE 0).

- EIEMENTS OF X ARE REAI*8.

INPUT IP BY 1 VECTOR CON‘I‘AINING THE START VALUE OF ’_['H_ETA
OR THE VAIUE COMPUTED IN THE PREVIOUS I’I’ERATIVE STEP.

- ELEMENTS OF T1 ARE REAIX8.

IR -

=2 -

~ NUMBER OF OBSERVATIONS

INTEGER ' '
DIMENSION OF AN INPUT VEC’T‘OR ™ THE: MODEL F(XT, THETA)
INTEGER

NUMBER OF PARAMETERS IN THE MODEL. F(XT, THETA)

INTEGER

AN TP BY 1 VECTOR CONTAINING THE NEW ESTIMATE OF THETA.

THE ELEMENTS OF T2 ARE REAI*S.

AN N BY 1 VECTOR OF RESIDUALS FROM THE MODLL WI’IH 'I'HETA'-Tl ;
ELEMENTS OF E ARE REAT*8. S
AW TP BY 1 VECTOR CONTATNING AN UI\MODIFIED GAUSS NEW’"’ON
CORRECTICN VECTOR. SET THETA=T1+D TO OBTAIN AN UNMODIFIED
NEW ESTIMATE. , R :

- EIEMENTS OF D ARE REAI*O



SR o - AN IP BY IP MATRIX CONTAINING THE ESTIMATED VARIANCE~ ~
~ 7 COVARIANCE MATRIX OF T1 PROVIDED Tl IS THE LEAST SCUARES. S e e
© ESTIMATE OF THETA. c-VAR*mVERSE(SUM(DEL*DEL')) STORED._' L e
- COLUMNWISE (STORAGE MODE O). , . N
o © . ELEMENTS OF C ARE REAI*8. S : :
VAR . - ESTIMATED VARIANCE OF OBSERVATIONS "PROVIDED. Tl IS 'I'HE
© .. IEAST SQUARES ESTIMATE. : ;
S " REAIX8. - SR o
IER - INTEGER ERROR PARAMETER CODED A FOLLOWS
.- IER=0 NO ERROR L s
- IER=1 T2=T1+V¥D - WHERE V=.6**L FATIIED TO REDUCE THE o
. RESIDUAL SUM OF SQUARES FOR I=0,1,2,5¢0,L40."
~ IER.GT.9 AN INVERSION ERROR OCCURRED, UNITS POSITION OF
' IERHASTHESAME MEAMNGASABOVE.

. REFERENCE . : -
HARTIEY,H.0. THE MODIFIED GAUSS-NEWION METHOD FOR THE FITTING oF
NON-LINEAR REGRESSION FUNCTIONS BY IEAST ‘SQUARES mcmom:mxcs,ﬁ |

PROGRAIVMER A :
DR. A. RONALD GALIANT

- DEPARTMENT OF STATISTICS
.~ NORTH CAROLINA STATE UNIVERSITY
- RAIEIGH, NORTH CAROLINA 27607
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Exhibit IIT °

REAL*B R(3000)
© ISW=1 -

¢ CALL- INPUT(ISW,N,K,II5ITER,R»R,R)
| MO=1 - , S
M1=N ,j o A0
Lo Me=K¥N. - 4ML
TM3=IP M2
Mb=TP- oAl
CMB=NC
- M6=IP S M5
" M7=IP*IP , M6
S M8=1 )
‘.'WRITE(5;lgMB
 WRITE(3,2
DO 10. I=1,M8
R(I)=0.D0
IOUT=1
~ IOUT=2

' CALL NONLIN(R(NO) R(Ml) R(ME) R(MS) R(Mu) R(M5),R(M6),R(Nﬂ),

N,K,IP,ITER,IOUT)
SUBROUTINE NONLIN(Y,X,T1,T2,E,D,C, VAR,N,K,IP,ITER,IOUT)
REAI*8 Y(N) x(K,N),Tl(IP),Te(IP),E(N),D(IP) C(IP,IP),VAR
STOP

