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SUMMARY

Design analysis methods for beunding accumuiated creep strains in structural components
subjected to cyclic mechanical and thermal loading are considered. Bounding techniques
based on energy dissipation princinles and reference stress techniques are compared to
solutions based on the elastic core stress concept which is used in the ASME Boiler and
Pressure Vessel Code for elevated temperature design. The methods are applied to i1lustrat-
ing cases in order to demonstrate their usefulness as design analysis tools and the
efficiency of the resulting bounds.
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INTRODUCTION

Simplified inelastic methods based on conservative bounding techniques were introduced
into ASME Code Case N-47 [1] to provide an effective means of performing structural evalua-
tions for components operating in presence of creep. The tests provided in the Code for such
simptified inelastic analyses were derived using the concept of an elastic core near the
center of the wall. The current solution in the Code is based on a uniaxial model of a
cylinder subjected to internal pressure and cycliic thermal Toading.

Extensive research work on bounding techniques has been carried out in Great Britain.

The original concepts proposed by Martin and Leckie were developed into design analysis tools
at the University of Leicester under the direction of Leckie and Ponter, and at CEGB under
Townley. More than fifty papers have been published in Britain and elsewhere on bounding
techniques. Important contributions were made by Goodall, Ainsworth, Hayhurst, Cockroft,
Wojewondzki, Williams and others. The reader is referred to [2] through [5] for a review of
these contributions These bounds are compared herein with bounds based an the elastic core
concept given in ASME Code Case N-47.

TYPICAL THERMAL TRANSTIENTS IN COMPONENTS FOR ELEVATED TEMPERATURE SERVICE

Typical cycles in elevated temperature components may be characterized by short time
transient conditions which affect the residual stress fields, and subsequent steady, Tong
time operation at elevated temperatures where time-dependent creep effects become important.
A schematic history of such loading is shown in Figure Ta. Simplifications of the histograms
can be used in almost all situations in practical design. An example is a pressure vessel
wall subjected to thermal transients during shut-down. Similar conditions develop in a
piping system, even though this may not be apparent. Thermal expansion stresses develpped
during start-up affect the creep response during operation at elevated temperature. The
residual stresses relax, and after the first few cycles the thermal expansion stress pattern
is reversed, reaching its extremal values when the system is cooled.

The Toading cycle is also analogous in the case of a tube subjected to heat flux through
the wall. Since at operating conditions there is a temperature drop through the wall,
thermal stress occurs during the first start-up. These stresses reiax due to creep, and
after initial redistribution, the maximum thermal stress occurs during shut-down. The history
then becomes analogous to the previous cases. The difference which is worth noting is that
the temperatures in the isplated wall of the vessel or pipe remain uniform except for short-
time transients; whereas in the case of a tube or other heat conducting element, there is a
temperature gradient through the wall during operation in the presence of creep. If the
bounding technique is to yield accurate results, this nonuniform temperature distribution
through the wall has to be considered in the analysis.

The elastic core bounds in ASME Code Case N-47 are applicable where creep during the
transient is ignored. The British bounds inciude more general loading histories as, for
example, the case shown in Figure 1b. The theoretical formulation of the British solution
makes it possible to bound the strains for Toads and temperatures changing arbitrarily in
time. More general cases can be treated but the method of analyses is not simple and no
closed form solutions are yet available for direct structural evaluations.

BASIC RELATIONS IN BRITISH BOUNDS
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The British bounding methods considered herein originated from the inequality introduced
by Martin in [6]:

1 a gy a,_n b b a: b (M)
T %3 Vig Tt % Vi 7 g Vi
This retation includes two states of stress and viscous strain rate, c{jaéija and cijbﬁijb,

which at a particular instant satisfy the power creep rate law with time hardening f(t):

R
—‘};1= ¢”5[%f’,07[f(t) (2)
where ¢ is homogeneous of degree one in Uij/oo' The function ¢ = constant forms a convex
surface in stress space.
Static lLoading
The derived theorem [7] states that the total inelastic rate of work D {creep plus
plastic) is Tess than the volume integral of the creep dissipation energy density o*y*:

D= s olv+p)dV ¢ £ ovrdy = f ko M VE(t)ay . (3)
v

v )
provided that o* is a statically admissible elastic stress field which nowhere violates
the reduced yield condition:

(2Ll o4} - p (4)

nl i with respect to 1imit load,
the plastic strain contribution to the total fnelastic strain is small.
Variable Lgading

The theorem was used to show that for loads reduced by

For variable loading similar thearems were obtained [7]. Instead of the 1imit Toad,
the shakedown Toad was used to restrict the size of the yield surface. In order to keep
the plastic strain increments small, the load must be Timited to E{PT times the shake-

down loads.
The bound on total inelastic work D over a complete cycle of duration t is:
t L t . t
D=/ dt S olV+pldV g f dr / o*i*dV = f dr / kot V(t)av (5)
0 v 0 v 0 v

in which the stress distribution o* is given by:
ok = G+ p (6)
The stress o is the elastic stress field in eguilibrium with external leads at any
instant of time whereas the stress field p is a constant self equilibrated stress system.
The statically admissible stress field o* cannot viclate the yield condition (4).
Interaction Effects Between Flastic and Creep Strains

Bounds on total work done for constant and variable Toading were derived by Leckie
and Martin [8] and Ponter [9], respectively.

