RANK ANALYSIS OF COVARIANCE UNDER
PROGRESSIVE CENSORING

by
Pranab Kumar Sen

Department of Biostatistics
University of North Carolina at Chapel Hil

Institute of Statistics Mimeo Series No. 1118

May 1977



RANK ANALYSIS OF COVARIANCE UNDER
PROGRESSIVE CENSORING*

by

Pranab Kumar Sen
University of North Carolina, Chapel Hill

ABSTRACT

In the context of survival analysis under a progressive censéring
scheme, a class of analysis of covariance tests based on suitable linear
rank statistics is proposed and studied. Some invariance principles for
certain (multivariate) progressively censored rank order processes are
established and incorporated in the study of the asymptotic properties

of the proposed tests.

AMS 1970 Classification Nos: 60F05, 62G10, 62L99.

Key Words & Phrases: Analysis of covariance, asymptotic power; asymptotic
relative efficiency; Brownian motions, censoring, invariance principles;
linear rank statistics; permutational invariance; progressive censoring.

*Work supported partially by the Air Force Office of Scientific Research,
U.S.A.F., A.F.S.C., Grant No. AFOSR-74-2736 and partially by the (U.S.)
National Heart, Lung, and Blood Institute, Contract NIH-NHLI-71-2243 from
the National Institutes of Health.



1. INTRODUCTION

In clinical trials and life testing problems, due to practical limita-
tions, often, statistical tests are based on censored or truncated data.
In this context, a progressive censoring scheme (PCS) incorporates a con-
tinuous monitoring of experimentation from the beginning with the objective
of an early termination depending on the accumulated statistical evidence.
In this sense, a PCS involves a time-sequential test. For censored or
truncated tests based on ranks, we may refer to Breslow (1970) and
Halperin and Ware (1974) where other references are cited. For nonpara-
metric testing under PCS, Chatterjee and Sen (1973) have formulated a
general class of tests based on linear rank statistics, censored at suc-

cessive failures. Further works in this direction are due to Sen (1976a,b),

Majumdar and Sen (1977) and Davis (1977), among others. In all these stu-
dies, PCS tests have been developed only for the simple analysis of vari-
ance problem. In application to clinical trials, besides the primary variate
[viz., failure time due to a heart-attack], there may be other concomitant
variates [viz., initial blood pressure, cholesterol level etc.] which possibly
accounts for some assignable variations in the observed responses. Thus,
in this setup, an analysis of covariance (ANOCA) in the context of survival
analysis is deemed appropriate. In the present paper, we desire to develop
such rank based ANOCA tests under PCS.

A variety of rank ANOCA tests, considered by Quade (1967), Puri and

Sen (1969a) and Sen and Puri (1970), being based on the complete sample




observations, is not directly usable in a PCS, Basically, the repeated
significance testing involved in a PCS (relating to an increasing dimen-
sion of dependent data) introduces extra complications in a valid sta-
tistical analysis and calls for more refinements. The theory developed
by Chatterjee and Sen (1973) is extended here to the general ANOCA model.
The proposed tests are based on progressively censored linear rank sta-
tistics in a multivariate setup and rest on a permutational-invariance
principle developed earlier by Chatterjee and Sen (1964) [and incorpor-
ated in the ANOCA problem by Puri and Sen (1969a)].

Along with the preliminary notions, the basic problem is formulated
in Section 2. The proposed PCS tests are developed in Section 3, Asymp-
totic distribution theory of the test statistics, under the null and
local alternative hypotheses, are developed in Sections 4 and 5, The

concluding section deals with some general remarks.

2, PRELIMINARY NOTIONS

* = tyr.e YU oo A
Let {Ei = (XOi,gi)', X! (xli”"’xpi)’ i=1} be a sequence of

independent random vectors (rv), where p is a positive integer, the
Xo; are the primary variables and the X; are the eoncomitant variates.
It is assumed that 5; has a continuous (p+1)-variate distribution func-

tion (df) F;(g), and we denote by

F.(x) = FI(=, %) = P{x, <x} , xeEP; (2.

~1 T~

1)

0 - - P .
Filxglx) = PIX . <x |X, =x} , xjeE, xeE ; (2.2)



Fio(x) = P{XOiSX} =F (x,2), xeE, Vi21. (2.3)

As is usually the case with ANOCA models [with stochastic covariates; cf.
Scheffé (1959, Ch, 6)], we assume that the df Fi in (2.1) does not depend

on i >1), so that
F.(X) = F(x) , vizl, xetl, (2.4)

Our basic problem is to test the null hypothesis

Hyt Fa(eln) = Bl vzl (xgxt)t eBP*D (2.5)
Note that in view of (2.4), HO implies that
Fi(x) = F'(») , viz1, xeeP*!, (2.6)

Keeping in mind a simple (ANOCA) linear model, we set

0 _ 0 _ . . p+1
Fi(xolg) = F (x, Bci|5) » 121, (x5,x")'€E , (2.7)

where the c; are known constants (not all equal) and B is an unknown
parameter. For example, for the so called two-sample problem, we may set

21, ¢, =.,..=c¢ =0 and c¢ = ,..=¢ =1,

n=n +n,,
1 2 2 1 n1 n1+1 n

so that B stands for the difference of locations of the two conditional

>
n14.1, n

df's Fg and Fg. In this setup, (2.5) reduces to Hg: B =0,

In the context of a life testing problem, we conceive of the set

{X¥; i=1,...,n} and assume that the covariates X;2--,X ~are all obser-
vable at the start of the experimentation, but the primary variates XOl’
.., X are not so. Let ZO ... SZO be the ordered rv's correspond-
On n,l n,n

ing to X by virtue of the assumed continuity of the df's, ties

01,...,XOn;



among th= XOi (and hence, the Zg,i) are neglected, in probability.

