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1. Introduction.

The problem of "optimum" tests has two aspects: (1) +the choice of a
definition of "optimum," and (2) the mathematical problem of constructing
the test. The second problem may be difficult, but at least it is de-
finite once an "optimum" test has been defined. But the definition
itself involves a considerable emount of arbitrariness. Clearly, the
definition should be "ressonable" from the point of view of the statis-
tician (which is a very vague requlrement), and it should be realizable,
that is, anr"optimum" test must exist, at least under certain conditions
(which is trivial). Furthermors, even & theoretically "best" test is of
no use if it cannot be brought into a form suitable for applications.

When deciding which of two tests is "bebter" one ought to take into
account not only their power functions but also the labor required for
carrying out the tests.

The problem of "optimum" tests was first stated and partially solved
by Neyman and E. S, Pearson. They, and most later writers, considered the
parametric case,bwhere the distributions are of known functionel form
which depends on a finite number of unknown parameters. A survey of the
present status of the theory of testing hypotheses in the parametric case,
with several extensions, will be found in & recent paper of Lehmenn [i}] .
For the non-paremetric case, where the functional form of the distributions
is not specified, the problem has been attacked only recently. Wald's
general theory of decision functions (see, e.g. [8} ) covers both the
paremetric end the non-paramstric case, but its application to specific
problems is often far from being trivial. The first (and at this writing
only) publication which explicitly solves the problem of comstructing tests

of certain non-parametric hypotheses which are optimum in a specified
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gense is the paper of Lehmann and Stein (4] which appeared in 1949.

Many of the definitions formulited in parametric terms cen easily be
extended to the non-parametric case. I shall here mention some of those
extensions which will Ps used in this paper.

Let {1 be a set of probability functiéns P(A) = Prob. { Xe A} of
a rendom variable (usually a vectdr) X. Let w be a subset of L) , and
let H be the hypothesis that P 1s in w. A test is determined by a function
#(x), 0 < @(x) € 1, measureable with respect to P, which is interpreted
a8 the probability of rejecting H when X = x If #(x) can take only the
values O and 1, it is the cheracteristic function of a set which is cémmonly‘
known as the critical region. The probability that the test ¢ rejects H

vhen P is the true distribution equals

B () = fp(x)ap(x)

and 1s called the power function of the test ¢ (defined over .Q ). The
least uppor bound of EP(¢) for all P in w is called the size of the test

¢'(with respect to ).

Let P, be & probability function in (L - o and H, the hypothesis
that P = P,. If ¢ ie of size o and
(1) E, () = E, (#*) for all tests @' of size O ,
1l 1

95 is called a most powerful test of size ox for testing H against Hl. If -
(1) holds for all P, in a set @), then # is said to be uniformly most
powerful with respect to W, .

The function

ﬁ (®) = E’gp EP(¢)’
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vhere the supremum is taken with respect to all § of size ™ , is called
the envelope power function. If ®y is & subset of L} - w, then a test
vhich minimizes

sup { AE - 50}

Pe y

with respect to all tests of size gy 18 called most stringent against the
set of alternatives ;g . _

A test ¢ is called similar of size o for testing H if EP(¢) = o
for all P in w. The definitions of a most powerful similar and a most
stringent similar teet are obvious.

Restrictions other than similarity ere sometimes mposed on tests
(ses, ©.8., section 3). Other types of tests will be considered in sec-
tion 4.

If ) is a set of absolutely continuous functions P(A) and £(x)
denotes the density of P(A), it will sometimes be convenient to refer to
{L as a set of densities f and to write Ef(¢) for EP(¢)‘ This will cause
no confusion if we agree to regerd two densities as equal when they are
densities of the same function P(A).

This psper presents a survey of khown and some new results on
"optimum" non-parametric tests. Section 2 on most powerful and most
stringent tests is based on the peper of Lehmann and Stein [4] . In
section 3 most powerful rank order tests are discussed. The final section
4 deals with some tests which have optimum properties with respect to an

extensive class of alternatives,
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2. Most powerful and most: stringent tests.

I shall here outline scme results of Lehmann and Stein [4] . For
the sake of brevity I shall confine myself to a special but typical case.
Let X be a Euclidea#; space of N = N+ .. vy dimensions. The

points of X will be denoted by

x:(x ,l’.x ,x ,ll',x ".., ,..’, ).
102 ¥1n, > ¥o1 20, 1 xknk

Iet @' be the set of probability densities f(x) (in the ordinary sense)
over X which are invarisnt under any permutation within

(Xyq5 oevs ;mi), (1=1, ..., k). Let H' be the hypothesis that f(x)
is in w'.

