Abstract

GONG, YAN. Immersed-Interface Finite-Element Methods for Elliptic and Elasticity
Interface Problems. (Under the direction of Dr. Zhilin Li.)

The purpose of the research has been to develop a class of new finite-element
methods, called immersed-interface finite-element methods, to solve elliptic and elas-
ticity interface problems with homogeneous and non-homogeneous jump conditions.
Simple non-body-fitted meshes are used. Single functions that satisfy the same non-
homogeneous jump conditions are constructed using a level-set representation of the
interface. With such functions, the discontinuities across the interface in the solution
and flux are removed; and equivalent elliptic and elasticity interface problems with
homogeneous jump conditions are formulated. Special finite-element basis functions
are constructed for nodal points near the interface to satisfy the homogeneous jump
conditions. FError analysis and numerical tests are presented to demonstrate that
such methods have an optimal convergence rate. These methods are designed as an
efficient component of the finite-element level-set methodology for fast simulation of
interface dynamics that does not require re-meshing. Such simulation has been a pow-
erful numerical approach in understanding material properties, biological processes,

and many other important phenomena in science and engineering.
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Chapter 1

Introduction

This thesis concerns numerical solutions of elliptic and elasticity interface problems

using finite element methods.

1.1 The Model Problems and Applications

1.1.1 Single Elliptic Interface Problems

The first model problem is a two-dimensional single elliptic interface problem

-V Vu=f inQ, (1.1)
—V-ptVu=f in QF, (1.2)
[u]p = w, (1.3)

oul 14
95 -a (1.9
u=g on OfL. (1.5)



Here, QO C R? is a bounded domain with its boundary 9. Both Q= and QF are
sub-domains of € such that Q- N QT = ) and O~ U QF = Q, where an overline
denotes the closure; see Figure 1.1 for an illustration. For simplicity, we assume that
Q- NIQ = 0. We denote I' = Q— N Q+, and call it the interface separating Q~ and
Q7. We shall assume that I" is smooth enough. We also denote by n the unit vector
normal to T" pointing from Q= to QF, or the unit exterior normal to 99; and by 9/0n

or 0, the corresponding normal derivative.

=
|

Figure 1.1: A diagram of the geometry of an elliptic interface problem.

All the functions 3, f: Q2 - R, w, @ : I' — R, and g : 92 — R are given. As

usual, for any function £ :  — R, we denote the restrictions of £ on Q= and Q* by

§ =¢la- and &7 =¢ox,



respectively; and denote by

Ep(z)= lim £F(y)— lim £ (y),

y—x,ycQt y—x,yeN ™

the jump of £ across the interface I' at x € ', when the unique limiting values on I"
of £ from both sides of T" exist. We assume that 3~ and 7 are smooth and bounded

on Q™ and Q7 respectively,

B(x) > By Vo € Q) (1.6)

for some constant By > 0, f € L*(2), and all w, @, and g are smooth and bounded.

Note that the interface problems refer to a wide range of differential equations
that involve discontinuous or non-smooth input functions (such as conductivities,
densities, diffusions and the singular source terms) in partial differential equations
across the interface between two or more subdomains.

Equations (1.3) and (1.4) are the non-homogeneous interface or jump conditions.
The elliptic interface problems (1.1) — (1.5) with such jump conditions arise in many
areas. For example, in a Burton-Cabrera-Frank type model for epitaxial growth of
thin films, the adatom (adsorbed adom) density that solves diffusion equation on
terraces, and the corresponding flux, can both have jumps across interfaces that
represent atomic steps [5, 8, 9]. Another example is that the reaction potential of
electrostatics of a solvation energy satisfies a non-homogeneous jump condition for

the flux [20].



1.1.2 Elasticity Problems with Interfaces

The second model problem in this thesis is a two-dimensional elasticity problem with

interfaces:

Viot+rF=0 mQ UQ, (1.7)
)y = W (18)
o]y = Q. (19)
u=G_G on 0. (1.10)

We assume that the elastic material occupies a bounded domain 2 C R? with its
boundary 992 .\We define Q= Q" ,.Q .Q- QF Q00 ' 0/0n and 9, in the same way
as in the single elliptic interface problem; see Figure 1.1 for an illustration.

In [7], the u = (uy,us) is called displacement and the stress tensor is o = (0y;), 0
is a 2 x 2 matrix and symmetric 0;; = 0,4, = 1,2 . The vector F' = (f1, f2) is the
body force which is known function. u; is the displacement in the z;-direction , o;; is
the normal stress in the x;-direction, and the o;;,7 # j , are the shear stresses. The
deformation (tensor) £(u) associated with the displacement u also is a 2 x 2 matrix,

where the entries of (u) = (g;;(u)) are given by

gij(u) = 3 (axj + 8951-) , o Lj=12 (1.11)

If we assume that the material is a homogenous isotropic and linearly elastic and



that the displacements are small, the relation between stress tensor and deformation

is given by

Oi5 = )\(V : U) 51']' + 2,&8@‘(’&),

where \ and p are positive constants,

. 8u1 8u2
Viou= (8371 +83:2)’

and

L,
6ij -
0,

The equations (1.7) can be written as
oy
81‘1
0o
8%1

2u1

or as

if i = j,

if i j.

0
+ Ul?) = fi,

81’2

0
+ 022) = fo,

31’2

0 o? o?
oS o u S -
2

2
Oxy

2

8[)31 8x§

0 Pu P
—{(A+2u) =+ (A )5t “2}=fz-

2
Oxs

01105 ox?

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)



Similarly, the jump condition (1.9) can be rewritten as

Oouy,  Ousy Ouy Juy  Ougy ]

22— — 4+ — = 1.1
A<8x1+ax2)n1+ o 1n1+ (8x2+6’x1)n2_r q, (1.19)
I 3u1 3u2 aUQ 8u1 6u2 1
A =— 2 — = 1.2
_ (0931 +ax2)”2+ " om, ””“(a@ +ax1)”1_r @ (1.20)

where @ = (¢q1,92) and n = (n1,mn2) is the unit normal vector to the interface T,

pointing from Q~ to Q. The jump condition (1.8) become
[ul]r‘ = wq, (121)

2] = wa, (1.22)

where W = (wy, ws).

Remark The constants A and p in (1.17) and (1.18) can be expressed as

E \ Ev
2(1+v)’ (141 =2v)

= (1.23)

where A is called Lamé’s first parameter, p is the shear modulus or Lamé’s second pa-
rameter. E is the ratio of a simple tension stress applied to a material to the resulting
strain parallel to the tension, called the modulus of elasticity (Young’s modulus) [34]
and v is the ratio of the transverse contracting strain to the elongation strain when a
rod is stretched by forces which are applied at its ends and which are parallel to the
rod’s axis, called the contraction ratio (Poisson’s ratio) of the elastic material [37].

v is dimensionless and ranges from 0.2 ~ 0.49, and is around 0.3 for most materials.



All the material parameters u, \,v, and E are piecewise constants. The y and v are

given by
pt, in QF,
= (1.24)
pwo, in Q7
vt in QF,
v = (1.25)
v—, in Q7

where all u™, u=,vt, v~ are positive constants.

All the functions f1, fo: Q — R, wq, wo, ¢1, @2 : I' = R, and g1, go : 92 — R are
given, here G = (g1, ¢92) and fy, fo € L*(Q), all wy, ws, q1, ¢2, g1 and go are smooth
and bounded. |

Figure 1.2: A two-phase domain with three precipitates (p = 3).



Elasticity interface problems (1.7)— (1.10) with such jump conditions often occur
in material science. For example, in [22], they simulate the diffusional evolution of
microstructure in stressed solids which caused by the solid state diffusional transfor-
mation.When a sudden lowering of temperature drives the thermodynamically stable
mixture of solids away from equilibrium, the solid state diffusional transformation is
produced. We use a two-phase domain with three precipitates as the example, the
matrix and precipitate phases occupy the two-dimensional plane R?; see Figure [1.2
for an illustration. When the equilibrium is broken, the system intends to rebuild the
balance. There are two distinct phases involved in the diffusional evolution — growth
and equilibration. Growth occurs to satisfy a local mass balance relation at each pre-
cipitate interface. Equilibration produces a dynamic rearrangement of mass in the
system in order to reach a global mass balance and minimize a global energy. The
final result of the diffusional evolution is either it reaches a new equilibrium or it is
stopped by quenching. Understanding this kind of physical process is very important

to improve material stability properties.

1.2 The Essence of Our Methods

1.2.1 Finite Element Methods

In [42], the brief history of Finite Element Analysis is provided. Finite Element
Analysis was first presented in 1943 by Richard Courant (1888 - 1972), who was a
German-American mathematician. Richard Courant utilized the Ritz method of nu-

merical analysis and variational calculus to get approximate solutions to vibration



systems. Shortly thereafter, a paper [41] published in 1956 by M. J. Turner, R. W.
Clough, H. C. Martin, and L. J. Topp established a broader definition of numerical
analysis. In 1964, IBM 7094, Univac 1107, etc., were used for American aircraft FE
programs. The automotive industry began to use FEA in 1970. Since computers were
very expensive and generally owned by the aeronautics, automotive, defense, and nu-
clear industries by the early 70’s, FEA was limited. Present day supercomputers have
incredible computing power and since the cost of computers has declined rapidly, FEA
has been well developed. The benefits of FEA include increased accuracy, enhanced
design and better insight into critical design parameters, virtual prototyping, fewer
hardware prototypes, a faster and less expensive design cycle, increased productivity,
and increased revenue [18].

Finite element analysis (FEA) is a computer simulation technique used by en-
gineers, scientists, and mathematicians. It uses a numerical technique called the
finite element method (FEM). There are two steps: dividing the domain of the so-
lution into a finite number of simple subdomains, called finite elements and using
variational concepts to obtain an approximation of the solution to the differential
equations that describe, or approximately describe a wide variety of physical (and
non-physical) problems over the collection of finite elements [6]. The method can
transfer a complicated domain to a series of smaller regions in which the differen-
tial equations are approximately solved. Elements are connected at specific points,
called nodes. By assembling the set of linear equations for each element, the behavior
over the entire domain is determined and the solution must to be continuous along

common boundaries of adjacent elements. The FEM can be used to deal with many



physical problems: solid, fluid, soil mechanics and electromagnetism or dynamics.

The reasons we choose finite element methods are the following:

o [mmersed Interface Method (IIM) is originally invented by R. J. LeVeque
and Z. Li in [25, 27]. IIM is based on the Finite Difference (FD) and
Cartesian Grids. IIM is well-developed for scalar equations, but FEM
will generally give better conditioned linear systems of equations, see [46].

e Since FEM is based on the weak or variational formulation in the integral
form, it reduces the requirement of the regularity of the solutions.

e The linear system obtained from FEM is better conditioned than from
FD; it is symmetric for self-adjoint system.

e ['D needs partial derivatives of the coefficient function 3(x) for the single
elliptic interface problem.

e There are some difficulties for the theoretical analysis by using FD.

e We believe the research in this thesis also provides necessary preparations

to get higher order accuracy, say fourth order, for the interface problems.

1.2.2 Cartesian Grids

In [45], the definition of the Cartesian grid is given. A Cartesian grid is a special
case where the elements are unit squares or unit cubes, and the vertices are integer
points, see Figure 1.3 for an illustration.

In this thesis, we only focus on two dimensional problems with the interface and
all elements being triangles. We choose Cartesian grids to generate the triangulation

over ). For an example, see Figure 1.4, where 2 = (—1,1) x (—1,1) and the interface

10



Figure 1.3: An example of Cartesian grid in 3-D.

[ is the circle centered at point (0,0) with radius R = 0.5. Yellow triangles are
interface elements that the interface cuts through; white triangles are non-interface
elements.
There are several advantages using Cartesian grids:
e No cost for grid generation
This is potentially significant when we deal with moving interface prob-
lems. In every single time step, since grid points are fixed, we do not need
to generate mesh every time.
e Taking advantages of black box solvers
There are many software packages based on the Cartesian grids. Z. Li,
D. Calhoun, Z. Yang, R. J. LeVeque, A. Almgren and many others have
applied fast Poisson solvers, the Clawpack, multigrid solvers, and level set

methods in their research [4, [32] 24] 10, 47, [11].

11



1,1 (11

{-1,1) (-1

Figure 1.4: Cartesian grid to generate a triangulation over (2.
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1.2.3 The Level Set Representation of Interfaces

The level set method is a numerical technique for tracking interfaces and shapes [44].
In Subsection 1.2.2, we explained the interface problems and fixed Cartesian grids.
The interface I' is a set of curves for 2-D problems or a set of surfaces for 3-D
problems. The level set method simplifies numerical computation without having to
parameterize these objects. Specially, for moving interface cases, for modeling time-
varying objects, it is easy to follow shapes which change topology by the level set
method.

We use the zero level set

['={(z1, 22)|p(21, 22) = 0} (1.26)

of a Lipschitz continuous function, in particular, a good approximation of the signed
distance function, to represent the interface I'. For such a level set function, the
interface can only cut the interface once between two grid lines. The resolution of
the interface I' is determined by the level set function. We note that there are plenty
of discussions in the literature about how to construct the level set function for an
interface T, see, e.g., [35, 38]. If the interface is complicated in reference to a mesh,
then it may not be resolved well by the level set function. Consequently, the finite
element solution obtained from our method may not resolve all fine details of the

solution. A finer mesh is then needed to resolve the geometry and the solution.

