
Abstract

GONG, YAN. Immersed-Interface Finite-Element Methods for Elliptic and Elasticity
Interface Problems. (Under the direction of Dr. Zhilin Li.)

The purpose of the research has been to develop a class of new finite-element

methods, called immersed-interface finite-element methods, to solve elliptic and elas-

ticity interface problems with homogeneous and non-homogeneous jump conditions.

Simple non-body-fitted meshes are used. Single functions that satisfy the same non-

homogeneous jump conditions are constructed using a level-set representation of the

interface. With such functions, the discontinuities across the interface in the solution

and flux are removed; and equivalent elliptic and elasticity interface problems with

homogeneous jump conditions are formulated. Special finite-element basis functions

are constructed for nodal points near the interface to satisfy the homogeneous jump

conditions. Error analysis and numerical tests are presented to demonstrate that

such methods have an optimal convergence rate. These methods are designed as an

efficient component of the finite-element level-set methodology for fast simulation of

interface dynamics that does not require re-meshing. Such simulation has been a pow-

erful numerical approach in understanding material properties, biological processes,

and many other important phenomena in science and engineering.
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Chapter 1

Introduction

This thesis concerns numerical solutions of elliptic and elasticity interface problems

using finite element methods.

1.1 The Model Problems and Applications

1.1.1 Single Elliptic Interface Problems

The first model problem is a two-dimensional single elliptic interface problem

−∇ · β−∇u = f in Ω−, (1.1)

−∇ · β+∇u = f in Ω+, (1.2)

[u]Γ = w, (1.3)
[
β

∂u

∂n

]

Γ

= Q, (1.4)

u = g on ∂Ω. (1.5)

1



Here, Ω ⊂ R2 is a bounded domain with its boundary ∂Ω. Both Ω− and Ω+ are

sub-domains of Ω such that Ω− ∩ Ω+ = ∅ and Ω− ∪ Ω+ = Ω, where an overline

denotes the closure; see Figure 1.1 for an illustration. For simplicity, we assume that

Ω− ∩ ∂Ω = ∅. We denote Γ = Ω− ∩ Ω+, and call it the interface separating Ω− and

Ω+. We shall assume that Γ is smooth enough. We also denote by n the unit vector

normal to Γ pointing from Ω− to Ω+, or the unit exterior normal to ∂Ω; and by ∂/∂n

or ∂n the corresponding normal derivative.

Figure 1.1: A diagram of the geometry of an elliptic interface problem.

All the functions β, f : Ω → R, w, Q : Γ → R, and g : ∂Ω → R are given. As

usual, for any function ξ : Ω → R, we denote the restrictions of ξ on Ω− and Ω+ by

ξ− = ξ|Ω− and ξ+ = ξ|Ω+ ,
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respectively; and denote by

[ξ]Γ (x) = lim
y→x,y∈Ω+

ξ+(y)− lim
y→x,y∈Ω−

ξ−(y),

the jump of ξ across the interface Γ at x ∈ Γ, when the unique limiting values on Γ

of ξ from both sides of Γ exist. We assume that β− and β+ are smooth and bounded

on Ω− and Ω+, respectively,

β(x) ≥ β0 ∀x ∈ Ω (1.6)

for some constant β0 > 0, f ∈ L2(Ω), and all w, Q, and g are smooth and bounded.

Note that the interface problems refer to a wide range of differential equations

that involve discontinuous or non-smooth input functions (such as conductivities,

densities, diffusions and the singular source terms) in partial differential equations

across the interface between two or more subdomains.

Equations (1.3) and (1.4) are the non-homogeneous interface or jump conditions.

The elliptic interface problems (1.1) – (1.5) with such jump conditions arise in many

areas. For example, in a Burton-Cabrera-Frank type model for epitaxial growth of

thin films, the adatom (adsorbed adom) density that solves diffusion equation on

terraces, and the corresponding flux, can both have jumps across interfaces that

represent atomic steps [5, 8, 9]. Another example is that the reaction potential of

electrostatics of a solvation energy satisfies a non-homogeneous jump condition for

the flux [20].
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1.1.2 Elasticity Problems with Interfaces

The second model problem in this thesis is a two-dimensional elasticity problem with

interfaces:

∇ · σ + F = 0 in Ω− ∪ Ω+, (1.7)

[u]Γ = W, (1.8)

[σn]Γ = Q, (1.9)

u = G on ∂Ω. (1.10)

We assume that the elastic material occupies a bounded domain Ω ⊂ R2 with its

boundary ∂Ω .We define Ω− ,Ω+ ,Ω ,Ω− ,Ω+ ,Ω ,∂Ω ,Γ ,∂/∂n and ∂n in the same way

as in the single elliptic interface problem; see Figure 1.1 for an illustration.

In [7], the u = (u1, u2) is called displacement and the stress tensor is σ = (σij), σ

is a 2× 2 matrix and symmetric σij = σji, i, j = 1, 2 . The vector F = (f1, f2) is the

body force which is known function. ui is the displacement in the xi-direction , σii is

the normal stress in the xi-direction, and the σij, i 6= j , are the shear stresses. The

deformation (tensor) ε(u) associated with the displacement u also is a 2× 2 matrix,

where the entries of ε(u) = (εij(u)) are given by

εij(u) =
1

2

(
∂ui

∂xj

+
∂uj

∂xi

)
, i, j = 1, 2. (1.11)

If we assume that the material is a homogenous isotropic and linearly elastic and

4



that the displacements are small, the relation between stress tensor and deformation

is given by

σij = λ (∇ · u) δij + 2 µ εij(u), (1.12)

where λ and µ are positive constants,

∇ · u =

(
∂u1

∂x1

+
∂u2

∂x2

)
, (1.13)

and

δij =





1, if i = j,

0, if i 6= j.

(1.14)

The equations (1.7) can be written as

−
(

∂σ11

∂x1

+
∂σ12

∂x2

)
= f1, (1.15)

−
(

∂σ21

∂x1

+
∂σ22

∂x2

)
= f2, (1.16)

or as

−
{

(λ + 2µ)
∂2u1

∂x2
1

+ (λ + µ)
∂2u2

∂x1∂x2

+ µ
∂2u1

∂x2
2

}
= f1, (1.17)

−
{

(λ + 2µ)
∂2u2

∂x2
2

+ (λ + µ)
∂2u1

∂x1∂x2

+ µ
∂2u2

∂x2
1

}
= f2. (1.18)

5



Similarly, the jump condition (1.9) can be rewritten as

[
λ

(
∂u1

∂x1

+
∂u2

∂x2

)
n1 + 2µ

∂u1

∂x1

n1 + µ

(
∂u1

∂x2

+
∂u2

∂x1

)
n2

]

Γ

= q1, (1.19)

[
λ

(
∂u1

∂x1

+
∂u2

∂x2

)
n2 + 2µ

∂u2

∂x2

n2 + µ

(
∂u1

∂x2

+
∂u2

∂x1

)
n1

]

Γ

= q2, (1.20)

where Q = (q1, q2) and n = (n1, n2) is the unit normal vector to the interface Γ,

pointing from Ω− to Ω+. The jump condition (1.8) become

[u1]Γ = w1, (1.21)

[u2]Γ = w2, (1.22)

where W = (w1, w2).

Remark The constants λ and µ in (1.17) and (1.18) can be expressed as

µ =
E

2(1 + ν)
, λ =

Eν

(1 + ν)(1− 2ν)
, (1.23)

where λ is called Lamé’s first parameter, µ is the shear modulus or Lamé’s second pa-

rameter. E is the ratio of a simple tension stress applied to a material to the resulting

strain parallel to the tension, called the modulus of elasticity (Young’s modulus) [34]

and ν is the ratio of the transverse contracting strain to the elongation strain when a

rod is stretched by forces which are applied at its ends and which are parallel to the

rod’s axis, called the contraction ratio (Poisson’s ratio) of the elastic material [37].

ν is dimensionless and ranges from 0.2 ∼ 0.49, and is around 0.3 for most materials.

6



All the material parameters µ, λ, ν, and E are piecewise constants. The µ and ν are

given by

µ =





µ+, in Ω+,

µ−, in Ω−,

(1.24)

ν =





ν+, in Ω+,

ν−, in Ω−,

(1.25)

where all µ+, µ−, ν+, ν− are positive constants.

All the functions f1, f2 : Ω → R, w1, w2, q1, q2 : Γ → R, and g1, g2 : ∂Ω → R are

given, here G = (g1, g2) and f1, f2 ∈ L2(Ω), all w1, w2, q1, q2, g1 and g2 are smooth

and bounded. ¤

Figure 1.2: A two-phase domain with three precipitates (p = 3).
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Elasticity interface problems (1.7)– (1.10) with such jump conditions often occur

in material science. For example, in [22], they simulate the diffusional evolution of

microstructure in stressed solids which caused by the solid state diffusional transfor-

mation.When a sudden lowering of temperature drives the thermodynamically stable

mixture of solids away from equilibrium, the solid state diffusional transformation is

produced. We use a two-phase domain with three precipitates as the example, the

matrix and precipitate phases occupy the two-dimensional plane R2; see Figure 1.2

for an illustration. When the equilibrium is broken, the system intends to rebuild the

balance. There are two distinct phases involved in the diffusional evolution – growth

and equilibration. Growth occurs to satisfy a local mass balance relation at each pre-

cipitate interface. Equilibration produces a dynamic rearrangement of mass in the

system in order to reach a global mass balance and minimize a global energy. The

final result of the diffusional evolution is either it reaches a new equilibrium or it is

stopped by quenching. Understanding this kind of physical process is very important

to improve material stability properties.

1.2 The Essence of Our Methods

1.2.1 Finite Element Methods

In [42], the brief history of Finite Element Analysis is provided. Finite Element

Analysis was first presented in 1943 by Richard Courant (1888 - 1972), who was a

German-American mathematician. Richard Courant utilized the Ritz method of nu-

merical analysis and variational calculus to get approximate solutions to vibration

8



systems. Shortly thereafter, a paper [41] published in 1956 by M. J. Turner, R. W.

Clough, H. C. Martin, and L. J. Topp established a broader definition of numerical

analysis. In 1964, IBM 7094, Univac 1107, etc., were used for American aircraft FE

programs. The automotive industry began to use FEA in 1970. Since computers were

very expensive and generally owned by the aeronautics, automotive, defense, and nu-

clear industries by the early 70’s, FEA was limited. Present day supercomputers have

incredible computing power and since the cost of computers has declined rapidly, FEA

has been well developed. The benefits of FEA include increased accuracy, enhanced

design and better insight into critical design parameters, virtual prototyping, fewer

hardware prototypes, a faster and less expensive design cycle, increased productivity,

and increased revenue [18].

Finite element analysis (FEA) is a computer simulation technique used by en-

gineers, scientists, and mathematicians. It uses a numerical technique called the

finite element method (FEM). There are two steps: dividing the domain of the so-

lution into a finite number of simple subdomains, called finite elements and using

variational concepts to obtain an approximation of the solution to the differential

equations that describe, or approximately describe a wide variety of physical (and

non-physical) problems over the collection of finite elements [6]. The method can

transfer a complicated domain to a series of smaller regions in which the differen-

tial equations are approximately solved. Elements are connected at specific points,

called nodes. By assembling the set of linear equations for each element, the behavior

over the entire domain is determined and the solution must to be continuous along

common boundaries of adjacent elements. The FEM can be used to deal with many

9



physical problems: solid, fluid, soil mechanics and electromagnetism or dynamics.

The reasons we choose finite element methods are the following:

• Immersed Interface Method (IIM) is originally invented by R. J. LeVeque

and Z. Li in [25, 27]. IIM is based on the Finite Difference (FD) and

Cartesian Grids. IIM is well-developed for scalar equations, but FEM

will generally give better conditioned linear systems of equations, see [46].

• SinceFEM is based on the weak or variational formulation in the integral

form, it reduces the requirement of the regularity of the solutions.

• The linear system obtained from FEM is better conditioned than from

FD ; it is symmetric for self-adjoint system.

• FD needs partial derivatives of the coefficient function β(x) for the single

elliptic interface problem.

• There are some difficulties for the theoretical analysis by using FD.

• We believe the research in this thesis also provides necessary preparations

to get higher order accuracy, say fourth order, for the interface problems.

1.2.2 Cartesian Grids

In [45], the definition of the Cartesian grid is given. A Cartesian grid is a special

case where the elements are unit squares or unit cubes, and the vertices are integer

points, see Figure 1.3 for an illustration.

In this thesis, we only focus on two dimensional problems with the interface and

all elements being triangles. We choose Cartesian grids to generate the triangulation

over Ω. For an example, see Figure 1.4, where Ω = (−1, 1)× (−1, 1) and the interface

10



Figure 1.3: An example of Cartesian grid in 3–D.

Γ is the circle centered at point (0, 0) with radius R = 0.5. Yellow triangles are

interface elements that the interface cuts through; white triangles are non-interface

elements.

There are several advantages using Cartesian grids:

• No cost for grid generation

This is potentially significant when we deal with moving interface prob-

lems. In every single time step, since grid points are fixed, we do not need

to generate mesh every time.

• Taking advantages of black box solvers

There are many software packages based on the Cartesian grids. Z. Li,

D. Calhoun, Z. Yang, R. J. LeVeque, A. Almgren and many others have

applied fast Poisson solvers, the Clawpack, multigrid solvers, and level set

methods in their research [4, 32, 24, 10, 47, 11].
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Figure 1.4: Cartesian grid to generate a triangulation over Ω.
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1.2.3 The Level Set Representation of Interfaces

The level set method is a numerical technique for tracking interfaces and shapes [44].

In Subsection 1.2.2, we explained the interface problems and fixed Cartesian grids.

The interface Γ is a set of curves for 2–D problems or a set of surfaces for 3–D

problems. The level set method simplifies numerical computation without having to

parameterize these objects. Specially, for moving interface cases, for modeling time-

varying objects, it is easy to follow shapes which change topology by the level set

method.

We use the zero level set

Γ = {(x1, x2)|ϕ(x1, x2) = 0} (1.26)

of a Lipschitz continuous function, in particular, a good approximation of the signed

distance function, to represent the interface Γ. For such a level set function, the

interface can only cut the interface once between two grid lines. The resolution of

the interface Γ is determined by the level set function. We note that there are plenty

of discussions in the literature about how to construct the level set function for an

interface Γ, see, e.g., [35, 38]. If the interface is complicated in reference to a mesh,

then it may not be resolved well by the level set function. Consequently, the finite

element solution obtained from our method may not resolve all fine details of the

solution. A finer mesh is then needed to resolve the geometry and the solution.
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1.3 A Brief Overview of the Methods for Interface

Problems

Many numerical methods have been developed for interface problems and it is im-

possible to explain them all here. In first part of this section, we list some methods

either because they illustrate the historical development, or because they represent

the current state-of-the-art for solving interface problems. The second part of this

section, we focus on reviewing the immersed finite element methods related to this

thesis.

We now give a list of some previous methods for interface problems without de-

scriptions:

• The smoothing method for discontinuous coefficients;

• Harmonic averaging for discontinuous coefficients;

• The ghost fluid method;

• Peskin’s Immersed Boundary (IB) method;

• Immersed Interface Methods (IIM);

• The finite element method with body fitted grids;

• Mortar finite element methods;

• The immersed finite element method(IFEM).

We refer the reader to [46] for a short literature review.

The immersed finite element method was first presented by Z. Li, T. Lin and

X. Wu in [30] for solving the elliptic interface problems with homogeneous jump

conditions, i.e., w = 0 and Q = 0 on Γ in (1.3) and (1.4). The standard Cartesian
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grids and uniform triangulations are applied. The interface Γ is allowed to cut through

elements. The non-conforming and conforming immersed finite element spaces were

constructed using piecewise linear basis functions which satisfy the jump conditions

across the interface at least approximately. The first order accurate in L∞ norm

is achieved using the non-conforming finite element space, second order accurate is

showed numerically using the conforming immersed finite element method.