Meny common statistical hypotheses imply inverisnce of this type.
For instance, the hypothesis that two independent random samples came from
the seme population implies invariance of the distribution under all per-
mutations of the frariables (in this case k = 1).

Let W be the subset of 3£ where Xyg # Xy £ € F b, (1=1, ..o, K).
Since we .are dealing with probability densities, we need consider only
pointe in W. Tor any x in W denote by T(x) the set of points obtained by
permuting (xu, e x_,mi) in all possi‘bie ways, for 1 = 1, ..., k. BEach
get T(x) consists of exactly M = n,! ... n ! points.

A test #(x) which satisfies the condition

z F(x') = M
x' € T(x)
| for all x in W is called a test of structure S{o¢ )} (Scheffé [ 7] 4
Lehmann and Stein [4] ). |
It is easily shown that a test of structure S( & ) is similar with

‘respect to w' and of size of .
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Let H, be the hypothesis that f(x) = g(x), & probability density
over X not inw'. For each x in W denote the points of T(x) by

x(l), ceey x(M) in such a way that

g(x(1)) > s(x(é)) 2 . > g(x™),
For every x in W let

/1if glx) > gx(l*t M« )y

@ go) = { et 3¢ ot - gzl * (M) )y

L 01f glx) ¢ gx(tt [Med ),

L

where [MN] 1s the largest integer £ Mo and a(x) is uniquely deter-

mined by the condition
M
£ gxP)) - M .
i=1

It is easily seen that 0 £ a(x) < 1, and that @#(x) is measurable. Hence
#(x) is a test of structure S(o ).
Lelmann and Stein [ 4 ) show that §(x) is a most powerful test of ;04
against H,.
For certain rational values of O we have a{x) = 0 almost everyvwhere,

and ¢(x) reduces to the characteristic function of a critical ‘region.

Now let H be the hypothesis that f(x) is of the form

k n:.L
£f(x) = IT Ti f,.(x,.).

i=1 3s1 1
This type of hypothesis is freqﬁent in applications. H implies, but i‘s
not equivalent to H'. | |
It follows from a result of Feller [1] (see also schefré |7] )
that any similar test of H is of structure S( o ). (In fact, this holds

even for much more restricted hypotheses than H, for instance a paramgtric
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set of distributions each of which differs arbitrarily little from a normal
distribution.) On the other ha.hd, since E8(¢) 2 Eg(¢') for any test @'

of size o( with respect to w!, this inequality is a fortiori true for all
@g' of structure S( o ). It follows thet ¢ is & mogt powerful similar

test of H against H, .

1
For example, let k = 1, n, =n, and

1 2
.._-....(x - u-y)
202 i i

n
(3) g(x) = g(x, u, v ,0) = EL 0}5; P ’

vhers a.'l,. ey 8 are given numbers, not all equal. If u > 0, the most
powerful test § of H can be expressed by (2) with g(x) replaced by

L = Z(a, - &) (x; - X), where & = n']Zai, X = n']'in. Hence the test is
uniformly most powerful (uniformly most powerful similar) for testing
H'(H) against the set of alternetives g(x) with g > 0, ¥ and o
arbitrary.

Lehmann and Stein also give a method which in certain cases enables
one to find a most stringent (most stringent similar) test of H'(H) against
& set of alternatives. The method will be described in section 4 in con-
nection with a related problem. In the last example the most stringent
test against g(x) with u # 0, v and o arbitrary is found to be the test
(2) with g(x) replaced by jLf .

It is remarkeble that essentially the sams tost was earlier proposed
by Pitmen [ 6] oﬁ intuitive grounds.

To apply this test one requires the distribution of

L = Z(a, - 'za*.')(xr:1 - X)

in the population of equally probable permutations (xr s vees X, ) of the
: 1 n
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fixed sample values Xys seey xﬁ. The exact distridbution is very cumbersomse
Yo determine unless n 1s small. Wald and Wolfowitz [9] and Noether

[ 5] have shovn that under certein conditions on the a, and x,, L is
asymptotically normal. Pitman [ 6] has suggested an approximation which
amounts to applying the standard t-test. Exact conditions under which
either approximation ‘15 valid are unknown. Practically nothing is known
about the power function of the test. Similar zjemarks apply to other
tests of this type.

