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Abstract

This paper addresses the development of an adaptive
control strategy for regulating the output of a proto-
typical magnetostrictive transducer. The application is
a generalization of an industrial process in which the
magnetostrictive transducer is used to drive a cutting
head in a high speed, high accuracy mode of opera-
tion. To attain the required stroke and force require-
ments, the transducer must operate in a regime in which
the relation between input currents and output strains
or forces exhibits signi�cant hysteresis and constitutive
nonlinearities including saturation e�ects. A variety of
techniques for modeling the hysteresis and transducer
dynamics are discussed and a model reference adaptive
control (MRAC) strategy based on a Preisach model is
developed. The performance of the control method is
illustrated through a numerical example.

1. Introduction

Magnetostrictive transducers provide unique actuator
capabilities in a number of automotive and industrial
applications due to their broad bandwidth and capabil-
ity for generating large forces. A prototypical process
in which magnetostrictive transducers have been proven
advantageous is the milling of out-of-round products at
high speeds subject to micron-level tolerances. As de-
tailed in [8], a magnetostrictive milling device has re-
cently been developed by Etrema Products 1 with the
goal of achieving �1 micron cutting tolerances while op-
erating at 3000 rpm. It is this application that we con-
sider as a prototype for adaptive control design.

To achieve bi-directional strokes, it is necessary to bias
magnetostrictive transducers through either an applied
DC current or a surrounding magnet. Even in this bi-
ased state, however, the transducers exhibit hysteresis
and constitutive nonlinearities which must be accom-
modated in both models and control designs to meet

1Etrema Products, Inc., 2500 North Loop Drive, Ames, IA

50010

the speed and accuracy speci�cations. This paper ad-
dresses the development of an adaptive control method
to achieve this goal.

To place the model and control design in context, we
�rst summarize some existing techniques for character-
izing magnetostrictive transducers operating in nonlin-
ear and hysteretic regimes. Two modeling techniques
can be roughly categorized as Preisach characterizations
[1, 6, 7] and quasi-macroscopic models based on do-
main properties of the materials [2, 3, 11]. The for-
mer approach represents hysteresis through expansions
based on a variety of multivalued kernels which, due to
their global nature, directly enforce minor loop closure
and loop congruency. The disadvantage of the tech-
nique derives from the lack of an energy basis for the
method; hence it can be diÆcult to incorporate general
frequency-dependence and the representation of asym-
metric loops can produce high-order models with non-
physical parameters. In contrast, the domain wall ap-
proach employs magnetoelastic energy relations to de-
rive models in which the magnetization generated by
an input �eld is evolved through the solution of a low-
order ordinary di�erential equation. Due to its en-
ergy foundation, the domain model directly incorpo-
rates frequency-dependence and extensions to incorpo-
rate thermal-dependence are under development.

In this paper, we consider the development of a model
reference adaptive control (MRAC) for magnetostrictive
transducers operating at �xed, high frequency condi-
tions. We employ the Preisach-based techniques from
[9, 10] since, for the conditions under consideration, the
Preisach model provides suÆcient accuracy and admits
a linear parameterization. The primary extension that
we provide to the theory of [9, 10] is the incorporation
of the full transducer model to characterize both the
magnetic and elastic properties of the transducer.

The transducer model, hysteresis model and model
inverse are summarized along with commensurate nu-
merical techniques in Section 2. The MRAC design is
outlined in Section 3 and illustrated through a numerical
example in Section 4.
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2. Transducer Model and Inverse

For the purpose of model development, we consider
the transducer depicted in Figure 1. This design was
employed in the motivating milling device and is repre-
sentative of designs employed in a number of other in-
dustrial and academic applications. Forces and strains
are generated through the rotation of dipoles in the
Terfenol-D core in response to current-induced �elds in
the surrounding solenoid. Biases required to achieve bi-
directional strains and forces are provided by the perma-
nent magnet. The compression bolt and prestress spring
keep the rod in compression and further align dipoles to
increase outputs due to dipole rotation.
The model will be constructed in two steps. In the

�rst, the dynamics of the Terfenol-D rod will be quanti-
�ed through the development of a PDE model with gen-
eral inputs provided by magnetic �eld induced strains.
The nonlinear and hysteretic relation between input
currents and the generated magnetization will then be
quanti�ed through a Preisach characterization to pro-
vide a complete model for the transducer dynamics.

