Abstract

LU, KAIFENG. Estimation of Regression Coefficients in the Competing Risks Model with
Missing Cause of Failure. (Under the direction of Dr. Anastasios A. Tsiatis.)

In many clinical studies, researchers are interested in the effects of a set of prognostic
factors on the hazard of death from a specific disease even though patients may die from
other competing causes. Often the time to relapse is right-censored for some individuals
due to incomplete follow-up. In some circumstances, it may also be the case that patients
are known to die but the cause of death is unavailable. When cause of failure is missing,
excluding the missing observations from the analysis or treating them as censored may yield
biased estimates and erroneous inferences. Under the assumption that cause of failure is
missing at random, we propose three approaches to estimate the regression coefficients.
The imputation approach is straightforward to implement and allows for the inclusion of
auxiliary covariates, which are not of inherent interest for modeling the cause-specific haz-
ard of interest but may be related to the missing data mechanism. The partial likelihood
approach we propose is semiparametric efficient and allows for more general relationships
between the two cause-specific hazards and more general missingness mechanism than the
partial likelihood approach used by others. The inverse probability weighting approach is
doubly robust and highly efficient and also allows for the incorporation of auxiliary covari-
ates. Using martingale theory and semiparametric theory for missing data problems, the
asymptotic properties of these estimators are developed and the semiparametric efficiency
of relevant estimators is proved. Simulation studies are carried out to assess the perfor-
mance of these estimators in finite samples. The approaches are also illustrated using the
data from a clinical trial in elderly women with stage II breast cancer. The inverse proba-
bility weighted doubly robust semiparametric estimator is recommended for its simplicity,

flexibility, robustness and high efficiency.

KEY worDs: Cause-specific hazard; Doubly robust; Imputation; Influence function;
Inverse probability weighting; Locally efficient; Missing at random;

Partial likelihood; Proportional hazards model; Semiparametric model.
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Chapter 1

Multiple Imputation Approach

1.1 Introduction

In many clinical studies where time to failure is of primary interest, patients may fail or die
from one of many causes. For example, in a clinical trial that compares different therapies for
breast cancer, interest may focus on death from breast cancer even though patients may die
from other causes. A routine objective is to assess the effects of a set of prognostic covariates
on the hazard rate of time to failure due to the cause of interest. In many studies, the cause
of death information may be censored due to incomplete follow-up. In some circumstances,
it may also be the case that patients are known to die but the cause of death is unavailable,
e.g., whether death is attributable to the cause of interest or other causes may require
documentation with information that is not collected or lost or cause may be difficult for
investigators to determine for some patients (Andersen, Goetghebeur, and Ryan, 1996). If
there were no missing cause of failure, the standard proportional hazards model can be used
to model the cause-specific hazard of interest and the regression coeflicients can be estimated
using maximum partial likelihood estimators (Cox, 1972, 1975). However, when cause of
failure is missing, excluding the missing observations from the analysis or treating them as
censored may yield biased estimates and erroneous inferences. With missing cause of failure,
Goetghebeur and Ryan (1995) proposed an approach by making assumptions directly on
the relationship between the cause-specific hazard of interest and that of competing causes;
these are assumed proportional, although this may be relaxed.

In this article, we use parametric models to model the probability that a missing cause
is that of interest while allowing the inclusion of additional auxiliary covariates and we use
multiple imputation procedures (e.g., Rubin, 1987, 1996; Wang and Robins, 1998) to impute
missing cause of failure. On the basis of each of several imputed data sets, maximum partial
likelihood estimators are computed and combined. In Section 1.2, we describe notation and

the assumption of missing at random. In Section 1.3, we outline the imputation procedure.



In Section 1.4, we state asymptotic properties of imputation estimators with proofs sketched
out in the Appendix. In Section 1.5, we provide simulation results to show the relevance
of the theory in finite samples. In Section 1.6, we illustrate the results using data from a

clinical trial in stage II breast cancer. In Section 1.7, we give a brief discussion.

1.2 Notation and Assumptions

In this article, we will consider the situation where individuals may fail or die from one of
two specific causes, one of which is of interest. The cause of interest will be referred to
as cause 2 and all other causes of death will be combined and referred to as cause 1. If
there was no censoring, the cause of death data could be summarized as (T*, A*), where T*
denotes the time to death and A* denotes the cause of death, taking on values one or two.
A set of covariates X is also defined with the primary goal of modeling the cause-specific
hazard for the cause of interest to these covariates, namely
A%mgzg%hﬁpugzw<t+mA*:mThqu:my

A popular model for this relationship is the proportional hazards model, which assumes
that

T

N (tz) = M) e, (1.1)

where (3 is the g-dimensional vector of regression coefficients and A(t) is the unspecified
baseline hazard for the cause of interest. For example, X may represent the indicator
variable for treatment assignment and other baseline characteristics.

Because of incomplete follow-up, cause of death data are often censored by a variable
C, in which case the data we observe can be summarized by the variables 7' = min(7™*, C)
and A, which equals A* if T* < C and equals zero if T* > C, i.e., T is the time to failure
or censoring and A is the failure-censoring indicator taking on values zero, one, or two.
To avoid nonidentifiability problems, we assume that C is conditionally independent of
(T*, A*) given X, in which case the observable cause-specific hazards for causes 1 and 2, in

the presence of censoring, defined as
me:y%hAP@§T<t+mA:ﬂT2uX:m)d:LZ

are the same as the cause-specific hazards of interest. In particular, A(t|x) = A*(t|x). With
a sample of data (7;,A;, X;),i = 1,...,n, the parameter [ in the proportional hazards
model can be estimated using the maximum partial likelihood estimator after treating the
values T; observed for individuals whose A; is equal to zero or one as censored times.

If an individual dies and cause of failure information is not collected, classification is

uncertain; hence, we define the missingness indicator R; = 1 if A; is known and R; = 0



otherwise. Assume that, if a subject is censored, this is known, so A; = 0 implies R; = 1
and R; = 0 implies A; = 1 or 2. Unlike previous methods, we may also define auxiliary
covariates A;, which are not of inherent interest for modeling the cause-specific hazard
of interest but may be related to the missingness mechanism. For example, A; may be
some post-treatment variable that may be related to the reason why the cause of death
information was not collected but that would not be included in the model because it may
affect the causal interpretation associated with the parameters for treatment effects. The
observed data are then O; = (R;, T;, A;, X;, A;) if Ry =1 and O; = (R;, T3, X;, A;) if R; = 0,
independent across 1.

The imputation procedure relies on the assumption of missing at random, or the prob-
ability that cause of failure is missing given A;(> 0) and W; = (T}, X;, A;) depends only on

W;, the information always observed on all subjects, and not on the unobserved A;,
P(R; = 0[W;, A; > 0,4;) = P(R; = 0|W;, A; > 0).

This assumption stipulates that R; and A; are independent given {W;, I(A; > 0)}, expressed

equivalently as

= P(AZ = 2|Wi,Ai > 0) (1.2)

The proposed imputation method exploits (1.2) as discussed in the next section.
Ordinarily, if no causes of failure are missing, auxiliary covariates are not used in es-
timating 8. When cause of failure is missing for some subjects, the assumption that it is
missing at random depending only on I(A; > 0) and (73, X;) may be untenable. However, it
may be possible to identify auxiliary covariates such that the missing at random assumption
is plausible if A; is included as above. The proposed approach allows information from such

A; to be exploited to impute missing causes.

1.3 Imputation Procedure

As is customary, to form a completed data set, missing D; = I(A; = 2) values are imputed
from the distribution of D; conditional on the observed data. This distribution is Bernoulli
with success probability P(A; = 2|W;,A; > 0, R; = 0), which, by (1.2), equals P(A; =
2|Wi, Ay > 0) = o(W;), say. We will assume that o(W;) may be specified as a parametric
model in terms of a few unknown parameters v and o(W;) = o(W;, ), where g is the true
value of 7. A natural choice is the logistic regression model, logit o(W;,v) = W, but

we can make the model as flexible as necessary to give a reasonable fit to the true model



of o(W;), induced above, by choosing a suitable parametric model. For example, we might
include higher order polynomials and interaction terms for o(W;, ).

From (1.2), the success probability for the imputation, which equals o(W;, 7o), is identi-
cal to P(A; = 2|W;, A; > 0, R; = 1). This suggests that o(W;, ), and hence the imputation
probability, may be deduced from the completed cases for whom (R; = 1, A; > 0). In par-
ticular, under the parametric model o(W;,7), the maximum likelihood estimator 4 of v may
be obtained by fitting the model to the completed cases only, thus providing an estimate of
P(A; =2|W;,A; > 0,R; =0).

For given v, let D;;(R;,7y) be the imputation of D; from the jth imputed data set. If
cause of failure is known (R; = 1), we take D;;(R;,) to be D;. If cause of failure is missing
(R; = 0), we randomly choose D;;(R;,7) to be one or zero with probabilities o(Wj;,~) and
{1 — o(W;,v)}, respectively.

The joint distribution of (W;, D;) and {W;, D;j(R;,v0)} may be seen to be the same.
When R; = 1, D;j(Ri,v) = D;, and when R; = 0, {W;,I(A; > 0)} arise from the distri-
bution of the observed data and D;;(R;, ) from the conditional distribution of D; given
the observed data, so that D;;(R;,70) is a draw from the joint distribution of the full data.
Therefore, if true parameters and a parametric model for ¢ were known, then a single im-
putation of any missing data is as good as if you could conduct the experiment with no
missingness.

Since 4 is the maximum likelihood estimator for v, then for a correctly specified model
o(W;,7), it is consistent and we can treat it as if it were the true parameter. Because we can
now generate data that are asymptotically as good as the original experiment, we can fit
the proportional hazards model to a completed data set. We can carry out the imputation
procedure multiple times and average the maximum partial likelihood estimators. The
resulting estimator is the multiple imputation estimator we propose. Because each estimate
is consistent, their average is also.

Although Rubin (1987) suggests a method for estimating the variance of the average
of quantities from m imputed data sets, it is not appropriate here; because we generate
imputations from the conditional distribution of missing data given the observed evaluated
at 4, where 4 is held fixed across j, our imputation is not proper in the sense of Rubin (1987).
Results of Wang and Robins (1998) indicate that under these conditions, which they refer
to as type B multiple imputation, Rubin’s variance expression will yield an inconsistent
estimator for the true sampling variance. Consequently, we derive a variance estimator
directly which accounts for all sources of variability, including the variability in 4.

We would like to make a few remarks regarding the probability model o(W;, ). It is
easy to show that o(W;) = P(A; = 2|W;,A; > 0) is related to the ratio of cause-specific



hazards for the two failure types, conditional on (X, A) and with w = (¢, z,a), by

At|z, a) _{ o(w) } (1.3)

A1 (tz, a) 1—o(w)

This implies that the functional relationship of o(W;) to W; is induced from the ratio of

cause-specific hazards. Note that the cause-specific hazards in (1.3) are conditional on both
the covariates of interest X and the auxiliary covariates A and may not necessarily be the
same as the cause-specific hazard of interest given in (1.1), which only conditions on X.
For convenience, we have used a parametric model to model a relationship which is of no
inherent interest to us and one which would be left arbitrary if there were no missing cause
of death information. Therefore, as pointed out by Satten, Datta, and Williamson (1998),
it will be important to examine the robustness of our estimator to misspecification of this
probability model. This issue, although difficult to establish theoretical properties for, will

be considered empirically in Section 5.

1.4 Asymptotic Properties

In establishing the consistency and asymptotic normality of imputation estimators, we
assume that both the proportional hazards model (1.1) and the model for the probability
that a missing cause is that of interest o(W;, ) are correctly specified. The results are listed
below while the proofs are outlined in Appendix A.

Let .
_ B{XeHXI(T > 1)}

t) = .
px(t) E{eﬁgXI(TZt)}
Also denote p(W) as the derivative of o(W,~) with respect to v evaluated at ¢, and

P(R=1,A>0[W)

_ ®2
b= E eV = s — ooy

Proposition 1 Fach single imputation estimator, Bj(j = 1,...,m), is consistent and

nl/Q(Bj —Bo) is asymptotically normal with asymptotic variance equal to VS_IVSIVS_I, where

Vor = Vs+ E[{X — ux(T)}P(A > 0[W) ol (W)L
Elo,(W)P(A > 0[W){X — px(T)}"]
—E[{X — ux(T)}P(R =1,A > 0|W)o! (W)]I]!
Elo,(W)P(R=1,A > 0[W){X — pux(T)}"],

and Vg = [ E[{X — ,u,X(t)}®2650TXI(T > t)]\(t)dt is the asymptotic variance of the score

in the absence of missing cause of failure.



The variability of 4 plays a role in both the second term and the third term, while the
missingness contributes to their nonnegative difference. Without missing cause of failure,
the second term and the third term are identical and would vanish, leaving Vg; = Vg, which
leads to the familiar asymptotic results for partial likelihood estimators for the proportional

hazards model.

Proposition 2 The multiple imputation estimator, B, is consistent and n1/2(3 — Bo) is

asymptotically normal with asymptotic variance equal to VSAVM[VSA, where
Vir = Ver—(1—m™)E{X — ux(T)}**P(R = 0|[W)o(W){1 — o(W)}].

It is evident that the second term, which measures the reduction in variability of the
multiple imputation estimator over the single imputation estimator, is introduced through
imputing the missing data multiple times. The more imputation we use, the greater the
reduction in the asymptotic variance. The relative magnitude of Vgr and the second term
will determine the number of imputations we might use.

Note that the estimate of the asymptotic variance can be obtained easily by manipulating
readily available statistical software output. For example, jw can be obtained by inverting
the variance estimate of 4 and dividing it by n; Vs can be obtained by inverting the variance
estimates from the m imputed data sets, dividing them by n, and averaging them across the
m imputations; and all other quantities can be consistently estimated using their sample

analogs.

1.5 Simulation Study

Several simulations were carried out to evaluate the performance of imputation estimators.
We considered the case where the treatment indicator X; is the only prognostic covariate
with P(X; = 1) = P(X; = 0) = 1/2, and we also considered a single auxiliary covariate
A;, drawn from the standard normal distribution, independently of X;. For each subject
i, we took T; = min(Th;, T1;,C;), where Ty;, Ty;, and C; were generated independently,
conditional on (X, A;), as described below; the resulting hazards for T5, 77, and C' were thus
the same as the cause-specific hazards \;(t|z,a) for j = 2,1,0, respectively. Conditional
on (X; = z,A; = a), Ty was generated from the exponential distribution with hazard
function A(t|z,a) = A(t|z) = $e’®, where ¢ = 1, 3 = —0.2. Let logit o(W;,7) = v +
YT + v3X; + v4A;, where v = (1,-0.2,0.5,2). Then by (1.3), T3; follows the Gompertz
distribution with hazard function A\ (t|z,a) = aexp{—v1 —y2t — (73 — B)x — y4a}. In order
to simplify the simulations, we let A(t|z,a) = A(t|z). However, we emphasize that our

interest focuses on the relationship A(¢|x), specifically, the parameter 3, which, in general,



may not necessarily equal A(t|z,a). The censoring time C; was generated from the right-
truncated exponential distribution with hazard rate A¢ = 0.01 and truncating time L = 5,
independently of all other random variables. With such a choice of parameter values, we
will have, on average, 55% failures from the cause of interest, 30% failures from other
causes, and 15% censored observations. The missing data mechanism was determined by
logit P(R; = 0|A; > 0,W;,v¢) = 1 + ¥oT5 + ¥3X; + 14 A;, with different choices of 1
corresponding to different scenarios of missingness.

