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THE TSCSREG PRCCEDURE

TSCSREG, aniacrommm for Time Series (ross-Section REGression, is designed
to analyze a class of linear econcmetric mecdels which commonly arise when com-
bining time series and cross-sectional data. Such models may be viewed as a
two-way design with covariates:

b
yij = kfl Xijkak + uij i=1,2, ..., C8
j=l’ 2’ ...’ TS
As is always the case, the performance of any estimation procedure for the
model regression parameters Bk s, k=1,2, ..., p will depend upon the
statistical characteristics of the error components, uij’ in the model. For
this reason, the package TSCSREG was written to allow a user to study the

estimates of the regression parameters in the above model under three of the

more common error structures in the recent literature. Namely,

l. A variance components model.

2. A first order autoregressive model with contemporaneous correlation.
and
3. A mixed variance-component moving average error process.

In doing this, the TSCSREG procedure makes no assumptions concerning the rank
of the matrix of explanatory variables X . Moreover, only range-preserving

estimators are used for all required error structure parameters.

QUTHJT
Use of PROC TSCSREG causes all information and references for the proce-

dure options to be printed out. These enable one to loecate the original



research report and thus obtain a complete description of the three types of
error structures mentioned in the preceding section. 1In addition, for each
model entered, the TSCSREG procedure gives the model variables, underlying
error structure parameter estimetes, and regression parameter estimates and
analysis. Included under the umbrella of "analysis" is the name of the SAS

variable with which it is associated, a t-statistic for testing whether the

corresponding beta is zero, the significance probability of the t-statistic,
and the standard error of the b-value including the degrées of freedom upon
which it is based. Purther, wherever possible, we have adhered to the
notation of the original reference.

The only output option available with PROC TSCSREG 1s to have the
variance-covariance and/or the correlation matrix of the resulting regression

parameter estimates for each model and assumed error structure printed out.

The Procedure TSCSREG Statement

The PROCEDURE TSCSREG statement is of the form

FROC TSCSREG TS = __ CS8 = < DATA = data-set name>

<FULLER> <PARKS> <DASIIVA M = _ >;

Parameters for PROC TSCSREG Statement

Data - Input data set. See paragraph on 'STRUCTURE OF INFUT DATA SET' in
later part of documentation.

s - The number of observations in each time series.

cs - The number of observations in each cross-section.

FULLER - Analysis of model assuming a Type'I error structure.

PARKS - Analysis of model assuming a Type II error structure.



DASILVA - Analysis of model assuming a Type III error structure
M =~ The length of the assumed moving average process in method

DASTIVA (M < TS-2)

PROCEDURE INFORMATION STATEMENTS

PARMCARDS Statement

There is only one type of Parameter card, namely, MODEL.

PARAMETER CARD SPECIFICATION

The MODEL statement is of the following form:

MODEL Numeric_variable = numeric_variable <additional numeric variables>
NOINT
/<yoymay” <VAR> <CORR> #

Options and Parameters:

NCMEAN - When this option is absent, the procedure will include an intercept

NOINT term in the model. Wren NOMEAN or NOINT is specified, no intercept

will be iﬁcluded.

VAR - This option causes the variance-covariance matrix of the model para-
meter estimates to be printed.

CCORR - This option causes the correlation matrix of the model parameter

estimates to be printed.

TREATMENT OF MISSING VALUES

If the value of any one of the SAS variables used for the model presently
being analyzed is missing from an observation, analysis on this and all sub-

sequent models will terminate with an accompanying error message.



STRUCTURE_OF INPUT DATA SET

PROC TSCSREG assumes that the input data set consists of N = Cs ¥ IS

observations which have previously been sorted according to

PROC SORT <OUT = data_set_name><DATA = data_set_name>

BY CS_ID TS_ID;

No check is‘made on the above structure except that of whether the actual
number of observations on the input data set agrees with the product of CS
and TS. If it does not, analysis on this model and all subsequent ones will

terminate with an accompanying error message.

STANDARD FIX-UPS TAKEN

For procedure PARKS , the first-order autocorrelation coefficient must
be estimated for each cross-section. Iet RHO 5e the CS-VECTOR of true
varameters and R the corresponding vector of estimates. Then to ensure
that only range-preserving estimates areqused in FROC TSCSREG the following:

forms for R is taken:

R(I) = R(T) ir |R(T)] <1
= max (.95, RMAX) if R(I) > 1
= min (-.95, RMIN) if R(I) < -1
where
RMAX = 0 , if R(I) <0 or R(I)>1 forall I

max {R(J): O < R(J) <1} , otherwise.
J

and similarly



RMIN = 0, if R(I) >0 or R(I)<-1 for all I

=min R(J): -1 <R(J) <O  otherwise.
I | o

whenever this fix-up is taken, an error message is printed.

JOB_CONTROL STATEMENT REQUIREMENTS AT TUCC

PRCC TSCSREG is written to run under SAS(1976) and is available in
the SAS Supplementary ILibrary. To run a job at the Triangle University

Computing Center requires the following job control language cards

//§ob_neme JOB xxx.yyy.zzz,proérammer;pame

//STEP .= EXEC SAS

//SAS.FT16FO0L DD DSN=&UT2,UNIT=SYSDA,SPACE=(TRK, (10,10)),
// - DCB-(RECFM=VBS,LRECL=2602,BLKSIZE=2606)

//SAS.SYSIN DD *

SAS STATEMENTS AND DATA CARDS



EXAMPLE

‘ For completeness we begin by creating a data set WORK.DS1 frc;m cards,
PROC SORT is then used to rearrange the data into the required time series and
cross~-section format, Fiﬁally,A PROC TSCSREG is applied to analyze the data
under all three error structure models. All relevant output is included in

this documentation including a listing of the sorted data set via PROC PRINT.