The immersed finite element methods incorporate the finite-element discretization

into the framework of the immersed-interface method for interface problems; and we

therefore call them immersed-interface finite-element methods in this thesis. The ba-

sic idea of an immersed-interface finite-element method is to incorporate the jump

conditions in constructing basis functions. In a finite-difference immersed-interface

method, the jump conditions are enforced through finite-difference equations on grid

points near the interface. In immersed-interface finite-element methods, the jump

conditions are enforced through the construction of special finite-element basis func-

tions that satisfy the homogeneous interface conditions. Clearly, such basis functions

depend on the interface location and the jump w. Some of the related work can be

found in [12, 19, 46].

1.4 Outline and Major Contributions of the Thesis

Our methods developed in this thesis can deal with the elliptic and elasticity interface

problems with homogeneous or non-homogeneous jump conditions across the inter-

face. It is strongly motivated by the need of a fast and accurate solver of interface
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problems that is required in each time step in a long-time level-set simulation of in-

terface dynamics without re-meshing. Such simulation has been a powerful numerical

approach in understanding material properties, biological processes, and many other

important phenomena in science and engineering [35, 38].

• Elliptic interface problems with homogeneous jump conditions

If the jump conditions are homogeneous, i.e., w = 0 and Q = 0 on Γ

in (1.3) and (1.4), then the problem (1.1)–(1.5) is equivalent to that of

finding u ∈ H1(Ω) with u = g on ∂Ω such that

∫

Ω

β∇u · ∇v dx =

∫

Ω

fv dx ∀v ∈ H1
0 (Ω).

In Chapter 2, we develop a finite-element method based on Cartesian

meshes to solve the elliptic interface problem (1.1)–(1.5) with homoge-

neous jump conditions. Such a method has the following distinguished

features:

(a) A fixed finite-element mesh is used that allows the interface to

cut through edges of elements.

(b) Special finite-element basis functions for nodal points near the

interface are constructed to satisfy the homogeneous jump con-

ditions.

(c) The resulting linear system of discretization is symmetric posi-

tive definite.

(d) Optimal convergence rates, same as those for a body-fitted

finite-element method, are achieved.
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In [30], a conforming IFEM has been developed for homogeneous jump

conditions using piecewise linear basis functions. Those elements in which

the interface cuts through are divided into three pieces according to an

angle condition. This makes the discussion and the algorithm a little bit

complicated. In Chapter 2, we propose piecewise quadratic basis functions

that may be simpler and may have other advantages.

The finite element spaces constructed in Chapter 2 are conforming ones

that contain piecewise polynomials. The interpolation error is therefore

second order accuracy. If the solution to the elliptic interface problem

is piecewise smooth, or more precisely, u± ∈ C2(Ω±), which is true for

many applications, then the standard convergence results are true for our

finite element methods. This means that our finite element solution is first

order accurate in the H1 norm, and second order accurate in the L2 norm.

In Chapter 2, while we only construct some two-dimensional, linear and

quadratic, immersed interface finite elements, our framework described

here can be used for high-order, immersed-interface finite elements and for

more general elliptic interface problems in two and three space dimensions.

• Elliptic interface problems with non-homogeneous jump condi-

tions

In Chapter 3 of this thesis, we present a new immersed -interface finite-

element method for the elliptic interface problems with a special treatment

of non-homogeneous jump conditions: w 6= 0 and Q 6= 0 on Γ in (1.3) and
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(1.4). In Chapter 2, the immersed interface finite element space we de-

fined only approximately satisfy the homogeneous jump conditions, i.e.,

w = 0 and Q = 0 on Γ. In order to continue to apply the same immersed

interface finite element space, we need to have a way to remove the source

singularities.

The idea is to construct a function with the same non-homogeneous jump

conditions by using a level set function [31]. We transform the interface

problem to a new one with homogeneous jump conditions, then we apply

the immersed interface finite element method. The modifications to the

stiffness matrix and the load vector are only needed in those elements that

the interface cuts through.

• Elasticity interface problems with homogeneous jump conditions

In Chapter 4 , we apply the immersed interface finite element methods

for elasticity interface problems with homogeneous jump conditions: W =

(w1, w2) = (0, 0) on Γ in (1.21) and (1.22), Q = (q1, q2) = (0, 0) on Γ in

(1.19) and (1.20).

In [46], a non-conforming immersed finite element method has been devel-

oped for elasticity interface problems with homogeneous jump conditions.

The convergence rate of this method is first order, but there are no error

estimates and grid refinement analysis for all numerical examples provided

in [46]. In Chapter 4, we construct the non-conforming and conforming

immersed interface finite element spaces and obtain their corresponding

interpolation errors. We also compare the interpolation errors, the global
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errors of the finite element solutions between the non-conforming and con-

forming immersed interface finite element methods. Second order conver-

gence rate is achieved by using the conforming immersed interface finite

element method. The resulting linear system of discretization is still sym-

metric positive definite.

• Elasticity interface problems with non-homogeneous jump con-

ditions

In Chapter 5, we consider the elasticity interface problems with non-

homogeneous jump conditions: W = (w1, w2) 6= (0, 0) on Γ in (1.21)

and (1.22), Q = (q1, q2) 6= (0, 0) on Γ in (1.19) and (1.20). To construct

a function with the same non-homogeneous jump conditions is more diffi-

cult than that for a single equation because four equations (1.21), (1.22),

(1.19) and (1.20) are all coupled together.

Again, we extend the jump conditions along the normal directions of the

interface Γ, then use the immersed-interface finite-element methods dis-

cussed in previous chapters to solve the elasticity interface problems with

non-homogeneous jump conditions without losing the convergence rate.

We also present some numerical examples.

• Conclusions

In Chapter 6, we draw conclusions.
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Chapter 2

IIFEM for Elliptic Interface Problems

with Homogeneous Jump Conditions

In this chapter, we develop a finite-element method based on Cartesian meshes to

solve the elliptic interface problem (1.1)–(1.5) with homogeneous jump conditions,

i.e., w = 0 and Q = 0 on Γ in (1.3) and (1.4).

The conforming, piecewise quadratic, immersed interface finite element spaces are

constructed in this chapter. The interpolation is therefore second order accurate. If

the solution to the elliptic interface problem is piecewise smooth, or more precisely,

u± ∈ C2(Ω±), which is true for many applications, then the standard convergence

results are true for our finite element methods. This means that our finite element

solution is first order accurate in the H1 norm, and second order accurate in the L2

norm.

Our framework described here can be used for high-order, immersed-interface

finite elements and for more general elliptic interface problems in two and three space

dimensions.
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2.1 The Weak Formulation

By multiplying a test function v ∈ H1
0 (Ω) by the self-adjoint equation (1.1) and (1.2)

and integrating both sides, we have

∫

Ω

(−∇ · (βu))v dx =

∫

Ω

fv dx. (2.1)

By using the formula of integration by parts (Green’s first identity), we get

∫

Ω

(−∇ · (βu))v dx =

∫

Ω

β∇u · ∇v dx−
∫

∂Ω

βv
∂u

∂n
ds, (2.2)

and put (2.2) into (2.1), the weak form of (1.1) and (1.2) is

∫

Ω

β∇u · ∇v dx−
∫

∂Ω

βv
∂u

∂n
ds =

∫

Ω

fv dx. (2.3)

Since f ∈ L2(Ω), we can get

∫

Ω

fv dx =

∫

Ω+

fv dx +

∫

Ω−
fv dx, (2.4)

we split (2.3) into two equations

∫

Ω+

β∇u · ∇v dx−
∫

∂Ω

βv
∂u

∂n
ds−

∫

Γ

β+v+ ∂u+

∂n+
ds =

∫

Ω+

fv dx, (2.5)

∫

Ω−
β∇u · ∇v dx−

∫

Γ

β−v−
∂u−

∂n−
ds =

∫

Ω−
fv dx, (2.6)
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where n+ and n− are unit normal direction of interface Γ pointing inward and outward.

There exits a relation along the interface Γ :

− n+ = n− = n. (2.7)

By using v ∈ H1
0 (Ω) condition to (2.5) and summarizing (2.5) and (2.6), we get

∫

Ω

β∇u · ∇v dx +

∫

Γ

β+v+∂u+

∂n
ds−

∫

Γ

β−v−
∂u−

∂n
ds =

∫

Ω

fv dx. (2.8)

We combine (1.4) and (2.8) to get the weak form for the interface problem

∫

Ω

β∇u · ∇v dx =

∫

Ω

fv dx−
∫

Γ

Qv ds ∀v ∈ H1
0 (Ω). (2.9)

In [6], for homogeneous jump conditions, (2.9) becomes

∫

Ω

β∇u · ∇v dx =

∫

Ω

fv dx ∀v ∈ H1
0 (Ω). (2.10)

2.2 The Immersed-Interface Finite-Element Space

Let Th be a finite-element mesh with mesh size h that covers Ω. We assume that the

elements in Th are all triangles. For simplicity, we shall assume that the boundary

∂Ω consists of line segments so that the mesh covers Ω exactly. Standard finite-

element techniques can be applied to treat a curved boundary without affecting our

approximation properties. We remark that in practice the computational domain Ω

can often be chosen as a rectangular domain with sides parallel to the coordinate
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axes; and the finite-element mesh can be uniform.

We call an element T ∈ Th an interface element, if Γ ∩ int T 6= ∅. Note that an

element is a non-interface element, if one of its edges is part of the interface. We

assume for any interface element T ∈ Th, the set Γ∩∂T consists of exactly two points

that are on different edges of T .

We define an immersed-interface finite-element space Vh with respect to the mesh

Th to be a finitely-dimensional subspace of L2(Ω). To be more precise, we specially

define a conforming, immersed-interface finite-element space Vh for the approximation

of a second-order elliptic interface problem to be a subspace of H1
0 (Ω) in this chapter.

Vh consists of all the linear combinations of the corresponding basis functions

φ1, . . . , φN for some integer N ≥ 1:

Vh = span {φ1, . . . , φN}. (2.11)

The basis functions φ1, . . . , φN are the usual finite-element basis functions on a non-

interface element, and are piecewise polynomials on each interface element that is

determined by the element and the interface Γ. All the basis functions, and hence all

the functions in Vh, satisfy the homogeneous jump conditions for both of the function

and flux

[vh]Γh
= 0 and

[
β

∂vh

∂n

]

Γh

= 0 ∀vh ∈ Vh, (2.12)

where Γh denotes the union of line segments approximating the interface Γ.

The interpolation function uI and the finite element solution uh are both in Vh.
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In the mathematical subfield of numerical analysis, interpolation is a method of con-

structing new data points from a discrete set of known data points [43]. In this

chapter, the interpolation function uI is given as

uI(x) =
N∑

i=1

u(x(i))φi(x), (2.13)

where u(x(i)) is the exact value of u at the ith nodal point (Ni) and the finite element

solution uh can be written as

uh(x) =
N∑

i=1

uiφi(x), (2.14)

where ui is the finite element solution at the ith nodal point (Ni). uh is the projection

of u onto the conforming, immersed-interface finite-element space Vh in term of energy

inner product. The uh is best approximation to the exact solution u on Vh in the

energy norm.

2.3 Construction of Basis Functions

This section includes three subsections: basis functions for non-interface elements, a

non-conforming immersed interface finite element space and a conforming quadratic

finite element space.
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Figure 2.1: A global basis function φj for regular node Nj.

2.3.1 Basis Functions for Non-interface Elements

We now review general conforming, linear finite element basis function [6]. In this

thesis, let N1, . . . , NN be all the vertices of triangular elements in the mesh Th. we call

a vertex an irregular vertex or irregular node, if it is a vertex of an interface element;

and regular vertex or regular node, otherwise. For a regular node Ni, we define φi

to be the general conforming, linear finite element basis function associated with Ni

with

φi(Nj) =





1, if i = j,

0, if i 6= j,

(2.15)

see Figure 2.1 for an illustration. The support of φi is the union of the triangles

surrounding the node Ni.

In this thesis, we transform all triangles Ωe: (x
(1)
1 , x

(1)
2 ), (x

(2)
1 , x

(2)
2 ), (x

(3)
1 , x

(3)
2 ) to

master element: (0,0),(1,0),(0,1); see Figure 2.2. There are only three non-zero ba-

sis functions over this master element. The non-zero local basis functions can be

25



Figure 2.2: Linear transformation from triangle Ωe to master element.

expressed as

φ1(ξ, η) = 1− ξ − η, (2.16)

φ2(ξ, η) = ξ, (2.17)

φ3(ξ, η) = η. (2.18)

The relation between (x1, x2) and (ξ, η) is

x1 = x
(1)
1 φ1(ξ, η) + x

(2)
1 φ2(ξ, η) + x

(3)
1 φ3(ξ, η), (2.19)

x2 = x
(1)
2 φ1(ξ, η) + x

(2)
2 φ2(ξ, η) + x

(3)
2 φ3(ξ, η), (2.20)

ξ =
1

2Ae

{(x(3)
2 − x

(1)
2 )(x1 − x

(1)
1 )− (x

(3)
1 − x

(1)
1 )(x2 − x

(1)
2 )}, (2.21)

η =
1

2Ae

{−(x
(2)
2 − x

(1)
2 )(x1 − x

(1)
1 ) + (x

(2)
1 − x

(1)
1 )(x2 − x

(1)
2 )}, (2.22)
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where Ae is the area of Ωe.

2.3.2 A Non-conforming Immersed Interface Finite Element

Space

We now review some old nonconforming, immersed-interface finite-element basis func-

tions that satisfy the homogeneous jump conditions which was first constructed in

[30]; see also [19]. We briefly review it, since it will be used to construct our new

linear and nearly linear elements.

Figure 2.3: A typical interface element T = 4ABC. The arc DME is the part of
the interface Γ in T . It is approximated by the line segment DE. T+ = 4ADE,
T− = T − T+, and Tr is the region enclosed by the DE and the arc DME.

Fix an interface element T ∈ Th, cf. Figure 2.3. As in the common practice, we

approximate the interface in T , Γ∩ T , by a line segment connecting the intersections

of the interface and the edges of the triangle T . This line segment is DE in Figure 2.3.

The line segment divides T into two parts T+ and T− : one triangular and the other
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quadrilateral. Note that there is a small region Tr in T ,

Tr = T − Ω+ ∩ T+ − Ω− ∩ T−,

whose area is of order O(h3).

We now consider the typical interface element T in which the curve between

points D and E is part of the interface in Figure 2.3 as a reference interface element

T and define local basis function for each vertex of T . The local basis function for

a general interface element in the mesh Th can be defined through the usual affine

transformation. We denote

T = {(x1, x2) : 0 ≤ x1 ≤ h, 0 ≤ x2 ≤ h, x1 + x2 ≤ h},

and assume that the coordinates at A, B, C, D, and E are

(0, h), (0, 0), (h, 0), (0, xD
2 ), (h− xE

2 , xE
2 ),

respectively; cf. Figure 2.3. In the practice, we take h = 1 in this thesis.

Each of the three local basis functions corresponding to the nodes A, B, or C is

piecewise linear function

φ(x) =





φ+(x) = a0 + a1x1 + a2(x2 − h) if x = (x1, x2) ∈ T+,

φ−(x) = b0 + b1x1 + b2x2 if x = (x1, x2) ∈ T−.