For sample sizes n = 200, 500, we carried out 10,000 simulations to compare the multiple
imputation methods with m = 1 and m = 10 imputation and the complete case analysis.
The results are summarized in Tables 1.1 and 1.2, where SEE denotes the empirical Monte
Carlo average of our standard error estimates, SSE denotes the Monte Carlo standard error
of the parameter estimates, and CP denotes the empirical coverage probability of the 95%
confidence interval defined as § & 1.96SE(/3).

The scenario where 1) = (—1,0,0,0) corresponds to the case where the cause of death is
missing completely at random. For this scenario, all analyses gave similar results, although
the imputation methods were more efficient. When ¢ = (—1,1, —3,2), approximately the
same proportion of missing observations were produced, but now the complete case analy-
sis yielded large bias and poor coverage which becomes worse as the sample size increases.
When ¢ = (—1,2,—3,2), the proportion of missing observations increased from 23% to 28%
and the complete case analysis performed more poorly since it produced even larger biases
and lower coverage probabilities. In all cases, imputation estimators were asymptotically
unbiased, had the smallest standard errors, and achieved the nominal 95% coverage prob-
ability, with multiple imputation performing slightly better than single imputation. Also,
the average of standard errors was very close to the Monte Carlo standard error, justifying
our estimator of the asymptotic variance.

As pointed out in Satten et al. (1998), it is important to study robustness of parameter
estimates from a semi- or non-parametric procedure when it uses data that were imputed
using a parametric model. To investigate the robustness of the imputation procedure against
misspecification of the parametric model for o, we generated the survival times, T4;, due to
the competing causes, from gamma, log normal, log logistic as well as Weibull distributions.
None of these distributions will induce a simple linear logistic regression model for g. We
report on the case where we generated T7; from a Weibull distribution with shape parameter
0.5 and scale parameter exp[2{log(0.5) —log(¢) +~v1 + 72 + (73 — B) X + 4 A}]. In this case,
the true model for g is logit o(W;) =1 + 72 — (a — 1) log T} + 73 X; + 74 4i, yet we imputed
missing cause of death fitting a simple linear logistic model. The results are included in
Table 1.3, where we considered the missingness scenario ¥ = (—1,2, —3,2) for sample sizes

n = 200, 500. As can be seen from the table, there is no substantial bias or loss of efficiency



resulting from the use of the misspecified model. Although, not presented here, for all other
distributions considered for T7; mentioned above, the estimates for 3 never showed any

appreciable bias and achieved the nominal coverage probability.

1.6 Breast Cancer Example

The data from a clinical trial in stage II breast cancer were analyzed to identify covariates
that were significantly associated with death due to breast cancer. There were 169 patients
enrolled in this study, among which 90 patients had censored death times. Among the 79
patients who died, 18 patients had cause of death unknown. For the remaining patients
with known cause of death, 44 died from breast cancer and the other 17 died of other
causes. Cummings et al. (1986) reported two covariates, presence of more than four positive
nodes and having an ER-negative primary, as being significantly associated with overall
survival. Goetghebeur and Ryan (1995) conducted a cause-specific survival analysis based
on a standard proportional hazards structure for both failure types. We summarize their
results in Table 1.4. Using the same data, we also derived the complete case estimator and
the multiple imputation estimator as we will now describe. First, we had to establish a
model for o(W), i.e., the probability that a cause of death is breast cancer, as a function of
observed covariates W. For the covariates W, we considered ER-status, number of positive
nodes, tumor size, treatment assignment, and time of death. One complication that we came
across in analyzing the data is that, of the five patients who died and had ER-negative status,
all died from breast cancer. Therefore, we could not use a logistic regression model that
included ER-status as a covariate because the estimators would diverge. Since none of the
patients with unknown cause of death were ER-negative, we used a logistic regression model
for the subset of patients who were ER-positive. The logistic regression model considered all
the covariates except ER-status and was derived using the subset of patients who were ER-
positive with known cause of death. In conducting such an analysis, we found that, among
the subset of ER-positive patients, none of the covariates except the intercept term was
significant. Some minor adjustments to the theory developed in Section 1.4 were made to
obtain correct asymptotic variance of the imputation estimator to account for the subsetting.
The changes are minimal, basically inserting an ER-status indicator wherever necessary. It
can be seen from Table 1.4 that the complete case estimates were biased and had large
standard errors while the multiple imputation estimates were very close to those using
the method of Goetghebeur and Ryan (1995). Similar analyses for noncancer causes were
carried out and it turned out that none of the covariates were significantly associated with

noncancer death.



1.7 Discussion

We have investigated a multiple imputation estimator for estimating regression coefficients
in the competing risks model when the classification of cause of failure is missing for some
individuals. The estimator and its asymptotic variance are easy to compute, lead to reliable
inferences, and offer the data analyst flexibility. Based on the multiple imputation estimator,

we can easily construct an estimator for the cumulative hazard function for time to failure

from the cause of interest.



Table 1.1: Monte Carlo comparison of complete cases and imputation with sample size of
200

MI
P % miss. m=1 m=10  CC
(—=1,0,0,0) 22.86  Bias -0.0026 -0.0020 -0.0174
SEE 0.2084 0.2037 0.2295
SSE  0.2080 0.2040 0.2301
CP 0.9517  0.9519 0.9501
(—1,1,-3,2) 2284 Bias -0.0007 -0.0009 0.1257
SEE  0.2066  0.2029 0.2603
SSE  0.2087  0.2056  0.2690
CP 0.9511  0.9504 0.9231
(~1,2,-3,2) 2853 Bias 00028 0.0021 0.1662
SEE 0.2116  0.2070  0.2812
SSE  0.2144 0.2096 0.2944
CP 0.9516  0.9493 0.9104

Table 1.2: Monte Carlo comparison of complete cases and imputation with sample size of
500

MI
W % miss. m=1 m=10 CccC
(—1,0,0,0) 22.88  Bias -0.0001 -0.0006 -0.0161
SEE 0.1306  0.1275 0.1433
SSE  0.1310  0.1279  0.1443
CP 0.9482  0.9484 0.9468
(-1,1,-3,2) 2276 Bias 0.0019 0.0020 0.1349
SEE 0.1291 0.1269 0.1623
SSE  0.1300 0.1278  0.1693
CP 0.9478  0.9482  0.8596
(-1,2,-3,2) 28.44  Bias 0.0001  0.0001 0.1744
SEE 0.1321 0.1292 0.1752
SSE  0.1319  0.1287  0.1820
CP 0.9561 0.9544 0.8291
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Table 1.3: Robustness of imputation against misspecification of the ¢ model

MI

n m=1 m=10 CC

200 Bias 0.0016 0.0022 0.2910
SEE 0.2450 0.2389 0.3606
SSE 0.2456 0.2394 0.3842
CP 0.9509 0.9512 0.8812

500 Bias 0.0008 0.0009 0.2984
SEE 0.1518 0.1481 0.2225
SSE 0.1512 0.1473 0.2353
CP 0.9521 0.9529 0.7346

Table 1.4: Comparison of complete cases, Goetghebeur and Ryan, and imputation using
the breast cancer data

CC GR MI®
4+ nodes  0.71]0.3065] 0.57[0.2803] 0.60[0.2618]
ER-neg.  1.70[0.4861] 1.59[0.4822] 1.61[0.4794]
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Chapter 2

Efficient Partial Likelihood
Approach

2.1 Introduction

In a typical survival data analysis, a group of individuals are observed from some entry time
until the occurrence of some particular event such as death. Often the observation of time to
occurrence of the event is right-censored for some individuals as a result of staggered entry,
finite study duration, withdrawal from the study, or loss to follow-up. Sometimes, the event
can be classified into one of several categories, typically causes of death or other failures.
For example, in a clinical trial that compares different therapies for breast cancer, interest
may focus on death from breast cancer even though patients may die from other causes. In
such cases, the theory of competing risks can be applied to assess the effects of covariates
on cause-specific hazards, e.g., perform a standard proportional hazards analysis treating
failure types which are not of interest as censored observations (Prentice and Kalbfleisch,
1978; Cox and Oakes, 1984; Goetghebeur and Ryan, 1995). In some circumstances, patients
are known to die but the cause of death is unavailable, e.g., whether death is attributable
to the cause of interest or other causes may require documentation with information that
is not collected or lost or cause may be difficult for investigators to determine for some
patients (Anderson, Goetghebeur, and Ryan, 1996). In such cases, excluding the missing
observations from the analysis or treating them as censored may yield biased estimates and
erroneous inferences. Under the assumption that the probability of having a missing cause
of death may depend on time but not on covariates and that the baseline cause-specific
hazards are proportional, Goetghebeur and Ryan (1995) proposed an approach that utilizes
two types of partial likelihood (Cox, 1972, 1975). One is based on a full partial likelihood
described in details in Section 2.3 (c.f., Holt, 1978; Kalbfleisch and Prentice, 1980; Dewanji,
1992). The other is a modified partial likelihood.
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We extend their ideas to the more general settings where the probability of having a
missing cause of death may depend on the covariates as well as time and where the ratio of
the two baseline cause-specific hazards may also depend on time. This is achieved through
the construction of an estimator using the full partial likelihood above. We show that the
resulting estimator is consistent, asymptotically normal, and semiparametric efficient, under
the more general missingness assumptions.

We introduce our notation and assumptions in Section 2.2. In Section 2.3, we propose the
estimator which arises as the solution to the estimating equation based on the informative
partial likelihood. Consistency and asymptotic normality of the resulting estimator will
then follow from the martingale theory. Semiparametric efficiency can be established using
semiparametric theory. Simulation results are also presented to compare the performance
of our estimator with that of the complete-case estimator and that of the Goetghebeur and

Ryan estimator. We conclude with an application followed by a brief discussion.

2.2 Notation and Assumptions

In this article, we consider a sample of n independent individuals, each of whom can die of
fail from one of two possible causes which we refer to as causes two and one, respectively, or
can be subject to a noninformative censoring mechanism. Typically, the data for individual
i are {T;, A;, X;}, where T is the time to failure or censoring; A; is an indicator taking values
zero, one, or two, as the ith individual was censored, died from cause one, or died from cause
two, respectively; X; denotes a vector of covariates. Let As(t|x),d = 2,1,0 be the cause-
specific hazards for failure from cause two, failure from cause one, or censoring, respectively.
Suppose that the cause-specific hazards for causes two and one follow proportional hazards
relationships, namely,

As(t|z) = ANt)rs(t,x, 8), 6 = 1,2, (2.1)

where (3 is an unknown ¢-dimensional vector of parameters and A(¢) is the common unspec-
ified baseline cause-specific hazard. No assumptions are made on the cause-specific hazard
of censoring, Ag(t|x), or the marginal distribution of X, px(z).

Note that we allow the functions r; and 2 to depend on time and the covariates through
a finite set of parameters. This is a generalization of the case where the ratio of the two
baseline cause-specific hazards is constant or piecewise constant over time. For example, if
given X = z, Ty follows an exponential distribution with constant hazard A\y(t|z) = ¢e/®
and T follows a Gompertz distribution with hazard function A\;(t|z) = €7'"72% then the
ratio between the two baseline cause-specific hazards is equal to A\o(t)/\i(t) = ¢e "t
which is not constant unless 7v; = 0. Note that, however, only parameters associated with

the covariates are of inherent interest. To avoid nonidentifiability problems, we also assume
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that all information about time that is common to the two cause-specific hazards has been
incorporated into the common baseline cause-specific hazard.

Also note that we could have formulated the model with separate regression parameter
vectors {f31, B2} for the two failure causes. There may be examples, however, where some
parameters are common to the two failure causes. Therefore, it is convenient to formulate
the model with one vector of parameters § which contains all the different parameters in
{51, B2} (c.f., Andersen, Borgan, Gill, and Keiding, 1997, p. 478).

In some circumstances, cause of failure might be missing for some individuals, in which
case, we use R; as the missingness indicator, taking values one or zero as the cause of
failure A;(> 0) is observed or missing. We assume that cause of failure is missing at
random (Rubin, 1976), in the sense that the probability of having a missing cause of failure

does not depend on the latent cause of failure, i.e.,

where 7 is an unknown function of time and covariates, taking values in the unit interval.
Note that we allow the missingness probability to depend on both time and covariates,
whereas Goetghebeur and Ryan (1995) allows the missingness probability to depend on time
only. In the presence of missing cause of failure, the observed data for the ith individual
can be summarized as O; = {R;, T;, I(A; = 0), R, I(A; = 1), RiI(A; = 2), X, }.

2.3 Parameter Estimation

For an uncensored individual, one of the following three types of events can occur at the
time of failure, i.e., failure from cause one, failure from cause two, or failure with unknown
cause. Let N;(t) = {N;1(t), Niao(t), Nin(t)} be a multivariate counting process indicating
the failure type. Based on the assumptions (2.1) and (2.2), the corresponding intensity

processes are given by
At Xi) = Yit)m(t, Xi)ri(t, Xi, Bo)A(D),

?Z(thi) = YVZ( )ﬂ-(t’Xi)TQ(t’Xi’ﬂO))‘(t)v
)‘;ku(t7Xz) = }/;'(t){l_W(t7Xi)}r.(t’Xi,ﬂO))‘(t)v

~~

respectively, where Y;(t) = I(T; > t) denotes whether individual i is at risk at time ¢,
r(t,xz,B) =ri(t,x, ) + ro(t,x, 5), and [y denotes the true value of (.
Under the missing-at-random assumption, we propose to use the full partial likelihood,

which is based on the conditional probabilities of an event of specified type, given that one
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event occurs, but without conditioning on the type of event, i.e.,

X

[ r.(t, X, B) ]”“”
Z?:l r.(t, X;, B)Y;(t)

where [[;~( denotes product-integration (c.f., Gill and Johansen, 1990).

Let {r/,(t, X;, 8),7(t, X;, 3)} denote the first two partial derivatives of rq(t, X;, 5) with
respect to 0 for d = 1,2, and let

j=1 7t X5, B)Y;(2)
o (8 X5, B)Y; ()

?:1 r(t, X;, B)Y;(¢)
=17 (1, X5, B)Y;(t)

then the corresponding score equation is U(f3) = 0, where

m(tv /8) -

U(tv /8) -

_ = 7n/l(ta Xz;ﬂ) :
(ORI o L0

rh(t, Xi, B) .
+/r2(t,Xi,ﬂ)dN12(t)

T,/(t7Xi75) :
+/r,(t,Xi,ﬂ)de(t)

- [mit.pano)]

and the observed information is
_ - 7’/1/<t, Xiﬂ 2 :
18) = —;{/ lrl(t7Xi, AN (t)

where N; = N;j; + Nj2 + Ny, is the counting process of failure for the ith individual.
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Note that U(fp) is a martingale and hence the score equation can be used to obtain
a consistent estimator of 3, say Bn In addition, it is straightforward to show that, when
evaluated at the truth, the observed information matrix I(5y) = —0U(3)/00|s=p, has the
same expectation as the covariation process of the score vector U(fp). Consistency and
asymptotic normality of $3,, follow from arguments similar to those used by Andersen and
Gill (1982) and the asymptotic variance can be consistently estimated by n~'{I(3,)} .