‘ DATA WCRK.DS1; INPUT Y 4=8 X_1 21-30 X_2 31-40 X_3 41=-30 STATE 3 61-6’5\

YEAR 71-74 ; CARDS;

FRCC SCFRT JUT=WNRK.DS1 § 3Y STATE YEAR

PRCC TSCSRSG DATA=WARK.DS1 TS=1S CS=8 FULLER PARKS DASILVA M=S5;
PARMCARDS:
MCDEL Y = X_1 X_2 X_3 / VAR CCRRA#

A\

PRCC PRINT OATA=WGORK.DS1 H



- = = = = = = = = - (CPTIONS SPECIFIEL = = = = = = = = = = =

CPTIAN FULLER SPECIFIED

REFERENCE?S

We As FULLER & Geo Eo BATTESE, ESTIMATICON SOF LINEAR MCCELS
#1ITH CROSSES-ZERROR STRUCTURE, JOURNAL QF ZSCCNCMETRICS, Ve 29
NGQ 1+ MAY 19749 = 67“78

COTICN PARKS SPRECIFIED

REFERENCE:
Jeo KMENTA, ELEMENTS CF SCONOMETRICS, NEw YORK?T MACMILLAN CC.

19711 Pe 512-514-

CPTION DA SILVA SPRECIFIED WwITH M = )

REFERENCE:

J. G. C. OA SILVAO
SERIES DATA. INSTIT
1011y RALEIGH, Nes C
(PHeDe DISSERTATIOCN

THE ANALYSIS COF CRMNSS=-SECTICNAL TIME

UTE QF STATISTICS MIMECGRABH SERIESs NC.
«3 NORTH CARQLINA STATE UNIVERSITY, 13975,
}e

NUMBE§ QF C3SERVATICNS IN A CRCSS-SECTICN = 3
NUMBER QF C3SERVATICNS IN A TIME SERIES = 15
NOQTE:? ‘

IF THE DATA SET WAS NOT SORTED ACCCPDING TG THE INSTRUCTICNS
IN THE DCCUMENTATICN CF PROC TSCSREG THE RESULTS wILL B8E
ERRONEQUS. E.G. STATEMENTS SIMILAR TC =

PROC SORT DATA=DATA_SET_NAME OQUT=DATA_SET_NAME:

8Y CROSS_ID TIME_ID?
SHOULD PRECEDE PRGC TSCSREG.
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FULLER AND 8ATT§SE METHOD ESTIMATES

LA A X B R

*#*******************#********************************#*****

SQURCE 3 VALUES T FOR H:I8=0 PRAE8>|T] STD ERR 3
SINT 163092 3.4741 . Q,0007 047520
X_1 N.287C%2 €C.85364 0.3951 0433627
X_2 -0 .898827 -1,1458 0.2543 078434
X_3 B.580770C 2.29456 0.0235 0+25310
CEGREES CF FREEDCM FDR T=STATISTICS = 118
**#******#*****#************#************#********************
#* *
* ) x
X VARIANCE COMPONENT ESTIMATES : %
x *
* x
***********************************************************#**
VARIANCE CCMPONENT FOR CROSS-SECTIONS = 0.34670734
(SIGMA_SQUARED_sU3_V)

VARIANCE CCMPONENT FOP TIME SERIES = 0.0764358770
(SIGMA_SQUARED_SUS3_E) :
VARIANCE CCMPCNENT FNR ERROR = 0.53583838
(SIGMA_SQUARED_SU3_EPSILAN)

TRANSFORMED REGRESSION MeSeEe. = ‘ 0.53143436

(MeSeS. DEGREES OF FREEDQM = 116)
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x
=
#
*
x
*

FULLER AMD BATTESE

VARTANCE-COVARIANCE MATRIX FOR

SINT

Q.22582
-2.252163
~-C.28883
-2.028777

X_1
~0.052143
G.11308
~0.0020331
-0.010987

CARAMETER ESTIMATES

x_2
-0,28883

-0.0020331

Ce.€1518
Q.011855

E 22 FEE T EE R ES IS S RE SR RS SR RS R R SRR Rt 2Rt R R R R

X_3

-0.028777
-~G.010987
0.011855
R.0E4062

x
]
*®
=
X
b3
*®

% 3o 3k 3k e R ok e e e SRR 30 ok i e TR R ki R e e 3k e de sk e S ok e e e e Sie e e ok i e e e e e Aol e e ke S sl e e

*x
%
* CORRELATION MATRIX FOR
* FULLER AND BATTESE PARAMETER ESTIMATES
* .
*
E
SINT X_1
SINT leCOCC -0 432631
X_1 -0.32631 1.000¢
X_2 «Da77493 =C.0N77086
X_3 ‘0.23926 ‘0012909
NQTE?: :
THE FULLER AND BATTESE METHQOC USED GCe3
AND REQU IRED AN INCREMENT JF 184¢C 8Y

PROGRAMMER, FULLSER AND 2ATTESE METHCD:

DOUGLAS Je.

DRUMMCND

INSTITUTE QF STATISTICS
NQRTH CAROLINA STATE UNIVERSITY

RALE IGH,

NORTH CARCLINA 27507

S
T

x_2
-0,77493

-Q.0077086

S
£3

1.0000
Ce0S538718

ECCNOS

PP E LSRR PRSI ERLERERE RS2 2R 2 R Rt AR R R Rl LR EE L T

X_3

-Q.23925
~0+412909
0.056716

10000

OF STORAGE.

&
*
*
*
x
*
*



***********************#**********#*********************#*****

3 3 3 # 3 #

BARKS METHQD ESTIMATES

**%******#********************#*****************************

SAURCE 8 VALUES
SINT 1.325G6
X_1 C.0617632
x_2 -1.21082
x 73 0.676353

DEGREES QF FREEDCM FOR

T FOR HIiB=0

7e¢e65144
De277€S
-443419
44,2902

T-STATISTICS

PRAO8B>| T}

0.,0000C
De7813
Q.3000Q
0.C000

STD ERR B

Ce23969
0.22245
0.27887
015755

116

x
x
b
=
*
E
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e R R R R R L LR e R L L e L

]
%
* VARIANCE-COVARIANCE MATRIX FOR
*® . FARKS PARAMETER ESTIMATES
* .
********#*f************#**********#*#***************#********
SINT X_1

S INT QeCS57449 -7

X_l ‘00024841 Ce?2

x_2 -0.047571 0.009

X_3 . =0e.012853 =0.09

*x
*
%=
B
£
*
%

X_2 X_3

24841 -0.,047571 -0.12853
49485 Q0,00056828 ~0.0012826
$6828 0077769 0e«0060£72
12826 0.00605672 0.024854

***#************#*****#********************#***************#**

* ¥
* x
* CORRELATION MATRIX FOR *
3 PARKS PARAMETER ESTIMATES *
x x
* *
¢ 3k 2 3638 3 e 3 ol 3 2% ok ok % e v e 3% 3 s e o djesie site sie e sk sl e o ol el e e e e e e e e ik e e e S ke sl e e e R KoK Rk
SINT x_1 x_2 x_3
SINT 1.0060 -C,4656C -Qs7117C -0 +34C16
X_1 ~GC+4£5690 1.0090¢C Ce00518Q8 -0 .,036572
X_2 -0.71178 N.N0F1606 1.000C0 0.,13800
X 3 -Nes324015 -Q 038572 Q«13800 1.0000
NQTE:
PARKS METHOD USED Ne3% SECONDS ANC RIEQUIRED AN

INCREMENT OF £752 3YTES CF CQORE STCRAGE.