(2.23)

There are six unknown coefficients ai and bi (i = 0, 1, 2). They are determined by the
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conditions (cf. [30]):

φi(Nj) =





1, if i = j,

0, if i 6= j,

(2.24)

φ+(D) = φ−(D), (2.25)

φ+(E) = φ−(E), (2.26)

β+ ∂φ

∂n

+

= β−
∂φ

∂n

−
, (2.27)

where n is the unit normal direction of the line segment DE. It is shown in [30] that

this function φ exits and is uniquely determined. Note that basis functions defined in

this way can be discontinuous across edges of interface elements; cf. Figure 2.4. So,

this defines a nonconforming finite element.

(a)

−0.5 −0.45 −0.4 −0.35 −0.3 −0.25 −0.2 −0.15
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−0.2

−0.15

(b)
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−0.5

0

0.5

1

Figure 2.4: (a) A standard domain of six triangles with an interface cutting through.
(b) A global basis function on its support in the non-conforming immersed interface
finite element space. The basis function has small jump across some edges.
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Once the basis functions are defined, the Galerkin finite element method then is

applied to get the finite element solution. This method is called the Non-conforming

immersed interface finite element method. This method is simple, easy to implement,

and has an algebraic system similar to that of the Galerkin finite element method

based on the standard finite element space.

2.3.3 A Conforming Quadratic Finite Element Space

We now construct a conforming, quadratic element. As before, the basis functions

associated with regular nodes are the standard conforming linear finite-element ba-

sis functions. But the basis functions associated with irregular nodes are piecewise

quadratic. All the basis functions are globally continuous. The non-conforming basis

functions are continuous in each element, but may be discontinuous across edges of

interface elements. To maintain continuity of the basis function, one strategy is to

extend the basis functions along the interface to one more element, then average the

values and the tangential derivatives along edges.

(a) (b)

Figure 2.5: (a) The support of a local basis function. (b) A diagram for the
construction of a local basis function on 4ABC.
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Let T = ∆ABC be an interface element; cf. Figure 2.5 (b). As before, we assume

that the interface meets edges of this element at D and E. To construct a local basis

function that is globally continuous, we extend the previously defined basis function

at the same node (vertex) to one more triangle along the interface (cf. Figure 2.5 (a)).

We require the local basis functions in two adjacent interface elements, such as ∆ABC

and ∆AFB, take the same value at the interface point on their common edge, such

as the point D. This will achieve the global continuity of a basis function associated

with an irregular node.

The construction of the piecewise quadratic basis functions includes the following

steps :

P1. Use (2.24), (2.25), (2.26) and (2.27) to construct the three nonconform-

ing linear finite-element basis functions defined on the elements ∆ABC,

∆AFB, and ∆ACI, respectively;

P2. Set the value at D as the average of the values at D of the noncon-

forming linear finite-element basis functions defined ∆ABC and ∆AFB

constructed in P1. Assign the tangential derivative at D along AD to be

the average of the values of the tangential derivatives (along AD) of the

nonconforming linear finite-element basis functions on ∆ABC and ∆AFB

constructed in P1. Similarly, assign the tangential derivative at D along

DB as the average of the values of the tangential derivatives (along DB)

of the nonconforming finite-element basis functions on ∆ABC and ∆AFB

constructed in P1;
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P3. Repeat to set the value at E as the average of values at E of the non-

conforming linear finite-element basis functions defined on the elements

∆ABC and ∆ACI in P1. Also assign the tangential derivatives along AE

and EC as the average of those from the nonconforming finite-element ba-

sis functions along the same edge;

P4. Assign the tangential derivatives along BC, DE and BE exactly the

same (no average) as those from the nonconforming finite-element basis

functions on ∆ABC;

P5. Set the values of at the points A, B and C exactly the same as those from

the nonconforming finite-element basis function on ∆ABC;

P6. Partition the element ∆ABC into three sub-triangles ∆ADE, ∆DBE

and ∆BCE by the line segment BE and DE; see Figure 2.6.

D

A

E

B

E

D

B

E

C

Figure 2.6: A diagram of three triangles on which piecewise continuous quadratic
functions can be determined. The symbol “−→” indicates a tangential derivative.

P7. Define the basis function φi to be the piecewise quadratic function in the
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three sub-triangles

φ(x) =





c1 + c2x1 + c3x2 + c4x
2
1 + c5x

2
2 + c6x1x2 if (x1, x2) ∈ ∆ADE,

c7 + c8x1 + c9x2 + c10x
2
1 + c11x

2
2 + c12x1x2 if (x1, x2) ∈ ∆DBE,

c13 + c14x1 + c15x2 + c16x
2
1 + c17x

2
2 + c18x1x2 if (x1, x2) ∈ ∆BCE.

(2.28)

All 18 unknown coefficients are determined by the values at the points A,

B, C, D, and E, respectively, and the tangential derivatives from each

side of the triangles; see Figure 2.6 for an illustration.

We now show that a quadratic function on a triangle is uniquely determined by

its values at the three vertices and its tangential derivatives along the three sides at

some particular points.

D

45

A(0,0)

E(a,a)

ο

Figure 2.7: A diagram in determining of the quadratic interpolation function.

Lemma 2.1. Referring to the geometry in Figure 2.7, there is a unique quadratic

polynomial

Ihv(x1, x2) = vA + a10x1 + a01x2 + a20x
2
1 + a11x1x2 + a02x

2
2, (2.29)
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that interpolates the values of vA, vD and vE, and three tangential derivatives v′AE,

v′AD and v′ED defined at the three vertices A, E and D respectively.

Proof: Using the undetermined coefficient method, we find the unique expression of

the coefficients

a10 =
h̃v′AD + 2vD − 2vA

h̃
,

a01 = − h̃v′AD −
√

2v′AEh̃ + 2vD − 2vA

h̃
,

a20 = − h̃v′AD + vD − vA

h̃2
,

a11 = −−2h̃αv′AD − 2αvD + 2αvA + h̃2v′AD + 2h̃vD

h̃2α

−
√

h̃2 − 2h̃α + 2α2v′EDh̃ + h̃α
√

2v′AE − 2h̃vE

h̃2α
,

a02 =
h̃2αv′AD + 2h̃αvD − h̃2α

√
2v′AE − h̃v′ADα2 − α2vD + +α2vA

h̃2α2

+
vEh̃2 − vAh̃2 +

√
h̃2 − 2h̃α + 2α2v′EDh̃α + h̃α2

√
2v′AE − 2vEh̃α

h̃2α2
,

where h̃ is the distance from A to D, and the coordinates at E is (α, α) . Q.E.D.

By the above lemma, the all local piecewise quadratic basis functions are uniquely

determined using the procedure P1–P7.

Because all the piecewise quadratic basis functions satisfy homogeneous jump

conditions and are continuous and in H1, this finite element space is conforming; see
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Figure 2.8: (a) A global piecewise quadratic basis function on its support in the
conforming immersed interface finite element space. The basis function is continuous.
(b) A contour plot of the basis function in (a).

Figure 2.8. Also, this conforming immersed interface finite element space has the

same dimension as the non-conforming immersed interface finite element space and

the standard linear finite element space defined on the partition Th.

Remark 1. Consider a uniform triangular mesh. For both non-conforming linear

and conforming, quadratic elements, the basis functions φi associated with the ith

node (Ni) is non-zero only on the six surrounding triangular elements, if the inter-

face does not cut through any of these triangles. Otherwise, the support of a basis

function includes two more triangular elements along the direction of the interface,

if the interface cuts through any of the surrounding triangle. A corresponding finite-

difference scheme, however, has generally a non-standard nine point stencil.

Remark 2. If the coefficient β is continuous across the interface, i.e., [β]Γ = 0,

then both the linear and quadratic basis functions become the standard linear basis

functions.
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2.4 Assembling the Stiffness Matrix and Load Vec-

tor

In this chapter, we define A = {aij} and F = {Fi} as the global stiffness matrix and

global load vector. A is a N × N matrix, F is a N × 1 vector, here N is the total

number of nodal points . Since the weak form for the single elliptic interface problems

with homogeneous jump conditions is (2.10), the entries of the stiffness matrix and

the load vector can be written as

aij =

∫

Ω

β∇φi · ∇φj dx, (2.30)

Fi =

∫

Ω

fφi dx. (2.31)

Figure 2.9: (a) A non-interface element, Ωe = ∆N1N2N3 . (b) A interface element
(Type 1), Ωe = ∆N1N2N3 . (c) A interface element (Type 2), Ωe = ∆N1N2N3 .

Let Ωe = ∆N1N2N3 be an element, on non-interface elements ; see Figure 2.9 (a),

where the interface does not cut through, we can use the standard way in computing
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the contribution to the stiffness matrix and the load vector. Since there are only

three non-zero basis functions φ1, φ2, φ3 which are associated with N1, N2, N3 over

this element Ωe = ∆N1N2N3, the local stiffness matrix AΩe is a 3× 3 matrix and the

local load vector FΩe is a 3× 1 vector. AΩe and FΩe can be written as

AΩe =




∫
Ωe

β∇φ1 · ∇φ1 dx
∫

Ωe
β∇φ1 · ∇φ2 dx

∫
Ωe

β∇φ1 · ∇φ3 dx
∫

Ωe
β∇φ2 · ∇φ1 dx

∫
Ωe

β∇φ2 · ∇φ2 dx
∫

Ωe
β∇φ2 · ∇φ3 dx

∫
Ωe

β∇φ3 · ∇φ1 dx
∫

Ωe
β∇φ3 · ∇φ2 dx

∫
Ωe

β∇φ3 · ∇φ3 dx




, (2.32)

FΩe =




∫
Ωe

fφ1 dx
∫

Ωe
fφ2 dx

∫
Ωe

fφ3 dx




. (2.33)

If the interface cuts through two edges of the element, we define this kind of

the interface elements as type 1, see Figure 2.9 (b). Since there are five non-zero

basis functions φ1, φ2, φ3, φ4, φ5 which are associated with N1, N2, N3, N4, N5 over this

element Ωe = ∆N1N2N3, the local stiffness matrix AΩe is a 5×5 matrix and the local

load vector FΩe is a 5× 1 vector. AΩe = {aΩe
ij } and FΩe = {FΩe

i } are given by

aΩe
ij =

∫

Ωe

β∇φi · ∇φj dx, i, j = 1, 2, 3, 4, 5, (2.34)

FΩe
i =

∫

Ωe

fφi dx i = 1, 2, 3, 4, 5. (2.35)

We call the interface element as type 2 interface element if the interface cuts

through one edge and one vertex of the element, see Figure 2.9 (c). Since there are

four non-zero basis functions φ1, φ2, φ3, φ4 which are associated with N1, N2, N3, N4
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over this element Ωe = ∆N1N2N3, the local stiffness matrix AΩe is a 4×4 matrix and

the local load vector FΩe is a 4× 1 vector. AΩe = {aΩe
ij } and FΩe = {FΩe

i } are given

by

aΩe
ij =

∫

Ωe

β∇φi · ∇φj dx, i, j = 1, 2, 3, 4, (2.36)

FΩe
i =

∫

Ωe

fφi dx i = 1, 2, 3, 4. (2.37)

2.5 The Numerical Integration

In order to obtain the local stiffness matrix and the load vector, we need the numerical

integration over the master triangle: (0, 0), (1, 0), (0, 1); see Figure 2.2, and [3, 16,

33, 39].

The numerical integration is the process of using a set of approximate values of a

function to calculate its integral to comparable accuracy [36, 40]. The basic problem

we considered in this thesis is to compute an approximate solution to the definite

integral:
∫

∆
f(x1, x2) dx1dx2. We apply four points Gaussian quadrature:

∫

∆

f(x1, x2) dx1dx2 =
4∑

i=1

f(x
(i)
1 , x

(i)
2 )wi, (2.38)

where wi’s are called weights. All four points a, b, c and d are inner points; see

Figure 2.10 for an illustration, the values of wi’s and the coordinates of four points:

a, b, c and d are given in Table 2.1.
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Figure 2.10: Gaussian points for integration over master triangle.

Table 2.1: Gaussian points (x
(i)
1 , x

(i)
2 ) and weights wi.

Point i x
(i)
1 x

(i)
2 wi

a 1 1/3 1/3 -27/96
b 2 2/15 11/15 25/96
c 3 2/15 2/15 25/96
d 4 11/15 2/15 25/96
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2.6 The Software Package: ITPACK 2C

After we obtain A = {aij} and F = {Fi}, we can solve the linear equation system

AU = F to get the numerical solution of U = {ui} at all nodal points. In this thesis,

we used the ITPACK 2C [23, 48] package to do it.

We have downloaded the ITPACK Software Package from [23]. It was developed

at the Center for Numerical Analysis, the University of Texas at Austin. Below is a

short description of the ITPACK 2C given in [23]:

ITPACK is a collection of seven FORTRAN subroutines for solving large

sparse linear systems by adaptive accelerated iterative algorithms. Basic

iterative procedures, such as the Jacobi method, the Successive Overrelax-

ation method, the Symmetric Successive Overrelaxation method, and the

RS method for the reduced system are combined, where possible, with ac-

celeration procedures such as Chebyshev (Semi-Iteration) and Conjugate

Gradient for rapid convergence. Automatic selection of the acceleration

parameters and the use of accurate stopping criteria are major features

of this software package. While the ITPACK routines can be called with

any linear system containing positive diagonal elements, they are the most

successful in solving systems with symmetric positive definite or mildly

nonsymmetric coefficient matrices.

The stiffness matrix A from our IIFEM is a sparse matrix. When storing sparse

matrices, instead of storing all entries, the idea used by many linear solvers is to only

store the non-zero entries. There exist some different data structures which avoid to

waste the computer memory. In ITPACK, we use three vectors: A(∗), IA(∗) and
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JA(∗) to store them. If the original coefficient matrix of the linear system is a N ×N

matrix, then IA is a (N +1)×1 vector. The size of JA(∗) is same as A(∗) determined

by the total number of non-zero entries. We search the non-zero values row-wisely,

store them in A(∗) one by one, and store their associated column numbers in JA(∗).
For the symmetric matrix, we can save even more computer memory by storing only

the nonzero entries in each row on and above the main diagonal. JA(k) is the column

number for the value A(k) for either nonsymmetric or symmetric case. IA(1) is equal

to 1. IA(i) indicates that the starting locations of i-th row of the original coefficient

matrix of the linear system in A(∗). Clearly, the total non-zero entries in i-th row is

given by IA(i + 1)− IA(i).

Next, we give an example to show the storage scheme described above. The

coefficient matrix 


1 0 11 0 0 0 0 0

0 2 0 0 0 0 0 0

11 0 3 0 0 0 9 0

0 0 0 4 12 0 0 0

0 0 0 12 5 0 0 0

0 0 0 0 0 6 0 10

0 0 9 0 0 0 7 0

0 0 0 0 0 10 0 8



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would be represented in nonsymmetric sparse storage as

A(∗) = (1, 11, 2, 11, 3, 9, 4, 12, 12, 5, 6, 10, 9, 7, 10, 8)T ,

JA(∗) = (1, 3, 2, 1, 3, 7, 4, 5, 4, 5, 6, 8, 3, 7, 6, 8)T ,

IA(∗) = (1, 3, 4, 7, 9, 11, 13, 15, 17)T ,

and in symmetric sparse storage as

A(∗) = (1, 11, 2, 3, 9, 4, 12, 5, 6, 10, 7, 8)T ,

JA(∗) = (1, 3, 2, 3, 7, 4, 5, 5, 6, 8, 7, 8)T ,

IA(∗) = (1, 3, 4, 6, 8, 9, 11, 12, 13)T .

2.7 Numerical Results

We report one example of numerical calculations using our conforming, quadratic,

immersed-interface finite-element method.

Example 2.1. Elliptic interface problem with homogeneous jump conditions.

