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Abstract

Peskin’s Immersed Boundary Method has been widely used for simulating many fluid
mechanics and biology problems. One of the essential components of the method is the
usage of certain discrete delta functions to deal with singular forces along one or several
interfaces in the fluid domain. However, the Immersed Boundary Method is known to be
first order accurate and usually smears out the solutions. In this paper, we propose an
immersed interface method for the incompressible Navier-Stokes equations with singular
forces along one or several interfaces in the solution domain. The new method is based
on a second order projection method with modifications only at grid points near or on the
interface. From the derivation of the new method, we expect fully second order accuracy
for the velocity and nearly second order accuracy for the pressure in the maximum norm
including those grid points near or on the interface. This has been confirmed in our nu-
merical experiments. Furthermore, the computed solutions are sharp across the interface.
Non-trivial numerical results including one with moving interface are provided and com-
pared with the Immersed Boundary Method. Meanwhile, a new version of the Immersed
Boundary Method using the level set representation of the interface is also proposed in this

paper.
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1 Introduction

In this paper, we consider the incompressible Navier-Stokes equations in a bounded domain 2
that contains one or several interfaces I'(¢):

0
p<a—?+(u-V)u) +Vp = pAu+G+F, xc() (1.1)
V-u = 0, (1.2)
u(x,0) = up, IC. (1.4)

Here we write F and G separately to distinguish different irregularities. The singular force F
has support only on the immersed interface I'(¢) and is written by

F(x,t) — /F  F(5:080c = X (5,0, (1.5)

where X(s, t) is the arc-length parameterization (s is the arc-length parameter) of the interface
and f(s,t) is the force strength. The above integral is over the entire interface, and 65 is the
two-dimensional Dirac function, d2(x) = 61(x)61(y) with x = (z,y). The term G may have a
finite jump across the interface, but is bounded and piecewise continuous in the entire domain.
Throughout this paper, we simply assume that the density p = 1 and the viscosity u is
continuous. Fig. 1 is an illustration of the geometry and the local coordinates for the problems
discussed in this paper.

Figure 1: A diagram of the geometry for the interface problems discussed in this paper. We
use n and 7 to denote the unit normal and tangent directions of the interface, respectively,
and 6 is the angle between the normal direction and the z-axis.

Although we assume that the density and the velocity are continuous, the model (1.1)-(1.5)
has many applications, see for example, cardiac blood flow [23, 24, 25], platelet aggregation
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and coagulation [7, 8|, swimming microorganisms [6], biofilm formation [4], suspension flows
[29], and others, see also [26] for a brief review.

In 1970-80’s, Peskin [23, 24| developed the Immersed Boundary Method (IBM) which used
the model (1.1)-(1.5) to simulate the blood flow through heart valves. The valve leaflet (the
interface) exerts some force into the blood (the fluid) and at the same time it moves along
with the fluid. Peskin’s IBM method has become a standard numerical method for interface
problems that involve singular forces along one or several interfaces. The method has been
applied successfully to many fluid and biological problems.

However, it is also known that generally the IBM method is only first order accurate for
non-smooth but continuous quantities such as a velocity field. Recently Lai and Peskin [12]
proposed a new formally second order IBM method with reduced numerical viscosity and
applied the new method to the flow around a circular cylinder. The numerical result has a
good agreement with the experimental data. Nevertheless, the fully second order accuracy has
not been achieved in this new scheme. The large errors usually appear near the interface due
to the singular force, see Fig. 2 (b) and Fig. 2 (c) in Section 4, for example.

The immersed interface method (IIM) [14, 16, 17, 18] is intended to improve the accuracy
of the IBM method and to obtain sharp interface solutions. The ITM method has been shown
to be second order accurate in the maximum norm for elliptic problems [19] and has been
applied to the Stokes flow [15] and other moving interface/free boundary problems [10, 21, 20].
In this paper, we extend the IIM method to the full Navier-Stokes equations (1.1)-(1.5) and
compare the new method with different versions of the IBM method.

The method developed in this paper is for the sharp interface models. There are some other
models and methods for interface problems. Noticeably, the phase field model and the finite
volume method, for example, [27]. Each model has advantages and disadvantages, and may has
specific applications. It is easy to compute surface tension and curvature with sharp interface
models. It is also an advantage to use the level set method with sharp interface models.

The rest of the paper is organized as follows. In Section 2, we derive the jump conditions
for (1.1)-(1.5). In Section 3, we present the IIM scheme for (1.1)-(1.5) which modifies a
projection method by adding some correction terms. In Section 4, numerical results for non-
trivial examples including one with moving interface are presented and analyzed. A new version
of the IBM method with the level set formulation is also proposed there. Some conclusions
will be given in Section 5.