The results of Lehmann a.n& Stein also apply to generalized densities

with respect to a measure which need not be Lebesgue measure (so that

discrete distributions are covered) and to types of invariance other than

invariance under permutations,

3. Most powerful renk order tests.

In some statistical problems the numerical velues of the obssrvations
are not given anu nothing but the relative size s or rank order, of the
observations in certain parts of the sample is known. In other problems
one may want to have a test which is invariant under any order-preserving
- trensformation in certain parts of the sample. In either case one is con-
fined to a class of tests which can be called rank order tests,

Let, as before, ¥ be the Euclidean space of points

X = (xll, teey xlnl). ssey x"l,voo-, xml()

and W the subset of X where x, g 7‘ Xin if g 74 h. Denote by P(A) the pro-
bability function of a randam vector X whose values are in X . We shall
assumo that P(W) = 1.

Let w be any set of probebility functions P(A) of X which are invariant
under all permutations within (xn’ ceey xini), (=1, ..., 'k). Let X be
the hypothesis that P(A) is in w.



and let S(R) be the set of all x in W for which x
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For any point x in W, the coordinate x, i is said to have rank T4y
with respect to (xi].’ cees xini) if exactly r, y- 1 coordinates x,,

(with 1 fixed) ere less then x Let R be the permutaetion

iy

R = (I'll, o;oc, rlnl, sy rkl’ ceey rh‘k),

13 has rank riJ

( =1, ...,n;5 41=1, ..., k).
The sot W is the union of the M =n !, ..., n ! disjoint sets S(R).
Let P(S(R)) be briefly denoted by P(R). If P is in w, we have
P(R) = 1/M for all R.. Hence eny union of m sets S{R} is the critical
region of & similar test of size m/M with respect to ®. A test of this
type will be re“erred to as a rank order test.
Let I, be the hypothesis that P(A) = Pl(A), a probability function
of X not in w. Denote the M permutations R by Rl, .oy By iﬁ such a way

that
Pl(Ri) > Pl(RJ) ifi=1, ...,m; J=m+1, ..., M,

Clearly, (Rl, ceny Rm) determines a rank order test which is most powerful
for testing H sgainst Hl.'
Suppose that Pl(A) 1s absolutely continuous with probability density

g(x). Then

PR) = | &x)ax= | alx) ax,
s(R) s(1)

vhere S(I) is the set

X K e <x_m1, veey Xy <. oo < x.}mk

and Xp is obtained from x by applying the permutation R to the second
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subscripts of the coordinates.
Suppose, moreover, that w contains an absolutely continuous distri-

bution with density

f(x)-n n f(x

i=1 J=1
Let
(n ) (n;)
X
11 2t :l.n1
have the probability density
Hf(x) 12 %, € 000 <
=1 _ 1 n,
(n,)

and zero elsewhere; that is, the X are the order statistics ssso-

i3
cilated with the distribution

By
I 2,Gx).

Let

(n,) (ny) (n) ()
O= (X7, e xln1 T Xk”k ).

Then we can write

| glx)
-1 | 8lxp) k ol o
=M ‘ ....{ cas [ - ! _GC.;T 5 {ni'ﬁlfi(xij)dxi.j}
i7<'"' e:xlnl Ikl*»f ...<xknk
or
(x3) -
MH@):E{g% }.
£(:9)
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Thus we can express M Pl(R) as the expected value of a function of
the order statietics, permuted according to R, the function being the
ratlio of the two probability densities involved.

As en example, let k = 1, lot g(x) ='g(x, Hy ¥ , @) be defined as in

(3), and let £(x) = g(x, 0, ¥ - @p, o). After some simplification we

obtain
é2 =2 § ota, - )z
~-So3 - 3)¢
P (R) = o ° (&g -2 E{ o ' "1 },

vhere { = ufo and Xg_n) €., < ngn) are the standard normal order
statistics.

Whereas the most powerful (similer) test depends only on the sign
of u, the most powerful rank order test depends on the value of J. .

Also the evaluation of Pl(R) proesents considerable difficulties. We have
n!Py(R) =1+ 4 o, (R) + of £9),

where

N
(a; - B)E xl(f_‘).

c.(R) = =
1 1=1

Hence the rank order test which is most powerful ageinst d positive and
"small" is based on the statistic cl(R)’ large values being significant.

: test
This kind of rank order /is essentially equivalent to one described by

Fisher and Yates [2] , where a table of EX§n)'is given.
The distribution of

- a)m(n)
£y

Ja(e, - 8)n(m)2

Z(a.i

when H is true can be approximatoed by the probability density
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. n-4
~1 2
B(-Elr, n;_,e) (1 - x°) , 1< x £1.

This approximation was suggested by Pitmen [ 6] for statistics of a
similar type end is apparently implied by Fisher and Yates [ 2] . The
approximation appears to be satisfactory even for moderate values of n
provided the ay satisfy certaln conditions.