PRCGRAMMER, FPARKS METHAD:

DOUGLAS J. DRUMMAND

INSTITUTE GF STATISTICS

NORTH CAROLINA STATE UNIVEXSITY.
RALEIGH, NORTH CARCLINA 27537



1k

*****#*#**#****#****##****###****#***#*##***********##**#****

* -]
* *
£ . DA SILVA METHOD ESTIMATES *
* *x
% *
* #*

20 3 e sl sl sl ol e o oo R R KRR Rk MR Ak kR TR AR Rk R R KK R REE X

SCURCE B VALUES T FOR HIB=0 PROB>|TI STD ERR B8
SINT 2.48618 £.2664 0.0000 0e39€7S
x_1 ~-1a4712GCS -15.058 0.0 Q11357
x_2 -0,833112 -141493 0.2528 Ne72439
X_3 Q934267 21.830 Cel 0042798
DEGREES CF FREEDCM FQR T=STATISTICS = 11&

e e sk ¢ 3 3 o oK ok i o sk ok e e ok 36 3 3 o e e ol ek ok o e ok Rk o K e ol e A e e e e ke ok ek e ek kX R Kk

= x
* x
= VARIANCE CCMPONENT ESTIMATES 2
* *
x ’ *
#*****#*************************#*****************************
VARTANCE CCMPONENT FOR CROSS=SECTICNS = 0.23413869
(SIGMA_SQUARED_SUB_A) ,

VARIANCE CCMPANENT FOR TIME SEQIES = N.017052893
{SIGMA_SQUARED_SUB_8)

AUTOCRAVARIANCES

LAG 2 0.5928Q
LAG I3 C.18490
LAG 2 Ce10431
L AG 3 -0.012287
LAG 4 -C41347S%
LAG 5 C.0935790

TRANSFORMELC REGRESSION MeSaEe 841130833

(MeS.E., DEGREES QF FREEDCM = 11€)
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********#*******************************#*********************

x
* .
VARIANCE-CQVARIANCE MATRIX FQOR
N o DA SILVA PARAMETER ESTIMATES
* - . - P , S - )
:**************#**##************#****************************
SINT Xt X_2
’ Ge15741 =0.N025960Q1 -0 .24306
T —0.00596C1 5.512897 =0.00022752
X" 2 -0 .24306 =0.00022752 N.52546
x"3 ~C.N0035290 =-0.0012295 0.00033894

X_3

«0.,0C035233
-0 .N0122935
C.0003389%

0,00183186

x
*
*
*
*
*
4

TR RS L ERESEE LSS RS RE SRR MR it S

-3

%

x CORRELATINAN MATRIX FOR

* _ " DA SILVA PARAMETER ESTIMATES

e

k3

R kAR Rk Rk R kel Kkl X R Rk ko kR ke ko ke kR Rk Rk Rkt Rk R K

SINT - X_1 X_2

SINT '1.00C0 -0,13228 -0.84515
X_1 ~-0.13228 1.000C0 =0.0027637
x72 ~0.84515 =0,0027637 1.0000
x_3 -3.%20784 -0.25296 N.010925

NGOTE 3

CA SILVA METHGD USED 1.33 SECINDS AND RZIQUIRED AN

INCREMENT QF 10752 3YTE3S CF CORE STORAGE.

FRCGRAMMER, 0A SILVA METHQD:

DRe Ae RONALD GALLANT

INSTITUTE CF STATISTICS

NORTH CARQOLINA STATE UNIVERSITY
RALEIGHs NCRTH CASRCLINA 27807

X_3

=-Q.020784
0.210925
1.0000

x
x
*
*
=
*
*
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Description of the Methods
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1. Ffuller and Battese Method

Various Components Model

Fuller and Battese [1974] have studied the model in which the random

errors Uij have the decomposition

i=1,2, ..., N

U,. =V, + e, + €
1 1 .
J * . 3 j=1,2, ..., T

with the errors Vi’ e, and being independently distributed with zero

3 289 &4y
means and variances 03 =0, cg 2 0 and ci > 0 respectively. As such,
the authors are studying the common two way-random effects model with
covariates.

In such a model, the covariance matrix for the vector of random errors

U can be expressed as

where A is the Kronecker product matrix of IN and JT; B is the Kronecker
product matrix of JN and IT; INT’ IN. and IT are identity matrices of
order NI, N and T, respectively; Jy and Jp are (N x N) and (T x T)
matrices, respectively, having all elements equal to one.

Given such-an error structure, the variance components in V are esti-
mated by the "fitting of constants" method [e.g., see Searle (1971b)] with the
proviso that any negative variance component is set to zero for parameter
estimation purposes. Estimated generalized least-squares are then performed
via

~ A - Y"_
g = (xvi)xviy
with the transformed model mean squared-error adjusted so as to estimate ci

It should be pointed out that the authors obtain substantial computational
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advantages in their procedure by presenting the fitting-of-constants estimators
for the variance components in terms of deviations from appropriate means instead
of creating the dummy varisbles for use in regressions.

Finally, Fuller and Battese give sufficient conditions in or&er for é to

be unbiased and asymptotically normally distributed.