2.1 Transducer Model

We consider the Terfenol-D rod to have length L,
cross-sectional area A, density �, Young's modulus E
and damping coeÆcient cD. The rod is assumed to be
�xed at the left end (x = 0) and the right end (x = L)
has an attached end mass ML and is constrained by the
prestress spring which is assumed to have sti�ness kL
and damping coeÆcient cL.
Under the assumption of linear elasticity and Kelvin-

Voigt damping, the stress � at any point in the rod is
given by

�(t; x) = E
@w

@x
(t; x) + cD

@2w

@x@t
(t; x) �E�(t) (1)

where w(t; x) denotes the longitudinal displacement and
� is the magnetostriction, or free strains, due to dipole
rotation. As illustrated in [3], the magnetostriction has
the general formulation �(t; x) = 3�s

2M2
s

M2(t; x) where

�s and Ms respectively denote the saturation magne-
tostriction and magnetization and M(t; x) re
ects the
spatial variability in the magnetization due to end ef-
fects in the rod. Through judicious transducer design,
however, end e�ects can be minimized which motivates
the assumption of spatially invariant magnetostriction
in (1). Furthermore, to achieve bi-direction strains and
forces, it is necessary to bias the magnetization about a
level M0 generated by the permanent magnet. For low
strain, large force applications, reasonable accuracy can
be obtained with the linearization

�(t) =
3�s
2M2

s

[2M(t)M0 �M2
0 ] (2)
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Figure 1. Cross section of the Terfenol-D magnetostric-
tive transducer.

and it is this regime that we consider. For large strains,
one must retain the biased quadratic model developed
in [3].
To obtain a modeling PDE, force balancing is em-

ployed to obtain

�A
@2w

@t2
=
@Ntot

@x
(3)

where the resultant is speci�ed by

Ntot = EA
@w

@x
+ cDA

@2w

@x@t
�EA� :

To obtain appropriate boundary conditions, we �rst note
that w(t; 0) = 0. Force balancing at x = L yields

Ntot(L; t) = �kLw(t; L)� cL
@w

@t
(t; L)�ML

@2w

@t2
(t; L) :

To pose the PDE (3) in a form which facilitates ap-
proximation, we consider a weak form of the model with
state space X = L2(0; L) and the space of test functions
V = H1

L(0; L) � f� 2 H1(0; L) j�(0) = 0g. Multiplica-
tion by test functions followed by integration then yields
the weak formZ L

0

�A
@2w

@t2
� dx = �

Z L

0

EA
@w

@x

@�

@x
dx

�

Z L

0

cDA
@2w

@x@t

@�

@x
dx+

Z L

0

EA�
@�

@x
dx

�

�
kLw + cL

@w

@t
+ML

@2w

@t2

�
(t; L) �(L)

(4)

which must be satis�ed for all � 2 V .
For either simulation purposes or control implementa-

tion, it is necessary to discretize the in�nite dimensional
model (4). To de�ne a �nite element discretization in
space, we consider a uniform partition of the interval
[0; L] and consider a basis f�igNi=1 comprised of linear
splines (see [5] for details).
The solution w(t; x) to (4) is then approximated by

wN (t; x) =

NX
j=1

wj(t)�j(x) :
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The projection of the problem (4) into the �nite dimen-
sional subspace HN = spanf�igNi=1 � H1

L(0; L) yields
the second-order semidiscrete system

Q�~w(t) + C _~w(t) +K~w(t) = ~b(t) (5)

where ~w(t) = [w1(t); � � � ; wN (t)]. Descriptions of the
mass, damping and sti�ness matrices Q;C and K can
be found in [3, 4]. The input vector has the form
~b(t) = ~�u(t) where ~�i = EA 3�sM0

M2
s

R L
0

d�i
dx
dx and

u(t) =M(v(t)) (6)

denotes the hysteretic relation between the control input
v(t) to the transducer and the resulting magnetization as
depicted in Figure 2. For experimental implementation,
the input v(t) consists of the current I(t) applied to the
solenoid which generates a �eld H(t) = NI(t), where
N denotes the number of coils per unit length in the
solenoid.
To formulate the system in �rst-order form, we let

