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1. Introduction and Summary. Let Xl,...,Xn be independent random variables having
continuous cumulative distribution functions (cdf) Fl(x),...,Fn(x), respectively.

Consider the Chernoff-Savage (1958) statistic

n
(1.1) T = (l/n)zi=1En,iZn’i,

where En i= Jn(i/(n+l)), (i=1,...,n) are (explicitly known) rank scores (satisfy-
’

ing the conditions 1, 2 and 3 of section 2), and Zn 1 is 1 or 0 according as the ith

smallest observation among IXlI,...,IXhI corresponds to a positive X or not (i=1l,...,n).

For F 5...5FnEF, the asymptotic normality of the standardized form of Tn has been

1
obtained by Govindarajulu (1960) (See also Sen and Puri (1967) and Pyke and Shorack
(1967)). The present paper is concerned with (i) the asymptotic normality of T, for
arbitrary continuous Fl”"’Fn and (ii) the robust efficiency of Tn for shift alter-

natives when F Fn are not all identical.
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2. 56%%%%%%@5%v@%5%%@%’ Let c(u) be 1 or O according as u is > 0 or not. Define

(2.1) Ft’;(x) = (l/n)zile(x—Xi), f(n) (x) = (l/n)zilei(x) (~00<x<®) §
(2.2) Hy () = F; (0)-F, (=x=), i=l,...,n;5 By G0 = (1/m)] 2 H () (x20);
(2.3) HY(x) = (/)] 2 e(x-]X,]) = FEGO=F*(-x-), (x20).

As in Chernoff and Savage (1958), we extend the domain of Jn(u) to (0,1) by letting

* Work supported by the National Institutes of Health, Public Health Service,
Grant GM-12868.



it have constant values on (== +1 ), i=1l,...,n. Then, Tn in (1.1) may be

<
n+1

written as

[o 0]

(2.4) T = fJn(;;i'H*(X))dF*(X)

It is assumed that

(2.5) (1) iiz Jn(u) = J(u) exists for all O<u<l and is not a constant;
(2.6) ) f [3_ (7 B* () -3 (S HA () JdFA(x) = op(n-l/z);
(2.7) (3) |J(r)(u)| = I(dr/dur)J(u)l _<_K[u(1-u)]"r‘1”f+5, r=0,1,

for some 6>0, where K is a finite positive constant. Let us also define

o 1
(2.8) k= fJ[ﬁ(n)(x)]df‘(n)(x) (so that Iugl < [ ]I |du < =),
[0} [o]
2 _ 23 = 2
(2.9) Yo, =l [ gy (0 1dF; =1/ 3L ¢ (0 10F (0]

2[  J/ H;(x)[1-H; (» 1’ [H( )(X)]J [H( )(Y)]dF( )(X)dF( )(y)

o<x<y<°°

+ JS J[H( )(x)]J [H( )(y)]dF( )(X)dF (y)

0<xX<y<o

- {éfJ[ﬁ(n)(X)]dFi(X)}{Ain(X)J'[ﬁ(n)(X)]df(n)(X)}], i=l,...,n;

(2.10) Y2 = /LY

The main theorem of the paper is the following.

THEOREM 1. If assumptions 1, 2 and 3 hold and if lan2

lim 1 2
B P{n [Tn-MQYYn < -i exp{-%t°}dt,

E“lH
3

uniformly in x and Fl""’Fn'

The proof is postponed to Section 4.
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(3.1) — - = =
s Py G By O 14 ) (9 ) )=
{;'J[H(n)(x)]dF(n)(x)}{éfH(n)(x)J'[H(n)(x)]dF(n)(x)}];
(3.2) o g = ofJ[ﬁ(n) (x) JdF; GO -1k, 1=1,...,05
(3.3) Bn,i = af[Hi(x)—ﬁ(n)(x)]J'[ﬁ(n)(x)]df(n)(x), i=1l,...,n.

