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ABSTRACT 

 

The stress intensity factor (SIF) for a semi-circular nozzle corner crack can be estimated using a solution 

reported by Delvin and Ricardella which is also used in App. G of ASME Code, Section XI.  In this method, 

the stress distribution into the nozzle corner cross-section needs to be represented as a third order 

polynomial fit.  However, in some situations (mainly due to thermal loading), the stress distribution in the 

nozzle throat area may not be well represented by a third order polynomial fit.  This may lead to inaccurate 

estimation of SIF. 

 

In this paper, to overcome the limitation described above, the weight function method was 

developed and utilized along with the solution reported by Delvin and Ricardella to develop a new SIF 

solution.  Comparisons were made between the existing solution and the proposed weight function based 

solution to demonstrate the accuracy of the new solution.  In addition, to further verify the applicability, the 

SIF calculated from the weight function method was compared against finite element analysis (FEA) results 

and influence function based plate solutions.   

 

INTRODUCTION 

 

The nozzle corner region in a pressure vessel experiences significant stresses due to pressure and thermal 

gradients caused by transients.  There are many situations in which a postulated or measured flaw at the 

nozzle corner needs to be addressed, particularly for life assessment and fitness-for-service evaluations.  

These analyses require stress intensity factor (SIF) solutions for cracks located at nozzle corners.   

 

The SIF for a semi-circular nozzle corner crack can be estimated using a solution reported by 

Delvin and Ricardella (1978) (also report in API Standard 579-1/ASME FFS-1 (2007)) which is also used 

in App. G of ASME Code, Section XI.  In this method, the stress distribution into the nozzle corner cross-

section needs to be represented as a third order polynomial fit.  However, in some situations (mainly due 

to thermal loading), the stress distribution may not be well represented by a third order polynomial fit.  

This may lead to inaccurate estimation of SIF.  Furthermore, this solution was derived for a circular 

nozzle crack in a semi-infinite body, meaning that the SIF is only dependent on the crack depth and not 

the thickness of the nozzle along the crack path. 

 

In this paper, to overcome the limitation described above, the weight function method was 

developed and utilized along with the solution reported by Delvin and Ricardella (1978) to develop a new 

SIF solution.  Comparisons were made between the existing solution and the proposed weight function 

based solution to demonstrate the accuracy of the new solution.  In addition, to further verify the 
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applicability, the SIF calculated from the weight function method was compared against finite element 

analysis (FEA) results and influence function based plate solutions. 

 

DEVELOPMENT OF UNIVERSAL WEIGHT FUNCTION FOR NOZZLE CORNER CRACKS 

 

A universal weight function (UWF) solution allows the calculation of SIFs without having to fit stresses to 

a polynomial distribution.  Once a UWF for a crack geometry is developed, the SIF can be calculated by 

evaluating the following integral where (x) is the stress profile on the plane of the crack and m(x,a) is the 

weight function from Glinka (1996).  

 

 𝐾 =  ∫ 𝜎(𝑥)𝑚(𝑥, 𝑎)𝑑𝑥
𝑎

0
 (1) 

 

The weight function, m(x,a) for a one-dimensional crack (Figure 1) is given by: 
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where 

x = coordinate along the crack depth 

a = crack depth 

Mi = parameters of the weight function 

 

 
 

Figure 1. One-dimensional crack geometry. 

 

The weight function in Equation 2, m(x,a) has four parameters (M1, M2, M3 and M4).  Hence, the 

solution requires four reference SIF solutions.  These four reference solutions are available from Delvin 

and Riccardella (1978), and is of the form: 

 

 𝐾𝐼 =  [0.706(𝜎0 + 𝑝𝑐) + 0.537 (
2𝑎

𝜋
) 𝜎1 + 0.448 (

𝑎2

2
) 𝜎2 + 0.393 (

4𝑎3

3𝜋
) 𝜎3] √𝜋𝑎 (3) 

 

where the stress on the plane of the crack is defined by: 

 

 𝜎(𝑥) =  𝜎0 + 𝜎1𝑥 + 𝜎2𝑥2 + 𝜎3𝑥3 (4) 
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Equation 3 for KI contains four reference stress solutions, one for each of the terms of the 3rd order 

polynomial.  Using these four reference stress solutions defined by Equation 3, the parameters M1, M2, M3 

and M4 in Equation 2 can be evaluated by laborious algebra which is not provided in this paper for 

brevity.  The resulting values of the parameters Mi are 

 

M1 = -12.322 

M2 = 48.078 

M3 = -61.873 

M4 = 26.938 

 

This completely defines the weight function for the nozzle corner crack based on the reference solutions. 

