ABSTRACT

LIU, HUALONG. Handling the Non-convexity and Uncertainty of Energy Systems With High
Renewable Penetration. (Under the direction of Wenyuan Tang).

Power systems are non-convex nonlinear systems due to the existence of non-convex nonlin-
ear constraints, such as power flow and integer constraints. For large power systems with tens
of thousands of nodes, their non-convexities and nonlinearities are more serious. Unfortunately,
non-convex optimization problems are a class of intractable problems, that is, non-deterministic
polynomial time-hard (NP-hard) problems, which are the most challenging computation prob-
lems.

With the rapid development of industrial productivity and economy, the traditional energy
system faces issues such as low energy utilization efficiency, difficulties in integrating renewable
energy, and challenges in meeting diverse load demands, all of which greatly limit the reliability
and flexibility of the traditional energy system. In this situation, the integrated energy system
(IES), as a sustainable energy system, has gained significant attention due to its advantages,
such as multi-energy complementarity, high capacity for renewable energy integration, and
efficient energy distribution. In addition to the power system, the IES also includes the thermal
system, the natural gas system, and other energy systems. However, systems such as heat and
natural gas also contain non-convex constraints, which together with the non-convex constraints
of power systems make the IES a highly non-convex nonlinear system. Therefore, it is of great
theoretical and practical significance to study how to tackle the non-convexity of the power
system and the IES.

Moreover, if everything were certain, such as 100% accurate forecasts for renewable energy
generation and loads, there would be no uncertainty in the power system or the IES. However,
this is impossible because the entire universe is inherently uncertain, and thus the only certainty
is that there is uncertainty in the power system and the IES. In recent years, social development,
the aggravation of environmental pollution problems, the growing depletion of traditional fossil
energy, the global energy crisis, and the ambitious goals of zero carbon emissions and 100%
renewable future, renewable energy generation represented by wind and photovoltaic (PV)
generation is connected to the grid on a large scale. Hence, the renewable penetration rate
continues to rise. However, owing to the randomness, volatility, variability, and intermittency of
wind and PV generation, accurately forecasting their output remains a challenge. Concurrently,
in the context of the energy market, due to privacy and confidentiality concerns of energy
enterprises and customers, decision makers sometimes do not have access to complete generation
and load data. Furthermore, the uncertainty of the charging and discharging of renewable
energy vehicles, such as electric vehicles, also exacerbates the overall uncertainty of the power
system and the IES. Moreover, the changes of load side structures, the subjectivity of energy

consumption, and the limitations of forecasting technologies and cognitive capabilities make



it onerous to precisely obtain the load demand. In addition, the uncertainties of energy prices
and policies are sources of uncertainties of the power system and the IES. The combination of
all the uncertainties mentioned above makes the uncertainty of the power system and the IES
increasingly show the characteristics of Knightian uncertainty, which makes it very challenging
to deal with the planning, operation, control, and economics of the power system and the IES.
If these uncertainties are not properly addressed, they will seriously affect the safe, stable, and
economic operation of the power system and the IES. In this context, it is of crucial importance
to research how to cope with the uncertainties of the power system and the IES.

As a large number of renewable energy resources are connected to power systems, the opera-
tion, planning, and optimization of power systems have been becoming more and more complex.
Power flow, unit commitment, economic dispatch, energy pricing, and planning are essentially
computation problems. A lot of computing resources are required for these problems, which
are non-trivial, especially for large-scale power systems with the high penetration of renewable
energy. Traditionally, the calculation and optimization of power systems are completed by clas-
sical computers based on the classical computing theory and the von Neumann architecture.
However, with Moore’s law getting closer and closer to the limit, the importance of quantum
computing has become increasingly prominent. Quantum computing has been applied to some
fields to a certain extent, yet the utilization of quantum computing in power systems is rare.
As the power industry is the foundation of the national economy, introducing quantum com-
puting into the power system has far-reaching and crucial significance, such as improving the
penetration of renewable energy, enhancing the computing efficiency, and helping in achieving
the goal of net zero and climate neutrality by 2050. This dissertation first introduces the core
concepts, essential ideas and theories of quantum computing, and then reviews the existing
literature on the applications of quantum computing in power systems, and puts forward our
critical thinking about the application of quantum computing in power systems.