Using semiparametric theory (e.g., Newey, 1990; Bickel, Klaasen, Ritov, and Wellner,
1993; Robins, Rotnitzky, and Zhao, 1994), we show that the influence function of our

proposed estimator is the efficient influence function. The proof is outlined in Appendix B.

2.4 Simulation Study

Several simulations were carried out to evaluate the performance of different estimators.
We considered the situation where the treatment assignment X; was the only covariate and
X; ~ Bernoulli(0.5). For each subject i, we took T; = min(Ty;, T1;,C;), where Ty;, T;,
and C; were generated independently, conditional on X;, as described below; the resulting
hazards for 75,77, and Cp were thus the same as the cause-specific hazards As(t|z) for
0 = 2,1,0, respectively. Conditional on X; = x, Tb; was generated from an exponential
distribution with constant hazard A\s(t|z) = ¢e’*, where ¢ = 0.8 and 8 = 0.5. Comparison
of different approaches was based on the estimation of 5. In addition, T7; was generated
from a Gompertz distribution with hazard function A (t|x) = €7*72%. Consequently, the
ratio between the two baseline cause-specific hazards was A2 (t)/A1(t) = ¢ exp(—yi1t), which
is not constant over time unless v; = 0. However, as pointed out by Goetghebeur and Ryan
(1995), the efficient partial likelihood estimator is more sensitive than the Goetghebeur and
Ryan partial likelihood estimator to violations of the proportionality assumption relating
the two baseline cause-specific hazards. Therefore, we only need to consider the case when
~v1 = 0. Furthermore, the censoring time C; was generated from an exponential distribution
with constant hazard A\c = 0.4. Finally, the missingness indicator R; was generated from a
Bernoulli distribution with success probability depending only on (73, X;) to comply with
the MAR assumption. In particular, we let logit (T}, X;) = o +11T;+12 X;, with different
values of 1 corresponding to different scenarios of missingness.

For sample sizes n = 200,500, we carried out 1000 simulations to compare different
approaches. With such parameter values, we will have, on average, 34% to 46% failures
from cause two (A; = 2), 36% to 52% failures from cause one (A; = 1), and 14% to 18%
censored observations (A; = 0). For all cases of missing data mechanism we considered, the
proportion of missing observations (R; = 0) ranged between 17% and 29%. The results of

the comparison among the naive complete case analysis (CC), the Goetghebeur and Ryan
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partial likelihood approach (GR), and the efficient partial likelihood approach (EPL) are
summarized in terms of the sampling bias, the sampling standard error (SSE), the sampling
average of the standard error estimates (SEE), and the empirical coverage probability (CP)
of the asymptotic 95% confidence interval in Tables 2.1 and 2.2.

The scenario where ¢ = (1,0,0) corresponds to the case where cause of failure is miss-
ing completely at random. For this scenario, all analyses give similar results although our
estimates are the most efficient. When ¢ = (5, —8,0), which corresponds to the case where
the probability of having a missing cause of failure depends on time only, the naive com-
plete case estimator is biased and has a coverage probability substantially lower than the
nominal level, but the Goetghebeur and Ryan estimator still performs well because their
missingness assumption is still met. For ¢ = (1,1, —1.5), in which case, the probability of
having a missing cause of failure depends on both time and covariate, the naive complete
case estimator is again biased as expected, so is the Goetghebeur and Ryan estimator. Fur-
thermore, the Goetghebeur and Ryan variance estimator underestimates the true sampling
variation, resulting in a further reduced coverage probability. In all cases, our efficient

likelihood approach performs well.

2.5 Breast Cancer Example

The data from a clinical trial in elderly women with stage II breast cancer were analyzed to
identify covariates that were significantly associated with death due to breast cancer. There
were 169 eligible patients enrolled in this study, among which 90 patients had censored death
times. Among the 79 patients who died, 18 patients had cause of death unknown. For the
remaining patients with known cause of death, 44 died from breast cancer and the other
17 died of other causes. Cummings et al. (1986) reported two covariates, presence of 4-10
positive axillary lymph nodes and having an estrogen receptor (ER) negative primary tu-
mor, as being significantly associated with overall survival. Goetghebeur and Ryan (1995)
conducted a cause-specific survival analysis based on the standard proportional hazards
structure for both failure types. We summarize their results along with our efficient es-
timates in Table 2.3, where the numbers inside the brackets denote the standard errors
associated with the parameter estimates. It can be seen from the table that the hazard of
death from breast cancer is significantly associated with the ER-status, but no firm conclu-
sion can be drawn for the association of the hazard of death from breast cancer with the
number of positive axillary lymph nodes. In addition, our efficient estimates are closer to

the Goetghebeur and Ryan estimates than to the naive complete case estimates.
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2.6 Discussion

We have proposed an approach for estimating regression coefficients in the competing risks
model when the classification of cause of failure is missing for some individuals. The proce-

dure is applicable in many situations and the resulting estimator is semiparametric efficient.

18



Table 2.1: Monte Carlo comparison of complete cases, Goetghebeur and Ryan, and efficient
likelihood approach with sample size of 200

¥ V2 CC GR  EPL
(1,0,0) 0.9 Bias 0.0162 -0.0123 -0.0157
SSE  0.3163 0.2986 0.2873

SEE  0.3055 0.2888  0.2792

CP 0939 0940  0.941

(5,—8,0) 0.9 Bias -0.1666 -0.0094 -0.0115
SSE  0.2842 0.2819  0.2786

SEE 0.2839 0.2733  0.2701

CP 0904 0946  0.947

(1,1,-1.5) —0.5 Bias -0.2115 0.1793  0.0097
SSE  0.2707 0.3070  0.2378

SEE 0.2738 0.2656 0.2381

CP 0880 0.891  0.956

Table 2.2: Monte Carlo comparison of complete cases, Goetghebeur and Ryan, and efficient
likelihood approach with sample size of 500

b Y2 cC GR  EPL
(1,0,0) 09 Bias 0.0249 -0.0044 -0.0050
SSE  0.1893 0.1829 0.1761
SEE  0.1900 0.1799  0.1743
CP 0951 0946  0.955
(5,-8,0) 0.9 Bias -0.1637 -0.0028 -0.0035
SSE  0.1839 0.1751  0.1738
SEE 0.1772 0.1708  0.1689
CP 0835 0951  0.953
(1,1,-1.5) —0.5 Bias -0.2133 0.1694  0.0027
SSE  0.1667 0.1893  0.1478
SEE 0.1708 0.1640 0.1494
CP 0767 0793  0.962

Table 2.3: Comparison of complete cases, Goetghebeur and Ryan, and efficient likelihood
approach using the breast cancer data

CC GR EPL
4+ nodes 0.66[0.3090] 0.57[0.2803] 0.57[0.2815]
ER-neg.  1.71[0.4865] 1.59[0.4822] 1.56[0.4770]
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Chapter 3

Inverse Probability Weighting
Approach

3.1 Introduction

In a typical clinical trial, researchers are interested in the effects of a set of prognostic factors
on the hazard of death or relapse from some specific disease of interest, even though patients
may die from other competing causes. For example, in a clinical trial that compares differ-
ent therapies for breast cancer in the population of elderly women, interest focuses on death
from breast cancer even though patients may die from cardiac or vascular disease. Often
the observation of time to failure is right-censored for some individuals due to incomplete
follow-up. In some circumstances, it may also be the case that patients are known to die
but the cause of death is unavailable, e.g., whether death is attributable to the cause of
interest or other causes may require documentation with information that is not collected
or lost or cause may be difficult for investigators to determine for some patients (Andersen,
Goetghebeur, and Ryan, 1996). If there were no missing cause of failure, the standard pro-
portional hazards model can be used to model the relationship of the cause-specific hazard
of interest with respect to the prognostic factors by treating deaths from competing causes
as censored observations, and the regression coefficients can be estimated by maximizing
the partial likelihood (Cox, 1972, 1975). However, when cause of failure is missing, exclud-
ing the observations with missing cause of failure from the analysis may yield inefficient or
even biased estimates if cause of failure is not missing completely at random. In addition,
treating missing observations as censored is certain to yield biased estimates if some of the
missing cause of death is the cause of interest. With missing cause of failure, Goetghebeur
and Ryan (1995) proposed an approach by making assumptions directly on the relationship
between the cause-specific hazard of interest and that of competing causes, i.e., the two

baseline cause-specific hazards are assumed proportional, although this may be relaxed.
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In some circumstances, it may also be the case that auxiliary covariates ,which are
not of inherent interest for modeling the cause-specific hazard of interest, but which may
be related to the missingness mechanism, are available. For example, we may be able to
identify some post-treatment variable which is related to the reason why the cause of death
information was not collected, but we would not include it in the proportional hazards
model because it may affect the causal interpretation associated with the parameters for
treatment effects. When the auxiliary covariates are included in the model of missingness
mechanism, it might be reasonable to assume that cause of failure is missing at random,
whereas the MAR assumption might not hold if the auxiliary covariates are not included.

In this article, we take a different approach by using two parametric models to model
the missingness probability and the probability that a missing cause is the cause of interest,
respectively, while allowing the inclusion of additional auxiliary covariates. Using semi-
parametric theory (e.g., Newey, 1990; Bickel, Klaasen, Ritov, and Wellner, 1993; Robins,
Rotnitzky, and Zhao, 1994), we identify various classes of inverse probability weighted
(IPW) semiparametric estimators. In Section 3.3, we obtain the space of all full data in-
fluence functions and the full data efficient score. In Section 3.4, we derive the space of
all observed data influence functions. In Section 3.5, we introduce a class of estimating
equations whose solutions correspond to all semiparametric estimators when the missing-
ness mechanism is not known but can be correctly specified through a parametric model. In
Section 3.6, we construct a class of estimating equations whose solutions define all doubly
robust semiparametric estimators when either of the two parametric models is correctly
specified. In Section 3.7, we identify the observed data efficient score and construct an esti-
mating equation based on the observed data efficient score. The solution to the estimating
equation is the locally semiparametric efficient estimator, which will be fully efficient if all
parametric models are correctly specified. Simulation results are then presented to compare
three IPW semiparametric estimators with the complete case estimator and the imputation
estimator, followed by a revisit of the breast cancer example using the doubly robust IPW

semiparametric estimator. A brief discussion is also provided to conclude this article.

3.2 Notation and Assumptions

We are going to use the theory for estimation in arbitrary semiparametric models with
missing data as developed by Robins, et al. (1994). Define a semiparametric estimator to
be one that is consistent and asymptotically normal under the restrictions imposed by the
model. To avoid super-efficiency, we will only consider regular estimators, for which the

convergence to their limiting distributions is locally uniform. Also, an estimator Bn of Gy is
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asymptotically linear with influence function ¢ if

n

nl/Q(/@n - ﬂO) = n_l/Q Z pi + Op(l)-
i=1
Consider the generic semiparametric model indexed by some finite, say g-dimensional pa-
rameter of interest 3 and the infinite dimensional nuisance parameter 7. The Hilbert space
‘H consists of all ¢ x 1 random vectors of mean zero and square integrable measurable func-
tions of Z equipped with covariance inner product. The nuisance tangent space A is defined
to be the mean square closure of the set of all random vectors BS.,, where S, is the score for
~ in some regular parametric submodel and B is a conformable constant matrix with ¢ rows.
Also, II[h|A] denotes the projection of any vector h € H on a closed linear space such as A.
The semiparametric variance bound equals the inverse of the variance of S.g = I1[Ss|A™],
where Sg is the score for 8 and Sey is called the efficient score. In addition, we will use
the superscript “F” to distinguish the full data model from the observed data model. For
example, we let Sg , AT, S%, and At be the full data score for 3, the full data nuisance
tangent space, the full data efficient score, and the space of full data influence functions,
respectively.

The complete data for a single observation can be represented as Z = (T,A, X, A),
where T is the observed time to failure or censoring, A is an indicator taking values two,
one or zero as the individual failed from cause two, failed from cause one, or was censored,
respectively. Without loss of generality, assume cause two is the cause of interest and cause
one is the competing cause. In addition, X denotes the vector of covariates of interest, which
is assumed to be related to the cause-specific hazard of interest through the proportional
hazards model,

A(EX) = M) X, (3.1)

where 3 is the g-dimensional vector of regression coefficients and A(¢) is the unspecified
baseline cause-specific hazard. Also, A denotes auxiliary covariates which are not of in-
herent interest for modeling the cause-specific of interest but which may be related to the
missingness mechanism.

In certain instances, patients are known to die but the cause of death information is not
available, in which case, we use R as the complete case indicator taking values one or zero as
the cause of death is known or missing, so that the observed data for a typical observation
can be summarized as O = {R,Gr(Z)} = {R,T, X, A, I(A =0),RI(A =1),RI(A = 2)}.
Write W = (T, X, A), then G1(Z) = Z = (W,A). Also let Q@ = {W,I(A > 0)}, which

denotes variables that are always observed, then Go(Z) = Q. Furthermore, assume that

P(R=1|W,A,A>0)=P(R=1|W,A >0), (3.2)
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then {R 1 A|Q}, so that (3.2) implies that cause of failure is missing at random (Rubin,
1976). Write 7(W) = P(R = 1|W, A > 0) and assume 7(WW) > e > 0 with probability one

so that the probability of observing complete data is bounded away from zero.

3.3 Full Data Influence Functions

In the absence of missing data, the density for a typical observation can be factorized as
PT=t,A=6X=2,A=a)
= paraxl(alt,d,z)
x exp[—{A(t|z) + A1 (t|z) + Ao(t]|z)}]
) A(t2)TO=2 N (t]2) TO=D A (t]2) O=0)
xpx (),
where py 7 A x is the conditional density of A given (T, A, X), {A1(t|z), Ao(t|z)} are the
conditional cause-specific hazard for failure from the competing cause and the conditional
cause-specific hazard for censoring, given X = z, respectively, {A(t|z), Ai(t|x), Ao(t|z)} are
the corresponding cumulative cause-specific hazards, and px is the marginal density of X.
Therefore, the log-likelihood for a typical observation can be written as
F(Z) = —AT|X)+I(A =2)log \(T|X)
—MN(T|X)+I(A=1)log A\ (T|X)
—No(T|X) + I(A =0)log \o(T'|X)
+log px (X)
+logparax (AT, A, X). (3.3)
Write A(t) = [5 A(s)ds, then, under assumption (3.1), (3.3) reduces to

F(8,2) = —AT)e” X +1(A =2){log \(T) + 7 X}
—A(T|X)+I(A =1)log M (T]X)
—Ao(T|X) + I(A = 0)log M\ (T X)
+log px (X)
+logpair,a,x (AT, A, X). (3.4)
Since the nuisance parameters {\(t), A1(t|x), Ao(t[2), px (%), pajr,a,x (alt, §,7)} are func-

tionally independent and separate from each other in the log-likelihood (3.4), the full data

nuisance tangent space can be written as a direct sum of five orthogonal spaces,

A = Aty + Aog + - + Ass,
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where Aq, is associated with A(t), Ags is associated with Aj(t|z), Ass is associated with
Ao(t|z), Ags is associated with px, and As;s is associated with p a7 a x, respectively.
It is straightforward to show that

t={ [atwam (o svar i}

where dM (t) = dN(t) — A(t)e® X I(T > t)dt, N(t) = (T < t,A = 2).
On the other hand, had no restrictions been put on the form of the cause-specific hazard
of interest, the log-likelihood (3.3) would correspond to a saturated model, so that the entire

full data Hilbert space can be written as the direct sum of five orthogonal spaces,
HY = Al + Ao + -+ Ass,

where A}, is associated with A(t|x).
It is straightforward to show that

- {/a(t,X)dM(t) :VaqXI(t,X)}.