Let then
ZO = fo i =1 2.8
ni=%s, o for i=ln, (2.8)

1,...,Sn)' represents the vector of anti-ranks of the X

and is a (random) permutation of (1,...,n). In a life testing situation,

so that §n = (8 0i

at the k-th failure Zg K’ the observable rv's are
AR for i =1 k; ks 2.9
91 = ( i’ n,i’ NSl) ’ or 1 = 200y 2. =n ., ( ' )

In a fixed-point censoring scheme, for some pre-fixed r(< n), experi-
mentation is curtailed when Zg,r has been observed and a test for HO in
(2.5) is then based on Ql""’Qr' In contrast, in a PCS, one proceeds to
construct a time-sequential test based on the progressively available (par-
tial) sequence 91""'9r’ so that the option of stopping experimentation
prior to observing Zg'r is left open. In this setup, depending on the
accumulated statistical evidence at the various failures, one may stop
when, for some k=<r, Zg,k is observed.

To formulate suitable rank-based PCS tests, let us denote by c(u) =1

or 0 according as u is 2 or < 0 and let

n
Rji = Za=1c(xji —Xja) = Rank of in among on,,.,,xjn s (2.10)

for i=1,...,n and j = 0,1,...,p. Thus, for the complete sampling

scheme, we obtain the rank-collection matrix (of order (p+1) xn);

R = R..)). . 2.11
~n (( 31))J=O,.,.,p;i=1,.,.,n ( )
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Consider now a permutation of the columns of Bn so that the top row is

in the natural order [viz. 1,...,n}, and denote the resulting matrix

[termed the reduced rank-collection matrix] by 5;, so that

(1 2 n
*= * * *

R B = Ry RygeoeoRyy
* * *
)R 3’ ’R

L pl’ p2 pn,

Note that by (2.8), (2.11) and (2.12),

. * . N
Rosi =i and Rji - sti for j =0,1,...,p and i=1,,..

Thus, corresponding to the partial collection (Ql,...,Qk), we have the

partial reduced rank-collection matrix

* *
Box ™ (Ry3dso 1, ... psisl,. .o,k

We also denote by

—_— ! =
'§n,k = (Sls---,sk) ’ 1<k<n , so that §n §’n,n .

Since we are interested in developing a rank test under PCS, we con-

for k=1,.,.,n .

(2.12)

(2.13)

(2.14)‘

(2.15)

front the problem of constructing a (sequential) test based on the partial

*
sequence {Bn,k’

Covariates are all observable at the beginning of the experiment, we have

the knowledge of S and R* at the k-th failure
=n ~n

K Jk Zn.x’

»

the Si or the corresponding (st », 0<j<p) are not independent for
i

different i [and the distribution of En (or any g; k <n)

.k’

on the underlying F* (even under HO), unless the coordinates of g;

k<n.]

k<r} (where, we may even let r=n). [Note that as the

-



are mutually independent], in a PCS, the repeated significance tests involve
an increasing sequence of dependent data, and thereby, poses additional com-
plications.

Our proposed tests are based on linear rank statistics. In view of

(2.7), we consider the statistics

R_.ND', (2.16)

_ +(0) (®P)y+ _ §n =
T = Tn ,...,Tn ) = zi=1(ci--cn)(an’o(ROi),...,an,p pi

~n

where the c, are known (regression)} constants, not all equal, Eh = n_122=lci,

the R,. are defined by (2.10), and for each j(=0,..,,p), a_ .(1),...,a_ .(n)
ij n,j n,j

are (real valued) scores (not all equal) which we shall define more formally
later on. When all the 5; are observable, the usual rank-ANOCA tests are

based on In [viz., Puri and Sen (1969a) for motivations]. In the current

setup, at the k-th failure Z0 , we are provided only with R* and
n,k ~n,k
§n K (k <n), and hence, we need some modifications., We rewrite Tn as
= * * '
2 (e cn)(an’O(ROi),...,an,p(Rpi)) . (2.17)
* *
Note that under HO in (2.5), 51""’5n are independent and identically

distributed (i.i.d.) rv, and hence, their joint distribution remains invari-
ant under any permutation of the n vectors among themselves. Let R; be
the set of n! matrices obtained from 5; by all poscible permutations

of the columns of the latter. Then, as in Chatterjee and Sen (1964) [or
Puri and Sen (1969b)], under (2.4)-(2.5), the conditional distribution of
En over R; is uniform [with each element of Rn having the common con-
ditional probability (n!)'l]. Let use denote this conditional probability

measure by Pn. In passing, we may remark that the unconditional df of



*
In generally depends on the unknown F , and hence, In is not genuinely

distribution-free under HO. Nevertheless, it is conditionally distribu-

tion-free under HO. Then, motivated by the line of attack of Chattevjee

and Sen (1973), we define

- 2

(P)y, _
Tk = e Td' = EPn(Inlén,k)

= k - : [
= Zi=1(csi-cn)(an,0(1),an,l(Rlsi),...,an’p(RpSi))
n iy * * '
+ {Ei=k+1(csi cn)}(an’o(k),...,an’p(k)) (2.18)
= 1K ey T J@)-a ((K),a (R )
i=1 Si n”*'n,0 n,0 ’n,1 ISi
- * - * '
an’l(k),....an,p(RpSi) an’p(k))
where for 1<k <n-1,
* ~-len
2,58 = (0L 5 Rys)
-1)en * k *
= (n-k) {Zi=1an,j(Rji) - zi=1an’j(Rji)} (2.19)
-1) - k * .
= (n-k) {nan’j - Zizlan,j(Rji)} » J=0,1,...,p .
and
2 .=n2" a (), j=0,1,....p; 3 = (@@ .,...,a ) (2.20)
n,j i=1"n,j ’ R | n,0”" " "''n,p’
Conventionally, we let a* .(n) = 0, 0<j<p, so that T =T , and
n,j ~n,n ~n
we let T = 0. Thus, T is defined for every k: 0<k<n, -
~n,0 ~n,k