FORMAT('1 I

©O%36%,! **H*HHH*HWH*W*H*HWH*WW*HW v/

TR 15 SR S e *1/, V

o ¥36%, 1% T ‘I‘HE VECTOR R MUST BE DTMENSIONED AT IEAST ', R Y
*#36%,'% - AS IARGE AS M8 = ,19, ' N L o w )
*¥36X, 1% : - - Y,

*36}{ 'XMWWWHWW%H*WHWW%*' ) ) ‘

FORMAT(' /1111117

*36X, WWWWWWWW'/ T

C *56}(, 1y . *l/
© ¥36%,'*  PIEASE REPORT ANY PROBLEMS WITH THIS PROGRAM TO, R
| %36X,'* © DR. A. RONALD GALIANT - - Ll x1/
. ¥36X,'*  DEPARTMENT OF STATISTICS ey
| %36%,'%  NORTH CAROLINA STATE UNIVERSITY = = e wtf
. %36X,'%  .RALEIGH, NORTH CAROLINA 27607 , S e ow/

36K, 1% (919) T57-2551 e

- *56}(} Ty . : *!/

*36}( 5 ’W%WHWWWH**WHHHHMH***H*W*' ) e
END ' : : '



Exhibit IV

'SOURCE DECK FOR MODIFIED GAUSS-NEWION NONLINEAR ESTIMATION
 USER SUPPLIED SUBROUTINES TNPUT AND FUNCT REQUIRED.

SUBROUTINE INPUT IS OF THE FORM:
"SUBROUTINE INPUT(ISW,N,K,IP,ITER, ¥, X, TO)
- REALI#*8 Y(N),X(X,N),To(IP) ,
- IF(ISW.EQ.1) GO TO 1
. IF(ISW.EQ.2) GO TO 2
CONTINUE =
(CODING TO SUPPLY N,. K, IP, ITER)
RETURN
CONTINUE ‘
(copIng TO SUPPLY Y, x, TO)

'v SUBROUTINE FU'NCT .T.S DESCRIBED IN THE DOCUMENTATION OF SUBRCXJTINE
DMGN AND IS OF THE FORM: : ,
SUBROUTINE FUNCT(XT, THETA, VAL, DEL, .LSW)

- REAT*8 XT(X),THETA(IP), VAL,DEL(IP)

- (CODING 'TO SUPPLY VAL)
. IF(ISW.EQ.1) RETURN
- (copmG TO SUPPLY DEL)
END

: ARGUMENTS OF INPUT AND FUNCT:
" ISW ~ INTECER SWITCH.
- SUPPLIED BY CALLING PROGRAM.
“ . INTEGER*L .
N - NUMBER OF OBSERVATIONS. S ‘ :
- SUPPLIED BY USER, AVAILABL‘E TO CALLING PROGRAM ON RETURN _
. INTEGER¥L
K - DIMENSION OF AN INPUT VECTOR IN THE} MODEL F(XT, THETA)
- SUPPLIED BY USER, AVATIABLIE TO CALLING PROGRAM ON RETURN '
C - INTEGER*L - o
IP ~ NUMBER OF PARAMETERS TN THE MODEL F(XT, THETA) : :
' ~ SUPPLIED BY USER, AVAILABJ;E TO CALLING PROGRAM ON RETURN ,
: . INTEGER*L ,
- ITER-- NUMBER OF ITERATIONS DESIRED.
-~ SUPPLIED BY USER, AVAILABIE TO CALLING PROGRAM ON RETURN

S  INTEGER*L ;
Y~ AN N BY 1 VECTOR OF OBSERVATIONS.
S SUPPLIED BY USER, AVAIIABLIE TO CALLING PROGRAM ON RETURN. ,
E - REAT¥*8
X - A X BY N MATRIX COTTTAINING THE K BY 1 INPUT VECTORS STORED

AS COLUMNS OF X. COLUMN I OF X CONTAINS THE INPUT VECTOR
. CORRESPONDING TO OBSERVATIONS Y(I). '
" SUPPLIED BY USER, AVAIIABIE TO CALLING PROGRAM ON RETURN
L%\8 :



LXT

AL

~DEL -

= INPUT IP BY 1 VECTOR CONTAINING THE START VAIUE -OF THETA. =
e SUPPIBCDL‘D BY USER, AVAILABIE TO CALLING PROGRAM ON RETURNq Y.