Therefore, the space orthogonal to the full data nuisance tangent space, i.e. A"L is the
subspace of A that is orthogonal to Ajs. By the projection theorem, it is straightforward
to show that

AFL { / {a(t, X) — jra(t)}AM(E) : \qul(t,X)} , (3.5)

where

_ Bla(t, X)eR XI(T > )}
 B{RXI(T >t}

For an element of Af*, say ¢f'(Z), to be an influence function for a semiparametric
estimator for (3, we must also have E{@F(Z)SgT(Z)} = I, where Sg(Z) is the full data

score for # and I, is the ¢ x ¢ identity matrix.
From (3.4),

f1a(t)

SE(Z) = / XdM(t). (3.6)
By standard properties for martingales (e.g., Fleming and Harrington, 1991),
B [ [tat.X) - pa0)}ant () s5(2)

- /E[{a(t, X) = pa(HX — px ()} 0 XI(T > H)A@)dt
= V(a,X),

“—»

where “=" means “denoted as” and

() E{XeD X I(T > 1)}
X pr— .

: E{eSXI(T > t)}
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Therefore, the space of full data influence functions is given by
AFL {v—l(a,X) / {a(t, X) — ja (8 }AM(E) : \qul(t,X)} . (3.7)
In addition, by (3.5) and (3.6), the full data efficient score is given by

SEp(Z) = [{X — ux()yad (@) (3.8)

3.4 Observed Data Influence Functions
First suppose that m(1) is completely known as in a designed study, then
P(R=11Z2) =7(W)I(A > 0)+ I(A =0) = 7(Q).

By Proposition 8.1 of Robins et al. (1994), the space of all observed data influence

functions is given by

Ag = %Aiﬂ + Ay, (3.9)
where Ay = {L2(0) € H : E{L2(0)|Z} = 0}.
Write
L2(0) = RLxn1(Z) + (1 = R)L20(Q), (3.10)
then

E{L2(0)|Z} = m(Q)L21(Z) + {1 — m(Q)} L20(Q).
Set E{L2(0)|Z)} = 0, we have L91(Z) = —%LQO(Q). Substituting it into (3.10), a
typical element of Ay is given by
_{R-7(Q)}
(@)
where Lgo(Q) is an arbitrary ¢ x 1 function of Q satisfying E{L2,(Q)L2(Q)} < oo.
By (3.7), (3.9), and (3.11), a typical element of Ag: is given by

Ly(0) = L2 (Q), (3.11)

@0(0) =~V e X) [{alt.X) — pule)}adi(e)
L)

™(Q)

Now suppose that the missingness mechanism 7(W) is not known but we can correctly

specify a parametric model, say (W) = 7(W, ), then

Q%) = 7(W,)I(A > 0) + I(A = 0).
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By Proposition 8.1 of Robins et al. (1994), the space of all observed data influence
functions is given by

A+ = Ay — T[Ag Ay,
where Ay is the nuisance tangent space for ). Therefore, a typical element of Ai- is given
by
©(0) = ¢0(0) — Hpo(O)[Ay].
Note that the observed data likelihood for v is

[T{7(Qi, ) Yo {1 — 7 (Qi, )} .
=1

Hence, the log-likelihood for ¢ for a typical observation is

(1, 0) = Rlogm(Q, ) + (1 — R)log{1l — m(Q, ¥)}.
Consequently, the score vector for v is

_{R— Q)@
A1 - 7(Q)}

where 7, (Q) denotes the partial derivative of 7(Q, ) with respect to ¢ and evaluated at

Sy(0)

(3.12)

1 = 1py. A typical element of Ay, is given by BS,, for some arbitrary conformable matrix B
with ¢ rows. By (3.12) and (3.11), Ay C As.

3.5 Semiparametric Estimators

Assume that the parametric model for the missingness mechanism, 7(W) = w(W, ), is
correctly specified. Let @@n be the MLE of v, and g be the true value of v, then @@n EN Up.

It is shown in Section 3.4 that a typical element of Ag: is given by
0(0) = V™H(a, X)5(0),

where

¢(0) = =g [Halt.X) — pa(}ar()

_ {R B W(Q? w())}
m(Q, o)

- % [att, %)~ att}an ()

_ {R - 7T(C‘?? Q/)O)}
m(Q, o)

ﬁ /{“(t’ X) = pa(OINOD X I(T > t).

L(Q)

L(Q)
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Denote R g7
" —otimyalt, Xj)e? SI(T; > t)
at, B, ) = =" Q0) .

TX
;L 17F(Q] w)eﬂ ]I(T >t)

By the WLLN and the LIE by conditioning on Z, we have that

n—! X; ‘
szczj,w) b X BT 29
X R a P X

= E{a(t,X)e"X1(T > 1)}.

Similarly,

1;1 w(ijwn) PN I(Ty > t) L E{eP X I(T > 1)}

Therefore,
d(t, /807 1[}71) & /'La(t)
On the other hand, it is straightforward to show that

n

D rowa] Q ) /{a (t, X;) = alt, B, ) IA(t)e” S I(T; > t)dt = 0, W3, V. (3.13)

=1

Consequently, ¢f suggests the following estimating equations for 3,

iz: Lr (Qi, Un /{a (t, Xi) = a(t, B, n) }AN;(2)
W(le¢n)

Alternatively, one can solve the following two sets of estimating equations jointly for
and dA(t),

“ Ri {R (Qzawn)}
= ———— [ a(t, X;)dM;(t, B) — il
’ ZL(Qi,wm/ (6 X)aMil6 0) = = gy @)

L(Qi)] , Ya(t, X),VL(Q). (3.14)

where dM(t, 8) = dN(t) — A(t)eP X I(T > t)dt, so that dM(t) = dM(t, Bo).
In addition to yielding (3.14), this also motivates an estimator for dA(¢), i.e.,

n R g,
dA(t) = iC) a0 (3.15)

n ﬂTX >
i (ij )e iI(T; t)
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By (3.13), (3.14) is identical to

_ _12[ Q“ /{atX a(t, B, ) YAM;(t, B)

{Ri— (Qz,wn)}
(Qis thn)

When evaluated at [y, a typical summand of (3.16) is asymptotically equivalent to ¢g;

(Qz)] : (3.16)

as expected. By the LIE and martingale properties, E(¢j) = 0. Therefore, (3.14) is an
asymptotically unbiased estimating equation for 3. Consequently, under certain regularity
conditions, the resulting estimator is consistent.

Denote
X(t,8,0) = == 17r<QJ )Xe YT = 1)
s My n ﬂTXJI(T >t) :
J= 17r(Q $) €

Then it is straightforward to show that
da(t,B,0) i1 zoip talt, X)) —alt, ﬁ VYHX; — X (¢, 8,9)} e N 1(T; > 1)
g Jo e (T 2 1)
= Cnla, X5t,8,7).

Expanding (3.14) about 3y, while keeping ¥y, fixed, yields

nl/Q(B - ﬁo)

B { -
i= 17er>¢n
a3 [ = /{atx a(t, Bo, D) FAN: (1)

_{R —W(an%)}
W(Qza"bn)

-1
/0 a, Xit, B, ) AN (¢ >}

L(Qi)] : (3.17)

where (3; lies between Bn and Fy.

Since 3, & Bo, B; % Bo. By the WLLN, a(t, 5, vn) 2 pa(t), X (t, B3, 1) > px (t). In
addition, by the LIE, Cy,(a, X;t, 8, 0n) 2 o(a, X;t), where

E[{a(t, X) — pa () HX — px ()} Te®0 X 1(T > 1)]
E{P X (T > t)} ’

ola, X;t) =

Therefore, by the LIE and martingale properties, the leading ¢ x ¢ matrix inside the bracket
on the RHS of (3.17) converges in probability to

R
E [m/a(a,X,t)dN(t) — V(a, X). (3.18)

28



This suggests that we can estimate V(a, X) by

n

VaX —n_lz

- Q“% /c a, X1, B, ) AN (8).

On the other hand, by martingale properties and the LIE, it can be shown that
R
Via,X) = E{i/at,X — e (OHX — ux (Y AN (t)] .
(a, X) (0. 90) {a(t, X) — pa(t) (1)} dN(t)

Therefore, an alternative estimator for V' (a, X) is provided by

n

Ve, X) = n*lz . Q /{a t, Xi) — a(t, Bn) HXi — X(t, 8,) YT dNy(t).

Note that

da(t,p,p)  Ljafet X)) —a(, ﬂd}ﬂ*;cfj)) TNI(Ty > 1)

T a BTN I(T; > t)

J 17r(Q ¥)
= &t 6,9).

Therefore, by (3.13) and by expanding about g, the ¢ x 1 vector on the RHS of (3.17) is
equal to

n

oy [ﬁ [tatt. x) ~ate, 6o, da)yariico)

B {R; — W(Qja 77Z)n)}
IESVE: a .
_ Z[ Qmﬁo /{ (t, Xi) — a(t, Bo, Yo) }dM;(t)

- {R —W(QMZJO)}
(Qz’,%)

+{n1§n:[ o [ Gt B

=1

L(Qi)]

£(Q)

WZ(Qia ¢;)

' 1W¢(Q1a¢n)]}n1/2 o

= [Halt. X0) = a(t. 6o, w2 M)

where 1 lies between zﬁn and .
Similar to Tsiatis (1981), it can be shown that

n

Y Qz /{ (t, Bos ) — pa(t) }AM; (£) = 0,(1).
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Therefore,

a-l2y~ L st X — |
ZW(QZ’WZJO) /{ (taxl) (taﬂo,%)}sz(t)

i=1
- n_1/2 ) L a i) — ; o)
R ;ﬂ(Qi,%) /{ (8, Xi) = pa(t) }AMi(2) + 0p(1).

Consequently, a typical summand of the first term on the RHS of (3.19) is asymptotically
equivalent to ¢g;.

Let us now consider the three matrices inside the bracket of the second term on the
RHS of (3.19). Since ¥, 2 1o, 1* L 1. By the WLLN and the LIE, it is straightforward
to show that a(t, B, 1) 2> pa(t), so that &,(t, Bo, ¥*) 2 £(t), where
E [{a(t, X) — pa(t)} =2 AEX (7 > )

E{eP X (T > )}

§(t) =

Therefore, by the LIE and martingale properties, the first matrix converges in probability
to zero.

By the LIE and (3.12), the second matrix converges in probability to

Ry (Q, %)]

WQ(Q7¢O)
5 (@, %0)

_ g / {a(t,X) — pa(t)} dM(t)m]

IS B L N T
= B gy ] {atX) — () am)s]

~E| [ {alt.X) = ()} ad ()

Similarly, the third matrix converges in probability to

_E {_ {R — W(Qv ¢0)}
W(Qv ¢0)
Therefore, the matrix as sum of three matrices inside the bracket of the second term on
the RHS of (3.19) converges in probability to —E((péSg).
On the other hand, since @n is the MLE of ¢, we have that

L(Q)Sg] .

02 (@ — 4po) = n V23T INS i + 0p(1), (3.20)
=1

where

Iy = E(SyS))=E [ (@)} (Q) ]

(@{1-7(Q)}
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Consequently, (3.19) is equal to

n 2 Z{‘Pm 900571;)1— Sy} + 0p(1)

= _1/2 Z{(p()z ()OOZ|A¢]} + Op(l)'
Substituting into (3.17), we have that

n'/2(B, — Bo) =n~ /22{9002 Ieoi| Ay} + 0p(1).

=1
Therefore, the influence function for 3, is given by ¢ = @o — o Ay).
By the CLT, n'/2(3, — By) % N(0,X), where ¥ = E(ppT).
By the Pythagorean theorem,
S = E(poeg) — E(poSy) I, {E(oS))}.

Since o = V1(a, X)y§, we have that

S =V a, X)[E(eiet’) — BlebSiI, B}y IV (a, X).

To construct an estimator for the asymptotic variance, we might first estimate the ith

influence function by plugging in all parameter estimates. For example, we might consider

on = Q / {alt, X3) — @(t, By ) HANi(8) — P55 (T, > 0)dA (1))
(B —w(Qi,%)}L |
m(Qi, ¥n) Qi)

where dA(t) is given by (3.15).
Then substitute the estimate for the ith influence function into the asymptotic variance.

For example, we might consider
E(ppey’) = Z P50
E(gST) = _li sy Q) Q“%)
m(Qirtn)
In addition, let f¢ = /11;1, where

i ol " Qzawn)ﬂq/,(wan)
= m(Qi ) {1 — m(Qi ¥n)}

Therefore, when the m model is correctly specified, we have

Var(6,) = n~ 'V a, X)[E(e5e0”) — E(0§S)) 1, HE(e6S{)Y TV (a, X).




3.6 Doubly Robust Semiparametric Estimators

In this section, we will fix some arbitrary full data influence function and search for the
element of Ag that gives rise to the most efficient observed data influence function associated
with the full data influence function. It is shown by Robins, Rotnitzky, and Scharfstein
(1999) that estimators with such influence functions are doubly robust. In a missing data
model, an estimator is said to be doubly robust if it remains consistent when either the
model for the missing data mechanism or the model for the distribution of the complete
data is correctly specified.

Let ¢ (Z) be the arbitrary full data influence function to be fixed throughout this
section. When the missingness mechanism is known, i.e., 1y fixed, the class of observed

data influence functions associated with ! is given by

AL o (Z) + La(0) : VL € Ag} .

{ R
m(Q)
When the missingness mechanism is unknown, the space of observed data influence functions

associated with ¢! is given by

oA = A —T1 [ AG | Ay
Define R R
_ v F _ " F

Then, by the projection theorem, we have that
p= argminhepr({* ||h’||7
where ||h||* = E{hT(O)h(O)}. Recall Ay C Ay, hence ¢ €, r A CyF A, so that

p= argminhapAf IR

Therefore, ¢ is the most efficient observed data influence function associated with the full
data influence function ! in the sense that it has the smallest variance.

By (3.11), we have that
R
11 {— "z ‘A } =—
oM
for some ¢ x 1 function of Q, L*(Q) satisfying E{L*" (Q)L*(Q)} < ooc.

By the projection theorem,

(@), (3.21)

_ B rp B 1@ o]
0“E{L@W(@+ @ 9
{R—7(Q)}

x {WL(Q)} }a VL(Q).



By the LIE, this is equivalent to

B rr(7)10)
[
- E[%W(mu@]
[T Qo)
- p[tos@

- [

Let L(Q) = E{p¥(Z)|Q} + L*(Q), then (3.22) implies that

{1-7(@)}
™(Q)

Equivalently, we have that

1=7@) .y _ =T}
(@) (@)

If {1 —-7(Q)} > 0, then multiplying both sides by {R—m(Q)} yields

{1-7(Q)}
{R-7(Q) ., {R—7(Q))
Q)

m(Q)
If {1-7(Q)} =0, then R =n(Q) = 1, which would trivially imply (3.23).
Therefore, (3.23) is satisfied in all cases.

Substituting (3.23) into (3.21), we have that

0 - B|

+E (Q)L(Q)l

}

(#"(2)+ L'(@)"2(@)]

B{"(2)Q) + L'@I'L(@)] . VL(Q) (3.22)
B{"(2)Q) + L*(@Q)) = 0.

E{¢"(2)|Q}.