2 Jump Conditions Across the Interface

Due to the singular forces, the velocity of the solution to (1.1)-(1.5) is typically non-smooth,
and the pressure may be discontinuous, across the interface. The jump conditions of the
velocity and the pressure are quantitatively described in the following theorem.
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Theorem 1 Let (X,Y) be a point on the interface. Let the unit outward normal direction be
n = (cosf,sinf), where 0 is the angle between the outward normal direction and the x-axis.
Then we have the following jump conditions:

[u] =0, [,uun] = TfAZ T, (2.6)
=i Il =92 1G], 1)

where T = (—sin6,cos ) is the unit tangent direction, and fl and fz are the force strengths
in the normal and tangential directions respectively

fl(sat) = fl(sat) cos f + f2<3at) sin 6,
fals,t) = —fi(s,t)sinf + fa(s, ) cos 0.
The jump [-] is defined as the difference of the limiting value from outside of the interface and

(2.8)

that from the inside, and s is the arc-length parameter of the interface.

The proof can be found in [13, 15] with minor modifications.

2.1 Additional interface relations

In this subsection, we derive some additional interface relations by differentiating the known
jump conditions in Theorem 1 along the interface, and using the momentum equation (1.1).
These interface relations are summarized in Theorem 2 and will be used in our new numerical
scheme. For interface problems, most physical quantities, for example, the flux, are described
in terms of the normal and tangential directions. Thus, we introduce a local coordinate system
which lies along those directions, and derive more interface relations in the local coordinate

system.

Theorem 2 Under the same notations as in Theorem 1, we define the local coordinates at
(X,Y), a point on the interface, as

€ = (z—X)cosO+ (y—Y)sin,

n = —(z—X)sinf+ (y—Y)cosb.
Then the interface I' can be represented by & = x(n) in the neighborhood of (£,m) = (0,0),
which satisfies x(0) = 0, xX'(0) =0, and x"(0) = &, the curvature of the interface at (0,0). The

following interface relations are true at (X,Y).

(2.9)

_f _0h
[p]_fla [p]_aﬂ’
[u] = 07 [,LLUd = _f2 T, 8[1377] = 07 (210)
i) = wfar, g = =2 r = wfam,

[nage] = —[pap,| + [pel n + [py] T + [uglu-n - [G].
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The proof of the theorem is quite technical, long and tedious. However, it is straightforward
if we know the key ideas. Therefore we will provide the outline of the proof. The readers who
wish to get the full and detailed proof can contact the authors.

Sketch of the proof: The first four equalities are directly copied from the jump conditions
in Theorem 1. Let the interface I be £ = x(7) in the neighborhood of (¢,7) = (0,0). Then we
know that x(0) =0, x’(0) =0, and x”(0) = x. Differentiating [u] = 0 along the interface and
using x/(0) = 0, we get the fifth equality. Differentiating [u] = 0 along the interface twice and
using x’(0) = 0, and x”(0) = k we get the sixth equality. Differentiating the fourth equality
along the interface and using %—'777- = kn, we get the seventh equality'. Finally, expressing the
momentum equation (1.1) in the local coordinate (2.9), we get the last equality.

2.2 Projection of the jump relations on z and y direction

In order to be numerically useful, those interface relations in (2.10) in the local coordinate (2.9)
are transformed into the jump relations in the Cartesian coordinates. Since p is continuous,

we have
[ug] = [ug] cos O — [uy]sin 6,
Uy| = |ug] sin 0 + |uy] cos 6,
[ y} [ f] [ ’r]] (2.11)
[uzz] = [uge] cos? O — 2[ugy] cos Osin @ + [u,y,) sin? 6,
[tyy] = [uge] sin? 6 + 2[ugy) cos 0sin 0 + [wy,] cos? 0.

Using these identities and the interface relations in (2.10), we can easily write down [u], [ug],
[uy], [uzz], [uyyl, [p]; [p2], and [py] at any point on the interface in terms of the force strength
and its derivatives, and the geometric information of the interface.

3 The Numerical Algorithm

We use the projection method developed by Bell, Colella, and Glaz [1] to solve the full Navier-
Stokes equations. We will call their method as BCG method in this paper. The key modifi-
cation to the BCG projection method is to add some correction terms at grid points near the
interface. Those correction terms are determined from the interface relations that we stated
in the previous sections.

For simplicity, we assume that the domain € is a rectangle [a, b] x [¢, d], and the spatial
spacing is h = (b —a)/M = (d — ¢)/N, where M and N are the number of grid points in the
x and y directions, respectively. A standard uniform grid is used but the scheme discussed
in this section can be generated to the MAC grid without substantial difficulty. Our method

1 . . .
In our notation, a circle has negative curvature.
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from time " to t"*! can be written as:
u* —u” 1 1 1
= AV, bR v S Z(A,u*+ Ay u” Gnt Cc?,
At -I-(u hu) hD 2—|—2( plu + hu)—i— 2 + 03 (3.12)
u*|8Q — ug-{—l'
where (u -V, u)”"’é is approximated using
nti 3 n n 1 n—1 n—1 n
(u-Vpu) 2:§(u -Vi)u —§(u Vi) u" + C3. (3.13)
The projection step is the following:
A (p”*é —p"’%) = —V"A'tu +Cy, (3.14)
o (pn—i-% _ pn—%>
= =0, (3.15)
o0
= ut — ALY, (p"+% —p“*%) +Cn (3.16)