This example is from [30]. We consider the problem (1.1)–(1.5) with Ω = (−1, 1)×
(−1, 1), Γ being the circle centered at point (0, 0) with radius R = 0.5, and β− = 1

and β+ = 100. The source term f(x1, x2) and the Dirichlet boundary data g(x1, x2)
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Table 2.2: A grid refinement analysis for Example 2.1. The first column is the
number of grid lines in x1 andx2 directions. The second column is the finite-element
solution errors in L∞ . The third column is the convergence rate calculated from
(2.39).

m ‖u− uh‖∞ Order
32 1.3142× 10−3

64 4.2148× 10−4 1.64
128 1.0075× 10−4 2.06
256 2.7291× 10−5 1.88
512 7.6973× 10−6 2.03

are calculated from the exact solution u(x1, x2):

u(x1, x2) =





r3

β−
if r ≤ R,

r3

β+
+

(
1

β−
− 1

β+

)
R3 otherwise,

where r =
√

x2
1 + x2

2. The exact solution satisfies the homogeneous jump conditions.

In Table 2.2, we show a grid refinement analysis of our calculations. The first

column EN = ‖u − uh‖∞ is the error of the finite-element solution measured in the

L∞-norm. The second column is the estimate of the order of accuracy using the

formula

order =
log (‖EN‖∞/‖E2N‖∞)

log 2
. (2.39)

We see clearly the second order accuracy. Figure 2.11 shows two plots : the finite

element solution uh with m = 64 and the error (u− uh) with m = 64.

In Table 2.3, The second to the last columns are the interpolation errors. We see

that the interpolation errors are second order and derivatives are of first order. These
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Figure 2.11: (a) The plot of uh for Example 2.1 ( m = 64 ). (b) The plot of (u−uh)
for Example 2.1 ( m = 64 ).

Table 2.3: A grid refinement analysis of the interpolation errors for Example 2.1.

m ‖u− uI‖∞ Order ‖ ∂u
∂x1

− ∂uI

∂x1
‖Ω′,∞ Order ‖ ∂u

∂x2
− ∂uI

∂x2
‖Ω′,∞ Order

32 2.5895× 10−3 1.0559× 10−1 1.0427× 10−1

64 6.7985× 10−4 1.93 5.3514× 10−2 0.98 5.3514× 10−2 0.96
128 1.7803× 10−4 1.93 2.7544× 10−2 0.96 2.7544× 10−2 0.96
256 4.5013× 10−5 1.99 1.3912× 10−2 0.99 1.3928× 10−2 0.99
512 1.1379× 10−5 1.99 6.9986× 10−3 0.99 6.9986× 10−3 0.99

are optimal.

In Table 2.4, we show the results and comparison of the finite-element solution in

L∞, L2, and H1 norms. We see second order convergence in L∞, L2 norms, and first

order in H1 norm as expected.
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Table 2.4: A grid refinement analysis of the finite-element solution errors in L∞, L2,
and H1 norms for Example 2.1, where Ω′ = Ω \∑

Tr.

m ‖u− uh‖∞ Order ‖u− uh‖L2 Order ‖u− uh‖H1 Order
32 1.3142× 10−3 6.4996× 10−4 5.7773× 10−2

64 4.2148× 10−4 1.64 1.5968× 10−4 2.03 2.6610× 10−2 1.12
128 1.0075× 10−4 2.06 4.0006× 10−5 2.00 1.3453× 10−2 0.99
256 2.7291× 10−5 1.88 9.8992× 10−6 2.01 6.5930× 10−3 1.03
512 6.6973× 10−6 2.03 2.4888× 10−6 1.99 3.2891× 10−3 1.00
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Chapter 3

IIFEM for Elliptic Interface Problems

with Non-homogeneous Jump Conditions

In this chapter, we present the new immersed-interface finite-element method for

the elliptic interface problems with a special treatment of non-homogeneous jump

conditions: w 6= 0 and Q 6= 0 on Γ in (1.3) and (1.4).

The idea is to construct a function with the same non-homogeneous jump condi-

tions by using a level set method [31]. We transform the interface problem to a new

one with homogeneous jump conditions, then we apply the conforming, quadratic, im-

mersed interface finite element space constructed in Chapter 2. The modification is

only needed in those elements that the interface cuts through. This method maintains

second order accuracy.
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3.1 The Signed Distance Function

In this section, We first review the level-set representation of the interface Γ which is

assumed to be smooth. Let ϕ : Ω → R be a function that satisfies

ϕ(x)





< 0 if x ∈ Ω−,

= 0 if x ∈ Γ,

> 0 if x ∈ Ω+.

(3.1)

We call such a function ϕ : Ω → R a level-set function that represents the interface

Γ. For ρ > 0, we denote the ρ-neighborhood of Γ in Ω by

N(Γ, ρ) = {x ∈ Ω : dist (x, Γ) < ρ}, (3.2)

where dist (x, Γ) is the distance from x to Γ. We assume that there exists ρ0 > 0 such

that N(Γ, ρ0) ⊂ Ω, and

ϕ is smooth and |∇ϕ| > 0 in N(Γ, ρ0). (3.3)

We note that the unit normal n to Γ, pointing from Ω− to Ω+, is given by

n =
∇ϕ

|∇ϕ| . (3.4)
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The signed distance function

ϕ(x) =





− dist (x, Γ) if x ∈ Ω−,

0 if x ∈ Γ,

+ dist (x, Γ) if x ∈ Ω+,

(3.5)

is a typical level-set function that satisfies our assumptions.

We now turn to the description of our treatment of the elliptic interface problem

with non-homogeneous jump conditions. We first need the following lemma, which is

extracted from [14]:

Lemma 3.1. Let ρ > 0 be small enough. Then, for any x ∈ N(Γ, ρ), there exists a

unique x∗ ∈ Γ such that

|x− x∗| = dist (x, Γ). (3.6)

Moreover,

x− x∗

|x− x∗| =




− n(x∗) if x ∈ Ω−,

+ n(x∗) if x ∈ Ω+,

(3.7)

where n(x∗) is the unit normal to Γ at x∗, pointing from Ω− to Ω+.

Proof. Without loss of generality, let us assume that, in a local Cartesian coordinate

system, x = (0, 0) is the origin, and the interface nearby is a graph of a smooth

function η = η(s) that is nonzero for any s in a certain range. The distance from the
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origin to any point (s, η(s)) on the interface is then given by
√

I(s) with

I(s) = s2 + [η(s)]2.

Setting I ′(s) = 0, we get η′(s) = −s/η(s). This implies (3.7), since (−1, η′(s)) is

parallel to the normal at (s, η(s)). Moreover,

I ′′(s) = 2 + 2[η′(s)]2 + 2η(s)η′′(s)

is positive, since I(s), and hence η(s), is small enough. Thus, there exists a unique

s that minimize I(s). This implies the existence and uniqueness of x∗ that satisfies

(3.6). Q.E.D.

In what follows, we fix ρ ∈ R as in the above lemma and assume that 0 < ρ < ρ0,

where ρ0 is the same as in (3.3).

3.2 The Numerical Extensions of Jumps w and Q

In this section, we give details about the numerical extension of the jumps w and

Q. We define we : Ω → R and Qe : Ω → R to be the extension of w : Γ → R and

Q : Γ → R, respectively, that satisfy the following:

E1. Both we and Qe are smooth on Ω;

E2. we(x) = w(x∗) and Qe(x) = Q(x∗) for any x ∈ N(Γ, ρ), where x∗ is

defined as in Lemma 3.1;

E3. we(x) = g(x) for any x ∈ ∂Ω, and Qe(x) = 0 for any x ∈ Ω \N(Γ, ρ).
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To see the existence of we, we first apply Lemma 3.1 to define a function, say w1, by

w1(x) = w(x∗) for all x ∈ N(Γ, 2ρ) for ρ > 0 small enough, and w1 = 0 elsewhere

in Ω. Using the lifting operator [2, 17], there exists a smooth function, say w2, on

Ω such that the restriction of w2 on ∂Ω is g. (The smoothness depends on that of

∂Ω.) Now, assume that N(Γ, 2ρ) and A := N(∂Ω, ε) = {x ∈ Ω : dist (x, ∂Ω) < ε} are

disjoint for some small ε > 0. Then by applying mollifiers to w1 + χAw2, we obtain

the desire we. The existence of Qe is seen similarly. By E2, both we and Qe are

constant along the normal to Γ in a small neighborhood of Γ.

We use a Gaussian quadrature in each triangle like 4ADE, 4DEB, and 4BEC

in Figure 2.5. Let x be such a Gaussian point which is close to the interface. We

need to extend the jumps w and Q to this Gaussian point by the definition of we

and Qe given in E2 and E3. This is done in two steps. The first step is to find an

approximation of the orthogonal projection x∗ of x on the interface Γ, see Lemma 3.1.

The second step is to define the extensions of w and Q at x as w(x∗) and Q(x∗),

respectively. The orthogonal projection can be approximated by

x? = x + αp,

where

p =




∂ϕ

∂x1

∂ϕ

∂x2


 .

The scalar α is determined from the following quadratic equation:

ϕ(x) + (∇ϕ(x) · p) α +
1

2

(
pT He(ϕ(x)) p

)
α2 = 0,
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where

pT He(ϕ) p =

(
∂ϕ

∂x1

)2
∂2ϕ

∂x2
1

+ 2
∂ϕ

∂x1

∂ϕ

∂x2

∂2ϕ

∂x1∂x2

+

(
∂ϕ

∂x2

)2
∂2ϕ

∂x2
2

,

and He(ϕ) is called Hessian matrix given by

He(ϕ) =




∂2ϕ

∂x2
1

∂2ϕ

∂x1 ∂x2

∂2ϕ

∂x2 ∂x1

∂2ϕ

∂x2
2


 .

The sign of α is chosen to be opposite to that of ϕ(x). If the underlying mesh is

uniform, formulated from a Cartesian grid, then, the partial derivatives ∇ϕ(x), the

Hessian matrix He(ϕ) can be computed at x using the standard centered 5-point

finite difference formula. Using the method above, the computed projections have

third order of accuracy.

Note that in our implementation, we use the orthogonal projections x∗ ∈ Γ. It is

also possible to use the orthogonal projections x∗ ∈ Γh. The difference in the finite

element solution using the two different implementations is small since the area of

the mis-matched region ΣTr is small. If the level set function is the signed distance

function, or a good approximation of the signed distance function, then the error in

approximating x∗ would be O(h3), see [31]. We also refer the reader to [13, 15] for

some of the recent discussion on computing orthogonal projections.

In practice, we need only to extend both jumps w and Q to N(Γ, 2h), the 2h

neighborhood of the interface Γ.
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3.3 Constructing the Function û

In order to continue to apply the conforming immersed interface finite element space

presented in Chapter 2 to solve the elliptic interface problems with non-homogeneous

jump conditions: w 6= 0 and Q 6= 0 on Γ in (1.3) and (1.4), we need to have a way

of removing the source singularities. The idea is to construct the function û with the

same non-homogeneous jump conditions by using a level set method. We transform

the interface problem to a new one with homogeneous jump conditions.

We define û : Ω → R by

û(x) = χΩ+(x)

(
we(x) +

Qe(x)

β+(x)

ϕ(x)

|∇ϕ(x)|
)

∀x ∈ Ω, (3.8)

where χΩ+ is the characteristic function of Ω+ and can be written as

χΩ+(x) =





1, if x ∈ Ω+,

0, otherwise.

(3.9)

Note by E3 in Section 3.2 that Qe(x) = 0 outside N(Γ, ρ0) in which ϕ may not be

smooth. Thus, implicitly, the second term in û is defined to be 0 outside N(Γ, ρ0).

The following statement summarizes some useful properties of û : Ω → R:

Lemma 3.2. Both û− and û+ are smooth on Ω− and Ω+, respectively. Moreover,

û = g on ∂Ω, and

[û]Γ = w,

[
β

∂û

∂n

]

Γ

= Q.

Proof. Since β+ is smooth and bounded on Ω+, it follows from (1.6), E1 in Section
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3.2, and (3.3) that û+ is smooth on Ω+. Obviously, û− = 0 is smooth on Ω−. By E3

in Section 3.2, û = g on ∂Ω. By (3.1) and E2 in Section 3.2,

[û]Γ = û+
∣∣
Γ
− û−

∣∣
Γ

= w.

Now, fix x ∈ Γ. It follows from Lemma 3.1 and E2 in Section 3.2 that ∂nw
e = 0.

Moreover, ϕ(x) = 0 by (3.1). Therefore, for any x ∈ Γ , we obtain by E2, (3.8), (3.4),

and the fact that ϕ(x) = 0 that

[
β(x)

∂û(x)

∂n

]

Γ

= β+(x)
∂û+(x)

∂n

= β+(x)
∂we(x)

∂n
+ β+(x)

∂

∂n

(
Qe(x)

β+(x)|∇ϕ(x)|
)

ϕ(x) +
Qe(x)

|∇ϕ(x)|
∂ϕ(x)

∂n

= Q(x)
n(x) · ∇ϕ(x)

|∇ϕ(x)|
= Q(x).

The proof is completed. Q.E.D.

3.4 Removing Source Singularities

Since û constructed in Section 3.3 has the same non-homogeneous jump conditions w

and Q as unknown function u, we obtain
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Theorem 3.1. There exists a unique q ∈ H1
0 (Ω) such that

∫

Ω

β∇q · ∇v dx =

∫

Ω

fv dx−
∫

Γ

Qv ds−
∫

Ω+

β+∇û · ∇v dx ∀v ∈ H1
0 (Ω). (3.10)

This is equivalent to

∫

Ω

β∇q · ∇v dx =

∫

Ω

fv dx +

∫

Ω+

(∇ · β+∇û) v dx ∀v ∈ H1
0 (Ω). (3.11)

Moreover, u = q + û solves the problem (1.1)–(1.5). In particular, q ∈ H1
0 (Ω) satisfies

the homogeneous jump conditions

[q]Γ = 0 and

[
β

∂q

∂n

]

Γ

= 0. (3.12)

Proof. Note that the line integral in (3.10) defines a continuous, linear functional on

H1
0 (Ω). The existence and uniqueness of q ∈ H1

0 (Ω) that satisfies (3.10) follows there-

fore from the Lax-Milgram Theorem. By integration by parts, (3.8), and Lemma 3.2,

we imply that (3.10) and (3.11) are equivalent.

Choosing v ∈ H1
0 (Ω) with supp v ⊂ Ω− and supp v ⊂ Ω+, respectively, applying

the regularity theory of elliptic problems, we obtain from (3.10) that u = q+û satisfies

(1.1) and (1.2). The jump condition (1.3) follows from Lemma 3.2. Now, integrating

by parts, we obtain by (1.1), (1.2), (3.8), and (3.10) that

∫

Γ

([
β

∂u

∂n

]

Γ

−Q

)
v ds = 0 ∀v ∈ H1

0 (Ω).

This leads to (1.4). Clearly, the function u = q + û satisfies (1.5).
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Finally, since q = u− û, we have

[q]|Γ = [u]|Γ − [û]|Γ = w − w = 0

from (1.3), (1.4) and Lemma 3.2. We also have

[
β

∂q

∂n

]

Γ

=

[
β

∂u

∂n

]

Γ

−
[
β

∂û

∂n

]

Γ

= Q−Q = 0

Q.E.D.

3.5 Modifying the Load Vector

On non-interface elements where the interface does not cut through, we can use the

standard way in computing the contribution to the stiffness matrix and the load

vector. On interface elements where the interface cuts through, we need to modify

the load vector (the right-hand side); but the computation for the stiffness matrix

remains to be the same as in the case of homogeneous jump conditions.

