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Note on Some Formulas for Weighted Sums of Zonal PolynomialsTL

by

Nariaki Sugiura

1. Introduction. The first purpose of this paper is to prove a stronger

result than the previous lemma for the sum of zonal polynomials given in Sugiura
and Fujikoshi [5], which played an important role in deriving the asymptotic
expansions of the non-null distributions of the likelihood ratio criteria in
multivariate amalysis by these authors, Sugiura [6] and of the generalized

variance by Fujikoshi [1].

THEOREM 1. Let CK(Z) be the zonal polynomial of degree k corresponding

to a partition « = {k,, k,, ..., kp} of k (kj 2k, > ... 2k >0) fora

1> 722 2 P
P Xp positive definite matrix Z. Put
P
al(K) = ail ka (ka - a)
3 2
(1.1) az(K) = ail ka (4ka - 6aka + 304).
Then the following equalities hold:
(1.2) 2, ()C (2) = k(k-1) trz (erz)¥2
(k)
(1.3) Doa()2€ (2) = k(k-1) [{trzZ + (trz)?2) (erz)¥ 2
(k)
- 2 -
T ak=2) erz3 ()5 4 (k-2) (k=3) (ex22) (erz)ETH
_ k 2 2 k-2
(L.4) T aZ(K)CK(Z) = k[(trz)" + 3(k-1) {trz¢ + (trZ)4} (trZ)
(k)

+ 4(k-1) (k-2) (k=3) trz3 (trz)<7%],
where the symbol Z(K) means the sum of all possible partition «k of k.
¥ The research was partially sponsored by the National Science Foundation Grant
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Dividing by k! on both sides of each of the equations (1.2), (1.3) and
(1.4) and summing with respect to k from zero to infinity, we obtain the
lemma given by Sugiura and Fujikoshi [5].
The second purpose of this paper is to give an alternative proof of the
following theorem due to Fujikoshi [2], by using a differential equation for

zonal polynomials obtained recently by James [4].
THEOREM 2. (Fujikoshi). With the same notation as in Theorem 1, put

® - g%l)(b +1-2h b+ k- 1- Q%l).

(1.5) (b) = 5

| =]

a=1

Then the following equalities hold:

o (b) a,(x)C _(Z)
e oz —EE BT (2 + D e+ (er)?)
k=0 (x) -
® (b) a,(x)“C (Z)
(1.7) T3 < 1 - =-% 1T - 2|7 ((2b + 1)(262 + b + 2)(trw2)2
k=0 (k) '

+ 2(2b2 + b + 2)trW2(trW)2 + 2(8b2 + 10b + 5)trW* + 8(2b + 1)trW’® trW
+ b(trW)* + 8(2b2 + 3b + 2) trW3 + 12(2b + 1)trW? trW + 4(trW)?

+ 2(2b + 1) (£xw)2 + 2(2b + 3) trW?},

where the positive definite matrix Z is assumed to have characteristic roots

less than one, and W = Z(I - Z)—l.

2. Proof of Theorem l. Since the zonal polynomial CK(Z) is a homogeneous

symmetric polynomial of degree k with respect to the p characteristic roots
of Z, it is sufficient to prove the equalities in Theorem 1 and Theorem 2,
when Z 1is a diagonal matrix Y = diag(yl, Yos +ves yp). Fujikoshi [2] has
shown, in the proof of Theorem 2, that the following differential relations

hold:

(2.1) C (Na (<) = er(¥9)2 ¢ (2 |y
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(2.2) c_(¥) {3al(K)2 - ay(<) + k} = [3{tr(¥3)?} + 8tr(YB)3]CK(Z)|Z=Y,

where the symbol 0 means a matrix of differential operators given by
2 = (1 + 6ij)8/aoij), operating on a positive definite matrix I = (oij),
(5ij is a Kronecker delta.) The proof of this formula is based on the asymp-

totic expression of the equality (1.22) in Sugiura and Fujikoshi [5]. By the

formula Z(K) CK(Z) = (trE)k in James [3], we have from (2.1)

(2.3) P k k-2
z al(K)CK(Y) = E yi(az/acéa)(trZ) |Z=Y = k(k—l)trYz(trY)
(<) a=1
(2.4)
L a (k)€ (Y) = I er(¥8)%a, (x)C () |y = tr(Ya)zk(k—l)(trZZ)(trZ)k_ZIZ=Y

(k) ()

p -
k(k-1) { 2 yg(az/acéa) +% x yayB(Bz/aoés)} trZZ(trZ)k 2|Z=Y
a=1 a < B

k1) (2erv2(ern)¥ 2 + 4(k-2) ey 3 (ern) 77 4 (k=2) (k=3) (£x¥2) " (ern) <4

]

k-2
+2 Ty y (e THp g s
a < B

which imply equalities (1.2) and (1.3) respectively. From (2.2) we have

(2.5) 2 k Lt
T aZ(K)CK(Y) =33 al(K) CK(Y) + k(try) - [3{ E ya(a /3Oaa )
(x) (k) a=1
P
+2 I yéyé(a“/aciaaoés)} + 81z y3(83/aoga)](trz)k|Z=Y,
o < B a=1

which yields (1.4) of Theorem 1.