LEMMA 3.1. For arbitrary Fl,...,Fn,

2 _ 2, _ n 2 2 /3 oo
Yn =Y (F(n)) (l/n)zi=l(an,i+6n,i) LY (F(n)) < oo,

The proof follows by straightforward computations using (2.1, (2.2), (2.7),

(2.8), (2.9), (2.10), (3.1), (3.2) and (3.3). Hence, for brevity, the details are

omitted.
Define
(3.4) By (%) = JIH (1% 1ex));
[o 2]

= - = g b
(3.5) B ,(X,) = g [ex=|X, D-H, ) W' [H ) () ]F 5 (0,
(3.6) Bn(Xi) = Bnl(Xi)+Bn2(Xi)’ i=1,...,n.
LEMMA 3.2. Under assumption 3, (l/n)zizlE{an(Xi)|2+6} < o, uniformly in n and
I

. PROOF. By virtue of the inequality that |:3.+b|2+6 < 21+6{|a|2+6+|b|2+6}, it suffices

to show that uniformly in Fl""’Fn and n,



2+6}

(3.7) (1/n)2i§1E{anj(xi)| <o for j=1,2.

Upon using assumption 3, it follows from (3.4) that

246 2+6df

(1/n>2121E{|Bn1<X1>| b= :'|J[ﬁ(n)(x)]| () ™

(3.8)

1
< fIJ(u)|2+6

. du < «©, as dF(n) g_dH(n) and (246) (<5+8)>-1.

Let now Yn be a random variable (independent of Xl,...,Xn) following the cdf

F(n)(x). Define

(3.9) d (X;,Y) = [c(Yn—|Xi|)—Hi(Yn)]J'[ﬁ(n) (¥ )1, i=1,...,n.

It is easy to verify that

(3.10) B ,(X) = E{dn(Xi,Yn)IXi}, i=1,...,n.

Consequently, by straightforward computations, we obtain that

248 1+6/2 2
|x,1%}

E{|B_,(x)|7} < E{(E|d_(%;,Y )|

= 25{ S5 |{e(x-|X, DB O He=|X D-B; NN H (0]

o<x<y<w
(3.11) 1+8/2

J'[ﬁ(n)(y)]l dF(n)(x)dF(n)(y)

<6 S GO ]I ) 13" i 0112

0<x<y <o dF(n)(X)dF(n)(y)’

1+8/2

(as E[I{c(x—|Xi|)—Hi(x)}{c(y)—|xi|}—Hi(y)}l |x<y}<3H; (=) [1-H, (1) 1.)

Upon noting that (1/n)Xi:lHi(x)[l—Hi(y)] = ﬁ(n)(x)[l-ﬁ(n)(y)] - (1/n)zi:l[Hi(x) -

ﬁ(n)(x)][Hi(y)—ﬁ(n)(y)], we obtain from (3.11) that

(3.12) (/)P ELB &) **)

- = - ' B 1+8/2
<6 [f H(n)(X)[l-H(n)(y)]lJ [H )1 [H(n)(y)]l

0<X<y<® 9F () ) dF () ) -

_l_ n ® = ‘1o 1+8/2 .= 2
- 5o Lot of (B, GO -H (013 E ()1l dF ) () }*]

<6 JS u(l—v)lJ'(u)J'(v)|l+6/2

O<u<v<l

dudv < ©, by (2.7),



(as dF g_dﬁ ). Therefore the proof follows from (3.8) and (3.12). Q.E.D.

(n) (n)

4., The proof of theorem 1. Using (2.4), (3.4), and (3.6), one can write

(4.1) T = (l/n)zi B (X)) + z

r—l r,n’

where Bn(Xi) is defined by (3.6) and

_ oty (B ks .
(4.2) Cl,n = ({[Jn(n+l H*(x))-J( H:(x))]dF;(x) = op(n ), by (2.6);
(4.3) ¢, . = [-1/(a+D)] sz(X)J'[ﬁ(n)(X)]dF;(X);
’ o
(4'4) C3’n = of [HI*I(X)-ﬁ(n) (X)]J' [ﬁ(n) (X)]d[FI*I(X)—ﬁ(n) (X)];
N n = n = | -
(4.5) C4,n = Af{J[;;I H;(X)]—J[H(n)(x)]—[;;I'Hg(X)-H(n)(X)]J [H(n)(X)]}dF;(X).