The function q = u− û constructed in Section 3.4 satisfies the homogeneous jump

condition (3.12), we can use the conforming immersed interface finite element method

to solve it and the resulting linear system is AU q = F q. Since the weak form of q is

(3.11), the entries of the stiffness matrix A = {aij} and the load vector F q = {F q
i }

can be written as

aij =

∫

Ω

β∇φi · ∇φj dx, (3.13)

F q
i =

∫

Ω

fφi dx +

∫

Ω+

(∇ · β+∇û) φi dx. (3.14)
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Let U = {ui} and U q = {qi} are the finite element solution of u and q at the ith nodal

point Ni, i = 1, . . . , N and Û = {ûi} is the exact value of the function û at the ith

nodal point Ni, i = 1, . . . , N , then we have U = U q + Û , therefore we have

AU = A(U q + Û) = AU q + AÛ = F q + AÛ = F (3.15)

where F is the load vector of u.

To be more precise, let us focus on the quadratic, conforming element (cf. Sub-

section 2.3.3) and combine (3.13), (3.14) and (3.15) , we can write the finite-element

equation in terms of uh = qh + û:

∫

Ω

β∇uh ·∇vh dx =

∫

Ω

f vh dx+

∫

Ω

β∇û·∇vh dx+

∫

Ω

H(ϕ)∇·(β∇ũ) vh dx ∀vh ∈ Vh.

(3.16)

where H(·) is the Heaviside function, defined as

H(ϕ) =





0 if ϕ(x) < 0,

1

2
if ϕ(x) = 0,

1 if ϕ(x) > 0,

(3.17)

and ũ is given by

ũ = we(x) +
Qe(x)

β+(x)

ϕ(x)

|∇ϕ(x)| ∀x ∈ Ω. (3.18)

Note that ũ is a smooth function in a neighborhood of Γ and that û = χΩ+ũ and its

corresponding flux have non-homogeneous jumps across the interface. Clearly, the
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left-hand side is exactly the same as in the case of the homogeneous jump condition.

The entries of the stiffness matrix are (3.13) or (2.30). Only the right-hand side of

the system of equation needs to be modified for certain triangles near the interface.

At a non-interface triangle that is entirely in Ω−, the last two terms of integration

over the triangle are zero, since H(ϕ(x)) = 0 and û = 0. The situation is a little more

complicated for triangles in Ω+. If all the non-zero basis functions over a triangle in

Ω+ have no support from interface triangles, then the last two terms in (3.16) are

canceled out. To see this, let Tk be such a triangle, and φl be such a basis function

with Ωl being its support. We have

∫

Ωl

β∇û · ∇φl dx +

∫

Ωl

H(ϕ)∇ · (β∇ũ) φl dx =

=

∫

Ωl

β∇û · ∇φl dx +

∫

Ωl

∇ · (β∇ũ) φl dx

=

∫

Ωl

β∇û · ∇φl dx +

∫

∂Ωl

∂ũ

∂n
φl ds−

∫

Ωl

β∇ũ · ∇φl dx = 0,

since ũ = û and φl = 0 along ∂Ωl. In other words, the total contribution of the line

integral along the boundary of each triangle summed up to be zero. The right hand

side of the load vector can be summarized as the following,

Fi =





∫

Ωi

fφi dx if Ωs(φi) ∩ Γ = ∅,
∫

Ωi

fφi dx +

∫

Ωs

H(ϕ)∇ · (β∇ũ) φi dx

+
∑

j

û(xj)

∫

Ωi

β∇φj · ∇φi dx otherwise,

(3.19)

where Ωs(φi) is the non-zero support region of φi.
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Take Figure 2.3 as an example. There are two ways to evaluate the integral. One

way is to use

∫

Tj

H(ϕ)∇ · (β∇ũ) φi dx =

∫

∂4ADE

β
∂ũ

∂n
φi ds−

∫

4ADE

∇ũ · ∇φi dx (3.20)

The line integral is evaluated using a Gaussian quadrature formula or some other

numerical quadrature.

The second approach is to evaluate the double integral directly over the triangle

using a quadrature formula, say, the four-point formula [21]. The coefficient β is

approximated by a constant in the triangle. In order to evaluate the values of the

integrand at a given point x, we first find a square (xi, xi+1)× (yj, yj+1) that contains

the point x. The Laplacian at the vertices (xi±1, yj±1) is computed using the standard

three-point central finite difference formula. Finally, the Laplacian at the point x is

interpolated using the bi-linear interpolation, see [29].

3.6 Numerical Results

Example 3.1. A complicated interface and non-homogeneous jump conditions.

We consider the problem (1.1)–(1.5) with Ω = (−1, 1)× (−1, 1) and the interface

Γ being the zero level set of the function

ϕ(x1, x2) =
√

x2
1 + x2

2 − 0.1 sin(5θ − π/5)− 0.5,

where tan θ = x1/x2 and 0 ≤ θ ≤ 2π; see Figure 3.1 for the geometry. The function

58



20 40 60 80 100 120 140 160 180 200

20

40

60

80

100

120

140

160

180

200

Figure 3.1: The domain and the interface for Example 3.1.

β is defined by

β(x1, x2) =





x2
1 + x2

2 + 1 if (x1, x2) ∈ Ω−,

b otherwise,

where b > 0 is a parameter. The function f is defined by

f(x1, x2) =




−4

(
2x2

1 + 2x2
2 + 1

)
if (x1, x2) ∈ Ω−,

2 sin x1 cos x2 otherwise.

Both β and f have nonzero jumps across the interface Γ. The exact solution is

u(x1, x2) =





x2
1 + x2

2, if(x1, x2) ∈ Ω−,

1

b

(
sin x1 cos x2 + log

√
x2

1 + x2
2

)
otherwise.

Notice that both the solution u and the normal flux β∂nu have nonzero jumps across

the interface Γ.
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We remark that the solution behavior depends on the magnitude of the parameter

b. If b is large, then the solution is close to a piecewise quadratic function. If b is small,

then the jumps of the solution and its normal flux across the interface are very large.

Numerically, this gives rise to difficulties to achieve optimal convergence properties

[1, 28]. We test our method for various b and analyze the computed results.

In Table 3.1, we show a grid refinement analysis for b = 100. We see clearly the

second-order accuracy in L∞ and L2 norms, and first-order accuracy in H1 norm.

Table 3.1: A grid refinement analysis for Example 3.1 with b = 100, where pi are the
approximated convergence order and the norms that involve the partial derivatives.
Second-order accuracy in L∞ norm is observed.

N ‖u− uh‖∞/‖u‖∞ p1 ‖u− uh‖L2 p2 ‖u− uh‖H1 p3

32 1.1995× 10−1 1.6705× 10−2 3.9175× 10−1

64 2.4397× 10−2 2.30 1.8542× 10−3 3.17 1.9551× 10−1 1.00
128 5.3913× 10−3 2.18 3.2668× 10−4 2.51 9.8144× 10−2 0.99
256 1.1218× 10−3 2.27 5.1452× 10−5 2.66 4.9894× 10−2 0.94
512 2.7480× 10−4 2.03 9.4668× 10−6 2.44 2.5310× 10−2 0.98

Where b gets smaller, the jumps in the solution and flux get larger. For interface

problems, the errors obtained from non-body fitted meshes usually do not decrease

monotonically as we refine the mesh; see for example [26]. For small b, it is thus more

realistic to find the asymptotic convergence rate as the slope of the line fitting of the

experimental data (log(hi), log(Ei)).

In Figure 3.2, we show the linear regression analysis for b = 1 and b = 0.1 for

the computed finite element solution. For these two cases, the convergence orders are

2.8122; and 2.4061. As the mesh gets finer, the linear regression analysis done ( by

deleting the results from coarse meshes) are getting closer to number two indicating
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a second-order accuracy. In Figure 3.3, we also show the linear regression analysis in

L2 and H1 norm. The convergence orders are 1.9906; and 0.9135 respectively.

Figure 3.4 shows the result for b = 0.01 that is quite small, and hence there

is large ratio in the coefficient from both sides of the interface. The convergence

order from the sample meshes ranging from 40 to 500 with 10 increment is 1.8875,

see Figure 3.4 (a). But as the mesh gets finer, the linear regression analysis done

by cutting the results from coarse meshes are getting closer to number two again

indicating a second-order accuracy. Figure 3.4 (b) shows the convergence order to be

1.9811.

(a).

−9 −8 −7 −6 −5 −4 −3 −2 −1

−11
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(b).

−8 −7 −6 −5 −4 −3 −2
−11

−10
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−8

−7
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−5

Figure 3.2: The linear regression analysis in the L∞ norm in log-log scale with the
mesh varying according to N = 40 + 20k, k = 0, 1, . . . , 23. (a). b = 1, the slope
(convergence order) is 2.8122; (b). b = 0.1, the slope is 2.4061.
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Figure 3.3: The linear regression analysis in the L2 norm (a), and in H1 norm (b),
in log-log scale with the mesh varying according to N = 40 + 20k, k = 0, 1, . . . , 23,
b = 1. The slope (convergence order) is 1.9906 and 0.9135, respectively.
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Figure 3.4: The linear regression analysis in the L∞ norm in log-log scale for
b = 0.01. (a). N = 40 + 20k, k = 0, 1, . . . , 23, the slope (convergence order) is
1.8875; (b). N = 40 + 20k, k = 1, 15, . . . , 23, the slope is 1.9811.
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Chapter 4

IIFEM for Elasticity Interface Problems

with Homogeneous Jump Conditions

In this chapter, we apply the immersed interface finite element methods for elasticity

interface problems with homogeneous jump conditions: W = (w1, w2) = (0, 0) on Γ

in (1.21) and (1.22), Q = (q1, q2) = (0, 0) on Γ in (1.19) and (1.20).

In [46], a non-conforming immersed finite element method has been developed for

elasticity interface problems with homogeneous jump conditions. The convergence

rate of this method is first order, but there are no error estimates and grid refinement

analysis for all numerical examples provided in [46].

In this chapter, we construct the non-conforming and conforming immersed in-

terface finite element spaces and obtain their corresponding interpolation errors. We

also compare the interpolation errors and the errors of the finite element solutions

using the non-conforming and conforming immersed interface finite element methods

and carefully complete the grid refinement analysis for all of them. Second order
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of the convergence rate is achieved by using the conforming immersed interface fi-

nite element method. The resulting linear system of discretization is still symmetric

positive definite.

4.1 The Weak Formulation

In [7], the weak formulation of the elasticity problem (1.7)–(1.10) is given as:

a(u, v) = L(v) ∀v ∈ {H1
0 (Ω)}2, (4.1)

where v = (v1, v2) and

a(u, v) =

∫

Ω

{
λ∇ · u∇ · v + 2 µ

2∑
i,j=1

εij(u) εij(v)

}
dx, (4.2)

L(v) =

∫

Ω

(f1v1 + f2v2) dx. (4.3)

We continue the derivation and put (1.11) and (1.13) into (4.2), we have

a(u, v) =

∫

Ω

{
λ

(
∂u1

∂x1

+
∂u2

∂x2

)(
∂v1

∂x1

+
∂v2

∂x2

)

+ 2µ

(
∂u1

∂x1

∂v1

∂x1

+
∂u2

∂x2

∂v2

∂x2

)
+ µ

(
∂u1

∂x2

+
∂u2

∂x1

)(
∂v1

∂x2

+
∂v2

∂x1

)}
dx,

a(u, v) =

∫

Ω

{
(λ + 2µ)

∂u1

∂x1

∂v1

∂x1

+ (λ + 2µ)
∂u2

∂x2

∂v2

∂x2

+ µ
∂u1

∂x2

∂v1

∂x2

+ µ
∂u2

∂x1

∂v2

∂x1

+ λ
∂u1

∂x1

∂v2

∂x2

+ λ
∂u2

∂x2

∂v1

∂x1

+ µ
∂u1

∂x2

∂v2

∂x1

+ µ
∂u2

∂x1

∂v1

∂x2

}
dx.
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4.2 Construction of the Basis Functions

This section includes three subsections: basis functions for non-interface elements,

a non-conforming immersed interface finite element space, and a conforming linear

finite element space.

4.2.1 Basis Functions for Non-interface Elements

Since u = (u1, u2) is a vector function, we need to construct approximation of each

component of u. For a typical regular element Ωe such as that shown in Figure 2.2,

the set of basis functions given in [6] is

φe =




φ1 0 φ2 0 φ3 0

0 φ1 0 φ2 0 φ3


 , (4.4)

where φ1, φ2 and φ3 are defined in (2.16), (2.17), (2.18) and are no different from

those we used in the single elliptic problems.

The interpolation function on a no-interface element Ωe can be expressed as

uI =




uI
1

uI
2


 =




φ1 0 φ2 0 φ3 0

0 φ1 0 φ2 0 φ3







u
(1)
1

u
(1)
2

u
(2)
1

u
(2)
2

u
(3)
1

u
(3)
2




, (4.5)
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where u
(1)
1 , u

(2)
1 and u

(3)
1 are values of the function u1 on three vertices of Ωe, u

(1)
2 , u

(2)
2

and u
(3)
2 are values of the function u2 on three vertices of Ωe.

In equation (4.5), it clearly shows that the interpolation function uI
1 is obtained

from the exact values of u1, the interpolation function uI
2 is obtained from the exact

values of u2.

4.2.2 A Non-conforming Immersed Interface Finite Element

Space

In this section, we briefly review the non-conforming, immersed interface finite ele-

ment space for the elasticity interface problems which was first developed in [46] for

the following considerations:

• We will apply it for some numerical examples and complete error estimates

and the grid refinement analysis;

• We will use it to construct a new conforming, linear, immersed interface

finite element space for the elasticity interface problems with the homo-

geneous jump conditions.

In the matrix (4.4), there are only six non-zero basis functions. Let T = ∆ABC ∈
Th, be an interface element; cf. Figure 4.1. We assume that the interface meets edges

of this element at D and E. The set of basis functions looks like

φe =




φ1 φ2 φ3 φ4 φ5 φ6

ψ1 ψ2 ψ3 ψ4 ψ5 ψ6


 , (4.6)

66



where φi, ψi , i = 1, 2, . . . , 6, are all non-zero piecewise linear functions. As before,

the basis functions associated with regular nodes are the standard conforming linear

finite element basis functions; see (4.4).

Figure 4.1: A typical interface element T = 4ABC. The arc DME is the part of
the interface Γ in T . It is approximated by the line segment DE. T+ = 4ADE,
T− = T − T+, and Tr is the region enclosed by the DE and the arc DME.

The interpolation function on an interface element Ωe such as T = 4ABC can be

expressed as

uI =




uI
1

uI
2


 =




φ1 φ2 φ3 φ4 φ5 φ6

ψ1 ψ2 ψ3 ψ4 ψ5 ψ6







uB
1

uB
2

uC
1

uC
2

uA
1

uA
2




. (4.7)

67



The interpolation function uI
1 is not obtained just from the exact values of u1 at

three vertices of T = 4ABC, it is also determined from the exact values of u2 at

three vertices of T = 4ABC. Similarly, uI
2 can be found by uA

1 , uA
2 , uB

1 , uB
2 , uC

1 and

uC
2 .