For constant loading at large times, the expression 1is:

£p dt - Wy < (n+2)(U-10) + Far g ottt De(o) av (7)

0 o v
where U is the elastic internal energy associated with the stationary state of stress
US, U% 95 the internal elastic energy of first Toading and the double integral is the
creep energy dissipation corresponding to the stationary stress solution.

In the case of variable Toading, the structure is in the state af continuous stress

redistribution and interaction effects may be insignificant. The total work done by the
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Toading can be bounded from below and above using two inequalities as follows:
t . t

£P(r) udt > fodr S ke ()" TR(T) (8)

o] o] )
is the lower bound, and

t . n t

FP(E) dt g (n+2) {ULo*(t)1-ULS(t) T3+ S dr £ ka* ()" Ve(x) dv (9)

0 0 ¥
is the upper bound.

In these inequalities o is the stationary state of stress in equilibrium with the
Toad P(t) and the stress distribution o*(t) is the sum of the elastic and residual
stress fields as given before by relation (6). As suggested by Leckie [2], the contri-
bution of the first component in inequality (9) which is related to the elastic energy
difference, is likely to be small. Moreover, in the case of cyclic loading with period
At, the total work expression reduces to the second term:

t+AL t+ At H _
FPOdt g fdT [ ko*{t) f{t) dV {10}
t t v

since the elastic terms are identical for time t and (t"imﬁf)i:

Bounds on Toading above the plastic shake-down regimes were not included in the
fundamental work by Leckie and Ponter [7]. Such bounds were recently proposed by
Ainsworth [4].

ELASTIC CORE SOLUTIONS

Thé elastic core concept was introduced by the authors [10] in order to bound accumulated
strains in structures subjected to cycling loading in the presence of creep. The correspond-
ing bounds have since become to be identified as the "O'Donnell-Porowski" bounds. Character-
istic stress profiles in a cylinder subjected to internal pressure and cyclic thermal stresses
are shown in Figure 2, The typical load cycle includes short thermal down transients during
which creep interaction can be ignored, followed by lang periads of operationwhen theresidual
stresses generated by the thermal transient are redistributed due to relaxation. The sketches
in Figure 2 show the profiles for Toading below the plastic ratcheting regimes. It can easily
be observed that the layers defined by —%-s zZ < g-in regime E,-gus z'¢a in regimes S; and

-

b gz <ainregimes S, and P do not suffer any plastic deformation. Moreover, after the
transient,stress through the elastic core layer becomes uniform and remains this way during
the subsequent operating period when creep causes the stresses to relax. The stress in the
elastic core is highest at the beginning of the operating periodand gradually diminishesin time

Since the Tayers described above remain elastic during the entirve loading histary, the
maximum value of the core stress during the time when creep occurs can be used to bound the
accumulated strains. Bounds on the accumulated strains can be obtained from an analysis of
the maximum core stress history. It is convenient to use the core stress in the isochronous
stress-strain time-temperature curves for this purpose. However, any gther material behavior
representation can be used with the concept. ’

Closed-form setutions for the core stress a. have been obtained as a function of the
elastically calculated pressure and thermal stresses [10]. The results for stress regimes
E, P and S are given in Code Case N-47.

BRITISH ENERGY METHOOS APPLIEQ TO BREE PROBLEM
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The British bounding techigues are applied to the well-known Bree problem [11] in order
to illustrate their usefulness and to assess the efficiency of the resulting bounds. Bree
considered a uniaxial model of a tube subjected to internal pressure and cyclic thermal
toading. In the present illustration, the sustained pressure stress o = 0.5 5 and short
time thermal transient stress o, = S,. Diagrams showing the history of loading (a), and the
corresponding stress profiles (b) through (f), are shown in Figure 3. The analogous problem
was considered by Leckie [2] except that the thermal stress was applied for half of the cycle
and not instantaneously as herein. The bound based on energy dissipation yields the same
results for both cases. Figure 3b shows the elastic solution:

Ig = Op = Sy/2 {11a)
for Tong term operation (At), and:
= = 2z
g = G, to, = Sy/2 + Sy ] (11b}

during the transient (TR).