Our task is to consider a suitable sequence of covariate-adjusted

statistics, viz.,

k =0,1,...,r(< n) , (2.21).



and continue experimentation as long as Ln K lies below a critical
b4

value E&n) (where oa: 0 < a <1 is the desired level of significance

of the PCS test); if, for the first time, for some k = N(< r), Ln N >
ﬂén), the experimentation is curtailed at the N-th failure Zg N along

with the rejection of H and if no such k(< r) exists, experimenta-

0)

tion stops at the preplanned r-th failure Zg r along with the accept-
’

ance of HO. Thus, N(< r) is the stopping number and Zg N is the
, :
stopping time of the time-sequential procedure in the prescribed PCS.

Finally,

P{Ln K 2 ALY for some k:SrIHO} <a ., (2.22)

’

Our basic problem is to construct {Ln o ksr(s n)} and to choose

Lén), such that (2.22) holds.

3. THE PROPOSED PCS TESTS

Let us define for every k: 1<k<n,

k

(k) = l * * * * a
Voie T n {izlan’j(Rji)an’ﬂ(Rzi)-+(n-k)an’j(k)an,£(k)} LR (3.1)

for j, £ =0,1,...,p, and set

(k)

= < .
Yok = (On 585 000, p » 1ERERS

=0 . (3.2)

Also, let

ci = 22=1(ci—55)2 . (3.3)

Then, following the line of attack of Chatterjee and Sen (1965) and Puri

and Sen (1969b), we have by (2.18) and (3.1),
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Ep {In,k} = E{Ep [In|§n,k]}
n n
=Epn(1n)=o , ¥k<n ; (3.4)
2
Vp {In,k} = Cn 'Mn,k for k=0,.,,..,n . (3.5)

n

To utilize the information contained in the concomitant variates, we fit

©) o ) ()

a linear regression of T yroeasT } and work with the resi-
n, n,k n,k

duals. [In view of the asymptotic multinormality of C;IIn (to be proved

Jk

in Section 4), the fitting of linear regression seems justifiable,] Let

then
*  _ L(0) . (0) (1) (p)
Tn,k = Tn,k - (fitted value of Tn,k on (Tn,k""’Tn,k))
_ TP pi , 00 ..(3)
= 2520 “nkVn, 10 Tk (3.6)
where
vl o= ity L k>l (3.7)
~n,k n,k"’j,€=0,...,p °’ ST ’

and, for the time-being, we assume that !n is positive-definite (p.d.).

k

’

Also, note that

*
= CZ/VOO k=21, (3.8)

v n,k) n’ n,k ’

p (T
n

Let us introduce the standardize variates

- 1 *
Cnl(vgok . if ¥ is pud.
£ = k7 n, ' (3.9)

n,k 0 , otherwise, for 0<k=<n .

Then, depending on the one or two-sided alternatives, we may have in mind

fviz., (2.7): B >0 or B # 0], we set

L = gn’k or |gn’k| , k20 . (3.10).
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Thus, our proposed PCS test is based on the standardized and covariate-
adjusted linear rank statistics at the successive failures for the primary

variates. Though, in the above formulation, we have made use of Pn’ in

order to enumerate the permutational distribution of Ei; Ln K’ [required
-  d

*
for the determination of Zén) in (2.2) ], we need the knowledge of Bn .

>

so that we have to wait till the r-th failure Zg " This is in contrary

s
to our aim of progressively censoring from the very beginning. Also,

0 . . . .
Vnor is not known until the r-th failure has occurred, and hence, unlike
s

in Chatterjee and Sen (1973), in (3.9), at the kth stage, we take vgok but
H

not VOOr (for k < r).For these reasons, we do not use the permutation
n, -

distribution [as in Puri and Sen (1969a) dealing with the complete sam-
ple case]. Rather, we proceed to develop certain invariance principles
for the partial sequences {T_,; k<n} and {En 10 k <n} and incorpor-

n,k’
ate them in the study of the asumptotic form of Eén),

4, ASYMPTOTIC DISTRIBUTIONS UNDER H0

For the study of some weak convergence results for the partial sequences
*

k <n}, {Tn,k;

{T

Th k <n} and {gn,k; k <n}, we make the following assump-

tions:

. . . 0
(I) For the maximum censoring point Z , We assume that as n > «|
n,r

>

r = r(n) > with
lim
n-ro

r(n)/n =T1; 0<T=<1 . (4,1)

(IT) The scores a j(i) are generated by a score function ¢j in

s

the following way
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. i . L
an’j(l) = ¢j[ﬁ:_1_} or E¢J.(Uni) » 1<isn; j=0,1,,..,p, (4.2)
where Unl < ... < Unn are the ordered rv's of a sample of size n from

the rectangular (0,1) df, and for each j (0<j<p),

¢J(U) = ¢J’1(u) - q)j’z(u) » 0<u<l ) (43)

where d)J. k(u) is non-decreasing, absolutely continuous and square inte-
grable inside (0,1),

(ITII) Concerning the c., we let

* = ..— 1 =22 n * = n * 2 =
cpy = (egme)/C ., lsisn (> LSk =0, Lo (e 1} , (4.4)
and assume that
lim ] max | _
noo {lsiSnlcnil} =0 (4.5)