Next problem is how to determine the following twelve piecewise linear functions

φi and ψi :

φ1(x) =





c
(1)
φ1

+ c
(2)
φ1

x1 + c
(3)
φ1

x2, if x = (x1, x2) ∈ T+,

c
(4)
φ1

+ c
(5)
φ1

x1 + c
(6)
φ1

x2, if x = (x1, x2) ∈ T−,

(4.8)

φ2(x) =





c
(1)
φ2

+ c
(2)
φ2

x1 + c
(3)
φ2

x2, if x = (x1, x2) ∈ T+,

c
(4)
φ2

+ c
(5)
φ2

x1 + c
(6)
φ2

x2, if x = (x1, x2) ∈ T−,

(4.9)

φ3(x) =





c
(1)
φ3

+ c
(2)
φ3

x1 + c
(3)
φ3

x2, if x = (x1, x2) ∈ T+,

c
(4)
φ3

+ c
(5)
φ3

x1 + c
(6)
φ3

x2, if x = (x1, x2) ∈ T−,

(4.10)

φ4(x) =





c
(1)
φ4

+ c
(2)
φ4

x1 + c
(3)
φ4

x2, if x = (x1, x2) ∈ T+,

c
(4)
φ4

+ c
(5)
φ4

x1 + c
(6)
φ4

x2, if x = (x1, x2) ∈ T−,

(4.11)
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φ5(x) =





c
(1)
φ5

+ c
(2)
φ5

x1 + c
(3)
φ5

x2, if x = (x1, x2) ∈ T+,

c
(4)
φ5

+ c
(5)
φ5

x1 + c
(6)
φ5

x2, if x = (x1, x2) ∈ T−,

(4.12)

φ6(x) =





c
(1)
φ6

+ c
(2)
φ6

x1 + c
(3)
φ6

x2, if x = (x1, x2) ∈ T+,

c
(4)
φ6

+ c
(5)
φ6

x1 + c
(6)
φ6

x2, if x = (x1, x2) ∈ T−,

(4.13)

ψ1(x) =





c
(1)
ψ1

+ c
(2)
ψ1

x1 + c
(3)
ψ1

x2, if x = (x1, x2) ∈ T+,

c
(4)
ψ1

+ c
(5)
ψ1

x1 + c
(6)
ψ1

x2, if x = (x1, x2) ∈ T−,

(4.14)

ψ2(x) =





c
(1)
ψ2

+ c
(2)
ψ2

x1 + c
(3)
ψ2

x2, if x = (x1, x2) ∈ T+,

c
(4)
ψ2

+ c
(5)
ψ2

x1 + c
(6)
ψ2

x2, if x = (x1, x2) ∈ T−,

(4.15)

ψ3(x) =





c
(1)
ψ3

+ c
(2)
ψ3

x1 + c
(3)
ψ3

x2, if x = (x1, x2) ∈ T+,

c
(4)
ψ3

+ c
(5)
ψ3

x1 + c
(6)
ψ3

x2, if x = (x1, x2) ∈ T−,

(4.16)

ψ4(x) =





c
(1)
ψ4

+ c
(2)
ψ4

x1 + c
(3)
ψ4

x2, if x = (x1, x2) ∈ T+,

c
(4)
ψ4

+ c
(5)
ψ4

x1 + c
(6)
ψ4

x2, if x = (x1, x2) ∈ T−,

(4.17)
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ψ5(x) =





c
(1)
ψ5

+ c
(2)
ψ5

x1 + c
(3)
ψ5

x2, if x = (x1, x2) ∈ T+,

c
(4)
ψ5

+ c
(5)
ψ5

x1 + c
(6)
ψ5

x2, if x = (x1, x2) ∈ T−,

(4.18)

ψ6(x) =





c
(1)
ψ6

+ c
(2)
ψ6

x1 + c
(3)
ψ6

x2, if x = (x1, x2) ∈ T+,

c
(4)
ψ6

+ c
(5)
ψ6

x1 + c
(6)
ψ6

x2, if x = (x1, x2) ∈ T−.

(4.19)

For convenience, we use (φ1, ψ1)
T as an example to introduce the way to construct

the basis functions. Let all coefficients of φ1 and ψ1 form a vector xc and

xc = (c
(1)
φ1

, c
(2)
φ1

, c
(3)
φ1

, c
(4)
φ1

, c
(5)
φ1

, c
(6)
φ1

, c
(1)
ψ1

, c
(2)
ψ1

, c
(3)
ψ1

, c
(4)
ψ1

, c
(5)
ψ1

, c
(6)
ψ1

)T , (4.20)

where (∗)T indicates the transpose of a matrix, which found by exchanging rows

for columns. There are twelve unknown coefficients, they are solved by 12 linear

equations. The u1, u2 at three vertices of ∆ABC, see Figure 4.1 for an illustration,

are given and we assume the coordinates at A, B, C, D and E are

(xA
1 , xA

2 ), (xB
1 , xB

2 ), (xC
1 , xC

2 ), (xD
1 , xD

2 ), (xE
1 , xE

2 ),
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therefore we have

c
(1)
φ1

+ c
(2)
φ1

xA
1 + c

(3)
φ1

xA
2 = uA

1 , (4.21)

c
(1)
ψ1

+ c
(2)
ψ1

xA
1 + c

(3)
ψ1

xA
2 = uA

2 , (4.22)

c
(4)
φ1

+ c
(5)
φ1

xB
1 + c

(6)
φ1

xB
2 = uB

1 , (4.23)

c
(4)
ψ1

+ c
(5)
ψ1

xB
1 + c

(6)
ψ1

xB
2 = uB

2 , (4.24)

c
(4)
φ1

+ c
(5)
φ1

xC
1 + c

(6)
φ1

xC
2 = uC

1 , (4.25)

c
(4)
ψ1

+ c
(5)
ψ1

xC
1 + c

(6)
ψ1

xC
2 = uC

2 . (4.26)

By the homogeneous jump condition W = (w1, w2) = (0, 0) on Γ in (1.21) and (1.22),

we have

c
(1)
φ1

+ c
(2)
φ1

xD
1 + c

(3)
φ1

xD
2 = c

(4)
φ1

+ c
(5)
φ1

xD
1 + c

(6)
φ1

xD
2 , (4.27)

c
(1)
φ1

+ c
(2)
φ1

xE
1 + c

(3)
φ1

xE
2 = c

(4)
φ1

+ c
(5)
φ1

xE
1 + c

(6)
φ1

xE
2 , (4.28)

c
(1)
ψ1

+ c
(2)
ψ1

xD
1 + c

(3)
ψ1

xD
2 = c

(4)
ψ1

+ c
(5)
ψ1

xD
1 + c

(6)
ψ1

xD
2 , (4.29)

c
(1)
ψ1

+ c
(2)
ψ1

xE
1 + c

(3)
ψ1

xE
2 = c

(4)
ψ1

+ c
(5)
ψ1

xE
1 + c

(6)
ψ1

xE
2 . (4.30)

Last two equations are from

[
λ

(
∂u1

∂x1

+
∂u2

∂x2

)
n1 + 2µ

∂u1

∂x1

n1 + µ

(
∂u1

∂x2

+
∂u2

∂x1

)
n2

]

Γ

= 0, (4.31)

[
λ

(
∂u1

∂x1

+
∂u2

∂x2

)
n2 + 2µ

∂u2

∂x2

n2 + µ

(
∂u1

∂x2

+
∂u2

∂x1

)
n1

]

Γ

= 0, (4.32)
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we have

(λ+ + 2µ+) n1 c
(2)
φ1

+ µ+ n2 c
(3)
φ1

+ µ+ n2 c
(2)
ψ1

+ λ+ n1 c
(3)
ψ1

=

(λ− + 2µ−) n1 c
(5)
φ1

+ µ− n2 c
(6)
φ1

+ µ− n2 c
(5)
ψ1

+ λ− n1 c
(6)
ψ1

, (4.33)

λ+ n2 c
(2)
φ1

+ µ+ n1 c
(3)
φ1

+ µ+ n1 c
(2)
ψ1

+ (λ+ + 2µ+) n2 c
(3)
ψ1

=

λ− n2 c
(5)
φ1

+ µ− n1 c
(6)
φ1

+ µ− n1 c
(5)
ψ1

+ (λ− + 2µ−) n2 c
(6)
ψ1

, (4.34)

where

λ =





λ+ if x = (x1, x2) ∈ T+,

λ− if x = (x1, x2) ∈ T−,

µ =





µ+ if x = (x1, x2) ∈ T+,

µ− if x = (x1, x2) ∈ T−,

and n is the unit normal direction of the line segment DE.

We can rewrite the linear equation system as

Acxc = bc.
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Let θ+ = λ+ + 2µ+ and θ− = λ− + 2µ−, Ac is a 12× 12 matrix:




1 xA
1 xA

2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 xA
1 xA

2 0 0 0

0 0 0 1 xB
1 xB

2 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 xB
1 xB

2

0 0 0 1 xC
1 xC

2 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 xC
1 xC

2

1 xD
1 xD

2 −1 −xD
1 −xD

2 0 0 0 0 0 0

0 0 0 0 0 0 1 xD
1 xD

2 −1 −xD
1 −xD

2

1 xE
1 xE

2 −1 −xE
1 −xE

2 0 0 0 0 0 0

0 0 0 0 0 0 1 xE
1 xE

2 −1 −xE
1 −xE

2

0 θ+n1 µ+n2 0 −θ−n1 −µ−n2 0 µ+n2 λ+n1 0 −µ−n2 −λ−n1

0 λ+n2 µ+n1 0 −λ−n2 −µ−n1 0 µ+n1 θ+n2 0 −µ−n1 −θ−n2




.

(4.35)

The right hand side bc is a 12× 1 vector and

bc = (uA
1 , uA

2 , uB
1 , uB

2 , uC
1 , uC

2 , 0, 0, 0, 0, 0, 0)T . (4.36)

In order to get all the coefficients of the basis function φ1 and ψ1, we set

bc = (0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0)T ,
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then

xc = (c
(1)
φ1

, c
(2)
φ1

, c
(3)
φ1

, c
(4)
φ1

, c
(5)
φ1

, c
(6)
φ1

, c
(1)
ψ1

, c
(2)
ψ1

, c
(3)
ψ1

, c
(4)
ψ1

, c
(5)
ψ1

, c
(6)
ψ1

)T

= A−1
c bc = A−1

c (0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0)T ,

where (∗)−1 indicates the inverse of a matrix.

Similarly, we can determine all the coefficients from (4.8) to (4.19):

xc = (c
(1)
φ2

, c
(2)
φ2

, c
(3)
φ2

, c
(4)
φ2

, c
(5)
φ2

, c
(6)
φ2

, c
(1)
ψ2

, c
(2)
ψ2

, c
(3)
ψ2

, c
(4)
ψ2

, c
(5)
ψ2

, c
(6)
ψ2

)T

= A−1
c bc = A−1

c (0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0)T ,

xc = (c
(1)
φ3

, c
(2)
φ3

, c
(3)
φ3

, c
(4)
φ3

, c
(5)
φ3

, c
(6)
φ3

, c
(1)
ψ3

, c
(2)
ψ3

, c
(3)
ψ3

, c
(4)
ψ3

, c
(5)
ψ3

, c
(6)
ψ3

)T

= A−1
c bc = A−1

c (0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0)T ,

xc = (c
(1)
φ4

, c
(2)
φ4

, c
(3)
φ4

, c
(4)
φ4

, c
(5)
φ4

, c
(6)
φ4

, c
(1)
ψ4

, c
(2)
ψ4

, c
(3)
ψ4

, c
(4)
ψ4

, c
(5)
ψ4

, c
(6)
ψ4

)T

= A−1
c bc = A−1

c (0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0)T ,

xc = (c
(1)
φ5

, c
(2)
φ5

, c
(3)
φ5

, c
(4)
φ5

, c
(5)
φ5

, c
(6)
φ5

, c
(1)
ψ5

, c
(2)
ψ5

, c
(3)
ψ5

, c
(4)
ψ5

, c
(5)
ψ5

, c
(6)
ψ5

)T

= A−1
c bc = A−1

c (1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)T ,
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xc = (c
(1)
φ6

, c
(2)
φ6

, c
(3)
φ6

, c
(4)
φ6

, c
(5)
φ6

, c
(6)
φ6

, c
(1)
ψ6

, c
(2)
ψ6

, c
(3)
ψ6

, c
(4)
ψ6

, c
(5)
ψ6

, c
(6)
ψ6

)T

= A−1
c bc = A−1

c (0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)T .

Note that the basis functions defined in this way can be discontinuous across edges

of interface elements, so when we use it to get the finite element solutions, the method

is a non-conforming immersed interface finite element method.

4.2.3 A Conforming Linear Finite Element Space

In this section, we construct a conforming, linear finite element space, the basis

functions associated with irregular nodes are still piecewise linear, but all the basis

functions are globally continuous.

In order to maintain continuity, as in Subsection 2.3.3, we need to extend the

previously defined basis function (4.6) at the same node (vertex) to one more triangle

along the interface (cf. Figure 2.5 (b)). We require the local basis functions in two

adjacent interface elements, such as ∆ABC and ∆AFB, take the same value at the

interface point on their common edge, such as the point D. This will achieve the

global continuity of a basis function associated with an irregular node.

For an interface element T = ∆ABC ∈ Th, see Figure 2.5, the set of basis functions

becomes

φe =




φ1 φ2 φ3 φ4 φ5 φ6 φ7 φ8 φ9 φ10

ψ1 ψ2 ψ3 ψ4 ψ5 ψ6 ψ7 ψ8 ψ9 ψ10


 . (4.37)
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The interpolation function on an interface element Ωe such as T = 4ABC is

uI =




uIP
1

uIP
2


 =




φ1 φ2 φ3 φ4 φ5 φ6 φ7 φ8 φ9 φ10

ψ1 ψ2 ψ3 ψ4 ψ5 ψ6 ψ7 ψ8 ψ9 ψ10







uB
1

uB
2

uC
1

uC
2

uA
1

uA
2

uF
1

uF
2

uI
1

uI
2




,

(4.38)

where uI = (uIP
1 , uIP

2 ) indicates the interpolation function in order to avoid the con-

fusion with (uI
1, u

I
2) which is the value at the vertex I in (4.38) (cf. Figure 2.5 (b)).

We construct a local basis function φi and ψi , i = 1, 2, . . . , 10 , by assigning their

values at the vertices A, B, C, F , and I, respectively. This construction consists of

the following five steps:

P1. Use the values at the nodes A, B, C, F , and I to construct the three sets of

nonconforming finite-element basis functions defined as in Subsection 4.2.2

on the elements ∆ABC, ∆AFB, and ∆ACI, respectively;

P2. Set the value at D as the average of the values at D of the noncon-

forming, piecewise linear, basis functions defined on ∆ABC and ∆AFB

constructed in P1;
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P3. Similarly, set the value at E as the average of values at E of the noncon-

forming, piecewise linear, basis functions defined on the elements ∆ABC

and ∆ACI constructed in P1;

P4. Set the values of at the points A, B and C exactly the same as those from

the nonconforming finite-element basis function on ∆ABC:

φe(B) =




1 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0


 ,

φe(C) =




0 0 1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0


 ,

φe(A) =




0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0


 ;

P5. Partition the element ∆ABC into three sub-triangles by an auxiliary line,

say line segment BE, or DC. We choose the auxiliary line in such a way

that at least one of angles (or complimentary angle if the angle is more

than π/4) is bigger than or equal to π/2, see [30] for more explanations;

P6. Define the basis functions φi and ψi, i = 1, 2, . . . , 10, to be the piecewise

linear function in the three sub-triangles

φi(x) =





c
(1)
φi

+ c
(2)
φi

x1 + c
(3)
φi

x2 if x = (x1, x2) ∈ ∆ADE,

c
(4)
φi

+ c
(5)
φi

x1 + c
(6)
φi

x2 if x = (x1, x2) ∈ ∆DBE,

c
(7)
φi

+ c
(8)
φi

x1 + c
(9)
φi

x2 if x = (x1, x2) ∈ ∆BCE,

(4.39)

77



ψi(x) =





c
(1)
ψi

+ c
(2)
ψi

x1 + c
(3)
ψi

x2 if x = (x1, x2) ∈ ∆ADE,

c
(4)
ψi

+ c
(5)
ψi

x1 + c
(6)
ψi

x2 if x = (x1, x2) ∈ ∆DBE,

c
(7)
ψi

+ c
(8)
ψi

x1 + c
(9)
ψi

x2 if x = (x1, x2) ∈ ∆BCE,

(4.40)

or

φi(x) =





c
(1)
φi

+ c
(2)
φi

x1 + c
(3)
φi

x2 if x = (x1, x2) ∈ ∆ADE,

c
(4)
φi

+ c
(5)
φi

x1 + c
(6)
φi

x2 if x = (x1, x2) ∈ ∆EDC,

c
(7)
φi

+ c
(8)
φi

x1 + c
(9)
φi

x2 if x = (x1, x2) ∈ ∆DBC,

(4.41)

ψi(x) =





c
(1)
ψi

+ c
(2)
ψi

x1 + c
(3)
ψi

x2 if x = (x1, x2) ∈ ∆ADE,

c
(4)
ψi

+ c
(5)
ψi

x1 + c
(6)
ψi

x2 if x = (x1, x2) ∈ ∆EDC,

c
(7)
ψi

+ c
(8)
ψi

x1 + c
(9)
ψi

x2 if x = (x1, x2) ∈ ∆DBC.

