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In many experimental situations the experimenter is confronted
with the problem of choosing the "best" one, or the "best" few, of ‘

a number of populations. For example, the problem arises in plant
breeding, drug screening, manufactured items coming out of k-factories,
. etc.

In this dissertation we propose and investigate the use of the
“Conditional Risk Procedure" to construct an index of reliability of
decision rules for problems of ranking and selection of populations.
The Conditional Risk Procedure is introduced by using a simple problem
of a complete ranking of three normal populations with common unit
variance; The procedure is then applied to decision rules forbranking
and selection problems from Bechhofer's approach and Gupta's approach
and a qdnditiona] risk index of reliability is obtained for each of
the decision rules.

The Conditional Risk Prbcedures applied to General Linear Uni-
variate and Multivariate models are studied and applications to special
types of designs are illustrated. Examples are presented to illustrate
the procedure.

Some asymptotic properties of the unconditional distribution of the
conditional risk are developed and an estimator of the asymptotic vari-
ance of the 1imit distribution of the conditional risk is proposed.

Algorithms to evaluate the conditional risk for problems of select-

ing the "best", b "best", complete ranking of populations and problems



related to Gupta's approach are presented when the populations are ' .
normally and independently distributed.
Finally, some extensions and suggestions for further research

are discussed.
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CHAPTER 1
INTRODUCTION AND LITERATURE REVIEW

1.1 Introduction

| There are many fields of application where an important problem
is related to the ranking of k populations or the selection of one or
more "best" populations. }In genera],tfor this'kind of problem, popu-
lations with large (or small) values of the parameters, or functions
of these parameters,'are considered to be the "best". So, the selec-
tion and ranking may be defined in terms of a parameter of the popu-
lation or a function of these parameters.

Basically, two different approaches in the formulation of the
selection and ranking problems are due to Bechhofer (1954) and Gupta
(1965). Bechhofer's approach requires thatithe experimenter specify
in advance certain differences between pobu]ation parameters and also
the desired probability of a correct decision (rankihg or se]ectiPn).
The number of observations required from each population is thenr

determined from the desired probability of a correct decision and

from the "1éast favorable configuration" of the parameters subject to

the specified differences. The experimenter is considered to be

”1nd1fferent“ to differences smaller than those specified and the ap-

proach has been called the "Indifference Zone Approach" to the problem.

In Gupta's approach one selects a subset of the k populations;

the selection procedure is formulated so that the probability that the




"best" population is included inﬁthe subset is guaranteed to be at
least as large as a pre-specified value, P*, regardless of the actual
Aconfiguration of the parameters. Gupta's approach is known as the
"random subset-size approach" since the selected subset is of random
size and the experimenter wishes to select a rule which satisfies the
probability required with as small expected subset size as possible.

In Chapter II of this work the "Conditional Risk" approach of Ash
and Helms (1973) is applied to the types of procedures developed by
Bechhofer, Gupta, and their colleagues, for selection and ranking prob-
lems. When applied to Bechhofer-type procedures the conditional risk
approach can be used to produce an estimator for the probability of a
correct decision, given that the experiment has already been performed.
The emphasis is upon evaluating the reliability of the procedure as
actually performed, in contrast to Bechhofer's emphasis upon determin-
ing a sample size for an experiment to be performed in the future.

The conditional risk approach is applied to procedures similar to
those developed by Gupta and his colleagues and new procedures are
developed in which the size of the subset of selected populations de-
pends upon the conditional risk rather than an infimum of a probability
of correct se]éction. Applications of both types of conditional risk
procedures to norma1 populations are also presented in Chapter II.

Chapter III contains a discussion of the conditional risk proce-
dures applied to selection and ranking problems in the general linear
model. Applications to some types of designs in the univariate and
multivariate case are presented. Chapter IV contains some of the
asymptotic properties of the conditional risk and a discussion of the

asymptotic variance of the Timit distribution of the conditional risk.



Chapter V contains a discussion‘of the algorithms which aré used in
the evaluation of the conditional risk for the problems of selecting
the "best", b "best", complete ranking of populations and problems re-
lated to Gupta's approach when the populations are normally and in-
dependently distributed. Chapter VI contains examples illustrating
the procedures and in Chapter VII we discuss some extensions and sug-

gestions for further work.

1.2  The Development of Bechhofer's Approach

Consider a setup with k univariate populations H], HZ’ cens Hk’ in
which the observations between and within populations are mutually
independent, all the populations have the same cumulative distribution
“function of the form Fi = F(xlei), associated with IL; s i=1, 2, ...; K,
which is known except for the value of the scalar parameter ei, and all

ei belong to a common interval © of the real line.

Let {ng}, ij=1,2, ..., n; be independent random variables from
population Hi’ i=1,2, ..., k with cumulative distribution function
Fi = F(Xijlei) and let Ti = Ti(xi1’ X12’ cees Xini)’ i=1,2, ..., k

be "an appropriate statistic" for 0, with density function g, = g(t]ei)
and cumulative distribution function G, = G(t[ei), i=1,2, ..., k.

The unknown parameter 61 may be the mean, the variance or some quantile
associated with population Hi’ i=1,2, ..., k. Let

17 < 6[2] <. .0 < e[k] be the ranked 6.. The ordering of the popula-
tions is unknown, i.e., it is not known which population is associated
with e[i], i=1,2, ..., k. The above assumptions imply that each
population is completely characterized by its scalar parameter ei‘ We

define the "best" population as the one having the'1argest (or smallest)
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EhP the "second best" as the one having the second largest (or smallest)
61, and so on.
Qur inference will be based on the statistics {Ti} and their ob-
served values, {ti}' The ranked t; will be denoted by
by Sty s S trp- We assume that {T,} are continuous random
variables and hence P(T[i] = T[j]) =0, 1#].
The decision rule (or procedure) R is defined in terms of the k
ordered T-values. For instance, if our goal is to select the set of

the b best populations, 1 < b < k, without regard to order within the

set, the decision rule R is:

Select the subset of populations which corresponds to the

b largest T-values, i.e., the set of populations corres-
ponding to t[k-b+]]’ t[k-b+2]’ cees t[k]‘

Let T(i) be the statistic based on the sample from the population
associated with the parameter 6[i]’ i=1,2, ..., k. Note the dif-
ference between T[i] and T(i)' The T(i) are arranged in the same order
as the 6[1], which is not known to the experimentef or analyst.

Hence, the probability that the decision, based on the procedure R

described above, is correct can be written as
P(CD) = P(maX{T(]), T(Z), [ T(k_b)} < min{T(k_b_'_-l), ces s T(k)})
where CD stands for correct decision.

1.2.1 The Indifference Zone Approach to the Normal Mean Problem—
Bechhofer's Single-sample Plan

Bechhofer's work in this area (Bechhofer, 1954) is generally con-

cerned with a single sample, multiple decision procedure for ranking



means of horma] populations with known variances. Bechhofer showed how
to design experiments so that useful statements can be made concerning
their ranking on the basis of a predetermined number of independent
observations taken from each population. The number of observations
required is determined by the desired probability of a correct ranking
when certain differences between population means are specified.

Let Xij béAnormally and independently distributed with mean My and
known variance o? and let |

= - J
Ti = T3 s Xyps vees X1'n1.)

be the sample mean from population Hi’ i=1,2, ..., k. Here the M
ltake the role of the 61 in the preceeding general discussion. Let
u[]] < Hr2] <. .0 8 k] be the ranked LFH it is not known which popu-
lation is associated with M3 i=1,2,"..., k.
Denote the sample mean of the popu]ation with mean UEN by Yki)'
Bechhoferis general goal for this préb]em is to partition the set

of means into r categories, or subsets, as follows:

Select the kr "best" populations, the kr—] "second best"
populations, ..., and finally the k] "worst" popu]ations,
where k1, k2, cees kr (r < k) are positive integers such

r
that k. = k.
1'21 1

Having defined the goal the decision is based on the k sample means
XH,-Xé, s Xk. The probability of a correct decision (correct

ranking) associated with the above definition can be written as



P(maX{Y(]), R Y(k )} < min{Y(k1+])a e 0y X(k +k

1 _ 1727
m§x{X(k1+]), cees X(k]+k2)}-< m1n{X(k sk A1) e X(k +K +k )},
D g 1 2 2 3
max{x(k"kr‘kr_-]"'])’ ceny X(k_kr‘)}<m1n{X<k_kr+]), cesy X(k)}).
(1.2.1.0)
Bechhofer considered in detail several special cases of this
general problem by selecting particular values of r and ki‘
Case: Selecting the "best" population
For instance, to select the "best" population one sets r = 2,
k] =k -1, k2 = 1. In this case,
P(Y(k) > maX{Y(]), “ees Y(I("])}) (].2.1.])

is the probability of a correct decision in terms of selecting the

"best" population. The decision rule is:

Select the population associated with Ytk] = max{Yk} as the
I<i<k
"best" population.

Case: Selecting the b "best" populations

For r = 2, k] = k - b and k2 = b we have

P(max{ik]), sz)’ s X(k-b)} < min{Ykk_b+]), s Ykk)})
7 (1.2.1.2)
i.e., the probability of correctly selecting the "best b" populations.

Case: Complete ordering of populations

For r = k and k] = k2 = ... = kr = 1 we have

P(—X"(]).< _)((2) < vuu < —X—(k)) . (1.2.1.3)



i.e., the probability of a correct complete ordering of the k given

normal populations.

Bechhofer (1954) considered the problem of selecting the b "best"

populations from a group of k populations with the assumptions (1<b<k):

n, =, i=1,2, ...,k
2

xij ~ NID(u,, o%)
o% - 02,,1 =1, 2, ..., k3 0? is known
M[11 T M[21 Tt T H[k-b]
Hlk-b+1] = M[k-b+2] = *** = ¥[k]
and
_ *
8 = Hlk-b+1] ~ M[k-b] 2 °
where

*
¢ is a specified constant.

Let P* be a specified Tower 1imit on the probability of a correct de-
cision, i.e., P > P*, where P is the probability of correctly selecting
the b "best" populations. Bechhofer studied the problem of finding

the smallest integer n ( the common sample size) which would guaran-
tee that P > P* fof given values of 02, 6*; P* and all configurations
such that Mlk-b] S M[k-b+1] " 6", He showed that uhder these assump-

tions the expression (1.2.1.2) reduces to

p = bf@k'b(y + d)e? =y (y)dy (1.2.1.4)
where B
d =8 Vi/o

and ® is the cumulative distribution function and ¢ is the probability

density function of the standard normal distribution.



Bechhofer referred to the configuration of means given above as
the "Teast favorable configuration". In his paper Bechhofer (1954)
gave a table for determining the required sample size, n, for various

values of P*, 02, b, k and &§*.

1.2.2 The Indifference Zone Approach to the Normal Variances Problem--
Bechhofer and Sobel's Single-sample Plan

Bechhofer and Sobel's work in this area (Bechhofer and Sobel,
1954) is concerned with a single-sample multiple decision procedure
for ranking variances of normal populations with known means. Exact
small-sample methods and a large-sample method are presented for com-
puting the samb]e sizes necessary to guarantee a preassigned proba-
bility of a correct ranking under specified conditions on certain vari-
ance ratios.

Let Xij’ i=1,2, ..., kand j =1, 2, ..., n. be normally and
independently distribyted with known mean ¥ and unkndwn variance o?
and Tet n,

ZT(Xi. - u.)2
=1 Y

i1°%52° ""Xini)z =S

Ti = Ti(X

;

be the sample variance from population Hi’ i=1,2, ..., k. Let
2

2 2 2 e . .
9117 $ 9721 % -+ S 9k be the ranked oy; it is not known which
population is associated with GEi]' The o? correspond to the ei in
- the general discussion presented in section 1.2. ’
Bechhofer and Sobel considered two goals for this problem:
Goal I: To partition the k populations into two groups,

the b "best" and k-b "worst", regardless of the order of
the populations within groups (1 < b < k).



Goal II: To partition the k populations into two groups,
the b "best" and the k - b "worst", the b best being
ordered and the k - b worst being unordered (1 < b < k).

Denote the sample variance of the bopu]ation with variance 0%1] by
S%i) and note that while the 0%1] are rank-ordered, the S%i) are not.
The inferences will be based on the k sample variances Sf, Sg, cees Si.
The rapked Sf will be denoted by SE]] < sz] < ... < S%k]

In this problem, the "best" population is the one having the
smallest variance, the "second best" is the one having the second

smallest variance, and so on. Bechhofer and Sobel defined the de-

cision rules (procedures) R for Goals I and II as:

For Goal I: The populations that gave rise to the b
smallest sample variances are declared to be the "best"
populations, and the k - b remaining are the "worst"
populations.

For Goal II: The populations that gave rise to the
smallest, second smallest, ..., bth smallest sample
variance are declared to be the "best", "second best",

... "'bth best" populations, respectively, and the
k - b remaining populations are the "worst" populations.

The probabilities of a correct decision (correct ranking) associated

with the above goals can be written as
P(max{s{y)s «ovs STyl < min{Shqys s STOD (T2.2.)
and

2 . 2 2
< ... < S(b) < m1n{S(b+1), cees S(k)}) (1.2.2.2)

P(s{r) < ¢

2)

for goals I and II, respectively. ;
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2,2 .
Let eij = G[i]/c[j]’ i, =1, 2, ..., k. For goal I Bechhofer and

Sobel (1954) stated the "least favorable configuration" is defined by

*

=] and 9

95,1 7 O, b+1 O+l .p =

~where 6% > 1 is a preassigned constant. For goal II they stated the

"lTeast favorable configuration" is defined by

- and =0, ,i=1,2,...,b
ek,b+] _‘-I e,i+-],,i -9]- . 1 = rY 9 e ey
* . *
where ei , =1, 2, ..., b are preassigned constants, ei > 1. Let
Ny =N, = et =n.=n be the common sample size for each group. Under

the "Teast faVorab]e configuration” the desired value of n then is the
smallest integer which will make the probabilities given by (1.2.2.1)
and (].2.2f2) equal or greater than a preassigned probability P*,
specified by the experimenter.

Bechhofer and Sobel (1954) presented expressions to evaluate the
probabi]itiesrdefined by (1.2.2.1) and (1.2.2.2) and tables of the
probability of a correct decision as a function of the true variance
ratio e* énd'the number of degrees of freedom from each population.
They also presented large sample approximations to the probability

(1.2.2.1) under the least favorable configuration and

1.2.3 Selection of the b Best Populations

D. R. Barr and M. Rizvi (1966) presented a simple proof of a
theorem which is useful in the formulation of the problem of selecting
the b "best" populations. This theorem is originally due to Alam and

Rizvi (1965).



1

Theorem: Let T], T2, v Tk be k independently distributed random ‘
variables with continuous distribution functions G(tlei),

i=1, 2; ..., k satisfying: 0, < Qj:é P(Ti < t) < P(Tj < t) for all

t. Let 6[]] < 9[2] <.l g e[k] denote the ordered values of the 6;

and let T(j) denote the random variable from the distribution with

parameter e[i]. Then, for b < k

P = P(maX{T(-I), T(Z), ve ey T(k-b)} < m'in{T(k_b_I_-l), vaes T(k)})
(1.2.3.1)
is a nonincreasing function of e[]], e e[k-b] and a nondecreasing

function of e[k—b+]]’ ces e[k].
Barr and Rizvi studied the following procedure:
Select the b populations with the Targest Ti values as the
"best" b populations. 7 A .
The objective of their study was to find a procedure for determining
a common sample size, n (i.e., n observations from each group), such
that the probability, P, of making a correct selection satisfies

1 *
—— < P < P <]

K
(5)
*
where P is a preassigned lower limit on the probability of a correct
selection.

To study the properties of the selection procedure Barr and Rizvi

considered the sets: .
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an interval on the real line

(©)
"

Q= {6 6; € 0}, 6= (61, Oys +s ek)

S=1{06 e g Ly(e[k_b]) fe[k-bﬂ]}
where ¥ is a function satisfying
v¥(e) > o.

S is called a "preference zone"; the complement of S is called an
"“indifference zone". For 6 ¢ S, Barr and Rizvi showed the probability,
P, of a correct selection, by the procedure given above, is given by
(1.2.3.1) and that this probability is a nonincreasing function of
e[]], cens e[k-b] and a nondecreasing function of e[k-b+1]’ cees S[k].
Hence, the infimum of P for 9 e S is obtained when 6[1] = 9,

i=1,2, ..., k=b and e[j] =¥(®), j=k-b+1, ..., k. This

result justifies Bechhofer's use (1954) of the term "least favorable
configuration"”.

Barr and Rizvi (1966) showed that if G(t|6) is continuous in 9,

(o]

inf P(correct selection) = b Jer—b(yle){1-G(YI¢(9)}b-]dG(YI¢(9))
0eS
=€ -0 (1.2.3.2)

They also showed some applications of the above results for location
parameter families of distribution as well as for the scale parameter

families of distribution. In particular, for

' *
S = {9 e e[k-b] +§ < e[k"b"l’]]}

* .
(i.e., y(8) = 6+ & ) and normal populations with unknown mean 61 and

known variance (common) 0? = 0, the expression given by (1.2.3.2)
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becomes

bfq>k‘b(y + 8% )01y )da(y) (1.2.3.3)

where ¢ is the cumulative distribution function of the standard norma]
distribution. Note that (1.2.3.3) is the same as the (1.2.1.4) fol-
lowing Bechhofer's approach (1954). o

D. R. Barr (1966) presented the solution of Bechhofer's general
goal (section 1.2.1) in the indifference zone formulation of the rank-
ing and se]ection problem. A solution is found for this general goal
for a scale parameter family with an absolutely continuous distribu-

tion by assuming a preference zone, S, of the form

S=1{06¢e 0; 6[]] <. < e[k]] < d)](_@[k]ﬂ]) < G[k]_ﬂ];

0 <., . <9 <y, (6 ) <8 s J =1, 2,000, -2,
[kj.H] - - [k3+]] = T3+ [kj+]+]] [kj+1+]]

wr-1(e[kr_]+1]) < e[kr-1 +] <. < G[kr]}, and selecting that

preferenée zone of this form in which the infimum of the probability
of correct selection (see 1.2.1.0) over the preference zone is easiest
to compute. Barr's preference has ws(e) = pse, s=1,2, ..., r -1,
pg < 1. He stated that the extension to the location parameter family
with an absolutely continuous distribution is immediate. Barr's ab-
stract (1966) does not contain techniques for evaluating the proba-

bilities or computing sample sizes.
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1.2.4 Selection of a Subset of Size s (Fixed) Which Contains at
Least ¢ of the b Best Populations :
Mahamunulu (]967)_has considered a generalized version of the
Bechhofer approach (1954) in terms of selecting a subset of size s

(fixed) which contains at least c of the b best populations, where
max(1, s+b+1-k) < ¢ < min(s, b).
Two particular cases of this goal are of special interest:

i) Selection of a subset of size s (> b) which contains
the b best populations (this.case corresponds to ¢ = b
and s > b). :

ii) Selection of a subset of size s (< b) which contains
any s of the b best populations (this case corresponds
toc =5, s <b).
Note that when ¢ = s = b the above problem reduces to the problem of
selecting the b best populations without ordering.

Mahamunulu (1967) solved the proposed problem in broad generality
by not considering a specific family of distributions of T(i)’ but by
assuming that:

i) The T(i) are absolutely continuous random variables.

i1) The family G = {Gn(',e[i]): 6[11 e 0} of distribution
functions of T(i) is a stochastically increasing family

for each positive integer n, where n is the common sample
size from each population Hi’ i=1,2, ..., k.

Mahamunulu studied the procedure:

Select those s populations corresponding to the s largest
Ti values.
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He defined the preference zone
* *
Qs ) = {geq: d(e[k_bﬂ], e[k_b]) > 6§},

*
where § is a specified (given) constant; d(x,y) is a continuous,

non-negative, real-valued function satisfying:

(1) for x < y: d(x,y) = 0
(2) for x > y: d(x,y) is monotone increasing in x for fixed y;

d(x,y) is monotone decreasing in y for fixed x;

Mahamunulu -showed that

Inf P(correct selection) = Inf Q(6,n)
BeQ(6*) . 6eb

where

[oe]

Q( o,n) = ./-I[Gn(xle'); c', s-c+1]dI[Gn(x[e), b-c+1, c]

-00

where

¢c' =k-b~s+c X

I(x,p,q) = [B(p,q)]'] tp'](l - t)q']dt, the incomplete beta
0

function, and 6' is a function of © determined by d( 6,0;) = 6*.

Mahamunulu (1967) showed how to find the required sample size n

(i.e., the smallest value of n) for which

' *
Inf Q(S,n) > P
0ed
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when ¢ is either a location parameter or a scale parameter for the
family G of distributions.
An application of the above results to the normal case was also

considered when b < s and s = c. In this case the Inf Q(8, n) reduces

to
Tb-35)' (s-1)7 ?15-1 i [ e P0c+ 0PSO N - a(x)75 Tds(x) (1.2.4.1)
- S* _ ) s )
where ) = =5 and &* = Hlk-b+1] ~ M[k-b]} here ®(-) is the cumula

tive distribution function of the standard normal distribution. Note
that for b = s (1.2.4.1) above reduces to (1.2.1.4) given by Bechhofer
(1954).

Mahamunulu (1967) did not present tables for the use of his

‘procedure.
1.2.5 Selecting a Subset of the Smallest Possible Fixed Size s.

Desu and Sobel (1968) have considered the problem of selecting
a subset of the smallest possible fixed size s that will contain the
b best of k populations b < s < k, based on any given common sample
size n from each of the k populations.

The goal of the above problem is to find, for a fixed common sam-

ple size n, the smallest (non-random) subset size s of the k popula-

: 1
tions that will guarantee a specified Tower bound P*, (E)< P*x < 1,
_ b

on the probability of a correct selection for all

6 e (8*) = {6: d<e[k-b+1]’ e[k—b]) > &*} where §* is a specified

~

constant. The function d(x,y) has, by aésumption, the same properties

as described in section 1.2.4. The procedure is defined as
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Select any subset of the k populations which corresponds to .
the s largest T-values.
Desu and Sobel (1968) solved the problem of finding the smallest s,

given n, by assuming:

T(i are absolutely continuous random variables. The family
G = {Gn_-|9[j]): o[i] € ©} of the distributions of T

(1) is a
stochastically increasing family for each n, i =1, 2, ..., k.

Under these assumptions and using Mahamunulu's results (1.2.4) Desu
and Sobel showed that

Inf P(CS|e) = Inf Q(s, bjo)
Be(S8*) ~ 8e0

where I

(s, ble) = {KP) _[ {1 - 6(x]e)3P11 - G(xle')}s'bde(xﬁi%m)

Here ' is determined by the condition d(6, 68') = &*.

For the location parameter case as well as for the scale parame-
ter case, (1.2.5.1) reduces to the desired infimum which will not de-
pend on 6. For the location parameter case, G(x[0) = G(x - 6),

(1.2.5.1) reduces to

Q(s, b) = (tg) fﬂ - 6(x - 6)1°11 - 6(x)1°Paek"S(x) (1.2.5.2)

The desired s is the smallest 1ntege? s,gfor whicth(s, b) > P*. We
note that the integers b and k, with 1 < b < k are given by the
problem. '
Desu and Sobel also presented an application of the above problem .

to the normal case, including tables for several combinations of
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values of k, b, s, §* and P* for the normal Tocation parameter case.
Note that this approach is in fact an alternative approach to the
"indifference-zone" approach of Bechhofer (1954) and the "random
subset-size" apbroach of Gupta (1965). Gupta's approach is summarized

in section 1.3.1.
1.2.6 On Multiple Decision Methods for Ranking Population Means

Fabian (1962) considered a relaxed concept of correct selection.
For a fixed goal, i.e., for fixed r and k], k2, e kr as defined in
(1.2.1.0), and for a fixed probability distribution function G of the
random vériab]e T, the probability of a correct decision is a function
of ¢ = (e], o5 vns ek)'. If one knows (or assumes) that 6 e Q*cQ,
where @ is the parameter space, one can design an experiment (select
the ni) which will guarantee that the
P(CDJ6) > P* iff Inf P(CDJo) > P*. (1.2.6.1)
BeQ*
Bechhofer and his colleagues give sufficient conditions for the

inequality (1.2.6.1) in the case Q* = Qg where

~>

= . - 1 = s enes -1 .

the numbers;si are chosen in advance by the experimenter and G[k.]
j

denotes the largest 6 in the ith set. 1In practice, the experimenter

may not know if the conditions e[ki+]] - (Tki] > 6, are satisfied.

Fabian (1962) defined the concept of &-correct selection in the

following three steps:
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a) The classification of populations i and J in the groups
pand p + 1, respectively, is §-correct if

.> 06.-6 .
eJ 1 p

b) The classification of populations i and j in the groups %
~and s is §-correct if

.>-‘min6; =Q/’/Q/+],-¢-’S_-].-
65 > 8 6,5 o }

c) For fixed r and k], k2, e kr , i.e., the partition of the

populations into r categories is §-correct if for every i ¢ k2
and J e ko, 1<% <s<r, the classification of i and J in

the groups % and s, is §-correct.
Fabian (1962) proved that

Inf P(s-correct selection) < Inf P(CD|g)

9 | 0 ey

This result shows that the least favorable configuration for the
s-correct selection of the parameters does not necessarily lie in the

set 96 as defined by Bechhofer (1954). Also, for g e Qs both

~

P(s-correct selection|g) and P(correct selectionlg) coincide.
Fabian did not present any methods for evaluating probabilities

of &-correct selection.
1.2.7 Estimating the True Probability of Correct Selection

Sobel and Tong (1975) considered the problem of estimating the
probability of a correct selection of the "best" population among k
given populations. They assumed that the k populations have distri-
bution functions F(xlei) = F(x - 61), i=1,2, ..., k and

-I ,i'I, X_iz, IR ) _in
tistic for 0, - They also assumed that Gi’ the cumulative distribution

T. = Ti(X X;: ), i=1, 2, ..., k is an "appropriate sta-

function of Tig belongs to a location parameter family of the form
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G(t]ei) = G(t - 61)’ i=1,2, ..., k. Note that Sobel and Tong as-
sumed that the sample sizes are all the same, i.e., n; = n,
=12, ..., k

The selection procedure is to select the population with the lar-

gest (or smallest) parameter estimate, T[k]’ as the "best" population.

In this setup the probability of correct selection is given by
k-1
=P = + - . 1.2.7.1

sobel and Tong (1975) proposed

. k-1
a = 'jﬂ;]G(s + Ty - Tpyp)de(s) (1.2.7.2)

as a "natural" or intuitive estimator of &, where T[j]’ J=1,2, ...,
k are the ordered Tj-va1ues. They studied the behavior of o as a
function of the configuration of the 6k,1 = e[k] - ETi] when the sum
of the distances from the "worst" population to the "best" population
is fixed. They also studied the Timiting distribution of the estima-
~tor 4. The above results were also presented for the scale parameter
family.
1.3 The Development of Gupta's Approach--The Random Subset-size
Approach
Consider as before a setup with k univariate populations H], PP
ces Hk which are characterized by cumulative distribution functions
of the form F, = F(xlei), i=1,2, ..., k, which are known except for
the value of the scalar parameters 61, and all ej belong to a common

interval © of the real line. The objective is to select a subset of
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the k populations that would include the "best" population (i.e., the

population with the Targest 0).

Let Xij ,j=1,2, ..., n be independent random variables from
population Hi’ i=1,2, ..., k with cumulative distribution function

F. = F(Xijlei) and let T, = T.(X;95 Xjps oo X i=1,2, ... Kk

i
be *an appropriate statistic" for o, with density function g, = g(tlei)

1n)’

and cumulative distribution function G, = G(tfe;), T =1, 2, ..., k.
The inference will be based on the statistics {Ti} and their observed

values {ti}' The ranked ti will be denoted by

t[]] < t[Z] < ... < t[k]‘

The decision rule (or procedure) R is defined in terms of a sequence
of functions h;](T[k]) where the sequence of functions {hn(-)} have

the following properties:

i) For each n and x, h_(x) > x

n
ii) For each n, hn(x) is continuous and strictly increasing in x.

