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SUMMARY

Recent analytical work on the creep of structures has paid increasing attention to concepts
of creep damage. Locally severe creep damage will give rise to an enhanced (tertiary) creep rate
for a given stress, leading to further load-shedding and delaying rupture. Simplified design
methods can be proposed assuming this behaviour.

For infinite ductility, failure will be by collapse as a mechanism. However, generating plant
components are intended for long lives, when a limited material ductility must be considered.
Also, for thin pressure parts, the further stress redistribution is greatly restricted by the need
to satisfy equilibrium, resulting in high tertiary strain rates.

The problem is investigated for the torispherical closure, using computer analyses which
include the effects of tertiary creep and shape changes. The results are compared with the pre-
dictions of approximate methods, for which suitable adjustments are suggested. Changes of
shape are shown to be advantageous.
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1. Introduction

The majority of reported analytical work on the creep of structures has assumed that
a simple constitutive relation, containing constant coefficients and exponents, is a suffic-
ient representation of the material behaviour [1-3]. Until recently, such calculations were
stopped at a close approach to the statiomary stress state, and did not consider the later
effect on the distributions of stress and strain when the material is locally weakened by
accumulated creep damage. The omission has been shown to lead to undue pessimism in

design [4-51.

This paper considers the consequences of locally severe material damage and tertiary
creep. The most highly stressed part of the structure will enter tertiary creep first, when
the local increases in strain rates will introduce a second period of stress redistribution
and relaxation. At the reduced stress, further damage will accumulate more slowly than at

the original stress and creep rupture will be delayed.

If material ductility is "infinite", i.e. greater than about 10% [5], the failure mode
envisaged is analogous to plastic collapse, the structure deforming as a mechanism when
sufficient of the material is in tertiary. Goodall and Cockroft [4] have shown that this
leads to an upper bound assessment of the life of the component. In a later paper [5],
Goodall, Cockroft and Chubb have shown that this life is closely approached by some real

structures,

The useful life will in practice be limited by the available ductility in tertiary
creep and by any restrictions on stress redistribution. Thick structures have more redund-
ant material at discontinuities than thin pressure vessels. For the latter, while some
reduction in peak stress levels due to tertiary creep would be expected, these stresses must
stabilise again if the internal pressure is to be contained. Strain rates will then
accelerate, placing greater demands on material ductility. For a thin shell structure,

excessive finite deformation may be a further limitation.

Computer analyses are used here to examine these limitations for the case of the toris-
pherical end closure. In order to quantify strains and deformations a reasonably realistic
constitutive relation is used with the inclusion of tertiary creep. Small strain theory
restricts attempts to continue this realism to failure. However, it is considered that there
is a useful correlation between this restriction and the material ductility found in tests

lasting 105 hours, since both are about 5%.

In view of the demands made on the most modern computers by analyses involving tertiary
creep, the development of simpler methods for design or design assessment is of paramount
importance. An objective of this research has been to demonstrate the reliability of such

methods applied to a thin pressure vessel.
2. Range of Vessels Examined

The geometric parameters for the range of vessel shapes considered are summarised in
Table 1, in terms of the usual dimensionless quantities h/D, r/D and t/D (Figure 1).
Ceometries 1 through 4 represent limiting combinations of h/D and t/D. Geometry 4 (deep,
thick) was comsidered to be of reduced practical importance and was excluded from the

detailed calculations. Ceometries 5 and 6 represent a more typical depth of dishing
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(h/D = 0.22), with the same limiting values of t/D.