(IV) Let F[j](x), F[j,ﬁ] (x,y) and F[O,j,ﬂ] (x,y,z) be respectively
the marginal df of in, joint df of (in’xﬁ) (0<j=L<p) and the tri-

variate (if p=22) df of (X X..,Xzi), 1<j=£<p, all under H,. Also,

0i’"ji 0
we assume that for every 0<t<1, F[O] (CS) = t has a unique solution (cg),
and we let Z;g=—°°, 2;(1)=+°°. Let then
_ -1 1 - - -
dgp = (1-1) cho(u)du , 0st<l, Buo=%, By, =0 (4.6)

00

PRI § ey .
¢jt = (1-t) Igof_jj“:[j](Y))dF[O-j](X'Y) » 0<t<l, j=1,...,p, (4.7)

1
so that ¢. = .(Wdu = ¢, nd let ¢.. =0, V1i<js<p. Also, let
a ¢J jo%(u)u 4’30 a e ‘%1 i<p so, le

v t-tz(d+1t_2 3, 0s<t<1 4.8
00(® = | opwdu + -0 - F) L oses, (4.8)
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0
C
= = t
Vo3 (£) = vy (8) J fm¢0(F[0](x))¢j(F[j](y))dF[O’j](x,y)

+ (-85, 8 - @b, G =1,..p, 05ts1 (4.9)

0
C a0
_[7t

«00 =00 w0

+ (1), 8p - 6,0, G =1,...p, Ostsl; (4.10)

v(t) = ((vjﬂ(t)))j,£=0,...,p for 0<t<1l . (4.11)

Note that Vv(0) = Q. We assume that

v(t) is p.d, for every 0<t=<1l, (4.12)
and denote the reciprocal matrix by

g—l(t) = ((ij(t)))j,£=0,l,...,p for O0<t<1l . (4.13)

*

Theorem 4.1. Under (2.6), (4.2), (4.3) and for continuous F ,

(k) k
Vn,jl " vjﬂ[ﬁ}

max max
ksn {0<j,£<p

}RO, as n -+ o (4.14)

Outline of the proof. It sufficies to show that for every (j,£): 0<j,
max () -V

k<n'Vn,je " il
1<j, £<p; the case of either of j or £ being 0 follows by com-

L<p, [§l| g 0 as n + « , and we prove this for some

paratively simpler manipulations, Let us define

_ .-len _ ~~lgn
o™ = m Zi=lc(x-xji) s Fop g ey = Zi___lc(x—in)c(y-.-Xzi) , (4.15)



-14-

for j #4£=0,1,...,p, and also for j =& =1,...,p, we let

-1¢tn
Folo,j,0) 2 =n zi=1c(va0i)c(Y—Xji)c(szﬂi) . (4.16)

Further, we let

i-1

(n) - .
¢j (u) = a, J.(1) for

»

Then, by (3.1), (4.15), (4.16) and (4,17), we have for k<n,

n,JK

«-00 -00 .00

<u£;ll—, l<is<n, j=0,1,...,p . (4,17)

0
Z oo
yK Lk (n) (n)
= f r J ¢j (Fn[J](y)M [K](Z))an[o,j,Z] (x,y,z) (4.18)

n |7 [7,m (n)

n,k-® n k e

f o

(n)
3 (Fn[j](x))an[j](X) ( ¢p " (F [Z](Y))an[Kj(Y) )

-0 ~00

and for k = n, the second term on the right hand side of (4.18) droppsout.

Now, under (4.2) and (4.3), we may use the Hijek (1968) polynomial
approximation for the ¢j (and hence, the an,j(i))’ and proceeding as in
the first part of the proof of Theorem 3.1 of Puri and Sen (1969b), for
every n > 0, we have a decomposition of ¢j into a polynomial part (say,
d}) and a residual part (say, $j), such that, definining the J;f?% as

in (4.18) with the ¢J. being replaced by d; 0<j<p,

WM& vE fcn, viksn, j,2=01,...,p . (4.19)

n,jl ~ Yn ,jL

Similarly, if in (4.8)-(4,10), we replace the ¢j by ¢j and denote the

resulting quantities by \)j;, (t), 0<j, £<p, 0<t<1, then we have

-

-



-15-

il .
I%zn),%zuﬂ <n, ¥0sts<l and 0<j , L<p . (4.20)
. . . (k) k .
Hence, it suffices to show that (4.14) holds with v, ie and Vjt o being
n(k) n (k . n
replaced by Vn,jl and le{n]’ respectively. Note that the ¢j are all

polynomial (and hence, are bounded and continuously differentiable) and the
Glivenko-Cantelli Lemma insures the almost sure (a.s.) convergnece of
sl;pan[j](x) - F[j](x)l (to 0), Y 0<j<p; similar a,s. convergence

results also hold for the bivariate and trivariate df's in (4,15)-(4.16).

. max 0 0 _ max 0
Finally, ksann[o](Zn,k) - F[O](Zn’k)l = ksﬂ|F[0](Zn,k) - k/n| >0 a.s,,
as n »+ o . Hence, by some standard steps, it can be shown that as n > =,
max| n (k) n {k .
Kk<n Vn,jﬂ - vjl[n +0 a,s, for VO0<sj , £<p, (4.21)

and the desired result follows from (4,19)-(4.21). Q.E.D.
*
Note that by the continuity of F and the score functions, v(t) 1is

a continuous function of te[0,1] and v(1) =V = ((vjﬂ))’ where

Vig = J” J ¢j(F[j](X))¢£(F[£](Y))dp[j,i](x’Y) - ¢j¢ﬂ , 0<j, L<p . (4.22)

~C0 .00

It follows therefore that

max

0<j,L<p {Sup[|vj£(t) - vjz(s)l: 0<s<t<s+§ s1]}-+~0 as 6§ +0 . (4.23)

Further, note that by virtue of (4.12) and Theorem 4.1, for every ¢€:

0<e<1, the matrices in the partial sequence {Vn 1> DE <k<n} are all
~

positive definite, in probability, as n > =,

Let now Bn,k be the sigma-field generated by §n K (under Pn),

)

for k=1,...,n and let Bn be the trivial sigma-field. Then, for

0
»
every n(z 1), Bn K is non-decreasing in k(< n). Note that by (2.18) and

3.4,
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EKJLJQHQ =TI, YO0sksn, (4.24)
and hence, for every n(= 1), under Pn’ {I'n,k’ Bn,k; 0<k<n} is a mar-

tingale, closed to the right by In

Lemma 4.2. For every (k,n): 0<k<n-1, yn’k+1 - gn,k 18 positive semi-

definite (p.s.d.).

