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ABSTRACT
Let Xj‘ j € N be a stationary Gaussian sequence with covariance rJ.
satisfying Ty = 1, and rj 20, jo>+», Let jz be the location of the maximum
of Xj on {1,2,...,n}. We consider the problem of locating j: by random
sequential observation of X.,. If ja r:j l 0, as j = +», the number of

observations that is both necessary and sufficent as n - ® is essentiallly

determined. This generalizes a reult of B. Hajek.



1. Introduction

Let Xj’ j € N be a stationary Gaussian sequence with covariance

r.=EX X., j €N,
J 0 %y J
and standarized so that Ty = 1. VWe consider the problem of locating the
maximum of X on {1,2,...,n} by a minimal number of random sequential

observations. More precisely, let

(1.1) X = max X,

1{j<n

and let j: be the location of the maximum on {1,2,...,n}. A sequential
search of length v in {1,2,...,n} is a sequence of integers 1 ¢ kl’ k2,....
k < n, so that for all i, k., is a function of
v i+l

kl' cee ki’ Xk seees Xk ,

1 i
and the covariance of X. Notice that k2""’kv are random. Let
K

(1.2) s(n.v) = max P(Jn € {kl,...,kv}),

the maximum being taken over all sequential searches of length v in
{1,2,...,n}. Thus s(n,v) is the largest success probability one can have for
locating j: with v observations.

One of our main results is as follows. For a, a > 0, and % < 6 < %,

let

: 1/
e(n.5) = (2 1(2 log m)#E)y



(1.3) Corollary Assume that for some a > 1 and a > 0, n® r »a, no-

+©.Then for all 0 < p <1, and 0 < 6 < % the following holds. For

e(n,-6)

v(8) = v(n,p,d) = [thélE_E} ,

(1.4) lim inf s(n,v(8)) 2 p.
n—>w

while

(1.5) 1lim sup s(n,v(-8)) < p.
N+ .

That is, to locate j: with success probability p,

ew]
2 e(n,0)

observations are (almost) necessary and sufficient. We learned of this
problem from [H], who motivated his paper with the practical problem of
maximizing an objective function about which little is known, and is costly

to evaluate. Such functions arise in geological exploration, for example.

He proved the theorem above when rj = aj. 0 <a <1, in which case &(n,0) ~
~log log n/2 log a. Also observe that for rj = j—l, we have e(n,0) ~
(2 log n)—%.

Note that if the X's are independent, [pn] observations are both
necessary and sufficient to locate j: with success probability p. Thus, the
fraction (2 r:(n.-))_1 in the corollary represents the percentage savings one
realizes due to the dependence structure of Xj' The two examples above show
that this percentage goes .to zero as n - +®, but at a rate too slow to be of
any practical use.

In view of this difficulty, one might wonder if the problem posed above

is too hard. That is, is it significantly easier to locate a large, but not




the largest, value of X? In this regard, we make the following conjecture,

stated, for berevity's sake, in less than precise language. For 0 < p, q (

1, and 6 > O, in order to locate k: € {1,2,...,n} so that
»
X 2 VYa X
k
n

with probability tending to p as n = +®,

e
2 e(nq.—b)

observations are sufficient. In particular, to locate a point which exceeds
T70% of the true maximum, o(no.49) observations suffice. A plausible argument

for this would proceed this way. In a very strong sense, ([LLR]),

(1.6) X ~ (2 log n)%, n - 4,

» % ]
so that X ~ VE Xn, n = +o, Thus to locate kn as above, it suffices to
n

locate j*q. One then applies Corollary 1.3, but note the reduction of this
"easier” problem to the original one.

We have in fact proved (1.3) for non-decreasing covariance; this
generality requires the notions of covering and ﬁacking numbers. Their
appearance is not surprising: they are implicit in [H] and are well known,
in some sense, to control stationary Gaussian processes. See e.g. [JM]. The
positive or sufficient half is taken up in section 2. The proof therein
holds for covariances with even a logarithmic decay to zero; see the end of
section 2. The proof of the negative, or necessary half, is in section 3.