2. Parks Method

Autoregressive Model

Parks [1967] considered the first-order autoregressive model in which

the random errors U, (l =1,2, ..., N

13 G =1, 2, o) T) have the structure

E(U? ) =¢a., (neteroscedasticity)
(contemporanecusly correlated)
13505 Up a1t & (autoregression)
iJ i~i,j-1 J .

where

-
E(Uiono) l-pipj

As such, the model assumed is first-order autoregressive with contemporaneous

' correlation between cross-sections.
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In such a model, the covariance matrix for the vector of random errors U

can be expressed as

') = = [¢ N
EUU') =V = [o3P) o15Pp -ooo- o Ry
9o1%01 TooFan vt Tonfoy
i “netie N,
where
- 2 -
1 ; T-1
pJ PJ ..... pj
1 s I-2
ps P 3
2 T-3
Ps 04 ...
P, = 1 1l pj
lJ . .
-1 T-2 T-3
T en s e el

Given such an error structure, V is estimated by a 2-stage procedure leaving
g to be estimated by the usual estimated generalized least-squares.
The first step in estimating V involves the use of ordinary least-squares

to estimate g8 and obtain the fitted residuals

A A
=1~ XByg

A consistent estimator of the first-order autoregressive parameter can then be

obtained in the usual manner via

i=1,2, ..., N
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Lastly, the autoregressive characteristic of the data can be removed
(asymptotically ) by the usual transformation of taking weighted
differences. ' |

That is, for 1 =1,2, ..., N

"] P D 2
T Jl‘Pi 1 Fypebe ¥ Up N 1005

= bY l-p
k=1
Yy =P Y507 B (Xi g5 = B3y 5-1,6) B * Usg = 03U5 51
J=2,3, ..., T
which we write as
i k=1 ijk-"k ij j=1,2, ..., T

Notice that the transformed model has not lost any observations like Kmenta
(1971, pg. 512-1k4) does for simplicity.
The second step in estimating the covariance matrix V consists of

» applying ordinary least-squares to the above transformed model to obtain

6* * AR
2 =1XBorg
from which
i 4.
Pipj
where
T
T _ 1 g oox o=
Pi5 = 73 r=1 Uik Ujk
provides a consistent estimator of cij . Estimated generalized least squares

then proceeds in the usual fashion via
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~ A _ - "A"l
= (xv)X) X VY

- where ;Q is the derived consistent estimator of V. For gomputaﬁibnal pur-

poses, it should be pointed out that § is obtained directly from the trans-

formed model via

~ KA e] ¥ = ¥TA=] %

5= Y Y
which has definite advantages. Further, the above procedure is obviously
equivalent to Zellner's (1962) 2-stage methodology applied to the transformed
model.

Parks is able to show that his estimator is consistent and asymptotically

normally distributed with

. ~ 'a- -

Var(g) = (X V lX) L

3. Da Silva Method

Mixed variance-component moving average model

Suppose there is available a sample of observations at T time peints on
each of A cross-sectional units. It is assumed that the observed value
of the dependent variable at the tzg-time point on the iEE' cross-sectioﬁal

unit can he expressed as:

— ]
Vig = Eggl 2y * 04 ¥ Oy 0

i=1, ..., A; t=1, ..., T, where x; ) is a vector of

Xig = (Rypp0 e Xyeq
th

explanatory variables for the t=— time point and iJ-c-ll crogs-sectional unit,

g8 = (51...5P)' is the vector of parameters, a, is 2 time invariant cross-

sectional wnit effect, bt is a cross-sectional unit invariant time effect,
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and ei is a residual effect unaccounted for by the explanatory variables

t
and the specific time and cross-sectional unit effects.
'If we arrange the observations first by individual units, then by time -

periods within individuals, we maey write the equations in matrix notation as

y=Xg +u,

where

2

@)+ @ ®+e,

1

X - al-..aA)_' F)

= = !
Y= (- Vyqp Vo Vap) o X = (EygeEyp 2y X)) > 2

L Y )'
1T 21 AT’ ?

1, is an A x 1 vector with all elements equal to 1 , and @& denotes

Kronecker product.

= ceoe t = e se )
b (bl bT) ;e (ell e_e

It is assumed that:

Assumption 1.

A,T N . . - .
{§it}i=l,t=l is a sequence of nonstochastic known p x 1 vectors in Rp
whose elements are uniformly bounded in Rp . The rank of X 1is p.

Assumption 2.

B is a px 1 constant vector of unknown parameters.

Assumption 3.

a 1s a vector of uncorrelated random variables such that E(ai) = O and
Var(ai) = O'i (mown) F] O': > O ] i E-3 l, LIS A-
Assumption k.

b is a vector of uncorrelated random variables such that E(b,) = O

and Var(b,) = &, (unknown) , c% >0, t=1, ..., T.
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Assumption 5.

& - (eil. ..eiT)' is a sample of a realization of a finite moving average

time series of order M (< T-1) for each i ; heénce

e +

®ip T %ot T %ep1 T Epy 2 S s e T (i=1, ... A) ,
where Uy 5 Gy ecv> O BT unknown constants such that o # 0 and

-}
N # 0, and {ej}j=-oo is a white noise process, i.e., a sequence of uncorrelated

2

2
random variebles with E(et) = 0 and E(ei) = ¢° (unknown) , og¢ > O .

Assumption 6.

. A T T
The sets of random variables {ai}i=l s {bt}t=l and {eit}t=l

(1=1, ..., A) are mutually uncorrelated.

Assumption 7.

The random terms have normal distributions: a; ~ N(O,ci) ’
2 2 .
bt~N(o’°b) and et_k~1\r(o,ce), i=1, ..., A3 t=1, ..., T;

k=1, .., M . | .
If Assumptions 1-6 are satisfied, then
E(y) = X8
and
Var(y) = cri(IA @ JT) + o‘.i(JA €3] IT) + (IA Q@ FT) s

where IA is the identity matrix of size A , JA is an A x A matrix with

all elements equal to 1 and l"T is a T x T matrix with tsEll element
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v(|t-s|) , if |t-s] sM .
Cov(eit,eis) = | .
0 , if Jt-s| > M

The covariance matrix, which we denote by V , can be written in the form

M
V= ci(IA (g) JT) + c%(JA (:) IT) f kgo Y(k)(:A (:> FT(k)) where

Féo) =7I., and, for k=1, ..., M, Fék) is a band matrix whose kth

T
off-diagonal elements are 1 and all other elements are O .

Thus, the covariance matrix of the vector of observations y has the

form
) 7
Viy) = £ vV
k=1 k'k ,
where v = (vl, R vM+3)' >
= 2
Vl Ga
_ 2
v, = oy
Vk = Y(k'3) ) k=3, ..., W3
=1, ® I,
v,=7 @1,

— k-3 =
VK—IA®F§: ) , k=3, ..., M3 .