13



1.3 A Brief Overview of the Methods for Interface

Problems

Many numerical methods have been developed for interface problems and it is im-

possible to explain them all here. In first part of this section, we list some methods

either because they illustrate the historical development, or because they represent

the current state-of-the-art for solving interface problems. The second part of this

section, we focus on reviewing the immersed finite element methods related to this

thesis.

We now give a list of some previous methods for interface problems without de-

scriptions:

The smoothing method for discontinuous coefficients;
Harmonic averaging for discontinuous coefficients;
The ghost fluid method;

Peskin’s Immersed Boundary (IB) method;
Immersed Interface Methods (IIM);

The finite element method with body fitted grids;
Mortar finite element methods;

The immersed finite element method(IFEM).

We refer the reader to [46] for a short literature review.

The immersed finite element method was first presented by Z. Li, T. Lin and

X. Wu in [30] for solving the elliptic interface problems with homogeneous jump

conditions, i.e., w = 0 and @ = 0 on I" in (1.3) and (1.4). The standard Cartesian

14



grids and uniform triangulations are applied. The interface I" is allowed to cut through
elements. The non-conforming and conforming immersed finite element spaces were
constructed using piecewise linear basis functions which satisfy the jump conditions
across the interface at least approximately. The first order accurate in L°° norm
is achieved using the non-conforming finite element space, second order accurate is
showed numerically using the conforming immersed finite element method.

The immersed finite element methods incorporate the finite-element discretization
into the framework of the immersed-interface method for interface problems; and we
therefore call them immersed-interface finite-element methods in this thesis. The ba-
sic idea of an immersed-interface finite-element method is to incorporate the jump
conditions in constructing basis functions. In a finite-difference immersed-interface
method, the jump conditions are enforced through finite-difference equations on grid
points near the interface. In immersed-interface finite-element methods, the jump
conditions are enforced through the construction of special finite-element basis func-
tions that satisfy the homogeneous interface conditions. Clearly, such basis functions
depend on the interface location and the jump w. Some of the related work can be

found in [12] 19, 46].

1.4 Outline and Major Contributions of the Thesis

Our methods developed in this thesis can deal with the elliptic and elasticity interface
problems with homogeneous or non-homogeneous jump conditions across the inter-

face. It is strongly motivated by the need of a fast and accurate solver of interface

15



problems that is required in each time step in a long-time level-set simulation of in-
terface dynamics without re-meshing. Such simulation has been a powerful numerical
approach in understanding material properties, biological processes, and many other

important phenomena in science and engineering [35] [38].

e Elliptic interface problems with homogeneous jump conditions
If the jump conditions are homogeneous, i.e., w = 0 and @ = 0 on I’
in (1.3) and (1.4), then the problem (I.1)—(1.5) is equivalent to that of

finding u € H*(Q2) with u = g on 99 such that

/ﬁVu-Vvdx:/fvdx Vo € Hy ().
Q Q

In Chapter 2, we develop a finite-element method based on Cartesian
meshes to solve the elliptic interface problem (1.1)—(1.5) with homoge-
neous jump conditions. Such a method has the following distinguished
features:

(a) A fixed finite-element mesh is used that allows the interface to
cut through edges of elements.

(b) Special finite-element basis functions for nodal points near the
interface are constructed to satisfy the homogeneous jump con-
ditions.

(¢) The resulting linear system of discretization is symmetric posi-
tive definite.

(d) Optimal convergence rates, same as those for a body-fitted

finite-element method, are achieved.
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In [30], a conforming IFEM has been developed for homogeneous jump
conditions using piecewise linear basis functions. Those elements in which
the interface cuts through are divided into three pieces according to an
angle condition. This makes the discussion and the algorithm a little bit
complicated. In Chapter 2, we propose piecewise quadratic basis functions
that may be simpler and may have other advantages.

The finite element spaces constructed in Chapter 2/ are conforming ones
that contain piecewise polynomials. The interpolation error is therefore
second order accuracy. If the solution to the elliptic interface problem
is piecewise smooth, or more precisely, u* € CQ(m), which is true for
many applications, then the standard convergence results are true for our
finite element methods. This means that our finite element solution is first
order accurate in the H! norm, and second order accurate in the L? norm.
In Chapter 2, while we only construct some two-dimensional, linear and
quadratic, immersed interface finite elements, our framework described
here can be used for high-order, immersed-interface finite elements and for
more general elliptic interface problems in two and three space dimensions.
Elliptic interface problems with non-homogeneous jump condi-
tions

In Chapter [3 of this thesis, we present a new immersed -interface finite-
element method for the elliptic interface problems with a special treatment

of non-homogeneous jump conditions: w # 0 and @ # 0 on I" in (1.3) and
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(1.4). In Chapter 2, the immersed interface finite element space we de-
fined only approximately satisfy the homogeneous jump conditions, i.e.,
w=0and ¢ =0 on I'. In order to continue to apply the same immersed
interface finite element space, we need to have a way to remove the source
singularities.

The idea is to construct a function with the same non-homogeneous jump
conditions by using a level set function [31]. We transform the interface
problem to a new one with homogeneous jump conditions, then we apply
the immersed interface finite element method. The modifications to the
stiffness matrix and the load vector are only needed in those elements that
the interface cuts through.

Elasticity interface problems with homogeneous jump conditions
In Chapter 4/, we apply the immersed interface finite element methods
for elasticity interface problems with homogeneous jump conditions: W =
(wy,wy) = (0,0) on I' in (1.21) and (1.22), @ = (¢1,¢2) = (0,0) on I" in
(1.19) and (1.20).

In [46], a non-conforming immersed finite element method has been devel-
oped for elasticity interface problems with homogeneous jump conditions.
The convergence rate of this method is first order, but there are no error
estimates and grid refinement analysis for all numerical examples provided
in [46]. In Chapter 4, we construct the non-conforming and conforming
immersed interface finite element spaces and obtain their corresponding

interpolation errors. We also compare the interpolation errors, the global
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errors of the finite element solutions between the non-conforming and con-
forming immersed interface finite element methods. Second order conver-
gence rate is achieved by using the conforming immersed interface finite
element method. The resulting linear system of discretization is still sym-
metric positive definite.

Elasticity interface problems with non-homogeneous jump con-
ditions

In Chapter 5, we consider the elasticity interface problems with non-
homogeneous jump conditions: W = (wy,ws) # (0,0) on I' in (1.21)
and (1.22), @ = (q1,92) # (0,0) on I' in (1.19) and (1.20). To construct
a function with the same non-homogeneous jump conditions is more diffi-
cult than that for a single equation because four equations (1.21), (1.22),
(1.19) and (1.20) are all coupled together.

Again, we extend the jump conditions along the normal directions of the
interface I', then use the immersed-interface finite-element methods dis-
cussed in previous chapters to solve the elasticity interface problems with
non-homogeneous jump conditions without losing the convergence rate.
We also present some numerical examples.

Conclusions

In Chapter 6, we draw conclusions.
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Chapter 2

IIFEM for Elliptic Interface Problems

with Homogeneous Jump Conditions

In this chapter, we develop a finite-element method based on Cartesian meshes to
solve the elliptic interface problem (1.1)—(1.5) with homogeneous jump conditions,
ie, w=0and @ =0onI'in (L.3) and (1.4).

The conforming, piecewise quadratic, immersed interface finite element spaces are
constructed in this chapter. The interpolation is therefore second order accurate. If
the solution to the elliptic interface problem is piecewise smooth, or more precisely,
ut € C? (m), which is true for many applications, then the standard convergence
results are true for our finite element methods. This means that our finite element
solution is first order accurate in the H' norm, and second order accurate in the L?
norm.

Our framework described here can be used for high-order, immersed-interface
finite elements and for more general elliptic interface problems in two and three space

dimensions.
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2.1 The Weak Formulation

By multiplying a test function v € H}(Q) by the self-adjoint equation (1.1) and (1.2)

and integrating both sides, we have

/Q(—V - (Pu))vdr = /va dx. (2.1)

By using the formula of integration by parts (Green’s first identity), we get

/Q(—V - (Pu))vdr = /QﬁVu -Vovdxr — ﬂv% ds, (2.2)

and put (2.2) into (2.1), the weak form of (1.1) and (1.2) is
/ O6Vu-Vodr — Bv— ds = / fudz. (2.3)
0 5
Since f € L*(Q), we can get
/fv dr = fudr + fudz, (2.4)
Q o+ 0-
we split (2.3) into two equations

BVu - Vudr — ﬁv— ds — /B*v*ai ds = fvdx, (2.5)
r

O+ 877/ a + O+

/_ﬁVu.Vvdx— /Fﬁ_v‘gni ds = /_ fvdz, (2.6)
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where nt and n~ are unit normal direction of interface I" pointing inward and outward.

There exits a relation along the interface I' :
—nt=n"=n. (2.7)

By using v € H}(Q) condition to (2.5) and summarizing (2.5) and (2.6)), we get

AﬁVU-Vvdx+ﬁﬁ+v+a$L—;ds—/ﬁ_ _—ds—/fvdm (2.8)

We combine (1.4) and (2.8)) to get the weak form for the interface problem

/ﬁVu-Vvdx = / fvdx —/des Vv € Hy (). (2.9)
Q Q r

In [6], for homogeneous jump conditions, (2.9) becomes

/ BVu - Vodr = / fodr Yo € Hy(Q). (2.10)
Q Q

2.2 The Immersed-Interface Finite-Element Space

Let 75, be a finite-element mesh with mesh size h that covers Q. We assume that the
elements in 7, are all triangles. For simplicity, we shall assume that the boundary
0 consists of line segments so that the mesh covers Q exactly. Standard finite-
element techniques can be applied to treat a curved boundary without affecting our
approximation properties. We remark that in practice the computational domain 2

can often be chosen as a rectangular domain with sides parallel to the coordinate
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axes; and the finite-element mesh can be uniform.

We call an element T' € 7, an interface element, if T Nint T # (). Note that an
element is a non-interface element, if one of its edges is part of the interface. We
assume for any interface element 1" € 7;,, the set ' T consists of exactly two points
that are on different edges of T'.

We define an immersed-interface finite-element space V}, with respect to the mesh
7}, to be a finitely-dimensional subspace of L?(Q2). To be more precise, we specially
define a conforming, immersed-interface finite-element space V}, for the approximation
of a second-order elliptic interface problem to be a subspace of HJ(£2) in this chapter.

V3, consists of all the linear combinations of the corresponding basis functions

¢1,...,¢N for some integer N > 1:

Vh:span{gzﬁl,...,gb]v}. (211)

The basis functions ¢1, ..., ¢y are the usual finite-element basis functions on a non-
interface element, and are piecewise polynomials on each interface element that is
determined by the element and the interface I'. All the basis functions, and hence all
the functions in V}, satisfy the homogeneous jump conditions for both of the function

and flux
Ovn

[vn]p, =0 and {ﬁ o

:| =0 Yoy, € Vh, (212)
IV

where I', denotes the union of line segments approximating the interface I'.

The interpolation function u; and the finite element solution uy are both in Vj,.
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In the mathematical subfield of numerical analysis, interpolation is a method of con-
structing new data points from a discrete set of known data points [43]. In this

chapter, the interpolation function u; is given as

N
Z w(x®) i (x (2.13)

where u(z®) is the exact value of u at the i*" nodal point (/N;) and the finite element

solution u;, can be written as

= Zuzcbz(x)a (2.14)

where u; is the finite element solution at the i** nodal point (N;). uy is the projection
of u onto the conforming, immersed-interface finite-element space V} in term of energy
inner product. The wuy, is best approximation to the exact solution v on V} in the

energy norm.

2.3 Construction of Basis Functions

This section includes three subsections: basis functions for non-interface elements, a
non-conforming immersed interface finite element space and a conforming quadratic

finite element space.
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Figure 2.1: A global basis function ¢; for regular node Nj.

2.3.1 Basis Functions for Non-interface Elements

We now review general conforming, linear finite element basis function [6]. In this
thesis, let Ny, ..., Ny be all the vertices of triangular elements in the mesh 7. we call
a vertex an irreqular vertex or irreqular node, if it is a vertex of an interface element;
and reqular vertex or reqular node, otherwise. For a regular node N;, we define ¢;
to be the general conforming, linear finite element basis function associated with N;
with
1, ifi=j,
i(N;) = (2.15)
0, ifi# 7,
see Figure 2.1 for an illustration. The support of ¢; is the union of the triangles
surrounding the node ;.
In this thesis, we transform all triangles 2: (xgl),a:g)), (:1:52),3:52)), (a:f’), xg?’)) to
master element: (0,0),(1,0),(0,1); see Figure 2.2. There are only three non-zero ba-

sis functions over this master element. The non-zero local basis functions can be
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3.0.1)

Figure 2.2: Linear transformation from triangle {2, to master element.

expressed as

1(§m) =1—=E&—m, (2.16)
P2(€,m) =&, (2.17)
¢3(&,m) = . (2.18)

The relation between (z1,z5) and (£,7) is

v = 2101(€,m) + 27 da(€,m) + 27 03 (€ ), (2.19)
wa = 3 61(E,n) + 2P 9a(€,m) + 25 b3 (€, m), (2.20)
€= 5 (@ — o) - o) = @~ o) a2 — o)) (221)
n= QL {~@ = 2{) (21 — 2tV) + (@ — 2l (2y — 2§}, (2.22)
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where A, is the area of (..