The strategy of the proofs below are due to Hajek. Our innovations are
these: The aforementioned covering and packing numbers; carrying out the

necessary half in a non-Markovian setting (Compare the proof of lemma 2, [H]



to lemma (3.10) below): and the use of Borells inequality ([B]: (27) below)
which should be of use in studying versions of this problem for which (1.6)

does not hold.

2. Sufficiency

We define the notion of covering numbers. Let

(2.1) B(i,u) ={j€zZ:r > u}.

i-J
Observe that the sets B(+,u) are translation invariant, and are balls of
radius (2(1—u))% in the metric d(i,j) = (E(Xi-XJ)z)%. Let

Nn(u) = least number of B(+,u) needed to cover {1,2,...,n},

and let M_ be the median of X : P(X. > M) = %.
n n n n

(2.1) Theorem. Assume that for all a > O

(2.2) (log n)a r 20, no4m

Fix 0 < p, 6 <1, and let

v = v(n.p.5) = [(1+5) N[pn](u;“a)].
Then

(2.3) lim inf s(n,v)  p.
n—3+o

Note that (2.2) is satisfied if r ~n % n o 4o, for any a > 0, or
more generally .~ exp(—(log n)a). n - +o,  In fact the proof given below
handles covariances which decay slower than those just given; see remarks at
the end of this section.

Further note that (2.2) implies that r = o((log n)-l). Thus, we have

the following (Theorem 4.3.3, [LLR]): a_= (2 log n)* and




(2.4) b_= (2 log n)*

- %(2 log n)—% (log log n + log 4w).
Under (2.1), we have Mn = bn + O(a;I), n - +© and
(2.5) n w(Mn) - log 2, n - +o,
where

2

1
W - —
() v2r

Using the fact that Mn ~ (2 log n)%. (1.4) follows from (2.1) by an easy
calculation.
For the proof, we recall Borell’'s inequality, [B]., in a weak form,

convenient for our needs.

(2.7) Theorem. Let Zt’ t € T be a mean-zero Gaussian process with median M
in sup norm:P(sup Z_ > M) = %. Then for all A > O
telT *

P( |sup zZ, - M| > u) < 2 ¥(wo)
t€T

where 02 = sup E Z% .
- t€T

Proof of (2.1). We prove this result by exhibiting a strategy with the

desired properties. First, however, we reduce the result to the case p = 1.

Assume the Theorem for p = 1. That is,

(2.8) s(n,v(n,1.6)) » 1, n->+o, forall 0< &< ¥%.

Now consider p < 1. As the law of n_1 j: is asymptotically uniform on [0,1]
(Chapter 5, [LLR]) it suffices to locate j?pn] by a sequential strategy of
length v(n,p)., with probability tending to 1, as n - +®. But note that for

large n,

-1+6 -1+26
v([pn].1.8) = Ny (M 770) N (7)< v(n.p.26)



Therefore, by (2.8) the Theorem for all p follows. .

For the proof below, it is convenient to extend X. to a stationary

J

sequence of Z. Then let -

-1+6
Bn = B(O, Mn ):
b =#B:
n n
In = set of centers of a minimal covering of {1,2,...,n} by
translates of Bn;
and
i =% =N (Y,
n n n'' n

Our strategy is then:

1) Observe X at each j € In. Order these observations by height. That

is In = (jl,jz....} where Xj > Xj > Xj cen
1 2 3
e do * Bn"" until a total of [(1+6)in] .

observations have been made. Take as j: the location of the largest

2) Completely search j1 +B

value observed.

Let
Sn = {j € In i+ Bn is searched};
s = #S &6i /b,
n n n n
and
An = median of bn standard independent Gaussian r.v.

Observe that by (2.5), )
(2.9) b_¥(A) > log 2, n -+,

Referring to the strategy above, we have that




P(j: not located)

P(j: € j+B_ for some j € 1/5 ),

2

< P(Xn < Mn - An)

+ P(X. >2 A for some j €I /S )
j n n n

+

P(for some j € In/Sn and k € j+Bn, Xj <2 An and Xk > Mn—An)

Wl +W2+W3.

It is enough to show that each j, wj-+ O as n » +°, We do this for each term
in order. As n - +®, bn - +w, hence An - +o, Thus by Borell’s inequality
(2.7).

wl'» 0, n = +o,

For the second term, use (2.9) and Chebyscheff’s inequality.