The estimator of g8 is a2 two step GIS type estimator - GLS with the
unknown covariance matrix replaced by a suitable estimator of V. It 1s ob-

tained by substitubing estimators for the scalar multiples M\, k=1, 2, ..., M+ 3 .
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Seely (1969) presents a general theory of unbiased estimation when the

choice of estimators is restricted to finite dimensional vector spaces, with

. “special emphasis to quadratic estimation of functions of the form

m
z &.v., ,
=1 - "

where v, (L =1, ..., m) are parameters associated with a linear model

E(y) = X§ with covariance matrix

m
S vV,
gmp 11

and V, (i=1, ..., m) are real symmetric matrices. The method is also dis-

cussed in Seely (19702, 1970b) and Seely and Zyskind (1971). Seely and Soong
(1971) consider the MINQUE principle using an approach along the lines of
Seely (1969).

The method employed here is the one developed by Seely. The concepts

and results necessary for our purposes are presented next.

Iet y be an n x 1 random vector with expectation X8 and covariance
matrix

m
ifl viVi s
where X is a known n x p wmatrix of rank p , each Vi 1s a knom n x n.
real symmetric matrix and g = (el...sp)' and v = (vl...vm)' are vectors of
unknown parameteré.

Iet € denote the set of the n x n real symmetric matrices and
let G denote the space of quadratic estimators with matrices from G ,

i.e., G= {y'Ay: A ¢ G} . We shall restrict considerations to quadratic

estimators y'Ay , A ¢ G, that satisfy the condition AX = O . So, the
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space of estimators we consider is the subspace of G » Y-l = {z’A;:: AegC,

AX = 0} .

Definition
A parametric function
m
A
is said to be estimable if there is an A ¢ G , AX = O , such that y'Ay is
an unbiased estimator of the parametric function.

One reason for limiting considerations to the subspace n of quadratic
estimators is the desirable property that e quadratic estimator y'Ay be
invariant under the class of transformations of the form ¥y + Xg for arbitrary
g . This seems to be a reasonable requirement of estimators for linear |

functions of the parameters in the covariance matrix. Also, the class of

m
multiveriate normal distributions (N (Xg, v,V,): B e R® , veRY
i=1

remains invarié.nt under this class of transformations. Another criterion which
leads to considering only the subspace r-m is to require that the variance of
a quadratic form y'Ay be independent of the parameter § . Hsu (1938) used
this criterion and showed that requiring Var(y'Ay) to be independent of 3

implied that AX =0 .

Theorsnm

The parameters v ey v, are all estimable if and only if the matrix

l’
. ..th
B with ij=— element tr(N’ViNVj) s

¥eI-xEDX,

is nonsingular.
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In checking for the estimsbility of the variance and covariance components,

the following result is of interest.

Corcllary
The parameters Vys e Vo are all estimable if and only if the matrices

NV,N, .. .y NV N are linearly independent.

Theorem
If the parameters Vis s Vp are all estimsble, then the unique un-

biased estimator \2 of v 1s the solution to the set of equations

B

c

where B is the matrix defined in the previous Theorem and ¢ is the m x 1 vector

with i@- element X'NViNI .

It can be seen that Seely's estimator +s, in fact, an unweighted MIIQUE
estimator, i.e., a MINQUE estimator with the prior estimate of the covariance
matrix replaced by the identity matrix I , as representing complete ignorance
of the trug variance and covariance components.

The reason for choosing Seely's estimator is its computational advantage,
since the derivation of the MINQUE estimator would require the inversicn of
the AT x AT matrix representing prior information about the covafiance matrix.
Besides, as usually no reascnable guess on variance and covariance components
is availabie, one may do better by not using any prior information in the
estimation procedure.

The matrix V has a complicated structure, because its characteristic
vectors, as well as characteristic roots, are functions of the parametersr
ci s -@g and y(h) , h=0,1, ..., M. As a casequence, the asymptotic

theory with the unknown covariance matrix V is intractable. What we shall

-
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*
do is to follow Hannan (1963) and substitute an approximating matrix V whose
characteristic roots depend on the unknown parameters and whose characteristic

vectors do not. This metrix is defined by
* 2 2 *
V=al(t, @)+, @1+ I, @)

% A
where FT is the circular symmetric matrix of dimension T , i.e.,

% — 1 . s ) . . EE .
FT = QTATQT , wherg AT is the diagonal matrix with the ¢t diagonal element

M
[ ¥(0) + 22 (n)eos(mon/T)
t=2,4, ..., T=1 (T odd) or T (T'even)

M
v(0) + 2 ¢ vy(h)eos[m(t-1)k/T]
h=1

\ t =»1, 3, «-es T (T 0dd) or T-1 (T even)

and Qé is the T x T orthonormal matrix with tsEE element

(’/I7T , t=1

J2/T cos[nt(s-1)/T] , t= é, L, ..., T-2 (T even)
or T-1 (T odd)

JZ7T sin[m(t-1)(s-1)/T] , t=3,5, ..., T-1

(T even) or T (T odd)

k JOT (-1, t=1Tif T is even ,

s=21, ..., T.
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The fundamental result obtained by Hannan (1963) is a consequence of parti-

cularly relevant properties of the covariance structure of stationary time

‘series. The properties manifest themselves in the following theorem. Proofs

of the theorem are given by Grenander and Szego (1958), Amemiya and Fuller

(1967) and Fuller (1971b).

Theorem
Iet FT be the covariance matrix of a realization of T observations
from a stationary time series with absolutely summable covariance function.

Then, for every ¢ > O there exists a Té' such that for T > Te

Ufgdy = Ap = Ep >

where every element of the matrix ET has absolute value less than e j

the matrices QT and AT are as defined above.

This theorem establishes that, asymptotically, the ma.rix QT will
diagonalize all covariance matriceé agssociated with stationary time series
with absolutely summable covariance function. This fact was the motivation

for the result established by Hannan (1963) which we now state in the following

theorem:

Theorem

Consider the regression equations Y = 88 + v , where Y 1is a vector of

T rcomponents, § isa Txp matrix, B is a p x 1 vector of parameters,

and v = (vl...vT)' is independent of & . Suppose v t=1, ... T, is

t 2

generated by a stationary process with absolutely summable covariance function
and that & is susceptible to a "generalized harmonic analysis". ILet Ap =

dieg(8'8).. Then, as T-o , A (b - 8) has the same limiting covariance

T
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. ~ ~ . ~ o=l -1, -1
matrix as AT(Q - 8) where B is the GLS estimator, 8 = (3 Trp §) "8 Tp L,
and b 1is the estimator with the same expression as F except that Ip is
replaced by ?TV defined above.