2.3.2 A Non-conforming Immersed Interface Finite Element
Space

We now review some old nonconforming, immersed-interface finite-element basis func-
tions that satisfy the homogeneous jump conditions which was first constructed in
[30]; see also [19]. We briefly review it, since it will be used to construct our new

linear and nearly linear elements.

A(0O,h)

Figure 2.3: A typical interface element ' = AABC. The arc DM E is the part of
the interface I' in T'. It is approximated by the line segment DE. Tt = ANADE,
T- =T —T7", and T, is the region enclosed by the DE and the arc DM E.

Fix an interface element T € 7}, cf. Figure 2.3. As in the common practice, we
approximate the interface in 7', ' NT', by a line segment connecting the intersections
of the interface and the edges of the triangle T". This line segment is DE in Figure 2.3.

The line segment divides T into two parts T+ and T~ : one triangular and the other
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quadrilateral. Note that there is a small region 7). in T,

T.=T-Q"NTt—-Q NnT",

whose area is of order O(h?).

We now consider the typical interface element 7" in which the curve between
points D and E is part of the interface in Figure 2.3 as a reference interface element
T and define local basis function for each vertex of T. The local basis function for
a general interface element in the mesh 7; can be defined through the usual affine

transformation. We denote

T={(z1,22): 0< 21 <h, 0<29<h, w1 +x9 <hj,

and assume that the coordinates at A, B, C', D, and E are

(Ovh)v (070)7 (ha 0)7 (0,935), (h - $2va§)a

respectively; cf. Figure 2.3. In the practice, we take h = 1 in this thesis.
Each of the three local basis functions corresponding to the nodes A, B, or C is

piecewise linear function

¢t (x) = ap+ a1z + as(wg — h) if o = (x1,29) € TT,
o(x) = (2.23)
gbi(l') = b() + b1z + byxs if x = (,Il,l'g) eT.

There are six unknown coefficients a; and b; (i = 0, 1,2). They are determined by the
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conditions (cf. [30]):

1, ifi=y,

¢i(N;) =
0, ifi#j,
¢ (D) = ¢~ (D),
¢ (E) = ¢ (B),
aq§+_ _0¢~
ﬁ+a_n _ﬁ % )

(2.24)

(2.25)

(2.26)

(2.27)

where n is the unit normal direction of the line segment DFE. It is shown in [30] that

this function ¢ exits and is uniquely determined. Note that basis functions defined in

this way can be discontinuous across edges of interface elements; cf. Figure 2.4. So,

this defines a nonconforming finite element.

(a) (b)

-0.15F

—02k

L L L L L L ,
0.5 -0.45 -0.4 -0.35 -0.3 -0.25 -0.2 -0.15

Figure 2.4: (a) A standard domain of six triangles with an interface cutting through.
(b) A global basis function on its support in the non-conforming immersed interface

finite element space. The basis function has small jump across some edges.
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Once the basis functions are defined, the Galerkin finite element method then is
applied to get the finite element solution. This method is called the Non-conforming
immersed interface finite element method. This method is simple, easy to implement,
and has an algebraic system similar to that of the Galerkin finite element method

based on the standard finite element space.

2.3.3 A Conforming Quadratic Finite Element Space

We now construct a conforming, quadratic element. As before, the basis functions
associated with regular nodes are the standard conforming linear finite-element ba-
sis functions. But the basis functions associated with irregular nodes are piecewise
quadratic. All the basis functions are globally continuous. The non-conforming basis
functions are continuous in each element, but may be discontinuous across edges of
interface elements. To maintain continuity of the basis function, one strategy is to
extend the basis functions along the interface to one more element, then average the

values and the tangential derivatives along edges.

Figure 2.5: (a) The support of a local basis function. (b) A diagram for the
construction of a local basis function on AABC.
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Let T'= AABC be an interface element; cf. Figure 2.5/ (b). As before, we assume
that the interface meets edges of this element at D and E. To construct a local basis
function that is globally continuous, we extend the previously defined basis function
at the same node (vertex) to one more triangle along the interface (cf. Figure 2.5 (a)).
We require the local basis functions in two adjacent interface elements, such as AABC
and AAF B, take the same value at the interface point on their common edge, such
as the point D. This will achieve the global continuity of a basis function associated
with an irregular node.

The construction of the piecewise quadratic basis functions includes the following
steps :

P1. Use (2.24), (2.25), (2.260) and (2.27) to construct the three nonconform-
ing linear finite-element basis functions defined on the elements AABC,
AAFB, and AACI, respectively;

P2. Set the value at D as the average of the values at D of the noncon-
forming linear finite-element basis functions defined AABC and AAFB
constructed in P1. Assign the tangential derivative at D along AD to be
the average of the values of the tangential derivatives (along AD) of the
nonconforming linear finite-element basis functions on AABC and AAF B
constructed in P1. Similarly, assign the tangential derivative at D along
DB as the average of the values of the tangential derivatives (along DB)
of the nonconforming finite-element basis functions on AABC and AAF B

constructed in P1;
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P3. Repeat to set the value at E as the average of values at E of the non-
conforming linear finite-element basis functions defined on the elements
AABC and AACT in P1. Also assign the tangential derivatives along AE
and E'C' as the average of those from the nonconforming finite-element ba-
sis functions along the same edge;

P4. Assign the tangential derivatives along BC, DE and BE exactly the
same (no average) as those from the nonconforming finite-element basis
functions on AABC

P5. Set the values of at the points A, B and C' exactly the same as those from
the nonconforming finite-element basis function on AABC

P6. Partition the element AABC' into three sub-triangles AADE, ADBE

and ABCE by the line segment BE and DE; see Figure 2.6.

A

NN - /E /E
— - T \

D B B C

_—

Figure 2.6: A diagram of three triangles on which piecewise continuous quadratic
functions can be determined. The symbol “—" indicates a tangential derivative.

P7. Define the basis function ¢; to be the piecewise quadratic function in the
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three sub-triangles

(
C1 + CoZ1 + C3xo + C4$% + C5I% + CgT1T2 if (131, 172) € AADE,

¢($) = Cr -+ Cgl1 + Coglg + Clol‘% + CH.I'% + C122129 if ((L’l, .Z'Q) S ADBE,

C13 + C141 + C15T2 + CI6I% + 0171'% + C18T1X2 lf (1’1, IL‘Q) - ABCE
(2.28)

\

All 18 unknown coefficients are determined by the values at the points A,
B, C, D, and FE, respectively, and the tangential derivatives from each
side of the triangles; see Figure 2.6 for an illustration.
We now show that a quadratic function on a triangle is uniquely determined by
its values at the three vertices and its tangential derivatives along the three sides at

some particular points.

E(a,a)

450

A(0,0) D

Figure 2.7: A diagram in determining of the quadratic interpolation function.

Lemma 2.1. Referring to the geometry in Figure 2.7, there is a unique quadratic

polynomial

2 2
]}ﬂj(l‘l, xg) = VA + Q191 + Go1T2 + A20T1 + a1171x2 + ap2T4, (229)
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that interpolates the values of va, vp and vg, and three tangential derivatives v'yp,

vyp and v defined at the three vertices A, E and D respectively.

Proof: Using the undetermined coefficient method, we find the unique expression of

the coeflicients

;LUQXD —+ 21)]) — 21),4

apg = )
10 3

h'yp — V20 gh + 2up — 2u4

apy = — = )
h

hv'yp +vp —va

azp = — = )
h2

_ —2havlp — 2avp + 204 + W2y, + 2hup

ailr = —

h2a
Vh? — 2ha + 2020y b + han/2v,p — 2hug
h2a 7
B2y, + 2havp — WPV — Wl pa? — aPup + +atua
o2 = h2a2
N vEh? — vAh? + V2 — 2ha +~2042ng504 + ha*V2u,; — 2ugha
h%a? ’

where h is the distance from A to D, and the coordinates at E is (o, @) . Q.E.D.
By the above lemma, the all local piecewise quadratic basis functions are uniquely
determined using the procedure P1-P7.
Because all the piecewise quadratic basis functions satisfy homogeneous jump

conditions and are continuous and in H!, this finite element space is conforming; see
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Figure 2.8: (a) A global piecewise quadratic basis function on its support in the
conforming immersed interface finite element space. The basis function is continuous.
(b) A contour plot of the basis function in (a).

Figure 2.8. Also, this conforming immersed interface finite element space has the
same dimension as the non-conforming immersed interface finite element space and
the standard linear finite element space defined on the partition 7.

Remark 1. Consider a uniform triangular mesh. For both non-conforming linear
and conforming, quadratic elements, the basis functions ¢; associated with the 7
node (NN;) is non-zero only on the six surrounding triangular elements, if the inter-
face does not cut through any of these triangles. Otherwise, the support of a basis
function includes two more triangular elements along the direction of the interface,
if the interface cuts through any of the surrounding triangle. A corresponding finite-
difference scheme, however, has generally a non-standard nine point stencil.
Remark 2. If the coefficient [ is continuous across the interface, i.e., [f]r = 0,
then both the linear and quadratic basis functions become the standard linear basis

functions.
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2.4 Assembling the Stiffness Matrix and Load Vec-

tor

In this chapter, we define A = {a;;} and F' = {F;} as the global stiffness matriz and
global load vector. A is a N x N matrix, F is a N x 1 vector, here N is the total
number of nodal points . Since the weak form for the single elliptic interface problems
with homogeneous jump conditions is (2.10), the entries of the stiffness matrix and

the load vector can be written as

o = [ V6 Vo do. (2:30)

F;:/Qf@dx. (2.31)

N

Figure 2.9: (a) A non-interface element, 2, = AN;NoN3 . (b) A interface element
(Type 1), Q. = AN1NyN3 . (¢) A interface element (Type 2), Q. = AN; Ny N3 .

Let 2. = AN; Ny N3 be an element, on non-interface elements ; see Figure 2.9/ (a),

where the interface does not cut through, we can use the standard way in computing
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the contribution to the stiffness matrix and the load vector. Since there are only
three non-zero basis functions ¢1, @2, 3 which are associated with Ny, Ny, N3 over
this element €, = AN; Ny N3, the local stiffness matriz A% is a 3 x 3 matrix and the

local load vector F* is a 3 x 1 vector. A% and F** can be written as

er BV o1 -V dr er BV o1 - Vo dr fﬂe BV o1 - Vs dr
A% = [ BVey Vorde [, BV¢ Veudr [, V¢ Vesdr |, (2:32)
Jo BV s -Voide [, BVes-Vesdr [, Vs Vosda

er fordx
Fe = Jo, fd |- (2.33)

er f¢3 dx

If the interface cuts through two edges of the element, we define this kind of
the interface elements as type 1, see Figure 2.9/ (b). Since there are five non-zero
basis functions ¢1, ¢o, @3, ¢4, 5 which are associated with Ny, No, N3, Ny, N5 over this
element 0, = AN; Ny Ns, the local stiffness matriz A% is a 5 x 5 matrix and the local

load vector F is a 5 x 1 vector. A% = {a?f} and F% = {F%} are given by

ag = | BV Vejdr,  i,j=1,2,3,4,5, (2.34)

v
Qe

FQ:/ foide  i=1,2,3,4,5. (2.35)
Qe

We call the interface element as type 2 interface element if the interface cuts
through one edge and one vertex of the element, see Figure 2.9 (c). Since there are

four non-zero basis functions ¢1, ¢9, ¢3, ¢4 which are associated with Ny, No, N3, Ny
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over this element ), = AN; N, Ns, the local stiffness matriz A% is a 4 x 4 matrix and
the local load vector F*% is a 4 x 1 vector. A% = {ag} and F% = {F%} are given
by

Clge — / BV¢Z . V¢] dl', ’L,j = 1, 27 3747 (236)
Qe

F = [ fode  i=1,2,3,4. (2.37)
Qe

2.5 The Numerical Integration

In order to obtain the local stiffness matrix and the load vector, we need the numerical
integration over the master triangle: (0,0), (1,0), (0,1); see Figure 2.2, and [3, 16,
33, 139].

The numerical integration is the process of using a set of approximate values of a
function to calculate its integral to comparable accuracy [36, [40]. The basic problem
we considered in this thesis is to compute an approximate solution to the definite

integral: [ A f(@1, 22) dvidzy. We apply four points Gaussian quadrature:

4
/ f(x1, z2) dz1dxe = Z f(xgi),:véi))wi, (2.38)
A i=1

where w;’s are called weights. All four points a, b, ¢ and d are inner points; see
Figure 2.10/ for an illustration, the values of w;’s and the coordinates of four points:

a, b, c and d are given in Table 2.1.
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(0,0) (1,0)

Figure 2.10: Gaussian points for integration over master triangle.

Table 2.1: Gaussian points (z\”, 2{") and weights w;.

Point | i xgi) xgi) w;
a 1| 1/3 1/3 | -27/96
b 2| 2/15 | 11/15 | 25/96
c 31 2/15 | 2/15 | 25/96
d 41 11/15 | 2/15 | 25/96
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2.6 The Software Package: ITPACK 2C

After we obtain A = {a;;} and F = {F;}, we can solve the linear equation system
AU = F to get the numerical solution of U = {u;} at all nodal points. In this thesis,
we used the ITPACK 2C [23] 48] package to do it.