Straightforward computations using (2.8), (3.4), (3.5), (3.6), (2.9) and (2.10)

yield that
n
= * .
(4.6) ) (1/m));(E(B (X))} = ¥, [u| < e ;
n = 2
4.7 (1/n)zi=lv{Bn(xi)} = y2.
Further by lemma 3.1 and the assumption that izf Y, > 0,
(4.8) 0 < Y, < uniformly in Fl,...,Fn and n.
Finally, by lemma 3.2 and (4.6)
2
(4.9) (/m], 2 BB (x)-EB (x) 170} < =,

1,...,Fn and n. Hence, the independent random variables

{Bn(xl)""’Bn(xn)} satisfy Liapounoff's condition of the central limit theorem

uniformly in F

[ef. Gnedenko (1962, p. 322)]. Consequently,

(4.10) Ll 2r/m] BB (x)-ukl/y ) > N, D).



1
It remains only to prove that Cr n = op(n 2y for r=2,3,4 (uniformly in Fl,...,Fn),

»

and this is accomplished in the Appendix. Q.E.D.

5. General hypothesis of symmetry and robustness of Tn. Let 3; be the class of all

continuous cdf's symmetric about 0. We want to test the general hypothesis
(5.1) H: F, eJoV i=1,...,n,

without bringing in the assumption that FlE...EFn. (5.1) is less restrictive than

H;: Fli...EFnEF € 3%. It will be seen that Tn in (1.1) provides a robust test for

H in (5.1), for all Fiego, i=1,...,n. For this, it may be noted that

(5.2) F,ed Vi F oo I >0 ay(® = 2F Ly (-1 for x0.

(n) ( (

From (2.8) and (5.2), it follows that under HO in (5.1),

1

(5.3) ux = [ J(u)du = Lu(say).
o

Upon using (5.2) and (3.1), straightforward computations yield that
1

)) =1 :’Jz(u)du = 4A%(say,) if F(n) € 3;.

(5.4) YZ(F(n

Again, using (5.2) and integrating (3.3) by parts, it readily follows that

(5.5) o .48 . =0,V i, if H in (5.1) holds.

n,i "n,i

Consequently, from theorem 1, (5.3), (5.4), (5.5) and lemma 3.1, it follows that

if H0 in (5.1) holds

(5.6) S(Zn%[Tn—%u]/A) + N(0,1), uniformly in Fl""’Fn'

This clearly indicates the robustness of Tn for arbitrarily symmetric Fl,...,Fn.
Thus, like the well-known sign-test (for location) we need not assume the identity

of F Fn (only identity of their medians is enough). However, unlike the sign-

1207

test, symmetry of each F, (i=1,...,n) appears to be necessary.



REMARK 1. The sign-invariant permutation distribution theory of one-sample
Chernoff-Savage statistics, developed in the more general multivariate case by

Sen and Puri (1967), can be easily shown to be valid (for the univariate case)
even when the sample observations are drawn from different (but symmetric) distri-
butions. This permutation principle leaves scope for an exact test for Ho in

(5.1) (based on Tn in (1.1)), when n is small but F Fn are not necessarily

1200
all identical. Also, along the line of theorem 3.2 of Sen and Puri (1967), the
asymptotic convergence of the sign-invariant permutation distribution of

1
2n2[Tn—5u]/A to a standard normal distribution can be readily deduced. This

patches up the link between small sample and large sample tests for Ho in (5.1)

based on T .
n

REMARK 2. Not only Tn is used to test Ho in (5.1), but also it may be used to
estimate the common median (U, say) of Fl""’Fn' Thus the Hodges-Lehmann esti-
mate of U based on Tn is robust for any possible heterogeneity of (symmetric)