In this setting, the rule R is defined as follows: R: Select the
Jjth population Hj iff

-1
t5 > hol(trq)

where t. is the observed value of the jth random variable T Note

i
that under the rule R the size of the selected subset is a random
variable.

Let Csrétand for correct selection which means selection of any
subset which includes the population with the largest g, i.e.,

) = max 6:. Therefore,
(k] qgian
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1

P(CSIR) = P(T(yy 2 h ' (Tpyq))

where T(k) is the random variable associated with e[k]. Again, we
note that we do not know the correct pairing of Tj and ranked 8's.
Special cases of the function hn(x) and of the distribution

G(t]o) will be considered in the next sections.
1.3.1 Gupta's Approach for Populations Differing in Location Parameter

Gupta's work (1965) concerns multiple decision ranking and selec-
tion procedures. We have k univariate populations H], H2, cens Hk
which are characterized by the cumulative distribution function
F(xlei) = F(x - 61), i=1,2, ..., k. Gupta (1965) formulated a class
of decision rules, R, for selecting a small but non-empty subset of
populations, such that the probability is at least P* that the selected
subset contains the population with the largest value of 6. Let Xij’
for fixed i, be independent random variables with cumulative distri-

F( -08.),3=1,2, ..., nand let

bution function F(Xi'lei) Xi5 " 0;

J

T = Ti(Kips -oos X

; ), i=1,2, ..., k be "an appropriate statistic

in
of 0" with density g(tlei) = g(t - 61) and cumulative distribution
function G(tlei) = G(t - 91)’ i=1,2, ..., k. Let hn(x) = x +d,
SO h;](u) = u - d. Under these assumptions, Gupta (1965) has defined

the decision rule R as follows:
. . . -1 -
Select the jth population Hj iff tj > hn (t[k]) = t[k] -d (d >0)

Therefore,

P(CSIR) = P(CS|d) = P(T(k) > T[k] - d) (1.3.1.1)
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Gupta (1965) showed that the probability given by (1.3.1.1) can be

reduced to

k-1
P(CS|d) = EIHG(t +d + o[k - e[j])g(t)dt (1.3.1.2)

Hence, letting o = {o = (e], o5 vnns ek)':e. e0,1=1,2, ..., k}.

i

(oo}

fek"u; + d)g(t)dt (1.3.1.3)

-0

i

Inf P(CS]d)
0efl

The right-hand side of (1.3.1.3) equated to P* must be solved for d
in order to determine the rule R completely. We note that the integral
given by (1;3.].3) is the same as Bechhofer's integral given by
(1.2.1.4) for b =1 and G = ¢, where & is the cumulative distribution
function of the standard normal distribution.

Gupta illustrated his approach by considering the normal means

problem with a common unknown variance, 02. In this case,

i
Xss

=1 U

n
k(n - 1) degrees of freedom. The decision

P =Y 2 1 -
Ty= TalXKiqs oo X5p) = X; and s is the usual pooled esti

mate of 02 based on v

rule, R, is defined as:

. — - ds
. . _ s,
Select population I% iff xj 2 x[k] ¥

and

oo 0 k—]
Inf P(CS|d) = ¢ (u+ yd)d(u)g. (y)du dy (1.3.1.4)
Q | -0[-_[, v

X
where qv(y) is the density function of 7%: and & and ¢ refer to the

cumulative distribution function and the density function of the stan-

dard normal distribution.
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The right-hand side of (1.3.1.4) equated to P* must be solved for
d to determine the rule R completely.

Tables of d are given by Gupta and Sobel (1957) for selected
values of k, P* and v. Note that if o is known, the rule R can be
modified by replacing d and Sy by d' and o, respectively. The equa-

tion determining d' is then given by

e

' ./.¢k-](u + d')¢(u)du = P*

-0

and the values of d' can be obtained from Bechhofer's table (1954).
Gupta (1965) presented the relationship to determine the expected size
of the selected subset, the expected sum of the ranks of the selected

populations and he also discussed the properties of the procedure R.
1.3.2 Gupta's Approach for Populations Differing in Scale Parameters

Gupta's work (1965) in this area is concerned in selecting a small
but non-empty subset of the k populations H], H2’ e Hk with cumula-
tive distribution form Fi = F(xlei) = F(x/ei) according to the proce-
dure defined below, such that the probability is at least P* that the
selected subset contains the population with the largest scale
parameter 0.

Let Xij be independent random variables for i =1, 2, ..., k and

J=1,2, ..., nand let Ti = Ti(xi1’ cees Xin) be "an appropriate

i

statistic of 6" with density g(tlei)

tribution function G(t]ei) = G(é;?, i=1,2, ..., k. Let hn(X) = dx,
i .

(&—)g(é}) and cumulative dis-
i i

u = cu, where ¢ = < 1.

Q|
of—

where d > 1, so h;](u) =
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Gupta (1965) defined the procedure R for this probiem as:
Select the population yy  iff ty h;](t[k]) = Ctryg
Therefore,
P(CS[R) = P(CS[c) = P(T(py 2 cTpyp) (1.3.2.7)

and this probability (1.3.2.1) can be reduced to

0
P(CS|c) = Treﬂ LKL yyg(y)ay (1.3.2.2)
%3]
and hence,-
Inf P(cs]c) - ngk'](%)g(y)dy | (1.3.2.3)

The equation

(2]

Jer'](%)g(y)dy = P
0

determines ¢ and the rule R completely. Gupta (1965} illustrated this
procedure by considering the problem of the scale parameter of the
gamma distributions. Let H], Mos «-vs T be k given gamma populations

with density functions

r-1 |
1 X - X -
m‘)‘é;—(a;) EXP( 91) x > 0, 6].>0,'l 1, 2,...,k

where the common shape parameter r is assumed to be known. Let
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The decision rule R is defined as

Select I iff X3 2 CXry

and the constant c is chosen to be the smallest number which satisfies
P(CS|R) > P* for all § = (61, Bys «ves ek)' e Q. Tables of values of
¢ for several values of n, r, k and P* are given by Gupta (1963).

Properties of the procedure R as well as the expected subset size
and the expected sum of ranks of the selected populations are dis-

cussed and presented by Gupta (1965).
1.3.3 On the Properties of Subset Selection Procedures

Deely and Gupta (1968) made comparisons of selection and ranking
procedures investigated by Seal (1955) and by Gupta (1956, 1965) for
the means of k normal populations. A selection procedure denoted by R
for this problem along with some of its properties has been discussed
by Gupta (1956, 1965). This procedure is a member of the class C of
_ pfocedures studied by Seal (1955). The class C is defined as the set
of rules D = D, = D(c], Cos vvvs Ck-]) with D (a decision rule) given

as follows:
Select population Ip;y  iff 3?[1.]'2 Ry * e
X X M 2
F O[T Y CGXpia] T S X T HPRC)
where X[1] S X[2] S 0 S X[ denote the ordered sample means,

g = (C-Is Cza ceey Ck)l’ Cj e R+, for a(.l-l j, j#i, X C'i = 'I, and
J=1
t(P*,c) is chosen so as to satisfy J#i
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Inf P(CS]DC) = p* (1.3.3.1)
Q

§= {]J: ]:’l' = (Ll-l’ les ceed ]Jk)}

~

The rule R defined by Gupta (1965) is a member of the class C, with

c'=(0,0, ..., 0, 1), i.e.,

Select population I, iff 7[1] > itk] - dj%

where d = d(k, P¥) = t(P%, ¢'). Let {851 3 =1,2, ..., 2K_11 be the
set of all subsets of the k populations (the empty set is excluded)

and let

o S4f I with u is in S.
(550 1) { (k) "Tth bpg j
~ 1 otherwise

be the Toss function for each Sj. Then the risk of any DC e Cis
Risk = r(DC, E) =1 - P(CSIDC);
hence,

sup r(D, u) =1 - P* ' " (1.3.3.2)
Q ~ R

‘Therefore, the basic probability requirement given by (].3;3.1) is
equivalent to requiring (1.3.3.2) above.

Seal (1955) defined a particular rule D ¢ C by taking
¢ = (E473 cees E:T)'. This rule is

. . — - * 'y O
Select population I, iff Xs 2 Y5 T(P*, gs) 7=

k
where Y. = E%T‘-Z x; and  t(P*, ¢!) is defined as before.
#
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Deely and Gupta (1968) showed that a good justification for using
the decision procedure R (Gupta, 1965) is that P(CS|R) > P* and its
E[S|R] is smallest émong rules in C'é:‘C, where »
C'={c':tc"=(0,0, ..., Cs> 0, ..., 0), ¢y = 1 for some
j=1,2, ..., k - 1} and provided that u e Q(s) = {E: Hpgy T ow + 8,
(6 > 0) and Hpgp S W i=1,2, ..., k= 1} with § sufficiently large.
Here E[S|R] denotes the expected subset size given rule R. They also
proved that the rule R (Gupta, 1965) yields a smaller subset size on
the average than the rule D (Seal, 1955) for all mean vectors
pe Q= {ue Q: y = (us Ys -v-s Us u *+ &)} except when 6 is near zero.

Delly and Gupta (1968) have also considered the subset selection

problem from a Bayesian approach. For a large class of linear loss

functions the Bayes procedure is shown to select only one population.
1.3.4 On Some Contributions to Multiple Decision Theory

‘Gupta and Nagel (1971) discussed the subset selection problem in
a general decision theoric framework. Let the pobu]ation Hi be de-
scribed by the probability space (X, B, Pi) where Pi belongs to some
family P of distributions, i =1, 2, ..., k. It is assumed that there
is a partial order relation (>) defined in P , Pi > Pj is equivalent to
saying Pi is better than or equal to Pj. It is also assumed that
there exiéts a population Hj such that m, > I for all i#j. The popu~-

J
lation Hj is referred to as the "best" population. Let
D ={d|d {1, 2, ..., k}} be the decision space, where a decision d
corresponds td'the selection of a subset of k populations and it can

be assumed that the selection of a subset d results in a loss.
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Gupta and Nagel (1971) have defined a loss function and a risk
function for the above problem for a rule §, where § is a measurable
function defined on XK x D such that for each x = (x], Xos +oes xk)',

XxeX,i=1,2 oo ks 6(x, d) >0and 2 &(x,d) =1. The subset
dep

selection problems considered earlier are concerned with selection

rules & such that

Inf P (CS|s) > P*
Q v -

where Q = {w: w = (P], P2, e Pk), Pi e P}. In the above setup a
subset selection rule R is defined as a measurable mapping from xk
into Ek (the k-dimensional Euclidean space), i.e., R: x » (p](é),
J 8(x, d)and 0 < p;(x) <1,

. ~ - s -
d-i
i=1,2, ..., k. Here, pi(ﬁ) js the individual selection probability

pz(%)s cees pk(ﬁ)) where pi(é)

for the population ;- Note that if the pi's are 0 or 1, the rule R
is nonrandomized and § can be defined, in this case, by the sets
As = 0xe xKpy(x) = 11, 1 =1, 2, ..., ko So, A is the set of
observations for which I; is selected.

Gupta and Nagel (1971) have defined several criteria for the rule
R as well as a criterion or concept of a "just" sé]ection rule defined
by its individual selection probabilities pi(g), i=1,2, ..., k.

The rule R is said to be just iff

Xj <¥; = py{y) 2 py(x)

. vs g i(j=1,2, ..., 1 -1,1i+1, ...,
xJ > yJ JEFi(G=1,2 i-1,1+1 k)

Gupta and Nagel (1971) stated a lemma which can be applied to

construct just subset selection rules with a constant probability of a

-x
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correct selection in Q, = weqQ:w= (P, P, ..., P)s P eP}. They
also presented some selection rules for discrete distributions and
some rules with P(CS|R) in 2 derived from the likelihood ratio cri-
terion for the Koopman-Darmois families of distributions.
1.3.5 A Restricted Subset Selection Approach to Ranking and Selection
Problems

Santner (1975) studied rules which select a random number of popu-
Jations between one and m where the upper bound, m, is imposed by the
experimenter. Santner's goal is to study single-sample procedures
which‘give more flexibility to the experimenter than does either the
fixed subset size rule or the subset selection procedure. Santner
named theée procedures as "restricted subset selection procedures”.
He assumes that there exists a sequence of Borel measurable functions

so that

(n) _ o
Ti Ti(X11, s Xin) -5> 6; as n —>

Here n denotes the common sample size from each population s
i=1,2, ..., k. Also, for each n, it is assumed that
{Gn(tle): ® e O} is a stochastically increasing family. Santner

defines:

i) (p) = {6 ¢ Qle[k_1] < p(e[k])} as the "preference zone"
and its complement the "indifference zone".

ii) @°(p) = {0 ¢ Q|6[]] = O] T p(e[k])} as the subset of

Q which contains the so-called "least favorable cbnfiguré
ations" in Q(p). Here p is a real-valued function defined
o? ? such that p is continuous and nondecreasing on 0,

p(6) <6 for all e € 0 and p: ©' ———7?-9, where

o' = {6 ¢ o|p(e) e O} ont
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The procedure R is defined, for each n, as follows:

Select I, «> Tgn) 2 max{TEE2m+1], h;](TEE%)}

Under the procedure and assumptions defined above Santner proved that:

Inf P(CS R) = Inf P(CS|R) = Inf 8,
iy (IR = J0E PUESIRY = Inf u(e, n)

where

| - G, (t]p(0))
n"n

y ,
. - 1] a-1 b-1 . .
where I(y; a, b) = g(a, b u® (1 - u)""'du and if y(0, n) is mono-
| 0

tone in 6 (increasing, say) and if there exists a smallest eo e 0
then the k-dimensional infimum is completely eva]uated as

Inf P(CS[R) = v(8,, n)
Q(p)

A lemma presented by Gupta and Panchapakesan (1972) gives con-
ditions for such monotone behavior. Santner (1975) also studied the
properties of the procedure R and the expected number of seTected‘popu-
lations using the procedure R. '

Applications of the procedure R are shown for univariate and mul-
tivariate normal pobu]ations and for the normal means problem. Tables
of the required sample sizes, expected number of selected populations,
and comparisons with the fixed subset size procedure of Desu and Sobe]

(1968) are given by Gupta and Santner (1973).
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1.3.6 Selection Procedures for the b Best Populations

Carroll, Gupta and Huang (1975) have considered problems of se-
lection and ranking in which the goal is to select a subset of k popu-
lations of size at least b which includes the b "best" populations.

The defined procedure can be viewed as a generalization of Gupta's pro-
cedure (1965).

Carroll, Gupta and Huang first considered the case in which the
statistics Ti of ei, i=1, 2, ..., k have distributions of the form
G(t - q), i=1,2, ..., k. A correct decision (or correct selection)
is defined to be the selection of a subset of size at least b which in-
cludes the b populations giving rise to e[k-b+]]’ cees étk]' The pro-

cedure R, for this problem, is defined as:

For given P*, k and b the problem is to find d for which &)(CDIR) > p*
where 6 € Q, and  is the parameter space. Carroll, Gupta and Huang

(1975) proved that for the rule R defined above

Inf Py (CDIR) > bka'b(t rd) - a(t)1P Yde(t) - (1.3.6.1)

-0

Note that for b = 1 the right hand side of (1.3.6.1) reduces to
(1.3.1.3) given by Gupta (1965).

They also proved that it is possible to derive the least favor-
able configuration, for R, under the assumption that e[k-b+1] = ... =

e[k], j.e., the rule R attains its least favorable configuration over
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O = {9 e Q: e[k-b+1] = ,,. = e[k]} in the slippage configuration

%77 = kel T O[kebl] 6= ... =0 - 8 with § = 0.

Carroll, Gupta and Huang (1975) also considered the problem of
selecting the b smallest scale parameters. The "natural" rule R] is

defined as:
Select Hi iff Ti < d*T[b] (d* > 1)

and in this case

[o0)

S yak=b.b-1
Igf P(CDIR1) > bJr - G(a;)] G- (s)dG(s)

0
Tables are given for implementing these procedures for the normal
means and normal variances problem, and the table for the normal
variance problem is useful in evaluating the probability of a correct -
selection using Bechhofer's approach (1954).

Carroll, Gupta and Huang (1975)Aalso proved that if Q*(8) is the
subset of 9% for which ETk-b+]] - e[k—b] > &, the rule R (for the To-
cation parameter case) attains its infimum over 9*(d8) at the configur-
AL Br1q = woe = 0L 11 T Oebil] - 8= ... = fp - 6 Asinilar
result follows for the rule R] (scale parameter probiem) at the con-
figuration 11 = o] ° 66[b+]] = ... = Ge[k] (0 <6 <1). Expres-
sions for the P(CD|R) and P(CD]R1) under those configurations are
derived.

Results of a Monte-Carlo study with different values of P* and

for the normal means problem are presented.
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1.4 Se]ectibn and Ranking Procedures for Multivariate Normal

Populations

This section is concerned with subset selection procedures
(Gupta's approach, 1965) for multivariate normal populations using
various criteria for ranking and selection such as the generalized
variance, the Mahalanobis distance function and the multiple correla-
tion coefficient. The statistics employed in the procedures of se-
lection and ranking for multivariate normal populations are scalar-
valued and have univariate distributions. In the general context
there are k multivariate normal populations with distribution function
Np(Ei’ gi), i=1,2, ..., k. The selection is based on a well-
defined scalar function A, = A(y;» Z;)> =1, 2, ..., k. Each y,
and/or r. may be unknown; the functional form of A, is known. The or-
dered A are denoted by A[l] < A[Z] < ..l < A[k]' For a specified
probability P* (%-< Px < 1), a selection procedure R is defined such
that P(CS|R) > P*. The objective is to define a selection rule such
that

Inf P(CS|R) = P*
Q

where CS stands for a correct selection, i.e., the selection of any
subset containing the population associated with A[k] (or A[]]), and
Q@ is the parameter space.

The following subsections contain a summary of selection and
ranking procedures for Multivariate Normal Populations, based upon a

summary by Gupta (1974).
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1.4.1 Selection in Terms of Distance Function

Gupta (1966) considered the problem of selection of a subset of k

multivariate normal populations. The selection is based on the scalar

. I
function Ai “1§1

~

His the Mahalanobis distance function where . and

L are the mean vector and covariance matrix of population I

i=1,2, ..., k. The problem is to select a subset of the k popula-
tion which would contain the population located farthest away from the

origin, i.e., the population associated with A[k]' Let's assume that

X i=1,2, ...,k;

z; =z for all i and % is known. Let Yij = %55 %550

J=1,2, ..., nwhere 51j is the vector with p-components of observa-
tions on the ith population.

Gupta (1966) proposed the rule R for selecting a subset contain-

ing A[k] as:
Select I, iff y. > c max {y;}
- Tsick
where
n
Vs =';§]yij and

J
0 <c=c(k, n, p, P¥) <1 is determined to satisfy the required
probability P*,
Gupta (1966) showed that

[ee]

Inf P(CS|R) = inffF';T](E)dF (t) (1.4.1.1)
o . A'>0 ctA \ :
- O '

where FA.(t) is the cumulative distribution function of a non-central

XZ with np degrees of freedom and nonéenfra]ity parameter A'.
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Gupta (1966) showed that the integral given by (1.4.1.1) is mono-
tonically increasing in \' so that infimum takes place when 2' = 0.
Hence the problem reduces to selecting the gamma population with the
largest scale parameter (Gupta; 1963, ]965). Gupta and Studden (1970)
considered the same selection problem, in the case where L; are not
necessarily equal but known. In this case the procedure R is modified
by using Yij * 5;j§;]§1j, i=1,2, ...skand j=1,2, ..., n, in
place of the yij given above.

Gupta and Studden (1970) also studied the case where Qi are dif-

ferent but all unknown. They defined the procedure R], in this case,

as:
Select M, iff  cz; > max{z;, z,, ..., z, 1, ¢ > 1
where z. = x.ST'x with S, = — % (X:0 = X:)(Xss = X:)' d.e
i 7 %524 T 5By T Gy T X0 e

S; is the sample covariance matrix and Xx; 1s the sample mean vector of
the ith population.

Gupta and Studden (1970) obtained a sufficient condition for the
monotone behavior of the integral with respect to A yielding to the
infimum of the probability of a correct selection given R]. This con-
dition can be viewed as a special case of a more general condition ob-
tained bybGupta and Panchapakesan (1972).

Problems of selecting the population nearest to the origin were

also considered by Gupta (1966) and Studden and Gupta (1970).
1.4.2 Selection in Terms of Generalized Variance

Gnanadesikan and Gupta (1970) discussed some ranking and selection

procedures for multivariate normal populations in terms of the
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generalized variance as the measure of dispersion, so the selection is
based on the scalar function A, _ ]gil, where 5. is the variance co-
variance matrix of population Hi’ i=1,2, ..., k. A procedure is
defined to select a subset of the populations which would contain the
population with the smallest genera]ized.variance, i.e., A[]], with a
certain specified probability, P*.

Gnanadesikan and Gupta (1970) defined the procedure R for the

above problem as:

. 1
Select m, iff S5 1 < ZIS|

min
where §1 is the sample covariance matrix of population IL; 5
i=1,2, ..o ks lglmin = min{|§]}, cees |§k}} and ¢ (0 <c<1)is

the largest value which will satisfy the probability requirement

Inf P(CS[R) > P*
2
They showed that
= 1 -
Igf P(CS|R) = P(Y] < ch’ j=2, , k)

where Y], cees Yk are independent, identically distributed random
variables, each being the product of p independent factors, the rth
factor being distributed as a central X2 with (n - r) degrees of free-
dom. The exact distribution of Yi is unknown except when p = 2. When
p > 2, one can use Hoel's approximation for the distribution of Yi or
use the normal approximation for X2. Gnanadesikan and Gupta (1970)
made several studies of these approximations. They also studied the
performance of the procedure R in terms of risk functions using three

different loss functions. The loss functions were defined as:
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L) = ——L"', -1
ST 1B

Rank of pop. 1.

i) Ly(

i) LZ(Z.) » where the ranks increase with

! [k(k+1)1/2
the generalized variance, and

iii) L3(§i) = %wrwhere S is the random number of populations
“included in the subset.

Comparisons among the three loss functions showed L3rto be the more
appropriate as the criterion of performance of R. They also showed
that the procedure R possesses the property of monotonicity, in that
the probabiiity of selection of a population increases as its popula-

tion generalized variance decreases.
1.4.3 Selection in Terms of Multiple Correlation Coefficient

Gupta and Panchapakesan (1969) studied the selection problem for
the largest and smallest multiple correlation coefficient in k
p-variate normal populations. Let p; = 1.2,....p be the multiple
correlation coefficient between the first variable and the other ones

in the population Hi’ i=1,2, ..., k defined as:

1 - p? = l§1,
TooimnlEianl

where Oi1 is the leading element of §1 and §i(1]) is the matrix ob-
tained from gi deleting the first row and the first column. This Pis
by definitfon, is the maximum of the correlation between Xi] and a lin-
ear combination of X12’ e X1.p over all possible Tinear combinations,
where X% = (Xi1’ cens Xip)’ i=1,2, ..., k, has a p-multivariate nor-

mal distribution N(Ei’ Zi) with U and L unknown and i =1, 2, ..., k.
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Let Ri = R§1% b be the multiple correlation coefficient obtained

from the sample ij, i=1,2, ..., n.
Gupta and Panchapakesan (1969) studied the problem of se]eCting

a subset containing the population associated with p[k] (or p[]]) in

two cases:
i) the conditional case; i.e., XiZ’ cees X1.p are fixed,
ii) the unconditional case; i.e., XiZ’ cees Xip are random.

They defined the rule R for the selection of Prk] (for both cases) as:

Select I, iff R.2 > c max(Ry2s ..., R.2)
i i - 1 k
2
xR
where Ri = 5 and 0 < ¢ <1 is determined to satisfy the proba-
1 - R;
i

bility requirement Igf P(CS|R) > P*. Gupta and Panchapakesan (1969)

showed that in either case(conditional or unconditional)

] k-1t
Inf P(CS|R) —.£.F2q’2m(c)dF2q,2m(t)

where F is the cumulative distribution function of a central F distri-
bution with 29 = 1 - p and 2m = n - p degrees of freedom. Tab]es to
find the value of c are given by Gupta and Panchapakesan (1969).
For the problem of selecting the population with the smallest
p, Gupta and Panchapakesan (1969) defined the procedure R' as:
Select I, 1ff  dR¥ < min RY
123k

where 0 < d < 1 is determined to satisfy the equation

Inf P(CS|R') = P*
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They proved that for both cases

Inf P(CS]R'.) =f[1 - F2q,2m(td)]k_]dF2q,2m(t)
0
(

. _ 1 ‘ .
and since 1 = F2q,2m td) = F2m,2q(td)’ the constants d can be obtained

from constants c by interchanging g and m.

1.5 Related Problems

In this section we describe other types of sample designs rather
than the single sample plan. We discuss the two-stage or multi-stage
plan where at any stage a fixed size sample is drawn from each popu-
lation still included, but populations may be dropped out between
stages; a sequential plan in which all populations are sampled until
the decision to stop and make a choice, and a sequential plan in which
at each stage one observation is drawn from each population still
included, but dropping-out of populations is allowed. We also de-
scribe other types of approaches for problems of ranking and selection
of popu]ations. We discuss the decision theory approach, which in-
cludes the minimax approach and the Bayesian approach. Procedures
based on ranks are also briefly described.

The summaries in the following subsections are based upon the
comprehensive review paper by Wetherill and Ofosu (1974), which con-
tains an extensive comparison of formulations of different approaches

to problems of selection and ranking of populations.

1.5.1 Multiple Stage Procedures

Bechhofer, Dunnett and Sobel (1954) gave a two-stage procedure

to select the "best" of k normal populations with a common unknown
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variance 02. Their procedure consists of first finding an unbiased
estimate, sg, of the éommon 02 based on N0 observations from each
population. A further sample of size (N - NO) is then taken from

each population, where
- 2 2
N = max{No, [Zso(h/é*) 1}

where [t] denotes the smallest integer greater than or equal to t.

The constant h is a positive constant chosen to satisfy the "indif-
ference zone" requirement (Bechhofer, 1954); i.e., the (&*, P*) re-
quirement. The population yielding the largest sample mean is then

selected. Tables of the h values are given by Dunnett (1955).

1.5.2 Sequential Plans

Bechhofer, Kiefer and Sobel (1968) considered a sequential plan
in which all populations are sampled until the decision to stop and
take a choice is made. They studied the ranking procedures with
special reference to Koopman-Darmois families of distributions. Two

i

types of goals were studied:
Goal I: selection of the b best populations, without regard to
order, and
Goal II: selection of the b best populations, with regard to
order.
This sequential plan is developed under the indifference zone approach
(Bechhofer's plan, 1954).
Paulson (1964) gave a sequential procedure for selecting the

2

"best" of k normal populations with a common known variance ¢“. The

procedure is as follows: After each stage of sampling, take one



42

observation from every population still included. At the rth stage,

eliminate any population I, for which

r r
LKoo <max( ) X: ] - a

) + rd
s=] J s=1 Js A

where j runs over all the populations still included at the (r - 1)th
stage and X].S denotes the observation from I in stage s. If only one
population is left, the procedure terminates; otherwise we continue
sampling. Paulson showed that in order to satisfy the indifference
zone approach requirement; i.e., the (s*,P*) requirement aA must be

chosen as
O [/ (% - \)T10g[(k-1)/(1-P*)]

Note that any )\, such that 0 < ) < &6* will satisfy the requirement.
Paulson suggested choosing )\ = %; . Hoel and Mazundar (1968) con-
sidered an extension of Paulson's procedure to the selection of the
"best" of k Koopman-Darmois populations.