In the expressions above, V};, and A, are the standard central difference operators regardless
of the interface; thus,

Ujal.i — Ui 1.7 Uil — Ui i q
thz] — i+ 5] ? a]’ 7"]+ 2]
2h 2h

Ui—1,j + Wi j—1 + Uip1,j + Ui jr1 — dug;
h?2 '

Ah u,-j ==

It is clear that the modifications that we made to the BCG method are those correction terms
Chs at grid points near the interface.

3.1 Determine the correction terms

At a regular grid point (z;,y;), meaning that all the grid points in the standard centered five
point stencil are from the same side of the interface, we use the standard central difference
scheme to discretize the equations (1.1)-(1.4) without any correction, that is C}) = 0. At
an irregular grid point (z;,y;), we need to determine the correction terms so that the finite
difference scheme remains accurate. We assume that the interface cuts a grid line between two
grid points no more than once. This is guaranteed if the interface is expressed in terms of a
level set function.

First, we establish the following theorem which is the basis for determining the correction
terms.
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Theorem 3 Let u(z) be a piecewise twice differentiable function. Assume that u(z) and its
derivatives have finite jumps [u], [uz|, and [uzz], ot ©* = = + ah, —1 < a < 1, then the

following relations hold:

C(z,a) ,
! ’ 2
2h C '
v (z) — % +0(h?), if -1<a<0,
u(z + h) — 2u(z) + u(z — h) C(z,a)
2 =" (z) + T O(h), (3.18)
where
1—|al)?h?
Cw,0) = o] + o] (1~ o)+ [uzs] L2 (3.19)
and the jumps are defined as follows
lim w(z)— lim wu(z), f0<a<l,
] = ¢ 7 e (3.20)
lim u(z) - linl+u($), if -1 <a<0.
lim u,(z) — lim w(z), f0<a<l,
ug) = ¢ 777 e (3.21)
lim wg(x) — lim wuy(z), if-1<a<0.
*_ * 4
lim g (2) — lm g (z), f0<a<l,
uga] = {77 e (3.22)
im e () — ling+ Uzz(x), if —1<a<O0.

Proof: Without loss of generality, we assume that 0 < o < 1. Therefore, x — h and =z
are on the same side while x + h is on the other side. We use the Taylor expansion twice for

u(x 4+ h) at z*, then at x, as follows,

u(z+h) = u(@®+(1-a)h) = u(@+) + ue(z*+)(1 — a)h + um<x*+>% +O(r*)
= ")+ e )1~ O+ unale ) I L 0, 0) + O
* — )2
= u(x) + uz(z)(z* —z) + um(x)% + uz(z)(1 — a)h
(1 —a)?h?

+ Uze(z) (2" — 2)(1 — @)h + Uy () + C(z,a) + O(h3).

2

The Taylor expansion for u(x — h) is
h2
u(z — h) = u(z) — hug(z) + uge(x) 5 T O(h®).

After substituting these two expansions into the left hand sides of (3.17) and (3.18) and with
some calculations, we get the desired equalities.
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Remark 1 The theorem above is the basis of our numerical algorithm for determining the
correction terms.

e The correction terms given in the theorem are slightly different from the original im-
mersed interface method [14, 16, 18]. We use Taylor expansion twice here so that we
can approximate the derivatatives at the master grid point instead of a point on the in-
terface as we used to do in the original immersed interface method. This new approach
has smaller error constant and enables us to get “uniform” formulae for both first and
second order derivatives, see below for the explanation.

o Theorem 8 tells us that the correction term is simply the product of the finite difference
coefficient, corresponding to the grid point from different side of the interface in reference
to the master grid point, and C(x,«). For example, if —1 < o < 0, in Theorem &, which
means x — h and x are on different side of the interface, then the correction terms for u,
is the product of the coefficinet —1/(2h) and C(x,«). Therefore, it is very easy to modify
the finite difference scheme to maintain certain order of accuracy.