Table 1 also lists the computed elastic and elastic/perfectly plastic stress concen-
tration factors (8.C.F's) due to uniform internal pressure loading. The computations were
performed using the C.E.G.B. program PATAS [6]. The criterion of plastic collapse was that
of Townley et al [7], that is a maximum plastic strain in excess of 1%. The normalising
stress oF is the von Mises equivalent stress which would obtain in the membrane region of a
drum of the same thickness as the end closure. Elastic modulus, Poisson's ratio and yield
stress are typical values for a mild steel (E = 2.07 x 105 [MN/mz], v =0.3, ¢ = 207
[M¥/m? 1) . Y

3. Representation of Creep
3.1 Primary and Secondary Creep

Typical curves of creep strain against time, as might be obtained from a uniaxial con—
stant stress test, are shown in Figure 2, A two-term mathematical formulation, in a form due

to Marin and McVetty [8, 91, has been used to describe fast primary and linear secondary

M _ 2
rm () A (@)
o [o)

Reliable medium-term high sensitivity strain data for 0.19% carbon steel at 450°C have

creep:

been made available by Skelton and Crossland [10]. 1In fitting these data, it was found
necessary to allow n, to vary in a linear manner with stress (Figure 3). The numerical
values for the parameters are summarised below (S.I. units, time in hours):

a; =0.43 x 107 o, =0.125 x 10°° Ny = 4.47 q = 0.017
=0.908 + 2.42 %
a

o]

N2
Here, 9, is a normalising stress of 100 MEN/m2 introduced for computational convenience

Relation (1) is normally differentiated for varying stress assuming that the terms

describing primary and secondary creep components can be treated as separable:

5 n1 o n2
€. =4a [og <0—> S <0—> Lea(2)
[ o

This is a strain hardening formulation.

2 .
The source data covered a stress range of 93 MN/m2 to 209 MN/m~, extending out to
40CO hours. This was considered sufficient to determine secondary strain rates, and such
trends of material behaviour as the variation of n,y with stress. Instantaneous plastic

strains have been removed from the data.
3.2 Extension to Include Tertiary Creep

The relation between time to rupture tos and constant stress, O is well represented

for most steels over a limited stress range by:
X 2
to- (or) ¢ )

Suitable constants for this steel at 450°C were found to be,

¢ =0.529 x 10'® ¥ = 5.43
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In the absence of better long term data, it has been assumed that the exponent X is constant

for all rupture times t..

The damage sum, A, given by
o dt
Yy gu L1 ®
r

for varying stress, can be readily incorporated into computer calculations and output. This
has the characteristic that the damage is unity at rupture, when the tertiary creep rate of
a ductile material approaches infinity. A realistic representation of tertiary creep, €30

(Figure 2), might take the form,
. dt
Ec3=f(0, Iw) v ea (5)

Kachanov [11] has suggested such a modification of the linear secondary creep term to produce
the tertiary creep characteristic, as

. . 1
E =&, ——r ... (6)
c3 c2 1- (Ag)¢

No further physical significance is attached to this formulation within this paper.

Combining (6) and (2),
M

: = S N
e, = a0 (00> R (@)

The exponent ¢ determines the shape of the tertiary curve; a comparison with the curves of

Skelton and Crossland for the assumed value of ¢ = 5.0 is shown in Figure 4.

Relation (7) predicts very reasonable characteristics at long times. Secondary creep
is linear, the tertiary creep fits the rupture curve, while the linear secondary component
of creep at rupture is nearly constant at 1% (Figure 5). This last characteristic is typical

of mild and low alloy steels, as is shown by the correlations of Murphy [12].
3.3 Application to Multiaxially Stressed Structures

The computer calculations use the Prandtl-Reuss flow rules in conjunction with von
Mises equivalent stresses. Their continuation towards failure using equation (7) implies the
assumption of a Mises rupture surface. The shape of the creep rupture surface for multi~
axial stress conditions is debatable [13]; available information suggests that a Mises
ellipse is reasonable in the tension-tension quadrant of a biaxial stress space and con-

servative in other quadrants.

Present information suggests that tertiary creep and rupture are inhibited or delayed
by a compressive hydrostatic stress [14]. No correction for this has been made in the
analyses, but the effect is considered when the results are interpreted. Possible non-zero

volumetric strains due to void formation have been assumed to be negligibly small.