Robbins, Sobel and Starr (1968) have proposed a sequential plan
for the selection of the "best" of k normal populations with a com-
mon unknown variance 02. The procedure is as follows: At the rth
stage a single observation is taken from each of the k populations and
a "new" éstimate zr, of the common varidnce 02, is computed. The stop-

ping variable, N, is defined as the smallest odd integer m > 5 such

that

where h is obtained as a solution of
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[ee}

f®k'](y + h)¢(y)dy = P*

whére é and ¢'are the cumulative distribution function and density
function of the standard normal distribution. The population yielding
the largest overall sample mean at the end of the trial is selected.
One criticism of the above procedure is that for fixed P* it will be
difficult to specify 6* so that the procedure guarantees the (8%, P*)
requiremeht since this (8*, P*) requirement is only satisfied as

§* > 0 and n »> o,

Bechhofer (1958) presented a sequential plan to the selection of
"hest" of k normal populations having a common unknown variance 02.
The plan involves sampling all the populations until a decision 1is
made. The plan has the undesirable property that the expected number
of stages to terminate experimentation increases as the configuration
of the means become more favorable, the procedure has not been proved
to guarantee the probability requirement. Bechhofer (1970) discussed
the undesirable features of this sequential multiple-decision proce-
dure.

Guttman (1963) studied a sequential plan using the random subset
size approach (Gupta, 1965). Each stage of this sequentia] plan re-
quires the use of a selection procedure of the type described by
Gupta (1965) (see section 1.3.1), with varying values of P* at each
stage. One criticism of Guttman's plan is that observations taken in
previous stages are not used in subsequent stages. The procedure thus

seems to be inefficient.
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1.5.3 The Minimax Approach

In this approach a value is given to the cost of observations,
and to the costs of choosing various populations. A loss function
L(g, s) 1s'défined which is a function of the true configuration of
the 6's, the population parameters. The minimax rule proposed by
Wald (1950) is as follows: Find the maximum of L(6,s) with respect
to § and choose the plan, s, which minimizes this maximum

min max L(9, s)
S ¢

~

i.e., one minimizes the worst possible loss. As an example Dunnett
(1960) considered k normal populations with common variance equal to
1. The problem is to select the population with the Targest mean,
let the loss of choosing populations Hi be c(u[k] - “[i])’ where

“[k] = max - W, and ¢ a positive constant. The total expected loss,
1<i<k '

assuming that the cost of an observation is defined as the unit of
cost, is
k
L(n, u) = kn + C.Z]91p1
'I:

N ] ;i
where gy = wuryq - u and p = Fk-];%{(gj - 9:) b

J=1,2, ..., ks j # 1 is the probability of selecting population
I, and Fk_]_l(-) denotes the cumulative distribution function of the
32

-~ (k-1) multivariate normal distribution with zero means, unit variances

and correlation coefficients L.

Dunnett (1960) proved that the value n (the common sample size

from each population) obtained using the minimax approach; i.e.,
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min max L(n, p) is given by n = { 5
n ¥ N k

where M =max y{l - F, ;.1(y> ¥s ..., ¥)}. The values of M have
) k-1 y k-15% k-1
been tabulated by Dunnett (1960). The procedure is then to take a
sample of size n from each population and to select the population

with the largest sample mean.

1.5.4 The Bayesian Approach

None of the formulations summarized above uses prior knowledge
of the configuration of the population parameters. If the prior dis-
tributions of the pbpu]ations parameters are known, then by taking
expectations of the Toss function as given in section 1.5.3, ovef
these prior distributions, one can obtain~a risk function which de-
pends only the stopping rule and the sample sizes. A unique scheme
can be chosen to minimize this risk.

Consider the Bayesian approach to the selection of the "best"
population among k normal populations N(pi; 1) where the prior distri-
butions of the Wy are independent N(ei’ 05) with cg and 0 given. If
a sample of size n; is taken from Hi then it is known that the pos-

terior distribution of y. is N(xi; o?) where

2 2
_ Skt & 2 . __ %
A s>z and oy = 7
2
(1 + nico) 1+ o,

where X} denotes the sample mean from I; . Let the cost of an obser-
vation be the unit of costs, and let the uti]ity of choosing popuTa-
tion I; be Cu; where ¢ is a positive constant. Hence, the expected

utility function is
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k k
- In, +CZU1|D1
1=1 =]

where Ps is the probability of choosing population Hi’ Note that if
the problem is formulated in terms of losses where the Toss of se-

lecting population Hi is C(“[k] - “i) then the expected loss is

L = CU[k] - U
Thus, minimizing L with respect to the n. is equivalent to maximizing
U with respect to the n;- To find the Bayes solution, one needs to
determine the expected value of U with respect to the prior distri-
bution of the b - From Dunnett (1960) the required expected value is
given by

K
U*(n], Nys oo X ; F CE( max 2)
i=] ]<1fk

and the optimum values of n; can be obtained by evaluating U* over a
grid of (n1; nj), (i, 3=1,2, ..., ks i # J) values and choosing
those values of the n; which maximize U*. In the case of equal sam-
ple size n chosen from each population, the value of n which maxi-
mizes U*(n) is given by an equation which is equivalent to equation
(22) of Dunnett (1960). This single sample plan progedure is then to
take n; observations from population Hi’ i=1, 2, ;.., k and the
population associated with the highest posterior mean is selected.
Wetherill (1961) has studied Bayesian sequential plans for prob-
Tems of the selection of the "best" population. Under the assumptions
given before, i.e., the observations have distributions N(uj, 1) with

prior N(ei’ og) for His i=1,2, ..., k. The posterior variance
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o? is a monotonic function of Nis SO that the sequential solution is
described in the space {A], AZ’ oo Ak’ n], Nos e nk}; i.e., a
space of 2k dimensions. The optimum solution is a division of this
space into
i) k decision regions, one in which each population is chosen
as "best". '
ii) k continuation regions, one in which the next observation
is chosen from population I i=1,2, ..., k.

1.5.5 Procedures Based on Ranks

Sobel (1967) considered the problem of selecting those b of the
k populations which have the largest a-quantiles. He developed non-
parametric procedures based on n independent observations from each of
the k populations. Desu and Sobel (1971) considered the problem of
selecting a subset of specified size s, where b < s < k-1 which
includes those b populations of the given set which have largest
a-quantiles. - For s = b this goal reduces to Sobel's goal (1967).
Rizvi andVSobe1 (1967) also considered the problem for selecting a
subset containing tﬁe population with the Targest a-quantile. Puri
and Puri (1968, 1969) have studied selection procedures based on ranks
for the scale parameter case and for certain problems in analysis of
variance. Gupta and McDonald (1970) considered three classes of non-
randomized distribution free ranking and selection procedures under
the subset selection approach. Thé problem is to se]éct a subset of
k populations which contains the "best" population with probability
at lTeast P*. The'procedures presented depend on the individual ob-

servations of a given population only through their ranks in the



combined sample. Rizvi and Woodworth (1970) have given counter-
examples to show that for the selection procedures based on ranks,
the (6*, P*) requirement is not satisfied asymptotically; i.e., when

§* tends to zero.
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CHAPTER TI
CONDITIONAL RISK PROCEDURES (CRP)

The purpose of this chapter is to introduce the Perturbation/
Conditional Risk Inference to multiple comparison prob]ems. The
perturbation/conditional risk technique will be used to construct an
index of reliability of a decision rule for problems of ranking and
selection bf populations.

Another purpose of this chapter is to estab]ish notation and
terms which will be used in subsequent chapters in which the technique
is applied to derive indices of reljability for selection and ranking

problems applied to univariate and multivariate linear models.

2.1 Perturbation/Conditional Risk Approach: Introduction

In this section we illustrate, with a simple example, the tech-
nique for constructing an index of reliability to selection and rank-
ing problems of populations.

Consider the fo]Towing decjsion problem formulated in standard
decision theory notation.

Let s Tys H3 be three univariate normal populations with means
My U and Hgs respectively, and common unitary variance. Let {Xij}’
J = 1, 2y vens n; be independent random variables from populations I

i=1, 2, 3. Therefore, we can write
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X [/ 11 1n1
né] R AN 1n2 > Iy
X3 . H3 ln3
where
3"
. 1Z1n‘
Ay T (Xi]’ Xips wees Xini)l’ i=1, 2, 3.
R
Let T = (T4, Ty, T3)', where T, = T.(X) = .Z]xij/"i = 7}

J:
—_— —_ —_— ]

rahked p-values and let T[1] < T[2] < T[3] be the ranked T-statistics

;=T =0, 040

Consider the problem of a complete ranking of the means of the

(the sample means in this case). We note that P(T

three normal populations; i.e., a complete ranking of the three nor-

mal populations.

For this problem consider the following decision rule, d(T):

Order the populations in the same order as the ordered T-
statistic values. '

For the decision rule defined above we can consider the loss

function:

0 if the sample ordering is correct

1 otherwise

The sample ordering is correct iff



Ty < T2) < T(3)

where T(i) is the sample mean associated with “[i]’ i
Here Y (U]a Uzs U3)'-

Hence, the risk function is given by

RGu) = 1= PIT(q) < T(z) < T(z)]
1 - P[T(3) - T(Z) > 0, T(2) - T(]) > 0]
1 - P[Y, >0, ¥ > 0]

where

8,1 = ELYy ] =uppy ~ v 83,2 = ELYRD = wpgg

and
0 PO I
v=|1 "M@ " "(2)
) o1 .
"(2) "(3) "(2)

=1, 2, 3.

- M2l
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Here n(i) denotes the sample size from the population with mean M7

i=1, 2, 3. For the special case n(1) = n(z) = n(3) =
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=z
n

Sl— S

S S|—

and, in this case

(o] ]
0 1 -=
R =1 - jﬁ dN [ > 2]] 2.1.1
<E) vh -[/n 2 0 [-]2 1 ( )

2,072 "%3,273

The integral that appears in the expression (2.1.1) has been tabu]éted
(see, for example, the following reference: National Bureau of
Standards (1959). "Tables of the Bivariate Normal Distribution
Function and Re]ated Functions"; Applied Mathematics Series, 50.)

We ndte that R(E) = 1 - P(correct decision) where P(correct
decision) is defined at equation (1.2.1.3) in Chapter I. We also
note that the risk dependé upon the unknown parameters, His through

the secondary parameters, the 61,j = “[i] - “[j]’ i>J.
2.1.1 The Vector of Perturbations

In practice if one were using the decision rule for the problem
presented inbthe previous section, one would want some measure of re-
1iability of the decision as, for example, an estimate of the risk
. function; i.e., an estimate of the probability of making the wrong
decision.

The X vector of the previous section can be written as

X] Hq o,
X3 H3 lh
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n; . One can ask: How different
|

1} D300

where [ v Nn(Q, ln) and n = :

would the data have had to have been to change the conclusion (i.e.,
the decision which was discussed in the previous section)?

Oné can quantify this question by first adding (conceptually) a
vector of random "perturbations" to the data and then asking the ques-
tion in terms of the probability that the conclusion based upon the
perturbed daté would be different. Let P be an nx1 vector of random
perturbations independent of and with the same distribution as the

original "errors" E:

PN (0, 1)

Now by adding P to the data, X, we obtain a new random vector

¥ : Yy 1
W= ful=x+p={u 1|+E+D
W,3 . Ha 1
where wi = (wi], Wins , wini) , 1=1,2, 3, and
U]‘l
W N v 1.2,
U3 1

(Wlx=x) or  (WX)=x+P  and
X
WX)= x + PN fxy)s I
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n -
let §, = J '—,i=1,2, 3 The unconditional and conditional

distributions of W} are:

. ) .
Wi Y N(Uia ﬁ;), 1 = ], 2, 3.

TOIX = AL
(Wilx - %) v N(X-, n )s 1 ]9 29 3

and the W} are independent. Let W = (Wj, Wé, Wé)'. We can apply the
same decision rule to the RH as to the Tss ie., d(W): '
Order the populations in the same order as the ordered sample
mean values, wi’ i=1, 2, 3.
Now the question stated at the beginning of the section can be

formulated rigorously. Suppose for the sake of illustration, we have

observed X} < Yé < Xé. One could ask:

Q: How different would the data (X], 52 and §3) have had

to have been to have changed the conclusion? Or,
rigorously, what is the probability measure of the set
of perturbations of

which would have changed the conclusion; i.e., what is
Pr(P: We C[X)
where

C={W: W, < W, < W3 does not hold}

Now, under the assumptions of normality and equal sample sizes:
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2.1.2 Conditional Risk

We continue to use the notation of the previous section. For
‘the decision rule d(W) defined previously, consider the loss function

(conditional on the values of X], X2 and X3). _ ‘

L(d(ﬁ), X) s defined as follows:

0 - {é iF Wiy < Wipy < Wiy
- 1  otherwise

Here the Wki) denote the populations associated with the "conditional

parameter”'i[ij (or t[i])’ i=1, 2, 3.

The conditional risk is defined as the risk for the conditional

distribution of W|X; i.e.,

R(X) = E[L(d(W), X)]

b PGy <Hig) < Wig1¥)

which, under the assumptions of normality and n(]) = n(z) = n(3) =n,

is equal to .
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. ]
oy /1 -1
2
1 - dN 2.1.2.1
f/ﬁ -[/ﬁ 2[ (0), -y ] ( )

where

o0 = X[21 - *p1p and d3 5 = Xpgy - X[

Note the similarity of the conditional risk as defined above and the
Pr(P: We C|X) which arose in Q of the previous section. Also, note
that the integral that appears in expression 2.1.2.1 does not in-
volve any unknown parametérs and can be evaluated using tables cited
previously.

The conditional risk as defined above has the same functional
form as the risk function (equation 2.1.1) but with iti] replacing e
In fact, the conditional risk can be interpreted as the risk of an
incorrect decision based on the conditional distribution of W|X; for
this reason Ash and Helms (1973) have referred to this approach as a
"Conditional Risk" procedure.

If one could not evaluate the "conditional risk" directly (as
occurs in some situations more complicated than in this illustration),
the conditional risk could be evaluated by a simulation experiment in
which the observed data (the X) are "perturbed" by errors (the E) and
one would estimate the proportion of "different" conclusions from the
simutation.

If the observed parameter estimates (the ik in this case) are
close to the parameter values, then the conditional risk will approxi-
mate the unconditional risk. Thus, one might consider the conditional

risk to be an estimator for the unconditional risk.. However, the
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primary motivation for using the conditional risk is that it is an
answer to the question, "How different would the data have had to have
been to have produced a different conclusion?"

As Ash and Helms (1973) note, the conditional risk can be inter-
preted as follows: If the conditional risk is "large", one cannot
place much confidence in the conclusion, for a small change in the
original data would have led to a differént conclusion. If the con-
ditional risk is "small", the data would have had to have beeﬁ sub-
sténtia]]y different to have produced a different conclusion. This
could occur for either of two reasons (or a combination): (a) the
observed conclusion- (decision) is correct; or (b) an "unusual” or
"improbable" vector of errors has been realized.

In case (a) one has drawn the correct conclusion and the

small probability (of the set of perturbations which would

change the conclusion) correctly indicates considerable

confidence in the conclusion. Case (b), by definition,

occurs only rarely; in stochastic situations one must accept

the fact that there is always a non-zero probability of
reaching a wrong conclusion. (Ash and Helms, 1973)

2.1.3 Numerical Example

In this section we present a numerical example in order to
illustrate the use of the conditional risk.
Suppose we observed i& = 10.0, §é = 9.5 and ié = 11.5 (so,

= .5’_ = . v L= . s .
x[]] 9 X[Z] 10.0 and x[3] 11 5) based on sample sizes

Ny =n, = n3 = 16. The conditional risk would then be

oy )

]
v 93,077 -t
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where

d2’] = x[z] = X7 = 10.0 - 9.5 = 0.5

and

d3,2 = X[3] - X[ZJ = 11.5-10.0 = 1.5

or, from tables of bivariate normal integrals
R(X) =1 - 0.9207 = 0.0793

Therefore, if we perturbed the data by adding the vector P ~ N(Q, 148)
of random perturbations, 7.93 percent of the conclusions based on the
perturbed data would be different from the conclusion based on the

original data. We note that this conclusion is based on the observed

values x; = 10.0, ?é = 9.5 and x5 = 11.5. For different values of
i}, ié and ié we would get different conditional risks. Obviously,
the larger the difference between the sample means the smaller the

conditional risk.
2.1.4 Selecting the "Best" of Three Normal Populations

In the previous section the conditional risk procedure was il-
lustrated for the problem of a complete ranking of the means of three
normal distributions with known variances. In this section the con-
ditional risk procedure is illustrated for the problem of selecting
the "best" 6f three normal populations (known variances), ignoring the
ordering of the other two populations. "Best" in this case means

selecting the population with the largest mean.
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Let
25 T
1 Ny
ZmNn H2 n, ’Ivn
Ha L
3 n3

as before and consider the decision rule d(T) (or, d(X)):
Select the population with the Targest sample mean.

For this problem the Toss function can be defined as:

0 if decision is correct
) —

1 otherwise
The decision is correct iff
X, o Xiavs X
X3y > maxthiqy X(p)!

where in) is the sample mean associated with L i=1,2, 3.
Therefore, under normality and n(]) = n(z) = n(3) = n, the risk

function is given by

R(u) =1 - P(7(3) > max{Ym, Y(z)})

i

—f

§
Byt

Q.

=
P ——
(e o
L
N|—x -
-— N[—J
———

where

S2,0 TM[2] ¥y And 839 Hpzy ToH[]



To define the conditional risk of the problem, let us assume
that P is a nx1 vector of random perturbations‘independent of and
with the same distribution as the original "errors" E:

P~ Nn(Q, ln). Thus, we obtain a new random varidb]e, say, W, by
adding P to the data X. Hence, we have, as before

and

W = 1 .
(W_'I?v( = ?\(,) r\’NID(X-ia ﬁ: )9 i=1,2, ..., 3.

We apply the same decision rule to the R& as to the i}; i.e., d(W):

Select the population with the Targest mean w1:

For this decision rule, d(W), consider the Toss function:

~ 0 if Wyay > max{il,qys Wyo}

L@, D) = { ) ()77

1 otherwise
Here Wki) denotes the population associated with the "conditional
parameter" ;ti], i=1, 2, 3. Note that this is a conditional loss
function since the parameters My = E(?&), i=1, 2, 3 have been re-
placed by the conditional expected values of the perturbed data

i

E(W}IX =x) =X, i =1, 2, 3, respectively. Therefore, the condi-

tional risk 1is:

R(X) = ] - P(Wk3) > max{Wk1), sz)}li)

60
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[oe]

i 0
dN ,
l%‘ /i 2[(0

~dp 777 43,077

]
—h
]

— N

} (2.1.4.1)‘

N'—‘ —_

where ‘ .

dy 1 = X3 - *py @ d3 7 X[31 t X[op

Numerical Example

Suppose we have observed 2} = 10.0, ié = 9.5 and ié = 10.5

based on sample sizes ny = n, = ng = 165 so, X[]] = 9.5, X[Z] = 10.0
and §t3] = 10.5 and, from expression (2.1.4.1) above, the conditional

risk in this case is given by
R(Xx) =1 - 0.9320 = 0.0680 ‘

Thus, 6.8 percent of the conclusions based on perturbed data would be
different from those based on the original data.

Finally, we note that in a similar way one can'solve the problem
of selecting the two normal populations with the largest mean; which
is equivalent to selecting the population with the smallest mean.

2.2 CRP Utilizing Bechhofer's Approach: Populations Differing in
Location Parameter

Let H], HZ’ e Hk be k univariate\popu]ations with continuous
distribution function of the form Fi(xlei) = F(x - (%) and differing
only in the unknown Tocation parameter’ value ei’ i=1,2, ..., k.

Let {Xij}’ j=1,2, ..., n, be independent random variables

|6.) = F(xij - ei)’and Tet | ‘

with distribution function Fi(xij
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T. = T_i(x_”, X_iz, ey X

; Y, i =1, 2, ..., k be an "appropriate

in.

i
statistic" for 0, with continuous density function gi(tlei) =
gi(t - ei) and continuous cumulative distribution function
Gi(tlei) = Gi(t - ei), i=1, 2, ..., k.

Let e[]] < 6[2] < ... < e[k] be the ranked 6,. We assume that

it is not known which population is associated with e[i],'

2.2.1 Selecting the "Best" Population

Consider the problem of selecting the population with the lar-
gest 91’ which is referred to as the “best" population. Our inference
will be based on the statistics {Ti} and their observed values {ti}’

. i=1,2, ..., k. The event T, = T5(i # j) is an event of probability
zero and is ignored in probability calculations.

For this general formulation, one can consider the following
decision rule, d(T):

The Eopulﬁtion assgciated with T[k] is considered to be

the "best" population.

Here T[k] denotes the kth ordered T-statistic.
We shall assume the following Toss function for this pfob]em:

0 1if T(k) > max {T(

. i)}
1§J5k—1

J
L(d(T), §) =

1 otherwise

Here § = ((ﬁ,‘f%, cees (&)' and T(j) denotes the population associated
’ with the parafneter e[j], j=1,2, ..., k. Hence, by definition, the

risk function is:
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R(e) =1 - P(T(k) > max {T(

)
T<j<k-1

J

Lemma 2.2.1.1: The probability of the event {T: T(k) > max {T(j)}}

1<j<k-1
is given by

ook—]
jrﬂGj(u + ak j)gk(u)du
j= ’

-0

where

%k,3 7 Okl T g

: {T,..}) = P(T ~-7Z1>0
S Tl 2Py = 220

where 7= max {T(-)}
1<j<k-1 Y

Now, Tet FZ(-) and fz(-) denote the cumulative distribution function

and the density function of the random variable Z. Then,

F(z) = P(Z s z) = P(_ max Ti5)} é z)

T<sj<k-1
k=1
= P(}lj{T(J) < z})
k=1 -1
= ]I}P(T(J) <z) = }I&GJ(Z - 8[3])

Therefore,

P(T(k) > max AT -)})

1<jek-1 Pz =Ty <0

“[[. gk (t - G[k])AZdt

(z,t): z-t<0}
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fz(z)dz gk(t - e[k])dt

-0 -00

° F k-1
[rattrg e - ooa = [ 18506 - opypale - et

00 -0

Let u = t - e[k], t = u + e[k]- HEHCG,

it
=7
1
< oad
[<p)
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<
+
o)
<
:
(]
g
(=]
:
Pt
<
g
Q.
[y

P(T(k) > max {T(

-)})
1<j<k-1

J

From lemma 2.2.1.1 the risk function can be written as

r k-1
R(g) =1 - Jr'EI]Gj(u + 6k,j)gk(u)d” (2.271.1)

We notice that the risk evaluated above is equal to one minus the
probabi]ity of a correct selection (or a correct decision) following

Bechhofer's approach (section 1.2).
2.2.1.1 The vector of the perturbations and the conditional risk

Suppose one poses the question: How different would the data
have had to have been to change the conclusion?

One can quantify this question by adding a "vector of pertur-
bations" to the data and then asking the question in terms of the

perturbed data.

64
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The vector X of the data can be written as:

4
X
x =\ *
nx1 .
Ky
where K
X5 =,(Xi1’ Xios wees Xin.) and n = _Z n;
i i=1
n.xl
i
Therefore,
X=9+E
where
re] 1
0, 1
6 = ,2 . and
nx1 Coo
) ]
Lk~
E has the cumulative distribution function
nxl
n n
F (g - 0) = TTF(ey - 0) = T[F(e,)
=1 £=1

where F(-) is.the cumulative distribution function of the random
variable Xij - 61 fori=1,2, ..., kand j =1, 2, ..., n;. Let?P
be an nx1 vector of random perturbations independent of and with the

same distribution as the original "errors" E:
. n
BvFo(p=0) = TTF(py)
p- L1 (ps

Here the vector d is the realized value of P. Now by adding P to the

data X, we obtain a new random variable
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W=X+P=9+E+P

If P is added after X is realized, we have the conditional variable

(W|X =x) =x+ P~ F(w- x)
n
= ;EHF(WQ - Xg)
Let wi = Ti(wi1, Wips +evs wini); i.e., wi is defined in the same man-

ner as Ti (recall: T, = Ti(xil’ X12’ cees Xini))' Therefore,

(WX )f»e*< - t(x))

k
Egi (W'i = t1()~())

We apply the same decision rule to the W} as to the Ti(g); i.e.,

Select the population associated with Wtk] as the "best"
“population.

Here Wtk] denotes the largest value of the W&, j=1,2, ..., k.

For the decision function d(ﬂ), defined previously, consider the
loss function (conditional on the values of X and T(X)):
0 if w(k) > max W -)}

L(d(W)s t(x)) = 1j<k-1 U

1 ~otherwise

where ij) denotes the population associated with "conditional

parameter" t[j]’ j = ], 2’ CRCICIE ] ko
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The conditional risk; i.e., the expected loss conditional on the

observed t(x) values is given by (see lemma 2.2.1.1)

R(t =1 - P(W W, ..}
(t(x)) =1 (Wegy > 1_<?§§-1 Wes) )
~ k-1 , ,
=1 - JEGJ.(U +v dk,j)gk(u)du (2.2.1.].]»)
where

dk,j = t[k] - t[j]’ j=1,2, ..., k- 1.

2.2.1.2 Applications to the normal case

In this section we discuss the selection of the "best" of k nor-
mal populations with means Bps Hos -evs Hy and a common variance 02.
We assume that Hps Hos «-es My are unknown, but 02 is known. Suppose

we are given n; observations Xij’ J=1, 2, coiy n. from population

M, (i=1, 2 K). Let X, = t.(X:1» X X )=§iﬁ-i
i > e v B i ‘Y1 %922 0t THng .
i j=1 i
be the sample mean from the population Hi' Note that Bechhofer's and

Gupta's procedures require Ny = Ny = .0 =Ny

Let us consider the decision function, d(X): the popu-
Tation associated with itk] is considered to be the "best"
population.

It follows from (2.2.1.1.1) that the conditional risk based on

the sample mean values, i}, i=1,2, ..., k is given by

o

°° [(u +d )/nT]-/nT

ks
S 7%5; - exp[-1/2 nﬁuz/ozjdu

(2.2.1.2.1)
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where

& is the cumulative distribution function of the standard normal
distribution,

3 T X[k T g and

n¥ denotes the sample size associated with the population
that gives rise to ?tj], j=1,2, ..., k.

d

The expression (2.2.1.2.1) above can be rewritten as

2 k=1 [ n% e ,
R(X) =1 - f To|f%y +d_—=2| do(y) (2.2.1.2.2)
- i=1 ' »J O
and in the case np=n,=...=n =n the expression (2.2.1.2.2)
reduces to
- k-1 /i
R(X) = 1 - JU]@(U + dk,j—é—)dQ(u) (2.2.1.2.3)

=00

2 . . .
Let us assume o~ is unknown. In this case we consider a vector

2 is the pooled estimate of the

of perturbations P~ N(O, 521) where s
common variance 02. We use s2 because it is an_estimate of 02 which
is unbiased and consistent; Note also at the time we are considering
perturbations of the data, 52 is not a random variab]e as the infer-

ences are conditional upon the data.