We have downloaded the ITPACK Software Package from [23]. It was developed
at the Center for Numerical Analysis, the University of Texas at Austin. Below is a

short description of the ITPACK 2C given in [23]:

ITPACK is a collection of seven FORTRAN subroutines for solving large
sparse linear systems by adaptive accelerated iterative algorithms. Basic
iterative procedures, such as the Jacobi method, the Successive Overrelax-
ation method, the Symmetric Successive Overrelaxation method, and the
RS method for the reduced system are combined, where possible, with ac-
celeration procedures such as Chebyshev (Semi-Iteration) and Conjugate
Gradient for rapid convergence. Automatic selection of the acceleration
parameters and the use of accurate stopping criteria are major features
of this software package. While the ITPACK routines can be called with
any linear system containing positive diagonal elements, they are the most
successful in solving systems with symmetric positive definite or mildly

nonsymmetric coefficient matrices.

The stiffness matrix A from our I1FEM is a sparse matrix. When storing sparse
matrices, instead of storing all entries, the idea used by many linear solvers is to only
store the non-zero entries. There exist some different data structures which avoid to

waste the computer memory. In ITPACK, we use three vectors: A(x), IA(x) and
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JA(x) to store them. If the original coefficient matrix of the linear system is a N x N
matrix, then /A is a (N+1) x 1 vector. The size of JA(x) is same as A(x) determined
by the total number of non-zero entries. We search the non-zero values row-wisely,
store them in A(x) one by one, and store their associated column numbers in JA(x).
For the symmetric matrix, we can save even more computer memory by storing only
the nonzero entries in each row on and above the main diagonal. JA(k) is the column
number for the value A(k) for either nonsymmetric or symmetric case. 1A(1) is equal
to 1. TA(7) indicates that the starting locations of i-th row of the original coefficient
matrix of the linear system in A(x). Clearly, the total non-zero entries in i-th row is
given by TA(i + 1) — TA(3).

Next, we give an example to show the storage scheme described above. The

coeflicient matrix

41



would be represented in nonsymmetric sparse storage as

A(x) = (1,11,2,11,3,9,4,12,12,5,6,10,9,7,10,8),
JA’(*) = (173727173777475747576?873777678)T7

IA(x) = (1,3,4,7,9,11,13,15,17)7,

and in symmetric sparse storage as

A(x) = (1,11,2,3,9,4,12,5,6,10,7,8)7,
JA(x) = (1,3,2,3,7,4,5,5,6,8,7,8)",

IA(x) = (1,3,4,6,8,9,11,12,13)".

2.7 Numerical Results

We report one example of numerical calculations using our conforming, quadratic,

immersed-interface finite-element method.
Example 2.1. Elliptic interface problem with homogeneous jump conditions.

This example is from [30]. We consider the problem (1.1)-(L.5) with Q@ = (—1,1) x
(—1,1), T being the circle centered at point (0,0) with radius R = 0.5, and =~ =1

and §* = 100. The source term f(z1,xs) and the Dirichlet boundary data g(z;, z2)
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Table 2.2: A grid refinement analysis for Example 2.1. The first column is the
number of grid lines in x; andxy directions. The second column is the finite-element
solution errors in L*° . The third column is the convergence rate calculated from
(2.39).

m |lu —uplloo | Order
32 | 1.3142 x 107
64 | 4.2148 x 10~ | 1.64
128 | 1.0075 x 10~* | 2.06
256 | 2.7291 x 107> | 1.88
512 | 7.6973 x 107° | 2.03

are calculated from the exact solution u(zq,x2):

— ifr <R,
_) -
ulws,wz) = rs 1 1
— + | — — = | R* otherwise,
A (ﬂ‘ ﬁ*)

where 7 = \/m . The exact solution satisfies the homogeneous jump conditions.

In Table 2.2, we show a grid refinement analysis of our calculations. The first
column Ey = ||u — up|| is the error of the finite-element solution measured in the
L*>-norm. The second column is the estimate of the order of accuracy using the

formula

o 108 1B/ | Banoe) 230
log 2

We see clearly the second order accuracy. Figure 2.11 shows two plots : the finite
element solution u;, with m = 64 and the error (u — uy,) with m = 64.
In Table 2.3, The second to the last columns are the interpolation errors. We see

that the interpolation errors are second order and derivatives are of first order. These
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Figure 2.11: (a) The plot of uy, for Example 2.1/ ( m = 64 ). (b) The plot of (u—wuy)
for Example 2.1 ( m = 64 ).

Table 2.3: A grid refinement analysis of the interpolation errors for Example 2.1.

m |lu —ur]|loo | Order ||g—$1 - g%fHQg(>o Order ||597“2 - g—ZéHQ/m Order
32 | 2.5895 x 107 1.0559 x 1071 1.0427 x 1071

64 | 6.7985 x 107% | 1.93 5.3514 x 1072 0.98 5.3514 x 1072 0.96
128 | 1.7803 x 10~* | 1.93 2.7544 x 1072 0.96 2.7544 x 1072 0.96
256 | 4.5013 x 1075 | 1.99 1.3912 x 1072 0.99 1.3928 x 1072 0.99
512 | 1.1379 x 107> | 1.99 6.9986 x 1073 0.99 6.9986 x 1073 0.99

are optimal.
In Table 2.4, we show the results and comparison of the finite-element solution in
L, L? and H' norms. We see second order convergence in L>°, L? norms, and first

order in H' norm as expected.
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Table 2.4: A grid refinement analysis of the finite-element solution errors in L>, L2,

and H' norms for Example 2.1, where Q' = Q\ >_7T,.

m lu — uplloo | Order | ||u—wupl|z | Order | ||u— up||gr | Order
32 | 1.3142 x 107° 6.4996 x 10~* 5.7773 x 1072

64 | 42148 x 107 | 1.64 | 1.5968 x 10~% | 2.03 | 2.6610 x 1072 | 1.12
128 | 1.0075 x 10=* | 2.06 | 4.0006 x 10=° | 2.00 | 1.3453 x 10=% | 0.99
256 | 2.7291 x 107> | 1.88 [9.8992 x 107° | 2.01 | 6.5930 x 1073 | 1.03
512 | 6.6973 x 107° | 2.03 | 2.4888 x 107° | 1.99 | 3.2891 x 1073 | 1.00
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Chapter 3

IIFEM for Elliptic Interface Problems

with Non-homogeneous Jump Conditions

In this chapter, we present the new immersed-interface finite-element method for
the elliptic interface problems with a special treatment of non-homogeneous jump
conditions: w # 0 and @ # 0 on I' in (1.3) and (1.4).

The idea is to construct a function with the same non-homogeneous jump condi-
tions by using a level set method [31]. We transform the interface problem to a new
one with homogeneous jump conditions, then we apply the conforming, quadratic, im-
mersed interface finite element space constructed in Chapter 2. The modification is
only needed in those elements that the interface cuts through. This method maintains

second order accuracy.
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3.1 The Signed Distance Function

In this section, We first review the level-set representation of the interface I" which is

assumed to be smooth. Let ¢ : 2 — R be a function that satisfies

;

<0 ifxeQ,
e(z)S =0 if v €T, (3.1)
>0 if x e QF.

\

We call such a function ¢ : Q@ — R a level-set function that represents the interface

I'. For p > 0, we denote the p-neighborhood of I' in €2 by
NI, p) ={z € Q:dist (z,T") < p}, (3.2)

where dist (z,I') is the distance from x to I'. We assume that there exists py > 0 such

that N (I, po) C 2, and
¢ is smooth and |[Vp| > 0 in N(T', pg). (3.3)

We note that the unit normal n to I', pointing from Q= to QF, is given by

Vi

n = 2k (3.4)
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The signed distance function

(

— dist (z,T) if x € Q7
p(x) =40 if v €T, (3.5)
+ dist (x,T) if v € QF,

is a typical level-set function that satisfies our assumptions.
We now turn to the description of our treatment of the elliptic interface problem
with non-homogeneous jump conditions. We first need the following lemma, which is

extracted from [14]:

Lemma 3.1. Let p > 0 be small enough. Then, for any x € N(L,p), there exists a
unique x* € I' such that

|z — 2*| = dist (z,T). (3.6)

Moreover,

x —x* —n(z") if x € )7,

[z = o +n(z*)  ifxeQt,

where n(x*) is the unit normal to T' at x*, pointing from Q= to QF.

Proof. Without loss of generality, let us assume that, in a local Cartesian coordinate
system, z = (0,0) is the origin, and the interface nearby is a graph of a smooth

function n = n(s) that is nonzero for any s in a certain range. The distance from the
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origin to any point (s,7(s)) on the interface is then given by /I(s) with
I(s) = 5"+ [n(s)]".

Setting I'(s) = 0, we get 1/(s) = —s/n(s). This implies (3.7), since (—1,7/(s)) is

parallel to the normal at (s,n(s)). Moreover,
I"(s) = 2+ 2[n'(s)]* + 2n(s)n" (s)

is positive, since I(s), and hence 7(s), is small enough. Thus, there exists a unique
s that minimize I(s). This implies the existence and uniqueness of z* that satisfies
(3.6). Q.E.D.

In what follows, we fix p € R as in the above lemma and assume that 0 < p < py,

where py is the same as in (3.3)).

3.2 The Numerical Extensions of Jumps w and ()

In this section, we give details about the numerical extension of the jumps w and

Q). We define w® : 2 — R and Q° : Q2 — R to be the extension of w : I' — R and

Q@ : I' = R, respectively, that satisfy the following:

E1. Both w® and Q¢ are smooth on

E2. w(z) = w(z*) and Q°(x) = Q(z*) for any x € N(I',p), where z* is
defined as in Lemma 3.1;

E3. w(z) = g(x) for any x € 92, and Q°(z) = 0 for any = € Q \ N(I', p).
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To see the existence of w®, we first apply Lemma 3.1 to define a function, say wy, by
wi(z) = w(z*) for all z € N(I',2p) for p > 0 small enough, and w; = 0 elsewhere
in Q. Using the lifting operator [2, [17], there exists a smooth function, say ws, on
Q) such that the restriction of wy on 99 is g. (The smoothness depends on that of
0€.) Now, assume that N(T',2p) and A := N(0Q,¢) = {z € Q : dist (z,09) < €} are
disjoint for some small € > 0. Then by applying mollifiers to w; + y sws, we obtain
the desire w®. The existence of Q¢ is seen similarly. By E2, both w® and Q¢ are
constant along the normal to I' in a small neighborhood of T'.

We use a Gaussian quadrature in each triangle like NANADE, ADEB, and ABEC
in Figure 2.5. Let x be such a Gaussian point which is close to the interface. We
need to extend the jumps w and () to this Gaussian point by the definition of w*
and Q° given in E2 and E3. This is done in two steps. The first step is to find an
approximation of the orthogonal projection z* of x on the interface I', see Lemma 3.1.
The second step is to define the extensions of w and @ at x as w(z*) and Q(z*),

respectively. The orthogonal projection can be approximated by
= 1x+ ap,

where
9p
3x1

9y
8332

The scalar « is determined from the following quadratic equation:

p(a) + (Vop(x) - pa+ 5 (7 He(p(x)) p) o> =0
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where

9o \* 0% dp dp % g \* ¢
TH - == —_— 2
p 6(30)]7 <ax1) 8:(:% T 0x, Ox9 Ox10%9 * 0T 81’% 7

and He(y) is called Hessian matriz given by

32g0 8%
895% 6’x1 8372
He(p) = 5 5

Oxy 011 3

The sign of « is chosen to be opposite to that of ¢(z). If the underlying mesh is
uniform, formulated from a Cartesian grid, then, the partial derivatives Vi (z), the
Hessian matrix He(yp) can be computed at x using the standard centered 5-point
finite difference formula. Using the method above, the computed projections have
third order of accuracy.

Note that in our implementation, we use the orthogonal projections x* € I'. 1t is
also possible to use the orthogonal projections z* € I';. The difference in the finite
element solution using the two different implementations is small since the area of
the mis-matched region Y7, is small. If the level set function is the signed distance
function, or a good approximation of the signed distance function, then the error in
approximating x* would be O(h?), see [31]. We also refer the reader to [13, [15] for
some of the recent discussion on computing orthogonal projections.

In practice, we need only to extend both jumps w and @ to N(I',2h), the 2h

neighborhood of the interface I'.
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3.3 Constructing the Function «

In order to continue to apply the conforming immersed interface finite element space
presented in Chapter 2/to solve the elliptic interface problems with non-homogeneous
jump conditions: w # 0 and @ # 0 on I' in (1.3) and (1.4), we need to have a way
of removing the source singularities. The idea is to construct the function @ with the
same non-homogeneous jump conditions by using a level set method. We transform
the interface problem to a new one with homogeneous jump conditions.

We define 4 : 2 — R by

Q(x) _p(x)
gt (@) V()|

i(x) = vor (@) (we(:z) + ) Vo € Q, (3.8)

where o+ is the characteristic function of QF and can be written as

1, ifz e Qt,
Xo+(x) = (3.9)
0, otherwise.
Note by E3 in Section [3.2 that Q¢(x) = 0 outside N(I', pg) in which ¢ may not be
smooth. Thus, implicitly, the second term in 4 is defined to be 0 outside N(T', py).