It would be desirable to determine the most stringent rank order
tests egainst & 50 and | d # 0, provided the test criteria are
computeble. It would also be interesting to compare the power of the
cl-test with that of the most powerful rank order test for an arbitrary

positive value of Cf .

L. Tests with optimum properties with respect to non-parametric

alternatives.

So far we have considered non-paremetric tests which have optimum
properties with respect to simple or parametric alternatives. On fhe
other hand, in a problem where the functionsl form of the distribution
is not specified by the null hypothesis one often may want to have a test
which 1s "optimm" with respect to a set of alternatives which itself is
n@-pwamtric. Only in rare cases do there exist tests which are uni-

formly most powerful dgainst a non-parametric sst, and most stringent
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tests do not seem to be readily e{pplioable to many types of non-paremetric
alternatives. (An example of a uniformly most powerful and a most strine
gent test against a special type of non-parametric alternative was given
by Lehmenn and Stein [ b4, p. 387 .)

The tests to be considered in this section are based on the minimax
principle which underlies Wald's theory of decision functions.

Let {1 be a set of probability functions P, & subset of L) , H
the hypothesis thaet P is in w. The set of alternatives is f1 - .

We still confine ourselves to tests which ere of size « for testing
H, and bj a test wo shell always mean a test of size « for testing H.

Suppose there is given a non-negative weight function W(P), defined
for all P in ) - w; it may be interpreted as expressing the loss caused
by accepting H when the true distribution ie P. The expected loss when |
P (1n N - ) is the distribution and test ¢# is used is W(P) [ 1-E,(#)] .
The risk R(f) associated with tost ¢ is defined by '

R(g) = sup W) [1-m (DT .
Pe L1 -w
We assume that there exists a ¢ for which R(f#) is finite.

A test ¢ which minimizes the maximum risk, so that R(§) € R(¢') for.:'.
all ¢ of size ¢« , will be called a test of minimum risk with respect
to the weight function W(P). This is the irmediate extension to the non-
perametric case of a test considered by Lohmann | 3]

In stetistical prectice it is oftén impossible without undue arbi-
trariness to assign a numsrical weight W(P) to any alternative. But in
meny cases one will be able to decide of any two alternatives P1 s P2
whether they should be assigned equal weights or which of them should have
greater weight, This leads to a partition of {1 - w into disjoint sets

0 (d), where d is & real persmeter such that & < 4' implies that the
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P in () (4) have smaller weight than the P in (L (d'), and all P in
L) (4) have oqual weight.

If a weight function W(P) is given and {n (d)} is a partition of
L) - @ such thet W(P) is constent over each set ) (a), we shell say
that {ﬂ (d)} is a partition induced by W(P). ( A L(d) need not con-
sist of all P for which W(P) equale a constant value.) The seme weight
function induces more than one partition, and the same partition is in-
duced by more then one function. In particular, a partition induced by
W(P) is also induced by any strictly mono*;jen function of W(P).

Let L) (d) ©bo & partition of L - cé, and suppose there exists

e test ¥ such that

inf > inf 1
P e L)(d) (P 2 P¢ -O)(d) % (#")
2

for all @' and all {1 (4). Then ¢ will be referred to as a test which
meximizes the minimum power (uniformly) with respect to the pertition
iﬂ (d)} . Such a test may be regarded ss satisfactory provided its
minimm powor over ) (d) increases with 4.
A test which uniformly maximizes the minimum power does not alweys
exist. If it exists, 1t is "optimum" in a stronger sense then a test of
minimum risk, as is shown by the following theorem.

Theorem 1. If 8 tost maximizes the minimum power with respect _Eo_ the

- partition i_(l (d)} » it has minimum risk with respect to any weight

function which induces this partition.

The proof follows fram the relation

2. Jince tests of this type frequently occur, it would be desirable
to heve a shorter name for them. One might call them tests of meximin
power with respect to i.ﬁ (a)}, .
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R(#) = sgp PBI;I.’Q(CI)W(P)» [lvu EP(¢)3 = sgp LA [1- o einri;'(dl;lp(m) ’
where Wy denotes the constant value of W(P) on ) (d).

Theorem 1 1s analogoua té & theorem of Hunt and Stoin (quoted by
Lelmann [3, theorem 8.2] from an unpublished paper) which cen be stated
a8 follows: If a test maximizies the minimum powsr with respect to a
partition induced by the enve.‘éope powei function, then the test is most
stringent. 'It, followa incideﬁtally that the test has minimum risk with
rospect to eny weight functior which is a non-decreasing function of the
envelope power function. | |

If §, denotes & test which meximizes the mintmm power over () (d)
and ¢6. = ¢ 1s independent of d, then @ clearly maximizes the minimum
power uniformly with respect to {ﬂ (d)} .