It follows then that the conditional risk based on the sample

mean values x; = (x;:/n;) and s° = ) § (x:: - X;)/
T i=1 JZ=1 o

is given by
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Z k=1 fn+d, .)/M] /v
R(x,s) =1 - “/. 'FIQ[?__*_JSEJE_EQ] "k exp(-nﬁu2/2$2)du

~ jﬁl S /27s
(2.2.1.2.4)
or
F ko1 [E d 0¥
R(X>s) = 1 - f.TT<pU:,%u+—'<—’SJ—i]d¢<u) (2.2.1.2.5)
J 3= Bl ‘

Finally, one could consider the casé where all population vari-

ances are unequal and unknown. In this case one could consider as a

vector of perturbations P having normal distribution N(0, Q) where
- 2 Ny _
ik 2. 0 2 '1(X"j—x")2
_ 0 _ = .
Q= s, 1 and s, - 7 s 1= 12,000,k

0
Y )

! Sk 2,

It follows then that the conditional risk is given by

| © k=1 [(n +d, /¥ /AF
o - 7 ka\] J k 2 2
R ] Q - ] = @ -
(x> Q) J[ EE] [ 53 ] 7§F§Eexp( nfu®/2st")du
(2.2.1.2.6)

- 00

where 53 js the standard deviation from the population with condi-
tional parameter Ytj], j=1,2, ..., k. The expression (2.2.1.2.6)

can be rewritten as

Fk=1 [s*/m¥  d, /¥
R(x> ©) =1 -'[Tr@[ K dy+ Lol J]dtb(y) (2.2.1.2.7)
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Computer programs in appendix I can be used to evaluate the con-

ditional risk gjven by the expressions (2.2.1.2.1) to (2.2.1.2.7).
2.2.2 Selecting the b "Best" Populations |

Consider the problem of selecting the set of the b "best" popu-
lations, 1 < b < k; i.e., the populations corresponding to e[k-b+1]’
O[k-b+2]> "> ok’ without regard to order within the set.
For this problem, we can considér the following decision rule,

d(T):

Select the b populations with the best sample values; i.e.,
the populations corresponding to T[k]’ T[k-]]’ cees T[k—b+1]'

For this decision rule, we define the following loss function:

0 if the decision is correct
L(d(T), @) =

1 otherwise

The decision is correct iff -
min{T(k—b+1)""" T(k)} > max{T(]), T(2)’ cees T(k-b)}

where T(j) is the statistic associated with e[i], j=1,2, ..., k.

Hence, by definition, the risk function is

R(g) = E[L(d(T), ¢)]

~

It
=

] - P[min{T(k_b+]),..-,T(k)} > maX{T“), T(Z)’."’T(k"b)}]

Lemma 2.2.2.1: The probability of the event

{T: min{T(kfb+1)""’T(k)} > max{T(]), T(Z)""’T(k-b)}] is given by
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k - k=b
B](Q) = _=2 f ﬂG-(U - G[J])

i=k-b+1 J §=17
k
Q’=‘II;)+]{] - GQ,(U - G[R])}dei(u = 6[1]) (2.2.2-])
o

or equivalently by

k=b b
500) = 1 f 650 - o)

J:
J#
k
- G dG 1 . . .
ARINERLE A T Opay)3ei(u - Opyy) (2.2.2.2)
where G is the cumulative distribution function of T €T1]’

i=1, 2, ...; k. The proof of the above lemma, for the case of equal

sample sizes, was given by Barr and Rizvi (1966); the extension for the ’
case of different sample sizes is immediate and, hence, the proof is

omitted here.

Therefore, from Temma 2.2.2.1 the risk is given by

R(Q) =1 - B'I (Q) (OY‘ 1 - Bz(@))-'\
2.2.2.1 Conditional rjsk

Let us consider the decision function d(E)

The populations associated with Wtk—b+1]’ Wtk—b+2]’ cees Wtk]
are considered to be the b "best" populations

where
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wi.= Ti(wi], wiz, cees W, .), i=1,2, ..., k and

Wti] denotes the ith ordered W& value, i =1, 2, ..., k.

We note that we are using here the same notations and definitions as

given in section 2.2.1.1.
For the decision function defined above consider the loss func-

“tion (conditional on the values of 3(5)):

k-b+1§j5k 15j5k-b

| 0 if  min mj)> max WU)
L(d(W), t(x)) =

] otherwise

Here ij) denotes the statistic associated with t[j]’ =1, 2,..., k.
The conditional risk; i.e., the expected 1055 conditional on the

observed X is given by (Temma 2.2.2.1):

R(t(x)) =1 - By(t(x))  (or 1 - By(t(x)))

~

t(x) = (t], t2, cees tk)

Note that the risk function defined above is a conditional risk in
the sense that the parameters 9[1] have been fep]aced by the condi-

tional values t[i]’ i=1, 2, ...5 k.
2.2.2.2 Applications to the normal case

Let us consider the case where we have k normal populations
with unknown means and unknown variances. In this case we can con-

sider as a vector of perturbation P having normal distributions
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N(O, @), where @ is as defined in section 2.2.1.2.

It follows then that the conditional risk is given by
R(E(X)s §) = 1 = By(t(x)s 5)  (or 1= By(t(x), s))
where
t(x) = (X7 Xy ...,’Yk)' and = (Sy5 Sps +evs S)

and B](§(§), s) is given by 2.2.2.1.

Hence, the conditional risk can be written as

b
R(E(x), §) = 1 - f% [ m ]
i= k b+

3 [( [e] - )ﬂ}dq{(‘f "X—[ij)/ﬁ?]
bt 2 i

LI

(2.2.2.2.1)

where
® is the cumulative distribution function of the standard
normal distribution, and

53 and n§ denote the standard deviation and sample size
associated with x[j], J=1,2, ..., k.

Computer programs given in appendix II can be used to evaluate
the conditional risk given by (2.2.2.2.1) above. We note that simi-
lar expressions as -given by (2.2.2.2.1) can be obtained in other

cases, such as assuming common unknown variance, or common known

variance.



2.2.3 Complete Ranking of k Populations

Consider the problem of completely ranking k populations. The

decision function, d(T), for this problem can be defined as:

Order the populations in the same order as the ordered
T-statistic values.

For the decision function defined above we can consider the

foltowing loss function:

L(d(T), 8) =

{? if the sample ordering is correct
otherwise

The sample ordering is correct iff

T(]) <7T(2) < oe. < T(k)
where T(i) is associated with 6 i1’ 1A= 1, 2, ..., k.

Therefore, the risk function is given by

R(Q) =1 - P(T(-I) < T(2) < L oo < T(k))

1 - ff B Jide(tj - em)

{t: t(])<t(2)<...<t(k)}.

where G. is the cumulative distribution function of Tj - e[j],

J
=1, 2, ..., k.
2.2.3.1 Conditional risk

Let us consider the decision function based on the values of W,

where @'is defined as in section 2.2.1.1; i.e., d(ﬂ):
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Order the populations in the order as the ordered w
statistic values.

For this decision rule, the loss function (conditional on the values

of T(X)) is defined as:
0 if Wiy <Woy <.oo<W

L(d(W), t(x)) = { (1)~ (2 (k)

1 otherwise

Here Wki) denote the statistics associated with the "conditional
parameter" t[i]’ i=1,2, ..., k.

Hence, the conditional risk is

R(t(x)) =1 - P(Wk]) < W(Z) < ... <‘W(k))

t[j]) (2.2.3.1.1)

1}
—
1
l'\‘
N .
/j;lk-‘ﬁ
e
(=
‘_lo
-
=]
—~~
o

As an illustration let us consider the normal case as described
in section 2.2.2.2. 1In this set-up the conditional risk associated

with the complete ranking of k normal populations can be written as

R(L(x) jf f [ J _S;([J])F] (2.2.3.1.2)

H: Wgy<H <2) SISY

where ¢ is the cumulative distribution function of the standard normal
distribution and s§ and n§ are the standard deviation and sample size
associated with Xr.q.
[J]
A computer program is available to compute the conditional risk

given by 2.2.3.1.2 (see appendix III). We note that cases of common




unknown variance and common known variance are obtained in similar
manner and the same computer program given in appendix III can be
used to evaluate the conditional risk in those cases.

2.3 CRP Utilizing Gupta's Approach: Populations Differing in
Location Parameter

Let My Moy «ees T be k univariate populations with cumulative
distribution function F(x]ei) = F(x - 91)’ i=1,2, ..., k.
Let {Xij}’ for fixed i, be independent random variables with

cumulative distribution function F(x..|6:) = F(x;. - 8.), j =1, 2,

ijhi
M n'i and let T-] = T-i(X-i'Is X.izs veay X.in )s 1= ], 29 e k be an
"appropriate statistic" for 8 with continuous cumulative distribu-
tion function 6.(t|e;) = 6;(t - ;) and density function g.(t]e;) =
g;(t - ), i=1,2, ...y ke

2.3.17 Selecting the "Best" Population: Equal Number of Observa-
tions From Each Population

Hence, Ti = T.(X X

Y71 7422 7T Mdn .
Gi(t]e;) = G(t - 0;) and g;(t]e;) = g(t - &), 1 =1, 2, ..., k,
_For the problem of selecting the "best" population 1et us con-

sider the following decision rule, d(T):

~

Select the jth population Hj iff tj > t[k] -d (d>o)

and claim that the set of the selected populations contains the
population with the largest value of 6.
For this decision rule we can consider the loss function

L(d(T), 6) defined as
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L(d(T), ¢

~

1 otherwise

) ) {? if T(k) 2 T[kjk—fd

Here T(k)_denotes the population associated with the parameter e[k];
i.e., the T associated with the "best" population (T(k)) is in the
”se]ected” set, and T[k] is the Targest T-value; i.e., the loss is
zero if and only if the "best" popu]ation is in the subset of se-
]ected populations.

The risk function is defined as:

R() = E[L(d(T), 8)]
= O’P(T(k) 2 T[k] - d) + ]'P(T(k) < T[k] '.d)
=1 - P(T(k) 2 T[k] - d)
and following Gupta's work (1965) we have ‘
k-1
Re) =1 - 1EG(U td+ oy - eEij)g(u)du

-CO

where G(-) and g(-) are the cumulative distribution function and den-

sity fuhction, respectively, of the random variable T - 0.
2.3.1.1 Perturbation and conditional risk as a function of d

One can apply the conditional risk procedure in this setting by
adding a vector P of random perturbations (independent and with the
same distribution as the original "errors") to the data, obtaining a

new random vector
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where X, 9, E and P are defined as in section 2.2.1.1.

Let W. = T W

i i(w

oo rees win); i.e., wi is defined in the same
e s X)),

= Ti(Xgps X
We apply the same decision rule to the W} as to the Ti; i.e.,

il’

manner as T, (Recall: T.

i > X

in

Select population Hj iff wj > w[k] - d

and claim that the set of the selected populations contains the popu-
lation with the largest value of g. Note that the constant d > 0 is
the same as before. Here Wfk] is the largest of the W,, i =1, 2,

., k.

For this decision rule we can consider the conditional loss

function

0 ifW, \>Wrq-d
L(d(W), T(x)) = { (k) = 7Lk]
1 otherwise

Here W(k) denotes the population associated with the "conditional
parameter" t[k]; i.e., the population with the Targest value of the
t's.

The conditional risk is defined as:

R(t(x)) = E[L(d(W, t(x))]

—

=1

—

F k-
1 - f TL6u +d+ trg - tpe(udy (2.3.1.1)

where G(-) and g(+) are the cumulative distribution function and den-

sity function of the random variable T - 6, respectively.
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Here we propose an alternative to Gupta's approach (1965). The
decision rule is completely defined if one imposes the value of the
'conditiona] risk; i.e., given that the conditional risk is.a,
0<ax<l- %—, one can solve (2.3.1.1) for d and obtain a decision
rule with a specified conditional risk.

We note that the conditional risk is a monotone decreasing func-
tion of d, and for d > t[k] - t[]] the conditional risk is zero, be-
cause all k populations are included in the “se]eéted" subset. The
conditional risk as defined has the same functional form as one minus

the probability of a correct selection as defined by Gupta (1965).
2.3.1.2 Conditional expected size of.the selected subset

The size of the subset selected by the conditional risk proce- -
dure is a random variable which takes values 1, 2, ..., k. Hence, one
criterion of the efficiency of the decision rule is the conditional
expected value of the size, S, of the selected subset. Let Zi be a

random variable defined as

Z, =

{'l if population i) is selected using rule d(W)
;

0 otherwise
where II,., is the population with parameter 6.7, 1 =1, 2, ..., k.
(1) [i]

k
Therefore, S = ) Zi and
i=1

k
ELS1 0001 = ELT 74]500)]
&

k
P[selecting the population with parameter e[i]lt]
i=] N
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1 ;[-TT-G(U td trig - t[j])g(u)du (2.3.1.2)

We note that E(S|t) is also a function of d. Hence, one could
impose the requirement that E(S|t) = r, where r is an integer
T<r<k, solve (2.3.1.2) for d, and evaluate the conditional risk
for that value of d. Conversely, for a given conditional risk, one
can compute d, and then use (2.3.1.2) to compute the conditional ex-

pected subset size.
2.3.1.3 Applications to the normal case

Let H], HZ’ cees Hk be k normal populations with means My
Hos woes M and a common unknown variance 02. Suppose we are given
n observations from population Hi’ i=1,2, ..., k. Let X# denote
the sample mean from population Hi’ i=1,2, ..., k and 52 be the
pooled estimate of 02. Let us consider the vector of perturbatipns P

as having distribution N(Q, 521) and let us consider the following

decision rule d(X):
. H v ._.>_ _
Select population 3 iff X5 2 x[k] d

Therefore, using relation (2.3.1.1) the conditional risk for this case

is given by

~ k-1 mo( - Xpi)VA
R(E().S)’ s) = f (ID‘: X[k] SXLJ] }d)(y)dy

(2.3.1.3.1)
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where ¢ and ¢ denote the cumulative distribution function and the den-
sity function of the standard normal distribution. Also, the condi-

tional expected value of the selected subset is given by

1

| ok f K A (Xpsq = Xpsq) /A
E[S[x] = ,Z] f TF<I>[Y ot 1] 5 Ll qu(y)dy
) (2.3.1.3.2)

Computer programs to evaluate d given the value of the conditional
risk and to evaluate the E[S|x] for a given d are presented in appendix

IV.

2.3.2 Selecting the "Best" Population: Unequal number of Observations
From Each Population

In thisAcase Ti = Ti(xil’ X12’ cees Xini)’ i=1,2, ..., ks
Gi(tlei) = Gi(t - 91') and gi(tlei) = gi(t - 61-).

Let us consider the following decision rule, d(T):

Select population Hj iff tj > t[k] -d (d>0)

For this decision rule we define the loss function

0 if Ty > Trpq - d
L(d(T), 9) = { ! (k) = '[K]

L1 otherwise
Hence, the risk function is given by

R(B) = 1= P(Tjy 2 Tpp = )
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(e o]

f JTEG u+d+ O[k] e[J])gk(u)du

where Gj(-) is the cumulative distribution function of the random
variable T - ETJ] and gk(-) is the density function of the random

variable T - ETk]'
2.3.2.1 Conditional risk as a function of d

With the same assumptions and definitions as given in section

2.3.1.1 and the same decision rule d(W):

Select population Hj iff wj > w[k] - d

and the same loss function as defined before in section 2.3.1.1 im-

plies that the conditional risk is given by

R(t(x))

o

1 - P(Wkk),g w[k] - d)

8

k-1 !
1 - :l' J=]Gj(u rd+ §[k]:- try)e(ud (2.3.2.1.1)

Ii]

An expression of the expected (conditional) value of the selected

subset similar to that one given by (2.3.1.3.2) is presented below:

IIM?:'

£[s£] - e,

'#

Here, also, the decision rule d(T) can be completely defined by

Jf e (u+d+ by - tpes(Wde (2.3.2.1.2)

imposing the value of the conditional risk; i.e., one can solve
(2.3.2.1.1) for d given a specified value of the conditional risk.

Otherwise, one could impose the requirement that E[S|t] = r, where



83

1 <r < kand solve (2.3.2.1.2) for d, and evaluate the conditional

risk for that value of d.
2.3.2.2 Applications to the normal case

Suppose we are given k normal populations with unknown means and
unknown variances in n; observations from population ﬁi’
i_= 1, 2, ..., k were obtained. Our problem is to select a subset of
the k normal populations which would include the "best" normal popula-
tion for a given value of the conditional risk. For that, let us con-

sider the vector of perturbations P ~ N(0, ) as defined in section

2.2.1.2 and let us adopt the decision rule d(X):
Select population Hj iff xj 2 X[k] -d
In this set-up the conditional risk is given by

. X X 2 2
— k-1 J(u +d + x = Xpaq )% /¥, exp[ -n*u“/2s*“]du
R(X, s) =1- [ Te [kl ™ 203175 k k
-& J=1 s | skv2m

(2.3.2.2.1)
where ¢ is the cumulative distribution function of the standard nor-
mal distirbution (2.3,2.2.]) and ng and sj are the sample size and
standard deviation associated with itj], g=1,2, ..., k. Now, by

imposing that R(x, s) = o one can solve for d, and therefore deter-

mine the decision rule d(g) completely.

Also one would impose that E[S!g] =r, for a given r, and solve

for d the euation

E[S|x] = r
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where
k r +d+ Xpsq - /T * 2,0 %2
E[SI_ = | k o (U d X[] X[J] ] /n—.l—exp( n’]?u /251 )du
x1= 0 |7 1 1
'i=-l e J: Sj S_l p
j#i

(2.3.2.2.2)

Computer programs to solve the problems involving (2.3.2.2.1)

and (2.3.2.2.2) are presented in appendix IV.



CHAPTER III
CRP APPLIED TO THE GENERAL LINEAR MODEL

In this chapter we apply the conditional risk procedures to the
general linear model. A set of "secondary paraméters” is defined and
the selection and ranking problems are based on this set of "secondary
parameters". In section 3.1 we presént the general solution of prob-
lems of selection and ranking to the general 1inear.univariate model.

In section 3.2 we illustrate the general theory developed in section

3.1 to the one-way designs with and without covariates. In section 3.3

we study problems of selection and ranking applied to the multivariate

general Tinear model and in section 3.4 an illustration of the theory

developed in section 3.3 is shown to the one-way design with covariates,

3.1 Application to the General Univariate Linear Model

Consider the general univariate linear model

where

is a nx1 random observed vector,

=<

is a nx1 random unobservable vector such that E(g) = 0
and E(gg') = 021, and we assume that g is normally
distributed,

M

(924

is a known fixed nxp matrix of rank p, and

[goN]

is a px1 vector of unknown fixed parameters.
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Under these assumptions the least squares and the best (minimum
variance) linear unbiased estimator of £ and the corresponding un-

biased estimator of 02 are known to'be:

B=(0TNY and s%= (Y- XB)'(Y - XB)/(n - p)

where each Li is a known 1xp vector of constants and the Li's are

lTinearly independent.

Ly %
ko O
let L = [.],5s0 Q@ =1[p=
kxp :
&3 &%

Let e[]] < 6[2] < ... 2 G[k] denote the ordered ei-values.
3.1.1 Selecting the "Best" Secondary Parameter

Consider the problem of selecting the "best" secondary parameter;
i.e., e[k]‘= g[k]g. Here, L[k] is the L, that gives rise to
e[k] = L[kjg' We note that we do not know "a priori" which Li is
associated with 6[1], i=1,2, ..., k.

Our inferences will be based on the best Tinear unbiased esti-

mators 0, = L.B, 1 =1, 2, ..., k and their observed values. Let
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%
8 =18=|.
Gk ]

and let é[]] < @[2] <Ll < @[k] denote the ordered G-values.

Consider the following decision rule, d(8):

The secondary parameter associated with é%k] is considered
to be the "best". ,

For this decision rule we can consider the loss function:
0 if 6,, > max 0.
] otherwise

Here f%k) denotes the best linear est1mator of e[k] = L[k]ﬁ and .

QJ)’ j=1,2, ..., k-1 the best linear estimator of ftj],

RO =1 =Pl 2 max 95))

1l
——
|
v
[ }
—
=
r~
-
bd
|-
—
™
[ 4%
L
g
>
v
He)
-
[}
i
—
-
N
>
-
~
1
—t
| P

where
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B
breg = e
D= :
(k-1)xp
brk Brk-11]

Note that D is a function of the unknown parameter §, because one does

not known "a priori" which Li is associated with L[k]‘

Under the assumptions of the General Univariate Linear model

DB v N(DB3 OZQ(X'X)_]D‘), hence,
R@) =1 - P(DB > 0)
= 2 |']|
=1 - [ dN_,(Bgs o“D(X'X)" D) (3.1.1.1)

where S, = {Dg: DB » Q}). This risk is a function of the unknown para- |

meters g and o .

~

To introduce the conditional risk for this problem let us consider
a vector of perturbations P « N(OQ, szln), where s° is the residual
mean square as estimated from the full model. We take the perturba-
tions to be additive in nature; 1.e.,.the perturbed data are of the
form Y + P. The rep]acement-of 02 by 52 is done so that we may evaluate
the conditional risk which arises in the fo]]oWing developments. Note
that at.the time we are considering perturbations of the data, 52 is not
a random variable as the inferences are conditional uéon the data.

We pertUrb the original data vector, y:

W=y+p

the unconditional estimate of B from the perturbed data is
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(x'x)']g'w and the estimate from the perturbed data conditional upon

the obesrved data, y, is

B = (50T (uly) N (Bs sE(x!

Note that if an

71

1>

actual simulation were performed one could generate

B-values directly from this distribution, bypassing the generation of

the P-vectors.

The conditional risk is the risk function (3.1.1.1) evaluated

for the perturbed, conditional upon the observed y; i.e.,

H

R(B, s°)

fl

where D* is the

Ok) 70 (k-1)]

1- Jf de_](Q*B; sZQ*(g'g)"D*') (3.1.1.2)
*

The ith row of D* is of the form Lfk] - Lfi] and the ordering of the

~ ~
.

- ' = L¥. -8 = | ¥, 2.4 = ces
L[i] is such that e(i) g[1]§ > 6(1_ ) L[1_]]§, i=2,3,. k

* * *
and S; = {D g: D 8 > 0}.This risk defined by (3.1.1.2) is equivalent to

1

answer the question:

How different would the vector Y have had to have
in order to have changed the conclusion? Or more rigor-
ously: what is the probability measure of the set of
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perturbations of Y which results in a different decision;
i.e., what is o

-~

Pr(P: I -8 < max [Bq .48
r(” ”[kjﬁ ]fjfk—] [J]N)

The interpretation of the conditional risk is as before; i.e.,
if the conditional risk is "small" then one can be confident in the de-
cision that has been made. Conversely, if the conditional risk is

"large" one places little confidence in the conclusion.
3.1.2 Selecting the b "Best" Secondary Parameters

Consider the problem of selecting the b "best" secondary para-
meters (1 < b < k < p). Let § = LB as defined in section 3.1.1.

Consider the following decision rule, d(§):

The secondary parameters corresponding to GTk]’ e[k_]],

-» O[y-p+1] 2TE considered to be the b "best" secondary

parameters.
For this decisionrule we define the loss function:
0 if min  8,.. > max 6 .
{ k-b+]fjfk () - 1<j<k-b (3)

1 otherwise

Here é(j) is the statistic associated with the secondary parameter

e[j], J=1,2, ..., k. 'Therefore, the risk function is given by

RO®) =1-P( min 6§,y > max 6, )
~ k-b+]fjfk (3) = ]fjfk’b (3)
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-1 [anie AT (3.1.2.1)
S ' '
where
111
L°B = 2] and g, = 0: min 8.y > max 6 .y}
v : 2z - k-b+1<j<k (3) = 1<i<k=b (3)
| k1)

Now, using the assumptions and notations described in section'(3.1.])

the conditional risk for this problem is given by

A 2 ' . ~ ~ ~
R(B, s°) =1 - P( min ke(j) 2 max e(j)lﬁ, 5°)

k-b+1<j< 1<j<k-b

—

dN (L*B5 sL* (07 TLr) (3.1.2.2)

where 8 j) denotes the conditional estimator associated with §[j] = L[j]g’

(
ji=1,2, ...,k

8
[1]
*5 é\[2] * x ~
LB = and 5, = 1o min 6(.) > max e(.)}
: ~ k-b#l<j<k 9/ T 1<j<k-p W
i)



3.1.3 Complete Ordering (or Ranking)

For this problem consider the fo]]owing'decision rule, d(@):

Order the secondary parameters in the same order as the

ordered statistics (%j]’ i=1,2, ...

(O3 = LpypP)

For this decision rule, we define the loss function

~

L(d@®), 9) =
1 otherwise

where Qj) is associated with (TJ]’ i=1,2, ...

risk function is:

» K.

R(6) =1 - P(H < 8 <...<¥%
@) =1-PC0) 2 %) = = %)
-1 dekuJ@; AL 0L
53
where
s_ = {§ § < B < < B
37 @ %y S ) 5 2 Q!
and the conditional risk is given by
3, sy = 6. < 8. < < B
A O I (L
_ *5. 2 % pyyy— b %
=1 - [ dN (L™ sTLT(X'X)TLY)
33

where

< 8

Hence, the

(3.1.3.1)

(3.1.3.2)
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3.1.4 Selecting the "Best" Secondary Parameter Using Gupta's Approach
Let us consider for this problem the decision rule, d(é):

Select the secondary parameter ej iff Gj > é[k] -d (d>0)

where

é\ = max /é

and claim that the subset of the selected secondary parameters contains
the largest of them. For this decision rule let us define the loss

function:

AN

o {o if é(k) 2 0 - d
L(d@), 9) =

] otherwise

where é(k) denotes the statistic associated with 6[k]' Hence, the risk

function is given by

-1 [an (08 oxn ) (3.1.4.7)

where

D is the matrix as defined in 3.1.1.1, and

Sq = (DB: DB 2 -d}
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where d = dl(k_]). Now, using the assumptions and notation described
3.1.1

in section ( ) and the decision rule d(f):

Select the secondary parameter Qj iff 6j > 5[k] -d

Note that here d is the same constant that appears in the-decision'

rule d(§). Hence, the conditional risk for this problem is

R(B> s%) =1 - P(D"E » -q)
-7 - Jf an,_ (085 s20*(x' 010" (3.1.4.2)
*
S

Therefore, for a given value u3(1 - %-< a< 1) of the conditional risk,

one can determine d by imposing that R(@, 52) = o, where R(B, 52) is

defined by (3.1.4.2) above, and hence determine the decision rule d(f)

~

completely.

Now, if S denotes the size of the selected subset of the secon-
dary parameters and E[S|§, 52] denotes the conditional expected value

of S given 8 and s2, we have that

k
ELS|B, 571 = ) f) dn,_; (D3Bs 5291(5'5)40’.*) (3.1.4.3)
i=1 J(i

S

-

4!

where
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p¥e=| (1) (-1 59 2 ..., kand

= {B. p*
Spi F {Q' Di

ST

> -g}, i=1,2, ..., k.

Therefore, if the value of d is determined froﬁ the equation

R(B, 52) = o, for a given value of o, we can determine the value of
E[S|B, 52] for that value of a, and conversely if one imposes that
E[Sl@, 52] =r, for 1 < r < k one can determine d (for that value of

r) and then the value of the conditional risk R(@, 52) for that value

of d (or r).

3.2 Illustration: One-Way Designs

In this section we present the general results described in the
previous section to the one-way designs. Initially we present the
single one-way design to illustrate the connection between Chapters II
and III, and then we present the one-way design with covariate under
the assumption of équa] slope within groups and the one-way design with
covariate under the assumption of unequal slopes within groups. These
Tast two cases are considered to illustrate the extension obtainéd to

problems of selection and ranking of populations.



3.2.1 The Application to One-Way Classification Model
Consider the model

Yij T Myt ey T 1,2, vovs ks J=1,2, .00y

and

Eij v N(O, 02), €4 independent for all i, J.

In matrix notation the above model can be written as

Y = X B + g
Nx1 Nxk kx1 Nx1

where
IZ<.
N = n
i=1 !
Y = (Yons cees Yoo Yous s Yo s vees Yoas voes Y, )!
11 1n1 21 2n? k1 knk
. - 7
Fl 0. 0 7 FE]]
x={9 10 g=u2|, and e = |E12
9.0 lJ 1y | _eknkJ
' Nxk kx1 Nx1

If we are interested in selecting the "best" population; i.e., the

96

population with the largest Hi» We can define the secondary parameter

0. 0. = L.
; as 0. L1§ where

= {0, ..., 0, 1, ..., 0)
tith position

Therefore, ei =L.B = My and éi = L

i

B=Y., = 'J and the con-
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ditional risk can be obtained from relation (3.1.1.2); i.e.,

R(E, 52) =1 - dek-](D*B; SZQ*<XIX)-]Q*') 7
N

. )
Q > Q} and, in this case, due to the pattern of the

T

*
where S? = {D B:

QTR

design matrix X the conditional risk given above can be reduced,

using results developed by Ihm (1959), to

~k-1 [/n¥ d ./’
a2y J k,J¥ 'J
R(R, =1 - T oj—-u + do (3.2.1.1

where

® is the cumulative distribution function of the standard
normal distribution

A5 = k1. - VL4l

kM o,
s = Z Z (‘y'l.] - 'y1 ) /N-k , and
Ni=1 j=1 .

n; is the sample size associated with Yti] ,d=1,2, ..., k.
We note that the conditional risk given by (3.2.1.1) is the same as
obtained in Chapter II (see 2.2.1.2.2). Similarly one could consider

the problem of selecting the b "best", complete ordering and select-

ing the "best" secondary parameter using Gupta's approach.
3.2.2 One-Way Models with Covariate

Consider a one-way experiment with one covariate and a common
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slope for each cell; i.e., the model

Y.