The following statement summarizes some useful properties of @ : 2 — R:

Lemma 3.2. Both 4~ and ut are smooth on Q~ and QF, respectively. Moreover,
=g on L), and

r

= |55

Proof. Since 7 is smooth and bounded on Q7 it follows from (1.6), E1 in Section
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3.2, and (3.3) that " is smooth on Q. Obviously, &~ = 0 is smooth on Q™. By E3

in Section 3.2, 4 = g on 2. By (3.1) and E2 in Section 3.2,

Now, fix € I'. It follows from Lemma 3.1 and E2 in Section 3.2/ that 0,w® = 0.
Moreover, ¢(x) = 0 by (3.1). Therefore, for any = € I' , we obtain by E2, (3.8), (3.4),

and the fact that ¢(x) = 0 that

= ﬁJr(q:)—n + 5+(1')% < Q°(z) ) o(z) + Q°(z) dp(z)

B (@)|[Ve()] V()| 9n

The proof is completed. Q.E.D.

3.4 Removing Source Singularities

Since u constructed in Section 3.3/ has the same non-homogeneous jump conditions w

and ) as unknown function u, we obtain
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Theorem 3.1. There exists a unique ¢ € HY(Q) such that

/ﬁVq~Vvd:c:/fvda:—/des— BTVa-Vedr Vv e Hy(Q). (3.10)
Q Q r o+

This is equivalent to

/ﬁVq -Vodr = / fvdx +/ (V-ptVa)vde Vv e Hy(Q). (3.11)
Q Q o+

Moreover, u = q+ 1 solves the problem (1.1)—~(1.5). In particular, g € H}(Q) satisfies

the homogeneous jump conditions

— 0. (3.12)

=0 and W—’L—

an
Proof. Note that the line integral in (3.10) defines a continuous, linear functional on
H}(Q). The existence and uniqueness of ¢ € H} () that satisfies (3.10) follows there-
fore from the Lax-Milgram Theorem. By integration by parts, (3.8), and Lemma 3.2,
we imply that (3.10) and (3.11) are equivalent.

Choosing v € H} () with suppv C Q~ and suppv C QF, respectively, applying
the regularity theory of elliptic problems, we obtain from (3.10) that u = ¢+ satisfies
(1.1) and (1.2). The jump condition (1.3) follows from Lemma 3.2l Now, integrating

by parts, we obtain by (1.1), (1.2), (3.8), and (3.10) that

/F ({B%L —Q) vds =0 Vve Hj().

This leads to (1.4). Clearly, the function u = ¢ + @ satisfies (1.5).
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Finally, since ¢ = u — 4, we have
lq]lr = [ullr = [@]|r =w —w =0

from (1.3), (1.4) and Lemma 3.2. We also have

Oa| _|g0u] _ 159 _p_o—
{ﬁ%}r_{ﬁa”]r {ﬁanlr_Q ©=0

Q.E.D.

3.5 Modifying the Load Vector

On non-interface elements where the interface does not cut through, we can use the
standard way in computing the contribution to the stiffness matrix and the load
vector. On interface elements where the interface cuts through, we need to modify
the load vector (the right-hand side); but the computation for the stiffness matrix
remains to be the same as in the case of homogeneous jump conditions.

The function ¢ = u — u constructed in Section 3.4 satisfies the homogeneous jump
condition (3.12), we can use the conforming immersed interface finite element method
to solve it and the resulting linear system is AU? = F9. Since the weak form of ¢ is
(3.11), the entries of the stiffness matrix A = {a;;} and the load vector F? = {F/}

can be written as

o = [ V6 Vo do. (3.13)
9 _ . . ATNTD) b
F _/qublda:jL/m(V 3+Va) ¢, d. (3.14)
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Let U = {u;} and U? = {¢;} are the finite element solution of u and ¢ at the i*" nodal
point N;, i = 1,...,N and U = {1;} is the exact value of the function @ at the 4

nodal point N;, 2 =1,..., N, then we have U = U9 + U, therefore we have
AU = AU+ U) = AU + AU = F1 4+ AU = F (3.15)

where F' is the load vector of w.
To be more precise, let us focus on the quadratic, conforming element (cf. Sub-
section 2.3.3) and combine (3.13), (3.14) and (3.15) , we can write the finite-element

equation in terms of u, = q;, + u:

/ﬁVuh-Vvhdl':/fvhd:E+/ ﬁVﬁ-Vuhd:H—/ H(p)V-(BVa) v, dx Yo, € V.
Q Q Q Q

(3.16)
where H(-) is the Heaviside function, defined as
(
0 if p(x) <0,
L.
H(p) = 5 ife(@) =0, (3.17)
& if p(z) > 0,
and u is given by
i = w(a) + L) o) Va € Q. (3.18)

gt (x) [Ve()]
Note that @ is a smooth function in a neighborhood of I' and that @ = yo+u and its

corresponding flux have non-homogeneous jumps across the interface. Clearly, the
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left-hand side is exactly the same as in the case of the homogeneous jump condition.
The entries of the stiffness matrix are (3.13) or (2.30). Only the right-hand side of
the system of equation needs to be modified for certain triangles near the interface.
At a non-interface triangle that is entirely in 7, the last two terms of integration
over the triangle are zero, since H(p(z)) = 0 and 4 = 0. The situation is a little more
complicated for triangles in Q. If all the non-zero basis functions over a triangle in
Q" have no support from interface triangles, then the last two terms in (3.16) are
canceled out. To see this, let T} be such a triangle, and ¢; be such a basis function

with €2; being its support. We have

BVia Ve dr + | H(p)V-(8Vi) g dr =

9 Q
= BV -Vopde+ | V- (BVa) ¢ da
9 o
. ou -
= /ﬁVu-V¢ldx+/ —gblds—/ﬁVu-chSldx:O,
Ql an 8” Ql

since & = 1 and ¢; = 0 along 0€;. In other words, the total contribution of the line
integral along the boundary of each triangle summed up to be zero. The right hand

side of the load vector can be summarized as the following,

( / foidx if Q%(p)NT =10,
Q;
F={ [ redes [ BV (690 0da (3.19)
Q; Qs

+ Z ﬂ(xj)/ BV ¢; - Vo, dx otherwise,
j &

where 2%(¢;) is the non-zero support region of ¢;.
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Take Figure 2.3l as an example. There are two ways to evaluate the integral. One
way is to use
. ou .
H(p)V - (6VaQ) ¢ dx = 80— ¢;ids — Vi - V¢, dx (3.20)
T; on AADE

ONADE

The line integral is evaluated using a Gaussian quadrature formula or some other
numerical quadrature.

The second approach is to evaluate the double integral directly over the triangle
using a quadrature formula, say, the four-point formula [21]. The coefficient [ is
approximated by a constant in the triangle. In order to evaluate the values of the
integrand at a given point z, we first find a square (z;, ;1) X (y;,y;+1) that contains
the point z. The Laplacian at the vertices (z;11, y;+1) is computed using the standard
three-point central finite difference formula. Finally, the Laplacian at the point x is

interpolated using the bi-linear interpolation, see [29].

3.6 Numerical Results

Example 3.1. A complicated interface and non-homogeneous jump conditions.

We consider the problem (1.1)-(1.5) with Q@ = (—1,1) x (—1,1) and the interface

I' being the zero level set of the function

o(z1,9) = /22 + 22 — 0.1sin(50 — 7/5) — 0.5,

where tanf = x1/xy and 0 < 6 < 27; see Figure 3.1l for the geometry. The function
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20 40 60 80 100 120 140 160 180 200

Figure 3.1: The domain and the interface for Example 3.1.

[ is defined by

2+2i+1 if (z, 1) € Q7
ﬁ(flfl,fEQ) =

b otherwise,

where b > 0 is a parameter. The function f is defined by

—4 (223 +223+1)  if (z1,20) €Q7,
f(xlan) -

28in x1 oS o otherwise.

Both g and f have nonzero jumps across the interface I'. The exact solution is

x] + 23, if(zy,20) € Q7
U([L‘l,fﬁg) = 1

3 (sin T1 co8 Ty + log \/a? + x%) otherwise.

Notice that both the solution u and the normal flux £0,,u have nonzero jumps across

the interface I.
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We remark that the solution behavior depends on the magnitude of the parameter
b. If bis large, then the solution is close to a piecewise quadratic function. If b is small,
then the jumps of the solution and its normal flux across the interface are very large.
Numerically, this gives rise to difficulties to achieve optimal convergence properties
[1, 28]. We test our method for various b and analyze the computed results.

In Table 3.1, we show a grid refinement analysis for b = 100. We see clearly the
second-order accuracy in L> and L? norms, and first-order accuracy in H' norm.
Table 3.1: A grid refinement analysis for Example 3.1l with b = 100, where p; are the

approximated convergence order and the norms that involve the partial derivatives.
Second-order accuracy in L norm is observed.

N | v —=unlloo/l[ulloc | v | llu—wunllz | p2 | |lu—unllmn | ps
32 1.1995 x 1071 1.6705 x 1072 3.9175 x 1071
64 2.4397 x 1072 [ 2.30 | 1.8542 x 1072 | 3.17 | 1.9551 x 10~ ! | 1.00
128 | 5.3913 x 102 | 2.18 | 3.2668 x 10~* | 2.51 | 9.8144 x 1072 | 0.99
256 | 1.1218 x 1072 | 2.27 | 5.1452 x 107° | 2.66 | 4.9894 x 1072 | 0.94
512 [ 2.7480 x 107* [ 2.03 | 9.4668 x 107 | 2.44 | 2.5310 x 1072 | 0.98

Where b gets smaller, the jumps in the solution and flux get larger. For interface
problems, the errors obtained from non-body fitted meshes usually do not decrease
monotonically as we refine the mesh; see for example [26]. For small b, it is thus more
realistic to find the asymptotic convergence rate as the slope of the line fitting of the
experimental data (log(h;),log(E;)).

In Figure 3.2, we show the linear regression analysis for b = 1 and b = 0.1 for
the computed finite element solution. For these two cases, the convergence orders are
2.8122; and 2.4061. As the mesh gets finer, the linear regression analysis done ( by

deleting the results from coarse meshes) are getting closer to number two indicating
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a second-order accuracy. In Figure 3.3, we also show the linear regression analysis in
L? and H' norm. The convergence orders are 1.9906; and 0.9135 respectively.
Figure 3.4/ shows the result for b = 0.01 that is quite small, and hence there
is large ratio in the coefficient from both sides of the interface. The convergence
order from the sample meshes ranging from 40 to 500 with 10 increment is 1.8875,
see Figure 3.4/ (a). But as the mesh gets finer, the linear regression analysis done
by cutting the results from coarse meshes are getting closer to number two again
indicating a second-order accuracy. Figure 3.4 (b) shows the convergence order to be

1.9811,
@ (b).

-5

-10+ 1 -10F

—11t

. . . . . . 1 . . . . .
-9 -8 -7 -6 -5 -4 -3 -2 -1 E] -7 -6 -5 -4 -3 -2

Figure 3.2: The linear regression analysis in the L*> norm in log-log scale with the
mesh varying according to N = 40 + 20k, k = 0,1,...,23. (a). b = 1, the slope
(convergence order) is 2.8122; (b). b = 0.1, the slope is 2.4061.
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-8 -7 -6 -5 -4 -3 -2 -1 -6.5 -6 -5.5 -5 -4.5 -4 -35

Figure 3.3: The linear regression analysis in the L? norm (a), and in H* norm (b),
in log-log scale with the mesh varying according to N = 40 + 20k, k = 0,1,...,23,
b = 1. The slope (convergence order) is 1.9906 and 0.9135, respectively.

75

-85

L L L L L L L L L L L
7 -6.5 -6 -5.5 -5 -4.5 -4 -35 -3 -6.5 -6 -55 -5 -45

Figure 3.4: The linear regression analysis in the L* norm in log-log scale for
b = 0.01. (a). N = 40+ 20k, £ = 0,1,...,23, the slope (convergence order) is
1.8875; (b). N =40+ 20k, k = 1,15,...,23, the slope is 1.9811.
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Chapter 4

IIFEM for Elasticity Interface Problems

with Homogeneous Jump Conditions

In this chapter, we apply the immersed interface finite element methods for elasticity
interface problems with homogeneous jump conditions: W = (wy,wy) = (0,0) on I'
in (1.21) and (1.22), @ = (¢1,92) = (0,0) on I' in (1.19) and (1.20).

In [46], a non-conforming immersed finite element method has been developed for
elasticity interface problems with homogeneous jump conditions. The convergence
rate of this method is first order, but there are no error estimates and grid refinement
analysis for all numerical examples provided in [46].

In this chapter, we construct the non-conforming and conforming immersed in-
terface finite element spaces and obtain their corresponding interpolation errors. We
also compare the interpolation errors and the errors of the finite element solutions
using the non-conforming and conforming immersed interface finite element methods

and carefully complete the grid refinement analysis for all of them. Second order
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of the convergence rate is achieved by using the conforming immersed interface fi-
nite element method. The resulting linear system of discretization is still symmetric

positive definite.