Q) =

L*(Q) E{¢"(2)|Q}. (3.23)

Rk _AR=7(@)} b F
1| o (2| 8a] = BT B (2)/Q).
Consequently,
_ i F _ {R—7(Q)} F
0(0) =~ (2) - T BipF ()0, (3.21)
On the other hand, by (3.7), we have that
" (Z2) =V} (a, X) /{a(t,X) — pa(t) YdM (1), (3.25)

for some ¢ x 1 function a(t, X).
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Denote N*(t) = I(T' < t), then N(t) = I(A = 2)N*(t). Therefore,
B | [tate. ) - ua(t)}dM(t)’ Q|
_ / {a(t, X) — pa(t)}E{dM (1)|Q}

= [{a(t, %) — 1malO) Hol@UN"(6) = M0)e ¥ X I(T = ), (3.26)
where
0(Q) = P(A =2|Q).

Write o(W) = P(A = 2|W, A > 0), then o(Q) = o(W)I(A > 0). Suppose that we posit
a parametric model for g, say o(W) = o(W,~), then o(Q,~) = o(W,v)I(A > 0). Let 4, be
the MLE of v, then 4,, 2 ~* for some v*. Similarly, assume that 1[1,1 L, for some *.

Note that the m model describes the missingness mechanism and the ¢ model describes
the distribution of the complete data. To gain double robustness, we further assume that
either the m model or the ¢ model is correctly specified. Therefore, either ¥* = 1)y or
7" = -

To simplify notation, write

. _ _E _ o 1B-7(@¥)}
O(R, Z;9,y) = W(ij)I(A—Q) (0, 1) 0(Q,7),
3 . {R_W(va)} _ _
QUR,Z;9,y) = 0.0 (A =2)—0Q,7)}
Then
(R, Z;1b, ) = [(A = 2) + Q(R, Z; 1, 7). (3.27)

Notice, however, for fixed (¢, v), ®(R, Z;1,7) is a function of the observed data, while
Q(R, Z;1, ) involves not only the observed data, but also the cause of failure indicator,
I(A = 2), which might be missing for some individuals. Consequently, ®(R, Z;1,7) is
calculable on all subjects, while Q(R, Z;,~) is not.

Now substituting (3.25) and (3.26) into (3.24), we have that

©(0) =V~ Ha, X)p*(0),

R B
¢0) = o7 [0l X) = pa()}an (1)

_{R-7(Q)}
m(Q)

— O(R.2) [{alt,X) - pa()}AN" ()

~ [alt %)~ g1 > pyar

[Hat.X) = 1 HeQUN" (1) - MO I(T > 1)t}
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Denote -
Tyalt, X;)e? X I(Ty > t)

a(t,p) = Z?:l BT X; I(T; > t)

By the WLLN, a(t, 80) 2 pa(t).
On the other hand, it is straightforward to show that

zn: /{a(t,Xi) —alt, B) NP X (T, > t)dt = 0, VB (3.28)

Consequently, ¢* suggests the following estimating equations for j3,

n
0 = Y O(R ZisbaAn) [Lalt, X) — alt, 5)}aN; ) (3.29)
i=1
where a(t, X) is some arbitrary ¢ x 1 function of ¢t and X.
Alternatively, one can solve the following two sets of estimating equations jointly for
and dA(t),

0 = Z[ wan)/a(t,Xi)dMi(t,ﬁ)

=1

B2 @tn)) [ @i 0
“AO NI > Hdt}], (3.30)
n R
= — M AM(t,
" gl @D
{Ri = 7(Qi,¥n)} 4 *
O e@u AN )

“A®)e” N I(T; > tdt}] (3.31)

In addition to yielding (3.29), (3.30) and (3.31) also motivates an estimator for dA(t),

ie., R
dA(t) _ Zj:l (I)(Rj’Afj§ Un, 'Yn)de (t) (3.32)
S e NI(Ty > t)
y (3.27) and (3.28), (3.29) is identical to
w73 ftate %) = a0, mas 9
+Q(Ri,Zi;1/1n7%)/{a(t,Xi) —a(t, B)}dN; (t)] - (3.33)
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When evaluated at [y, a typical summand of (3.33) is asymptotically equivalent to
w; = T1; + T»;, where

7= [{a(t.X) = pu(®)}adi(0),
T = QRZiv"y) [{altX) - pa(t)}AN" (1),

By martingale properties, E(T7) = 0. To show E(73) = 0 when either of the two
parametric models is correctly specified, we will use the double robustness argument as we
will describe shortly. Similar arguments will be frequently used later on. We will generically

refer to this class of arguments as the DR argument.
If the m model is correctly specified, ¥* = ¢y, P(R = 1|Z) = m(Q, 1), hence

BOR Zin, )2y = RSO a9y - Qi)

= 0. (3.34)

If the p model is correctly specified, v* = 79, P(A = 2|Q) = 0(Q,70), hence, by the

MAR assumption, we have

BOR Zi olrQ) = YT pa —21r.Q) - Q)
R 1@UN pon a0
- =9 8 = 210) - (@)
= 0. (3.35)

Now if the 7 model is correctly specified, then by the LIE and (3.34),

E(ly) = E{E(T3|2)}

— B B{AR. Zivo.7)|Z} [{alt,X) = pa()}aN" (1)
= 0.

Similarly, if the o model is correctly specified, then by the LIE and (3.35),

E(Tz)

B{E(TR,Q))
— E[B(OR 20" 0)|R. Q) [(alt, X) ~ nalt)}dN (1)
= 0.

In summary, when either of the two parametric models is correctly specified, E(T3) = 0,
hence E(p*) = 0, so that (3.29) is an asymptotically unbiased estimating equation for 3.

Consequently, under certain regularity conditions, the resulting estimator is consistent.
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Denote T
jo1 Xje? Y I(T; > 1)

X(ta ﬁ) = Z.?Zl G’BTXjI(j—jj z_t)
Then
pa(t.p)  Yiodalt, X;) —alt, X, — X(t 9 NI, > 1)
opr Y ePTN(Ty > t)
= Dy(a,X;t,3).

Expanding (3.29) about fy yields
n1/2(3n - /30)
-1

xnil/QEn:‘I’(Ri? Zi; Y Am) /{a(t, Xi) — a(t, Bo) YN (1), (3.36)

=1

where 3 lies between Bn and fy.

Since 3, 2 fBo, 85 2 Bo. By the WLLN, a(t, %) & pa(t), X(t,35) 2 ux(t), so that
Dy(a, X:t,85) 2 o(a, X;t).

Now suppose that

02y — %) = Op(1), 23 — ") = Op(1). (3.37)

By the DR argument, the leading matrix inside the bracket on the RHS of (3.36) con-
verges in probability to

Elor, 2: @z}*,y*)/a(a,x;t)djv*(t)} _ R Uo—(a,x;t)dzv(t) — V(a, X).

This suggests the following doubly robust estimator for V(a, X),

V(a, X) :n—1ancb(Ri,Zz-;zﬁn,%)/Dn(a,X;t,Bn)dNi*(t)-
1=1

On the other hand, by the DR argument,
V(e X) = B8R, Z:6",7") [{at,X) = pa(®HX - pux (0} aN" (1)

Therefore, an alternative estimator for V'(a, X) is provided by

Vo, X) = 'S @(Re, Zes s 30) [Halt.X0) = a(t )X — Xt )} dN; 1),

=1
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By (3.27), (3.28), and by expanding about (1*,~7*), the ¢ x 1 vector on the RHS of
(3.36) is equal to

ey [/{a (t, X;) — a(t, Bo) }AM; (1)
QR Zisn,3n) [ {alt. X) ~ a(t, G0)}aN; ()

w23 [/{a (t, X;) — alt, o) HM; (1)
R 2507, 7") [{alt, X0) ~ alt, o)}y 1)

[ 3 [tatt %0 = ate, )i )

WZ(QZ’) /’7/};)

— ln_l Zn:/{a(t,Xi) —a(t, Bo) ydN; (1)
i=1

AR - m(@Quvi)
(Q“d}n)

where 1 lies between zﬂn and 1o, and ~;; lies between 4,, and .

{I(Ai = 2) — 0(Qi, 1)} ] 'y — %)

(Qz; f)/n)] 1/2(;}% - ’Y*)y (338)

By martingale properties and the DR argument, when either of the two parametric
models is correctly specified, a typical summand of the first term on the RHS of (3.38) is
asymptotically equivalent to ;.

The leading matrix inside the bracket of the second term on the RHS of (3.38) converges
in probability to

o )
Py=FE V{a(t,X) — pa(H) YN (D{I(A = 2) - @(Q,v*)}wl |

m(Q, ¥*)
The leading matrix inside the bracket of the third term on the RHS of (3.38) converges
in probability to

_ ~ (i B @QUN))
PV_E[/{a(t,X) 1a(t) }AN* (t) (w) (Q,v)]

Note that if the 7 model is correctly specified, then P, = 0, hence, by (3.37), the third
term on the RHS of (3.38) is negligible. Similarly, if the ¢ model is correctly specified, then
Py =0, hence, by (3.37), the second term on the RHS of (3.38) is negligible.

Therefore, in the ideal case when both parametric models are correctly specified, a

typical summand of the second vector on the RHS of (3.36) is asymptotically equivalent to
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¢r. Consequently, by (3.36),
n2 (B, — Bo) =n 2> VT a, X)) + 0p(1).
i=1

Therefore, the influence function for 3, is given by ¢ = V~1(a, X)p*.
By the CLT, n'/2(3, — fy) % N(0, %), where & = E(pyT).
By the LIE, when the m model is correctly specified, E(T1T4) = 0. Therefore,

Y=V "o, X {E(MT]) + BE(TT4)YW T (a, X).

By martingale properties, we have that

BLTT) = B [{alt.X) = pa(®) 205 1T = )t

= [ Blta(t,X) ~ g2 1T 2 )@
= V(a,a).

Similar to the estimation of V' (a, X), we have that

n

V(CL, a) = nil Z (I)(R“ Zi; 1&7’“ ’A)/n) / Dn(a7 a; t? Bn)sz* (t),

=1

where .
ioi{alt, X5) — a(t, 8)}*%e” N (T > t)

Y T XI(Ty > t)

Dn(aa a; taﬂ) =

And an alternative estimator for V(a,a) is provided by

n

Vi(a,a) =n=" Y ®(Ri, Zisthn, An) / {alt, Xi) — alt, Ba) y*2dN; (1)
i=1
By the DR argument, it can be shown that
{R—7(Q,v")}
T(Q, *)
x [fa(t. ) - o))" 0|

. R{l—ﬂ'(@,d}*)} - - *\ 2
_ EH 0.0 HA=2-e@7)

AR =7(Q,¢9")}
m(Q, ¥*)

« / {a(t, X) — ua(t)}®2dN*(t)}. (3.39)

{I(A =2) — 0(Q,7")}?

E(II) = E [

o(Q, v {1 — Q(Q,V*)}}
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In fact, if the 7 model is correctly specified, ¥* = 1, hence

R{1 —7(Q,v*)} B 012
E[ WQ(Q’@M {I(A =2) - 0(Q,7")}

{R—7(Q,v")} . *
T d@rHL (@) z}
_ {-rQu) )
= T 0un 1A= @)
_ {R—7(Q,¢*))? . .
- E[ Qe HA=2 =@} z]_

Therefore, (3.39) follows from the LIE by conditioning on Z.
Similarly, if the o model is correctly specified, v* = g, hence, by the MAR assumption,

B [FEZ T 8 = 2) - (@)

Q. ")
ARG 1 - o) .G
ML 29Dy - @)
S 0 - @)
_ R ;Jé;”i’;f;)}? 2(Q.7){1 — 2(@,7)}

Therefore, (3.39) follows from the LIE by conditioning on (R, Q).
This suggests the following doubly robust estimator for E(T>TY),

Byl = ‘12[“1 o Cf;’;’”")}u L= 2) — 0(Qir i)
=1 1 ¥n
(R Qi)

(Q“ dAJn) Q(Qi7 ’?n){l - Q(Qi7 'A)/n)}‘|

x [{at, X0) — alt. )} 2N 1),

Therefore, in the ideal case when both parametric models are correctly specified, we
have
Var(3,) = n~ 'V (a, X){V(a,a) + E(TI}YW " (a, X).

Now suppose that the m model is correctly specified, but the ¢ model might be misspec-
ified, in which case, ¥* = g, v* # 7. It has been shown previously that the third term
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on the RHS of (3.38) is negligible and that the leading matrix inside the bracket of the
second term on the RHS of (3.38) converges in probability to Py. By the LIE and (3.12),
P, reduces to

Py=E [ JHa(t.X) = na )N (1A = 2) - o(@.77)} ] — B(D,SD).

On the other hand, by the LIE, it is straightforward to verify that
{n—r(@ir(@) _
m(Q){1 - m(Q)}

Therefore, the leading matrix inside the bracket of the second term on the RHS of (3.38)
converges in probability to Py = FE (Qp*Sg ).

B(TiSE) = E | [{alt.X) - na(t))dM (0

Applying these results as well as (3.20) to (3.38), a typical summand of the ¢ x 1 vector
on the RHS of (3.36) is asymptotically equivalent to {¢; — II[p;|Ay]}. Consequently, by
(3.36),

n'2(Ba — o) = 0712 YV a, X) {e} — i Ay} + 0p(1).
i=1
Therefore, the inﬂuAence function for 3, is given by ¢ = V~"1(a, X){¢* — T[¢*|Ay]}.
By the CLT, n'/2(3, — By) % N(0, %), where £ = E(pT).

Note that T[p*|Ay] = Pyl Sy. Also recall E(T\T§ ) = 0, E(T\T{') = V(a,a). There-
fore, by the Pythagorean theorem,

5=V a, X){V(a,a) + E(TY) — Pyl P}V (a, X).
By definition, a doubly robust estimator for Py is given by

N

- 3 Riﬂ—T i An
Py =t [Halt, X,) — e, ) JNT (1A =2) — 0(Qu 30} g o)
i=1

7(Qi, tn)
Finally, let fw = fl;l. Therefore, when the m model is correctly specified, we have
Var(8,) =n~'V " (a, X){V(a,a) + E(ToT) — PyI;' P}V " (a, X).

Now suppose that the o model is correctly specified, but the 7 model may be misspecified,
in which case, v* = 7y, ¥* # 1. It has been shown previously that the second term on the
RHS of (3.38) is negligible and that the leading matrix inside the bracket of the third term
on the RHS of (3.38) converges in probability to P,.

Note that the observed data likelihood for 7 is

12[{@(% )P EE2RED0 (@) M (A==,
=1
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Therefore, the log-likelihood for ~ for a typical observation is

(v,0) = R[I(A =2)log o(Q,7) + I(A = 1) log{1 — o(Q,")}].
Consequently, the score vector for 7 is

_ R{I(A=2) - o(@)}0y(Q)
(O ()} .

By the MAR assumption, the associated Fisher information matrix is

RQ’Y(Q)Q:{(Q) 1
o(@Q){1 —o(@)} ]

5,(0)

I, =E(S,S])=E [

It follows that "
02 (3 —0) =n7V2Y LS+ 0,(1).
i=1
Now a typical summand of the vector on the RHS of (3.36) is asymptotically equivalent
to {¢f — Pﬂ;lsw-}. Consequently, by (3.36),

n
2B — Bo) =02y VT a, X){pf — PyI3 " Shi} + op(1).
i=1

Therefore, the influence function for 3, is given by ¢ = V—a, X){p* — Pﬂ;lsy}.