.= L o+ e..yi= cees ks 3 =1, 2, Lol
i W + Yz1 € i 1, 2, ks J 1 ? | n

J i’

and the same assumptions as before. In matrix notation, we have

Y = X B, * ¢
Nx1  Nx(k+1) (k+T)x1  NX1
where
[ 0 0 0 z.]
Nn-] ~ ~ ~ ""I
0 I, 0 0 1z ,
X = 2 and B (U]a U29 s Uka Y)
LI N A

If we are interested in selecting the "best" population; i.e., the
population with the largest intercept parameter My We note that since
we are assuming the same slope the only difference among classes (popu-
lations) is in the intercept parameter.

We can define as a "secondary parameter" 0; = L{g where Ei is a

1x(k+1) vector with elements Cigr S+t- €5 = 04F 1 #Jand ¢ ;. = 1.

= -
T

Hence, 6, = L.B = Yy and 0; = L,

In this case, the conditional risk is given by

1 - dek_]@*s; S2D* (4" %) oM
S*
4

where
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: D*B > 0}, and

~

D* is as defined in 3.1.1.2

and for this case we cannot use Ihm's results (1959) to reduce the

(k = 1) dimensional multivariate normal integral to a simple one-
dimensional integral since the variance covariance matrix, SZ(X'X)']
is not diagdna], in this case. We note that we do not need to fix the
value of the covariate where the comparisons were made, since we as-
sumed the same slope for all classes. |

In the following, let us assume the model

o=+ Yozl ey o= cees k3 3= 1,2, L0, s
Yis W T iZ35 F &y 0 1, 2, 7 ks g =1, 2 n

i.e., we are now assuming that we have different slope for different
classes. This model is known as the intra-class. regression model.
With the same assumption as before, we can write this model in matrix

notation as

Y = X g+ €

~

Nx1 Nx2k 2kx1 Nx1

with the obvious changes in the design matrix X and in the vector g of

the parameters.

Suppose we are interested in se]écting the "best" population;
i.e., the population with the largest E[Y] for a given value of the
covariate, say, Z = Zo' Here it is necessary to give the value of the
covariate where the comparisons are to be made since we assume different

slopes for different groups.
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We can define, for this problem,

L. =[00...010...0Z 0...0]

In this case, the conditional risk is given by

~ ~

R(B, s2) =1 - f dh,_ (0% s“D*(x' ) T0*)

-1

which, using Ihm's results (note that here sZ(X'X) is a diagonal

~ o~

matrix), reduces to

S Akl [T d, T
R(B, 52) =1 - J( }1} @{V:%.u + k’s nJ}dcp(u)
< 3=l N

dk’j = (_Y—[k]. - Y[k]zo) = (—Y-I:j]- -~ ﬂ(\[j]zo),.and
k .ns

s° = y. 5 [y:s - (V. +7 2
&y g Vi T Vi Y4241/ (N-2k)
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3.3 Applications to the Multivariate General Linear Model

Consider the multivariate general Tinear model

where

=

is a nxp random observed matrix,

is a nxr design matrix of full rank, r < n,

[{we] >

is a rxp matrix of unknown fixed parameters,

taa|

is a nxp random unobservable matrix whose rows €15 €55 «rvs
g, are p-dimensional random vectors which are mutually

uncorrelated, each having the same pxp covariance matrix
Z and for inference purposes we assume that gj v Np(Q, z)s

j = ]5 29 eses N

Under these assumptions the Teast squares, the minimum variance
Tinear unbiased estimator of B, and the corresponding unbiased estima-

tor of % are known to be:

and 2 =

(T3>
1
—
1924
>
~—
’ ]
J—
><
-

Suppose that the matrix of observations is written as

Y= [Yys Yoo onns Xp], and Tet B = [g,, Bos ees ﬁp]. Let Y be rolled

] ]
into a vector Y*' = [y, Y,, Yas e Xp], and similarly B be rolled
out into a vector g' = [@i, @é, e @5]. In terms of the pnxl vector,

Y*, the model becomes

ELY™] = X8 S ®
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where X* is the np x rp block diagonal matrix given by lp f X, and the
np x np dispersion matrix of Y* is 3* = 1 ® I, where @ denotes the
"right" Kronecker product.

Consider a set of k < rp "secondary parameters" defined by

0; = Eiﬁ

where each L. is known 1Ixrp vector of constants, and the L; are

Tinearly independent, i =1, 2, ..., k. Let

L] :
Fq
_ L - -
L =|=2] so, 9=18= |6
kxrp . kx1 :
by | 6,

We note that 8; = L.B where 8" = (8, B, ..., 36) (Recall

Q0o >

= [E;, Eé,‘..., @é]) is the best linear unbiased estimator of 61 and

, since cov(B) =3 @ (%),

~ _ . _'] '
V(8) = Li(z @ ()7L

Let e[]] < 6[2] f ... < e[k] denote the ordered ; values.

For this multivariate general linear model one can consider the
same problems which were considered before; i.e., selecting the "best"
secondary parameter (section 3.1.1), selecting the b "best" seéondary
parameters (section 3.1.2), complete ranking (section 3.i.3) and se-
Tecting the "best" secondary parameter using Gupta's approach (section
3.1.4).

To obtain the conditional risk associated with each one of the
above prob]ems,.in this multivariate case, let us consider an n x p

matrix of perturbations M thh Jth rowrmj = (mj], mjthf"ilzip)’
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J=1,2, ..., nand we assumed that ms is normally distributed with
zero mean and variance covariance 2, i=1, 2, ...s N and also,
cov(m> my) = 0, 1 # J. | |

The replacement of 3§ by 2 is done so that we may evaluate the con-
ditional risks. Note that at the time we are consideking perturba-
tions of the data, 2 is not a random variable as the inferences are
conditional upon the data.

We perturb the original data matrix, Y:
W=Y+M or W=XB+E+MN
and the estimate of B conditional upon the observed data is

B = (X0 % )y

|
)s

and if B is rolled out into a vector §' = ( Brs Bos ees Eﬁ
Ixrp Ixr  Ixr Ixr

then § ~ N(B; § 'Q(X'X)'1). Therefore, using the same decision
rpx]1

rules and notations adopted in section 3.1, the conditional risks

associated with each one of the above problems are given by:

i) Selecting the "best" secondary parameter

1 - P(D*§ > 08,

f{ng

)

)

—

o>

»

Pdingt b

~—
1]

1 - dek_](Q*§5 0" @ (x'x)")p*) (3.3.1)
i

e .
The sets Sq Sy 55 and S, are as defined in Section 3.1.



104

ji) Selecting the b "best secondary parameters

R(E, £) =1 - P i 8y ; max 06,:+]8s &
& (k-bT}ngk (4) = 1§j§ﬁ-b (518 )
= ] - dek(L*’g; L*(g @ (,)\(,I,)S)_])!:*l) (3.3.2)

*

5

iii1) Complete ranking

R(B, £) =1 - P(e(]) < 9(2) < < e(k)|@9 z)
=1 - dek(g*ﬁ, ' e (X)L (3.3.3)
S*
3
jv) Selecting the "best" using Gupta's approach
R(B, £) =1 - P(D*B > -d)
=1 - dek 1(D*Bs D¥(2 @(5'5)'])9*') (3.3.4)
S*
4 -
and
A A k N A —-l *
elsfg, 21 - 1 j(’i) dN,_1 (D45 D:(E @ (X'X)7HDD)  (3.3.5)

3.4 TIllustration: The One-Way Classification with Covariate

Consider the multivariate linear model

Y = X B + E

~

Nxp  Nxr rxp  Nxp

where
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Fln] 0 0 z,
. - 0 L 0 0 &
Nxr
0 0 O0... lnk 2]
. K ' ’ .
here N = iZini, r=k+1 and gj = (Zjl’ zj2’ cees zjni)

is the jth covariate vector, j =1, 2, ..., k.

177 vy - Hop H12 1']
Ho1 H22 -+ Hpp Hoo

rxp  |Mk1 Mk2 ot Pkp rox1 | Vk2
1Yy Y, Y Y,

Let the "secondary parameter" be defined by

e'=-.-+’Y. ,.= 9 9 sos o
5 T Mg JZO J=1,2 P

1
i

li ;1 R

=
=

.o

e

1)
=|

f

]pij and z, is the value of the covariate; i.e., ‘
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If one is interested in selecting the "best" secondary parameter 61
using the decision rule defined in section 3.1.1, the conditional risk
~associated with that decision can be obtained from relation (3.3.1) and

in this case, the conditional risk is

R(B, 8) = 1 - Jf dN,_1(D%5 D*(8 x (X'X)7)D*")

~

{0'g: D% > O}

~

In order to simplify the expression for R(B, £) it is necessary
to know the values of B and $; recall, for example, that D” depends
upon S. A numerical example is presented in Chapter VI, in which
these expressions are simp]iffed.

The selection of the b "best" secondary parameters, complete rank-
ing and selection of the "best" secondary parameter using Gupta's
approach can be presented in a similar manner but, because of the
general nature of the procedure, the illustration without data is not

very revealing.



CHAPTER IV
CRP:  LARGE SAMPLE PROPERTIES

This chapter contains some of the asymptotic properties of the
conditional risk procedure. In section 4.1 we study the limit value of
the conditional risk for independent populations. The limit values of
the CR are studied for the problems: of selecting the "best" bobu]ation,
the b "best" populations and complete ranking when the populations are
ihdependent (Chapter II). The conditional risk and the true risk for
the problems are shown to converge to the same Timit value; this re-
sult can be viewed as the "consistency" property of the conditional
risk when the sample size from each population tends to infinity. The
asymptotic distribution of the CR when applied to independent popu-
lations is obtained in section 4.2. The CR for the problems described
above is shoWn to follow a normal distribution as the sample size from
each population tends to infinity. In section 4.3 we study the limit
value of the CR for the problems of selecting the "best", the b "best"
and complete ranking of the set of "secondary parameters" from general
Tinear models, as defined in Chapter ITI. Again, the conditional risk
and the true risk converge to the same limit value when the sample size
tends to infinity. The asymptotic distribution of the CR when applied
to univariate Tinear models is proved to be asymptotically normally
distributed in section 4.4, and section 4.5 contains a discussion of
the extension of the results presented in section 4.3 and 4.4 to the

CR applied to the multivariate linear models.




108

4.1 The Limit Value of the CR: Independent Populations

In this section we prove that the conditional risk and the true
risk converge to the same value as the samb]e size from each population
' tends to infinity. We initially state the results for a general con-
tinuous family of distributions Gn(j) of random variables T(j) - (TJ]’
j=1,2, ..., k and for a general set EC Rk, where the set E is de-
fined according to the problems of selecting the "best", b "best" or
complete ranking of populations; for instance, if we are interested in
selecting the "best" population the set E is defined as

E={T: T(k) > max {T(

> -)}}
' 1<j<k-1

J
The results for the normal case are studied for the same sets E
as defined above and the conditional risk and the true risk are proved
to converge in probability to zero under certain restrictions on the
parameter space. Recall that the true risk and the conditional risk

are defined (Chapter II) as:

k
R(B) =1 -a(9) =1- f_ﬂden -)(t(j) - ors1) (4.1.1)

i 2 3=1 "
and
A n K .
R@) =1- &n(@) =1 - g[ézqun§(t(j) - e[j]) (4.1.2)

respectively. Note that T(j) is the statistic associated with e[j]

and is based on n observations, and 8.4 is an estimator of .
( [5] mator of B ;7

J)
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J
hence which n(j) is associated with e[j]. But, we do know that e[j]

based on n;‘ observations and we do not know a priori which T(.) and .

is an estimator of e[j] and is based on n§ observations.

Theorem 4.1.1. Llet ¢ = (e[]], B[p]> + - e[k])' and
9 = (e[]], 6[2], e e[k]) where e[j] js an estimator of 6[j],
* . - - PAY

based on nj observations, J 1, 2, ..., k and such that e[j] »—e[j]

in probabjlity as "3 - o, Let Gn be the cumulative distribution
(J)

function of the random variable T,.y - 6r:-. Suppose that G - G,
(3) T3] ny 9

in law. Let n = min{n(1),-n(2), ...; n(k)} and E a subset of Rk

such that

K
fJEdGJ'(t(J) ") =0, (4.1.3) ®

oE

where 3E denotes the boundary of E. Then

an(Q)._E+ a(f) as n - o

~ k :
where (X(Q) =‘_E/'\;E[lde(t(j) - e[J]) . (4.].4)

Proof: Let {(ém)} be any sequence of real numbers converging to e[j],

j=1,2, ..., k. Hence,

(m)
- 6") > 85t 5y = opyq)

for all t<j) as n(j) and m tend to infinity, since
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(m) |
syt 7 ° ) - 85(t5) - 57
_ (m) _ -
- Gn(j)(t(J) R T F IR & ) ™ oy
- G G[J})

~>0+0 as n(5) and m tend to infinity.

Then, by the definition of convergence in Taw (see Breiman, pp. 234,

1968)

k
E[jEdGWw(t(j - deG " o7

Note that we assume (4.1.3) and this property holds for every set E

considered in this chapter. Now, since é[j] > e[j] in probability as

ng + o and hence n% n(j) with probability approaching one, it follows

J
that
5 /]
Gy - G, ( -
EjU]dGn;‘t(J sy — J J[83e5) - o)
as n - . When n= min{n(]), .}., n(k)} Fends to infinity, every

"; + « and also n; tends to be equal to N5y in probability.

Corollary 4.1.1.1: Under the assumptions of theorem 4.1.1,

the conditional risk and the true risk converge in probability to the

same value



1-ale)  as n - . o ' ‘

Corollary 4.1.1.2: If Gn (x) J:+ o(x), then under the assumptions

of theorem 4.1.1

fﬂdG te T ) f”‘”’ )y e

F J= J
and hence
Ay P k
R(§) —> 1 T do(t j) = Opjp) as nve
9 J 5= L]

Here &(-) dehotes the cumulative distribution function of the standard
.normal distribution. |

Theorem 4.1.2 (The normal case): Let g and @ be defined as in theorem

4.1.1 and Gn(.) be the cumulative distribution function of a normal dis-
;

tribution function with zero mean and variance G%j)/n(j)’ i=1,2, ...,

k, where G%'

. . < <
jy s unknown. Then if E :>{6] 92 <L ek} (Note that

the parametric space is restricted here, in terms that 91 # Gj, i#3),

?(D>

fo.dG* CIRFIL

i) - Xriq)
yliqué{ J 4] } P oas min{ng} > o

Here 532 denotes the sample variance of the population with sample

mean Y[J.] »Jd =1, 2, ..., k and t'(j) is the variable of integration. .
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Proof
K [/n*(t, . X.4)] L
of —d-—(J) [J]]__> Fo(t )
\]TI='| { S‘;f ;]j_.l—] J‘T(3)
where
. 0 i Yy <01 T 9
EILTE) LA R
1 if t(j) > ej
Now,

since for the set E considered here E = {%: ti = tj’ i # j for some i
: k
and some j}. The set 3E has TW'dFj measure zero since the 6's are
j=1 ' -

“assumed to be all different. Also, since E :D{e] < 62 < vue < ek}

Kk
Jrjj'dF(t(-)) =1 and, therefore,

g o

k /ﬁ'(t(.)-'x[] ﬁ
oc(@.)=fTqu{J 1 J} de =1
n- : j=1 53

Corollary 4.1.2.1: Under the assumptioné of theorem 4.1.2, both the

conditional risk and true risk converge in probability to zero, as

n -+ o,
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4.2 The Asymptotic Normality of the CRP: Independent Populations ‘

In this section we study the distributfon of the CRP when the
sample size from each population tends to infinity and the populations
are assumed to be independent. Under certain general conditions the
conditional risk is proved to be asymptotically normally distributed.
The asymptotic variance of this distribution is studied and a consis-
tent estimator for this variance is proposed. The estimator can be
used together with the conditional risk for the practical purpose of
obtaining an approximation of the "error" associated with the condi-

tional risk for each problem considered in Chapter II.

Theorem 4.2.1: Under the conditions of theorem 4.1.1

has the same Timit Taw as

N'l—-t

k
A5 ) 065y - o5y

as n - =, where

In addition, if
1
2/\
0pr.q = .
051 - oy
is asymptotically normally distributed with zero mean and variance

o§ (o? assumed to be known), then
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1 k
nz(a (§) - o (g)) ~ N(O; j§]o§H§(@)) asymptotically.
Proof
k

]
. )
[ I =
vl
[{=]

0y F@) T 0

then by a Taylor expansion of OLn(Q*), where 6* is any k-dimensional
point in a small neighborhood of g = (6[1], cees e[k])' such that

/n(e™ - 9) tends to zero, we get

@n(87) = o (8) + (6] - 0117) o3

Now, since /ﬁkﬁ - 9) has a 1imit law, we have

1 1

k :
- A _ ‘2‘ ) A
) - o) < Fe gy - oggy) )

§=0

+ 0o(1) in probability, as n + =,

has asymptotically the same distribution as

Z” @) n*(@pyq - op57)-
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- A L 2 2 .
f n? - . N r .
Now, 1f n (6 [J] e[J]) _— N(O, OJ), where o is assumed to be known,

J
then
rg]z 1
1 2 0
nZ(d - 8) ~ N(0, V), where ¥ = | 2
0
I k]
Therefore,

NI [

n?(a (8) - %(8)) is asymptotically distributed as

) 2 .2
N(0; JZ1GJ Hj(g)).

Corollary 4.2.1.1: Under the assumptions of theorem 4.2.1 the con-

ditional risk is asymptotically normally distributed with mean R(g)

2
k 9
(the true risk) and variance Z

L Hi(8).-

Corollary 4.2.1.2: Under the conditions bf theorem 4.2.1 and the

assumption that G (t,sy - 6r:7) is a normal distribution,
(j) (J) (3]

1
N(O; G(J)/n( l? it follows that nz(un(g) -_oh(g)) is asymptotically

distributed as N(0, X 0 8)), where
3 (8)
Hi(e) = ohfg
BGJ §=6
fﬁ ﬁ { (s - em)} “3‘“‘(3; ISRl )
N =1 () 0(2) G(j) (

Here we propose as an estimator of the asymptotic variance

kK, . k
.Z]0§ 2(e)/n the statistic } s§ ?(Q, s)/n, where
J= J=1
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2

2 - ( 2 g2 2)I with each s

S-I, 52, .-.,Sk
2

variance g(j), based on n(j)

We note that since § and s are consistent estimators of § and o,

~ ~

S being the estimator of the

- 1 degrees of freedom, j =1, 2, ..., k.

, K
respectively, and the function F(p, o) = } o

j=1
K 2 .20
tinuous function of 9 and g, we can conclude that ys 55 HJ(Q s)/n is
j=1
. " kzz
a consistent estimator of Z o5 HJ g)/n. Therefore, if we evaluate
J=

the expression F( B, s) we can have an estimate of the "error" as-
sociated with the conditional risk for the problems considered in

Chapter II.

4.3 The Limit Value of the CRP When Applied to Univariate Linear
Models

In fhis section we study the limit value of the CRP when applied
to univariate linear models (Chapter III). Here, we also prove that
the conditional risk and the true risk converge to zero when the sample
size tends to infinity. This result is obtained by imposing certain
restrictions on the design matrix Xn since as n increases this matrix
is modified by the addition of new rows. The assumption adopted is
that “-]X;Xn converges to a positive definite matrix Q as n > .

Note that this assumption has been used by Eicker (1963), Gleser
(1965) and Puri and Sen (1970) in studies of the asymptotic properties

of least squares estimators in linear models.

2
o} ln) and

Theorem 4.3.1: let Y = X 8 + ¢ where e~ N(O,
nx1T  nxp px1  nx]

assume o is unknown and rank(gn) =p<n. Let
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0((@, 02) = de(Qs v)
£
and
N o
a(B, s°) = .[;Nk(e, V)
E
where

i) w1 <8y < an. <ek}C‘EC Rk

1) = Oy oy s 0p) s 8= Gpype Opppe oo 0y
withg = L8 and § = L*8

2 ! -7,
iii) V=0 g(gngn) L and

~

= szk*(gégn)_]g*' and assume

L =>

Tim(X X )/n = Q, where Q is  positive definite symmetric.
n=>o ~N~n ~

Then, as n » «, a(B, 02) and a(B, 52) converge in probability to one.

Proof: As n -+ o, E'*”E“* B (see, p example Eicker, 1963); hence,

L* > L in probability; i.e., the ordering matrix L* of the estimates of
the secondary parameters § will be the same as the ordering matrix L of

52 SULLLIN 02 (Gleser,

the true parameter value §. Also, as n > o,
1965). Hence,
: 2 2
- 2 ! -1, - 0 ' =1 o_ =],
Vo=o LX) L = (X)L > LT > 0

and

>

Therefore, Nk(g, V) and Nk(é, V) tend to a k-dimensional degenerate

~ ~
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N, (0, 0) distribution. Since, by assumption E :3{6] <y < aen < ek},

k

2) and

0 # ej and therefore -/-de(g, 0) = 0, it follows that o(B, o
oF

u(@,,sz) converge in probability to one.

Corollary 4.3.1.1: Under the conditions of theorem 4.3.1 the true risk

and'the conditional risk when applied to univariate 1inear models
equations (3.1.1.2), (3.1.2.2) and (3.1.3.2) converge in probability

to zero.

4.4 The Asymptotic Normality of the CRP When Applied to Univariate
Linear Models

In this section the asymptotic distribution of the CRP is shown
to be normal when applied to univariate linear models. An estimator
of the asymptotic Variance of this distribution is proposed which can
be used as a measure of the "error" associated with the conditional

risk for the problems discussed in Chapter III.

Theorem 4.4.1: Assume 02 is known and define

o(B) =dek(L*B; P58 ) L)

~n~n
E

and

(@) = [an(ues oBLxx) L)
E
where k*, L are as defined in theorem 4.3.1. Also, assume that.

n (x'g ) > Q , where Q is positive definite matrix and Ec Rk. Then,
pxp
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P

ia(B) - alg)) — N(0, o2)

OL-’

where og = OZW'(LQ_]L')N, where the ith component of W is given by
aof@ _ Here, §= L*3 and g = Lg
d. |b=

Proof: From theorem 4.3.1, L* P, L; therefore /A(L*B - LB) has the

same limit distribution asv¢ﬁg(g - ), but /(B - B) ﬁf{f?f N(O, OZQ-])

~

(Gleser, 1965). So, vAiL(B - 8) 2™ N(0, o°LQ 'L'); i.e.,

2, -1, 3

M@ - 6) v N( L ), where § = LB and @

o
Q
—
O

LB. Now, following
the same argument used in theorem 4.2.1; i.e., a Taylor expansion of
a(6®) in a neighborhood of g = (e[]], 6[2], ""ve[k])' we conclude

that
/n(a(®) - afe))

has asymptotically the same distribution as
WA - e)

where W has the ith component given by

Hence, vi(a(B) - a(B)) = vA(a(B) - a(0)) is asymptotically distributed

as N(O, 05), where
o5 = 0% (LQL W

We note that similar proofs of more general closely related theorems
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are given by Cramer (1946, pp. 366-367), Anderson (1958, pp. 76-77) and
also Rao (1973, pp. 385-391).

Corollary 4.4.1.1: The conditional risk as defined in Chapter III

(assuming 02 is known) is asymptotically normally distributed with mean

R(B) = 1 - a(g) (the true risk) and variance

A5

)

o bl
- WLg

LW

One can obtain an estimator for this asymptotic variance which is
obtained by replacing 02 by 52, the pooled estimator of 02 and replac-
ingg = LR by § . L*8 in each of the components of the vector W.

This estimator, as defined above is a consistent estimator of the
asymptotic variance and»can be used (as evaluated) as an indication of

the "error" associated with the conditional risk.

4.5 The Extensions of the Results to the Multivariate Linear Model

In this section we discuss the extension of the results obtained
in section 4.3 and 4.4 for univariate linear models to multivariate
Tinear models (Chapter III, section 3.3). Theorems 4.3.1 and 4.4.1

can easily be extended to the multivariate case, since 3-—E+ B,

2 —E+ % (see Eicker, 1963 and German Rodrigues, 1975), var(E) —E+ 0
(under the assumption that n']gézn +~Q, a p.d. matrix) and /n(B - B)

is asymptotically N(O, ;;595[4). Therefore, a similar version of
theorem 4.3.1 can be stated to prove that as n -~ «, the conditional
risk and the true risk tend in probability to zero, when the CR is

applied to multivariate linear models. Also, a similar version of
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theorem 4.4.1 can be stated to prove that as n > « the conditional ‘
risk is asymptotically normally distributed and in a similar manner a
consistent estimator of the asymptotic variance can be defined and used

as a measure of the error associated with the conditional risk applied

to selection problems involving multivariate linear models.

As a final remark of this chapter we note that if in theorem 4.4.1
and also in its extension to the multivariate case we assume that g2
and § are unknown, respectively, the conditional risk is asymptotically
normally distributed with mean equal to the true risk (in each case)
but with asymptotic variance greater %hah that giQen under the
assumption of 02 and Z known. For more details on the joint normal
distribution of B and 52 and B and £ we refer to Theil (1971, p. 397)
and Rodrigues (1975, p. 63) and to obtain expressions of the asymp-

totic variance in those cases we refer to Anderson (1958, pp. 76-77),

Cramer (1946, pp. 366-367) and Rao (1963, pp. 385-391).



CHAPTER V
THE DESCRIPTION OF THE ALGORITHMS

This chapter presents a discussion of algorithms which are
useful for evaluating the conditional risk for the problems of
selecting the "best" population, the b "best" populations, complete
ranking, and problems related with Gupta's approach when the pop-
ulations are normally and independently distributed (chapter 2).
In section 5.1 we discuss the algorithm for calculating the
risk of selecting the "best" normal pbpu]ation. Section 5.2
contains a discussion of the algorithm for evaluating the risk
of se]eéting the b "best" normal population. In section 5.3 we
describe the algorithm to evaluate the risk associated with a
complete ranking of k normal populations and in section 5.4 the
algorithms related with Gupta's approach are discussed.

5.1 An Algorithm to Evaluate the Risk Associated with the

Selection of the Population with the Largest Mean from
k Normal Populations

5.1.1 Description and Purpose
This algorithm evaluates the risk associated with the selec-
tion of the population with the largest ("best") mean from k

th population,

normal populations with n; observations from i
which has mean My and variance 012, i=1, 2, ...,k. The condi-

tional risk is given by relation (2.2.1.2.6) in chapter 2;
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replacing estimators by corresponding parameters values produces .

an expression for the (unconditional) risk:

40
1 k _ — 2
T - - L2 ﬁ 2. -
/ i=2 '
(5.1.1.1)
= ]\_- .._1_+oo k | ) - . : _tz
S llé {0.5[1 + erf ([o; + t.sq1/s;)1k. e Tdt
(5.1.1.2)
where _ ‘
0] denotes the standard normal cumulative distribution function;

erf denotes the error function; note @(x) = [1 + erf(x/v2)1/2;
1] is the largest mean; i1 > “[1+1]; i=1, 2,....5k=-1;
g.2 is the variance of the distribution with the ith Targest mean;

n. is the number of observations from the population with the
i-th largest mean;

t is the variable of integration;
Dy = Mmiy T M)
- 2 1/2 .
S, = (201 /ni) ; ncte that due to the factor 2, s, is not a
standard error.
Expression (5.1.1.2) is convenient for evaluation because most

computers have available fast, accurate routines for evaluating

the error function. .