4.1 The Weak Formulation
In [7], the weak formulation of the elasticity problem (1.7)—(1.10) is given as:
a(u,v) = L(v) Yo € {H;(Q))?, (4.1)

where v = (v, v9) and

CL(U,U):/Q{)\V'UV'U"’Q#Zgij(u)gij(v)} dz, (4.2)

1,j=1

L(v) = /Q (fiv1 + fave) dax. (4.3)

We continue the derivation and put (1.11) and (1.13) into (4.2), we have

_ 8u1 (9’&2 81}1 aUZ
a(u,v) = /Q{)\ (8;51 + 8;1:2) (83&1 * 81’2)

8U1 81)1 8u2 81}2 8’&1 8u2 81)1 81)2
2
* K (8.771 axl + 8:{;2 81'2) + a (a.fll'g + 81'1) (8952 + 31‘1)} dw,

(3u 81} au av
a<“’”):/g{(A”ma—mia—xiﬂHz“)a_mza_;

N ouy Ovy N Ouy Ovy N A@ul Ovy N A@uQ oy N Ouq Ovy N Ouy 01}1} i,

“c‘m 0xs M@xl 0x, 0xy 0xs 09 011 M@xg 01, M@xl 0xs
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4.2 Construction of the Basis Functions

This section includes three subsections: basis functions for non-interface elements,
a non-conforming immersed interface finite element space, and a conforming linear

finite element space.

4.2.1 Basis Functions for Non-interface Elements

Since u = (uy,us) is a vector function, we need to construct approximation of each
component of u. For a typical regular element (2. such as that shown in Figure 2.2

the set of basis functions given in [6] is

le 0 ¢2 0 9253 0
¢ = : (4.4)
0 ¢ 0 & 0 ¢3
where ¢1, ¢ and ¢3 are defined in (2.16), (2.17), (2.18) and are no different from

those we used in the single elliptic problems.

The interpolation function on a no-interface element €2, can be expressed as

N G 0 ¢ 0 5 0 ul?

uj 0 ¢ 0 ¢ 0 ¢ us)
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where ugl), uf) and u§3) are values of the function u; on three vertices of (2., ugl), ug)

and u§3) are values of the function uy on three vertices of 2.
In equation (4.5), it clearly shows that the interpolation function u! is obtained
from the exact values of u;, the interpolation function u} is obtained from the exact

values of us.

4.2.2 A Non-conforming Immersed Interface Finite Element
Space

In this section, we briefly review the non-conforming, immersed interface finite ele-
ment space for the elasticity interface problems which was first developed in [46] for
the following considerations:

e We will apply it for some numerical examples and complete error estimates
and the grid refinement analysis;

e We will use it to construct a new conforming, linear, immersed interface
finite element space for the elasticity interface problems with the homo-
geneous jump conditions.

In the matrix (4.4), there are only six non-zero basis functions. Let ' = AABC' €

7Ty, be an interface element; cf. Figure 4.1. We assume that the interface meets edges

of this element at D and FE. The set of basis functions looks like

b - P1 P2 93 P1 Ps5 e | (4.6)

U1 e U3 Yy s s
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where ¢;, ¥; , i = 1,2,...,6, are all non-zero piecewise linear functions. As before,
the basis functions associated with regular nodes are the standard conforming linear

finite element basis functions; see (4.4).

Figure 4.1: A typical interface element 7' = AABC. The arc DM E is the part of
the interface I' in T'. It is approximated by the line segment DE. Tt = NADE,
T =T —T7", and T, is the region enclosed by the DE and the arc DM E.

The interpolation function on an interface element €2, such as T'= AABC' can be

expressed as

I ui ¢1 P2 93 P4 5 Pe uy
uj Y1 Y2 s Ya Y5 e ug
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The interpolation function u! is not obtained just from the exact values of u; at

three vertices of T' = AABC, it is also determined from the exact values of us at

three vertices of T = AABC. Similarly, u} can be found by v, u2', u?, uf, u¢ and

Next problem is how to determine the following twelve piecewise linear functions

¢; and 1; :

cfz}l) + Cfl):cl + 05;531)932, if v = (21,20) € T,

) (4.8)
4 1 -
4+t D, it () €T
cf;slﬁ + C((b?z)ifl + cg;)fﬂz, if v = (z1,20) € T,

. (4.9)
4 5 6 i -
C<(1>2) + C;Q)xl + C<(i>2)$27 if v = (Z’l,xZ) €T ’
c§>13) + 65;523):161 + Cg;,)@, if v = (21, 25) € TT,

o ) (4.10)
Y+t D, it () €T
) e s, i = (a0 € T,

Pa(x) = o
céfff + cg(zsi):m + cg?%, if o= (21,22) €T7,

68



¢5()

P6()

P1(z)

Ya(z)

Y3(z)

Ya(z)

02)15) + cé?:cl + C((;;)fljg,

cg? + cé‘?xl + cgbi)mg,

c((;e) + c((;)xl + c((;?a:g,

cg? + c((;;):cl + C((z)i)fljg,

Cl(pll) + cgl)xl + cffl):vg,

cgz) + cffl)xl + cffl)xg,

cf/)l; + cffz)xl + 055’2)932,

ngi) + CSQ)xl + cfo):vg,

Cl(bls) + 01(53)x1 + Cfis)xz’

cl(/i) + cffg)xl + Cgis)l‘g,

05;4) + cgffxl + Cfi)mz,

cf;i) + 0554)%1 + cffsz,
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ifz = (l’l,.ﬁlfg) € T'—i_7

ifz = (I’l,l’g) € T_,

if v = (21,29) €TT,

if z = (l’l,.ﬁlfg) € T'_7

if v = (z1,29) € TT,

if v = (21,29) €T,

if x = ($1,1’2) S T+,

if v = (v1,29) €T,

if v = (z1,29) € TT,

if x = ($1,1’2) eTl,

if v = (z1,29) € TT,

if v = (v1,29) €T,

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)



cgzi,) + 01(55)901 + 6555)1’2, if o = (z1,22) € T,

Vs(z) = (4.18)

CEZ? + C$5)x1 + 0555)1'2, if o= (21,22) €T,

CSG) + 0556)331 + 01(56)332, if v = (z1,29) €T,

() = (4.19)

cf;? + 07(56)1'1 + cffﬁ)xz, if = (21,22) €T

For convenience, we use (¢1, ;)7 as an example to introduce the way to construct

the basis functions. Let all coefficients of ¢, and v, form a vector x. and

_ (0 (2 @) @ (6) (6) (1) (2) (3 (4 (5) (6T
Le = (c¢1 1 €10 Cor o Co1 v Copy o Copro Cupy s Copy o Cypyo Cypy s Cypy 5 Gy ) ) (420)

where (x)? indicates the transpose of a matriz, which found by exchanging rows
for columns. There are twelve unknown coefficients, they are solved by 12 linear
equations. The wuq, us at three vertices of AABC, see Figure 4.1 for an illustration,

are given and we assume the coordinates at A, B, C', D and E are

(@1,23),  (o7,23), (af,25),  (af,27), (a7, %),
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therefore we have

(1)

(2),.A

(3) A A

Coy FCo a1ty Ty = up, (4.21)

T R R (4.22)

55) + cé)l)xl + cg) )xQB = ub, (4.23)

Ep) + cfpl)xl + cg?xQ = u?, (4.24)

c((;l) + cff)mlc + c((zi)argc = uf, (4.25)

cf/i) + cff)xlc + cffl)xzc = Uy (4.26)

By the homogeneous jump condition W = (wq,wy) = (0,0) on I' in (1.21)) and (1.22),

we have

(1) (2)

D (3)..D
Coy + Coy T1 + Cpy Lo

(1) + cé ):cl + cf)xf

1 2 3
cfpl) + cfbl)xf) + cfm)a:?

1 2 3

Last two equations are from

[ 8u1 6u2 0
e 2
_)\ (8:1:1 * 83:2) et Fow

[ 8%1 6“2 8
_)\ (8_131+813 >n2+2,ua

4 5 6
- C<(Z51) + szﬁl)x? + Cfﬁl)xg’

4 5 6
- C<(Z51) + Cfﬁl)xf + Cfbl)mg’

4 5 6
- C’E//'l) + Cfm)gﬁf) + cfm)a:?,

4 5 6
= cfpl) + cfbl)xf + cfpl)xf.

U ou ou 1
1n1+u( 1+—2)nz =0,
1

Jdry  Ox Ir
2 8u1 8u2 1
) =0
2n2+u<8x2+8x1)n1_r ’
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(4.27)
(4.28)
(4.29)

(4.30)

(4.31)

(4.32)



we have

AT +2ut)m cfﬂ—i—u N cgb)—l—,u N c¢ )2ty cff’)

(6) (6)

(A‘—i—?u‘)nlcgi)%—/ub_ngc + n2cw NI 1Cy s

AT ngy cfz))—i-,u n Cfb)+/“b n c + (AT +2ut) ny cl(m)

AT ngcé)—k,u nlc((ﬁ)—l—u n cfp + (A7 +2u” )ngcffl),

where

AT it = (2y,29) € TT,

A ifar = (2,20) €T,

pt it x=(x,29) €TT,

no if x = (271,1'2) eT,

and n is the unit normal direction of the line segment DF.

We can rewrite the linear equation system as
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Let 67 = AT +2ut and - = A\~ +2u~, A, is a 12 x 12 matrix:

1z 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 a 0 0 0

0 0 0 1 o 20 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 P ¥
0 0 0 1 r¢ ¥ 0 0 0 0 0 0
0 O 0 0 0 0 0 0 0 1 z¢ x§
1 2P 2P -1 —aP —zP 0 0 0 0 0 0

0 0 0 0 0 0 1 2P A B —xb
1 aF ¥ -1 —a2F —z¥ 0 0 0 0 0 0

0 0 0 0 0 0 1 ¥ 2 -1 —2F b
0 0 ny pung 0 —0ny —pung 0 pwng Atng 0 —png —A"my

0 Ang pungy 0 —Amny —pung 0 pung 0 ng 0 —png —60n2

The right hand side b, is a 12 x 1 vector and

be = (v, uy, uf ul ub uS,0,0,0,0,0,0)7. (4.36)

In order to get all the coefficients of the basis function ¢, and v, we set

be = (0,0,1,0,0,0,0,0,0,0,0,0)",
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then

Le

1) (2 B @ ((B5) (6) (1) (2) (3) (4 (5 [(6\T
<C¢1 ’ C¢1 ’ C¢1 ’ C¢1 ’ C¢1 ’ C¢1 ’ C¢1 ) C¢1 ’ C¢1 ) C¢1 ’ C¢1 ’ C¢1 )

A-'b, = A21(0,0,1,0,0,0,0,0,0,0,0,0)7,

where (x)7! indicates the inverse of a matriz.

Similarly, we can determine all the coefficients from (4.8) to (4.19):

Te

Le

Le

1) (2 B @ ((B5) (6) (1) (2) (3) (4 (5 [(6\T
<C¢2 1 €9 Cpo 0 Cpo s Cor Copy 0 Capy » Copy ) Capy 3 Capy 9 Cpy 9 Gy )

AZ'b, = A2%(0,0,0,1,0,0,0,0,0,0,0,0)7,

1 (2 B @ () (6) (1) (2 B3) 4 (5) [(6\T
(C¢3 1 €50 Coh3 0 Copz » Copz 1 Cgr Cupgr Cop 3 Cupg  Capg» Capy > Cpg )

A-'b, = A1(0,0,0,0,1,0,0,0,0,0,0,0)",

1 (2 B @ ((B) (6) (1) (2) (3) (4 (5 [(6\T
<C¢4 ’ C¢4 ’ C¢4 ) C¢4 ’ C¢4 ’ C¢4 ) C¢4 ’ C¢4 ’ C¢4 ) C¢4 ’ C¢4 ’ C¢4 )

A-'b, = A1(0,0,0,0,0,1,0,0,0,0,0,0)",

C

1 (2 ) @ () (6) (1) (20 ) (4 (5) .(6)\T
(CosCon s Con s Con s Con Conr Cun > Ciog 2 Ciiy» Cug » Cpn > Cpy )

= A7'b. = A;%(1,0,0,0,0,0,0,0,0,0,0,0)7,
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((1) 2 3 @ 6) (6 1) (2 (3) (@) (5 (6))T

Le €61 Cos 0 Coe » Coe 1 Cos ) Cobo » Cobg  Cu » Cuis » Copg » Cups 2 Cu

A'b, = A1(0,1,0,0,0,0,0,0,0,0,0,0)".

Note that the basis functions defined in this way can be discontinuous across edges
of interface elements, so when we use it to get the finite element solutions, the method

is a non-conforming immersed interface finite element method.

4.2.3 A Conforming Linear Finite Element Space

In this section, we construct a conforming, linear finite element space, the basis
functions associated with irregular nodes are still piecewise linear, but all the basis
functions are globally continuous.

In order to maintain continuity, as in Subsection 2.3.3, we need to extend the
previously defined basis function (4.6) at the same node (vertex) to one more triangle
along the interface (cf. Figure 2.5 (b)). We require the local basis functions in two
adjacent interface elements, such as AABC and AAF B, take the same value at the
interface point on their common edge, such as the point D. This will achieve the
global continuity of a basis function associated with an irregular node.

For an interface element T' = AABC' € 7T;, see Figure 2.5, the set of basis functions

becomes

b - P1 Q2 3 Qs 5 Ps Pr P P9 Pro | (4.37)

Y P2 Y3 s s he Y s e o
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The interpolation function on an interface element €2, such as T'= AABC' is

, ul? P11 P2 3 da P5 P b1 Ps P9 dio uf
ubf Y1 e s s s v Yr Y Yo Yro g

(4.38)
where u! = (ul?,ul?) indicates the interpolation function in order to avoid the con-
fusion with (uf,ud) which is the value at the vertex I in (4.38) (cf. Figure 2.5/ (b)).