By the CLT, n'/2(3, — By) % N(0,X), where ¥ = E(pT).

As we will see shortly, P, # E(@*S$ ), hence Py I 1S, # H[p*|A,]. Consequently, it
might be reasonable to suspect that ¢ can not be written in the generic form of a typical
element of Aé* or Ai. In fact, when the p model is correctly specified, the full data nuisance
tangent space and the observed data nuisance tangent space will change to account for the
finite-dimensional nuisance parameter =, because there is an intrinsic relationship between
A(t]z), Mi(tlr), pajr,x,a and o(W) given by (C.1). Nonetheless, we can still consistently
estimate the asymptotic variance matrix for (3, from the observed data. As we will also see
shortly, BE(TZTY) = E(ToTY). Recall E(TZT{) = V(a,a). Therefore,

S = Va,X)[V(a,a) + E(ToTy ) + 2E(T\T5 ) + P, I PT
—E(e*ST Pl — Py HE (e ST IV (a, X).
By definition, a doubly robust estimator for P, is given by

{RZ_W(Q’LJ[}TL)} T oA
W(Q“l&n) Oy (Qu’Yn)-

Pty [Halt.X0) = a(t. 3)an; (0
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1 Rioy Qz:”}‘n)@»y (Qi,An)
= 0(Qi, Y1 — 0(Qi i)}’
By the LIE, it is straightforward to show that

ETy) = E {{RW g(%:f*)}g(@v*){l —0(Q,7")}

(
* [{alt, X) = )N (o)
Note that E(T1TY) is symmetric. It can be consistently estimated by

BTy = oty s - %’;f’")}g@i,%){l—g(Qi,m
i=1 is ¥n

x / {a(t, Xi) — a(t, Bu) 22N (1),

In addition,

B(e"ST) = B[ [{a(t. ) ~ ma(0)aN* (- 5" (@)

m(Q, 1)
Note that E(gp*Szﬂ) # P,. It can be estimated by

s R .
Bl ST) =n7t 3 [ ot X0 =t AN (0~ T @)

Note that E( *SWT ) is a consistent estimator for E (w*S$ ) only if the p model is correctly
specified. However, it does not matter because E(@*S;F ) appears only in product terms

along with P,, which vanishes when the = model is correctly specified, and because when
the o0 model is misspecified, the m model has to be correctly specified by assumption
Therefore, when the g model is correctly specified, we have

Var(f,) =

= n 'V a, X){V(a,a) + E(TbTY) + 2B(TVT5 ) + Py L' PT

—B(o" SO P — Py E(9 S]]V (0, X).
In some circumstances, we know that one of the two parametric models is correctly
specified, but do not know which one it is. By (3.36) and (3.38)

V2 (B = Bo) =02 VN a, X){f — Pyl Syi — Py Syi} + op(1).

Therefore, the influence function for 3, is given by ¢ = V~"1(a, X){p* — PwIJISw -
PI'S, ).
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By the CLT, n'/2(3, — By) % N(0,X), where £ = E(ppT).

Note that P, = 0 if the m model is correctly specified, Py = 0 if the ¢ model is correctly
specified. In addition, when the 7 model is correctly specified, F (90*51:5 ) = Py. Also recall
E(MTE) = V(a,a), E(ZTY) = BE(TyTT). Consequently,

S = Ve, X)[V(a,a) + E(LTy )+ 2E(TVTy ) — Pyl ;' Pl + P,I P
—B(p* SN PP — P B STV T (0, X).

Therefore, when either of the two parametric models is correctly specified, we have
Var(8,) = n~ 'V a, X)[V(a,a) + B(TLTY) + 2B(T\TY ) — Pyl P} + Py I P
—B(e" SO PT - By E(e STV (0, ).
3.7 Locally Semiparametric Efficient Estimator

By results from the previous section, the search for the observed data efficient influence

function can be restricted to the following class of influence functions,

Ro"(Z) | Re"(2) . F _ \FL
{ TI'(Q) Hl TI‘(Q) |A2 L € A }

But since the observed data efficient score differs from the observed data efficient influence

function only by a proportionality constant matrix, and an element of A+ differs from the
corresponding full data influence function only by a proportionality constant matrix, we
only need to identify Bg:jr € AFL such that

RBE(Z)

Se(0) = Q) 11

Let m(-) denote the linear operator mapping H* to H* as

(3.40)

RBgﬁc(Z) ]
Q) |7

m{h"(2)} = E[E{h"(2)0}|Z],

1

then (i —m) is a contractor, where i is the identity operator. Therefore, m™" exists and is

unique. Furthermore, by Proposition 8.1 of Robins, et al. (1994), (3.40) is equivalent to
Om ™ Bl; (2)} A" = 8L (2). (3.41)

In addition, the solution in B%(Z ) € AF'L exists and is unique.

It is straightforward to show that

m™{Bl(2)} = Bi(Z) + {1_—[35}(2) ~ E{B(2)|Q}].



On the other hand, by (3.5),

Blg(2) = [{alt.X) — na(®)}dM (), (3.42)

for some ¢ x 1 function a(t, X'). Therefore,
m B (2)) = [{alt.X) - pua(®)}dM ()
{1

= 7@} pen . :
0 A =2) = 0o(@)) [{alt, X) — p(t)}aN"1)3.43

By (3.41) and the projection theorem,

0 = E{lm YBL(2)} - SL(2)"h"(Z)}, vh" € AFL

Therefore, by (3.5), (3.8), (3.43), along with martingale properties and the LIE, we have
that

0 = B{[[tett.x) - pu()arco

S ”{z( ~ 0@} [alt, X) - pa(t))dN" (1)

- [1X = ix®}am)
< [ 1000 ) it pant o)}
= B [{alt X) ~ pal)} ~ X ~ nx(ONT (8. X) - (0}
XA X I(T > t)dt|
LD )1 - o))

Q)
<{a(T, X) — pa( 1)} {B(T, X) — u(T)}] . ¥b(t, X). (3.44)

T

+E |

By martingale properties and the LIE, the first term on the RHS of (3.44) is equal to

B [ [tatt.X) = 50} = 1 = px ()00 X) = n(t)}aN (1)
|

= Blo(@{a(T, X) = na(T)} = {X — px(T)}){b(T, X) — ps(T)}
= Blf"(T,X)({a(T, X) = pa(T)} = {X — pnx(T)N{B(T, X) — up(T)}], (3.45)

where

f*(TvX) = E{Q(Q)|T7X}
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Similarly, by the LIE, the second term on the RHS of (3.44) is equal to
Blg*(T, X){a(T, X) — na(T)}{B(T, X) — (T},

where

* _ {1_7T(Q)} _
o'(1.3) = B[ L@ - @) 7. .

Substituting (3.45) and (3.46) into (3.44), we have that

0 = E[{/(T,X)+g"(T, X)H{a(T, X) — pa(T)}

— [T XX — ux (T)) (T, X) = p(T)}], Vo(t, X).

Assume that
P(A=2IT,X,A>0)>0, PA>0T,X)>0.
Then by the LIE,

(T, X) = P(A=2]T,X)
— P(A=2[T,X,A>0) P(A>0[T, X)
> 0.
Consequently, f*(T, X) + ¢*(T, X) > 0 because ¢*(T, X) > 0.

Let
a(t, X) = pa(t) = h(t, X){X — an(t)},

where
_ £ (tX)
B SRR (S3)
) = EthtX )X XI(T > 1)}
oy, =

E{h(t, X)X (T > t)}

(3.46)

(3.47)

(3.48)

Then, by arguments similar to those used in (3.45) except that we are now working in the

reverse direction, the RHS of (3.47) is equal to

E[(f*(T, X){X — an(T)} = (T, X){X — px(T)}){b(T, X) — pp(T)}]

= BLP LX) {x(T) — an(DF (T, X) = (DY
= B [{ux(®) - an®)T{b(t. X) - m(®)}aN (o)

=[x () — an @Y EL{b( X) — m(0)}e S IT > A1)
= 0, Vb(t, X).
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Therefore, by the uniqueness, we have identified the observed data efficient score defined
by (3.40), (3.42), and (3.48).
In addition, by results from the previous section, the observed data efficient score can

be written as
S (0) = / h(t, X){X — an(t)}dM(t)
Q(R, ) / h(t, X)X — ap(t)}AN*(t)
— (R, 7) / h(t, X){X — an(t)}dN* (1)
_ / h(t, X){X — an(£)IN0)e® XI(T > t)dt,

where Q(R, Z) = Q(R, Z; 0, 70)-

In fact, the observed data efficient score can also be obtained directly by projecting the
observed data score for 8 onto the space orthogonal to the observed data nuisance tangent
space as we will now demonstrate.

By (3.6), the observed data score for 3 is given by
Ss(0) = E{S§(2)|0}
E UXdM(t)‘ o}
= R/XdM )+ (1—R) /X{Q Q)AN*(t) — A(t)e™ X I(T > t)dt}
= /XdM (1-R){I(A=2)-0(Q }/XdN* t).

Note that A = Ay & A, where A, = E{AF|O}, A; =
Sz L Ay, hence I1[Sg|Ay] = 0. Consequently,

(Q) AL+ Ay = Ag. In addition,

Ser = I[S5|A"] = TI[Ss| AL ].
Therefore, by the projection theorem, we have
B{(| [ xaue - - mira -2 - @) [ xan )
- | [tate. ) = pateryanto
AR, 2) [{alt, X) = pa0)}aN" (1) )T

{ 5 [4b(e.3) = p(e)yam (o)

{R—Tr Q)}

0 L(Q)” Wb(t, X),VL(Q).
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Equivalently,
0 = B{| [{at. ) - na(t) - X)adr(e
FUR,Z) [{alt. X) = na(0)}dN" (1)
- R(I6 =2) 0@} [ Xan“()]

R
JR@/wwm—%mwa
{R-m(Q)}
m(Q)
By martingale properties and the LIE, this reduces to
0 = B[ [{alt.X) — pl®) ~ XY (000, X) — pun(t)

XA X I(T > t)dt|

[ ) - w@))

${a(T, X) = pa( T {BT.X) = ()] L ¥0(. X). (3.49)

L(Q)} } Vbt X), VL(Q).

Arguments similar to those applied to (3.44) can be applied to (3.49) to show that the
observed data efficient score is given by (3.40), (3.42), and (3.48).
Denote

f(TvX) = E{Q(W)|T7X7A > 0}7

[0
o) = B[ L o) - w7 x.8 > 0]

By the LIE, we have that
F{T,X) = F(T,X)P(A> 0T, X),
G(T,X) = ¢(T,X)P(A > O[T, X).

Therefore,

n, x) = LX)
f(t, X) +g(t, X)

To construct estimating equations for # based on the observed data efficient score, we
need to estimate f(7;, X;) and ¢(T;, X;) for each individual, which may involve modeling the
conditional expectations, e.g., we may consider a logit model for f and a loglinear model for
g, respectively. Let 6 denote the finite-dimensional parameters introduced in this modeling

process, and let 6,, denote an estimator for 6 satisfying

0, 2 0%, 026, — 0°) = 0,(1). (3.50)
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A~

Then we can estimate f(7;, X;) and ¢(T;, X;) using f(TZ-,Xi,én) and g(7T;, X, 0y), respec-

tively.
Let
f(t7Xi76)
h t,Xi,H - ’
( ) [t Xi,0) + g(t, X;,0)
n o h(t, X, 0) X8 X [(T; > ¢
an(t, 8,0) — =1 (t, X;,0)X e (T; > )

?:1 h(ta va e)eﬁTXjI(,Tj 2 t)

Then it is straightforward to show that
zn: / h(t, X, 0){X; — an(t, B,0)IA(t)e® X I(T; > t)dt = 0, V3, V6. (3.51)
i=1
Consequently, Scg suggests the following estimating equation for j,
0 = SRR ZidnAn) [ M X0 0~ (B B0MN D). (35)
i=1
By (3.27) and (3.51), this is identical to
0 = 3 [[ X0 B X - a0t 5,80 M1 )
i=1
R, Zi i) [ Bl X B) (X5 = G (88,8} ()] - (3.59)

By the WLLN, ay, (¢, Bo, 0n) 2> o (t, 0%), where

(t04) = EAL X, 0) XM XIT > 1))
) = R (e X, 09BN I(T > 1))

Assume that ¥, 2 *, An 2> ~4*, and that either of the two parametric models is cor-
rectly specified, then, when evaluated at 3y, a typical summand of (3.53) is asymptotically

equivalent to ¢; = Ty; + Tb;, where
T, — /h(t,X, 0 )X — an(t, 0°)YAM(2),
T — Q(R,Z;z/;*,fy*)/h(t,X, 0*){X — an(t, ) }AN* (¢).

Note that had the parametric models for the conditional expectations involved in model-
ing f(t,X) and g(t, X) been correctly specified, we would have 8* = 6. In addition, if both
the 7 model and the o model were also correctly specified, then we would have ¢* = Sz

as expected.
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By martingale properties and the DR argument, E(p*) = 0. Therefore, (3.52) is an
asymptotically unbiased estimating equation for 3. Consequently, under certain regularity
conditions, the resulting estimator is consistent.

By definition, we have that

9an(t, 3,6) jo1 bt X5, 0){X; — an(t, B,0)}%” S 1(T; > 1)
o "t X5, 00 G I(T; > 1)
= Kup(h,an;t,[3,0).

Expanding (3.52) about fy, we have that
n!/2 (Bn — fo)
n -1
= {nl Z (I)(Ria Zi; @na Yn) / h(t, X, én)Kn(hu an;t, ﬁ:u én)sz*(t)}
i=1

xn V2N " B(R;, Zis tn, An) / h(t, X;,00){X; — an(t, Bo, 0n) YANF (t),  (3.54)
=1
where () lies between Bn and (.
Since G, 2 Bo, B85 L Bo. By the WLLN, ay, (¢, 3%, 0,) 2 ap(t,6*), so that
K, (h, ah;t,ﬁ;‘b,én) EN 7(h, ap;t, 0%), where

(s 1,6 = EIR(E X 6K — an(t, 6)} 9% X I(T 2 1)
TR E{h(t, X,0°)e% XI(T > 1)} '

Similar to the previous section, by the DR argument, the leading matrix inside the
bracket on the RHS of (3.54) converges in probability to

V(h,ap; 6%) = /E[h(t,X, 0){X — ap(t,0%)}22650 X I(T > )] A(t)dt.

This suggests that V (h, ap; 0*) can be estimated by

n

V(h,an;6%) =n™" >~ ®(Ri, Zi;tn, An) / h(t, X;,00) K (h, anit, Bu, 0,)dNG ().
=1

An alternative estimator of V' (h, ap; 6*) is provided by

V(ha Qp; 9*) = n_l Z q)(Rla ZZ'; 77/}717 ’AYTL) / h‘(ta Xiv én){Xl - @h(t, BTM én)}®2sz* (t)
i=1

It is straightforward to show that
dain(t, 53,0) Joa (X — an(t. 8,0)1h (1. X;,0)e” X 1(T; > 1)
00T N h(t X5, 0)eP T X (T > t)
= Gl 6,0).
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Therefore,

ah(tha ‘9){2(0; ah(taﬁa 0)} — {X — @h(t”@’ 0)}h£(t, X, 0)

—h(t, X,0)C(t, 3,0).