Proof. By (3.5) and (4.24), for every 0<k<n-1,

-2
Yakel ~ Yok = G [YPn(In,k+1) "-YPn(In,k)]
= ¢ %y (T -T ) (4.25)
~ “n ~Pn ~n,k+1  ~n,k )
- ¢ %, (T - T (T T )}
n Pn ~n,k+1 ,k” *~n,k+1  ~n,k
and hence, is p.s.d. Q.E.D.
Theorem 4.3. Under Assumptions (11), (I1I) and (1V), for every (fixed)
m(z 1), (0 9t <... <t (1) and every {kl,..,,km} satisfying
. -1 _ _
llmn_mn kr—tr, r=1,...,m, when H0 holds ,
-1
L(c (In’kl,...,zn’km))-»N(o,gm) . (4.26)
where
= = '
,l:,rn ((ij"rr' \)jj'(tr A tr )))j’jp___o,.‘-,p;r’r'=1,.."m . (4.27

Outline of proof. For simplicity, we take m=1; a similar but somewhat

lengthy proof holds for any m(2 1), Note that by (2.18) and (4.4) for any

A= (AO,...,)\p)' (# 0) and k(1 <ks<n),
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Yok © C;lﬁ'qn,k - In k-1
= [gﬁsk - Hi%IT‘Z?:kcﬁs;1[§?=oxj{an’j(R;k) . a;’j(k)i] (4.28)
and Yn,O = 0. Then, by (4.24) and (4.25),
Epn(Yn’kIBn'k_l) =0, V1sksn (4.29)
Epn( Yi’k ) = y(!n,k+1 - gn,k)§(z 0) , ¥1<sksn . (4.30)

Therefore, by Theorem 4.1 and (4.30),

k

lim
i=1Vn, i

n--oo

k/n =t =V, [Z ] + A'v(t)A (>0, ¥ O<t=1) . (4.31)
n

First, we establish (4.26) under Pn' By virtue of (4.29), (4.31) and the

main theorem of Dwretzky (1972), it suffices to show that for k/n->t e (0,1],

-1{¢k 2 %
(A" (t)X) {Xi.:lEpn[Yﬁ,ian’i_l]}'* 1 as n~ (4.32)
and, for every € > 0,
k 2 2 13
21=IEPH{Yn,iI(Yn,i‘> €)} >0, as n> o, (4.33)

where I(A) stands for the indicator function of a set A,
Now, under assumption (II), denoting T: K’ the vector of rank sta-
1]
tistics when the scores are generated by the polynomial score functions

¢?, 0<j<p, we have
Vv, (4.34)

and hence, by (4.19), (4.34) can be made arbitrarily small, by choosing
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. . -1 n._ P
> t -
n(> 0) arbitrarily small. Hence, Cn AT X T ,k) >0

and to prove (4.32)-(4.33), it suffices to take the score functions ¢m’

. under Pn’
0<m<p all polynomials inside (0,1) [which are therefore boundedly
continuous inside (0,1)]. As such, for polynomial score functions, it

follows by some standard setps that with probability 1,

max { max

O<J<p 1<k<n‘ n J( Jk) - a* (k)l} = 0(1) ) (4.35)

so that by (4.5), (4.28) and (4.35), for every € > 0, there exists a

positive integer n, such that for n;zng,

max {Y2 } <e

l<i<n , With probability 1 , (4.36)

and (4.36) insures (4.33), Also, by (4.28), we have

P * * 2
[E Alay SRy - an’j(i){l (4.37)

* 1 n ., 2
(n-i+1)” [Zs ilehs °m2u=i°nsa}]

Thus, for every k: 1<k<n,

K 2 i . .
zi=IEPn(Yn,ian,ial) = £ ¢ cnsl""’cnsn) , (4.38)

where g, k(°) is a quadratic form in its n arguments. Note that
’

*
EP gn,k(cns ,...,cnS ) A, (4.39)
n 1 n

while by using (4.5), (4.14), (4.37) and following some standard steps,

it follows that (for polynomial score functions)

2 * * - ] 2
Epngn,k(cnslgn . ,Cnsn) - (2\, 'Y'n,kz\’) + 0 (1) N as n > o . (4'40) .
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Hence, (4.32) follows from (4.38), (4.39) and (4.40), Thus,

k

B -1
— > tf > Lpn(C" T )~ NEY ). (4.41)

zk) oK

1
,K In,k

result follows from (4.41) and Theorem 4.1. Q.E.D.