FyseeosF o

1 n

REMARK 3. Recently, Puri (1967) has considered the problem of combining indepen-
dent one sample tests of significance. His procedure encounters some difficulty
when the number of sources is large but the number of observations in (all) the
sources are not large. This difficulty can be readily avoided by considering an
one-sample test based on all the samples pooled together. Here also, the symmetry

of the different cdf's is enough, their identity is not necessary.

6. Robust-efficiency of T . Consider the sequence of shift alternatives {Hn},
where Hn specifies that Xl,...,X.n are independent random variables having absolutely
continuous cdf's Fnl""’an’ respectively, where Fni(x) = Fi(x-n cie), i=1,...,n,
(Fi's being all symmetric about 0), and CpseeesCy and O are all real and finite.

It is also assumed that F, has a continuous (a.e.) density function fi for all

i



i=1l,...,n. We define

(6.1) y(®) = (1/n)[;2 £, ) and By (0 = (1/m)], 2 F (.

f(n
Further, it is assumed that f(n)(x)J[ﬁ(n)(x)] is bounded as x**®, Concerning
the rank scores {En i}’ it is assumed that En i is the expected value of the ith

? 3

order statistic of a sample of size n from a distribution function ¥(x) given by
(6.2) Y(x) = ¥Y*(x)-Y*(-x-); V¥Y*(-x-) = 1-¥*(x),

where Y*#(x) is a continuous cdf. This implies that

1 1+u 14+u

(6.3) T = ¥ = v ERY = g, ocudl.

Define U and A? as in (5.3) and (5.4), and let
[ o]

(6.4) B(F) = [ J*'[F(x)1£2(x)dx for all F e & _.

-0

Then by routine computations, it follows that under {Hn}

[+ o]

(6.5) k= 4u+(e/2n4)(—- Z cy f J*'[F( )(x)]f( y (K)dFy (x))+o(n ),

i=1 1
(6.6) Y; = %A% + o(1).

Thus, it follows from theorem 1, (6.5) and (6.6) that

.7 i+m PH {zné[T -Lul/A < x+(6/A) *
G ri i fJ* [F,_ ®IE,_\(0)dF, (x)} = A gttty
“ i=1 1 = (n) (n) b ,

for all real x. Let us now assume that the cdf Fi has the variance 0; for

i=1,...,n and denote i (1/n)z s 0 = (l/n)zi -11 g2. Then, by the well-known

i= l i

central limit theorem (for non-identically distributed independent random variables),

we have for any real x



{ e | = - - X .2 - n
(6.8) Lin p (n7% |o_<x+(8/c )c } = L [ e ar; c_ = L Y oc,.
mo H n' n— n° n /7 n n &4 71
n 2 =0 i=1

Thus, if En is different from O, the asymptotic relative efficiency (A.R.E.) of

Tn with respect to in may be computed as
- - - 1 2 ® = -
(6.9) e, = 8T ;X)) = [02/(a%c)13 izlci _O{ JRF Ly GOIE Ly (x)dF, (x) ]2.

Thus, in general, the A.R.E. depends on (Cl""’cn) as well as on Fl""’Fn° Two

special cases are of interest and yield some interesting results.

Case I. ¢ =...=cn=c#0, i.e., equal shift but not necessarily identical cdfs.