By (3.27), (3.51), and by expanding about (¢*,~v*,0%), the ¢ x 1 vector on the RHS of
(3.54) is equal to

n—”?i [ / h(t, X1, 0) (X5 — @n(t, Bo, ) VM (1)
AR Zistnsia) [ (X 01X = an(t 50, ,)}aN; (1)

_ mlﬂé [/ h(t, X, 0){X; — an(t, fo, 0%)}AM(2)
AR 20" 77) [ 18X 0°) (X — (e, 6o, 6°)FaN; (1)

- l _1Z/h t lee;kz {XZ _O_éh(tvﬁ()ve:)}sz*(t)
2(Qi,V})
[ ‘12 / Bt X 1)1 X — an(t, fo, ;) }ANG (1)

{R _W(Quwn)} T
m(Qis ¥7)

+ l”_l > {/[{Xi — an(t, Bo, 05)YhE (t, X;,05)

=1

x{I(Ai = 2) — o(Wi, 1)} ] n'2 (g, — %)

mw] (3, — ")

V(R Zisit) 11X = e, B, G RE 1, 5, 67)

— h(t, Xu@n)Cn(taﬁmQZ)WN?;*@)}] W20, 6%, (3.55)

where 1 lies between 1/3,1 and ¢*, 7, lies between 4,, and v*, and 6}, lies between 6,, and 6*.
Since 1, 2> 1*, 3 B 4%, 6, B 6%, we have vy Loy, 0 RN v*, 6 2, 6*. By the WLLN,
an(t, Bo, ) > an(t, 0%), so that Cu(t, B, 0;) 2 ((t,6%), where

E[{X — an(t,0%)}hT (t, X, 0%)eP X (T > t)]

C(t,0%) = E[h(t, X,0°)e% X (T > t)]
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Therefore, the leading matrix inside the bracket of the fourth term of (3.55) converges

in probability to
B [ / (X — an(t, 09 }hD (¢, X, 07) — h(t, X, 67)C(t, 0°)]|dM (£)
(R, Z: 0%, 7) / (X — an(t, 09300 (8, X, 0%) — h(t, X, 67)C(t, 09 AN" (1))

By martingale properties and the DR argument, this is equal to zero. Consequently, by
(3.50), the fourth term on the RHS of (3.55), which measures the effect of the estimation
of 6 on the estimation of (3, is negligible.
Let
a(t,X) — pa(t) = h(t, X,0){X — ap(t,0%)}.

Then arguments similar to those used in the previous section can be applied to reach
almost identical conclusions. For instance, the influence function for Bn is given by ¢ =
V=Hh, ap; 0%){p* — PQZIJISQp — ow;lsw}. By the CLT, n'/2(8, — (o) <, N(0,%), where

S = V  hon 0°)[V(h?, ap;0%) + E(TYTY ) + 2E(TVT3 ) — Pyl Pl + Py I Py
—E(p*S)) L, Pl = Py E( S)Y VT (hy aps 67).

Similar estimators can be used by plugging in 6, for 0* with the only exception being
V(h,ah;e*) and V(h2,ah;9*), where

V2 cn07) =0 S B(Re, ZistinAn) [ 30 X, 00) K (B, canit, B, )N ()
=1

3.8 Simulation Study

We considered three IPW semiparametric estimators. The first one is the simple IPWCC

estimator with estimating equation given by

oy [ Ko b

The second one is the IPWDR estimator which is guaranteed to have improvement on

robustness and efficiency over the IPWCC estimator. The estimating equation is given by
n
0 = @R ZitnAn) [{Xi — X(E )N (1),
i=1
The third one is the IPWLE estimator with estimating equation given by

> (Ri, Zis tn, An) / h(t, X, 0n){Xi — an(t, B,00) }dN; (t).
i=1
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We will fit a logit m model and a logit ¢ model in the simulation study no matter
what the true models are. In addition, to obtain the IPWLE estimator, we will fit a logit
model to f and a loglinear model to g among those individuals who have failed. To avoid
nonconvergence, we will run a linear regression on the transformed scale of f and g, and
then transform the predictions back to the original scale.

For comparison purpose, we also considered the complete case estimator and the (single)
imputation estimator. In order to investigate the performance in terms of robustness of these
estimators, we considered two situations.

In the first situation, we generated a random treatment assignment X; from a Bernoulli
distribution with success probability 0.5. Given X; = z, we generated two failure times
{T»;,T1;} and a censoring time Cj, independently, as we will now describe. The failure
time due to the cause of interest, i.e., To;, was generated from an exponential distribution
with hazard \(t|z) = ¢eP®, where ¢ = 1 and § = 0.4. The failure time due to competing
causes, i.e., T;, was generated from a Weibull distribution with hazard \;(t|x) = t"1~1e727,
where v = 1.4 and 2 = 0.2. The censoring time C; was generated from an exponential
distribution with hazard Ao(t|x) = Ac = 0.3. Compute T; = min{Ty;, T1;,C;}, and let
A =20 {Ty < T1,To < Ci}, Ay = 1if {Th; < Ty, Ty < Ci}, and A; = 0 if {C; <
T5,C; < Ty} Given {T; =t, X; = x, A; = 0}, we generated an auxiliary covariate A4; from
an exponential distribution with hazard \(alt,z,d) = £ + £10, where g = 1 and & = 1.
Consequently,

logit o(t,x,a) = —log[(&0 + &1)/{d(&0 +2&1)}H — (71 — 1) logt — (y2 — B)x — &1a.

Note that, without prior knowledge, we will fit a logit model linear in ¢ instead of logt, i.e.,
logit o(t, z,a) = y§+7it+v3x+75a. To comply with the MAR assumption, we generated the
missingness indicator R; from a Bernoulli distribution with success probability depending
only on (T3, X;, A;). In particular, we let

logit 7(t, z,a) = ¥ + Y1t + ox + P3a,

where g = 1, 1 = 1, ¥9 = —2, 93 = 1. Therefore, this is the same 7 model as we will fit.
In the second situation, we changed the specification for the conditional distribution of
Ty; given X;, which now follows a Gompertz distribution with hazard \(t|z) = e7!+72%

where y; = 0.5 and v = —0.5, so that the true ¢ model is now given by

logit o(t, ,a) = —log[(£o + &1)/{d(¢0 + 261)}] = mt — (72 — Bz — Ga.

Note that this is the same ¢ model as we will fit. In addition, we changed the specification

for the m model, which is now given by

logit 7(t, x,a) = 1o + 9 + ox + 13a,
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where g = 1, 1 = 0.5, ¥ = —2, 93 = 1. Note that, without prior knowledge, we will fit
a logit m model.

For each situation, 500 simulation data sets were generated for sample sizes n = 200, 500.
Because it is commonly believed that most IPW estimators and especially their variance
estimators are not stable when some of the probabilities of having a complete case are close
to zero, we also generated 200 bootstrap data sets for each simulation data set with the first
bootstrap data set being the simulation data set itself. For the two situations considered
above, there are about 52% to 55% failures from the cause of interest, 31% to 35% failures
from the competing causes, and 13% to 14% censored observations. The proportion of
missing cause of failure ranges from 28% to 30%. The results are summarized in Tables 3.1
and 3.2, where a “good” fit means that all variables in W are used in the logistic regression
model and a “poor” bit means that only the intercept term is used in the logistic regression
model and both refer to the fit of the misspecified model.

As can be seen from the two tables, the complete case estimator is biased in all cases,
which is expected because cause of failure is not missing completely at random. The im-
putation estimator behaves fairly well, even in the case when the p model is misspecified.
However, further research is needed to draw any confirmative conclusions about the robust-
ness of the imputation estimator against misspecification of the ¢ model. When the m model
is correctly specified, the IPWCC estimator is unbiased but less efficient than the IPWDR
estimator in all cases. When the m model is misspecified, the IPWCC estimator is biased,
although the bias may not be pronounced if the modeling is carefully carried out so that
the fitted m model is close to the truth. Also notice that the variance estimator for IPWCC
overestimates the true sampling variation in all cases. However, this should not cause any
particular concern because the IPWDR estimator is almost always a better choice compared
to the IPWCC estimator. It is interesting to notice that the IPWDR estimator is very close
to the IPWLE estimator in terms of robustness and efficiency. This suggests that it is not
worth the effort to go through the complicated modeling processes for f(7T, X) and g(T', X)
in an attempt to gain extra efficiency if any. The IPWDR estimator is recommended for its

simplicity.

3.9 Breast Cancer Example

The data from a clinical trial in elderly women with stage II breast cancer were analyzed to
identify covariates that were significantly associated with death due to breast cancer. There
were 169 eligible patients enrolled in this study, among which 90 patients had censored death
times. Of the 79 patients who died, 18 of them had incomplete cause-of-death information.

For the remaining patients with known cause of death, 44 died from breast cancer and the
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other 17 died of other causes. Cummings et al. (1986) reported two covariates, presence
of 1 to 3 positive axillary lymph nodes and having an ER-positive primary tumor, as be-
ing significantly associated with overall survival. Goetghebeur and Ryan (1995) conducted
a cause-specific survival analysis based on the standard proportional hazards structure for
both failure types. Lu & Tsiatis (2000) used the same data to illustrate multiple imputation
methods. We summarize their results in Table 3.3 along with the proposed IPWDR esti-
mator as we will now describe. First, we had to establish a model for 7(W') and o(W). For
the covariates W, we considered ER-status, number of positive axillary lymph nodes, tumor
size, treatment assignment (Tamoxifen versus placebo), and time of relapse. As noted by
the latter two authors, because among the 6 patients with ER-negative status 5 had died
and all died from breast cancer, we can not use a logistic regression model that includes
ER-status as a covariate to fit the 7 model or the ¢ model as the MLE does not exist. On
the other hand, since only patients with ER-positive status had unknown cause of death,
we can fit a logistic regression model for 7 using the subset of patients who died and were
ER-positive, and a logistic regression model for ¢ using the subset of patients who died
with known cause of death and were ER-positive. It turned out that none of the covariates
except the intercept term was significant for both logistic regression models. The results
are shown in Table 3.3, where the numbers inside the brackets denote the standard errors
associated with the parameter estimates.

It can be seen from Table 3.3 that the hazard of death from breast cancer is significantly
associated with ER-status, but no firm conclusions can be reached regarding the effect of

number of positive axillary lymph nodes.

3.10 Discussion

We have investigated various inverse probability weighted semiparametric estimators which
allow the inclusion of additional auxiliary covariates. We recommend to use the IPWDR

estimator for its simplicity, flexibility, robustness and high efficiency.
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Table 3.1: Monte Carlo comparison of complete cases, imputation, and inverse probability
weighted estimators with sample size of 200

CC SI IPWCC IPWDR IPWLE
7w model correctly specified, o model misspecified, good fit
Bias -0.2268 0.0030 -0.0001  -0.0017 -0.0453
SSE 0.2496 0.2239 0.2288 0.2148 0.2214
SEE 0.2574 0.2243 0.2978 0.2161  0.2164
CP 0.874 0.944 0.998 0.944 0.942
SEEBT — — 0.2346 0.2201  0.2282
CPBT — — 0.960 0.946 0.954
7 model correctly specified, o model misspecified, poor fit
Bias * -0.0532 * -0.0007 -0.0846
SSE * 0.1993 * 0.2158  0.2232
SEE * 0.1975 * 0.2168  0.2178
CP * 0.940 * 0.940 0.922
SEEBT — — * 0.2203  0.2286
CPBT — — * 0.946 0.946
o model correctly specified, m model misspecified, good fit
Bias -0.2019 -0.0011 -0.0047  -0.0017 -0.0421
SSE 0.2529 0.2293 0.2374 0.2266  0.2362
SEE 0.2550 0.2284 0.3167 0.2210  0.2206
Cp 0.8700 0.964 0.996 0.950 0.930
SEEBT — — 0.2385 0.2246  0.2346
CPBT — — 0.958 0.952 0.956
o model correctly specified, 7 model misspecified, poor fit
Bias * * -0.1799  -0.0019 -0.0083
SSE * * 0.2490 0.2236  0.2232
SEE * * 0.3652 0.2199  0.2198
CP * * 0.988 0.948 0.950
SEEBT — — 0.2533 0.2226 0.2220
CPBT — — 0.890 0.954 0.958

56



Table 3.2: Monte Carlo comparison of complete cases, imputation, and inverse probability

weighted estimators with sample size of 500

CC SI IPWCC IPWDR IPWLE
7w model correctly specified, ¢ model misspecified, good fit
Bias -0.2257 -0.0002 -0.0039  -0.0006 -0.0417
SSE 0.1518 0.1357 0.1406 0.1299  0.1346
SEE 0.1604 0.1403 0.1869 0.1350  0.1352
Cp 0.710 0.960 0.994 0.966 0.958
SEEBT — — 0.1457 0.1357  0.1404
CPBT — — 0.952 0.968 0.964
7w model correctly specified, o model misspecified, poor fit
Bias * -0.0571 * 0.0005 -0.0796
SSE * 0.1201 * 0.1305  0.1343
SEE * 0.1236 * 0.1355  0.1361
Cp * 0.946 * 0.960 0.918
SEEBT — — * 0.1361 0.1412
CPBT — — * 0.964 0.934
o0 model correctly specified, 7 model misspecified, good fit
Bias -0.1947 0.0021 -0.0041 0.0003 -0.0383
SSE 0.1493 0.1380 0.1400 0.1336  0.1390
SEE 0.1584 0.1426 0.1960 0.1377  0.1375
Cp 0.768 0.970 0.996 0.962 0.946
SEEBT — — 0.1463 0.1385 0.1444
CPBT — — 0.962 0.964 0.960
0 model correctly specified, 7 model misspecified, poor fit
Bias * * -0.1735 0.0004 -0.0035
SSE * * 0.1457 0.1323  0.1320
SEE * * 0.2267 0.1371  0.1370
Cp * * 0.968 0.968 0.968
SEEBT — — 0.1554 0.1377  0.1373
CPBT — — 0.828 0.966 0.964

Table 3.3: Comparison of complete cases, Goetghebeur and Ryan, imputation, and doubly

robust estimator using the breast cancer data

CC GR MI® IPWDR
4+ nodes 0.71[0.3065] 0.57[0.2803] 0.60[0.2618] 0.53[0.2808]
ER-neg.  1.70[0.4861] 1.59[0.4822] 1.61[0.4794] 1.71]0.4809]
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Chapter 4

Conclusions

In this chapter, we first summarize the results of comparison among different approaches in
terms of flexibility, robustness and efficiency. Based on these comparisons, we then make
some practical recommendations. Finally we will point out some directions in this area that

might be of interest for future research.

4.1 Comparison

First let us find out which of the three approaches allow us to exploit important information
contained in auxiliary covariates. Intuitively, the complete case approach does not make
use of auxiliary covariates. Neither of the two partial likelihood approaches allows auxiliary
covariates because each covariate is associated with either of the two cause-specific haz-
ards. However, the imputation approach and the three inverse probability weighting (IPW)
approaches treat one of the two causes as the cause of interest, and then posit and fit a
parametric model for the conditional probability of failing from the cause of interest given
that a failure has occurred. In addition, the three IPW approaches explicitly model the
missing data mechanism. The strategy of fitting the two parametric models necessitates
the discussion of auxiliary covariates. The results are summarized in Table 4.1.