No realism is claimed for the calculated stresses and strains in heavily damaged areas
when the equivalent strain exceeds the 5% limit. However, the material is then so weak that

it is not considered to make any further significant contribution to the overall behaviour
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of the structure.
4. Approximate Methods of Creep Analvsis

Although a powerful analytical tool, the use of a modern computer program requires some
experience for reliable application and can be expensive if the problem is non-linear. The
latter is particularly true for complex structures in tertiary creep. Approximate methods
have been proposed to simplify the design procedure, and one objective of this research is to

examine the applicability of such simple design methods to a thin pressure vessel.

A number of potentially suitable techniques have been developed in recent years; these
consider established characteristics of structural behaviour in plasticity and creep, but do
not require non-linear computer analyses for their application. It is first considered that

the material strength with stress in creep is determined by a constant exponent, n:

e, = Ad™ £(b), NG

where A is a constant.

It has been observed (see [15]) that for a wide range of structures, the relaxed

stationary state S.C.F. for a stress index of n, I, is inversely proportional to n. o=t

gives the elastic S.C.F., while analogy can be made between ™ and the perfectly-plastic
S.C.F.

By proportion,

n -

1
m=r L+2 (1) e (9)

where ¢ = Fn=1/rn+m

If the normalising stress remains proportional to the applied pressure load P,

where Py is the load to cause the first point in the structure to yield for a material of any

yield stress cy. For the perfectly plastic material,

Where P is the collapse load.

Then, _ . Po
| RE—4 ...(10)

Po 1 Pu
n Q*E(ﬁ“) an
u y

The quantities o and 0 are common to many of the more recent approximate methods of

Q
[

al
1]
o
[}
d
L

design. They can be obtained from a combination of elastic and limit load analyses of any

structure.

The reference stress method has been proposed as an assessment of structural deforma-

tion in creep (see [16]). It is assumed that the time dependent deformation is proportional
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to the time dependent strain at the reference stress, Oref.? for any time t:

Ah (&) e (t)
W T (2 ) , a2
E E [

ref.

Where Ahc(t) is time dependent deformation,
AhE is the elastic deformation of the same point on the component,

ec(t) is the uniaxial creep strain at time t and stress O et

€p is the uniaxial elastic strain at stress Oes

The insensitivity of the reference stress to n has been invoked by Sim [17] to obtain,

ag g

Poy
o~ (13)

ref
u

Ponter and Leckie [18] have shown that this is an upper bound to the reference stress during

secondary creep.

Goodall and Cockroft [4] have described upper and lower bounds to the life of a struc-—
ture in creep. The lower bound expects rupture when the first point in the structure enters
tertiary creep. Assuming the applicability of equation (3), then the lower bound rupture

time, tos is given by:
i =c@* ce(18)

The upper bound has been discussed in the Introduction; creep deformation is predicted
to become unbounded at a time Er given by:

B _ Pao X
£ =@ X = c(P—Y> e (15)

u

This is also the time to rupture read from the t., 0 curve at reference stress level, for

similar deformation and creep failure surfaces.
5. Results
5.1 Results of Computation

The analyses assumed constant internal pressure loading. Design of the torispheres was
notional, intended only to give creep lives of the same order as components in the power
generation industry. An initial estimate of endurance was taken as the time to 1% creep at
the maximum elastic stress divided by 1.5. Table 2 lists the pressure loads, these initial

life estimates and the quantity o in dimensional form.

Figures 6 through 10 summarise the computed results. Four variables are presented for
each geometry; the deflection at the pole, Ah/D, together with the von Mises stress and
strain and the damage sum Xo for the point of maximum initial stress. It was found that this
remained the location of maximum damage and maximum creep strain throughout a small deforma-

tion analysis.

The computations describe a second period of stress redistribution due to tertiary

creep, when load is shed from damaged material to surrounding material which is stronger in
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creep. The reduction in the peak stress is greater than during the first period of relaxa-

tion due to primary creep.

Tertiary creep does not immediately increase the strain rate. This suggests that some
local kinematic determinacy is maintained. The reducing peak stress tends to a nearly
stationary value if computation is continued, as is necessary to satisfy equilibrium. As the

stress levels out, the strain rate then increases rapidly.