Since, pic T <x|H } = E[P{C_ <x, under P }], ¥ x, the desired
n ~n ~0 n ~ n ~

Now, by virtue of Lemma 4,2, whenever properly defined

vgok is N\ in k for l<k<n , (4.42)
and we take v00 to be equal to + « whenever V is not p.d. Then,
n,k ~n, k
*
whenever V is p.d., we consider a stochastic process W =
~n, £ n,Tr

T
*
{Wn L85 g<t<1l} (where 0<e<1), by letting

* -1, .00 I
W (t) =C (v )T

n,r n n’kn,r(t) n’kn,r(t)

) =Emk (t) est<l (4.43)
n,r
where
00 00
kn’r(t) = max{k: vn,rStvn,k}’ g<t<l ., (4.44)

Then, whenever, vgor is > 0 and finite, for every 0<g<1, the pro-

’

*
cess _W belongs to the space D[e,1], endowed with the Skorohod Jl—

topology. Let W = {W(t), 0<t<1} be a standard Wiener process on [0,1],

and for every 0<e<1, we define

* * _L
Moo= {W(t) =t W(t); est<1} . (4.45)
* *
Our basic contention is to show that ewn r weakly converge to 8W .
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By virtue of Theorems 4,1 and 4,3 and the definitions in (4.43) and

(4.44), we arrive at the following theorem by some routine steps.

Theorem 4.4. Under H, and the Assumptions (1), (I11), (III) and (IV),

0
for every (fixed) m(z 1), €(0<e<1) and (g ) t < <tm(s 1),
{ * * } ’D { * * } 1
wn,r(tl)""’wn,r(tm) > W (tl),...,w (tm) . (4.46)

Let us now consider (p+1) stochastic processes (J) {W(J) (t);

0<t<l1}, j=0,1,...,p, by letting

) _ (r) ,-% (J) .
wn’r(t) - C [vn JJ] n, k(Jz‘(t) H (447)

(J) - (x) <t (r) < . _
(t) max{k: vy nii Va, 33} , 0<t<1, j=0,1,,..,p . (4.48)

Then, each of these processes belongs to the D[0,1] space. By virtue
of (4.23), the martingale property (4,24) and Theorems 4.1 and 4.3, we
may proceed as in the proof of Theorem 4.2 of Chatterjee and Sen (1973)

and show that on defining (for 0<§<1)
wg(x) = sup{|x(t) - x(s)|: Oss<t<s+§<1}, (4.49)

that for every €>0 and n>0, there exist a &: 0<§<1 and a posi-

tive number ng, such that for n Zno, under HO’

P{‘”G(W,(ﬂl) >eb < ()7, for §=0,1,...,p . (4.50)
The convergence of finite-dimensional distributions (f.d.,d.) of W(J) to

those of W, the standard Wiener process, follows readily from Theorem -

4.3, and hence, by (4.50), we claim that under the hypothesis of Theorem 4.4, .
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)

W) 2y
n,r

]

in the Jlatopology on Df0,1] , ¥ 0<j<p, (4.51)

and note that (4,51) insures that

AR R ATSHCH EERCR (452

Now, by virtue of (4.12) and (4.23), we claim that for every €; 0<e<l1,

Of?ﬁp {Sup[lvOJ(t) V(s ess<tss +6'sl]} >0 as 5§40 , (4.53)

and by (4.12) and Theorem 4.1,

el

max max
v
n,k n

0<j<p |ne<ksn

} R 0, as n >« (4.54)

00 00

As such, for k<q<r and Vn,k <o (= vn,q < ®),

I - U )5 ) (00,0 100y

n,q —gn,kl n,q n,q n,q n,k n,k
-} 0j %0 )-% 0j

-1
n,q - n,k vn,kICn |

IA

P 00 (3)
zj=0|(vn,q) Tn,qI
P (00 %) 0] -11(3) _(3)
+ zj=0(vn,k) |vn’k|cn |Tn,q-Tn’k| . (4.55)

Hence, by using the definitions in (4.43), (4.44), (4.47), (4.48) and (4.49)

along with (4.50), (4.52) and (4.53)-(4.54), it follows from (4.55) that
* * B
Sup{|W _(t)-W _(s)]: ess<t<s+8<1}>0 as §+0, ¥ O0<e<l. (4.56)
n,r n,r
From Theorem 4.4 and (4,56), we obtain the following:
Theorem 4.5, Under the hypothesis of Theorem 4.4, for every €: 0<e<l,

* v * .
ewn,r TN, in the Jl—topoloty on D[e,1] . (4.57)
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For our proposed PCS tests, (4,57) provides the key result, For the

procedure sketched in (2.21)-(2.22) with the Ln K defined by (3.9)-(3.10),
?
we conceive of an initial failure number ko(z 2), such that the PCS is
implemented only when the failure Zg K has occurred; the basic idea is
>0
not to reject HO until at least a few observations are at hand., In order
to choose k0 properly, we note that though Véréo is known in advance,
L]
vgor is not known until the r-th failure has taken place. But, we have
the inequality that v(r) Zl/v00 , Sso that for every k; ne<k<r,
n, 00 n,r
00 , 00 (r) _00
Vn,r/vn,k = 1/(Vn,OOVn,k) ’ (4.58)
where the right hand side is observable at the k-th failure Zg K Hence,
if we define for any given €: 0<e<1,
PR ¢ S I -1 o
k0 = min{k; (Vn,OOVn,k) <e "}, (4.59) .
then we have
max sup * .
kOskSr En,k * estsl wn,r(t) g (4.60)
and a similar inequality holds for the two-sided case. Thus, under the
hypothesis of Theorem 4.5, for every real A,
lim max sup . *
N p{kosksr gn,k >A|H0} 8 p{cstsl W) >A} ’ (4.61)
lim max sup |.*
n-o P{koskSrlgn,kI >MH0} = P{es'csllw (1) >}‘} ' (4.62)

Thus, if A;(e) and Aa(e) be the values of A for which the right hand
sides of (4.61) and (4.62) are both equal to o, for 0<a<1l, 0<e<l1,

then in the asymptotic case, in (2,22), we may take Z(gn) =)\;(€) or )\a(e). .
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Analytical solutions for A;(e) and Aa(e) are difficult to workout.
Majumdar and Sen (1977) have made some simulation studies and we report

some of their values here.