Wy SP(H{J €I X, >2A)2s)

-1
s E zIn {X; > 24}

I

I

. -1
i s, y(2 An)

-1
5 b_w(2A)

IN

~ 571 log 2 w(2 A_)/¥(A )

= 0.

For the third term,



(2.10) w3 < i P(Xo <2 An and sup Xj > Mn - An)
Jj€B
n
<1 P(sup Xy > M oA | X <2A). .

JeB_
Given X, =x < 2 An, and j € Bn’ Xj is Gaussian with mean

0 =

m,.=x <{2A
n

J
and variance
1-r,¢1-M 1?0
j n
Moreover, the median of
sup X, -m, | X, =x
je8 4 30

is dominated by 2 An. Under (2.2) we have bn = O(exp((log n)6/2)). so that

An = 0((log n )6/4). Hence

1+6/2

“ M - 10M A - +0, n - 40
n n n

Therefore, again using Borell’s inequality (2.7), and
continuing.from (2.10),

M -54A M -1+6/2
(2.11) wy < i \p[l’_‘n_“g] <1 \#(M)exp[——g + 10 M A]
n
-0, n-»o
This finishes the proof. =

We remark that the theorem above holds in the case where
(log n)“ r,>a n - +», for some a > 1, and a > 0. For then (2.5) i

continues to hold, and the proof just given only needs to be modified in

(2.11), by using the better estimate
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i~ % n exp(—(a_1(2 log n)%+6)1/a).

This proof fails for O < a < 1, for then (2.5) fails. See Chapter 6, [LLR].

3. Necessity

Recall the definition (2.1), and define packing numbers by

P(n,u) = greatest number of disjoint balls B(+,u) that can be placed
in {1,2,....n}.

We prove that

(3.1) Theorem Assume that for some a > 1, n® r - 0, n-=+»,  Fix

0<5, p<1 and let
(3.2) v = v(n.p.5) = P([(1-5)pn]. (2 log n) % 7?)

+ P([pn]. (2 log n)_l—a).

Then
lim sup §(v.n) < p.
n—>+o
(1.5) follows from this by a routine calculation. Concerning the

relationships between packing and covering numbers, we have
P (u) < n(*B(-.u))! <N (w)
n = ' = 'n :

For the range of u we considering, Pn(u) and Nn(u) need not even be of the
same order; their values could also be quite difficult to compute.
Throughout the proof below C denotes a positive numerical constant that

may change from line to line.
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Proof. Let

a = (2 log n)6/2,

B, = (2 log n)™?,

and

T, = (2 log n)1+6.

Let O = On be a strategy of length (3.2); let

(3.3) M=M ={i€o0_ : |xi| <o}
N=N ={i€o_: |xi| > a}.

B(i,B;I), i€eM

(3.4) B, = { 1

B(i.7 '), 1 €N,

and U = Un = U Bi'
i€0
We shall prove that
) 2
(3.5) llmnsup P(_jn € Un) < p.

This allows us to assume without loss of generality that for i, j € O.

{Bn. X1 1% < a |

7n otherwise

(3.6) ri—j <

Moreover, writing O = {11 < i, < ...} we have
. -1 -a
(3.7) r(i,-1) < CpB fJu-v| ™ .

Let 0 denote all information obtained from On; that is,

8 = (0

i Xj. 1 €0}, Set
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A={8: mx |X,| < (2 log n)% ;

1<i<n 9
#ieo : |xi| >a <P([8]. 7))
We prove that

(3.8) P(A) » 1, n oo,

and for G =G_ = {1,2,...,n}/U_,
n n

(3.9) 6 € A => ¥¢ ) [(1-p)n].

This last claim is immediate from the definitions of A and U, and the
following inequality: Pn(u) < n(”B(-,u))_lj (Note that On. and hence Gn are
random sets of integers.)