5.1.

the

2 The Implementation
The Fortran subroutine RSLMND, listed in Appendix I, uses

method of Romberg integration (Wilf, 1967) to compute approx-

imations to the expressions (5.1.1.1-2). The overall structure

of the implementation is as follows:

I.

IT.

ITI.

Iv.

The

The program which calls RSLMND sets up the required parame-
ters (described below and in the listing of RSLMND) and
calls RSLMND.

RSLMND performs some preliminary calculations and calls
DQATR an integration routine.

DQATR evaluates the integral using the Romberg integration
algorithm.

ISLMND is called by DQATR to evaluate the integrand of
(5.1.1.2) for specified values of t. '

following paragraphs contain a more detailed description

of the structure of the algorithm.

I.

IT.

The calling program (i.e., the Fortran program which calls
RSLMND) must provide RSLMND with the values of the parameters
of the problem, viz., the value of k = the number of popula-
tions, three arrays containing the ui-values (unsorted), the
oiz values, and the ni-va1ues, lower and upper limits of the
integration and an error tolerance indicator, €. The listing
of RSLMND in the appendix contains a detailed description

of the actual subroutine calling sequence and parameters.
RSLMND performs the following tasks and computations:

1. Check the input parameters for allowable values. If

improper values are found an appropriate error indicator

is set and control is returned to the calling progranm.

124
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2. Compute the elements of the arrays DI(I), which corresponds
to Di in (5.1.1.2), and SE(I), which corresponds to Si in
(5.1.1.2). These arrays are stored in the named COMMON/
CSLMND/ block for communication with the ISLMND routine,
which evaluates the integrand in (5.1.1.2). Note that this
step involves determining the largest mean but the algorithm
does not require that the remaining means be sorted and the
elements of DI are not necessarily ordered. Any improper
values of the input parameters which are detected in this
step result in the setting of error indicators and return
of control to the calling program.

3. Subroutine DQATR, described below, is called to evaluate

the integral (5.1.1.2).
4. When DQATR returns control, RSLMND evaluates the risk =
1.-integral, and returns control to the calling program.
III. Subroutine DQATR, from the IBM Scientific Subroutine Package
(IBM,1968) uses the technique of Rbmbérg integration (Wilf,
1967) to approximate an integral over a finite range of inte-
gration. In the present case the actual range of integration
is infinite, but the truncation error from use of a finite range
can be made small, as discussed in the subsection on accuracy.
Romberg integration is an "adaptive" technique based on the
trapezoidal rule, which permits the user to specify the accuracy
reqﬁired of the approximation. This topic is also discussed in
the subsection on accuracy.

If DQATR is not available, a similar routine using an
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adaptive quadrature method could be substituted.

DQATR calls the routine ISLMND to evaluate the integrand

in (5.1.1.2).
IV. ISLMND is a double preciéion Fortran function subprogram which
evaluates the integrand of (5.1.1.2). The ya]ue of the variable
~ of integration, t, is the only formal argument. The values of
the parameters k, Di’ S;» are passed in the named common block
CSLMND from RSLMND.

The evaluation is straightforward. In this implementation
the IBM routine DERF is used to evaluate the error function.
Similar routines are available from most computer manufacturers
and such routines may easily be substituted for DERF.

Implementation Restrictions. As written, RSLMND and ISLMND

permit a maximum of k = 20 populations. This 1limit can be changed
by modifying the dimensions of the arrays SE and SI in card number
RSLM 1610 in RSLMND and card number ISLM 170 in ISLMND. One must
also modify the maximum allowable value of k in the variable KMAX,
card number RSLM 1620. Subroutine DQATR requires that the array
AUX have at Teast 5 elements (i.e., NDIM>5). This restriction

cannot be changed.
5.1.3 Accuracy

There are three sources of error to be considered:
(i) Truncation Error
(ii) Error in integration approximation

(ii1) Error in evaluating the integrand
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1. Truncation Error

For IBM 370 or equivalent equipment we recommend lower and upper
limits of integration be XL = -7.0 and XU = 7.0. With these Timits

the maximum truncation error can be determined from the expression

oo 7.0 |
2
f(t)e b dt

_t2
0< f(t)e ~ dt -

=00

7.0
(5.1.3.1)

where

k
2, . 2
f(t) = 1‘22@ [y ¥ t/2c;] /nqy) Ai/oi ]

Therefore, 0 < f(t) < 1, for all t and this implies that the ex-

pression (5.1.3.1) above is less than

+o0 7.0
2 2
J[;'t dt -‘/” e tat = T - (@(7x¢?} -0 (—7x/?)]]
- -7.0

= A1 - (1/2(1 + erf (7.0)} - 172 (1 - erf (7.0))) ]

22

Oné can show 1 - 2x10°°“ < erf (7.0) < 1.0 and, therefore, the total

2 -

truncation error is Tess than /ﬁ'2x10_2 = 3.5x10-22. Thus, using

XL = -7.0 and XU = 7.0 results in a negligible truncation error.

2. Error in Integration Approximation

As was mentioned above the integral is approximated using




128

the Romberg Technigue of successive approximations (Wilf, 1967).

The techniqué basically evaluates successive épproximations by
dividing the interval (-7.0, 7.0) into 2P equal subjntervals and
(basically) applying the trapezoidal rule. The algorithm terminates
when a computed upper bound on the absolute error of the p-th
approximation is less than a specified value e (controlled by the
user). The value € = 10_5 seems appropriate for probability computa-
tions as it assures 4-digit accuracy. More accuracy may require |
more elements in auxillary array AUX. Using NDIM = 1000 and

1000 elements in the array AUX has not failed in our examples with
8

e as small as 10

3. Error in Evaluating the Integrand

Using double preciéion the only relevant error is in evaluat-
ing the efror function. A1l other integrand-evaluation errors are
very small fe]ative to errors of approximation by the Romberg tech-
nique.

The size of the errors that occur with the function DERF, as

reported by IBM (1968), are presented below:

Range of t ERROR IN DERF(t) vs erf(t)
O<t<l] relative error < 7.4 x 10718
1<t<2.0400009  abs. error S 7.0 x 10717
2.0400009<t abs. error < 3.7 x 107'°

Double precision arithmetic (* 16 decimal places on IBM 360
or 370) is used throughout these routines and éight-decima] place

accuracy is easily attainable.
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5.2 An Algorithm to Evaluate the Risk of Selecting the b "Best"
Populations from k Normal Populations

5.2.1 Description and Purpose

This algorithm computes the risk associated with the selection
of the b largest ("best") means (1<b<k) from k normal populations,
with n, observations from the ith population, which has mean P
and variance 012, j=1, 2,..., k. Expressions for the condition-
al risk are given in section 2.2.2.2; replacing estimators by

corresponding parameters produces expressions in terms of error

function, for the (unconditional) risk as:

k +oo  k=b k
L) T (0 o et
1 -1 F.(t) 71 9.(t) e " dt
S J Wﬂ,
C o oskebt] o §= L=k=b+1
#i
(5.2.1.1)
or equivalently,
kb fo kb K
| ' .2
1-1 7 Jf T 0 TT ggt)e™ at
M ga o 3= =
o j=1] ,=K=b+1
J#i
(5.2.1.2)
where:
fi(t) = {01+ erf ((Dj ¥ tsi)/sj)J/Z}
g,(t) = {[1+erf ((D, - ts;)/s,]1/2}

erf denotes the error function

P TR T MDY Rl S VK]
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S, = (ch.z/n.)]/2

2 .
nd o, and n. are the variance and
j i’ and o; j n

and number of observations from the
population with ith largest mean;

t is the variable of integration.

The algorithm uses expressions (5.2.1.1) or (5.2.1.2) to
evaluate the risk according to which haé fewer terms, i.e. if
k-bs<b the algorithm evaluates expression 5.2.1.2 and if k=b>b
the algorithm evaluates expression 5.2.1.1 to calculate the risk.
5.2.2 The Implementation

The Fortran subroutine RSBBND, listed in Appendix II, uses
the method of Romberg integration (w11f,']967) to compute approx-
imations to the expressions (5.2.1.1-2). The structure.of the
1mp1ementation is as follows:

I. The program which calls RSBBND sets up the required param-

eters (described below and in the listing of RSBBND) and
calls RSBBND.

IT. RSBBND performs some preliminary calculations and calls
DQATR, an integration routine.

IIT. DQATR evaluates the integrals using the Romberg integra-
tion algorithm.

IV. ISBBND is called by DQATR to evaluate the integrands of
(5.2.1.1) or (5.2.1.2) for specified values of t.

The following is a more detailed description of the structure of
the algorithm.

I. The calling program must provide RSBBND with the values of the
parameters of the problem. See the listing of RSBBND in appendix II
for a detailed description of the actual ﬁubroutine calling sequence
and parameters.

IT. RSBBND performs the following tasks and computations:
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1. Check the input parameters for allowable values. If im-
proper values are found an appropriate error indicator is
set and control is returned to the calling program.

2. Sort the vector of means MU and SE into ascending order
by the values in MU. These arrays are stored in the
named COMMON/CSBBND/ block for communication with the
ISBBND routine.

3. RSBBND selects which expression to use, according to which
has fewer terms, sets SUM = 0, and executes a loop; one
integral is evaluated in each pass through the 1oop.

3.1 Subroutine DQATR is called to evaluate the integrals.

3.2 Each time that DQATR retufns control, RSBBND adds the
value of the integral just evaluated to the sum of the
integrals. At the end of the Toop RSBBND evaluates
the risk = 1-SUM/vm and returns control to the calling
program.

ITI. DQATR, a Romberg-integration routine is described in section
5.1.2.

IV. ISBBND is a double precision Fortran function subprogram which
evaluates the integrand of (5.2.1.1) or (5.2.1.2). The values
of the sorted parameters, means in the array MU and correspond-
ing values of SE in the array SE, and other problem parameters
are passed in the named common block CSBBND from RSBBND. The
evaluation of the products is straightforward and the IBM
routine DERF is used, in this step, to evaluate the error
function.

Implementation Restrictions. RSBBND and ISBBND are written for a

maximum of k = 20 populations. This maximum can be modified by
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changing the dimensions of the arrays MU and SE in card number
RSBB1840 in RSBBND and card number ISBB 170 in ISBBND. Also,
the maximum allowable value in the variable KMAX, card number
RSBB 1910 must be changed.

Subroutine DQATR requires that the array AUX have at least
5 elements, i.e., NDIM > 5.
5.2.3 Accuracy

Here, also, there are three potential sources of error:

(i) Truncation error

(ii) Error in integration approximation and

(iii)- Error in evaluating the integrand.

We note that since all conditions for the implementation of
the subroutine RSBBND are essentially similar to those of subroutine
RSLMND with respect to accuracy, the description for the accuracy
of the subroutine RSLMND in section 5.1.3 also applies to the accuracy
of RSBBND.:

5.3 An Algorithm to Evaluate the Risk of a Complete Ranking of
k Independent Normal Populations.

5.3.1 Description and Purpose

In this section an algorithm to evaluate the risk of a complete
ranking of k normal populations is described. The technique used
to evaluate the risk is based upon an algorithm for approximating
expectations and probabilities of multivariate normal distributions
(He]ms,v]976). The basic general idea of the approximating algo-
rithm is simple. Suppose one wants to evaluate the probability

of a correct ranking of the k normal populations, i.e. Pr(E), where
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E={t: t t <...¢
Bty sty ty?
as defined in section 2.2.3 - chapter 2. This probability is

k
Pr(€) = j-ﬂ]d‘;j(tu)"%jl)

g J°

j £ (£)d6(t)
k

R - (5.3.1.1)

where

1iftekE
Fo8) =

0 else ‘

and

88) =7 685050

k

J=1
Consider an equiprobable partition of the space Rk, into n equi-
probable sets, Si’ relative to the distribution G(t) and select a

point, Ei’ which is representative of the set Si; then (5.3.1.1 )

above can be approximated by

feltdn () = &

I S

i=1

(5.3.1.2)
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where

u(S;) is the G-measure of the set S;

and

r = total number of points Ei € Rk such that gi e E Si'

Clearly the approximation is "good" if n is "large" and is "poor"
if n is "small". The approximation is discussed on the subsection
on the accuracy of the algorithm.

The partition sets and representative points can be generated

1 is partitioned into

for the present problem as follows. First, R
T equiprobable sets, Uj, with respect to N(0,1) and the median points,

m.s of these sets are selected as representative points in R]:

Loy
1

} = (e 07 (M)

o
H]

(Q-]((i-])/T), Q_](i/TJ i=2,3,., T
- -( ¢! ((T-])/T), oo )

o[ (i-172)/1) i=1,2, ..., T

[
1

=
i

In Rk the sets of the partition may be indexed by a vector-valued

subscript, j, Jj. e {1, 2,,,., T} and generated as product sets:

- k. -
Sj = {X e R™: (yi ui)Vﬁ;/oi £ Uji}
= T'k Corresponding "median" representative points

Clearly Pr[Sj]

are
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t5 = Gy * M5 o/ i My opf Moo
kx1

The representative points are used in the computations; the sets of
Vthe partition are used only conceptually.
5.3.2 The Implementation

The Fortran subroutine NRANKP, 1isted in appendix III, uses the
techniqUe described in section 5.3.1 to evaluate an approximation for
the risk of a complete ranking of the means of k independent popula-
tions with "j observations from the j=th population, which has mean

Hj and variance gjz, i=1, 2, ...k.

The overall structure of the implementation is as follows:

I. The program which calls NRANKP sets up the required parameters
(in the Tisting of NRANKP) and calls NRANKP.

II. NRANKP performs some preliminary calculations, sorts the means ‘
in the array MU and arranges the values of SE (standard errors)
to match the ordering of the elements in MU.

ITI.  NRANKP calls XFROMP (Cunningham, 1969; see appendix III, for

details) to find the M(I) = ®"]((I—1/2) /T), which corresponds
to the mj values described in section 5.3.1. Note the M(I)
: i

are in increasing order.

IV. NRANKP initializes two Txk arrays,sA and TALLY. The array A
stores all of the possible values of the components of the
representative points gi, from Si’ i.e.

i,J .+ m., O, .
A(i,J) « M mJioJ//ES
The j-th element of any t. must be one of the values in the
. i
j-th column of A. Conceptualily, all the ;1 can be genera-

ted by taking all Tk vectors generated by choosing the first
element from column 1 of A, the second element from column 2
of A, and so on. The algorithm counts the number of such ;1-'

vectors which lie in E using.a recurrence relation technique. ‘
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Consider, for example, a general kx1 vector t and all tuples (tu,
tu+]’ cens tk), where all components of t are considered to be varia-

bles with values from corresponding columns of A. Consider the
problem of counting the number of tuples (tu,..., tk) which satisfy

the ordering relation tu < tu+1 < ... < tk. Suppose further that one
knows, for each tu+1 -value, the number of sub-tuples (tu+1’ cees tk)
which satisfy the relation. Let TALLY (i, u+1) denote the number of
sub-tuples (tu+], cees tk) which satisfy the ordering relation when
tu+] = Ai, U+’ Then the number of tuples (tu, cees tk) which satisfy
the ordering relation is:

TALLY(I,U) = L  TALLY(I*, U + 1)
Rel(I,U)

where

Re1(I,U) = {I*: A A }.

I,U S Pre, uo+ 1

The subroutine initializes the k-th column of TALLY to 1's and pro-
ceeds to compute the k-1, k=2, ..., 1 columns according to the recur-
rence relation given above. The technique is further discussed by

Helms- (1976) and is closely related to a technique by Carroll and
Gupta (1975). :

IV. NRANKP finally sums the entries in the first column of TALLY to obtain
the total number of Ei which satisfy the ordering relation and divides

this total by Tk, which is the approximation for the probability of

a correct ranking and hence the risk of a correct ranking and returns
control to the calling program.

5.3.3 Accuracy
There are two sources of error to be considered:
(1) Error in finding the M(I) values and internal computation of
the array A.
(ii) Error in fhe approximation of the integral (5.3.1.1) by (5.3.1.2).

As mentioned before the M(I) values are obtained from the subroutine

XFROMP, which evaluates @‘1 accurate to 10 significant digits (Cunning-

ham, 1969); XFROMP is implemented in double precision on the IBM 360/
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370 family. The elements of A are evaluated in single precision, ‘

approximately 7 decimal digits, and errors in the evaluation of A

are negligible compared to errors of the integration approximation.
Carroll and Gupta (1975) show that for this setting the upper =~ -

1imit on the error in the integral is k/T, e.g., with k = 4 popula-

tions and T = 1000 representative points, the maximum error is 0.004.

However, this procedure is c]ose]yrre]ated to a simulation experi-

ment with n = Tk points. In such an experiment one would have

var(f) = w(1-m)/n, where m is the probability being estimated, and

an approximate 99% confidence interva]Afpr m would have length

2(2.58)[#(1-#)/n1"/2. The worst case is m = 0.5, giving Tength

]/2. In the example above, n = Tk = 10004 = 1012 and the

2.58/n
99% confidence interval for a simulation with that many points would

have a length on the order of 2.58 x 10—6, implying better than ‘ l
5-digit accurécy. _Experience to date suggests the actual accuracy |
is better than the Timit given by a theorem in Carroll and Gupta

(1975) but not as good as suggested by the simulation comparison.

For additional information see Carroll and Gupta (1975) and Helms

(1976).

5.4 The Algorithms Related with Gupta's Approach

In thié section we describe the algorithms related with Gupta's
approach. In section 5.4.1 we present the algorithm that finds the
value of D for a given value of the conditional risk as discussed
in section 2.3.1.1 in chapter 2. 1In section 5.4.2 we describe the
algorithm that evaluates the conditional expected subset size as

defined in (2.3.1.2)




5.4.1 An Algorithm to Find the Value of D for a Given Value. of
the Risk

5.4.1.1 Description and Purpose

Gupta's procedure for subset selection using normal popula-
tions is:

Include the i-th population in the subset if and only if

X. 2 X -~ D
i max

- where:

;1 denotes the sample mean from i-th population

imax denotes the Targest sample mean and
D may depend upon a standard error or other parameter. In our
case we assume that D is a positive constant to be determined.
The risk of this procedure is given by the expression (2.3.2.2.1)
in chapter 2 and that expression in terms of the true parameters
values and error function (erf) can be rewritten as

2
(1/2[1 + erf([Dy+ D + t.5,1/5.)11.e7 at

(5.4.1.1.1)

We note that the parameters in the relation (5.4.1.1.1) above are the

same as those defined in relation (5.1.1.2) except that D is added
to the numerator of the argument for the function erf.

Equation (5.4.1.71.1) defines the risk, R(D), as a monotone
decreasing: function of D. The purpose of this algorithm is: given
a user-specified risk, R > solve

R(D) = RO

138
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for D. Since R is monotone decreasing and D > 0, sup R(D) = R(0).
For R(D) = Ro to have a solution Ry < R(0) is required.
5.4.1;2 The Implementation
The Fortran subroutine GSLMND, Tisted in appendik IV - A,
uses Mueller's iteration scheme of successive bisection and inverse
parabolic interpolation (Kristiansen, 1963) to solve the non-Tinear
equation F(D) = R(D) - RO = 0. The overall structure of the
implementation is as follows:
I. The program which calls GSLMND sets up the required parameters
(see Tisting of GSLMND - appendix IV) and calls GSLMND.
II. GSLMND performs some preliminary calculations and calls
DRTMI to solve the non-linear equation F(D) = R(D) - RO = 0.
III; DRTMI solves the equation F(D) = 0 using Mueller's iteration
scheme.
IV. FSLM is called by DRTMI to evaluate F(D) = R(D) - R0 for
specified values of D; FSLM calls DQH32 to evaluate the inte-
gral of (5.4.1.1.1) for specified values of D.
V. DQH32 evaluates the integral using 32-point Hermite-Gauss
Quadrature integration.
VI. ISLMND is called by DQH32 to evaluate the integrand of
(5.4.1.1.1) for specified values of t.
A detailed description of the structure of the algorithm is
presented below:
I. The calling program must proVide GSLMND with the values of

the parameters of the problem: The value of k = number of

populations; three arrays containing the ui-va1ues (unsorted),
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ITI.

the 012 values and the n; -values respectively; Ro’ the given
risk value from which D is obtained; an error tolerance indi-
cator e, which specifies the upper bound of the absolute
error allowable in D; and the maximum number of interaction

steps allowed to find D.
GSLMND performs the following tasks and computations:

1. Check the input parameters for allowable values. 1f improp-
er values are found an appropriate error indicator is set
and control is returned to the calling program.

2. Compute the elements of the arrays DI(I) which corresponds
to D, in 5.4.1.1.1 and SE(I) which corresponds to S;-

These arrays are stored in the named COMMON/CSLMND/ block
for communication with FSLM routine, which evaluates F(D) =
R(D) - R0 and with ISLMND routine, which evaluates the

integrand in 5.4.1.1.1.

3. GSLMND finds the interval (XLI, XRI) which contains the
root D, beginning with (0,1) and moving one unit to right
at each step. The check for inclusion of a root uses the
fact that D ¢ (XLI, XRI)<==>F(XLI)+ F(XRI) < 0. The
endpoints XLI and XRI are input parameters for DRTMI.

4. Subroutine DRTMI, described below, is called to solve
the non-linear equation F(D) = R(D) - R0 = 0.

5.  DRTMI calls FSLM to evaluate F(D) = R(D) -‘RO for several
values of D.

6. FSLM calls DQH32 to evaluate the integral.
7. DQH32 calls ISLMND to evaluate the integrand.

8. When DRTMI returns control, the value of D and the value of
F(D) are returned to the calling program by GSLMND.

Subroutine DRTMI, from IBM Scientific Subroutine Package
(IBM, 1968) uses the Mueller's technique iteration by successive

bisection and inverse parabolic interpolation (Kristiansen, 1963)

140
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to solve the non-linear equation F(D) = R(D) - R0 = 0. The tech-
nique determines a root of a general non-linear equation f(x) = 0
in the range of x from XLI te XRI. (The values XLI and XRI are
input values required by subroutine DRTMI, but, in the present
case, GLSMND determines these required values as described above).
The technique permits to the user to specify the accuracy required
of the error result of D. This topic is discussed in the subsection
on accuracy.

IV. FSLM is a double precision Fortran function subprogram which eval-
uates the function F(D) = R(D) - Ro for several vaTues of D. The

values of Dy» Sy, R, and k are passed in the named common block

CSLMND from GSLMND. FSLM calls DQH32 to evaluate the integral in
(5.4.1.1.1). The current value of D is passed to ISLMND by FSLM

via the CSLMND common block.

V. DQH32 is a routine that performs numerical integration of a given
function by Hermite-Gauss Quadrature (Krylov, 1962) with 32 points.
DQH32 calls ISLMND to evaluate the integrand of (5.4.1.1.1).

VI. ISLMND is the same double precision function as described in sub-
section 5.1.3, except that this version of ISLMND obtains the
values of D from FSLM via common CSLMND.

Implementation Restrictions. As written, GSLMND, FSLM, and ISLMND

permit a maximum of k = 20 populations. This Timit can be changed by
.modifying the dimensions of the afrays SE and DI 1in each oﬁe of the
routines GSLMND, FSLM and ISLMND respectively.

5.4.1.3 Accufacy

The sources of error to be considered in this algorithm are: .
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(i) The error in evaluating the root D of the equation F(D) =
R(D) - R _=0.
)

(i1) Error in the integration approximation.
(ii1) Error in evaluating the integrand.

(i) Error in Finding the Root of the Equation F(D) = 0

As was mentioned above, the root of the equation is found by using
Mueller's iteration scheme of successive bisection and inverse para-
bolic interpolation to solve fhe equation F(D) = 0. This technique
allows the user to specify the upper bound of the absolute error in the
result D. A reasonable choice is to use e = range/1000, where "range"
is the difference of the largest and smallest means. More accuracy
- may require excessive iteration steps and excessive computer time.
IEND, an input parameter required by DRTMI, is the maximum number of
iteration steps allowed. Using IEND = 30 has not failed in our ex-
amp]es.

(ii) Error in Evaluating the Integral

For this algorithm the integral is approximated using 32-point
Hermite-Gauss quadrature. Romberg integration was used in other algo-
rithms to permit the user to controT the desired accuracy and to be
able to achieve extreme accuracy (e.g. 8-digits) if desired. Because
of the nature of the iterative solution of R(D) - R0 = 0 if an adaptive
integration routine were used the algorithm might fail for lack of suf-
ficient accdracy at an unimportant value of D. The much simpler 32-point
Hermite-Gauss quadrature typically provides 4-place accuracy (error <
0.0007) in the value of the risk (lying between 0 and 1), which is
adequate for the purpose of this routine. As an illustration, for the

example given in section 6.1, the risk, as evaluated by different rou-
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tines was:
DQATR (with EPS = 10°%) : 0.01141504
DQH32 (rounded to 4 places) : 0.0114

DQH64 (64~point Hermite-Gauss
rounded to 6 places) : 0.011416

If more than three-significant-digit accuracy is required one can
replace DQH32 by DQH64 (with virtually no reprogramming) or DQATR or
another adabtive quadrature routine (which would require additional
programming). |

(ii1) Error in Evaluating the Integrand

The accuracy of the evaluation of the integrand is discussed
in detail in subsection 5.1.3. Double precision arithmetic is used
throughout these routines and three-significant-digit accuracy in D

is easily attainable.

5.4.3 An Algorithm that Finds the Expected Subset Size for a G1ven
Value of the R1sk Subroutine EXSS

5.4.2.1 Description and Purpose
Using Gupta's approach, specifying an acceptable risk, Ro’ deter-
mines a critical difference, D, such that R(D) = R and X, 2 ;[k] - D

leads to inclusion of the i-th population in the selected subset; the

Ro also determines, through D, the expected subset size E = the expect-
ed number of populations in the selected subset. D and E are also func-
tions of the parameters ., 012, and n.,, i=1,2, ..., k. For speci-
fied values of these parameters and RO this algorithm (subroutine EXSS)
evaluates both D and E, The conditional expected subset size is given
by relation (2.3.2.2.2) in chapter 2; replacing estimators by corres-
ponding parameter values and using the error function (erf) produces the

following expression for the (unconditional) expected subset size: .
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+oo
k k b
E = y J/ﬂ T {o.501 + erf((ui - + D+t si)/sj)]}e_t dt
i=1 J =
—oo jf’[

(5.4.2.1.1)

where:
erf is the error function
My is the mean of the i-th population

L2 ' 2 . .
S; = 201 /ni where 0 and n; are the corresponding variance

and sample size from i-th population, i = 1, 2,
.., k.

D is the root of the equation F(D) = R(D) - R_ = 0 (see sub-
section 5.4.1.1 for details) and °

t is the variable of integration.

Note the evaluation of the integrand in (5.4.2.1.1) does not
require that the My be ordered, as implied by (2.3.2.2.2). The
product over values of j has the same value regardiess of the order-
ing of thevu's. The only requirement is, of course, to maintain
the correspondences among the u's, 02'3 and n's.
5.4.2.2 The Implementation

The'Fortran}subroutine EXSS listed in appendix IV - B, uses
subroutine GSLMND (listed in appendix IV -~ A and discussed in sub-
section 5.4.1) to find the D value. After that, EXSS uses 32-point
Hermite-Gauss quadrature to compute approximations to the integrals
in the expression (5.4.2.1.1). The overall 1mp1ementatibn of the algo-
rithm is ofganized as follows:

I. The calling program sets up the required parameters (see the
Tisting of EXSS) and calls EXSS.

II.»EXSS calls GSLMND to find D, for a given value of the risk Ro‘
See Subsection 5.4.1 for further details of GSLMND.