For the analyses restricted by small strain theory and ductility consideratioms, the
deflection at the pole is only slightly affected by the confined areas of damaged material.
The predicted deflections from reference stress theory show noteworthy agreement with the

computed results.

The elastic plastic analysis showed that geometry 2 would be limited at low tempera-
‘tures by plastic ballooning of the drum. High temperature calculations including tertiary
sreep showed analagous behaviour, which could be seen in the computer output as indefinitely

increasing circumferential strain in the cylindrical sectiom.

The analysis of geometry 5 was continued to the closest approach possible to collapse
of the vessel, accepting for the purpose any doubt about the use of small strain theory.
The results are shown in Figure 11. The failure asymptote at 0.48 €, although nearer the

upper than the lower bound, still falls somewhat short.

The maximum compressive hydrostatic stress was found to occur on the outer surface,
opposite the peak equivalent stress location on the inside. The probable delay in tertiary
creep due to hydrostatic compression has not been modelled in these analyses. Figure 13
shows that the outer surface still does not enter tertiary until a late stage in the computa-

tion; it is considered that the lack of this detail is unimportant.
5.2 Estimates of Creep Endurance

Table 3 lists the life estimates for the vessels according to various calculations and
design limits. The figures have been normalised against a computed estimate for each
geometry. This is taken to be the computed behaviour prediction, including tertiary creep,
with a ductility limit of 5% maximum creep strain. The elastic estimate is included for its
similarity to an assessment of a typical design code approach, and reference stress theory
has been used to predict an endurance with excessive bounded deformation, taken to be

Ah/D > 0.05 as the design limit,

Apart from the elastic calculation, all the estimates for geometry 2 are the same.
Otherwise, it is found that the upper bound prediction of collapse and the deformation
assessment are optimistic, while the lower bound and elastic estimates of rupture time are

pessimistic. The deformation criterion is nowhere limiting.
5.3 Effect of Shape Changes

The computations for geometries 3 and 5 were repeated with allowance made for axi-
symmetric changes of shape, including thinning of the section due to plastic strains. The
results have been superimposed on Figures 8 and 9. In both cases, the vessel deforms to a
better shape to accommodate the internal pressure. The peak stress reduces continuously,

while material damage, creep strain and deformation all accumulate less rapidly.
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6. Discussion

The continued analysis of geometry 5, during which strains of more than 207 were cal-
culated, showed a failure asymptote for this vessel at only 48% of the endurance predicted
by the upper bound theorem. A similar result has been found for beams subjected to bending
and end load and allowed infinite ductility [19], Since different materials are assumed, a
comparison in terms of predicted life is difficult. An approximate formula in terms of load
carrying capacity has been suggested [57:

P
= 1+ 0.05 (P—“—l) ... (16)
y

| il

where P is the actual load, P that given by upper bound analysis., This formula is optimistic
by about 7% on load for both the beams and the torispheres. A change in the adjustment fac-
tor from 0.05 to 0.10 is suggested to ensure conservatism, particularly for the less res-

trained structures considered here.

A mechanical explanation can be postulated. Figures 6 to 10 show that the freedom of
damaged material to off-load is limited, most probably by the need to maintain equilibrium,
and that beyond this limit strain and deformation rates increase, Tor both beams and thin
vessels initially plane sections are constrained to remain plane by the requirements of
compatibility. This is a restraint on the yariability of strain rate through a section not

found in thicker structures, which may be expected to inhibit stress redistribution.

A consideration of the stress categories, defined in ASME Codes 1331/8 and 1592, is
helpful. Where only membrane stresses exist, these are statically determined and it is known
that the upper bound coincides with the lower bound. This applies to the drum of geometry 2.
Where the structure contains local discontinuity stresses the results of [5] show that the
upper bound endurance is closely approached., The beams and torispheres contain membrane and

bending stresses only, and the intermediate result is seen.