o If there are two interfaces between (x — h,z + h), say, ©7 = = + aqnh and x5 = x + ash,
with ag < 0 and as > 0, then we just need to add another correction term, for example,

u(z + h) — 2u(z) +u(z — h) C(z,01) i C(z, )

o3 = u'(z) + —73 7+ O(h),
w(x+h) —ulx—-h) C(z,an) Clz,q9)
2h = @) g g HOMY),

3.2 Correction terms to the BCG method

In our numerical scheme (3.12)-(3.16), there are several correction terms to be determined.
For the sake of simplicity, we will just explain how to evaluate some of correction terms of the
z-component of CT. The other correction terms can be treated in the same way so we omit the
detail here. Assume that z*, z; < z* < z;41, is an intersection of the interface and the z-axis.
The contribution to C7 in the z- direction from this interface point includes the following:

e the correction term for u™ D, j, u"™ from the non-linear term (u” - Vj ) u™
3 n * n (mi-i-l — 37*)2 n(,.*

e the correction term for u™ ! D,y w1 from the non-linear term (u”_1 . Vh) u" L

1 n— * n—17 \Li —z*)? n—1/, %
7 (7 i =) ) ) i,
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e the correction term for Dy, p"fé from Vy, p"*%:

i (34 B o)

e the correction term for p (uj_lvj — 2uj; + uj+17j) /(2h?) from pAj u*/2:

2 n+1 * n+1 (Ti1 —m*)2 .
o (AL [CREP TS B e B

e the correction term for (u?ﬁl,j — 2ui; + U?HJ) /(2h?) from pAp, u™/2:

Tir] — x*)?
ez (1081 i =)+ 20,

We use the bilinear interpolation from the values of u and v at the neighboring four grid points
to approximate the values of u and v at (z*,y;). Such approximation is at least first order
accurate since the velocity is continuous. Note that, we have used the jump conditions at ¢"+!
to approximate the jump conditions at t* corresponding to the same treatment for the velocity
boundary condition in the BCG projection method.

Similarly, if the interface cuts through between x; 1 and x;, we need to add the correspond-
ing correction terms as well. That will take care of the correction terms in the z- direction for
Ct.

The spatial local truncation error of our scheme is O(h?) at regular grid points, but O(h)
at irregular grid points. However, since the number of irregular grid points usually is one
dimensional lower than the total number of grid points, we expect the global accuracy is still
second order for the velocity, and nearly second order for the pressure. A proof for elliptic
interface problem of second order convergence can be found in [19], see also the numerical
experiments in Section 4.

It is worth to point out that the modifications that we made to the projection method
only affect the right hand sides of the original BCG method. Therefore the new method does
not change the stability nature of the original projection method, which is stable if the CFL
condition is satisfied.

3.3 Further correction near the boundary and the interface

Using the BCG method with the correction terms as described before, we have observed that
the velocity is second order accurate but the pressure is only first order. The largest error of
the pressure appears near the boundary and the interface. As analyzed in [2, 5, 28, 30], this is
due to the inherent numerical boundary layer in the projection method. In [2], see also [11], a
correction scheme is proposed which is

P =T g AL (V4 ), (3.23)
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where ¢!, in our notation, is the solution of the Poisson equation of (3.14)-(3.15) from ¢" to
t"*t1 Cs again is a correction term only needed at irregular grid points near or on the interface.

This correction does dramatically improve the accuracy for the pressure, see Section 4.

Near the interface, even though the velocity is second order accurate, the term Vj - u*/At
may have only zeroth order accuracy since the error may not be smooth near the interface, and
At ~ h. This will reduce the accuracy of pressure to first order. Our remedy to this problem
is to replace V- u* /At at an irregular grid point by the same quantity at the nearest regular
grid point. This again improves the accuracy of the pressure.

We will call the numerical method described in this section as the BCG-IIM method.

4 Numerical Examples

All the calculations in this section were perfomed at North Carolina State University using
Sun workstations. Most simulations are done within minutes or a couples of hours depending
on the number of grid points. Generally, we use a level set function to represent the interface,
see (4.39).

Example 1: A non-interface problem

We start our numerical tests by checking the accuracy of the BCG projection method for a
regualr problem, and use the result as the basis for comparing different algorithms for the

interface examples. The following exact solution is taken from [31].

u(z,y,t) = —sin?(nz) sin(27ry) cost,
(z,y,t) (wz) sin(2my) (4.24)
v(z,y,t) = sin?(my) sin(27x) cost.
Define a function v by
2\ 2y 16
Y = |(z — 27)sin(rz)(y — y°) sin(ry) — — | cost. (4.25)
T
The pressure then is
0
p(z,y,2) = —a—f + VA (4.26)

The force term is determined from the exact solution. The domain is the unit square 2 =
[0, 1] x [0, 1]. In this example, we have g—ﬁ # pAu-n = 0 on the boundary. Thus, the
numerical boundary layer might deteriorate the accuracy of the pressure. Table 1 shows the
grid refinement analysis at ¢ = 10. The pressure has been adjusted by some constant that
minimizes the error in the maximum norm. We can see the velocity is nearly second order
accurate, but the pressure is first order using the original BCG method. However, if we add
an additional term as suggested in (3.23), then the pressure is very close to second order. The
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last column in Table 1 is the errors of the pressure with the correction term in (3.23). While
it is not fully second order accurate, it is better than the original BCG method without the
correction. Away from the boundary, the pressure is second order accurate.