145

III. EXSS calls DQH32 to evaluate the integrals in (5.4.2.1.1)
using 32-point Hermite-Gauss quadrature. .

IV. IEXSS is called by DQH32 to evaluate the integrands of
(5.4.2.1.1) for specified values of t.

We note that EXSS communicates with function IEXSS via labelled
common block, COMMON/CSLMND/ where this block contains the means
in the array MU, the corresponding values of SE in the array SE,
the value D, the root of the equation F(D) = 0 and other problem
parameters. The same common block is used temporarily by GSLMND.
5.4.2.3 Accuracy. -

The expected subset size, E, is evaluated as a function
(5.4.2.1.1) of D, which is evaluated by GSLMND. The accuracy of
the evaluation of D.is described in section 5.4.1.3. If D were known
without error, as indicated in the discussion in section 5.4.1.3,
one would expect approximately four-significant-digit accuracy .
in the evaluation of E. As D varies from 0 to somewhat more than
range = “[k] BLRIE E varies from 1 to k with an average slope of
less than (k-1)/range. Globally, one would expect an error of size
S in D to induce an error of approximately e = §(k-1)/range
in E, although in a specific neighborhood the size of € may be sub-
stantially large or smaller because E is not a linear function of D.

If, as indicated previously, § ® 10'4x range, one would globally
expect the induced error, € = 10'4(k—1), but probably less than
| ]O'Z(k—]) over the whole range, which is acceptable for data analytic
work. The error of the numerical jntegration of (5.4.2.1.1) must
also be considered but for a given D the numerical integration

typically produces at least approximately four-significant-digit

accuracy, so the combined effect of the two types of errors is .
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2(k-1).

probably consistently within 10°
If greater accuracy is desired 64-point Hermite-Gauss inte-

gration (subroutine DQH64) can bé substituted for the 32-pdint

DQH32 with only trivial changes. Still more accuracy can be obtained

by using an adaptive quadrature routine, but care must be exercised

in the root-finding operation, as noted in section 5.4.1.3.



CHAPTER VI

NUMERICAL EXAMPLES

In this chapter we illustrate the application of the conditional
risk approach to two sets of data which have appeared in the litera-
ture. One of these is the Erdman (1946) data used by Steel and Torrie
(1960) to illustrate multiple comparison methods among treatment means.
Another set of data, collected by Lt. Col. R.B. Payne of the Depart-
ment of Experimental Psychology, School of Aviation Medicine, USAF
and used by Danford, Hughes and McNee (1960) to illustrate the analy-
sis of repeated-measurements experiments, is used in section 6.2 to
j1lustrate the CRP applied to multivariate linear models. ‘

6.1 Application to the Erdman Data

The Erdman data, as presented in table 7.1 in Steel and Torrig
(1960), gives the nitrogen content in milligrams of red clover plants
jnoculated with cultures of Rhizobium trifolii plus a composite of
five Rhizobium meliloti strains. Each of five red clover cultures,
R. trifolii, was tested individually with a composite of five alfal-
fa strains, R. meliloti, and a composite of the red clover strains
was also tested with the composite of the alfalfa strains, méking
Six treatments in all. The experiment was conducted in a green-
house uSing a completely random design with five pots per treatment.
The data as described in Steel and Torrie (1960) are reproduced in

Table 6.1.1. The table also contains the ordered means and the

multiple-comparison conclusions of Duncan's multiple range test as .

applied by Steel and Torrie.
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TABLE 6.1.1

NITROGEN CONTENT OF RED CLOVER PLANTS INOCULATED WITH COMBINATION
CULTURES OF RHrzZOBIUM TRIFOLIT STRAINS AND RHIZOBIUM MELILOTI
STRAINS, IN MILLIGRAMS

R. trifolii strain

3D0k1 3D0k5 3D0k4 3D0k7  3D0KI3 Composite
19.4 17.7 17.0 20.7 14.3 17.3
32.6 24.8 19.4 21.0 14.4 19.4
27.0 27.9 9.1 20.5 11.8 . 19.1
32.1 25.2 11.9 18.8 11.6 16.9

33.0 24.3 15.8 18.6 14.2 20.8

MEANS AND STD. ERRORS

28.8 24.0 14.6 19.9 13.3 18.7
2.59 1.68 - 1.84 0.51 0.64 0.72

ORDERED MEANS AND DUNCAN'S MULTIPLE-COMPARISON CONCLUSIONS

3D0k13 3D0k4 Composite 3D0k7 3D0k5 3D0k1

13.3 14.6 18.7 19.9 24.0 28.8
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Selection of the "Best" Treatment

Note the "best" treatment here means the treatment that pro-
duces the largest amount of nitrogen in red clover plants. Using
relation (2.2.1.2.6) and the algorithm presented in appendix I
(subroutine RSLMND) the value 0.058 was obtained for the conditional
risk in selecting 3DOK1 as the "best" treatment. Thereforé, if one
selects 3DOK1 as being the best treatment one can place considerable
confidence in that conclusion, since only approximately 5.8%
of the data perturbed by a vector P ~ N(0, ©) would result in a

. . R 2 2 2 2
different conclusion, where { = Diag (s] 15, So Lgs S3 Ies 5y Ig>

2 2
Sg lgs S

Selecting the b "Best" Treatments

6215) and s, is the estimated variance from i-th treatment.

Table 6.1.2 shows the value of the conditional risk associa-

ted with the selection of the one, two, three, four and five best '

treatments respectively and also the value of the conditional risk
of a complete ranking of the treatments.

Recall that in the selection of,'for example, the two best
treatments thé decision is correct if and only if the population
means of the selected treatments are the two largest means, without
regard to ordering within the pair. The conditional risk is the
probability conditional on the observed values of the data,of an
incorrect decision if one perturbed the data. Table 6.1.2 shows
that the conditional risks of selecting the two or three "best"
treatments are relatively small, which can be interpreted as mean-
ing that one can have considerable confidence in those selections.

However, owing to poor separation among the smaller means one has

much 1e$s confidence in the selection of the best four and the best

five, or, equivalently, the worst two or worét one treatment.
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TABLE 6.1.2

THE CONDITIONAL RISKS OF SELECTING THE ONE, TWO, THREE, FOUR,
AND FIVE "BEST" TREATMENTS AND COMPLETE RANKING OF THE TREAT-
MENTS FROM THE ERDMAN DATA

No. Selected Selected Treatments Conditional Risk Algorithm

1 3D0k1 0.058  :RSLMND

2 3D0k1,3D0Ok5 - 0.011 RSBBND
3 3D0k1,3D0k5, 3D0K7 0.086 RSBBND
4 3D0k1,3D0k5,3D0k7 ,COMPOSITE 0.166 RSBBND
5 3D0k1,3D0k5,3D0k7,COMPOSITE,3DOk4 0.239 RSBBND

Complete 3DOk1,3D0k5,3D0k7,COMPOSITE,3D0k4, 0.369 NRANKP
Ranking 3D0k13
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Complete Ranking of the Treatments

An approximation to the conditional risk of a complete ranking
of the treatments was obtained from subroutine NRANKP described in
section 5.3 and Tlisted in appendix III, using 10]8 "representative
points." The value of the conditional risk is approximately 0.369,
which indicates one can place relatively 1ittle confidence (about
63%) in the sample ordering of the means. It is of interest that the
CPU time required for the computation'of this risk on the IBM 370/
165 was 0.77 seconds.

CRP Utilizing Gupta's Approach

To apply the conditional risk procedure to Gupta's approach
one specifies the desired conditional risk and uses subroutine

GSLMND to compute the least significant difference, D, and/or

subroutine EXSS to compute E, the conditional expected subset size; ‘
with a conditional risk of 0.05 one obtains D = 0.252 and E = 1.02

for the Erdman data. With this value of D the only treatment in-

cluded in the selected subset is the apparent best treatment 3DOKI,

since Gupta's approach in this case is defined as: Include the

j—th treatment in the selected subset if and only if

L > X - D=128.8 - 0.25 = 28.55.

J max
A comparison between the CRP utilizing Bechhofer's approach

x1

and Gupta's approach for problems of selecting the "best" population
is interesting. For these data the value of the conditional risk

of selecting the best treatment, SDOK1, utilizing Bechhofer's approach
was 0.058; and utilizing Gupta's approach given a value of the

conditional risk equal to 0.05 just one treatment, 3DOK1 was the

on]y‘treatment included in the selected subset. Therefore, one would .
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expect that when the conditional risk of selecting the best popula-
tion using Bechhofer's approach is "small", just one population
would be included in the selected subset using Gupta's approach for
a given "small" value of the Conditional Risk. However, when the
conditional risk of selecting the "best" population uti]izihg
Bechhofer's approach is "not small" and one chooses a "small"
value of the conditional risk to~app1y Gupta's approach one would
expect more than one population to be included in the subset of
selected populations. We illustrate those points by considering
the selection of the "worst" treatment from Erdman data. Note that
se1ectfon of the "worst" population is equivalent to selection of
the "best" from the sample means with changed signs. Subroutine
RSLMND was used to evaluate the conditional risk of selecting the
"worst" treatment (i.e. using as input the sample means with changed
signs) and the value of the conditional risk was 0.239 (note that this
value is fhe same as selecting the five "best", as shown in Table
6.1.2, using RSBBND, as expected). Now, using subroutine GSLMND
and fixing the value of the conditional risk, Ro’ equal to 0.05, the
D resultant value was 1.824 and in this case, the CRP ; Gupta
approach included two treatments in the sé]ected subset, 3DOK13
and 3DOK4, since the j-th treatment is included in the subset if

-15.02. We notice that the condi-

n

and only if ij > -13.20 - 1.82

tional expected subset size, E = 1.54.

The objectives of the procedures used here are somewhat
different from the objectives of the various procedures given
by Steel and Torrie, but all these procedures reveal the same

essential characteristics of the data, as described above.

It is important to notice that the conditional risk proce-
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dures do- not require homogeneous variances of the populations, .
which are requiréd by Duncan's multiple range test and Tukey's

method,vfor example. If one wishes to assume equal variances,

this assumption can be incorporated into the conditional risk

computations by using a pooled variance estimate in place of the

i

individual sj2 values.

6.2 Application of Multivariate Techniques to Payne Data

The Payne data, as described by Danford, Hughes and McNee
(1960), consists of forty-five individuals, all of whom were suf-
fering from certain cancerous lesions and all of whom were trained
on a psychomofqr testing device. Of these 45 subjects, 39 were
given varying amounts of whole body X-radiation and 6 were used as
control (nd radiation). The radiation dose, number of subjects in
each of four dose or treatment groups and average age of the sub- .
jects in each group are summarized in Table 6.2.1.

After the initial training period, the psychomotor test was
administered to each subject four times a days; the average of the
four trials for each subject for each day was taken as the basic
score for analysis. The complete set of data used in the present
itlustration are shbwn in an appendix. |

Immédiaté]y following the training the 39 subjects were given
four pre-treatment tests on the device and then administered the
indicated dose of X-radiation. Observations were made on each of
the 10 consecutive days following the.irradiation; for the controls,
observations were taken for 10 consecutive days after the completion

of the initial training in the device. The purpose of the experi-

ment was to ascertain whether or not whole-body X-radiation affected
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NUMBER OF SUBJECTS WITH AVERAGE AGE BY TREATMENT GROUP

Treatm. Group

No. of Subjects

Average Age

Control 6 64.5
25 - 50r 14 67.4
75 - 100r 15 60.2
125 - 200r 10 57.3
TABLE 6.2.2
ESTIMATES OF B AND Z
[ 36.0858 42.3459 65.1680 65.1610 78.1052
25.9022 18.7199 42.3157 39.8599 55.1490
§.= 32.0405 23.9858 45.6190 43.9114 47.7832
33.1883 15.9576 33.5419 32.7419 47.1233
1.0286 1.1870 1.1145 1.1955 1.1820J
L :
r1068.8417 '1128.1341 1002.7287 964.2028 953.4013
0.86 1596.1269  1285.550]1 1230.0060 1331.7511
i = 0.82 0.86 1394.4376 1332.3616 1336.7641
0.76 0.79 0.91 1520.7387 1435.3242
i 0.68 0.77 0.83 0.85 1855.0836
=~

Note: Estimates of variances and covariances (elements of )) are

shown .on and above the diagonal; the corresponding correlations are

shown below the diagonal.
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psychomotor performance as measured by this device, and if so,
whether or not the effects were dose-dependent. .
As an illustration of the conditional risk procedure applied
to multivariate linear models we have used a subset of the Payne
data, which is 1isted in an appendix. The following variables were
included: the within-subject average scores for the pre-irradiation
tests, denoted by PRE in the data listing, and the within-subject
average scores for the even numbered days following irradiation,
denoted by 2, 4, 6, 8 and 10 in the Appendix.
A multivariate linear model for these data, with the PRE measure-
ment used as covariate, is:

=y, + X.. v *+ €.
CRRSTRAS:

Yij i i]

(6.2.1)

with - , ‘

=1, 2, 3, 4 (denoting groups)

-
!

J=T1,2, «ius n. (denoting number of observations within groups,
ny = 6, n, = 14, Ny = 15 and ng = 10).

-yij_is the 1x5 vector of average measurements for the j-th
~ subject within i-th group for days 2,4,6,8 and 10.

u: is the 1x5 vector of 1ntercepts of the i-th group.

y is the 1x5 vector of slopes. Note a common vector of
~  slopes is assumed for all groups.

is the covariate value (PRE) for the j-th subject within
the i-th group.

and

€.. is the 1x5 vector of error terms associated with the i-th

~H group, Jj-th subject. We assume g%. ~ NIDS(Q, %) where
5 is unknown. 1
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In matrix form the model is:

y=x 8 + t
45x5 45x5 5x5  45x5

where

X is the "design matrix" formed of 0's and 1's according to
#hether or not the observation is from the i-th group and
j-th subject and having the values of the covariate in last
column; X 1s listed in an Appendix;

r ’ - - - - -
1 [ €11
Y u e
y - Y12 . 8- Ho ; and E - ?12
- M3 o :
[ Ya0 ] [ v | £ 4,70

Estimatés of B and I were computed'dsing the SAS MATRIX pro-
cedure; the results are shown in Table 6.2.2. A graph of the es-
timated group means for days 2,4,6,8 and 10, adjusted to a common
pre-treatment test value of XO = 120, ﬁs presented in Figure 6.2.1.

Now, let B be rolled out by co]hmns into a 25x1 vector, B , as
described in Chapter 3:

B = (“11’“21’“31’“41’Y1’“12’“22’“32=“42’Y2"'"“15’“25’“35’“45’Y5)
and define two vectors of "secondary parameters" which are of interest

for the problem:

6 =[o.1, 07 =it YAy 4 =1,2,3,4
4x1
where
wit = L owyy/5 y= 1 vs/5
=1 =1

X, js the value of covariate at which inferences are to be
made; Xy = 120 was used here.

and § = [sj]
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FIGURE 6.2.1. EsTimaTED DAiLY TREATMENT GrRour MEANS ADJUSTED TO A
CommMoN PRE-TREATMENT TEST VALUE OF X0 = 120

220
200 }
.r' -
180
-]
160 | 1
140 4
120 + " + * ' ¢
0 2 4 6 8 10 Average
TIME IN DAYS POST-IRRADIATION
8 - Control (VERTICAL BARS INDICATE MEAN *

© -25-50r 2 S.E.)

A -75-100r
Q - 125 - 200 r




S = T + v X j=1,2,3,4,5

e, = 12; “1'/3 Note that the control group was excluded
J to analyze the X-radiation effect over days.

and Y; and X0 are as defined before.

Suppose one is interested in selecting the "best" treatment group,

i.e., the group with the largest ei—va]ue. For that, we note

L= LB i=1,2,3,4

D>
i

—
—_—
1

(]/5)[CaC’C9CsC]a

¢c=(1,0,0,0,120),

~

and L2, E and E are defined similarly.
The estimates of 6 and cov(g) are given ¥n Table 6.2.3. For this
case, the matrix D*, which constructs the differences of the or-

dered 6., and described in Chapter 3, is defined as:

Ly - Ly
=il - L
- L3

where E], Ez"E3 and E4 are defined as before. Hence, the condi-

tional risk of selecting the "best" secondary parameter is given
by relation (3.3.1), i.e.
(.2) =1 - [anglossprze0 ™)
; -

1

where

[ o~

S_]* = {5:9*

~

> 0}

and D*@ and its estimated covariance are given in Table 6.2.3.
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,TABLE 6.2.3

STATISTICS FOR TREATMENT SELECTION FROM PAYNE DATA

[194.3610 | 135.9171  -5.7162  4.0856 =-0.1983
N ]73.3772 A A :
o = cov(p) = 93.0277 -2.2953 0.1114
~ 175.6558 ~
85.4691 -0.0796
169. 4984
X d L 209.5750
F -y
El - Eu
9* = 1:1 - |_2
Ly - Ls
I i
T24.8625] [ 345.8888  203.9457  213.9386]
20.9838 céb(g*é) = 302.3799  207.2478

O
*
LT

. 3l

18.7052 295.2034
| d L o
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An algorithm developed by Helms (1976) was used to evaluate
the risk; the approximate value is 0.22. Thus, if the data were
perturbed by a matrix of perturbations M with j-th row
my ~ NID5(9,§), j=1,2, ..., 45, the decision would be changed
in about 22% of the cases. One can interpret this result as meaning
one has about 78% confidence that the control group (no radiation)
performs better, on the avérage, than any of the other groups (when
the comparisons are made assuming & common initial score of 120).

A similar development of the application of the theory developed
in Chapter 3 to selecting the b "best" e;values and a comp]eté

ranking of the 6-values, as developed above (for selecting the "best"

0) gave the following results in terms of the conditional risk:

No. Selected Approx. Conditional Risk
1 0.22
2 0.61
3 0.52

Complete ranking 0.80

The "secondary parameters" representing average (over groups)
post-radiatioh pekformance on even-numbered days, aj = ﬁ-j + ijo’
as defined above, their estimates and their estimated covariances
are given on Table 6.2.4.

Thé same problems of selecting the "best", the b-"best" and

comp]eté ranking.of the d-values were considered and a summary. is

presented below:
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Conditional Risk .
Selecting the "best" day 0.001
~two "best" 0.001
(or three "worst") days
three "best" 0.001
(or two "worst")
four "best" - 0.001
(or one "worst")
CompTlete ranking 0.002

The results show a consistent improvement in psychomotor control
over days (2,4,6,8 and 10), as shown by the Tow risk associated
with the complete ranking. It is interesting that the control
group also showed consistent improvement. A comparison of improve-
ment in the control group vs. improvement in the irradiated group
can be made by standard general linear multivariate methods.

These results for day-to-day increases 1in post-irradiation per-

formance agree with other analyses which have been performed with
these data. The conclusion that one cannot, with great confidence,
select the control group as the best “treatment" group also agrees

with other analyses, including those of Danford, Hughes, and McNee.
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TABLE 6.2.4
STATISTICS FOR "BEST DAY" SELECTION FROM THE PAYNE DATA

[ 153.8102
161. 9998
174.2338
182.3070
| 191.8680 |

12>
I}

-

[ 28.9537 30.5599 27.1628 26.1192  25.8266
43.2373 34.8241 33.3195  36.0757
cov(Y) = 37.7738  36.0922  36.2115
41.1951  38.8814

50.2522 |




CHAPTER VII
SUGGESTIONS FOR FUTURE RESEARCH

There seem to be many possible extensions of the material
presented in this dissertation. One of those is the extension
of the results to the scale parameter family, discussed in section
7.1. Another one -is related to the properties of the condition-
al risk and is discussed in section 7.2. ‘Fina11y, in sectioﬁ 7.3
extensions of the CRP applied to Gupta's approach and the applica-
tion of the CRP to the growth curve model are proposed.

7.1 Extensions to the Scale Parameter Family

Consider k univariate independent populations Tys Tos eevs My
having continuous cumulative distribution function F(x/ei),
i=1,2, ..., k; which are known, except for the value of the

scale parameter 0 - Let Ti = Ti(XTZ’ X12? ... X, ) be an "appro-

in,
priate statistic' of e, with density function gi(tll%) = 1/8,9(t/6)
and cumulative distribution function Gi(t[ei) = Gi(t/ei)’
i=1,2, ..., k. |

Conéider the problems of selection and ranking of the k popula-
tions according to the unknown parameter 6, i.e. consider the prob-
lems of selecting the "best" population, the b "best" populations,
the complete ordering of the populations by the scale parameter 6,

and also Gupta's approach of selecting a subset of k populations

which would include the population with the largest ("best") 6-
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value. For these probiems, involving the scale family of distribu-
tions one can define a conditional risk for each problem considered
above and one can develop algorithms similar to those discussed
in chapter 5 and presented in the appendix. One would have to re-
strict attention to special families of populations differing in
sca]e.parameter, as for example the family of Gamma distributions.
Important applications would include selecting and ranking normal
populations on the basis of variances.

As a suggestion of the definition of the conditional risk
involving thevsca1e parameter family of distributions, consider
the problem of selecting the "largest" 6-parameter. The proba-

bility of a correct decision is given (see Section 1.3.2) by

~

‘ P k=1 ~
Oﬂ(g) = f _[T Gj (6 [k]/e 3] .Y)de(.Y)
0

(7.1.1)

where 6 = (6[1], 9[2], cees e[k])' with e[j] denoting the j-th
ordered 6-value.

One could develop appropriate perturbations and a correspond-
ing condit?ona] risk procedure for this setting; the conditional |
risk could be defined as:

~

Lol (7.1.2)

where -
~ k_] A A N
@) = [ T 6500/ 996)
-0

with
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0= Oy Orap - o) M 001 T T
being an estimator of e[j], i=1,2, ..., k.

Similarly one could define the conditional risk for problems
of selecting the b "best", complete ranking and probiems related
with Gupta's approach.

For this scale parameter case one also could extend the
theorems dealing with large sample properties as presented in
chapter 4, section 4.1 and 4.2, where the Timit value and distribu-
tion aéymptotic of the conditional risk were studied.

7.2 Extensions Related with the Properties of the Conditional
Risk

Another interesting extension of the work would be the develop-
ment of algorithms to evaluate the estimates of the "error" asso-
ciated with the conditional risk, 1.e.‘an algorithm that evaluates
the asymptotic variance of the conditional risk as proposed in
chapter 4, sections 4.2, 4.4, and»4.5.

Another study that could be conducted, re]ated to this dis-
sertation, is a similation study to describe the small-sample prop-
erties of the conditional risk.

7.3 Further Extensions

Here we propose other extensions of the CRP applied to Gupta's
approach where the decision of including the j-th population in the
selected subset will be based on D which is now a function of the
sample variances and sample sizes and not a constant va]ﬁe, inde-
pendent of which comparison is being made, as considered in section
2.3, chapter 2. For instance, in the normal case with populations
having different variances and different sample sizes we would

propose the following decision rule, R:
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Include the j-th population in the subset of selected popula-
tions if and only if
- - 2 2 1/2
. > - . .+
X5 2 X[k d(sJ /nJ Sy /nk)
where i[k] js the largest sample mean.
X: s the sample mean from j-th population

J

s:2 is the sample variance of the j-th population and n.
J is the corresponding sample size. J

d is a constant value.
_ _ 2 2 1/2
Note that here D = Dj = d(sj /nj sy /nk), and the check to see
if the j-th population will be included in the selected subset de-
pends upon the D;; i.e. for different j one would have different
J
X - D..

va]ues:of X[k] 3

Also, extensions of CRP to selection of the b-"best" popula-
tions using Gupta's approach would be developed. (see section 1.3.6).

Finally it seems to us that the CRP could be extended to growth
curve models as described by Potthoff and Roy (1964) and Grizzle and
Allen (1969), i.e. a model of the form

Y ==X B8 G + g'

~ ~

Nxp  Nxr rxq gxp Nxp

where
X : Nxp is a matrix of N observations on p variates.
Xt Nxr is an across-subjects design matrix of full rank r < N.
Bt rxq is a matrix of unknown parameters
@ : gxp is a within-subjects design matrix of full rank q < p.
and

Nxp is a stochastic matrix of errors.

M
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In this case one would be interested in problems of selecting and ’
ranking some functions (linear) of the elements of 8 ("the second-

ary parameters" as considered in chapter 3). For these problems,

estimates of B , say B , and var(@) and also the distribution of

B must be considered. Rao (1965) and Khatri (1966) discuss the

el

problems of the estimation of 8 and var(B). Confidence bounds of

~

a linear parametric function g'(ggg)g, where a and b are arbi-
trary vectors, were derived by Khatri (1966) and this fact may
bring some insight into how to develop the problems of selecting

and ranking of "secondary parameters” from growth curve models.
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NDIX I: RSLMND AND RELATED ROUTINES

SUBROUTINE RSLEND(K,MBAN,VAR,N,XL,XU,EPS,NDIN,AUX,BISK,IER, BRSLM

IFAIL) RSLN

DESCRIPTION AND PURPOSE RSLH

THIS ROUTINE COMPUTES THE RISK ASSOCIATED WITH SELECTION OF RSLH
THE LARGEST MEAN FROM K NORNAL DISTRIBUTIONS, WITH N(I) RSLH
OBSRRVATIONS FROM THE I-TH POPULATION, WHICH HAS HAEAN=MEAN(I) RSLHM
AND VARIANCE=VAR(I). RSLE

THE RISK IS 1- THE IKTEGRAL, OVER THE REAL LINE, OF THE RSLHM
FUNCTION EXP (-T*%2) /SQRT (PX) TINES THE PRODUCT OF THE BSLHN
K-1 PUNCTIONS PHI(I,T), I GOING FROM 2 TO K, WHERB PHI(I,T) RSLM
IS THE STANDARD NORMAL CUMULATIVE DISTRIBUTION FUNCTION RSLH
EVALUATED AT RSLH

ALPHA(I,T)=( MEAN(1)-MEAN (I)4T*SQRT (2*VAR(1) /N (1))) RSLA
*SQRT (N (I) /7 VAR(I)) RSLNM

SEE REFERENCE 1, CHAPTER 5, FOR FURTHER DETAILS RSLA

NETHOD ' RSLH

THE ALGORITHM USES SUBROUTINE DQATR, AN IMPLEMENTATION OF THE RSLHM
ROMBERG INTEGRATION ALGORITHNM (TRAPEZOIDAL RULE WITH RSLH
EXTRAPOLATION) TO EVALUATE THE INTEGRAL OVER THE RANGE RSLH
XL T0 XU . RSLH

USAGE RSLHM
CALL RSLMND (K,NEAN,VAR,N,XL, XU, EPS5,NDIN, AUX,RISK,IRR,IFAIL) BRSLM

DESCRIPTION OF PARAMEBTERS RSLN

IRPUT: BRSLN
BSLA

K --NUMBER OF MEANS (POPULATIONS) FROM WHICH THE BSLH
MAXIMUM IS SELECTED. INTEGER. K IS LESS THAN 21.BSLA
RSLH

MEAN --VECTOR OF MEANS OF THB POPULATIONS, STORED AS A BRSLHE

ONE DIMENSIONAL ARRAY WITH (AT LBEAST) K ELEMENTS. RSLN

DOUBLE PRECISION. RSLH
e . B . .y RSLH
VAR -~VECTOR OF VARIANCES OF THE POPULATIONS, STORED AS RSLM
A ONE-DIMENSIONAL ARRAY WITH (AT LEAST) K RSLH
ELEBENTS. DOUBLE PRECISION. BRSLH

RSLM

N --VECTOR OF NUNBERS OF OBSERVATIONS FROM THE RSLM
POPULATIONS, N(I) FRONM THE I-TH POPULATIOSN, RSLH

STORED AS A ONE-DIABNSIONAL ARRAY WITH AT LBAST BSLHN

K BLEMENTS. INTEGER. RSLM

RSLHN

XL -=-LOWER BOUND OF THE INTEGRAL. DOUBLE PRECISION. RSLN
SUGGESTED VALUE: -7D0 RSLA

RSLH

174

100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
8OO
810
820
430
480
850
460
870
480
490

500
510
520
530
580
550
560
570
580
590
600
610
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XU -~UPPER BOUND OF THE INTEGRAL. DOUBLE PRECISION. RSLH 620
SUGGESTED VALUE: 7D0 RSLY 630

RSLH 680

BPS -=-UPPER BOUND OF THE ALLOVABLE ABSOLUTE ERROR IF RSLHN 650
INTEGRATION. SINGLE PRECISION. RSLN 660
SUGGESTED VALUE: 1E-5 RSLH 670

RSLHN 680

WDIN --THE DIMENSION OF THE AUXILIARY STORAGE ARRAY AUX. RSLHM 690
NDIN-1 IS THE MAXIMAL NUMBER OF BISSECTIONS OF BRSLN 700

THE INTERVAL (XL,XU). RSLE 710

. RSLE 720

ADX -=~AUDXILIARY DOUBLE PRECISION STORAGE ARRAY WITH BRSLE 730
AT LEAST NDIM ELEMENTS. BRSLM 740

RSLH 750

QUTPOT: BRSLH 760
RSLR 770

RISK -~-THE RISK AS COMPUTED BY THIS ROUTINE. DOUBLE RSLE 780
PRECISION. BRSLM 790

. RSLHN 800

IFAIL --A FAILURE INDICATOR. INTEGER. RSLHN 810
RSLN 820

IER ~=A PAILURE INDICATOR SET BY SUBROUTINE DQATR. BSLN 830
INTEGER. RSLM 880

BRSLHM 850

RSLHN 860

BOTEB: --IF BRRORS ARE DETECTED RISK=-1. IS RETURNED. RSLHN 870
IF K=1 , RISK=0.0 IS RETURNED. BSLM 880

BRSLN 890

FAILURE INDICATORS: RSLHM 900
RSLHN 910

IFAIL=0 NO ERROBRS DEBTECTED BY RSLMND. RSLH 920
RSLA 930

IFAIL=1 AT LEAST ONE N(I) .LE. 0 RSLH 940
BSLHE 950

IFAIL=2 AT LEAST ONE VAR(I) .LE. 0.0 RSLE 960
RSLN 970

IFAIL=3 KIS .LT. 1 OR K .6T. 20 BSLHN 980
: RSLH 990
-IFAIL=8 XL IS .GEB. XU RSLN1000
BRSLA10 10

PAILURE INDICATOKS FROM SUBROUTINE DQATR : RSLHM1020
RSLE1030

IEBR=0 THE BEQUIRRD ACCURACY WAS ACHIEVED. RSLH108&0
RSLA1050

IER=1 IT IS INPOSSIBLE TO REACH THE REQUIRED ACCUBACY RSLM1060
BECAUSE OF ROUNDING ERRORS. RSLN1070

RSLN1080

IBR=2 IT WAS IMPOSSIBLE TO CHECK ACCURACY BECAUSE RSLH1090
NDIM IS LESS THAN 5, OR THE REQUIRED ACCURACY RSLM1100

COULD NOT BE REACHED WITHIN NDIN-1 STEPS. BSLH1110

NDIM AND THE NUMBER OP ELBMENTS OF AUX RSLNM1120

SHOULD BE INCRERASED. BSLMY1130

BRSLH1140

BSLM1150

SUBROUTINES REQUIRED RSLHI160
BRSLE1170

DQATR ~-FRONM THE IBM SCIENTIFIC SUBROUTINE PACKAGE. BRSLNM1180
BRSLE1190

ISLNXD--CALLED BY DOATR TO BVALUATE THE INTEGRAND. RSLN1200
BRSLN1210

DERF --~-DOUBLE PRECISION ERROR PUNCTION (CALLED BY ISLEND) RSLN1220
RSLH1230

COMMON BRSLNH1240
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REFERENCES

RSLMND, continued

CONNON BLOCK, COMMON/CSLMND/, INTO WHICH THE ARRAYS
DI, AND SE ARE MOVED.