We construct a local basis function ¢; and ¢; , 7 =1,2,...,10 , by assigning their
values at the vertices A, B, C, F, and I, respectively. This construction consists of
the following five steps:

P1. Use the values at the nodes A, B, C, F', and I to construct the three sets of
nonconforming finite-element basis functions defined as in Subsection 4.2.2
on the elements AABC, AAF B, and AACI, respectively;

P2. Set the value at D as the average of the values at D of the noncon-

forming, piecewise linear, basis functions defined on AABC and AAFB

constructed in P1;
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P3. Similarly, set the value at F as the average of values at E of the noncon-

P4.

P5.

P6.

forming, piecewise linear, basis functions defined on the elements AABC

and AACT constructed in P1;

Set the values of at the points A, B and C' exactly the same as those from

the nonconforming finite-element basis function on AABC"

1
¢°(B) =

0

0
¢°(C) =

0

0
¢°(A) =

0

000O0O0O0@ O

0

0

0

1

00 00O

00 00O
000O0O0

000O0O0

0010000

Partition the element AABC' into three sub-triangles by an auxiliary line,

say line segment BE, or DC. We choose the auxiliary line in such a way

that at least one of angles (or complimentary angle if the angle is more

than 7/4) is bigger than or equal to m/2, see [30] for more explanations;

Define the basis functions ¢; and ¥;, ¢ = 1,2,...,10, to be the piecewise

linear function in the three sub-triangles

(
c((z)li) + 0(2)

(4) (5)

¢z(33) = Co, + Cp; T1 + Cop

(7) (8)

¢ix1+c

L Co —i—c@_ﬂvrkc(;5

¢ T2

7

if v = (v1,29) € AADE,
zy if 2 = (21,20) € ADBE,  (4.39)

xo if x = (21,29) € ABCE,



D+ Py 4 Dy i 0 (a1,22) € AADP,

Yi(z) = cgf) + cfﬁ)x + C,Ef)xg if v = (x1,29) € ADBE, (4.40)

D 4 s+ Py it = (11,22) € ABCE.
or
(1) (2)

Co, T Cp. T +c§))x2 if v = (x1,29) € AADE,

di(w) = ¢ )+ Day+ ay if = (21,2) € AEDC,  (441)

\ (7) + cé)x + c((b)xg if v = (z1,29) € ADBC,

p
61([)11) + C’Eli)xl + CEZ)Q;Q lf xr = (l’l’x2) c AADE,

VYi(r) = cfz) + cfz)xl + cfz)xg if v = (x1,29) € AEDC, (4.42)

. C’E/Z) + CEZ)QL'l + CI(Z'):L‘Q if r = (:L‘l’xz) c ADBC

All unknown coefficients cé) and c , 1=1,2,...,10, 7 =1,2,...,9 are

determined by the values at the points A, B,C, D and FE.

4.3 Assembling the Stiffness Matrix and Load Vec-
tor

In this section, we keep using A = {a;;} and F = {F;} as notations of the global
stiffness matrix and the global load vector. Since u = (uy,us) is a two dimensional

vector function, A is a 2N x 2N matrix, F is a 2N x 1 vector, here N is the total
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number of nodal points.

We define an immersed-interface finite-element space V}, with respect to the mesh
7}, to be a finitely-dimensional subspace of { L?(2)}?. To be more precise, we specially
define a conforming, linear immersed-interface finite-element space V}, for the approxi-
mation of a elasticity interface problem to be a subspace of { H}(Q)}2. Vj, consists of all
the linear combinations of the corresponding basis functions (¢1,11)7, . .., (¢on, Yan )T

for some integer N > 1:

Vi, = span ” ey = . (4.43)

(0 han

The interpolation function u! = (ul,ul) on the domain € is

ui(z) = Z{Ul ) io1(x) + up(2W) doi() } (4.44)

up(x) = Z{ul N g (@) + ua(2) ¢hoi(2) } (4.45)

where u; (2?) and uy(z?) are the exact values of uy, uy at the " node (N;). The

finite element solution u" = (u?, u}) is given by

ul(a i {1 Gaic1(2) + ) 6uil) } (4:46)

-
Il
—

ub(z) = i{uﬁ” Yoio1 () + ud) oy (z )}, (4.47)

where ugi) and ugi) are the finite element solutions of u;, uy at the i node (NV;).
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We put the testing function v = (vy,ve)?T = (¢, )T, i = 1,...,2N, and (4.46),
(4.47) into the weak form (4.2) and (4.3), we have all entries of the stiffness matrix

and the load vector for the elasticity problems:

_ 0¢; 0¢i I; Oy 0p; 0, 0P O
al] N /Q {()\ + QIU) 81’1 (’3x1 + ()\ + 2IU) 81’2 81132 + M@wQ (9(132 + M@xl 891:1

9¢; 0v;  OY; 0¢; 0 OY; Ot O
)\81’1 8:1]2 + )\81’2 axl + Ha.ﬁlfg 8371 + uaﬂfl 83:2 dx’

= /Q<f1¢i+f2¢i) dz.

For a type 1 interface element Q. = AN; Ny N3, see Figure 2.9 (b) for an illustra-
tion, the local stiffness matrix A% is a 10 x 10 matrix and symmetric, the local load

vector F'% is a 10 x 1 vector. They can be expressed as

0¢; 0; O O 09; O Oy O
e _ 20 —2 ) J J J
" /Q {(/\ +21) Oxq Oxq o Ox9 Oy + 0x9 019 + M@xl Ox1
I; O dg; O O; 09

g O,
A—2 A
8x1 8.7}2 + 81’2 81’1 + ’uaxg 6.731 + 'ué?xl 81’2

}dx, i,j=1,...,10,

PO = / (Fii+ for) dz, i,j=1,...,10.
Qe

For a type 2 interface element 2, = AN; Ny N3, see Figure 2.9 (¢) for an illustra-

tion, the local stiffness matrix A% is an 8 x 8 matrix and symmetric, the local load

80



vector F'% is an 8 x 1 vector. They can be expressed as

O; Oy n u3¢j dP; N I; Oy

09; 09;
e _ 9, L 9
OJZ] /Qe {(A * /L) 81’1 81’1 * (>\ + /L) (9902 8x2 8@ 8@ M(‘?ml 61;1
00, 0¢i | 0% aqﬁi}daz, ij=1,....8

d9; O, Oy O
Aé’xl 8@ + )\8132 (91:1 + M@xg 8901 + M&xl 81’2

= [ (hoit fu) dn, ij=1s
Qe

For a non-interface elements Q. = AN; Ny N3, see Figure 2.9 (a), where the inter-
face does not cut through, the local stiffness matrix A% is a 6 x 6 matrix and the
local load vector F% is a 6 x 1 vector. There are only six non-zero basis functions in
(4.4) and ¢, ¢2, @3 are defined in (2.16), (2.17) and (2.18). The expressions of A%

and F¢ are different from above:

8p; Dby O; b, o
Qe 2 J J =1.2
“2i-12j-1 / ) {(“ “>ax1 0, T H a0, [ T BI= L2,

0¢; 0¢; 09 0¢; -
Qe _ J J _
Agi—1,25 = /Qe {Aﬁxg o7y + Naxl Oy dr, i,j=1,2,3,

06,00, | 00, 06, N
Q. _ j j _
(ojj—1 = /Qe {)\awl 975 +'u8x2 o, dz, 1, =123,

00,06 06, 00, y
Qe __ J J _
a2i,2j - /{;8 {()\ + 2”) @xQ 31’2 + M@Il 8x1 d.T, ,] = ]-7 2737
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ngil = /Q flqﬁidx} 7’7.7: 172737

Fye = fa0i dz, i,7=1,2,3.
Qe

4.4 Numerical Results

In this section, we give one example of numerical calculations using our non-conforming

and conforming, linear, immersed-interface finite-element method.
Example 4.1. Elasticity interface problem with homogeneous jump conditions.

We consider the problem (1.7)—(1.10) with 2 = (—1,1)x(—1, 1), I" being the circle
centered at point (0,0) with radius R = 0.5, and A\~ = = = 1 and \™ = put = 100.
The body force term F' = (fi, f2) and the Dirichlet boundary condition G = (g1, g2)

are calculated from the exact solution u = (uy, us):

( 2 2 :
(x] + z3) if r <R,
uy (21, x3) = ug(x1, 12) =

(55% + x%) 1 2 :
L ) 1 — — h
| 100 + 100 R* otherwise,

where r = /x? 4+ x3. The exact solution satisfies the homogeneous jump conditions.
In Figure 4.2, we show a grid refinement analysis for the interpolation error ||u —
u!|| by using the non-conforming, linear, immersed interface finite element space

constructed in Subsection 4.2.2, here v = (uy,us) and u! = (ul,ul). We see clearly
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the second order accuracy in Figure 4.2/ (b) when the mesh is fine enough. The
convergence order is 2.0691 with the mesh varying according to N = 120 + 20k,

k=0,1,...,19.

(a). (b).

-5 T T T T T T -6

6.5

-10f+ * *
*
-10f % *

-10.51

11 L L L L L L —11 L L L L L L L L L
-7 -6 -5 -4 -3 -2 -8 -75 -7 -6.5 -6 -55 -5 -4.5 -4 -35 -3

Figure 4.2: The linear regression analysis of (u—u!) in the L> norm in log-log scale
by using the non-conforming, linear, immersed interface finite element space. (a). the
mesh is varying according to N = 20 + 20k, k = 0,1,...,24, the slope (convergence
order) is 1.4616; (b). N = 120 + 20k, k£ =0,1,...,19, the slope is 2.0691.

In Figure 4.3, we show the results of the errors of the finite element solution (u—u")
by using the non-conforming, linear, immersed interface finite element method in L*°
norm, here u”" = (uf,u}). Since the finite element space is non-conforming, we only
have the first order accuracy. The convergence order is 0.9205 with the mesh varying
according to N =20 + 20k, k =0,1,...,24.

We now apply the conforming, linear, immersed interface finite element space
obtained in Subsection 14.2.3| to solve the same example above. The interpolation

errors are showed in Figure 4.4. We see that the interpolation errors are second order

and the convergence order is 2.1479 with the mesh varying according to N = 120420k,
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55

75 L L L L L L
-6.5 -6 -55 -5 -4.5 -4 -35 -3 -25

Figure 4.3: The linear regression analysis of (u—u") in the L> norm in log-log scale
by using the non-conforming, linear, immersed interface finite element space. The
mesh is varying according to N = 20 + 20k, k = 0,1,...,24, the slope (convergence
order) is 0.9205.
kE=0,1,...,19.

We compare the interpolation errors using the non-conforming and conforming,
linear, immersed interface finite element spaces, see Figure/4.2 (a) versus Figure'4.4 (a)
and Figure 4.2 (b) versus Figure 4.4 (b), the comparison shows that the convergence
orders using the conforming linear finite element space are higher than using the
non-conforming linear finite element space.

We provide some interpolation errors obtained by using the non-conforming and
conforming, linear, immersed interface finite element spaces in Table 4.1, the interpo-
lation errors using the conforming linear finite element space are smaller than using
the non-conforming linear finite element space.

In Figure/4.5, we show the results of the errors of the finite element solution (u—u")

by using the conforming, linear, immersed interface finite element method in L
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10}

—11}F

-12

—10}

—11f

L L
-8 -7

. . . .
-6 -5 -4 -3

-12

L L
-2 -1

L
-3

Figure 4.4: The linear regression analysis of (v —u!) in the L> norm in log-log scale
by using the conforming, linear, immersed interface finite element space. (a). the

mesh is varying according to N = 20 4+ 20k, £k =0,1,..
order) is 1.7192; (b). N =120 + 20k, £ =0,1,..

Table 4.1: The interpolation errors in L* for Example [4.1.

Mesh | Non-conforming space | Conforming space
400 6.6574 x 107° 3.3281 x 107°
420 3.2381 x 1079 1.6581 x 107
440 2.2896 x 107° 1.1380 x 107
460 3.3878 x 107° 1.7915 x 107°
480 4.3826 x 107 2.1976 x 10~°
500 2.4131 x 107° 1.2075 x 107
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norm. Since the finite element space is conforming, we have the second order accuracy.

The convergence order is 1.9443 with the mesh varying according to N = 120 + 20k,

k=0,1,...,19.

(a). (b).
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Figure 4.5: The linear regression analysis of (u—u") in the L> norm in log-log scale
by using the conforming, linear, immersed interface finite element space. (a). the
mesh is varying according to N = 20 + 20k, k = 0,1,...,24, the slope (convergence
order) is 1.8706; (b). N =120+ 20k, k =0,1,...,19, the slope is 1.9443.
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Chapter 5

IIFEM for Elasticity Interface Problems

with Non-homogeneous Jump Conditions

In this chapter, we consider the elasticity interface problems with non-homogeneous
jump conditions: W = (wy, ws) # (0,0) on T"in (1.21) and (1.22), @ = (q1, ¢2) # (0,0)
on I' in (1.19) and (1.20). To construct a function with the same non-homogeneous
Jump conditions is more difficult than that for a single equation because four equations
(1.21), (1.22), (1.19) and (1.20) are all coupled together.