The assumptions on § amount to the following, where § = (Ql. ..Qp) ,

Q,j_ = (¢11¢T1)’ »

T+h
2
z ¢ti
(1) 1im L =1 for all i and finite h ;
T <
z ¢2
t=1 ’ti
T-h
) _til ¢ti¢t+h,j
(ii) 1im = 7 exists and is finite for
£=1 ti £=1 tJ
all i, j, h .

The implication of this result is that in regression problems with sta-
tionary errors the transformation of the observations by the matrix QT yields
an approximately uncorrelated set of data. In this way the problem is reduced
to one in ordinary weighted regression in which the weights can be estimated
from the data. The weights to be estimated are, in fact, proportional to the
spectral density of the process at frequencies ﬂt/T corresponding to the
colums of Qg . This fact suggests the terminology "conversion to the
frequency domain' used to describé the procedure by several authors.

The spectral density of a stationary process {Vt}§=m is the Fourier

series

T y(z)eos (un)
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where vy(h) = Cov(vt,vt+h) . In our case, y(h) =0 for |h| >M; so, the

spectral density becomes

1 M
£(w) = 5= hE_M v(h)cos(wh) ,

and can be estimated by

£(w) = 5= T y(h)cos(un) ,
h=-M
where y(h) , h=-M, ..., -1, 0,1, ..., M, are appropriate estimators

of the autocovariances (see Anderson (1971), Fuller (1971b), or any of the
standard references in time series analysis for details). '

Hannan's method has been applied to a variety of regression problems
by Hamon and Hannan (1963). Duncan and Jones (1966) present a practical com-
puting technique for the application of the method. Engle (1974) presents
and extended version of Hannan's method of regression analysis in the frejaency
domain. Engle argues that frequency domain regression analyses have the
standard small sample properties, that they do not require smoothing of the
periodogram for the estimation of the spectrum and are computationally easy
to use. The application of the technique has been extended to distributed
lag analysis by Hannan (1965, 1967), Amemiya and Fuller (1967), Fishman (1969),
Dhrymes (1971) and Sims (1971).

*
We next establish the spectral decomposition of V .

Theorem

*
The matrix V , defined previously, has spectral decomposition



T
/+ tzz (AC‘S + dt)(gl @ Sft)(gl @ -O'b),

A .
+ i§2 (Tci +d; (g, @ g9y Mgy ® g)'

T

A o .
¥ t-fg 5_32 dt(gi @ g-t),(gi @ S’-t)' ’

where g_t , =1, ..., T, is the t& column of the matrix QT defined

33

. 1 . R
previously; 9 =/_A]-=A 5 0, 4, i=2, ..., A, is any set of A-1 orthonormal

-1

contrasts of dimension A , and d,c s =1, ..., T, as above.

A2 A2

let g, , o, and $(n) , n=0, ..., M, denote Seely's estimators of

A
the corresponding unknown parameter values. Iet gt

.M
(Y (0) + 2 £ & (h)eos (mth/T)
b=l

A Mo
1y (0) + 2 Ely (h)cos[m{t-1)n/T]

be defined by

t=2, 54, ..., T-1 (T odd) or T (T even)

\ t=1,3, ..., T(T odd) or T-1 (T even)

These estimators are not guaranteed to be nonnegative definite. In

order to get a positive definite estimator for the covariance matrix, we

define



f .
a2 X A2
g, > if g, > 0
~2 :
a {
0 , otherwise

A2

ca. A2
C-b: if C'b>o
~2
C‘b-
O , otherwise
\
4 !
. & ? if £ > ¢
dp = 9
\c s Otherwise

where ¢ is an arbitrary positive real anumber. In case at >0 for at
- . least one t , we may set

A
c=min{at: a, >0} .
teT

We use as estimator of the covariance matrix V in the GIS phase of
the estimation procedure the matrix

%
V=

B, @ 1)+, @ Ip) + (3 ® QTX )

where K’I’ = diag('alﬂ. . .'&'T) and the other matrices on the right-hand side are
ag defined a.bove;

The proposed estimator of the vector of regression parameters

8 1is
*® %ol (-l %=l
7 1\-1_,%1

3k



Chapter III

Monte Carlo Simulation -
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~

The matrix $ is chosen over the matrix V with the parameter estimators
replécing unknown parameters, 1; , because:
(i)"%.nhas a known spectral decomposition, making its use computationally
feasible for large T ;
(1i) the substitution of ‘g for V allows the use of known results to

prove the unbiasedness and symptoﬁic normality of the regression

coefficient estimators.

¥ * %*
The use of V instead of V , i.e., V with Seely's estimators in place of
the unknown parameters, guarantees a positive definite estimator for the

covariance matrix.
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Simalation Model

The primary purpose of the simulation study was to provide a finalrcheck
that the computer routines were reasonably correct. At the same time, however,
we recognized that the results might be useful to individuals wanting

(1) To study the efficiencies of a model compared to ordinary
least~squares.
and
(2) To compare the robustness of the various models under competing
error structures.

For these reasons, a large amount of auxillary information is included
at the end of this section.

For simplicity we took a four parameter model (i.e. p=l) with 10 cross-
sections (i.e. N=10) and each time series of length 15 (i.e. T=15). The

fixed part of the model was then specified by X given in Table 3.0.
and
Q' = (l: 1, 1, l)

Notice that X has one factor constant only over time, one only over cross-
sections, one constant over both times series and cross-sections (i.e. the
mean) and a factor which varies over time series and cross-sections. It

was felt that such a structure occurs frequently in combining time series
and cross-sectional data and would show to good advaﬁtage the lack of any
rank assumptions imposed in our models.

Next, we have the random part of the model. For this we chose

U ~ N(Q V)
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The Design Matrix

Table 3.0.
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where V was specified by the following components

p!
]

(1) Fuller-Battese Model

Here we took

NOTE:

2_ 2 _ 2 _
o =as=a.=.5

On searching the literature we could find no evidence that any

cne component is dominant and hence this equal allocation:

(i1) Parks Method

OCO0O0000000 O

Here we specified @ and g as follows

.29400 0.
.09800 0.
.13859 0.
.13859 0.
L1697k O.
L1697k 0.
.19600 O.
.19600 O.
.21913 0.
.21913 O.