~x(t) = [~w(t); _~w(t)]T and de�ne

A =

"
0 I

�Q�1K �Q�1C

#
; B =

"
0

Q�1~�

#
to obtain

_~x(t) = A~x(t) +Bu(t)

~x(0) = ~x0 :
(7)

A typical means of observation is to measure the dis-
placements at the rod tip. This yields the 1 � 2N ob-
servation vector

C = [0; � � � ; 0; 1; 0; � � � ; 0]

where the 1 occurs in the N th position.
The transfer function for the system (7) is given by

G(s) = C(sI �A)�1B = kp
Z(s)

P (s)
: (8)

This de�nes the system in a manner appropriate for sub-
sequent adaptive control design.

2.2 Hysteresis Model

To characterize the hysteretic relation (6) between
the applied current v(t) = I(t) and the resulting mag-
netization M , we employ a piecewise linear Preisach
model. The following discussion summarizes the hys-
teresis model from [9, 10] and the reader is directed to
those sources for additional details.
In this model, a hysteresis loop is de�ned by the two

half-lines

u(t) =

8>><>>:
mtv(t) + ct ; v(t) > v1 =

ct +m`c`
m` �mt

mbv(t) + cb ; v(t) < v2 =
cb +mrcr
mr �mb

yPlantud v u

-1 (  ) M(  )M

Figure 2. Plant with actuator hysteresis M(�) and in-
verse compensator M�1(�) for the hysteresis.

and two line segments

u(t) =

8>><>>:
mr(v(t)� cr) ; v2 � v(t) < v3 =

ct +mrcr
mr �mt

m`(v(t)� c`) ;
cb +m`c`
m` �mb

= v4 < v(t) � v1

where mi denotes slopes and ci denotes crossing param-
eters. The subscripts i = `; r; b and t respectively indi-
cate left, right, bottom and top. For the given applica-
tion, symmetry dictates that mt = mb, ct = �cb > 0,
mr = m` and cr = �c` > 0; details regarding the asym-
metric case can be found in [10]. Finally, v1; v2; v3 and
v4 indicate the values of v(t) at the corners of the hys-
teresis loop as depicted in Figure 3.
The time derivatives of u(t) and v(t) are constant

along the line segments with _v > 0 and _u > 0 for
the segment u(t) = mr(v(t) � cr). On the half line
u(t) = mtv(t) + ct; _v < 0 and _u < 0 if v(t) < v3 but
_v and _u need only be the same sign if v(t) > v3: Sim-
ilar conditions apply for the remaining segments of the
hysteresis model.
The line segments for inner hysteresis loops are de-

�ned by

u(t) =

(
mtv(t) + cd(t) ; _v < 0

mbv(t) + cu(t) ; _v > 0

where cd and cu are the intercepts for the downward and
upward inner loop segments, respectively. As detailed

v

c

c

t

c
dv

uc

v4

b

rulc

v
c

d

v2

1

v3

Figure 3. Piecewise linear Preisach hysteresis model.
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in [10], the combination of half-line and segment rela-
tions yields a dynamic model quantifying _u(t) in terms
of _v(t) as a function of location within the hysteresis
landscape.
To obtain a discrete-time model suitable for numer-

ical or experimental implementation, time derivatives
are replaced by comparing v(t) with vd and vu where
v4 � vd � vu � v3 and

vd =
m`c` + cd
m` �mt

; vu =
mrcr + cu
mr �mb

(see Figure 3). Due to symmetry, mt = mb and the
constants cd and cu are given by

cd = cu = u(tk�1)�mtv(tk�1) :

The discrete-time hysteresis model is then given by

u(tk) =

8>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>:

u(tk�1) if v(tk) = v(tk�1)

mtv(tk) + ct if v(tk) � v3; or
if mt < mb;
u(tk�1) = mtv(tk�1) + ct
and v(tk�1) < v(tk) < v3

mbv(tk) + cb if v(tk) � v4; or
if mt > mb;
u(tk�1) = mbv(tk�1) + cb
and v4 < v(tk) < v(tk�1)

mtv(tk) + cd if vd < v(tk) < v(tk�1)

mbv(tk) + cu if vd(tk�1) < v(tk) < vu

m`(v(tk)� c`) if vd � v(tk) � v4

mr(v(tk)� cr) if vu � v(tk) � v3 :