" REATIH ‘ :
= A K BY 1 VECTOR CONTAINING AN INPU'I' VECTOR. 7

- . SUPPLIED BY CALLING PROGRAM :

- REAT#*8

AN IP BY 1 VECTOR CONTAINING PA.RAME'I‘ER VAIIJES. .

SUPPLIED BY CALLING PROGRAM

 REAL*B

VAL=F(XT, IHE"‘A)

~ SUPPLIED BY USER, AVAILABLE TO CALLING PROGRAM ON RETURN.' [

REAT*8 .
AN IP BY 1 VECTOR CONTAINING THE PAR‘I'IAL DERIVATIVES OF
P(XT, THETA) WITH RESPECT TO THETA.

SUPPLIED BY USER, AVATIABLE TO CALLING PROGRAM ON RETURN mh




. Exhibit 'v

o ‘SUBROUTINF INPUT(ISW, N, K, Ip, ITER, Y, X, ‘I‘O)
+ -~ REAI¥ ¥(50),X(1,50),T0(2) L
- IF(ISW.EQ.-1) GO TO 1 -
~ IP(ISW.EQ.2) GO TO 2 -
. 1 CONTINUE ,
. N=50
K=l
IP=2
" ITER=25
'2CON‘I‘INUE o
T po(1)=. LikDo. :
. 10(2)=.823D0 - B
- READ(1,100) (¥(I), X(l,I) 1-1,50).
100 - FORMAT(2F10. 3) :
END



_Exhibit VI

 SUBROUTINE FUNCT(XT, THETA, VAL, IEL, ISW)

- DRL

- REAI*8 XT(1),THETA(2), VAL, IEL(2) -
s ,VVALJI'I{E}TA(l)*DEXP(THETA(e)*XT(l))
- IF(ISW.EQ.1) RETURN - :
DEL§1)-—DEXP(THETA(2)*XT(1))
, 2)—THETA(l)*XT(l)*DEXP(TI—ETA(E)*XT(l))
RETURN .
END
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APFENDIX I .
7‘ Theorems We are given a regression model

,y{ = f(xt,e) e

t

flA and the data palrs (yf,xt) (t l, 25 esey n) Let Q(e)

SSE(e)

Condltlons-_ "There 1s a convex, bounded subset S ‘of Rp and a_ eo

interlor to S such that'

' '1)1‘Vf(x£,9) éxisﬁs and is'coﬁtinuous over 8 for t = l, 2, coey - n-: : '

- 2) Bes 1mplles the rank of F (e) 1s p. E

715) Q (9 )< @ Q 1nf{Q (9) 6 ‘a boundary p01nt of S}

- h) There does not ex1st 8’y ,e'f in ,S “such that E

Constfuction-v Cdnstruct the sequence '{eajZFl 'as;folidwsﬁ
riQ): Compute D, = [F7(8,)F (8)] "F (8 )y - £ (8,)] -

Find A\, Which minimizes'Aqi(éo + ADO)' over Aé

, eoffykpo ;vs} =
5 1)Sﬂ'%ee +AD;

Compute D [F (el)F (e )]wlF (61)[y - T (61)]

. Find 'X1"WhiCh mlnlmizes Q (el‘+ xDl) 'over,:Aljf

2) Set 8, =8, +AD

-

= B

:{A: R

oA,




Conclusionse'fThen fbrfthé séquence {eajz;l it fbllows that:

, 1)y'9 is an 1nter10r p01nt of S for a‘: 1, ay,g.';;_:,; 

. 2) The sequence

3) va (g%) = o.