(4.42)

All unknown coefficients c
(j)
φi

and c
(j)
ψi

, i = 1, 2, . . . , 10, j = 1, 2, . . . , 9 are

determined by the values at the points A,B,C,D and E.

4.3 Assembling the Stiffness Matrix and Load Vec-

tor

In this section, we keep using A = {aij} and F = {Fi} as notations of the global

stiffness matrix and the global load vector. Since u = (u1, u2) is a two dimensional

vector function, A is a 2N × 2N matrix, F is a 2N × 1 vector, here N is the total
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number of nodal points.

We define an immersed-interface finite-element space Vh with respect to the mesh

Th to be a finitely-dimensional subspace of {L2(Ω)}2. To be more precise, we specially

define a conforming, linear immersed-interface finite-element space Vh for the approxi-

mation of a elasticity interface problem to be a subspace of {H1
0 (Ω)}2. Vh consists of all

the linear combinations of the corresponding basis functions (φ1, ψ1)
T , . . . , (φ2N , ψ2N)T

for some integer N ≥ 1:

Vh = span








φ1

ψ1


 , . . . ,




φ2N

ψ2N








. (4.43)

The interpolation function uI = (uI
1, u

I
2) on the domain Ω is

uI
1(x) =

N∑
i=1

{
u1(x

(i)) φ2i−1(x) + u2(x
(i)) φ2i(x)

}
, (4.44)

uI
2(x) =

N∑
i=1

{
u1(x

(i)) ψ2i−1(x) + u2(x
(i)) ψ2i(x)

}
, (4.45)

where u1(x
(i)) and u2(x

(i)) are the exact values of u1, u2 at the ith node (Ni). The

finite element solution uh = (uh
1 , u

h
2) is given by

uh
1(x) =

N∑
i=1

{
u

(i)
1 φ2i−1(x) + u

(i)
2 φ2i(x)

}
, (4.46)

uh
2(x) =

N∑
i=1

{
u

(i)
1 ψ2i−1(x) + u

(i)
2 ψ2i(x)

}
, (4.47)

where u
(i)
1 and u

(i)
2 are the finite element solutions of u1, u2 at the ith node (Ni).
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We put the testing function v = (v1, v2)
T = (φi, ψi)

T , i = 1, . . . , 2N , and (4.46),

(4.47) into the weak form (4.2) and (4.3), we have all entries of the stiffness matrix

and the load vector for the elasticity problems:

aij =

∫

Ω

{
(λ + 2µ)

∂φj

∂x1

∂φi

∂x1

+ (λ + 2µ)
∂ψj

∂x2

∂ψi

∂x2

+ µ
∂φj

∂x2

∂φi

∂x2

+ µ
∂ψj

∂x1

∂ψi

∂x1

+ λ
∂φj

∂x1

∂ψi

∂x2

+ λ
∂ψj

∂x2

∂φi

∂x1

+ µ
∂φj

∂x2

∂ψi

∂x1

+ µ
∂ψj

∂x1

∂φi

∂x2

}
dx,

Fi =

∫

Ω

(f1φi + f2ψi) dx.

For a type 1 interface element Ωe = ∆N1N2N3, see Figure 2.9 (b) for an illustra-

tion, the local stiffness matrix AΩe is a 10× 10 matrix and symmetric, the local load

vector FΩe is a 10× 1 vector. They can be expressed as

aΩe
ij =

∫

Ωe

{
(λ + 2µ)

∂φj

∂x1

∂φi

∂x1

+ (λ + 2µ)
∂ψj

∂x2

∂ψi

∂x2

+ µ
∂φj

∂x2

∂φi

∂x2

+ µ
∂ψj

∂x1

∂ψi

∂x1

+ λ
∂φj

∂x1

∂ψi

∂x2

+ λ
∂ψj

∂x2

∂φi

∂x1

+ µ
∂φj

∂x2

∂ψi

∂x1

+ µ
∂ψj

∂x1

∂φi

∂x2

}
dx, i, j = 1, . . . , 10,

FΩe
i =

∫

Ωe

(f1φi + f2ψi) dx, i, j = 1, . . . , 10.

For a type 2 interface element Ωe = ∆N1N2N3, see Figure 2.9 (c) for an illustra-

tion, the local stiffness matrix AΩe is an 8× 8 matrix and symmetric, the local load
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vector FΩe is an 8× 1 vector. They can be expressed as

aΩe
ij =

∫

Ωe

{
(λ + 2µ)

∂φj

∂x1

∂φi

∂x1

+ (λ + 2µ)
∂ψj

∂x2

∂ψi

∂x2

+ µ
∂φj

∂x2

∂φi

∂x2

+ µ
∂ψj

∂x1

∂ψi

∂x1

+ λ
∂φj

∂x1

∂ψi

∂x2

+ λ
∂ψj

∂x2

∂φi

∂x1

+ µ
∂φj

∂x2

∂ψi

∂x1

+ µ
∂ψj

∂x1

∂φi

∂x2

}
dx, i, j = 1, . . . , 8,

FΩe
i =

∫

Ωe

(f1φi + f2ψi) dx, i, j = 1, . . . , 8.

For a non-interface elements Ωe = ∆N1N2N3, see Figure 2.9 (a), where the inter-

face does not cut through, the local stiffness matrix AΩe is a 6 × 6 matrix and the

local load vector FΩe is a 6× 1 vector. There are only six non-zero basis functions in

(4.4) and φ1, φ2, φ3 are defined in (2.16), (2.17) and (2.18). The expressions of AΩe

and FΩe are different from above:

aΩe
2i−1,2j−1 =

∫

Ωe

{
(λ + 2µ)

∂φj

∂x1

∂φi

∂x1

+ µ
∂φj

∂x2

∂φi

∂x2

}
dx, i, j = 1, 2, 3,

aΩe
2i−1,2j =

∫

Ωe

{
λ

∂φj

∂x2

∂φi

∂x1

+ µ
∂φj

∂x1

∂φi

∂x2

}
dx, i, j = 1, 2, 3,

aΩe
2i,2j−1 =

∫

Ωe

{
λ

∂φj

∂x1

∂φi

∂x2

+ µ
∂φj

∂x2

∂φi

∂x1

}
dx, i, j = 1, 2, 3,

aΩe
2i,2j =

∫

Ωe

{
(λ + 2µ)

∂φj

∂x2

∂φi

∂x2

+ µ
∂φj

∂x1

∂φi

∂x1

}
dx, i, j = 1, 2, 3,
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FΩe
2i−1 =

∫

Ωe

f1φi dx, i, j = 1, 2, 3,

FΩe
2i =

∫

Ωe

f2φi dx, i, j = 1, 2, 3.

4.4 Numerical Results

In this section, we give one example of numerical calculations using our non-conforming

and conforming, linear, immersed-interface finite-element method.

Example 4.1. Elasticity interface problem with homogeneous jump conditions.

We consider the problem (1.7)–(1.10) with Ω = (−1, 1)×(−1, 1), Γ being the circle

centered at point (0, 0) with radius R = 0.5, and λ− = µ− = 1 and λ+ = µ+ = 100.

The body force term F = (f1, f2) and the Dirichlet boundary condition G = (g1, g2)

are calculated from the exact solution u = (u1, u2):

u1(x1, x2) = u2(x1, x2) =





(x2
1 + x2

2) if r ≤ R,

(x2
1 + x2

2)

100
+

(
1− 1

100

)
R2 otherwise,

where r =
√

x2
1 + x2

2. The exact solution satisfies the homogeneous jump conditions.

In Figure 4.2, we show a grid refinement analysis for the interpolation error ‖u−
uI‖∞ by using the non-conforming, linear, immersed interface finite element space

constructed in Subsection 4.2.2, here u = (u1, u2) and uI = (uI
1, u

I
2). We see clearly
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the second order accuracy in Figure 4.2 (b) when the mesh is fine enough. The

convergence order is 2.0691 with the mesh varying according to N = 120 + 20k,

k = 0, 1, . . . , 19.

(a).

−7 −6 −5 −4 −3 −2
−11
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−9
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−7

−6
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(b).

−8 −7.5 −7 −6.5 −6 −5.5 −5 −4.5 −4 −3.5 −3
−11

−10.5

−10

−9.5

−9

−8.5

−8

−7.5

−7

−6.5

−6

Figure 4.2: The linear regression analysis of (u−uI) in the L∞ norm in log-log scale
by using the non-conforming, linear, immersed interface finite element space. (a). the
mesh is varying according to N = 20 + 20k, k = 0, 1, . . . , 24, the slope (convergence
order) is 1.4616; (b). N = 120 + 20k, k = 0, 1, . . . , 19, the slope is 2.0691.

In Figure 4.3, we show the results of the errors of the finite element solution (u−uh)

by using the non-conforming, linear, immersed interface finite element method in L∞

norm, here uh = (uh
1 , u

h
2). Since the finite element space is non-conforming, we only

have the first order accuracy. The convergence order is 0.9205 with the mesh varying

according to N = 20 + 20k, k = 0, 1, . . . , 24.

We now apply the conforming, linear, immersed interface finite element space

obtained in Subsection 4.2.3 to solve the same example above. The interpolation

errors are showed in Figure 4.4. We see that the interpolation errors are second order

and the convergence order is 2.1479 with the mesh varying according to N = 120+20k,
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Figure 4.3: The linear regression analysis of (u−uh) in the L∞ norm in log-log scale
by using the non-conforming, linear, immersed interface finite element space. The
mesh is varying according to N = 20 + 20k, k = 0, 1, . . . , 24, the slope (convergence
order) is 0.9205.

k = 0, 1, . . . , 19.

We compare the interpolation errors using the non-conforming and conforming,

linear, immersed interface finite element spaces, see Figure 4.2 (a) versus Figure 4.4 (a)

and Figure 4.2 (b) versus Figure 4.4 (b), the comparison shows that the convergence

orders using the conforming linear finite element space are higher than using the

non-conforming linear finite element space.

We provide some interpolation errors obtained by using the non-conforming and

conforming, linear, immersed interface finite element spaces in Table 4.1, the interpo-

lation errors using the conforming linear finite element space are smaller than using

the non-conforming linear finite element space.

In Figure 4.5, we show the results of the errors of the finite element solution (u−uh)

by using the conforming, linear, immersed interface finite element method in L∞
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Figure 4.4: The linear regression analysis of (u−uI) in the L∞ norm in log-log scale
by using the conforming, linear, immersed interface finite element space. (a). the
mesh is varying according to N = 20 + 20k, k = 0, 1, . . . , 24, the slope (convergence
order) is 1.7192; (b). N = 120 + 20k, k = 0, 1, . . . , 19, the slope is 2.1479.

Table 4.1: The interpolation errors in L∞ for Example 4.1.

Mesh Non-conforming space Conforming space
400 6.6574× 10−5 3.3281× 10−5

420 3.2381× 10−5 1.6581× 10−5

440 2.2896× 10−5 1.1380× 10−5

460 3.3878× 10−5 1.7915× 10−5

480 4.3826× 10−5 2.1976× 10−5

500 2.4131× 10−5 1.2075× 10−5
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norm. Since the finite element space is conforming, we have the second order accuracy.

The convergence order is 1.9443 with the mesh varying according to N = 120 + 20k,

k = 0, 1, . . . , 19.

(a).

−8 −7 −6 −5 −4 −3 −2 −1
−12

−11

−10

−9

−8
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−6

−5

(b).
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−9

Figure 4.5: The linear regression analysis of (u−uh) in the L∞ norm in log-log scale
by using the conforming, linear, immersed interface finite element space. (a). the
mesh is varying according to N = 20 + 20k, k = 0, 1, . . . , 24, the slope (convergence
order) is 1.8706; (b). N = 120 + 20k, k = 0, 1, . . . , 19, the slope is 1.9443.
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Chapter 5

IIFEM for Elasticity Interface Problems

with Non-homogeneous Jump Conditions

In this chapter, we consider the elasticity interface problems with non-homogeneous

jump conditions: W = (w1, w2) 6= (0, 0) on Γ in (1.21) and (1.22), Q = (q1, q2) 6= (0, 0)

on Γ in (1.19) and (1.20). To construct a function with the same non-homogeneous

jump conditions is more difficult than that for a single equation because four equations

(1.21), (1.22), (1.19) and (1.20) are all coupled together.

Again, we extend the jump conditions along the normal directions of the interface

Γ, then use the immersed-interface finite-element methods discussed in previous chap-

ters to solve the elasticity interface problems with non-homogeneous jump conditions

without losing the convergence rate. We also present some numerical examples.
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5.1 Constructing the Function û

In this section, we will use the same technique and notations as in Section 3.1, such

as the signed distance function ϕ(x), the unit normal n and the ρ-neighborhood of

Γ in Ω N(Γ, ρ), respectively, given in (3.5), (3.4) and (3.2). The Lemma 3.1 is also

applicable here.

The functions Q = (q1, q2) in (1.19), (1.20) and W = (w1, w2) in (1.21), (1.22) are

only defined on Γ. We need to extend w1 : Γ → R, w2 : Γ → R, q1 : Γ → R and

q2 : Γ → R to we
1 : Ω → R, we

2 : Ω → R, qe
1 : Ω → R and qe

2 : Ω → R, respectively,

that satisfy the following:

E1. we
1, we

2, qe
1 and qe

2 are smooth on Ω;

E2. we
1(x) = w1(x

∗), we
2(x) = w2(x

∗), qe
1(x) = q1(x

∗) and qe
2(x) = q2(x

∗) for

any x ∈ N(Γ, ρ), where x∗ is defined as in Lemma 3.1;

E3. we
1(x) = g1(x), we

2(x) = g2(x) for any x ∈ ∂Ω, and qe
1(x) = 0, qe

2(x) = 0

for any x ∈ Ω \N(Γ, ρ).

The existence of we
1, we

2, qe
1 and qe

2 are given in Section 3.2, so are the extension

functions in detail.

We use the same idea in Section 3.3 to remove the source singularities in order to

solve the elasticity interface problems with non-homogeneous jump conditions using

the conforming, linear, immersed interface finite element space, but the way to con-

struct the function û = (û1, û2) with the same non-homogeneous jump conditions for

the elasticity interface problems is more complicated than that for the single elliptic

interface problems in Section 3.3.
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We first define ũ = (ũ1, ũ2) by

ũ1 = we
1(x) + Je

1(x)
ϕ(x)

|∇ϕ(x)| ∀x ∈ Ω, (5.1)

ũ2 = we
2(x) + Je

2(x)
ϕ(x)

|∇ϕ(x)| ∀x ∈ Ω, (5.2)

where Je
1 : Ω → R, Je

2 : Ω → R are the extensions of J1 : Γ → R, J2 : Γ → R.