N | |Er(u)|leo | order | ||F1(p)|loo | order | |[[E2(p)|loc | order
32 | 2.7021 1074 0.0608 3.28711072
64 | 8.3429107° | 1.6955 0.0269 1.1785 | 9.24321073 | 1.8303
128 | 2.2471107° | 1.8925 0.0109 1.2975 | 3.28251073 | 1.4936
256 | 5.784110°6 | 1.9580 0.0045 1.2665 | 1.134110~% | 1.5333

Table 1: Grid refinement analysis of the BCG method with ¢ = 1, At = h, for Example 1
at t = 10. The second column ||E;(u)|/~, and the fourth column ||E;(p)|/~ are the errors of
the velocity and pressure using the BCG method without correction in (3.23) for the pressure,
respectively. While the velocity is nearly second order accurate, the pressure is roughly first
order. The sixth column ||E2(p)|leo is the error for the pressure using the BCG method with
correction in (3.23). While it is not entirely second order, the accuracy of the pressure has
been improved. The velocity (not listed) remains second order accurate with smaller error
constants.

4.1 Example 2: An interface problem with a constant jump in the pressure

In this example, we consider a fixed interface,

(x —0.5)2  (y—0.5)2
a? + b? -

1, (4.27)

in the domain [0, 1] x [0, 1]. The normal and tangential force strength are f; = 10 and fy = 0,
respectively. We also set G = 0 and G2 = 0. The solution now is given by

—0.5)2 —0.5)2
¢ ¢ @057 | (v 05)
u=0, v=0, p= a ) b )

—0.5 —0.5
a b

—-1>0,
(4.28)

—1<o,

where C is an arbitrary constant. In this example, g—ﬁ = pAu-n =0 on the boundary. Thus,
there is no numerical boundary layer when the BCG projection method is applied. We compare
our method with Peskin’s IBM method using the discrete cosine delta function. Depending on
how the interface is represented, there are two different versions of the IBM method:

e The particle approach. In this traditional approach, the interface is represented by a set
of Lagrangian points Xy, k = 1,2,--- , Ny, where Nj is the total number of the particle
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points and is usually chosen in such a way that
max Ask — max ||Xk_+_1 - Xk” ~ h.

The forces defined on those particle points are then distributed to the nearby grid points
(z,y) by the formula

Ny
> " £(sk) bul(x — Xi) 6 (y — Yi) Asy,
k=1

where 6,, is the one-dimensional discrete delta function

1 .
6. (x) = T (14 cos (mz/2w)), if |z| < 2w, (4.20)

0, if || > 2w.

Although there are other discrete delta functions in the literature, the computational
results are not much different for two and three dimensional problems. The most common
choice of w is h, the spatial mesh size. As we can see, when w gets larger, the cost to
spread the singular force to the grid points increases significantly. Our numerical tests for
this and other examples show that the accuracy of the computed velocity remains pretty
much the same for different choice of w. However, the pressure, if it is discontinuous,
smears out more widely as w increases. Therefore the best choice of w is h. The sixth
column in Table 2 is the grid refinement analysis for the velocity which is clearly first
order accurate.

The level set representation. If the interface is represented by the zero level set of a
two dimensional functions p(z,y) as in (4.39), it is not straightforward to use the IBM
method directly. However, if the tangential component of the singular force is zero, then
we can write

/F(t) f(s) b2(x — X(s))ds =f -né(p) Ve, (4.30)

see [3] etc. It is easy to apply the discrete delta function in the above form. Unfortunately,
the choice of the width of the discrete delta function is crucial for the IBM method. If
w = h, the IBM method barely converges, see the second column of Table 2. T. Hou [9]
may be the first one to find out such a problem and suggest that the best choice of the
width is w = v/h. This has also been confirmed in our numerical tests, see the fourth
column of Table 2. However, w = v/h is quite large if h is small. The IBM smears out
the pressure which means zero order convergence for the pressure. Since the width has
to be taken as w = v/h, we can not guarantee the right pressure even at those grid points
that are away from the interface.

A solution to the problem is to use the projections of irregular grid points of a particular
side, say ¢ < 01in (4.39), on the interface as the control points. Then the original Peskin’s
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IBM method can be applied with those control points. In [10, 21], we described in detail
how to find the projections of an irregular grid point on the interface. Using this new
approach, we still can use a thin layer (w = h) of the interface in the IBM method,
so that the solution will only be smeared out in the thin layer while we can keep the
advantages of the level set method.