2.3 Inverse Hysteresis Model

The Preisach model outlined in the previous section
provides a characterization of the hysteresis inherent
to the magnetostrictive transducer. In this section, we
summarize the construction of an inverse which can be
employed as a �lter to compensate, or approximately
compensate, for the hysteresis inherent to the trans-
ducer. Because of the piecewise linear nature of the
hysteresis model, and hence its inverse, the construction
of the inverse is analogous to that of the model and we
summarize only the main features pertinent to control
design. Details can be found in [9, 10].
Because one goal in adaptive control design is to esti-

mate parameters in the inverse, we let bmt(t) denote the
time-varying estimate of mt with similar notation for
the estimates of the remaining parameters. As depicted
in Figure 2, the inverse model takes as input the desired
control ud and outputs v which is subsequently applied
as input to the hysteretic transducer.

As detailed in [9, 10], the inverse model with �xed
parameter estimates can be de�ned by the two half-lines

v(t) =

8>><>>:
1bmt

(ud(t)� bct) ; ud(t) > u1

1bmb

(ud(t)� bcb) ; ud(t) < u2

and two line segments

v(t) =

8>><>>:
1bmr

ud(t) + bcr ; u2 � ud(t) < u3

1bm`

ud(t) + bc` ; u4 < ud(t) � u1

where the corners of the enclosed region are

u1 =
bm`(bmtbct + bct)bm` � bmt

; u2 =
bmr(bmbbcr + bcb)bmr � bmb

u3 =
bmr(bmtbcr + bct)bmr � bmt

; u4 =
bm`(bmbbc` + bcb)bm` � bmb

:

The conditions on the temporal derivatives of ud and v
are analogous to those for the hysteresis model.
To characterize the discrete-time inverse, we de�ne

the ud-interceptsbcd(tk) = ud(tk�1)� bmtv(tk�1)bcu(tk) = ud(tk�1)� bmbv(tk�1)

along with the points

udr(tk) =

8>><>>:
bmr(bmtbcr + bcd)bmr � bmt

; ud(tk�1) > ud(tk)

bmr(bmbbcr + bcu)bmr � bmb

; ud(tk�1) < ud(tk)

ud`(tk) =

8>><>>:
bm`(bmtbc` + bcd)bm` � bmt

; ud(tk�1) > ud(tk)

bm`(bmbbc` + bcu)bm` � bmb

; ud(tk�1) < ud(tk)

as the coordinate points where an inner loop begins. For
a given input ud, the inverse output v is then de�ned by
the relation

v(tk) =

8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:

v(tk�1) if ud(tk) = ud(tk�1)
1bmt

(ud(tk)� bct) if ud(tk) � u3
1bmb

(ud(tk)� bcb) if ud(tk) � u4

1bmr

ud(tk) + bcr if u3 � ud(tk) � udr
1bm`

ud(tk) + bc` if u4 � ud(tk) � ud`
1bmt

(ud(tk)� bcd) if ud` < ud(tk) < udr

and ud(tk�1) > ud(tk)
1bmb

(ud(tk)� bcu) if ud` < ud(tk) < udr

and ud(tk�1) < ud(tk) :
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3. Adaptive Hysteresis Inverse

To facilitate the development of a suitable control law
and adaptation scheme for updating the parameters in
the model inverse, it is advantageous to consider a pa-
rameterization of the control error u(t)�ud(t) which iso-
lates a parameterizable component from unknown dis-
turbances. For the remainder of this development, we
consider the case of symmetric hysteresis loops since this
simpli�es the discussion and is reasonably accurate for
the milling application under consideration. Details re-
garding the control design can be found in [9, 10].
To specify the location of signals within both the hys-

teresis model and its inverse, we de�ne indicator func-
tions

�t(t) =

(
1 ; if u(t) = mtv(t) + ct

0 ; otherwise

b�t(t) = ( 1 ; if v(t) = 1bmt

(ud(t)� bct)
0 ; otherwise

with similar de�nitions for the remaining components.
For the symmetric case, the parameters and parameter
estimates are speci�ed as

��h = [mt; ct;mr;mrcr]
T

�h(t) = [bmt(t);bct(t); bmr(t); dmrcr(t)]
T

where dmrcr(t) = bmr(t)bcr(t). The error between param-
eters and estimates is then �h(t) = �h(t) � ��h : Finally,
we de�ne the regressor vector