POFULATION PHI MATRIX

09800 0.13859 0.13859 0.1697h 0.16974 0.19600 0.19600 0.21913 0.21913
20L00 0.13859 0.13859 0.16974 0.16974 0.19600 0.19600 0.21913 0.21913
13859 0.58800 0.13600 0.24005 0.24005 0.27719 0.27719 0.30990 0.30990
13859 0.19600 0.58800 0.2L00S 0.24005 0.27719 0.27719 0.30990 0.30990
16974 0.24005 0.24005 0.88200 0.29400 0.33948 0.33948 0.37955 0.37955
16974 0.24005 0.24005 0.29400 0.88200 0.33948 0.33948 0.37955 0.37955
19600 0.27719 0.27719 0.33948 0.33948 1.17600 0.39200 0.43827 0.43827
19600 0.27719 0.27719 0.33948 0.33948 0.39200 1.17600 0.43827 0.43827
21913 0.30990 0.30990 0.37955 0.37955 0.43827 0.43827 1.47000 0.49000
21913 0.30990 0.30990 0.37955 0.37955 0.43827 0.43827 0.49000 1.47000

POFULATION AUTOREGRESSIVE PARAMETERS

70.60000

0.80000
0.60000
0.80000
0.60000
0.80000
0.60000
0.80000
0.60000
0.80000

- -l

|o
]
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. SO that observations on the same time period had the following covariance

structure over cross-sections

POPULATION ERROR STRUCTURE

0.45937 0.188L6 0.21655 0.26652 0.26522 0.326L42 0.30625 0.37692 0.342k0 0.42141
10.18846 0.81667 0.26652 0.38498 0.32642 0.47150 0.37692 O.5u4uklh 0.42141 0.60871
0.21655 0.26652 0.91875 0.37692 0.37508 0.46163 0.43310 0.53305 0.48Lk22 0.59597
0.26652 0.38L98 0.37692 1.63333 0.46163 0.66681 0.53305 0.76996 0.59597 0.8608L
0.26522 0.326L2 0.37508 0.46163 1.37812 0.56538 0.5304k4 0.65285 0.59305 0.72991
0.32642 0.47150 0.46163 0.66681 0.56538 2.45000 0.65285 0.94301 0.72991 1.05431
0.30625 0.37692 0.43310 0.53305 0.5304%4 0.65285 1.83750 0.75385 0.68480 0.8L283
0.37692 0.5kl 0.53305 0.76996 0.65285 0.94301 0.75385 3.26667 0.84283 1.21741
0.34240 0.42141 0.48422 0.59597 0.59305 0.72991 0.68480 0.84283 2.2$687 0.94231
0.421k1 0.60871L 0.59597 0.86084 0.72991 1..05431 0.84283 1.21741 0.94231 L.08333

- - -l

This selection resulted in

‘ med Var(Uit) 2 1.5
i=1,2,...,N

That is, variance between the mcdels was standardized in this manner. This
allows for the heteroscedastic nature of the cross-sections, varying corre-
lations, and different autoregressive parameters in the cross-sections.

In retrospect, perhaps a preferred way of introducing these characteristics

would have been to equate

B(Uy Uy | Fuller ) = E(U, U, | Parks)

it73
2y ,2 2 La
i.e —'[(l-pi) Cap ci) i
'13 1. 2 NN
(1 pipj) a. | i%]

Hence, by varying g the cross-sections could have been made heteroscedastic,

‘ with different autoregressive parameters, and varying correlations while at the

same time matching variances and covariances - a much cleaner approach. Even
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here, however, there is no matching on covariances on different time periods
even for the same cross-section.

(iii) Da Silva Method

Here we took

U]

o N il>ql\)
[}
ke .
of % &

2
1

i=0,1,2, ..., 7

such that

and

O
]
-3

This produced the following autocovariance function:
. 50000
.34879
242kl
- .16721
Y= |.11351
.07440
.0L4L85
.02107

NOTE: v(0) = °§ = .5

Notice that every observation then has a variance of 1.5 (as in (i)).
. In order to make.the desired comparison of the possible error structures

we ran a simulation on each of the three error structures and analyzed all &

candidate alternatives.



L1

Generating'Error
Structure Variance Movi
- « ln
Analy§1s o Component Autoregressive Average
Assuming
Error Structure

I
|
|

Fuller-~Battese 1 5 ; 9
Parks 2 | 6 10
Da Silva | 3 7 11
Ordinary Least Squares L . 8 12

Details of Simmlaztion Runs

To generate the normal errors we used the IMSL routines GGUSN and GGNOF
to obtain N(0,1) independent errors which were appropriately transformed Eo
provide the required error structures - program listings are avallable upon
request. t was decided to do 500 runs on each generating error structurs
(which requires approximately 2 hoﬁrs total connect time for all three
generating structures). To be consistent with the 2im of the study,.we
collected data on the following questions

(1) Are the estimators unbiased?

(1) When the assumed distribution is correct, do efficiencies result with
respect to reduced variance in the parsmeter estimates?
and
(iii) Are the estimates approximately normally distributed so that valid

inferences can be made?
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In addition, error structure parameters were estimated and compared with their

input value as a further check on the accuracy of the program and the simula-

tion itself.

In presenting the results of the simulation, we decided to exclude from

place. . A count is given, however, of how often this occurs.

analysis any cases where standard fix-ups (or no estimation at all!) takes

Table 3.1 summarizes the pertinent point estimate features of the models.

For convenience, the rows of each model cell represent the four parameters

in each model. Next, from an inferential point of view, it is instructive

to compare the marginal empirical distribution of the standardized estimates

(6" = =B )
s.e. (g)

Tebles 3.2 - 3.4 do this for the usual three error

*
generating structures (ti corresponds to the t-statistic for testing 5i).

Finally, the estimates of the error structure parameters based on 450

iterations are given in Table 3.5. In addition, ¢ in the Parks model had

average estimated component in 450 iterations given by

29340 .08715 .11339 .1O0179
29036 .12155 .12367
56925 .1TWT2

.56619

symmetric

.13517
13374
.19098
.19250
.77h20

13324
.13468
.19483
20471
.21895
.806L2

.16L01
17307
.23566
.23853
26352
.26726
1.07532

14049
.16536
.23092
.22972
24590
.28204
.31621
1.0854L

LATTRT
. 17094
.25221
2595k
.28535
.30862
.33445
.35912
1.29233

14581 |
.17815
.2356k
.2Lks582
.29032
.32905
.3k521
.34790
.40955
1.33411




Table 3.1. Summary statistics (estimates) for simulation study.