CllTOﬁ, ADOLPHO WALTER P. AND RONALD W. HELMS (1976),

THE CONDITIONAL RISK APPROACH TO SELECTION
AND RANKING PROBLEMS, INSTITUTE OF STATISTICS MINEO

SERIES NO. XXXX, DEPT. OF BIOSTATISTICS, UNIV. OF NORTH

CAROLINA AT CHAPEL HILL, APRIL 1976.

VERSION DATE: 10 FEB 76

SUBROUTINE RSLMND(K,NEAN,VAR,¥,XL,XU,EPS,NDIN,AUX,RISK,IER, IFAIL)

DECLARATIONS

ARGUMENTS

REAL*8 MEAN(1),VAR(Y)
BEAL*8 RISK

REAL*8 AUX (1)

REAL*8 XL,XU

REAL

EPS

INTEGER NDIN,IER
INTEGER K,N(1),IFAIL

LABELLED COMNCN FOR COMMUNICATION WITH ISLMND

REAL*8 DI (20) ,SE(20)
INTEGER KNMAX/20/
INTEGER KK

CONMON /CSLMND/DI,SE,KK

INTERNAL VARIABLES

REAL*8 T,ANS,SQRPI/1.772853850905516D0/
EXTERNAL ISLMND

CHECK FOR INPUT ERRORS AND FIND LARGEST MEAN, COMPUTE SB

RISK=~-1,
IFAIL=3
IER=2
IF(NDIN

«LT. 5) GO TO 999

IF(K «LT. 1 .OR. K .GT. KMAX) GO TO 999
IF(K .GT. 1)GO TO 2

RISK=0.

GO TO 999

KK=K
IFAIL=4

IF(XL .GE. XU) GO TO 999

IFAIL=0
T=NMEAN (1
LARGE=1
DO 10 I=

)
1.K

RSLMND COMMUNICATES WITH FUNCTION ISLMND VIA A LABELLED

RSLM1250
RSLM1260
RSLN1270
RSLN1280
BRSLN1290
RSLN1300
RSLN1310
RSLN1320
RSL81330
RSLHN1340
RSLNM1350
RSLM1360
RSLN1370
RSLK1380
RSLN1390
BSLN1400
RSLM14 10
RSLN1420
RSLN13 30
BSLN1440
RSLM1450
RSLM1G 60
RSLBI4 70
RSLMINBO
BRSLH1890
RSLN1500
RSLN1510
RSLN1520
BRSLN1530
RSLM1580
RSLN1550
BSLN1560
RSL¥1570
RSLN1580
RSLN1590
RSLH1600
BRSLM1610
RSLN1620
RSLN1630
RSLH1680
RSLN1650
RSLK1660
BRSLM1670
RSLN1680
RSLN1690
BSLN1700
RSLN17 10
RSL#17 20
RSLN1730
RSLM1740
RSLA1750
BSLM1760
RSLH1770
RSLN1780
RSLM1790
RSLN1800
RSLN1B 10
RSLM1820
RSLM1830
RSLN1B840
RSLN1850
RSLN1860
RSLN1870

176
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10

15

20
25

40

999

IF( N(I) .LT. 1) GO TO 20

IF( VAR(I) .LE. 0D0) GO TO 25
SE(I)=DSQRT (2D0*VAR(I) /N (1))

NOTE SE(X)=SQRT (2*VAR(I) /N(I)) AND IS NOT REALLY A
STANDARD ERROR.

DI(XI)=MEAN(I)
IF(MEAN(I) .LE. T) GO TO 10

RECORD A LARGRR _MEAN . . R

T=MEAN(I)
LARGE=I
CONTINUE

STORE DI(I)=MPAN(T),THEN INTERCHANGE DI (1) AND DI(LARGE),
SE(1) AND SE(LARGE).
THEN COMPUTE DI(I)= LARGEST MEAN - (I-TH MEAN) .

TSE=SE (1)
SE(1)=SB(LABGE)
SE(LARGE) =TSE
DI(LARGE)=DI(1)
DI(1)=0D0

DO 15 I=2,K
DI({I)=7-PI(I)
GO TO 40

HANDLE ERRONEOUS VALUBS OF N (I) OR VAR(I)
IPAIL=1
GO TO 999
IFAIL=2
GO TO 999

USE DQATR TO PVALUATE INTEGRAL
CALL DQATR(XL,XU,EPS,NDIH,ISLHHD,ANS.IEB,ADX)
RISK=1D0-ANS/SQRPI

RETURN
END

RSLN1880
BRSLN1890
RSLA1900
BSLM19 10
RSLN1920
RSLE1930
RSLE1940
ESLA1950
ESLM1960
RSLN1970
RSLM1980
RSLE1990
RSLN2000
RSLN2010
RSLN2020
RSLNM2030
RSLN2040
RSLN2050
RSLN2060
RSLN2070
RSLN2080
RSLN2090
RSLA2100
RSLM2110
RSLN2120
RSLA2130
RSLN2140
RSLN2150
RSLN2160
BSLM2170
BRSLN2180
RSLM¥2190
RSLNA2200
RSLN2210
RSLM2220
RSLN2230
RSLM2240
RSLN2250
RSLN82260
RSLM2270
BRSLM2280
RSLN2290
BSLN2300
RSLM2310
RSLM2320
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DESCRIPTION AND PURPOSE

THIS FUNCTIONK IS A

APPENDIX I: RSLMND, continued
ceex ’
c DOUBLE PRECISION ¥

UNCTION ISLMND (T)

COMPANION TO SUBROUTINE RSLHAND.

EVALUATES THE INTEGRAND FOR THE INTEGRAL COMPUTED BY

SEE RSLMND COMMERT

DOUBLE PRECISION FUNC
DECLARATIONS
EXTERNAL VARI
REAL*8 T,DI(2
INTEGER K
COMMON /CSLMN

NOTE SE(I)=SQRT (2*
STANDARD ERROR.

INTERNAL VARI
REAL*8 PROD
BEGIN
PROD=1D0
DO 10 J=2,K
PROD=PBOD*(1DO+DERF((
ISLMND=PROD*DBXP (- T*%

RETURN
ERD

S FOR PURTHER INFORNAT ION.

TION ISLNND(T)

ABLES (ARGUMENT AND CONNON)

0) . SE (20)

b/DI,SE,K
VAR(I) /N(I)) AND IS NOT REALLY A

ABLES

DI(J) +T*SE (1)) /SE(J))) /2D0
2)

ISLasp
RSLNND.

ISLN
ISLAM
ISLM
ISLy
ISLH
ISLn
ISLn
ISLK
ISLNM
ISLA
IsLHn
ISLN
ISLHM
ISLN
IsLA

- ISLN

ISLN
ISLM
ISLN
ISLn
ISLn
ISLA
ISLN
ISLA
ISLN
IsLn
ISLN

- ISLN

ISLN
ISLN
ISLN
ISLA
IsLn
ISLN
ISsLy
ISLN
ISLn
ISLE
ISLn

10

20

30

40

50

60

70

80

90
100
110
120
130
150
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
380
350
360
370
380

78
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RSBBND AND RELATED ROUTINES

[ —————

SUBROUTINE RSBBND(K,B,MEAN,VAR,N,XL,X0U,EPS, NDIN, AUX, RISK,

IER,IFAIL)

DESCRIPTION AND PURPOSE

THIS ROUTINE COMPUTES THE RISK ASSOCIATED WITH SELECTION OF

THE B LARGEST MEANS PROM K NORMAL DISTRIBUTIONS, WITH K(I)
OBSERVATIONS FROM I-TH POPULATION, WHICH HAS MEA N=NEBAR (I)

AND VARIANCE=VAR(I).

THE RISK IS 1-SUM(I), I GOING FRON 1 TO K-B ( IF K-B. LE .B )
OR T GOING FROM K-B41 TO K ( IF K-B. GT .B ) OF THE INTEGRALS,

(1 <B <K

OVER THE REAL LINE OF THE FUNCTIONS

PROD1*PROD2*EXP (~T**2) /SQRT (PI)

WHERE PROD? IS THE PRODUCT OF THE K-B PUNCTIONS PHI(J,T),

J GOING FRON 1 TO K-B, AND J NOT BQUAL TO I, AND PROD2 IS THE
PRODUCT OF THE B FUNCTIONS CPHI(L,T), L GOING FRON K-B41 70 K,

AND L NOT BQUAL TO I, WHERE PHI(J,T) AND CPHI(L,T) ARE THE

VALUES OF THE STAFDARD NORMAL CUMULATIVE DISTRIBUTION FUNCTION

AT
ALPHA(J,T)=( MEAN(I)-NEAN (J)+T*SQRT (2*VAR(I) /N(I)))
*SQRT (N (J) / (VAR (J))
AND
CALPHA (L,T)=( MBAN(L) ~MEAN(I)-T*SQRT(2*%VAR(I)/N(I)))
*SQRT (R (L)/ (VAR(L)) ,
RESPECTI VELY.

SEE REFERENCE 1, CHAPTER 5, POR FURTHER DETAILS.

METHOD

THE ALGORITHN USES SUBROUTINE DQATR, AN IMPLENENTATION OF THE

ROMBERG INTEGRATION ALGORITHN (TRAPEZOIDAL RULE WITH

EXTRAPOLATION) TO EVALUATE THE INTEGRALS OVER THE RANGE
XL TO XU . DQATR CALL AN AUXILLARY ROUTINE ISBBND, WHICH
EVALUATES THE INTEGRARDS.

ClLLrRSBB!D(K,B,HBAN,VAB,?{XL,XU,BPS,IDI!,AUX,RLSK,IER,IFAIL)

DESCRIPTION OF PARAMETERS

INPUT:
K

--NUMBER OF MEARS (POPULATIONS) FROM WHICH THE

MAXINUM IS SELRECTED. INTEGER. K IS LESS THAN 21.

~-NUMBER OF POPULATIONS TO BE SELECTED.

INTBGER.

BSBB

BSBB
RSBB
BSBB
BRSBB
RSBB
RSBB
BSBB
RSBB
RSBB
RSBB
BRSBB
RSBB
ESBB
RSBB
RSBB
BRSBB
RSBB
RSBB
RSBB
RSBB
BSBB
BRSBB
RSBB
BSBB
BRSBB
BRSBB
RSBB
RSBB
RSBB
ESBB
RSBB
BRSBB
RSBB
RSBB
RSBB
BSBB
RSBB
RSBB
BSBB
RSBB
RSBB
RSBB
RSBB
BSBB
RSBB
RSBB
BSBB

BRSBB.

RSBB
BSBB

RSBB
RSBB
BRSBB
RSBB
RSBB
RSBB
RSBB
BRSBB
RSBB
RSBB
BSBB
RSBB

10
20
30
4o
50
60
70
80
90
100
110
120
130
140

150

160
170
180
190
200
210
220
230
2580
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
800
210
820
430
480
450
860
470
480

390
500

510
520
530
580
550
560
570
580
590
600
610
620
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APPENDIX ITI:
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‘MEAN

VAR

XL

XU

BPS

KDINM

AUX

OUTPUT:

RISK

IFAIL
IER

RSBBND, continued

-=VECTOR OF MEANS OF THE POPULATIONS, STORED AS A

ONE DIMENSIONAL ARRAY WITH (AT LEAST) K EBLENENTS.

DOUBLE PRECISIOR.

~=VECTOR OF VARIANCES OF THE POPULATIONS, STOBED AS

A ONE-DIMENSIONAL ARRAY WITH (AT LEAST) K
ELEMENTS. DOUBLE PREBCISION.

-=-VECTOR OF NUNBERS OF OBSERVATIONS FRON THE
POPULATIONS, N(I) FROM THE I-TH POPULATION,
STORED AS A ONE-DIMENSIONAL ARBAY WITH AT LEAST
K ELEMENTS. INTEGER.

=-=-LOWER BOUND OF THE INTEGRAL. DOUBLE PRECISION.
SUGGESTED VALUE: ~-7D0

--OPPER BOUKD OF THE INTEGRAL. DOUBLE PRRECISION.
SUGGESTED VALUE: 7DO

--UPPER BOUND OF THE ALLOWABLE ABSOLUTE RRROR IN
INTEGRATION. SINGLE PRECISION.
SUGGESTED VALUE: 1B-5

==THE DIMENSION OF THE AUXILIARY STORAGE ARRAY AUX.

NDIN-1 IS THE MAXINAL NUMBER OF BISSECTIONS OF
THE INTBRVAL (XL,XU).

--AUXILIARY DOUBLE PRECISION STORAGE ARRAY WITH
AT LEAST NDIM ELEMENTS.

~=-THE RISK AS COMPUTED BY THIS ROUTINE. DOUBLE
PRECISION.

~=~A FAILURE INDICATOR. INTEGER.

~=-A FAILURE INDICATOR SET BY SUBROUTINE DQATR.
INTEGER.

FAILORE INDICATORS:

IFAIL=0 NO ERRORS DETECTED.

" IPAIL=1 K IS .LT. 1 OR K .GT. 20

IFAIL=2 AT LEAST ONE N(I) .LE. O

IFAIL=3 AT LEAST ONE VAR(I) .LE. 0.0

IFPATIL=8 B «.LE. 1

IFAIL=5 B .GE. K

IFAIL=6 XL .GE. XU

NOTE: FOR IFAIL=1,2,3,4, OR 6, RISK=-1. IS RETURNED. FOR

IPAIL=5, RISK=0.0 IS RETURKED.

PAILURE INDICATORS FROM SUBROUTINE DQATR :

JER=0

THE REQUIRED ACCURACY WAS ACHIRVED.

130

RSBB 630
RSBB 680
RSBB 650
BSEB 660
BRSBB 670
RSBB 680
RSBB 5690
RSBB 700
BRSBB 710
RSBB 720
BRSBB 730
RSBB 740
RSBB 750
RSBB 760
BSBB 770
RSBB 780
RSBB 790
RSBB 800
RSBB 810
RSBB 820
RSBB 830
BSBB 880
BSBB 850
RSBB 860
RSBB 870
RSBB 880
RSBB 890
BSBB 900
RSBB 910
BRSBB 920
BRSBB 930
BRSBB 940
RSBB 950
RSBB 960
RSBB 970

RSBB 980

RSBB 990

BRSBB1000
RSBB10 10
BRSBB1020
BSBB1030
RSBB1040
BRSBB1050
RSBB1060
BSBB1070
BSBB1080
RSBB1090
BSBB1100
BSBB1110
RSBB1120
RSBB1130
RSBB1140
RSBB1150
RSBB1160
RSBB1170
RSBB1180
RSBB1190
RSBB1200
BRSBB1210
RSBB1220
RSBB1230
RSBB1280
RSBB1250
BRSBB1260
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nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

naoaaaon

aaQ

aaon

RSBB1270
IBR=1 IT IS INPOSSIBLE TO REACH THE REQUIRED ACCURACY RSBB1280
BECAUSE OF ROUNDING ERRORS. RSBB1290
RSBB1300
IER=2 IT WAS INPOSSIBLE TO CHECK ACCURACY BRCAUSE RSBB1310
NDIN IS LESS THAN 5, OR THE REQUIRED ACCURACY RSBB1320
COULD NOT BE REACHED WITHIN NDIN~1 STEPS. RSBB1330
HDIN AND THE NUMBER OF ELEMERTS OF AUX BSBB1340
SHOULD BE INCREASED. RSBB1350
RSBB1360
; RSBB1370
SUBROUTINES REQUIRED RSBB1380
RSBB1390
DQATR --FROM THE IBA SCIENTIFIC SUBROUTINE PACKAGE. RSBB1400
RSBB14 10
ISBBED--CALLED BY DQATR TO EVALUATE THE INTEGRANDS. RSBB 1420
RSBB1830
DERF --DOUBLE PRECISION ERROR PUNCTION (CALLED BY ISBBND)BRSBBINA0
RSBB1450
RSBBI860
CONNON RSBB1470
. RSBB1880
o BSBBED COMMUNICATES WITH FUNCTION ISBBED VIA A LABELLED RSBBI490
COMBON BLOCK, COMMON/CSBBED/ . THIS BLOCK CONTALES RSBB1500
THE SORTED MEANS IN THE ARRAY MU, THE CORRESPONDING VALUESRSBB1S 10
OF SE IN THE ARRAY SE, AND OTHER PROBLEM PARAMETERS. RSBB15 20
RSBB1530

RSBB1540 .
REFERENCES RSBB1550
: RSBB1560
CANTON, ADOLPHO WALTER P. AND RONALD W. HELNS (1976), RSBB1570
THE CONDITIONAL RISK APPROACH TO SERLECTION RSBB1580
AND RANKING PROBLENS, INSTITUTE OF STATISTICS MINEO 2SBB1590
SERIBS NO. XXXX, DEPT. OF BIOSTATISTICS, UNIV. OF NORTH RSBB1600
CAROLINA AT CHAPEL HILL, APRIL 1976. RSBB1610
RSBB1620
VERSTION DATE: 18 PEB 76 . RSBB1630
RSBB1640
SUBROUTINE RSBBND(K,B,MEAN, VAR, §,IL,XU, EPS, NDIN,AUX,BISK, RSBB1650
x IER,IPAIL) RSBB1660
RSBB1670
DECLARATIONS RSBB1680
RSBB1690
ARGUMENTS BSBB1700
RSBB1710
REAL*S AUX (1) RSBB1720
REAL*S8 MEAN(1),VAR(1) RSBB1730
REAL*8 RISK RSBB1740
REAL®8 XL,XU RSBB1750
REAL EPS RSBB1760
INTEGER NDIM,TER RSBB1770
INTEGER K,B RSBB1780
INTEGER KK,BB,N(1),IFAIL RSBB1790
RSBB1800
LABELLED CONNON FOR COMMUNICATION WITH ISBBEND RSBB18 10
RSBB18 20
REAL*8 NU(20),SE(20) BSBB1830
COMMON /CSBBND/MU,SE,KK, BB,I,LIN1,LIN2 RSBB1840
RSBB1850
INTERNAL VARIABLES RSBB1860
BRSBB1870

REAL*8 SUN,T,SQRPI/1.772453850905516D0/ RSBB1880 .



APPENDIX II: RSBBND, continued
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anoaan

ana

aana

30

35
37

40

50

60

INTEGER LO, HI, LIM1, LIM2
INTEGER JER

INTEGER KMAX/20/

EXTERNAL ISBBND

CHECK INPUT PARAMETERS FOR ERRORS.

KK=K
BB=B
RISK=-1.
IPAIL=1

IP{ K .LT. 1 .OR. K .GT. KMAX ) GO To 999
IFAIL=4

IF ( B .LT. 1) GO TO 999
IFAIL=6

IF(XL .GE. XU) GO TO 999
IFAIL=5

RISK=0.0

IFP ( K .LE. B ) GO TO 999
LIN1= K-B

LIN2=LIN141

DO 30 I=1,K

IF ( N(I) .LT. 1) GO TO 35

IF ( VAR{I) .LE. 0DO ) GO TO 37
SE(I)=DSQRT (2DO*VAR (1) /N(I))

MU (I)=MBAN(I)

NOTE SE(I)=SQRT(2*VAR(I) /N(I)) AND IS NOT REALLY A

STANDARD ERROR.

CONTINUE
IFAIL=0
GO TO 80

HANDLB EBRONBOUS VALUES OF N (I) OR VAR(I)

IPAIL=2

GO0 TO 999
IFAIL=3

GO TO 999

SORT THE VBECTORS MU AND SE INTO ASCENDING ORDER BY THE VALUES

IN MU.

KN=K-1

DO 60 I=1,KN
T=NM0 (I)

L=I

H=I41

DO 50 J=NM,K
IF ( MU(J) .GB. T ) GO TO 50
T=MU (J)

L=J

CORTINUE

RU (L) =NU(I)
NU(I)=T
T=SE(L)

SE(L) =SE(I)
SE(I)=T
CONTINUE

RSBB1890
RSBB1900
RSBB19 10
RSBB1920
BRSBB19 30
RSBB1940
RSBB1950
BRSBB1960
RSBB1970
RSBB1980
RSBB1990
RSBB2000
BSBB20 10
BSBB2020
RSBB2030
RSBB20&0O
RSBB2050
BRSBB2060
BSBB2070
RSBB2080
BSBB2090
RSBB2100
BSBB2110
RSBB2120
RSBB2130
RSBB2180
RSBB2150
RSBB2160
BSBB2170
BRSBB2180
BSBB2190
BRSBB2200
RSBB2210
RSBB2220
RSBB2230
RSBB2240
RSBB2250
RSBB2260
RSBB2270
RSBB2280
BESBB2290
BSBB2300
RSBB23 10
RSBB2320
RSBB2330
RSBB234&0
RSBB2350
BRSBB2360
RSBB2370
BSBB2380
8SBB2390
RSBB28 00
RSBB28 10
RSBB24 20
RSBB24 30
RSBB24 &0
RSBB2850
RSBB28 60
RSBB28 70
RSBB2480
RSBB28 90
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c RSBB2500

c SELECT WHICH SUN TO DO , ACCORDING TO WHICH HAS FEWER TERMS. RSBB2510

c BSBB2520

LO=1 RSBB2530

HI= K-B RSBB2580

IF ( B .GT. K-B ) GO TO 70 RSBB2550

LO= K-B41 RSBB2560

HI= K RSBB2570

c BSBB2580

c USE DQATR TO EVALUATE INTEGRALS AND SUM THE INTEGRALS. RSBB2590

c BRSBB26 00

70 SUN=0DO RSBB26 10

1ER=0 : BSBB26 20

DO 80 I=LO,HI RSBB26 30

CALL DQOATR (XL,XU,EPS,NDIN,ISBBND,T,JER,AUX) RSBB2680

IER=MAXO (IER,JER) RSBB2650

SUM=SUN4T RSBB26 60

80 CONTINUE RSBB2670

c RSBB2680

RISK=1D0~-SUM/SQRPI RSBB2690

999 RETURN RSBB2700

END RSBB27 10

Cex - : — ISBB 0

DOUBLE PRECISION FUNCTION ISBBED (T) ISBE 10

ISBB 20

ISBB 30

DESCRIPTION AND PURPOSE ISBE &0
ISBB 50 ‘

THIS FUNCTION IS A CONPANION TO SUBROUTINE RSBBND. ISBBND ISBB 60

EVALUATES THE IKTEGRAND FOR THE INTEGRAL CONPUTED BY RSBBND. ISBB 70

SEE RSBBND COMNENTS FOR FURTHER INFORMATION. ISBB 80

ISBB 90

ISBB 100

DOUBLE PRECISION FUNCTION ISBBND (T) ISBB 110

ISBB 120

DECLARATIONS ISBB 130

ISBB 140

EXTERNAL VARIABLES (ARGUMENT AND COHNMON) 1SBB 150

ISBB 160

REAL*8 T,MU (20) ,SE (20) _ ISBB 170

INTEGER K,IB,I,LINV,LIN2 ISBB 180

c ISBB 190

COMMON /CSBBND/MU,SE,K, B,I,LIN1,LIN2 ISBB 200

c ISBB 210

c HOTE SE(I)=SQRT(2*VAR(I)/N(I)) AND IS NOT REALLY A ISBB 220

c STANDARD ERROR. ISBB 230

c ISBB 240

c INTERNAL VARTABLES ISBB 250

c ISBB 260

REAL*8 W,PROD ) ISBB 270

INTEGER J,L ISBB 280

c ISBB 290

c BEGIN FIRST PRODUCT ISBB 300

c ISBB 310

W=T*SE (I) ISBB 320

PROD=1D0 , ISBB 330

DO 10 J=1,LIN1 ISBB 380

IF (J .EQ. I ) 60 TO 10 ISBB 350

PROD=PROD* ( 1D04-DERF ( (W4MU (I) ~HU (J) ) /SE(J))) /2D0 ISBB 360

10 CONTINUR ISBB 370

c ISBB 380 ‘



APPENDIX I1: RSBBND, continued

20

SECOND PRODUCT

DO 20 L=LIM2,K

IF (L .BQ. I ) GO TO 20

PROD=PROD* (1DO+DERF ( (MU (L) ~MU (I) -W) /SE(L))) /2D0
CONTINUE

ISBBND=PROD*DEXP (- T**2)

RETURN

END
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ISBB 390
ISBB 800
ISEB 410
ISBB 820
ISBB 830
ISBB 840
ISBB 850
ISBB 860
ISBB 470