N ||EfBM,h(u)||o° order ||EILBM ﬁ(u)Hoo order ||E53M7h
32 | 1.2434 x 107! 4.9254 x 1073 5.1204 x 10~2
64 | 6.3619 x 102 | 0.96673 | 2.9594 x 10™3 | 0.7349 | 2.5839 x 10~2 | 0.9867
128 | 4.0730 x 1072 | 0.64339 | 1.1062 x 10~3 | 1.4197 | 1.2968 x 10~2 | 0.9929

256 | 4.3059 x 1072 | 0.09459 | 4.1558 x 10~* | 1.4124 | 6.5055 x 1073 | 0.9952

(u)]|loo | order

Table 2: Grid refinement analysis of the BCG-IBM methods for Example 2 with u = 0.1,
a = 0.35, and b = 0.25, At = h. The initial data is taken from the solution in Example 1. The
second and fourth columns are the error of the computed velocity using the level set function
with width w being h and v/h, respectively. The sixth column is the error of the computed
velocity using the original IBM method with w being h. Generally speaking, the velocity is
first order accurate. The pressure which is not listed in the table has zeroth order accuracy
since it is smeared out.

Table 2 lists the comparison of two different versions of the IBM method using the particle
approach and the level set function. We have also tested the example with different but
modest p, the major axis a and minor axis b, and different initial conditions. All the results
are qualitatively similar.

In Table 3, we show the grid refinement analysis of the BCG-IIM method developed in this
paper. Without the modification of the pressure equation (3.23), the velocity in the second
column is second order accurate, while the pressure in the fourth column is first order accurate
with the largest errors occurring near the boundary and the interface. With the correction
term in (3.23) added, we see second order accuracy for both the velocity and the pressure.
Since the pressure is a piecewise constant in this case, the accuracy for the pressure is much
better than second order. However, this is not true for general problems.

In a further numerical experiment, we revisit Example 1 but add the singular force term
fi = 10 to the Navier-Stokes equations in (1.1). The exact solution for the velocity is the
same as Example 1, but the pressure is the sum of the pressure in Example 1 and the piecewise
constant in (4.28). The analysis and observations are similar to the discussions above. Fig. 2 (a)
shows the pressure computed using the BCG-IIM method. The computed pressure has the
right jump up to second order. Fig. 2 (b) and Fig. 2 (c) are the pressure computed using the
IBM method with the level set representation of the interface (w = v/h) and the original IBM
method with particle representation of the interface (w = h), respectively. In Fig. 2 (b), we
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N |Eppp (@)oo | order | B}, ()]l | order 1 E110 (P)lloo order
32 | 1.6412 x 1074 1.5785 x 1072 9.9058 x 1073
64 | 3.9857 x 107° | 2.0418 | 7.9281 x 103 | 0.9935 | 1.1533 x 103 | 3.1026
128 | 9.8987 x 1076 | 2.0095 | 3.9676 x 103 | 0.9987 | 1.5946 x 10~* | 2.8544
256 | 1.2367 x 1076 | 2.0008 | 1.9842 x 102 | 0.9997 | 2.4832 x 10~° | 2.6830

Table 3: The grid refinement analysis of BCG-IIM method for Example 2. The parameters are
u=0.1,a=0.35 and b = 0.25, and At = h. The second and fourth columns are the errors of
the computed velocity and the pressure without the correction term in (3.23), respectively. We
can clearly see that the velocity is second order accurate while the pressure is first order due
to the boundary layer on the boundary and on the interface. The sixth column is the error of
the computed pressure using the same method but with the correction term for the pressure
in (3.23). The accuracy actually is better than second order due to the fact that the pressure
is piecewise constant. The computed velocity (not shown in this table) with the correction is

also more accurate meaning a smaller error constant.

see that the pressure is smeared out by the width w = /A while in Fig. 2 (c), we see larger
errors but thinner layer (w = h) near the interface.

For this testing problem, our BCG-IIM method is faster compared with the IBM method.
The reason, we believe, is the triple loop of the IBM method to spread the forces to nearby
grid points.

Example 3: An interface problem with non-constant jump in the pressure

In this example, the interface and the domain are the same as in Example 2. However, the
jump in the pressure is not a constant anymore. This is a typical case for two phase flow where
the jump in the pressure is usually proportional to the surface tension and the curvature of the
interface. Again, we assume the tangential surface force is zero so that the velocity is smooth
and [pn] = 0. The exact pressure is then determined from the following Poisson equation

op
on

—0, (4.31)
o0

with the jump condition

— 0. (4.32)

o= fi—a+y, (my)el [@]
r

on

The piecewise but bounded force term G is

G(z,y) = Vp(z,y), forany (z,y)e€ Q—T. (4.33)
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Computed -p(x,y) using IBM, wP=h, M=64
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Figure 2: Computed pressure for Example 1 with an added force term fl = 10 using a 64 by
64 grid. (a) The result computed using the BCG-IIM method which catches the jump in the
pressure. (b) The result computed using the IBM method with the interface represented by
a level set function (w = v/h). The width of the discrete delta function is w = v/h. (c) The
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Computed —p(x,y) using IBM, w=h, M=64
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result computed using the original IBM method (w = h). The error for the pressure is O(1)

for both (b) and (c).
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Note that, G is bounded but discontinuous across I'. It is easy to show that the jump in G is
[G1] = sin? § — sin 6 cos 6, [Go] = cos® 6 — sinf cos b,

where again, n = (cos ,sin #) is the unit outward normal direction at a point on the interface.
We can also show that

ofs . 9’ fi :
e = cosf — sin 6, e = k(cos 6 + sinf).