Model

=

10

OO0OO0O0 O000 O0CO0OO0 OO0 OO0 0OO0OO0OO0O O

Variance

0.37470
0.4LT725
0.84886
0.04627

0.45895
0.58257
1.00520
.08387

40382
46396
84448
17406

.38338
k910
.85166
.08286

.80842
.97488
.84230
.Q7655

.53179
.23268
.78236
oLkl

.TOLTY
L0553
.8961L
.11507

.83661
.G60LL
85431
.08730

0.44958
0.44328
1.02495
0.03224

0.47698
0.61937
1.13919
0.0Lk207

0.44572
0.43748
0.99305
0.06372

0.44773
0.4Lk601
1.01999
0.06845

HOO OO0OQ0 OHOO OHOO OO0OO00 0000 O00O0O OO0 OO0 OO0 OHOO O

MSE

0.37423
0.h5251
0.85016
.04618

45818
58535
.00815
.08371

L0332
47037
84525
17373

.38305
45408
.85276
.08278

.8082k
-97520
.8k061
.076L0

.53067
.23219
.78143
.0b4s53

.71086
43962
.8ok1h
.11532

.83598
. 96045
.85261
.08713

4h91s
Lol
.02509
.03218

L7660
.61813
.13922
.OL20k

44598
43663
.99411
.06369

LL730
L4513
.0201L
0.06832

gbiasz2

QOO0 OO0O00O0 OO0 OO0 6600 oNoNoNeoRNoNoNoNoRNoRoNoYolNoNoNeoNeNoNoNeo Yo N oNoNoNo N e N NoNe)

.00028
.00616

.00299
.00001 -

.00015
-00395
.00L97
.00001

.00033
.00736
.00249
.00003

.000kLk
.C0588
.00281
.00008

.00145
.00230
.00002
.00001

.00001
.00001
.00073
.00016

.00919
.00101
.00190
. 00075

.00104
.00193
.00001
.00001

.000k7
.00001L
.00219
.00001

.00058
.00001
.00234
.00005

.00120
.00001
.00315
.00010

.000kL6
.00001L
.00216
.00001

L3
Scale No. iterations
0750008 500
1.01102 499
321.039 h9§
1.34320 500
0.92288 Lol
1.00LkokL L2
115.816 229
1.61893 500
0.38313 500
1.00988 493
208.456 L76
1.32475 500
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Table 3.5. zEngﬁgi .pa.rameter ‘estimates obtained from 450 iterations on correct
Average error Variance of estimated
Error type Error parameter parameter estimate error parameters

o2 0.47696 0.06976

I o 0.50943 0.04807
ci‘ 0.50140 0.00386
N 0.49864 0.0691k
oy 0.60593 0.05828
05 0.49816 0.00532
o), 0.62619 0.0L450
o5 0.46667 0.04888

II
%5 0.59901 0.09918
pr 0.46353 0.04780
» 0.64978 0.04231
p9 0.43538 0.057hk
P10 0.63381 0.0kk35
ﬁi 0.39235 0.07473
o5 0.393% 0.04006
v (0) 0.50772 0.02849
(1) 0.30347 0.0L362
v(2) 0.20074 0.04593
v(3) 0.12511 0.04620

III y(l4+) 0.06k423 0.05559
v(5) 0.04818 0.05505
v(6) 0.00656 0.05678
v(7) 0.0131k 0.05500

L7
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Interpretation of Simulafion Results

As in any simulation study, nothing has been "proved" by the undertaking
at hand. We do feel, however, that the following observations are worth
making.

1. "Correctness" of computer routines

From all indications, there is no reason to doubt the accuracy of the
computer implementation of the models. 1In every case, the estimates seem
unbiased and the scales in the model approximately correct. The only exception
to the latter statement is the Da Silva method whose true scale is. 1 in
model 11 but is estimated on the average of 476 iterations to be 208.456! This
we attribute to the use of ;R'in lieu of ‘; as described in § 2.3. It is
pointed out that with the exception of several minor bugs, no major programming

errors were uncovered by the Monte Carlo study.

2. Empirical estimation properties of models

From Table 3.1, it appears that all estimators produce (as they should)
unbiased estimators. As far as efficiencies go, only the Parks method (model 6)
does substantially better in terms of mean-square-error than the obvious
ordinary least-squares competitor. Both Fuller (model 1) and Da Silva-(model 11)
produce only minor improvements over the OLS procedure (models 4 and 12,
respectively). In all fairness, however, all models perform reasonably well
on the competing error structures especially in light of the fact that para-
meter values of magnitude 1 are being picked out of noise having variance
1.5 in the study. This requirement we feel is not at all unreasonable for

some types of economic data.
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3. Empirical distributional properties of models

Tables 3.2 - 3.4 provide strong empirical evidence that the inferential
powers of ordinary least-squares are badly distorted under our error structures.
In fact, the only method showing general robustness to the underlying error -
structure was Fuller-Battese. For this reason alone we could recommend its
genéral use. Another favorable feature of this méthod is the great economy
in core storage{realized in its implementation in SAS over its competitors.

It is interesting to note that although the Parks method (model 6) seemed

preferable to its competitors (i.e. models 5, 7, 8) from a m.s.e. point of

view, its inferential credentials are deplorable. Finally, with the exception
of parameter 8, , Da Silva exhibit§ at best "tolerable" robustness in the
study.

Perhaps the above results will move some researchers to further study
their candidate estimators under competing error structures and ensure that
they retain some acceptable robustness in addition to desirable estimation
properties.

4. Estimation of underlying error distribution parameters

Most applied statisticians are interested in the estimation of the error
distribution. parameters only insofar as they affect the statistical properties
of the resulting parameter estimates. For completeness in the study, hoﬁever,
we £ind it interesting that the Da Silva method had so much trouble obtaining
range-preserving estimates for its error parameters under model 7. In addition,
notice in Table 3.5 that the error parameters are consistently underestimated
for both the Type II and IIT distributions. This undoubtedly is the cause
for'the apparent flatness in the empirical distribution of the Parks method

throughout the study.
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