(3.8) is seen in two steps. First,

P( max |Xj| > (2 log n)%)
1<{i<n

< 2n $((2 log m)*%)

-0, n = +o,

¥(+) is defined in (2.6) above. Second, let Py P([pon]. 1;1). Then

v

P_)

P{i €0 : IX;|>a} 2p

<SP H{IX > e} 20)

n
<ot nwa)
= "n n’’
< (2 1og U ya ) 0. 0o
The last inequality holds for large n, and follows from the observation that

)(1+6)/a

B(O. ».1) 3 {j ¢ |il < (2 log n )

for large n. These last two calculations finish the proof of (3.8).
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A given outcome 6, induces a Gaussian conditional probability P9 on Xu.
u € 0. Denoting expection with respect to Pe by Ee, let m o= Ee Xu, and for
v ¢0,
“av = EG(Xu_mu)(xv—mv)'
be the conditional mean and covariance, respectively.

(3.10) Lemma. For 8 €A, u€G, and v € O,

(3.11) Imul <C (log n)'”'5/2.
(3.12) e |>1-ct,
uu n
and
-1 -a
(3.13) |°uv - ru_vl <CB, A [u-v|™).

We observe here a corollary to (the proof of) this lemma. The only

facts about O used in the proof are (3.6) and (3.7). Hence, for j €0, and u

~

€ B, (Recall (3.4)), let m =r, X., and c_ =1 -r7 , which are
i u i-u i uu i-u
respectively the mean and variance of Xu given Xi. Then by (3.11) and
(3.12),
~ ~ —%-6/2
(3.14) Imu mul. |cuu cuul < C(log n) .
Proof. Fix u and v as in the lemma. Let o = #b. and write the covariance

matrix of the Gaussian vector ((Xu. Xv). (Xi. i € 0)) as

e 1

where

A = (Awi) is a 2x0 matrix; and T = (rij) is a oxo matrix. Given (Xi. i € 0)

=y, (Xu, Xv) is a bivariate Gaussian vector with mean vector




-13-
(3.15) A rly
and covariance matrix
(3.16) A - AT LAt
Notice that I = 1, and by (3.7). Iry | <€ B! [1-3]™*. That is T is
nearly the identity, but standard techniques for estimating the terms of F—l

directly fail here. (We shall see in a moment that F—l exists.) Thus the

technique we employ is to define various norms on Ro, and estimate norm of I’

: R° > R® below. This gives upper bounds on F—l : R® - R°.
Recalling (3.3) and (2.4), for y € R® let
lyll = (max |y |) V (a_ max |y _|).
ueN U Duem Y

and let & = (RO,H°H). Observe that 8*, the dual of €, has norm
iyl = = ly | + a;I 3yl -
N M

Consider the ith coordinate of y =T x. By (3.7),

J=1I=r,.
|y, | |0 ij %;l
2 Ixil -2 Ixj ri—jl
-3 Ix, r_.]
N i i-j
-1 -1 -a
> |xil -Ca " B~ Uxl 3 j
j21
-C 7;1 3 57
j21
> |x,] - C ~~1 xn
- i n 3

Thus, for large n, the image of the unit ball of & under I is an open set,
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so T exists. Moreover, IITIl > . This, and the fact that I is

-3¢
self-adjoint imply that
1

(3.17) ur—m
LAY

-1
% T "eqe < 2.

Let Au =(A.:1€0)=(r :1€0). Asu €Gg,

ui u-i

-1
(3.18) HAuH < G HAuH* <C T -

The proof of (3.11) is then easy. As 6 € A, y = (Xi : 1 € 0) satisfies

¥%+6/2

lyll < (2 log n) Thus by (3.15), (3.17) and (3.18),

-1
m | = 14y, 172 )

-1
< HAUH* \r “8ee"y"

¢cal (2 log u)#%/2

< C (2 log n) #9/2

The proof of (3.12) is similar. By (3.16), (3.17) and (3.18),

-1 -1
1 - °uu| < I(Au, r Au)I <Cnx ™.

Likewise the proof of the first half of (3.13). Observe that HAVH £ a .

Hence

-1
- Tuyl €1, T 4]

c
uv u-v
< A 1 HF—IH Al
u * -3¢ v
-1 -1
< C T, 3, = C Bn

Proving the second half of (3.13) requires a new norm.

y € RO, set

For v € O,
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lyll. = sup ||i-v|a y |.
v j€0 i

Then, for z =TI y, consider the ith coordinate of z, where without loss of
generality we assume that i < v. Then
I B
(3.19) Izil > Iyi|—HyHV [.z + 3 + 3 ]ri_le-vl
j€0 j€o j€o
Jj<i ij<v  v{j
=y; - I - II - III.
As n® r =0, and (3.6) holds,
-1, -a
(3.20) I, II < Cliyll B li-v| ™.