Note that J1 : Γ → R, J2 : Γ → R, Je
1 : Ω → R and Je

2 : Ω → R are unknown

functions and will be solved in this section. They satisfy the following:

A1. Je
1 and Je

2 are smooth on Ω, J1 and J2 are smooth on Γ;

A2. Je
1(x) = J1(x

∗) and Je
2(x) = J2(x

∗) for any x ∈ N(Γ, ρ), where x∗ is

defined as in Lemma 3.1;

A3. Je
1(x) = 0, Je

2(x) = 0 for any x ∈ Ω \N(Γ, ρ).

We also define û = (û1, û2) by adding the characteristic function χΩ+ :

û1 = χΩ+(x)ũ1(x) ∀x ∈ Ω, (5.3)

û2 = χΩ+(x)ũ2(x) ∀x ∈ Ω. (5.4)

We expect û = (û1, û2) has the following useful properties:

B1. û+
1 , û−1 , û+

2 and û−2 are smooth on Ω− and Ω+, respectively;

B2. û1 = g1 and û2 = g2 on ∂Ω;

B3. û = (û1, û2) has same non-homogeneous jump conditions across the inter-

face Γ as u = (u1, u2):

[û1]Γ = w1, (5.5)
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[û2]Γ = w2, (5.6)

[
λ

(
∂û1

∂x1

+
∂û2

∂x2

)
n1 + 2µ

∂û1

∂x1

n1 + µ

(
∂û1

∂x2

+
∂û2

∂x1

)
n2

]

Γ

= q1, (5.7)

[
λ

(
∂û1

∂x1

+
∂û2

∂x2

)
n2 + 2µ

∂û2

∂x2

n2 + µ

(
∂û1

∂x2

+
∂û2

∂x1

)
n1

]

Γ

= q2. (5.8)

We now solve the functions J1 and J2 by the following steps:

S1. Find the partial derivatives of ũ1 and ũ2. Note that ϕ(x) = 0 on the

interface Γ, we have

∂Je
1

∂x1

(
ϕ

|∇ϕ|
)

=
∂Je

1

∂x2

(
ϕ

|∇ϕ|
)

=
∂Je

2

∂x1

(
ϕ

|∇ϕ|
)

=
∂Je

2

∂x2

(
ϕ

|∇ϕ|
)

= 0,

then

∂ũ1

∂x1

∣∣∣∣
Γ

=
∂we

1

∂x1

+ J1
∂

∂x1

(
ϕ(x)

|∇ϕ(x)|
)

, (5.9)

∂ũ1

∂x2

∣∣∣∣
Γ

=
∂we

1

∂x2

+ J1
∂

∂x2

(
ϕ(x)

|∇ϕ(x)|
)

, (5.10)

∂ũ2

∂x1

∣∣∣∣
Γ

=
∂we

2

∂x1

+ J2
∂

∂x1

(
ϕ(x)

|∇ϕ(x)|
)

, (5.11)

∂ũ2

∂x2

∣∣∣∣
Γ

=
∂we

2

∂x2

+ J2
∂

∂x2

(
ϕ(x)

|∇ϕ(x)|
)

; (5.12)

S2. Obtain the following equtions after we put (5.3), (5.4), (5.7) and (5.8)

together:

λ+n1

(
∂ũ1

∂x1

+
∂ũ2

∂x2

)∣∣∣∣
Γ

+ 2µ+n1
∂ũ1

∂x1

∣∣∣∣
Γ

+ µ+n2

(
∂ũ1

∂x2

+
∂ũ2

∂x1

)∣∣∣∣
Γ

= q1,

(5.13)
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λ+n2

(
∂ũ1

∂x1

+
∂ũ2

∂x2

)∣∣∣∣
Γ

+ 2µ+n2
∂ũ2

∂x2

∣∣∣∣
Γ

+ µ+n1

(
∂ũ1

∂x2

+
∂ũ2

∂x1

)∣∣∣∣
Γ

= q2;

(5.14)

S3. Set equations for J1, J2 after we combine (5.9), (5.10), (5.11), (5.12),

(5.13) and (5.14) together and rearrange some items:

aJ
11J1 + aJ

12J2 = bJ
1 , (5.15)

aJ
21J1 + aJ

22J2 = bJ
2 , (5.16)

where

aJ
11 = (λ+ + 2µ+)n1

∂

∂x1

(
ϕ(x)

|∇ϕ(x)|
)

+ µ+n2
∂

∂x2

(
ϕ(x)

|∇ϕ(x)|
)

,

aJ
12 = λ+n1

∂

∂x2

(
ϕ(x)

|∇ϕ(x)|
)

+ µ+n2
∂

∂x1

(
ϕ(x)

|∇ϕ(x)|
)

,

aJ
21 = µ+n1

∂

∂x2

(
ϕ(x)

|∇ϕ(x)|
)

+ λ+n2
∂

∂x1

(
ϕ(x)

|∇ϕ(x)|
)

,

aJ
22 = µ+n1

∂

∂x1

(
ϕ(x)

|∇ϕ(x)|
)

+ (λ+ + 2µ+)n2
∂

∂x2

(
ϕ(x)

|∇ϕ(x)|
)

,

and

bJ
1 = q1 − (λ+ + 2µ+)n1

∂we
1

∂x1

− λ+n1
∂we

2

∂x2

− µ+n2
∂we

1

∂x2

− µ+n2
∂we

2

∂x1

,

bJ
2 = q2 − (λ+ + 2µ+)n2

∂we
2

∂x2

− λ+n2
∂we

1

∂x1

− µ+n1
∂we

1

∂x2

− µ+n1
∂we

2

∂x1

;
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S4. Let AJ to be a 2× 2 matrix and bJ , xJ to be 2× 1 vectors, we have

AJ =




aJ
11 aJ

12

aJ
21 aJ

22


 , xJ =




J1

J2


 , bJ =




bJ
1

bJ
2


 , (5.17)

then (5.15) and (5.16) can be written as

AJxJ = bJ .

J1 and J2 can be solved by xJ = (AJ)−1bJ .

Since E1 and the equation (3.3), all entries of AJ and bJ are smooth, so J1 and

J2 are also smooth on Γ. The existence of Je
1 , Je

2 which satisfy A1, A2 and A3 is

given in Section 3.2, like qe
1 and qe

2.

By E1, A1 and (3.3), from (5.1) and (5.2), it is easy to see ũ1 and ũ2 are smooth

functions. Moreover, û+
1 and û+

2 are smooth on Ω+, obviously, û−1 = 0 and û−2 = 0

are smooth on Ω−. Since E3 and A3, û1 = g1 and û2 = g2 on ∂Ω. By (3.1) , E2 and

A2,

[û1]Γ = û+
1

∣∣
Γ
− û−1

∣∣
Γ

= w1,

[û2]Γ = û+
2

∣∣
Γ
− û−2

∣∣
Γ

= w2.

The conditions (5.7) and (5.8) are hold by the procedures S1-S4. In this section, we

construct û = (û1, û2) that has all expected properties: B1, B2 and B3.
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5.2 Removing Source Singularities and Modifying

the Load Vector

The elasticity interface problems that we are dealing with in this chapter have non-

homogeneous jump conditions. We still use the conforming finite element space we

discussed in subsection 4.2.3 to solve u by letting u = uH+û, solving uH and modifying

the load vector of uH to get the finite element solution of u.

Since u and û have the same jump conditions across the interface Γ:

[u]Γ = [û]Γ = W,

[σn]Γ = [σ̂n]Γ = Q,

where σ̂ is the stress tensor associated with û, so uH = u − û has the homogeneous

jump conditions:

[
uH

]
Γ

= [u]Γ − [û]Γ = W −W = 0, (5.18)

[
σHn

]
Γ

= [σn]Γ − [σ̂n]Γ = Q−Q = 0, (5.19)

where σH is the stress tensor associated with uH . The PDE

∇ · σH + FH = 0 (5.20)
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can be written as

−
{

(λ + 2µ)
∂2uH

1

∂x2
1

+ (λ + µ)
∂2uH

2

∂x1∂x2

+ µ
∂2uH

1

∂x2
2

}
= fH

1 , (5.21)

−
{

(λ + 2µ)
∂2uH

2

∂x2
2

+ (λ + µ)
∂2uH

1

∂x1∂x2

+ µ
∂2uH

2

∂x2
1

}
= fH

2 , (5.22)

where the body force FH = (fH
1 , fH

2 ) associated with uH are given by

fH
1 = f1 +

{
(λ + 2µ)

∂2û1

∂x2
1

+ (λ + µ)
∂2û2

∂x1∂x2

+ µ
∂2û1

∂x2
2

}
, (5.23)

fH
2 = f2 +

{
(λ + 2µ)

∂2û2

∂x2
2

+ (λ + µ)
∂2û1

∂x1∂x2

+ µ
∂2û2

∂x2
1

}
. (5.24)

The weak form of the interface problem (5.21), (5.22), (5.18) and (5.19) is

a(uH , v) =

∫

Ω

{
(λ + 2µ)

∂uH
1

∂x1

∂v1

∂x1

+ (λ + 2µ)
∂uH

2

∂x2

∂v2

∂x2

+ µ
∂uH

1

∂x2

∂v1

∂x2

+ µ
∂uH

2

∂x1

∂v2

∂x1

+ λ
∂uH

1

∂x1

∂v2

∂x2

+ λ
∂uH

2

∂x2

∂v1

∂x1

+ µ
∂uH

1

∂x2

∂v2

∂x1

+ µ
∂uH

2

∂x1

∂v1

∂x2

}
dx

= L(v) =

∫

Ω

(
fH

1 v1 + fH
2 v2

)
dx ∀v ∈ {H1

0 (Ω)}2.

By applying the conforming, linear, immersed interface finite element method, the

resulting linear system of uH is AUH = FHL , where FHL indicates the load vector

associated with uH to avoid the confusion with the body force FH associated with
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uH . The entries of A and FHL are

aij =

∫

Ω

{
(λ + 2µ)

∂φj

∂x1

∂φi

∂x1

+ (λ + 2µ)
∂ψj

∂x2

∂ψi

∂x2

+ µ
∂φj

∂x2

∂φi

∂x2

+ µ
∂ψj

∂x1

∂ψi

∂x1

+ λ
∂φj

∂x1

∂ψi

∂x2

+ λ
∂ψj

∂x2

∂φi

∂x1

+ µ
∂φj

∂x2

∂ψi

∂x1

+ µ
∂ψj

∂x1

∂φi

∂x2

}
dx,

FHL
i =

∫

Ω

(
fH

1 φi + fH
2 ψi

)
dx.

We define U , Û and UH to be 2N × 1 vectors:

U = (u
(1)
1 , u

(1)
2 , u

(2)
1 , u

(2)
2 , . . . , u

(i)
1 , u

(i)
2 , . . . , u

(N)
1 , u

(N)
2 )T ,

Û = (û
(1)
1 , û

(1)
2 , û

(2)
1 , û

(2)
2 , . . . , û

(i)
1 , û

(i)
2 , . . . , û

(N)
1 , û

(N)
2 )T ,

UH = ((uH
1 )(1), (uH

2 )(1), (uH
1 )(2), (uH

2 )(2), . . . , (uH
1 )(i), (uH

2 )(i), . . . , (uH
1 )(N), (uH

2 )(N))T ,

where (u
(i)
1 , u

(i)
2 ),((uH

1 )(i), (uH
2 )(i)) are the finite element solutions of u and uH at ith

node (Ni), i = 1, . . . , N and (û
(i)
1 , û

(i)
2 ) are the exact values of the function û at ith

node (Ni), i = 1, . . . , N . By U = UH + Û , we have

AU = A(UH + Û) = AUH + AÛ = FHL + AÛ = F.

For the elliptic interface problems with non-homogeneous jump conditions, we

discussed in Section 3.5, the computation for the stiffness matrix remains to be the

same as in the case of homogeneous jump conditions and the load vector needs to

be modified for certain triangle near interface. Similarly, for the elasticity interface
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problems with non-homogeneous jump conditions, we only need to adjust some entries

of the load vector F based on FHL and A keeps same. The right hand side of the

load vector can be summarized as the following,

Fi =





∫

Ω

(f1φi + f2ψi) dx if Ωs(φi, ψi) ∩ Γ = ∅,
∫

Ω

(f1φi + f2ψi) dx

+

∫

Ω

{
(λ + 2µ)

∂2û1

∂x2
1

+ (λ + µ)
∂2û2

∂x1∂x2

+ µ
∂2û1

∂x2
2

}
φi dx

+

∫

Ω

{
(λ + 2µ)

∂2û2

∂x2
2

+ (λ + µ)
∂2û1

∂x1∂x2

+ µ
∂2û2

∂x2
1

}
ψi dx

+
2N∑
j=1

aijÛj otherwise,

(5.25)

where Ωs(φi, ψi) is the non-zero support region of φi and ψi.

5.3 Numerical Results

Example 5.1. Elasticity interface problem with non-homogeneous jump conditions.

We consider the problem (1.7)–(1.10) with Ω = (−1, 1)×(−1, 1), Γ being the circle

centered at point (0, 0) with radius R = 0.5, and λ− = µ− = 1 and λ+ = µ+ = 100.

The exact solution u = (u1, u2):

u1 =





r2 if r ≤ R,

1

b

{
r2 + log(r)

}
otherwise,

u2 =





r2 if r ≤ R,

1

b

{
r2 + sin(x1) cos(x2)

}
otherwise,
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where r =
√

x2
1 + x2

2 and b = max {(λ+/λ−), (µ+/µ−)}. The exact solutions have

non-homogeneous jump conditions.

In Figure 5.1, we show the results of the errors of the finite element solution

(u − uh) by using the conforming, linear, immersed interface finite element method

in L∞ norm. The convergence order from the sample meshes ranging from 20 to 500

with 20 increment is 1.9095, see Figure 5.1 (a). When cutting the results from coarse

meshes, the convergence order increases to 2.0222, see Figure 5.1 (b). It shows clearly

that the method has second order accuracy.

(a).

−8 −7 −6 −5 −4 −3 −2
−12

−11

−10

−9

−8

−7

−6

(b).

−6.6 −6.4 −6.2 −6 −5.8 −5.6 −5.4
−12

−11.5

−11

−10.5

Figure 5.1: The linear regression analysis of (u−uh) in the L∞ norm in log-log scale
by using the conforming, linear, immersed interface finite element space. (a). the
mesh is varying according to N = 20 + 20k, k = 0, 1, . . . , 24, the slope (convergence
order) is 1.9095; (b). N = 300 + 20k, k = 0, 1, . . . , 10, the slope is 2.0222.
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Chapter 6

Conclusions

We have developed a class of immersed-interface finite-element methods for solv-

ing elliptic and elasticity system interface problems with homogeneous and non-

homogeneous jump conditions. The major contributions of this thesis are the fol-

lowing:

(a) We have developed conforming, piecewise quadratic, immerse-interface

finite-element basis functions for irregular nodes that satisfy the homoge-

neous jump conditions for the elliptic interface problems;

(b) We have derived the immersed-interface finite -element method for the

elliptic interface problems in which the non-homogeneous jump conditions

are removed by using the level-set representation of the interface;

(c) We have constructed conforming, piecewise linear, immerse-interface finite-

element basis functions for irregular nodes that satisfy the homogeneous

jump conditions for the elasticity interface problems;

(d) We have presented a way to solve the elasticity interface problems with

non-homogeneous jump conditions;
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(e) We have several techniques of numerical implementation for the resulting

finite-element equations.

Our methods have several advantages. For instance, the resultant linear system

of equations is symmetric positive definite. Moreover, they can be coupled with the

level-set method for fast simulations of interface dynamics. Our basic error anal-

ysis and numerical tests demonstrate that such methods have optimal convergence

properties.
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