TABLE 1

Simulated values of A;(e) and Aa(e) for some typical (g,a)

Ao (€) Ay (€)
£ a=.01 a=.05 o=.10 a=.01 a=.05 oa=.10
0.005 3.32 2.76 2.46 3.48 3.04 2.79
0.01 3.28 2.72 2.42 3.46 3.01 | 2.76
0.05 3.19 2.60 2.29 3.39 2.89 2.62
0.10 3.05 2.50 2.19 3.26 2,79 2.52

For larger values of ¢, A;(e) and Aa(e) are not very sensitive

to €.

5. ASYMPTOTIC DISTRIBUTION THEORY UNDER LOCAL ALTERNATIVES

We shall now consider the non-null case where (2.5) does not hold, but
(2.7) holds for some B>0 (or =# 0). For any fixed non-null f§, the
consistency of the proposed test can be proved along the same line as in
Chatterjee and Sen (1973), Hence, for the study of the asymptotic power

of the proposed test, we confine ourselves to some local alternatives
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where we allow B to be close to 0 (or the s to be so), Specifically,

we frame a sequence {Kn} of alternative hypotheses, where

. 0,0
K+ F (x|

0 .0
Fi n(1%)

0 .
F uow&%iu), l1<i<n, (5.1)

with a real ©6 (fixed) and the c;i given by (4.4).
Under (5.1) [and (2.4)], for ©=20, the basic permutational invari-
ance structure of Section 2 does not hold, and, as a result, neither (4.24)

nor the martingale-proof of Theorem 4.3 holds. A general proof of the

. . -1
as £ -
ymptotic normality of Cn (T k ET ,k)

basic projection technique of Hajek (1968) [as extended to the multivariate

may be worked out by using the

case by Puri and Sen (1969b)]. However, in the absence of -the martingale

property (4.24), this approach does not yield the tightness property of

*

W [in (4.56)] when H

en,r o ™may not hold. For this reason, we employ

here the notion of contiguity [viz., Chapter VI of Hajek and éidék (1967)]
which provides (in a reasonably simple way) a natural extension of Theorem
4.5 under {Kn}.

We assume the the df F; possesses an absolutely continuous probabi-
lity density function (pdf) f;(§), 5<5Ep+1, ¥V izl and let f*(ﬁ) be
the pdf when 6=0 [in (5.1)}]. Also, let f[O,j](xl’XZ) be the bivari-
ate pdf for the (0,j)th variates, for 1<j<p, and we assume that

%0 _ .
f[O,j](xl’xz) = _(8/axl)log f[O,j](xl’XZ) exists (a.e.) and

_ wm.o 2 i} .
N T f J [£10,5) %1 X1 dF g 51 &%) <= ¥Vij=1,...0p . (5.2)

-00 00




-25-

Let then
0
(t) =—Ftr¢ (Fro  (YE . (x,y)dF (x,y) + £.00(EDF (5.3
M § I ONEpg, 5 VI dF g 51 y) + £y (805 > (523)

for 0<t<1 and j=1,...,p;

t
u0&)= [¢0wﬁ%ﬁﬂdu+ Uvﬂ@hﬁm:, 0<t=<l, (5.4)
0
where
, ~1 -1
o) = - £ro (o W)/ (Fro, ), 0<u<l, (5.5)

and mﬁt is defined by (4.6) for ¢0 being replaced by wo. Further, note
that voo(t) is a continuous and non-increasing function of te (0,1].

Defining T as in (4.1), we let

T (t) = infls: WOy <t} , o<ts1 . (5.6)
Finally, for every €: 0 < e <1, we define Eu; = {u;(t); e<t<l} by
letting
* _ 00 “lsvp 0]
ur(t) = 8{v (ﬂT(t))} zj=0v (nT(t))uj(nT(t)) , e<t<1 . (5.7)

Theorem 5.1. Under Assumptions (1), (I1I), (II1), (IV) of Section 4, {Kn}

in (5.1) and (5.2) for every (fixed) m(2 1) and (0 At <. <tm(s 1),
{w;,r(tl)""’w;,r(tm)} 2 {W*(tl) *u;(tl),..-,w*(tm)-*u;(tm)} , (5.8)

where W; r and W* are defined by (4.43)-(4.45).

»

Proof. Here also, we prove (5,8) for m=1 only; a similar proof holds

for any m=>1. Recall that for every j: 0<j<p and k(< n),



"'26!'

~1.03) _ (n) N 0
et = Ty exs (057 (Frosy (X ))c(z 1o+ an ety 20 Y. (5.9)
Define then for every O0<t<1l and 0<j<p,
30 = Zl 1 m{¢ Frip &4 )C(C Xpi) * cb c(xmvcgv)} : (5.10)

As in Theorems 4.1 and 4.3, under Assumption II, we use the polynomial decom-
position of ¢m’ 0<m<p, and then it can be shown by some routine steps

that whenever k/n - te [0,1], as n > o,

*
Ic-1r0) _ h 5 (®)] B0, 0<js<p, under H (5.11)

n n,k 0 °

* *
We denote the joint distribution of {51""’5n} under Kn (and HO)
by Pn,n (and pn,O’
v
of Hdjek and Sidak (1967), it follows that under the hypothesis of Theorem

respectively). Then, from the results of Chapter IV

5.1, {p_ } is contigious to {P_ .}, and hence, by (5.11),

n,n n,O ’
~-1..(3) * P .
|cn Tn,k—hn’j(t)l >0, 0<js<p, under {K} as well . (5.12)
P =
On the other hand, for any )\=0, ZJ OAJhn ; 12155 e (; Xg) Z 0ti%5 (Fpy &
C(X -C -)ZJ =0 J¢ } involves a linear combination of independent rv's, and
hence, by the central limit theorem, under {Kn} Z? OAJh i is asymptotically
normal with mean 62?=0Ajpj(t) and variance A'v(t)A. Further, by (4.14) and
the contiguity of {Pn n} to {Pn 0}, we claim that (4,14) also holds under
s >
{Kn}. As such, by (4.12), for every 0<t<1 and k/n > t,
/( 23 % )1 % v ¢y , 0<j<p ., under ). (5.13)