Concerning II, a similar argument shows that

= -1 -a
b r, . lio|™® <cuyn g7 |i-v|
j€0 i-j v'n
i<j<(i+v)/72
and likewise for the sum over (i+v)/2 ¢ j < v. Thus (3.20) holds for II as

well. Denoting (Ro, H°Hv) by ev, (3.19) and (3.20) show that for large n,

(3.21) ur‘lue s $2
v Vv

To see (3.13), note that "Av“v { C. (For the definition of Av see

(3.18).) Thus by (3.16) and (3.21) it is enough to estimate

-1 |
|4, T8l <c b Irs_y li-vI1

But this last sum can be dominated in a manner very close to (3.19) and

(3.20). This concludes the proof of the lemma. =
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Recall the definitions (2.3), and given x € R, set x = bn + a; x. Let

X = max X,. Then (Theorem 4.3.3., [LLR])
n . i
1{j<n

X

(3.22) P(in {x)=e° ,x€R.

For an arbitrary F C {1,2,...,n} let F = max X
i€eF

i
(3.23) Lemma. The following limit holds uniformly over 8 € A, and y in

compact subsets of R.

lim inf P(C_ < v,) 2 exp(-(1-p)e”Y).
n

Proof. By (3.9), g(n) = ﬂbn 2 [(1-p)n]. A routine calculation then shows
that the lemma follows from this result: Uniformly iny € R and 0 € A,
~ P 4
PB(Gn < yg(n)) e
This last fact can be seen as an immediate corollary to (3.10) and (the
obvious triangular array version of) Theorem 6.2.1. [LLR]. (It can also be

seen by a direct computation involving the normal comparison lemma, see

below.) =

(3.8). (3.22) and the last lemma can be used to prove that

lim sup P(j: € On) <p.
n

(see [H]), but not (3.5), which we need to complete the proof. The next

lemma provides the last ingredient we need.
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(3.24) Lemma. For all x € R uniformly in 6 € A,

(3.25) . 33: |P9(Un Cus G <v)) - Po(U <u) Pe(C < vn)l

-0, n = +o,
Fur thermore,
-X

(3.26) 1lim sup Pe(ﬁn < X |6 € A) < e P ©

. <
uniformly in @ € A, and x in compact subsets of R.
To complete the proof of the Theorem, fix 6 > O, and choose x so large

that for large n,

P(A®), P(ﬁn > x ). P(En < (X)) < 8.

This is possible by (3.8), (3.23) and (3.26). Then by (3.24) and (3.25), for

large n,

I
o
~
R
v
(9]
~

P(j € U)

7aN
w
O
+
17<
=
c
v
2

o
m
—~
2
D
m
3

peY o
15+ J% e P €7 p@ e (ay) . 6 €A).

Now, integrating by parts and using (3.23), for large n the last integral is
less than

—(1-vYe ¥ . o Y
6+J"_‘xe(1p)e depe

(1-oreY . peY
<5+ ° UPIET g P _ 54 p

As & > O was arbitrary, this proves (3.5).
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Proof of (3.24) (3.26) follows from (3.22), (3.23) and (3.25): For an ‘

arbitrary 6 > O and large n,

-X
-€
e

IN

5 + P(X ¢ x )

IN

26 + P(X ¢ x . 6 €A)

I

26+ P(U <x . G ¢ xn|9 € A)

I

36 + P(U_ < xn|9 € A) P(C_ ¢ xnlﬂ € A)

(3.23) then implies (3.26).

It remains to prove (3.25). To do this, given 6 € A, define Gaussian

random variables Y?,...,Yg, so that E Y? =m,, 1 <j<n, and

(i.j) € UxU, GxC

ECY - m,)(Y%m,) = {fi
R 0 (i.4) € UxG,

GxU.
Here m, and cij are defined just before lemma (3.10).
Observe that

~ ~ 0 . e
PB(Un < un) PB(Gn < vn) = P(max Yi < u s Eax Yi < vn),

u
n

hence (3.26) can be shown by an application of the normal comparison lemma.