 

Example Applications of the Weight Function  

 

Two examples of the application of this newly developed weight function are provided herein.  Both 

examples serve as the verification of the accuracy of the weight function as well as its usefulness.  

 

Example 1 – Residual Stress 

In the first example, KI is calculated for a residual stress profile given in Figure 2.  The residual stress 

profile and its 3rd order polynomial fit are both shown in the figure, where is can be seen that the 3rd order 

polynomial does not provide a good fit to the actual stress data.  

 

To illustrate the difference between methods, the KI is calculated using three different methods: 

(i) Using Equation 3, which uses the polynomial fit to the stresses, 

(ii) Using the newly developed weight function with the polynomial fit to the stresses, 

(iii) Using the newly developed weight function with the actual residual stresses. 

 

These three cases of calculated KI values are shown in Figure 3.  The KI calculated by methods (i) 

and (ii) match exactly, thus verifying the accuracy of the newly developed weight function.  The KI 

calculated by the weight function method using the actual stresses provide the more accurate values for 

this example and differ from those calculated using the polynomial stress fit.   

 

 

 
 

Figure 2. Residual stress data with polynomial fit. 
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Figure 3. Calculated KI for the residual stress case. 

 

Example 2 – Thermal Stress 

In this example, stress due to cladding dissimilar thermal expansion coefficient is used.  The thermal 

stress profile and the polynomial fit are shown in Figure 4.  The KI is calculated using the same three 

methods from the previous example and are shown in Figure 5.  As in the previous example, the 

calculated KI values using the first two methods agree, thus verifying the accuracy of the newly developed 

weight function.  Here again, the KI calculated by the weight function method using the actual stresses 

shows significantly difference from those calculated using the polynomial stress fit.   

 

As demonstrated in these examples, the newly developed weight function method provides more 

accurate solutions since it captures the detailed variation in the stress profile.  However, the overall 

accuracy of the weight function method still depends on the accuracy of Equation 3, which only considers 

a circular nozzle crack in a in a semi-infinite body. 

 

 

 
 

Figure 4. Thermal stress with a polynomial fit. 
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Figure 5. Calculated KI for the thermal stress case. 

 

 

COMPARISON WITH FEA AND PLATE SOLUTION RESULTS 

 

In a recent study by Iwamatsu et al. (2016), it has been demonstrated that the use of a flat plate solution 

can also provide a reasonable estimate of KI for cracks at the nozzle corner.  The applicability of the flat 

plate model to the nozzle corner crack was verified by Iwamatsu et al. (2016) from the comparisons of KI 

values between 3-D FEM and the flat plate model for the membrane and linear stress distributions and 

internal pressure.  The flat plate model provided equal or conservative values of KI values compared. 

 

In the present study, a finite element model was created to validate the results provided by 

Iwamatsu et al. (2016), using the same dimensions of “Model B” used by Iwamatsu et al. (2016) - see 

Figure 6(b).  

 

Model B 

Ri,s = 2,000 mm, ts = 100 mm, Ri,n = 150 mm, tn = 150 mm, ri = 100 mm, ro = 100 mm, and tc = 183.1 mm 

 

In this study, only the membrane stress case was considered, where a uniform crack face pressure 

of 1 MPa was applied.  Two aspect ratios were considered, with three crack depths (60 mm, 80 mm, 100 

mm) for the a/l = 1/2 aspect ratio and four crack depths (30 mm, 60 mm, 80 mm, 100 mm) for the a/l = 

1/6 aspect ratio.  Figure 6 shows an example of the FEA model with an 80 mm deep corner crack at an 

aspect ratio of a/l = 1/2.  Figure 7 shows the resulting FEA stress intensity factors at the deepest point 

compared against the flat plate solution from API Standard 579-1/ASME FFS-1 (2007).  As illustrated in 

this figure, when a/l = 1/2 (i.e., circular nozzle corner crack), the FEA results matched the plate solution.  

On the other hand, when the crack length increased (a/l = 1/6), the plate solution provided higher KI 

values compared to the FEA results.  These results are consistent with the results reported in Iwamatsu et 

al. (2016). 

 

The KI values from Equation 3 are also plotted in Figure 7.  For a/l = 1/2, results from Equation 3 

showed good agreement with the FEA and plate solution results.  For a/l = 1/6, Equation 3 provided KI 

values low than the FEA results.  This is due the fact that Equation 3 is based on a circular nozzle crack 

which does not consider the effect of crack aspect ratio.  Note that the results (or trends) provided in 
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Figure 7 only apply to the simple loading considered in the present example and should not be 

generalized. 