Now let us take a look at the corresponding missing data mechanism that is needed to
warrant the validity of each approach. For the complete case approach, we need to assume
that cause of failure is missing completely at random. For the Goetghebeur and Ryan partial
likelihood approach, we need to assume that the missingness probability may depend on
time, but not on covariates. For the imputation approach, the efficient partial likelihood
approach, and the three IPW approaches, we only need to assume that the missingness
probability may depend on both time and covariates, but not on cause of failure that might
be missing. When the missingness probability may depend on the missing data, none of the

approaches are expected to work. The results are summarized in Table 4.2.
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In order to assess the robustness of the approaches, we consider two cases where the
missingness probability depends on both time and covariates and where both the complete
case estimator and the Goetghebeur and Ryan estimator are biased. In the fist case, the
parametric model for the missing data mechanism is correctly specified, but the parametric
model for the distribution of the complete data is misspecified, i.e., the m model is correctly
specified, but the o model is misspecified. For this case, the efficient partial likelihood
estimator does not perform well as confirmed by simulation. The imputation estimator is
not expected to perform well in theory, but it is surprisingly good in simulation. All IPW
estimators perform well as confirmed by simulation. In the second case, the m model is
misspecified, but the o model is correctly specified. For this case, the inverse probability
weighted complete case (IPWCC) estimator does not perform well because it relies critically
on the modeling of the m model, but both the imputation estimator and the efficient partial
likelihood estimator do not model the missing data mechanism at all, hence are valid,
and the IPW doubly robust (IPWDR) estimator and the IPW locally efficient (IPWLE)
estimator are doubly robust, hence are also valid. The results are summarized in Table 4.3.

To compare efficiency, we must assume that all approaches are valid. For example, to
compare the efficiency of the complete case estimator and the imputation estimator, we need
the missing-completely-at-random (MCAR) assumption and the specification of the ¢ model
to be correct. Because both the imputation estimator and the IPWCC estimator exploit
additional information from the competing cause, they are more efficient than the complete
case estimator. The Goetghebeur and Ryan partial likelihood estimator is more efficient
and the efficient partial likelihood estimator is most efficient. The IPWDR estimator gains
significant efficiency over the IPWCC estimator and the IPWLE estimator should be more
efficient than the IPWDR estimator had the A model been correctly specified, but the
efficiency gain is minimal because the true h model is not known in practice. The results
are summarized in Table 4.4.

Based on the above discussion, the IPWDR, estimator allows for inclusion of auxiliary
covariates, is valid under the general missing at random assumption, is doubly robust against
misspecification of either the m model or the ¢ model, has satisfactory efficiency performance,

and has the appeal of easy implementation, therefore we recommend it to be used in practice.

4.2 Future Research

It is not clear why the imputation estimator performs so well in simulation studies when
the o model is misspecified. In addition, we have not discussed the situation when the
missingness probability may depend on the unobserved data, and we have not investigated

the sensitivity of these estimators for very small sample sizes.
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Table 4.1: Inclusion of Auxiliary Covariates

CC MI GR EPL

IPW

X X

X

Vv

Table 4.2: Missing Data Mechanism

GR EPL IPW

CC MI
MCAR v
RMAR  x v/
MAR X W/
NINR X X

X X <<

XL

Vv
N
Vv

Table 4.3: Robustness

(mr,0) CC MI GR EPL IPWCC IPWDR IPWLE
(1LO)* x  x[V]" x v v v
01y x v x v Vv
“1 = correctly specified, 0 = misspecified
bstatements inside brackets are simulation properties
Table 4.4: Efficiency
CC MI GR EPL | IPWCC IPWDR IPWLE
poor | good | excellent best good  excellent best[excellent]
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A Asymptotic Properties of Imputation Estimators
Consider the contribution from the jth imputed data set. Define the counting process
Nij(Ri,v,t) = I{T; < t, Dij(Ri,v) = 1}.

Then the log partial likelihood function can be written as
log L;j(%,0) = ) / [ﬁTXi ~log {Z e X I(T, > t)H dNij(Ri 3. t).
i=1 k=1

Let Bj be the MPLE, then it maximizes the above log partial likelihood, or, equivalently,

solves the corresponding score equation S;(,3) = 0, where
Si30) = 3[4 = X(t,9)dNy (i, 3,1),
i=1
 Yh X X I(T) > 1)

X(t,0) = S BTN (T > 1)

The concave function arguments in Andersen and Gill (1982) can be used to establish

the consistency of Bj.
Let
AM;;(Ri, 4, t, B) = dNyj (R, 4, t) — Mt)e® X I(T, > t)dt.

Then .
Si(38) = 3 [ = X(t,9))dMy (i, 3., 9)
i=1

By the WLLN, X (t, By) 2 ux(t). Similar to Tsiatis (1981), it can be shown that
n~ 2 Z/{X(taﬁo) — pux () }dM;j(Ri, 4, t, Bo) 2 0;
i=1

hence,

n~Y28;(5, B0) = n/? D Wi (3, Bo) + 0p(1),
i=1

where Wi;(v, fo) = [{Xi — pux (¢) }dMij(Ri, v, t, fo). Let pw g, (v) = E{¥4;(7, Bo)}, define

Hj(v, Bo) = z": {Wii(v, Bo) — pw (v, Bo) } -

i=1

Then it can be shown using the theory of empirical processes (van der Vaart, 2000) that

n Y2 {H;(%, Bo) — Hj(v0, 50)} = 0;
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hence,

w2853, ) = 12 3 s )+ { LI 2 ) 40, 0). (A)
i=1

We have shown that {D;;(R;, o), Wi} has the same joint distribution as (D;, W;); hence,
U,i(70, Bo) has the same distribution as [{X; — px(¢t)}dM;(t), where dM;(t) = dN;(t) —
MN)eP Xi[(T; > t)dt, N;(t) = I(T, < t,D; = 1). Note that dM;(t) is the increment of a

martingale process; hence, pg (Y0, 80) = 0. In general, it can be shown that

pw (7, Bo) = E{X — pux(T)}P(R = 0[W){o(W,v) — o(W,70)}];

hence,
Iprw (705 Bo)
SR < BUX — px(T)}P(R = O[W) o] (W) (A.2)
Because 4 is the maximum likelihood estimator of v based on complete cases,
n'2(5 = 0) =027 6(01,%) + 0p(1), (A.3)
i=1

where

RI(A > 0{D — o(W)}
e(W){1 — o(W)}
Substituting (A.2) and (A.3) into (A.1), we see that n=1/25;(%, 3) is asymptotically

equivalent to

$(0,70) = I 0, (W) [

n
n=2 Y {Wii(v0, o) + BI{X — px(T)}P(R = 0[W)o] (W)]$(Os,70)}-
i=1

Because this is a normalized sum of i.i.d. mean zero random variables, asymptotic normality
follows from the usual central limit theorem and the asymptotic variance is given by the
variance of a single summand, or Vsr. Mean value expansion of S;(¥, BJ) = 0 can then be
used to prove Proposition 1.

The consistency of the multiple imputation estimator, B , follows from the consistency of
single imputation estimators. In addition, nl/Q(B — o) = Vs_lnfl/zS(ﬁl, Bo) + 0p(1), where
n~125(%, By) is asymptotically equivalent to

n=2 Y (Wi (0, B0) + EI{X — px(T)}P(R = 0[W)o] (W)]$(Os,70)}-
i=1
Because this is a normalized sum of i.i.d. mean zero random variables, asymptotic normality

follows from the usual central limit theorem and the asymptotic variance is given by the

variance of a single summand, or V7, which leads to Proposition 2.
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B Semiparametric Efficiency of Partial Likelihood Estimator
Appendix

Proof of Semiparametric Efficiency. The model is characterized by the ¢ x 1 parameter
of interest 5 and the infinite dimensional nuisance parameters {(t), Ao(t|z), px (x), 7(¢,z)}.
Similar to Newey (1990), Bickel et al. (1993), and Robins et al. (1994), we consider the
Hilbert space ‘H of all g-dimensional mean zero and square-integrable measurable functions
of the observed data O = {R,T,I(A = 0), RI(A = 1), RI(A = 2), X}. The nuisance tan-
gent space A is the linear subspace of H spanned by the scores for the nuisance parameters
of all parametric submodels and their mean-square closure. It follows from the semipara-
metric theory that the solution to the estimating equation based on the efficient score is
most efficient among all semiparametric estimators, where the efficient score is defined as
the residual of the score vector for 3 after being projected onto the nuisance tangent space,
Seg = Sp — II(Ss|A). To establish the semiparametric efficiency, we only need to identify
the score vector Sz and the nuisance tangent space A, carry out the projection, and verify
the asymptotic equivalency of the estimating equation based on the efficient score and the
estimating equation we have used to obtain the EPL estimator.

It is straightforward to show that the log likelihood for a single observation is given by

08,0) = I(R=1)logn(T,X)
+I(R =0)log{l — (T, X)}
+I(A =0)log /\O(T\X — Ao(T'1X)
I(A > 0)log A(T /)\ (& X, B)Y (t)dt
(R
(R

+

+I(R=1,A =1)logr (T, X, §)
+I(R=1,A =2)logrs(T, X, 3)
+I(R=0)logr (T, X, 3)
+log px (X)),

where {As(t|x),0 = 2,1,0} are the cumulative cause-specific hazards.

Since the nuisance parameters are functionally independent and separate from each
other in the log likelihood, the nuisance tangent space can be written as a direct sum of
four orthogonal spaces,

A =N ® Ao @ Azs B Ags,

where A4 is associated with A(t), Ags is associated with Ag(t|x), Ass is associated with

px(x), and Ay, is associated with 7 (¢, x).
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Let dMs(t) = dNs(t) — A;(t|X)dt be the martingale increments for the corresponding
counting processes, then standard techniques of semiparametric theory can be used to show

that a typical element of A is given by

/ a(t)dM (t),

where M = My + My + M, and a(-) is some arbitrary ¢ x 1 function of ¢.
To simplify notation, write rs(t,z) = rs(t, z, o), then the score vector for 3 evaluated

at the truth is given by

50 = [ A
146, X

+/ z(t, dM2 (t)

g

Note that this is orthogonal to Ass, A3s and Ays. Therefore, using the projection theo-
rem, the efficient score, derived as the residual after projecting Sz onto A, or in this case,

Ay, is given by

where

vy = EEXY D)
E{r (6, X)Y ()}

The corresponding estimating equation is asymptotically equivalent to U(8) = 0, so that

the EPL estimator is semiparametric efficient.

C Notion of Auxiliary Covariates

First let us explain why auxiliary covariates should be introduced. For simplicity, let us
only consider {A = 2,1}. In some circumstances, there exist covariates which are not
of inherent interest for modeling the cause-specific hazard of interest, but which may be
related to the missingness mechanism. For example, we may be able to identify some post-

treatment variable which is related to the reason why the cause of death information was
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not collected, but we would not include it in the proportional hazards model because it may
affect the causal interpretation associated with the parameters for treatment effects. Sup-
pose that cause of failure is missing at random when the auxiliary covariates are included.
For example, P(R =1|T =t,X = z,A = a,A = §) = e~*. In addition, assume that the
auxiliary covariates are involved in the relationship between the two causes of death so that
the conditional independence, {A 1 A|T, X}, does not hold. For example, A follows an
exponential distribution with hazard A(alt,z,d) = §. Then by the LIE, we have

P(R=1[t,2,5) — / P(R = 1|t, 2, a,6) f(alt, , 6)da
0

= / e e g
0
= 0/(1+9).

Therefore, the MAR assumption will be violated if we exclude the auxiliary covariates from
the data. On the other hand, if the auxiliary covariates are not related to the two causes
of death so that {A L A|T, X}, then by the LIE, we have

P(R=1|t,2,5) — /P(R —1|t,2,a,6)f(alt, =, 8)da

= /P(R =1Jt,z,a)f(alt,x)da
= P(R=1]t,z).

Therefore, the MAR, assumption will still hold even if the auxiliary covariates are excluded
from the data.
Now let us see how the p model is related to the conditional distribution of the auxiliary

covariates. Using Bayes’ rule, we have

o(w) = P(A=2|t,x,a)
f(tv A= 2|$)f(a|t,£6, 6= 2)
T8 =) (altr.6 = 2) £ (6. A= 1) faltz.0 =)

fit,A=1lz) f(alt,z,d = 1)
”{“*ﬂnazmwfmmLézm}

- MM@f@M%5=D}
= {1+ 0 el e =) (0
where the last equation follows from
Flt, A = b|z) = As(t|z)e AHD+ME} 5 — 1 9, (C.2)

In particular, if f(alt,z,0 = 1) = f(a|t,z,d = 2), then

o(w) =1/ {1 + ilé”if))} — o(t,2).
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The converse is also true. In fact, they are two equivalent ways to indicate the conditional

independence, {A 1L A|T, X'}

Finally, let us investigate the effects of auxiliary covariates A on the relationship of the

cause-specific hazard of interest with respect to the covariates of interest X. By definition,

Atlz,a) = lim WPt <T <t+hA=2T>txa)
~ im hflP(t <T <t+hA=2a|x)
h—0 P(T > t,alz)
— lim hflf(a\t <T<t+hxz,d=2)Pt<T<t+hA=2)
h—0 [T =¢,2)P(T = t|z)
_ fla|t,x,6 =2) lim hflP(t <T <t+hA=2|z)
 fla|T >t,z) h=0 P(T > t|x)
flalt,z,0 =2)
= — = )\(t|z).
F@T = o) o)

(C.3)

Consequently, if {A 1L (T,A)|X}, then A(t|x,a) = A(t|x). Otherwise, A(t|z,a) may not
even retain the proportional structure of A(t|z), let alone having same parameter values
associated with z. For example, if A(t|z) = e, \(t|r) = €%*, and A(a|t, z,§) = J, then it is

straightforward to show that \(t|z,a) = e®(1 + €*)/{1 + 0.5e*1*}.

D Bias of Complete Case Estimator
For the complete case estimator to be unbiased, it must satisfy

Mtlr=1,r=1) A(tlx=1)

AMtle=0,r=1) Atlz=0
Similar to (C.3), we have that

P(R=1Jt,x,§ = 2)
P(R=1T > t,x)

AMtlz,r=1) = A(t]z).

By the LIE and the MAR assumption,
P(R = 1|t,5,2) — /7r(t,x,a)f(a|t,x,5)da, 5=1,2.
On the other hand,

P(R=1,T > t|z)
P(T > t|x)

Denote Ap(t|z) = A(t|z) + Ay (t|z), then P(T > t|z) = e {t2) Moreover,

P(R=1T >t,x)=

P(R=1,T > t|z) = / P(R =1, u|x)du.
t
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(D.5)



Using Bayes’ rule, we have

2
P(R=1,tlz) =) P(R=1Jt,6,z)f(t,A = dlz). (D.6)
0=1
Now substituting (C.2) and (D.3) into (D.6), then into (D.5), then into (D.4), then into
(D.2), we have that
At|lx,r=1) [7(t,z,a)f(alt, z,6 = 2)da e~ 7(t)

Atle) [ 2 [7(u,x,a)f(alu,z,8)da \s(ulz)e=Ar @) dy’

Denote this ratio as x(¢,x), then compute ¢(t) = k(t,1)/x(t,0). By (D.1), if the complete
case estimator is unbiased, then ¢(t) = 1. For example, if cause of failure is missing
completely at random, then 7(t,z,a) = 7 is a constant, hence k(t,z) = 1, ¢(t) = 1.
Therefore, we can plot ¢(t) versus t to assess the bias of the complete case estimator based

on the level of deviation of ¢(t) from one.
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