These jumps are used to determine the correction terms for the BCG-IIM method.

The steady state solution for this example is again u = 0 while the pressure is the solution
of the Poisson equations with jump condition given in (4.32). In Table 4, we show the grid
refinement analysis for BCG-IIM method without the correction term for the pressure in (3.23)
at t = 10. The initial velocity is taken from (4.24) in Example 1, while the pressure is

pO(Iay) = COSTT COSTY +p6(may)a

where pe(z,y) is the exact solution of the Poisson equation. In this way, we can guarantee
the initial pressure has the right jump condition. We see that the BCG-IIM method gives
second order accurate solution for both the velocity and the pressure. The disappearance of
the numerical boundary layer seems due to the fact that the term cosmwx cos my satisfies the
homogeneous Neumann boundary condition and it is consistent with pgAu-n = Vp-n =0
on the boundary. If we take the initial pressure from (4.25) in Example 1, then the computed
pressure again is only first order accurate near the boundary while the velocity is still second
order accurate.

N ||EIIM(U)Hoo order ||EIIM(p)Hoo order
32 | 2.493010°° 5.161410~*
64 | 3.51971076 | 2.8244 | 8.436510~° | 2.6131
128 | 4.666010 7 | 2.9152 | 1.630810°° | 2.3710
256 | 3.5073107% | 2.9332 | 5.702310°% | 1.5160

Table 4: Grid refinement analysis of BCG-IIM applied to Example 3 with = 1, At = h, at
t = 10. The initial velocity is taken from (4.24) in Example 1. The initial pressure is taken as
cos mx cos Y + pe(x, y), where pe(z,y) is the computed solution of the Poisson equation (4.31)
with the jump conditions (4.32).
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Example 4: Circular flow with a line force

Now we consider an example with non-smooth velocity. The exact solution is the following:

h(t) (% - 2y> it r > 1,

U(QZ, Y, t) = (434)
0 r<sz,
x
h(t) (== +2z) ifr >4,
o(z,y,t) = ( r ) 2 (4.35)
0 r <3
p(z,y,t) = 0, (4.36)

where r = y/z2 + y2. The interface is the circle r = % and the solution domain is [—1, 1] X
[-1, 1]. It is easy to verify that the velocity satisfies the incompressibility constraint, and it
is continuous but has finite jump in the normal direction

[un] = [u,] = —2h(t)sin 6, [vn] = [vr] = 2h(t) cos 6,

across the interface. Thus, the normal and tangential force strength are

~

fi=0,  fo=—2n(t).

Note that, u; - n is not zero on the boundary if ‘fl—}t‘ # 0, which may affect the performance of
the projection method?.

Outside of the interface r = 0.5, the non-zero and bounded source term G is derived directly
from the exact solution using the Maple. Therefore there is also a finite jump in G.

With A(t) = 1, our method converges to the steady state solution. The grid refinement
analysis reveals similar results as in Example 3. If we take h(t) = 1 — e, then for small ¢,
the velocity using our method still converges, but not nearly second order accurate, but not
the pressure for the reason explained in the footnote. As time ¢ increases, % will approach to
zero, and we can expect the method converges for all the quantities. We present the numerical

results at ¢t = 10 in Table 5 and plot the z-component of the velocity in Fig. 3.
A modified example that we tested is to set

~

G =0, flzoa f2:10

The domain and the interface are the same. The velocity is zero on the rectangular domain.
Since the force is only along the tangential direction, the pressure is continuous, but the normal
derivative of the velocity has a non-constant jump across the interface. While the exact solution

2In the projection method, Hodge decomposition requires u; - n to be zero along the boundary. Numerical
tests showed that if u: - n is not zero, then the velocity still converges but not with second order accuracy; the
pressure may not converge at all for the BCG method if u: is large on the boundary.
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N ||EIIM(U)||oo order ||EIIM(p)||oo order
32 | 242151073 1.15131072
64 | 5.354710~% | 2.1771 | 3.225510=3 | 1.8357
128 | 1.497010~* | 1.8388 | 9.130710°% | 1.8357
256 | 3.6173107° | 2.0491 | 1.972710~* | 2.2106

Table 5: Grid refinement analysis of BCG-IIM applied to Example 4 with p = 0.02, At = h,
at t = 10. Second order convergence is achieved.
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Figure 3: Computed velocity of Example 4 with a 64 x 64 grid and g = 0.02. The time step
size again is At = h. Plot of —u(z,y) at ¢ = 10 which is not smooth.
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is difficult to find, the motion of the steady state is a simple rotation along the interface. In
Fig. 4 (a), we plotted the z- component of the velocity —u(z,y) at t = 10 computed using a 64
by 64 grid. We can clearly see the non-constant jump in the normal derivative. In Fig. 4 (b),
we plotted the velocity field at ¢ = 10. The flow approaches to a steady state rotation along
the circular interface. The initial velocity and the pressure are all taken as zero.