Hence, by the Slutzky theorem, under {Kn}, k/n >t =

i

]
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-1, 00 \-%p 0§ (G) Q (00 (1P 03 o 1"
C Vo i) 2j=0vn’an’k > v} ijov OLWHOMN (5.14)

where the right hand side of (5.14) is asymptotically normal (under {Kn})

1 .
with mean e{voo(t)}‘zigzovoj(t)uj(t) and variance 1, The desired result
then follows by using the definitions in (4.43)-(4.44) and (5.6)-(5.7). Q.E.D.

*
Note that (4.56) insures the tightness of €Wn r under HO’ and

hence, proceeding as in the proof of Theorem 2 of Sen (1976a), we conclude

*

}, (4.56) and (5.8),

that by the contiguity of {Pn n} to {Pn 0 awn,r

2 ]

remains tight under {Kn} as well. Hence, we have the following.

Theorem 5.2. Under the hypothesis of Theorem 5,1, for every 0<e<l,

* 2 w*

ewn,r et su: , 1in the Jl'tOPOZOQy on Dleg,1] . (5f15)

Defining T by (4.1), for every 0 <€ < 1, we let

0

t = inflt: vOO(T)vOO(tO) <e’ly, V- vOO(T)/VOO(tO) . (5.16)

0

Then, t° = VOO(T)/vOO(tO) > 1/[v00(T)v00(t0)] >e. As such, by (4.58),

(4.59) and (5.16), we claim that under {Kn},

1

-1, P 00 ,00 P 0
n k0 t, and Vn,r/Vn,ko t , as n > o, (5.17)

and hence, by Theorem 5.2 and (4.58)-(4.55), we conclude that

lim max +
nsw p{kOSRSr gn,k>)\a(€)|Kn}

= P{W* (t) > A;(e) -u:(t) , for some to <t <1} (5.18)

1
= P{W(t) >t2[>\;(e) -u:(t)] , for some O<e <1} ;
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lim max -
oo p{kosksrlgn,kl > >\Ot €|Kn}
1
= PN(t) & t7[* A_(€) ~ui(t)] , for some t: t9<t<1}, (5.19)
where W = {W(t), t 20} is a standard Wiener-process, Thus, in either N

case, the asymptotic power function is expressible in terms of the boundary
crossing probabilities of a standard Wiener process (on [to,l]), where

the boundaries are generally non-linear.

6. SOME CONCLUDING REMARKS

1
Note that for T=t=1, uI(l) = 9[v00(1)]zu0(1), as all the uj(l),

1<j<p are equal to 0. Similarly, for the ANOVA test (based on Téo)
. 1. (n) -%.(0)
alone), we have the asymptotic mean of C_ [Vn,OO] /”Fn (under {Kn}) ‘

»

-4
equal to G[voo(l)] 2uo(l). Hence, for the complete sample (non-sequential)
case, the asymptotic relative efficiency (A.R.E.) of the ANOCA test with

respect to the ANOVA test (based on the same score function) is given by
_ .00
e, =V (v, () (=1, (6.1)

where the quality sign holds only when voj(l) =0, ¥1<j<p. In the
context of PCS, we note that for t<1 (even when T1=1), u;(t) is rather
a complicated function (of T, t, ¢0,...,¢p and f[O,j]’ 1<jsp). 1If, we
do not have any concomitant variate, we may develop a parallel PCS ANOVA

test, where in (3.9), we shall take

(Vrgkg)O)JiCr-llTrEOl{ » k2kg )
€k = ’ ' (6.2)
s 0 , otherwise
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where vﬁ%éo:>0, ¥ ko'sk:sn. In that event, we need not use the inequa-
lity (4.58), so that in (4.61)-(4.62), the < sign may be replaced by an

= sign. Also, in (5.18)~(5.19), we will have then t%-¢ while for u;(t),
given by

ug(t) = e{voo(r)}'liuo(wg(t)) , ESt=<1 (6.3)
n‘T’(t) = infls: vy (s)/vp(0) 2t} , 0stsl, (6.4)

In general, neither ﬂe(t) and ns(t) are equal (for all t<1), nor
u:(t) and ug(t) are either dominated by the other. Hence, unlike (6.1),
in general, it is difficult to conclude whether the ANOCA always performs
(asymptotically) better than the ANOVA rank test,

Chatterjee and Sen (1973) have studied the Bahadur-ARE of the PCS
ANOVA rank test with respect to the single-point censoring test and have
shown that under very general conditions, the PCS test performs better. In
the current setup, such a study can be made provided we are able to show
that for (4.61) or (4.62), as A+ ®, - log P{.,..} = cA2-+o(A2), where
¢ >0; this remains an open problem.

Finally, batch-arrival models or staggering entry plans are often more
flexible to suit practical problems. In such a case, as in Sen (1976a), one
needs a two-dimensional time-parameter stochastic process to formulate the
ANOCA tests. This is possible — though the formulation needs much more com-
plications, and will not be done here. Some simulation studies for the
asumptotic power of the proposed tests are intended to be made and published

in a separate communication,
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