Since there are a large number of transients which produce an elastically calculated
surface stress exceeding Sy, creep strains would have to be calculated at a stress equal to
yield in the absence of available bounding techniques. It is instructive to calculate the
ratio of the accumulated creep strain for this combined loading to the creep strain for
pressure Toading aigne. Using the power creep Taw (2), this ratio becomes:

Sr‘l
°+t=(l) = 2" ats {(12)

y

where Ep bt refers to the total accumuiated strains due to thermal and pressure stress
interaction and € is the accumulated strain due to pressure alone. This result is plotted

in Figure 4.
In order to apply the British bounds, the residual stresses can be taken as in [2]:
p= -5 z (13)
y d
The resulting stresses during the time when creep occurs are:
=g {l_z x =5 (L +Z
"Et‘sy(z 2) and oy 5y(2 +2) (14ab)

during the transient conditions when the dissipation of energy due to creep can be jgnored.
Note that these stress fields do not satisfy the condition {4).

Using the power creep law (2), integration within a cycle time At of the endrgy dissipa-
tion given by equation {10) furnishes the relation:

1
t+ At d/? n+1 t+ At s\t
Ff{T) dt 5 k" * 1g; = 2 Jod fl1)k (‘x) dt
t ~dy2 n+tz 2 (15)

which is an upper bound on the jne}astic work within the cycle.
The ratio of jnelastic strain accumulated through the wall with thermal cyclic loading

to the strain occurring in the same time for pressure loading is therefore:
S 4 t . an + 1

£ n+2

The elastic core stress can be obtained using formula {4), from Code Case N-47 [1]:

o, = T+a, -2/ - cp) = 0.586 Sy (17)

c
The ratio of inelastic strains for cyclic thermal plus pressure loading versus pressure load-

{16)

ing along is then: n
®p + t _ |0.586
€ -1 0.5 (18)
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Note that the above solution {18) is based on a core Stress a, which is restored after
each thermal cycle. Even though this value of O, tends to relax during elevated temperature
operation, the time averaged value of S approaches this value as the cycle frequency
increases. Thus, the actual strains approach the equation (18) bound as the number of cycles
increases.

The results from equations (16} and (18) are shown in Figure 4, Note that both of the
bounding methods are very useful in demonstrating that the accumulated strains in this case
are much Tower than the creep strains that would occur at the yield strength of the material.

Since the British energy techniques provide rigorous upper bounds for the accumulated
inelastic strains, they can be quite useful in design analyses. In many applications, the
efficiency of the bounds is not of great importance. It is only necessary to show that the
strains are within acceptable Timits. In other cases where the component is subjected to
more severe loading, the efficiency of the bounds is important. The efficiency of the bounds
increases if the residual stresses are selected closer to the actual steady cyclic solution.
The stress field in Figure 3 is statically admissible. However, it is remote from the optimal
solution. Thus, the resulting strain ratio € 1_t/ep is high. More accurate bounds can be
achieved by using the residual stress fields developed by a largé number of short cycles.

For such fast cycling, relaxation within each cycle can be ignored. In fact, the stress
fields used in the elastic core solutions are of this type.

Stress fields p were therefore considered such that superposition of the elastic stresses
results in the stress profiles developed using the elastic 6ore concept as shown in Figure 5.

The dissipation of energy within time At can be integrated as follows:
: t4—Atf( a n+] d/2 S 2z A
= + - "0
J -r)dr{d?fzk(oc) dz + f k(y } dz‘ (19)

At d Ty

After substituting for a:
N - =
a= [2 1 -2/ (Sy Gp)/crt:ld 0.4142 d

t+at 5.\
- 1 1, 1.172 ¥
DA‘t = (1.172) [/2_4' m] ( tf f(t)dt (—2-) ) kd (20)
As before relating the result of equation (20) to the energy dissipation for constant
pressure furnishes the desired strain ratio:

[
D+t _ 11, 1172
Ep = (1.]72) [/2_'?7—)—4 P (2-])

The resulting curve is plotted in Figure 4. The fact that this bound is below the actual
solution and therefore unconservative for cycles of short duration is not surprising since
the restriction (4) was ignored. The importance of condition (4) is investigated using the
simple two layer wall model in the next section. ‘

The beneficial effects of relaxation of the core stress is neglected in this il1lustra-
tion. For many realistic design situations, the resulting penalty on the efficiency of the
bounds is of minor significance. The stresses in the elastic core are usualiy Tow with
respect to the yield stress and are only slightly reduced due to relaxation of the outer more
highly stressed layers of the wall. This formulation of the bounds eliminates the frequency
of the cycles from the evaluation of accumulated strains. Consequently, the conservatism of
the bound is maintained even for an infinite number of cycles.