!h(t) = �[(b�t(t) + b�c(t) + b�b(t))v(t); (b�t(t)� b�b(t));
(b�r(t) + b�`(t))v(t);�b�r(t) + b�`(t))]T

The control error u(t) can then be expressed as

u(t) = ud(t) + �Th (t)!h(t) + dh(t): (9)

The term �Th (t)!h(t) represents the parameterizable
component of the error and, as established in [10], the
disturbance dh(t) is bounded for all t � 0 if the param-
eter estimates are bounded and it reduces to zero when
the parameter error is zero.
To generate the desired inputs ud(t), we employ the

linear control law

ud(t) = ��1!1(t) + ��2!2(t) + ��20y(t) + ��3r(t) (10)

where

!1(t) =
a(s)

�(s)
[ud](t) and !2(t) =

a(s)

�(s)
[y](t) :

Here a(s) = (1; s; s2; :::; sn�2)T and �(s) is a monic Hur-
witz polynomial of degree n � 1 where n is the degree

of P (s). Rather than obtaining the gains through the
solution of the traditional Diophantine equation, we em-
ployed simplex-based optimization techniques.
To de�ne the parameter update law, we note that

the tracking error is e(t) = y(t) � ym(t) where ym(t) =
Wm(s)[r](t) withWm(s) stable and having the same rel-
ative degree as G(s). We next de�ne the quantities

F (s) = ��3
�1Wm(s)

�
1� ��1

Ta(s)=�(s)
�

�h(t) = F (s)[!h](t)

�h(t) = �Th (t)�h(t)� F (s)[�Th !h](t)

�h(t) = e(t) + �h(t) :

From [9, 10], we choose the update law

_�h(t) = �
�h�h(t)�h(t)

1 + �Th (t)�h(t) + �2h(t)
� �h�(�h)�h(t) (11)

where �h is a symmetric, positive matrix and

�(�h) =

8>>>><>>>>:
0 if jj�h(t)jj < Mh

�0

�
jj�h(t)jj
Mh

� 1
�

if Mh � jj�h(t)jj

and jj�h(t)jj < 2Mh

�0 if jj�h(t)jj � 2Mh

incorporates a priori knowledge of the upper bound Mh

on the Euclidean norm jj��hjj of �
�
h and a design param-

eter �0 > 0.

4. Numerical Example

The performance of the adaptive control method is il-
lustrated here in the context of a magnetostrictive trans-
ducer employed for high speed milling of out-of-round
objects. As detailed in [8], the required tolerance for
the cutting tip is �1 micron.
The dynamics of the transducer are modeled by the

transfer function G(s) de�ned in (8) which has relative
degree 1. The physical parameters for the model and
control design are compiled in Table 1 and are consistent
with values reported in [3] for an actual transducer. The
reference model was taken to be Wm(s) =

1
s+2:2112�108

which incorporates the prevalent transducer dynamics
while facilitating implementation. For the control de-
sign, we employed the monic polynomial �(s) = (s+3)3

along with a(s) = (1; s; s2)T .
The reference signal and transducer response obtained

with the initial parameter values cmt = 6, bct = 5� 105,cmr = 37; bcr = 3 � 103 are plotted in Figure 4 and the
tracking error is plotted in Figure 5. It is observed that
the �1 micron tolerances are achieved within six oscil-
lations. For the cutting device, this is suÆcient since
cutting does not start immediately. Furthermore, the
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Table 1. Model parameters.

� 9250 kg/m2

E 3� 1010 N/m2

cD 3� 106 Ns/m2

ML 0.5 kg
kL 2� 106 N/m
cL 1� 103 Ns/m

mt = mb 8
ct = �cb 5:9� 109

mr = m` 41.8
cr = �c` 3:14� 103

�h 2� 1011I
�0 .15
Mh 7� 105

transducer response is devoid of the phase delays of-
ten associated with hysteretic operation. Finally, the
spikes observed in the error are due to limitations in
the piecewise linear Preisach model near saturation. If
additional accuracy is required, these errors can be mit-
igated through the use of higher-order Preisach models
or physical models such as the domain wall model [2, 3].
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