1
It readily follows from (6.4) and (6.9), that en(=qgl)) reduces to

(6.10) et = B 5, /12,

which agrees with the expression for the Chernoff-Savage (1958) efficiency but for

the cdf F As such, for normal scores statistic (i.e., when ¥* in (6.2) is a

(n)°
standard normal cdf), (6.10) will be at least as large as 1, where the equality sign
holds only when f(n) is itself normal. This clearly illustrates the robust-
efficiency of the normal scores test. Incidentally, when Fl""’Fn are all normal
cdf's differing only in Gi,...,os, F(n) can not be normal, unless 0 =ee.=0_ . Hence,
for normal cdf's, the normal scores statistic will have an A.R.E. (relative to

ih) > 1, where the equality sign holds only when 0q=e++=0_- For the Wilcoxon's signed

rank statistic, similar results are already deduced in an earlier note [Sen (1968) ]

and hence the discussion is omitted.

Case II. F.=... Fn=F but c.'s are not all equal. i.e., homogeneous cdf's but

1 i
heterogeneous shifts. It follows from (6.4) and (6.9) that

(6.11) e, - er(lz) = [B(F)o/Al%,

where g2 is the variance of the cdf F. This indicates that the A.R.E. is not



10

affected by heterogeneity of the shifts, and the Chernoff-Savage (1958) bounds

are equally applicable in this situation.

REMARK. In the two sample case, a distribution-free estimate of B(F) (defined by
(6.4)), has been considered by Sen (1966) and the same procedure yields a similar

estimate of B(F) in the one sample case when F .EFnEF. It follows from (5.6),

l:..

(6.7) and some routine computations along the line of Sen (1966) that this one-

sample estimator estimates consistently (i) B(f(n)) in case I when F ,F_are

120,

not necessarily identical or (ii) B(F) in case II when ¢ -»C ~are not necessarily

12°°

identical. Also, the interval estimation of the common median of F ..,Fn based on

1°°

Tn remains valid even when F ..3Fn are not necessarily identical.

1

7. QRES%S%%i higher order terms. Let (an,bn) be the interval Sn e such that
b

= - -1
(7.1) Sn,e = {x: H(n)(x)[l—H(n)(x)] >n ng},

where ¢ 1s an arbitrary positive number and n€(>o) depends on €. Upon noting that

n
(7.2) P("T|%, <x} = RRACE 8y 1%,
‘ min n = n
(7.3) ROCIR [x) = T [, (0] < (-6 GOTY,

i=1

and proceeding as in Chernoff and Savage (1958, p. 986 ), it follows that

(7.4) P{lXil £ Sn’e\/ i} > 1-¢, uniformly in F seresF .

1
Thus, from (4.3) and (7.4), it follows that with probability > l-¢

1

g 1 .t
(7.5) |C2,n| s’“’—ls f 13 [H(n)(x)]lng(x) _<_Esf |J [H(n)(x)]|dHI’:(x).

n,€ n,e

From (2.7) and (7.1), it follows that for all xeSn c

-1+8/2
1

=5(1+8) | v (5 G T
(7.6) n |3 (B y (O] < K¥H yx) [1-H ) ()]} Rk <oo
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Since, the extreme right hand side of (7.5) involves average over independent

random variables, by Markov's law of large numbers

1
(7.7) / [ﬁ(n)(x){l~ﬁ(n)(x)}]—l+6/2dH: [ u-w) 17 2uce
Sn e o
Therefore, (7.5), (7.6) and (7.7) yield that
(7.8) ICZ,n! = Op(n_%(]‘*-s)) = op(n-;i), uniformly in Fl""’Fn'

For C and C

3.n 4.n® Ve require the following theorems.
s 3

THEOREM 7.1. For any €0 3 c(e) (<), such that for §'>o

n?|ux G- ) 9|

P{S;p _ _ 1§’ "2 c(e)} L€,
{H(n) (X) [1"H(n) (x) ]}
. uniformly in Fl’ ces ’Fn'
PROOF. Define the stochastic process Vn(t) by
(7.9) | v_(t) = n[H;(t)—(l—n_%)ﬁ(n)(t)]z, £0.
Then, by direct computations
- 1 B - . =
(7.10) v (t) = E{V_(6)} = H(n)(t) - ;-izl[Hi(t)—H(n)(t)] 5_H(n)(t)<1,

for all t>0. Also, on using (2.1), (2.2), (2.3) by straightforward manipulations,

it follows that

E{V_(£)|V_(s),s<t} = Vn(s)+[ﬁ(n)(t)—ﬁ(n)(s)]2+2n%[ﬁ(n)(t)—ﬁ(n)(s)]H;(s)
(7.11)