A method for finding a test which maximizos the minimum power over a
given set when the distributioné are absolutely continuous was given by
Lehmenn |3, theorem 8.3 ) . It is stated in paramotric torms but can be
imedlately extonded to the non-paremctric case as follows.

Theorezh 2. Let oy and Wy be two sets of probability densities f(x)

with respoct Yo a fixed measure p. Suppose additive classes of sets have

been defined over o, and w5 and let )‘i be a probability measure over Wy s

(1 =0, 1); then

b, (x) = {f(x)d?si(f), (1 =0, 1)

D5

are probability densities with respect to u. ;._e_t': g be a most powerful test ‘;

of size ¢ for testing the simple hypothesis ho against the simple altor- -

nativo h,. Let 3 be the power of ¢ against h,. Then if

IA
2

X0 |
and Ef(gi!) 2p for all £ ¢ ),

for all £ ¢ wo
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¥o have for all @' of slze < o
inf Ef(pl) > inf Ef(¢').
fe w few

As an exemple, let g(y) denote any density with respect to a fixed
measure | on the real line such that |/ ( {y< O} ) >0and
b’({y) O})>0,letubethen-thpowerof V,andletﬂbe

the set of all densities with respect to u of the form

(& £(x) = g(x;) ... 8lx),
where
[o]
G(0) = S g(y)a v (y) 2 q,
=00

q & fixed number, 0 < q < 1. Let w be the subset of [ 2 where G(0) =
and 1ot ) (4) be the subset of { ) - @ where G(0) = q + 4,
(0 < &< 1-q).

The problem can also be interpreted as onée of testing whether the
a-quantile of g(y) is zero against the alternative that it 1s less than
zero.

Let b be a pomitive constent, I, and 12 the intervals -b <« y < 0
and 0 < y £ b, where b 1s so chosen that i/ (Il) > 0, ;)(IE) > 0,

and lst

. e, (x,) L . cy(2y)
+ - -
aw =iy Aed Locazi-g

F)
where ¢ (y) is the characteristic function I I ys (3 =12, 2).

It is easily verified that f; is in /N (), (@ > 0) and £ is in o,
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Lot A, be the measure over (") (d) which assigns measure 1 to the

one-point set {f,] and measure 0 to (L(a) - Ifd} , and A_ the

corresponding measure over w. Applying theorem 2 with w, = o, &y =2 (a)

we have h o = fo, hl = fd' By Neyman-Pearson's lemme, & most powerful

test of size o for testing f , egalnst £, is

) a ]

(5) Blx) = 7 a  1f I o(x,) = k
( 1=l
“ 0 < k

vhere c(y) = 1 or 0 accordingas y < 0 or y > 0, and the constants
k, a (k an integer, 0 < a < 1) are determined by the condition that
#(x) e of slze o .

The power of @ for any £ in (. depends only on G(0) and hence is
constent over (" (d). The conditions of thoorem 2 are satisfied. Since
the test is independent of 4, 1t maximizes the minimum power with respect
to () (d) . The power of § increases with d.

The test § 1s essentially unique. This follows from the fact that
for eny test @' which differs from # on & set of positive u-measure we

can choose b 8o large that
E, (§') < E, ().
fa fa

Now let () be the set of all densities of the form (4) with no re-
striction on G(0), let w be the subset with G(0) = 1/2, and let L) (&)
be the set where [G(0) - 1/2]| =4, (0< d<1/2). Let £3(x) be defined
as before, with q = 1/2, -1/2<€ 4% 1/2. Let A, assign measure 1/2 to
fd and to T_gs measure O to O(a) - { £qs f 4 ? . Let 7\.0 assign measure
1 to £, measure 0 tow - {f } . Then hy= £, b = (£, + £ ,)/2. The



17 - "Optimum" non-parametric tests - by Wassily Hoeffding - (cont.) - 17

test which maximizes the minimum power with respect to { 1@ (d)} is
found to be of the form (5) with Zc(xi) replaced by | Zc(xi) - n/2| .

The test can be interpreted as a test of whether the median of g is
zero against the alternati;e thet 1t is different from 0. If g is normal
with mean y and standard déviation o, 1G(0) - 1/2? is an increasing
function of {pfo| , so that the power of the test can be directly com-
pared with that of Student's test.

It has yot to be investigated whéther the tests here discussed can be
applied to more complicated non-parametric problems, or whether different

types of tests will be required.
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