{e } converges to a 11m1t p¥% whlch is. interlor to.

. Proof. Gallant (1971).



APPENDIX II

7 In order to obtaln asymptotlc results, 1t 1s necessary to spec1fy the if'»t‘”b

""behavior of the 1nputs xt' as n becomes large. A general way of spec1fy1ng ;

the llmitlng behav1or of nonllnear regress1on 1nputs is due- to Mallnvaud (1970)?jjf

”'His definltlons are merely stated here, a complete dlscus51on and examples' 'f:f B

: are contained in h1s paperer

Iet X be a subset of Rk from which the inpu.‘os'fxt ':(t.;rl,lg,‘.;,) '  '

‘:vjare to be chosen. .

Deflnltion. ) Let G be the Borel subsets of X and  {x, } be the

o sequence of 1nputs chosen from X- Let I (xt) be the 1nd1cator :t"unctlon of

b_.xa subset A of ' X. The measure i . on (X,G) is deflned by

-,1 S —1
. un(A) - nr. Zn (Xt)
 for each A€ G.
bDefinition-;;A sequence of measuréSﬂ ﬂz } on (X,G) 1s sald to converge ,*
s:weakly to a'measure' § o oon (X,G) if for every bounded, contlnuous functlon
_ gf.withbdomain, X
[ e () -~ [ e@a)
' Asymptotlc results may be obtalned under the follow1ng set of Assumptlonsos
ssumptions. - The parameter space Q and the set X are compact subsets
'of the p-dimensional and k-dlmen31ona1 reals, respectlvelye The response :
- function Af(x,e) and the partial derivatives S%W-f(x,e)' a - 69 bQ f(x,e)

: 1. - -
are contlnuous on X X()-- lhe sequence of 1nputs {Xt}t 1 “is chosen such S

e ,that the sequence of measures ﬁz } : converges weakly to a measure. u



-"; . i '-defined overA -(X,G) " The true value of e, denoted by 8°, is conta:.ned 1n_’_

" an open set wh:Lch, in turn, is contalned 1n Q If f(x, 9) = f(x,e ) except 7:5.;1.‘,::2 S

3 on a set of L measure zero, it 1s assumed that e eo- ) The p xp matrix

t - [ IS’Q_ f‘(x,e ) f(x,e ) d&l(X)]

,w:Lth mean zero and f‘lnlte, ‘non- zero variance . ce-v

These Assumptlons are patterned after those used by Mal:.nvaud (1970) to
| show that the least squares est:.mator is cons:Lstent- A s1m11ar set 'of .
" Assun;ptlons wh1ch does not requlre that Q be bounded or that the second
partlal derlvatlves of' f(x,e) ex:Lst may be found in Gallant (1971 or 1975)
~ An alt ernatlve set of Assumptlons may be found in Jennrlch (1969)
: n

- Theorem. - Tet e denote the :f‘unctlon of y which minimizes SSE(e) :

- . R 02 =n ,1SSE(6)- Under the Assumptlons llsted above:

1) Theestlmator | 8 : 1s consistentrfor i 907.7
2) The estimeton ’S‘QV is consistent for 62.
3 n-lF'(g)F(g) is conslstent for t |

L) Jn (g-e") ! is asymptotlcally normal W:Lth mean zero. and. varlance- e

. . ~1
.covariance ‘mabrix " oF .

Proof. Gallant (1971 or 1975)

' Remerk- In computatlons s 1t is customary to absorb the term Jaooof

is ‘non-singular- The errors {e } are 1ndependent and identlcally dlstrlbuted e

~ ,
Ja (6-60) ‘" in the varlance-covarlance gnat.rlx.,, 'I‘hus, one enters the tables by taklng

N : : PN
 (8-6%) chb(Q;og o8

where 3 =l[F’(§)F(5)1“l .