 

 
                                                       (a)                                                                (b) 

 

Figure 6. Example of finite element model generated in the present study (a/l =1/2 with 80 mm deep 

corner crack). 

 

  
 

Figure 7. Calculated KI values at the deepest point compared to flat plate solution and Equation 3. 

 

 

APPLICATION TO THERMAL SHOCK LOADING 

 

An additional study was conducted where the finite element model generated in the present study was 

loaded with a non-symmetrical loading.  The load selected was a thermal shock transient, where the 

nozzle is subjected to a thermal down-shock from 277ºC (530ºF) to 21ºC (70ºF), held for 60 seconds, then 

shocked back up to 277ºC (530ºF).  A high film coefficient was applied such that internal metal 

conduction was the limiting heat transfer barrier.  Figure 8 shows the resulting stress contour at the peak 

stress time point of 80.2 seconds, along with the path selected for stress extraction.  With a 100 mm deep 

crack (a/l = 1/2), the resulting KI values along the crack front are shown in Figure 9.  Due to the 

unsymmetrical loading, the maximum KI is not at the deepest point of the crack front, and the two surface 

points have vastly different KI values. 
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Figure 10 provides the actual stress profile extracted along the path depicted in Figure 8.  In 

addition, the 3rd order polynomial fit of the actual stress profile is shown in Figure 10.  The actual stress 

profile was used for the plate solution and the nozzle UWF solution, whereas the 3rd order polynomial fit 

was used for the original nozzle solution, Equation 3.  In Figure 9, the KI values using the plate model 

with the actual stress are shown for the deepest and the surface points.  There is a clear disparity between 

the finite element analysis results and the plate model results since the finite element analysis results use 

the stresses on the entire crack plane, whereas the plate model only uses the stress profile extracted from a 

single path (i.e., at the center of the crack).  The results for the nozzle UWF and the original nozzle are 

also shown in Figure 9.  For this example, the two solutions did not show much difference, but provided 

much higher KI values compared to the plate solution.   For this specific thermal loading case, the plate 

and the nozzle KI solutions seem to be conservative, however, this may not be the case in general.  Such 

results have been shown by Yin et al. (2012). 

 

 
 

Figure 8. Nozzle corner crack opening stress contour plot for thermal shock loading. 

 

 

 
 

Figure 9. KI values along crack front due to thermal shock loading at 80.2 seconds and for a crack depth 

of 100 mm. 
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Figure 10. Stress profile at the crack center due to thermal shock loading at 80.2 seconds. 

 

 

SUMMARY AND CONCLUSION 

 

A study was performed to revisit the commonly used stress intensity factor solution for cracks occurring at 

a nozzle corner.  The current solution provided by Delvin and Ricardella (1978) (also report in API Standard 

579-1/ASME FFS-1 (2007)) had two major limitations: 

 

• It is limited to a stress profile that can be defined with a third order polynomial, 

• The solution assumes a circular nozzle crack in a semi-infinite space, meaning that the SIF is only 

dependent on the crack depth and not the thickness of the nozzle along the crack path. 

 

In this study, a universal weight function (UWF) method for the nozzle corner crack was developed 

using the existing nozzle corner solution.  The UWF method removes the first limitation listed above where 

the UWF method can be used to calculate the SIF for any arbitrary stress with tabular input.  However, 

since the existing solution was used in the UWF method, which implies that the second limitation still exists 

in the UWF method. 

 

Finite element analyses were performed to calculate SIFs for a typical nozzle geometry.  The results 

were compared with a solution for plate with a semi-elliptical crack, where an arbitrary stress profile can 

be used as input.  Reasonable agreement was shown between the FE results and the plate solution for simple 

loading conditions.  Thus, using the plate solution can somewhat solve both limitations listed above.   

 

FE analysis of a thermal shock loading was used to explore the KI distribution along the crack front 

due to a more complex loading where the stress is non-symmetrical.  This analysis revealed a significant KI 

variation along the crack front.  Also, the maximum KI did not occur at either the crack surface or the 

deepest point of the crack.  A crack growing under such loading will no longer remain circular. 

 

In conclusion, the newly developed UWF provides a significant improvement to the currently 

available solution which is limited to a 3rd order polynomial.  However, the limitation that the solution is 

for a semi-infinite body remains.  The plate solution seems to agree with the FE results and is for a finite-

width body.  Based on this limited study, it is currently recommended that a plate solution be used for a 
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nozzle corner crack analysis since it provides a more accurate representation of SIFs for the nozzle corner 

crack compared to the existing solution.  
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