Again, we extend the jump conditions along the normal directions of the interface
I', then use the immersed-interface finite-element methods discussed in previous chap-
ters to solve the elasticity interface problems with non-homogeneous jump conditions

without losing the convergence rate. We also present some numerical examples.
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5.1 Constructing the Function u

In this section, we will use the same technique and notations as in Section [3.1, such
as the signed distance function ¢(z), the unit normal n and the p-neighborhood of
[in Q N(T, p), respectively, given in (3.5), (3.4) and (3.2). The Lemma 3.1 is also
applicable here.

The functions @ = (q1, ¢2) in (1.19), (1.20) and W = (wy, wy) in (L.21), (1.22) are
only defined on I'. We need to extend wy : I' = R, wy : ' = R, ¢; : I' — R and
@ —=Rtowf: Q—=R wi: Q2 —R, ¢f:Q— Rand ¢ : Q — R, respectively,
that satisfy the following:

El. w$, ws, ¢ and ¢§ are smooth on Q;
E2. wi(z) = wi(a"), wi(z) = wa(2”), ¢f(x) = q(2") and ¢5(x) = ga(2”) for
any x € N(I', p), where z* is defined as in Lemma 3.1}
E3. wf(x) = ¢1(x), ws(x) = ga(x) for any x € 9Q, and ¢§(x) = 0, ¢5(x) = 0
for any x € Q\ N(T, p).
The existence of w{, w§, ¢f and ¢§ are given in Section 3.2, so are the extension
functions in detail.

We use the same idea in Section 3.3 to remove the source singularities in order to
solve the elasticity interface problems with non-homogeneous jump conditions using
the conforming, linear, immersed interface finite element space, but the way to con-
struct the function @ = (u;, 4z) with the same non-homogeneous jump conditions for
the elasticity interface problems is more complicated than that for the single elliptic

interface problems in Section 3.3.
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We first define @ = (4, tg) by

S i) 4 o) P .
uyp = 1( )+’]1( )|V§0($)| v er
(e o g P .

where J7 : Q@ — R, J5 : 2 — R are the extensions of J; : I' = R, Jy: I' = R.

(5.1)

(5.2)

Note that J; : I' = R, Jo : I' = R, J§ : Q@ — R and J5 : 2 — R are unknown

functions and will be solved in this section. They satisfy the following:

A1. J¢ and J§ are smooth on Q, J; and J, are smooth on T

A2. J(z) = Ji(z*) and JS(x) = Jo(z*) for any x € N(I',p), where z* is
defined as in Lemma 3.1}

A3. Ji(x) =0, J5(x) =0 for any x € Q\ N(T', p).

We also define @ = (u,U2) by adding the characteristic function yq+:

iy = Xo+(z)ia(z)  VreQ,

Uy = xo+(z)ua(x) Vo € Q.

We expect & = (1, Us) has the following useful properties:

B1. 4, 4y, 45 and 4, are smooth on Q= and QF, respectively;

B2. 41 = ¢; and 1y = g9 on 0);

B3. @ = (U4, 49) has same non-homogeneous jump conditions across the inter-

face I as u = (uy, ug):

[ ] = wy, (5.5)
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[da] = wo, (5.6)
8@1 8U2 8A 8%1 8@2
A — 2 — = :
|: <8$1+81’2)n1+ ,ua lnl—f—/ﬁ(@xQ—i‘@xl)nz}r q1, (57)
oty Oy Ols Oty | Oty
A =— 22— = . 5.8
|: <8x1 +8Q32)n2+ lua 2n2+u(8$2 8$1>n1:|1“ & ( )
We now solve the functions J; and J, by the following steps:

S1. Find the partial derivatives of 4y and @,. Note that ¢(z) = 0 on the

interface I', we have

8Jf(gp)_8Jf(<p>_8J§(g0) 8Je(<p) 0
o1 \ |Vl dxy \ |Vl dxy \ |Vl Vol ’

then

Ouy ows 0

Oy |1 T on +J18x1 (]Vip(:ﬁ)])’ (59)
Bl = P (o) 10
onl. = 5o () G
o, = 5o+ s (ng) (5.12)

S2. Obtain the following equtions after we put (5.3), (5.4), (5.7) and (5.8)
together:

)\+ (% + %)

Oor1 0z Ovy  Oxy

U ot ot
Qua| 4y, <_1 N _2>
r

= {1,
r
(5.13)
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o
+ 2u+n2 -2 = q2;
8:62

N (8u1 N auQ)
r
(5.14)

Oz Oxy

Juy Oy
+ B T
+ e (81'2 + 81'1)

r r

S3. Set equations for .J;, J, after we combine (5.9), (5.10), (5.11), (5.12),

(5.13) and (5.14) together and rearrange some items:

aly i+ alydy = b (5.15)
a‘271J1+a52J2 = bQJ, (516)
where
& [ o) 0 ([ (=)
J o AT 92,1 _ o ——
= AT+ 2 )y - (|Vg0(x)|) ey (|vso(x)| ’
0 o(x 0 p(z)
J o AN — Ty —
@12 ”laxg <|Vg0(x)|) T Oxy <|V80($)|
0 o(x) ) 0 p(z)
o = ot ( + Aty — ;
21 # YOy V()| 20 [Vo(z)|
0 o(x) 0 p(z)
Y +n—( )+)\++2+n—( ;
= a "oz, \|[Ve()| ( i) 202y \ V()]
and
o Ows Owg Ows
J o _ — (0ot Lyt —ut —u*
by @1 — (AT +2p7)ny oz, ATy P Pl L
ows owe ows ows
J o+ + 2+ 1+ _ 7t 2
by = ¢— (A" +2u >n2(’) ) ATy 9, g B2 g R
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S4. Let A7 to be a 2 x 2 matrix and b7, 7 to be 2 x 1 vectors, we have

al, a’ J b/
A= = =] L
azjl agz Jo bél

then (5.15) and (5.16) can be written as

Alx? =7,

Ji and Jy can be solved by 27 = (A7)~1v”.
Since E1 and the equation (3.3), all entries of A7 and b/ are smooth, so J; and
Jy are also smooth on I'. The existence of Jy, J§ which satisfy A1, A2 and A3 is
given in Section 3.2, like ¢f and ¢5.
By E1, A1 and (3.3), from (5.1) and (5.2), it is easy to see @; and Uy are smooth
functions. Moreover, 4] and 43 are smooth on QF, obviously, 4; = 0 and 4; = 0
are smooth on 7. Since E3 and A3, 4; = ¢; and 4y = g2 on 092. By (3.1) , E2 and

A2

The conditions (5.7) and (5.8) are hold by the procedures S1-S4. In this section, we

construct @ = (uy, Ug) that has all expected properties: B1, B2 and B3.
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5.2 Removing Source Singularities and Modifying

the Load Vector

The elasticity interface problems that we are dealing with in this chapter have non-
homogeneous jump conditions. We still use the conforming finite element space we
discussed in subsection 4.2.3/to solve u by letting v = u* +1, solving v’ and modifying
the load vector of u” to get the finite element solution of w.

Since u and @ have the same jump conditions across the interface I'":

where & is the stress tensor associated with 4, so uff = u — @ has the homogeneous

jump conditions:

("], = [l — [a], = W — W =0, (5.18)

[UHH}F: [on]p —[on]p =Q - Q =0, (5.19)
where o is the stress tensor associated with u. The PDE

V.o + F7 =0 (5.20)
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can be written as

82UH 82UH 82UH
—{<A+2u) g T 1}=f1H,
1

0*ul! o*u O*ul
o T o Lo

where the body force F# = (fI, f1) associated with uf are given by

= hee {0 2GR+ 0

0?1 9% 9%t
ff_f2+{(>\+2u)a;22+()\+u) el + uQ}.
2

The weak form of the interface problem (5.21)), (5.22)), (5.18)) and (5.19) is

outl dv
H _ g% YP1
Oull Ovy N A@ug oy Oull Ovy Outl Ovy } i

8:61 81'2 8x2 8371 Nal'g 81'1 'u(?xl 8x2
= L(v) :/ (flv1 + f3lve) dx v € {H; (Q)}2.
Q

A

5.21
8x18x2 H 8x% ( )
.22
0x101 T 0x? (5-22)
0% 0%y 0%ty
.2
O0x10x, ta 3 } ’ (5.23)
.24
011014 K oz? (5:24)
Oul Ov, outt ov, Oull dv,
+ fu
81‘2 8I2 61‘2 8$2 61‘1 8$1

By applying the conforming, linear, immersed interface finite element method, the

resulting linear system of u? is AU = FHL where FHL indicates the load vector

associated with u to avoid the confusion with the body force F'¥ associated with
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uf. The entries of A and FHr are

0¢; O OV; Oy 0¢; 0d;  Oth; Oy
R — 2 -7 9 J J J
a” /Q {()\ + N) (9951 81’1 * (>\ + /L) a$2 8x2 + 'ual’g 8x2 + Na]?l 69&1
09; O OY; 0  Op; O OY; O,
+ A@xl 8x2 +)\8I2 0901 +M8[E2 81’1 +'u8£(]1 81’2 d ’

. / (F0 + [10,) de.

We define U, U and U to be 2N x 1 vectors:

U= (Ugl),ugl),Uf),u§2), . ,ugi),ug)’ o ,ugN),uéN))T7
U= (ﬁgl),ﬁg),ﬁ?),ﬁg), o ,?lgi),ﬁ,g)’ . ,ﬁgN),’LALéN))T7

U™ = ((uf)®, (ug)W, (@), ()@, (uf) D, (@)D, (), (ugh) )

where (u{”, u$?),((u®)®, (ul)®) are the finite element solutions of u and u? at ith

node (N;), i = 1,..., N and (a&“,aé’”) are the exact values of the function @ at 4"

node (N;),1=1,...,N. By U = UH + U, we have

AU = AU +U) = AU? + AU = FHr £ AU = F.

For the elliptic interface problems with non-homogeneous jump conditions, we
discussed in Section 3.5, the computation for the stiffness matrix remains to be the
same as in the case of homogeneous jump conditions and the load vector needs to

be modified for certain triangle near interface. Similarly, for the elasticity interface
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problems with non-homogeneous jump conditions, we only need to adjust some entries

of the load vector F based on F- and A keeps same. The right hand side of the

load vector can be summarized as the following,

/ (fis + foly) dx if Q°(¢i, ) NT =10,
Q
/ (froi + fory) dx
? 9%y D2 2
+/Q{(A+2M)a—ﬁ+(>\+u)axlax2 +

0
9,
0?1y 0?1,y 0?1y
+/Q {(/\+2”)8—:r§ + (>‘+”)axlax2 + 1 22 }wida:

2N
+ E a;;U; otherwise,
\ Jj=1

(5.25)

where Q°(¢;, ;) is the non-zero support region of ¢; and ;.

5.3 Numerical Results

Example 5.1. FElasticity interface problem with non-homogeneous jump conditions.

We consider the problem (1.7)—(1.10) with Q = (—1,1) x (=1, 1), I being the circle

centered at point (0,0) with radius R = 0.5, and A~ = ¢~ = 1 and A* = p™ = 100.

The exact solution u = (uy, us):

r? if r <R,
1., )
b {r* +log(r)} otherwise,

r? if r <R,

1
-y {T'2 + sin(xq) COS(%)} otherwise,
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where r = /2?2 + 22 and b = mazx {(\*/A\7), (u*/u~)}. The exact solutions have
non-homogeneous jump conditions.

In Figure 5.1, we show the results of the errors of the finite element solution
(u — u") by using the conforming, linear, immersed interface finite element method
in L*° norm. The convergence order from the sample meshes ranging from 20 to 500
with 20 increment is 1.9095, see Figure 5.1/ (a). When cutting the results from coarse
meshes, the convergence order increases to 2.0222, see Figure 5.1/ (b). It shows clearly

that the method has second order accuracy.

(a). (b).

-6 T T T T T -10.5

£
£
£
£
#
£

-12 L L L L L -12 L L L L L L L
-8 -7 -6 -5 -4 -3 -2 -6.6 -6.4 -6.2 -6 -5.8 -5.6 -5.4

Figure 5.1: The linear regression analysis of (u—u") in the L> norm in log-log scale
by using the conforming, linear, immersed interface finite element space. (a). the
mesh is varying according to N = 20 + 20k, k = 0,1,...,24, the slope (convergence
order) is 1.9095; (b). N =300 + 20k, k£ =0,1,...,10, the slope is 2.0222.
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Chapter 6

Conclusions

We have developed a class of immersed-interface finite-element methods for solv-
ing elliptic and elasticity system interface problems with homogeneous and non-
homogeneous jump conditions. The major contributions of this thesis are the fol-
lowing:

(a) We have developed conforming, piecewise quadratic, immerse-interface
finite-element basis functions for irregular nodes that satisfy the homoge-
neous jump conditions for the elliptic interface problems;

(b) We have derived the immersed-interface finite -element method for the
elliptic interface problems in which the non-homogeneous jump conditions
are removed by using the level-set representation of the interface;

(c) We have constructed conforming, piecewise linear, immerse-interface finite-
element basis functions for irregular nodes that satisfy the homogeneous
jump conditions for the elasticity interface problems;

(d) We have presented a way to solve the elasticity interface problems with

non-homogeneous jump conditions;
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(e) We have several techniques of numerical implementation for the resulting
finite-element equations.

Our methods have several advantages. For instance, the resultant linear system
of equations is symmetric positive definite. Moreover, they can be coupled with the
level-set method for fast simulations of interface dynamics. Our basic error anal-
ysis and numerical tests demonstrate that such methods have optimal convergence

properties.
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