It is interesting to note that the first two equations (1.2) and (1.3) in
Theorem 1 can also be obtained from the following linear partial differential
equation of second degree derived by James [4]:

(2.6)

P -
=z y2(3%/3y2)C (¥) + o Y2y, - v T(3/3y )€ (D) = {a () + (e-DkIC (D).

Summing both sides of the above formula with respect to « for fixed k, yields

equation (1.2). Operating Z(K)al(K) on both sides of (2.6) yields equation (1.3).
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3. Alternative proof of Theorem 2. Noting that

® (b) C (2)
(3.1) 5 ———f%f§——— = |1 - zl'b,
k=0 (k) ’

when all characteristic roots of positive definite matrix Z are less than one

(James [3]), we can get from (2.6)

(3.2)

® (b) a,(k)C (Y) P

. 5 Kk 1 K ={z y2(82/3y2) + T yz(y -y )—l(a/ay YHI-Y -b
k=0 () ! el %Y kg % F e

- (- @/de) |1 - er| ]

=b|I - Y|P (D e + 5 y2(y - vy T - y )T - (p-1)erw)
kB o’ o B o

where W = Y(I—Y)—l. The second term in the above equation can be simplified

by noting (I—Y)-l =I1+W as

(3.3)
20 _ ooyl -1 _ N S |
uis v, v T A=y . i . G, +yg -y (L -y Q=g

= Z{2teW tr(Il + W) - (trW)2 - 2trW(I + W) + trW?}

= 5{2(p-1) trW + (trW)2 - tr W2} ,

which implies the first equation (1.6) in Theorem 2. From the differential

equation (2.6), we have

(3.4)

B (b) a,(x)2C (Y) P 2 y2 -
D) < 1 T K — = {3 y2 397-+ g — 53—& £ - |
k=0 (k) : a=1 % Yo axg Ya g Yy

- (-1 (@/de) [T - x| £ |,

where f(Y) = (b/2) {(2b + 1)tr W2 + (trW) 2} with W = Y(I—Y)—l . The first

term in the right hand side of (3.4) can be verified after some computation as



(3.5)
, i 2
-% |1 - ¥|™° {b(b+l) (2b+1) (£xW?) + b(b+1)trW?(trW)2 + 8(b+1)?trW"

+ 4(b+1)trW trW3 + 4(2b245b+3) trW3 + 4(b+1)trW trW? + 4(b+1)trW?} .

The second term in (3.4) can be written as

(3.6)
b —_ — — - —
Doy 2@ 5 y3y ooy ) tmy )T 4 26w 8 y2(y ~y ) H(my )7
2 oo 7B o oo “R o
o%B oxR
+ b{(2b+1) trW2 + (txrW)2} ¥ y3(y -y )—l(l-y )—l]-
oo ’B o
axB
Noting that
(3.7) 5
2 2
y y y.y v
5 & = 7 = + x B + B }

a%B (y,y ) (my )% < B (Imy)3(my)  (my)2(-y)? -y )(A-yp)?

= Z{- 3trW* + 2trWltrw + (txW2)2 + 2(p-3)trW3 + 4trWltrW + (2p-3) trW? + (trW)?}

(3.8)

-1 -2 -2 -1 -1 -
e TP R S O 6T M CE D R C R Rl ¢y
a%B a < B

= - trW3 + trWltW + (txW)2 + (p—2)trw2 + (p-l)trW,
we can simplify the second term in (3.4) as

(3.9)

- 2
Bjr - x| ™ 22y e (ei)? + Fb(er) ¥ + (1-%b) (2b+D) (£xi?)

- 3(2b+1)trW! + 4btrW3 trW + {8b + 2 + (262 + b + 2)(p-1)} trW? trW
+ {b(p-1) + 2} (txW) 3 + 2(p-3) (2b+1) trW3 + (2b+1) (2p-3)trW? + {2b + 1 +

2(p-1) }(trW)?].

The third term in (3.4) can be written as



(3.10)

(d/dt) |1- tYl"b £(eY) | g = b |1 - V|77 {2(2b+1) trW3 + (2bZ4b+2)trd? txW

4+ b(erW)3 + 2(trW)2 + 2(2b+1) trW?}.

Substituting (3.5), (3.9), and (3.10) for the right hand side of (3.4), we

can derive the second equality (1.7) in Theorem 2.

Fujikoshi [2] obtained a futher formula concerning

Zk=0 Z(K) az(K) CK(Z) / k!,

based on the equality (2.2). It seems difficult, however, to give an alternative

proof from the formula (2.6).
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