The British bounding techniques also consider short cycle times. Ponter [12] demonstrated
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how steady cyclic states of stress can be obtained for fast cycling by numerical techniques.
These solutions can be used to provide optimal distributions of stress for use in bounding
techniques.
ILLUSTRATIVE EVALUATION OF TWO-LAYER WALL

The stress fields in Figure 6 are considered for fast cycling in a two layer wall. The

loading consists of a constant pressure stress Upand thermal (elastically calculated) stress
o4 generated periodically in layer b by heating layer a to a higher temperature. The history
of toading s illustrated by the sketch in Figure 6a. The elastic stress field during the
operation in time At is simply defined by the relation:. .

Ua:b = cp for layers a and b (22a)

During the transient the elastic stresses are:

g, =g + %‘Ut for layer a % = + o, for Tayer b {22bc)

a p t

The constant, self-equilibrating stress must be chosen so that the sum including the

applied stresses satisfies equation (4) within the entire cycle. For layer b the residual
stress can be:

= . R
Pp = (Ut * c‘p n+i SyJ (22d)
In order to maintain equilibrium the corresponding stress in layer a must be:
- __n_ b
Pa _(ot * Up n+1 S_y) a (22e)
The sum of stresses to be used for energy dissipation during operation time At is:
b n b
* = = _ 2
%a op (1 * a) ¥ (ot n+1 Sy) a (22f)
for layer a, and:
. N _
9 m+T Sy T % (229)
for layer b.
For transient conditions the stresses for layers a and b are, respectively:
b n b n SoL s
LA -1 = = * =
% Up(} * a) n+1 Sy (a) % T n+d Sy (22h,i)
For the example shown in Figure 6, n = 3. The condition imposed by equation (4) is:
* n =
lo*| ¢ w+T S, = 34 sy {23)

which is satisfied during the entire loading cycle.

As before, it is assumed that the transient time is short. Dissipated energy can there-
fore be obtained by integration of equations (22f) for layer a and equation (229) for layer b.
As before, divisfon by the energy dissipation for pressure stress alone furnishes the strain
ratio:

b n I_J_n+1 n n+l
S+t 2 [cp (1 * E) * (Ut KR Sy) a] *b [n4-1 Sy B Ut] (24)
B n+ 1
%o da

For the selected example, layer a does not suffer plastic deformation. The maximum

stress in this layer during the operating period is the elastic core stress Ue- Its value
can easily be obtained from the steady cyclic solution. This solution, however, is not
restricted by the condition given in equation (4). The appropriate stress fields are shown
in Figure 6 with dotted 1ines. The maximum stress in layer a occurs after the transient as
follows:

o, = (cp ta, —'Sy) %—+ % (25)
The ratio of inelastic strain accumulated at O, stress versus strain at pressure stress alone
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is then:

epe; t_ 9, (1 + %) Cr+ (ct - Sy) % (26)
P

The curves resulting from equations (24} and (26) are shown in Figure 7 for the case where

n

a=2b, o =0.5 Sy and U, = 0.75 Sy. Since these are a large number of cycles with an
elastically calculated stress over yield, the creep would have to be calculated using the
yield strength in the absence of bounding techniques. This result is also shown in Figure 7.

If, as in the prey10u51y considered case of a tube, the British bound based on dissipa-
tion is derived ignoring the reduced yield condition of equation (4}, the fast cycling
soTution is identical to that used to determine the core stress, The profiles of self-equil-
ibrating stress p shown in Figure 6 with a dotted 1ine are compatible with the stress field
shown in Figures 6c and 6f {also with dotted tine) for the steady cycling solution. Integra-
tion of the dissipated energy and divisicn by the energy dissipated for the o stresses alone
provides the strain ratio:

b b n+1 nt+1
ot L [cp (1+3)* (o - ) 5] v b [Sy ) Ut]

= (27)
Ep da ntl

The resulting curve is also shown in Figure 7.
DISCUSSION AND CONCLUSIONS
Application of the British bounds requires a certain degree of ingenuity in the selection

of statically admissible stress fields. Such fields, if guessed correctly, can tead to
effective evaluations of deformation and strains. Procedures for using finite element
methods to determine steady cyclic stress distributions for fast cycling have also been form-
ulated but to the authors' knowledge they are not widely used in engineering practice. Design
procedures in Britain are therefore based on the reference stress concept and bounding
techniques are used to substantiate such solutions.

Results for the Bree problem shown in Figure 4 indicate that the selection of residual
stress fields strongly infiuences the efficiency of the British bounds. Results for the two-

bar mechanism given in Figure 7 shown that the results of the British bounding methods can be
n

n+1l

results obtained herein show that although the results are much more realistic when this

quite conservative when the restriction on the yield surface is maintained. Further
restriction is ignored, they are no longer safe {i.e., conservative} upper bounds.

It is apparent that bounding techniques are becoming increasingly important as elevated
temperature design technology develops. The elastic core concept and the British bounding
techniques have been found to be valuable design tools.
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