L1
n

PRUACEACHEDLACIERAD

1

1 ~18

. Therefore {V_(t), t>0} is a semimartingale, such that Oid\)n(t)_<_(l+2ﬁ(n) (t) dﬁ(n) (t).
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1-28" (650). Then (i) i v_(£)/g (&) =

t-o

Define gn(t) = K?[H )(t){l-ﬁ )(t)}]

(n (n

0]

and (ii) S [1/g_(t)]dH (t)<~. Thus, on defining t° by H (t% =% and using
o n n n (n) " n

theorem 5.1 of Birnbaum and Marshall (1961), it follows that

s .
(7.12) Plec ore0] [V (0)/8y ()] 2 1) <& S,
o

(as 1+2ﬁn(t)§2 for all t g_tg). But, Vn(t)/gn(t) is equal to

1
/2

T 28" H 1 '
[H*(t)—H()u:)] H,®] By ® a8 ’

(7.13) [ T + { } ]
_ -8 K 1-H, | (t)
K{H(n)(t) [1 H(n) (t) 1} (n)
Hence, it follows from (7.12) and (7.13) that
n?|EX(0)-H _, (6) ' :
(7.14) P, S[“Pt : (n) ,L = > K1) <F S {u(l-u)} 1+ gy
ELotnd (|, (o) [1-H, \(£) 1} 0
(n) (n)
In a similar manner, it can be shown that
TIORGOS 1
H*(t)- t 1
(7.15)  p{ %%Po (n) > K} < 25 f{u(l—u)}-l+25 du.

teltg,®) (g oy ® [-E )(t>1} =67 =

1 '
Since 2 f{u(l—u)}-l+26 du = Cgr
)

With this choice of K (say, Ke)’ the proof of the theorem readily follows from

<o, K can always be so selected that c /K2<e, K+l=c(g).

(7.14) and (7.15). Q.E.D.

REMARK. The theorem generalizes lemma 6 of [5] to non-identically distributed
random variables without unnecessarily using the Poisson distribution in con-
junction with a binomial distribution; the latter approach becomes quite involved

in the case of non-identical cdf's considered above.
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Sup = % _
. THEOREM 7.2. Hr*;>o H(n) (t)/Hn(t) = Op(l), uniformly in Fl,...,Fn.
1

PROOF. For ﬁn(t) z_cn_é, c>o0, the proof readily follows from that of theorem 7.1
- =1
and some routine computations. For Hn(t) < cn °, one can apply the well-known

results on standard Poisson process to deduce the desired result. Q.E.D.

Sup

H*<1 {[1-H
n

COROLLARY. (t)]/[l—H;(t)]} Op(l), uniformly in Fi,...,F .

(n)

Let now S be the complementary interval to S . Then,
n,€ n,t

(7.16) C3 0 = Sf + Sj [Hr";(x)—ﬁ(n) (x)]J'[ﬁ(n) (x)]d[Fr’;(x)—}_?‘(n)(x)].
n,€ n,e

Since, with probability > 1l-e, there is no observation in S , and as dF < dH s
z n,e (mn) — " (n)

- L.
it is easily seen on using (2.7) that the integral over Sn e is Op(n 2 6) i.e.,
H]

1
op(n 2y, Again, on making use of theorem 7.1 and (2.7) (with 0<§'<6), straight-

1
forward computations yield that in (7.16), the integral over Sn e is also op(n 2y,
=L ’
. Thus, C3 n = op(n %). Finally, with theorem 7.2 and its corollary, the proof of
b
1
C4 n - op(n i) follows by routine computations and is omitted.
’
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