(a) (b)
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Figure 4: The computed steady state velocity for the modified example in Example 4 with a
circular interface r = 0.5 with a 64 x 64 grid. Other parameters are G = 0, fl =0, fg = 10,
and p = 0.02. The time step size again is At = h. (a) Plot of —u(z,y) at ¢ = 10 which is not

smooth. (b) The plot of the velocity field at ¢ = 10, the flow approaches to a steady rotation
along the interface.

Example 5: A moving interface problem

Now we consider a moving interface problem in two phase flow which has uniform density and
viscosity. The initial interface is given by

r(0) = ro + esin(kf), 0<6 <2m. (4.37)

The only force now is the surface tension which is proportional to the curvature k, that is,

A

fiT,t) = er,  fo(T,) =0. (4.38)
The velocity is smooth but the pressure has a non-constant jump
[pllrey = €k, [pallre = 0.

In our test, we take rg = 0.5, k = 5, ¢ = 0.05, and p = 0.02. The initial velocity and the
pressure are all set to be zero.
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We use the level set method [22] to update the interface. We refer the readers to [10, 21, 20]
for the details about how to combine the immersed interface method with the level set method.
In the level set method, the interface is the zero level set of a two dimensional function

<0, if (z,y) is in the inside of the interface,
o(z,y,t) =0, if (z,y) is on the interface, (4.39)

>0, if (x,y) is in the outside of interface.

At each time step, we apply the BCG-IIM method described in Section 3 to compute the
velocity. Then the velocity is used to solve the Hamilton-Jacobian equation

ot + U - V(p =0 (4.40)

to obtain the new level set function at ¢t = t"*!. Since we use the level set method to update
the interface. The time step is chosen as

h
At:min{i,h} 4.41
2ul (4.41)

to maintain the stability for the level set method and the accuracy for the BCG-IIM method.

In Fig. 5, we plotted the computed interface at different time with a 160 by 160 grid3.
The other parameters are y = 0.1, € = 0.05. Using the immersed interface method, we know
the intersections of the interface and the grid lines. The set of the intersections which are
on the interface at a particular time, is one dimensional. Therefore we can afford to store
the interface at many different time levels. In Fig. 5 (a), we plotted the interface at ¢ = 0,
t =7.0172, t = 21.0867, and t = 35.1563. The relative error in the area are 0.25% at t = 7.0172,
0.45% at t = 21.0867, and 0.47% at t = 35.1563. In Fig. 5 (b), we just plotted the interface at
t = 0 and ¢ = 100, which is almost in the equilibrium state, a circle. The maximum norm of
the velocity at t = 100 is ||u/|s = 3.8056 x 10~* indicating second order convergence for the
velocity. The pressure approaches to two different constant inside and outside. The relative
area change (loss) at t = 100 is about 1.61%.

3An animation of the evolution of the interface in this example can be found at
http://www4.ncsu.edu/ zhilin /research.html.
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=0 1=7.0172, relative area error = 0.25%
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Figure 5: The numerical evolution of the moving interface for Example 5 using the BCG-
IIM method coupled with the level set formulation. The parameters are: p = 0.1, € = 0.05,
M = N = 160, and At = min { m, h } Due to the surface tension, the interface is relaxing
to a circle. The figures are plots of the intersections of the interface and the z- and y- axis
so that we do not need to store two dimensional level set functions at different time. (a) The
computed interface at t = 0, t = 7.0172, t = 21.0867, and ¢ = 35.1563. The relative error in
the area are 0.25% at t = 7.0172, 0.45% at t = 21.0867, and 0.47% at t = 35.1563. (b) The
initial interface ¢ = 0 and the computed interface at ¢ = 100. The relative area change (loss)

at t = 100 is about 1.61%.
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5 Conclusions

We have developed an immersed interface method coupled with the BCG projection method
for the full incompressible Navier-Stokes equations that involve a singular force along one
or several interfaces. We derived some useful interface relations that are used to determine
the correction terms to the original BCG method. The new BCG-IIM method has the same
stability nature as the original projection method since only right hand sides in the BCG
method are modified. The numerical results show second order convergence for the BCG-1IM
method. The computed solutions remain sharp across the interface since the jump conditions
are enforced.

We also propose a new approach of the Immersed Boundary Method when the interface
is represented by a level set function. Instead of using the discrete delta function directly for
the level set function with larger width /A, we use the projections of irregular grid points on
the interface as the control points, and then use the original Immersed Boundary Method with
width being 2h.

Research is under way for the Navier-Stokes equations that involve a singular force along
one or several interfaces and involve discontinuous density and the viscosity. The success of
the new method depends on whether we can derive the jump conditions for the velocity and
the pressure.
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