Where the bounds are widely separated, a more real limitation, in design for the long
lives required by the power generation industry, is the limited ductility shown by most
steels after long exposure to creep., A maximum local von Mises strain of 5% has been assumed
as a reasonable limit in this paper. Comparing column E with columns A to D in Table 3,
it is found that only the predictions of the bounds of reference [4] bear consistent
relationships to the computed endurance assessments. For example, the lower bound estimate,
except for the special case of geometry 2, is always about one-third of the computed

estimate.

Such a relation to the lower bound is physically reasonable. For any given ratio
between a material ductility limit and the strain at the onset of tertiary, there will be a
corresponding ratio between the time to failure and the lower bound rupture time. The non-
linear behaviour due to tertiary creep is such that the second ratio will be lower than the
first. However, these results and those of reference [5} show that kinematic determinacy
of a complex structure slows this departure from linearity. Consequently, the two ratios
will be more nearly equal, and less dependent on structure geometry, than might be expected
from uniaxial test curves. Here, the assumed ductility ratio is 5.0, the failure time ratio

nearly constant at 3.0, comparing columns F and E of Table 3.
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These observations suggest a simple method of design assessment where limited duc-
tility must be considered. For a ductility ratio, ef/s = 5.0, these results show that a
failure time ratio, tf/tr’ given by,
E—f = 1.0 + 0.5 (f—f— 1.0) ..
r €

is reasonable for the torisphere. Since non-linearity increases with time, this will be

conservative for all smaller ductility ratios,

Any assessment must also be subject to the condition that the upper bound collapse time

is not exceeded. The two step procedure that is indicated takes the lesser of t_. and t

f1 £2°
where
- E:f
tgp £, - [1.0 + 0.5 (_—— 1.o>:|
€
- P, X
and  tg (A [1.0 +0.10 (g— 1.o>:| (18)

Further data are necessary before such a principle could be extended to cover other
materials, particularly the austenitic steels, or other vessel geometries. Where the duc-—
tility ratio is greater than about 5.0, increasing mon-linearity will make this philosophy
more difficult to apply, although the creep ductile endurance would now be closely

approached.
7. Conclusions

(i) Predictions of deformation using the "Reference Stress" technique have been found

to be reasonable for a thin pressure vessel during secondary creep.

(ii) No evidence was found that the creep design of thin torispheres might be limited

by excessive bounded deformation.

(iii) A suitable adjustment has been suggested to an existing approximate formula for
the creep ductile load carrying capacity of structures, which ensures conservatism for less

restrained components, such as the torispherical end closure.

(iv) Where a limit is applied to the material ductility, these results have shown that
the failure time can be simply related to the brittle creep rupture time and the material

ductility ratio.

(v) For these torispheres, shape changes due to pressure loading offer a further

conservatil sm.
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See Figure 1

Head
Geometry g ; ;
1 0.15 0.05 0.10
2 0.40 0.01 0.10
3 0.15 0.01 0.10
5 0.22 0.01 0.10
6 0.22 0.05 0.10

—11—

3.87
1.36
6.75
3.42
2.26

Location

Crown
Knuckle
Knuckle
Knuckle
Knuckle

1.72
1.0(1)
2,82
1.57
1.03

Pu/Py
*

9Pu

2.26
1.37
2.39
2.18
2,26

TABLE 1 Geometry Parameters, Results of Elastic and Plastic Computations

Note: (1) Drum limiting

Head Pressure
Geometry Load

MN/m2

4,80
2.10
0.45
0.85
6.80

S W N

Initial Elastic
Endurance
Estimate (1)

hours

63,000
136,000
117,000
136,000
122,000

TABLE 2 1Initial Elastic Endurance Estimate

Reference
Stress,

P
oy
Py
MN/m?

g

71.6
90.2
54.9
57.1
57.3

Note: (1) Estimate based on elastic stress + 1.5,
time to 1% creep strain.

G 2/5
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Primary, secondary and tertiary creep behaviour of end closure,geometry 5.
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Fig. 11. Extended small strain analysis of geometry 5.