_ 4 Y

Let = c c c, ., which is the normalized covariance of Y6 and Y?.
i1 7j3 “ij i J

Further, let Uy = c}?(un - mj), likewise for vk Then by Theorem 4.2.1,

[LLR], it is enough to show that for all x € R, .

2 2
p. u + v -
(3.27) sup I 3 —ik exp |- _nj_nk_] -0, n - +»,
u,v2x j€U keG Vv - p2 2(1 + pjk)

J<k ik
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Let € > O be a number to be fixed later. Then for i € 0, let

E. ={j :r, .>e}. We first show that

i i-j
2 2
pjk unj * Vnk
(3.28) sup = 3 h> exp |- ] -0, n - +o,
u,v2x i€0 jJEE, keG , 2 2(1 + p,,)
i i<k V1 pjk Jjk
We have that

(3.29) supr, <n<l.
P19

This and (3.14) show that for large n, 0 < 1-m-e < cjj < 1—252, j € Ei' ie€

0. Here we take 0 < e < 2_% A 1-1n, so that the inequalities above are

meaningful. Also, by the definition of Ei’ and G, and (3.13), c < C B;l

jk
for (j,.k) as in (3.28). These facts and (3.12) imply that

(3.30) Py <C B.l. (5.K) as in (3.28).

(3.29) and (3.14) show that for large n, j € E,, and j € O we have

j’
—Y-6/2
m, < c(log n) + ri—jlxil
< c(log n)—%—6/2 +na,

as 0 € A. This, and (3.30) show that

u
(3.31) —2l—) (1-ne)a_- % (2 log n) % (log log n + log 4m)
(1+pjk)

=d_,
n

where U is as in (3.28). Last of all, fix y < x arbitrary. By (3.11) and

(3.30), for large n we have



=20~

Vnk
(3.32) ———— 2y, v. j. k as in (3.28).

1+pjk n

We are now ready to estimate (3.28). By (3.30-32), (3.28) is dominated )
by a constant times
exp(A(d +y2) T X 3 p

J€O JEE, j€G
Dk

Jk’

# 2, 2
$ C 70 exp(%(d +y, ))

{Cn exp(-%(dﬁ + yrzl)) =20, no-+o,

40

Here, we’'ve used (3.13), and = j_a < C; #Ei € C, by stationarity of X; and
j=1
#On < n. This proves (3.28).
It remains to prove that ‘ -

2 2
Ung ¥ Vnk ‘

(3.33) sup 2 2 b pjk exp |- —J——] -0, n - +o,

u,v>x j€O ;jeBi/Ei keG 2(1 + pjk)

<k
Here, Bi is defined in (3.4).

In fact we will show that for e > O sufficiently small, and 6 > O

depending only on 7 in (3.29),

2 2
u + v

(3.34) sup sup exp|- u] < n_l-a.
u,v2x (J.k) 2(1—pjk)

This and (3.13) easily imply (3.38), which finishes the proof of (3.27),

concluding the proof of the lemma. .
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For any € > O fixed, and all j €0, j € Bi/Ei' k € G the following holds
for sufficiently large n. By the definition of Ei' (3.13), (3.14), and

(3.29),
_ cjk _ n+e
Pik = % =%~

C..

i

(1-2¢)* (1-e)%

This last expression can be made strictly less than u, n < p <1, for e >0
sufficiently small. Also, by (3.14), for i € O, and j € Bi/Ei' and n

sufficiently large,

nj n n J
-1 :
>b +a  u-2ea
n n n

-1 -1
2 (1—2e)an - % a (log log n + log 4w) + a 'y

= en,

where y < x is arbitrary. Similarly, we have Vok 2 Y-
Fix 6 > 0 so that ¥ + 6 < 1/(1+u). Then for € > O sufficiently small,

the observations above show that

2 2 2 2
unj * Vnk N °h * Yn
2(1 + pjk) 2(1 + u)

(2-3¢)a’

2(1+p)

>

> (1+6)(log n) .

This implies (3.34). =
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