Electricity pricing mechanism design is the key to the construction of the electricity mar-
ket. The scientific and rational electricity price signal is of critical importance to the optimal
allocation of resources in the electricity market. In the real-time electricity market, look-ahead
security constrained economic dispatch (SCED) plays a substantial role in ensuring the sound
operation of the electricity spot market with the high penetration of renewable energy. It is cru-
cial to appreciate the effect of unit operation constraints on locational marginal prices (LMPs)
in real-time electricity market. To this end, this dissertation establishes the look-ahead SCED
model, derives the LMP formulae under the look-ahead SCED optimization model, and anato-
mizes the impact of unit operation constraints on the LMP and its components. These formulae
and analysis can help market participants to evaluate their own benefits based on their own
unit physical parameters.

To overcome the shortcoming of the Monte Carlo method and the Latin hypercube method
that require prior knowledge of the probability distributions of renewables and loads, this dis-

sertation proposes a typical scenario generation methodology for renewables and loads based



on Wasserstein generative adversarial networks with gradient penalty (WGAN-GP) and K-
medoids. Furthermore, optimal multi-objective bi-level microgrid planning models considering
the actual battery energy storage system (BESS) lifetime based on WGAN-GP and info-gap de-
cision theory under opportuneness and robustness strategies are established in this dissertation
to effectively resolve the Knightian uncertainty of optimal microgrid planning and operation
caused by the uncertain nature of wind, PV generation, and loads. Then, the multi-objective bi-
level models are converted into multi-objective single level models. The Pareto-optimal front of
these multi-objective problems are obtained by the -constraint method, and the compromised
solution of the Pareto-optimal set is determined by fuzzy decision making.

With the increasing penetration of distributed energy resources (DERs) in the power system,
the microgrid (MG) as a relatively independent system has been widely used and developed.
The MG can smooth the output fluctuation of renewables through the interaction of the main
grid, renewables, loads, and energy storage systems, which is conducive to friendly access and
local consumption of renewables. The interconnection of adjacent MGs to form a MG clus-
ter system can effectively improve the reliability, economy, and low carbon of the system. In
order to optimize the operation of the whole MG alliance and distribute the benefits reason-
ably among MGs, based on stochastic programming and generalized Nash bargaining (GNB)
theory, an optimal cooperative operation model of the multi-agent multi-energy MG system
considering uncertainty and carbon trading is proposed in this paper. First, carbon capture
systems (CCSs) and power-to-gas (P2G) devices are integrated into traditional combined heat
and power (CHP) units. Second, using statistical programming to deal with uncertainty, the
optimal operation model of the MG alliance is established. The model is decomposed into two
subproblems: the social welfare maximization subproblem and the energy trading payment bar-
gaining subproblem. Finally, to protect the privacy of each agent, two algorithms for solving the
subproblems are proposed based on the alternating direction method of multipliers (ADMM).
The asymmetric bargaining quantifying contributions is employed to achieve fair distribution
of benefits.

In order to further analyze the flexible coupling and complementary characteristics of various
energy resources in the integrated energy system (IES) and increase the absorption capacity
of renewables, concentrating solar power (CSP) plants and generalized energy storage (GES),
such as electric energy storage systems, heat storage systems, and natural gas storage systems,
are introduced into the IES. First, the framework of the electricity-heat-gas integrated energy
system (EHGIES) structure is built, and the main equipment models are constructed. Second,
the deterministic dispatch model for the EHGIES is established by minimizing the operating cost
of the system. Third, info-gap decision theory is leveraged to effectively handle the uncertainties
of PV, wind generation, electric, thermal, and gas loads. Based on two different risk preferences
of risk aversion and risk seeking (opportunity seeking), multi-objective dispatch models under
opportuneness and robustness strategies are established, and these multi-objective models are

further transformed into single-objective models through the analytic hierarchy process.
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CHAPTER

1
INTRODUCTION

Due to the existence of non-convex nonlinear constraints, power systems and integrated
energy systems (IESs) are non-convex nonlinear systems. Non-convex problems are NP-hard
problems, which are very hard to tackle. Moreover, because of the large-scale integration of
renewable energy such as wind power and solar photovoltaic (PV) into the power system and
the IES, the uncertainty of the power system and the IES is becoming increasingly severe, and
the characteristics of Knightian uncertainty are increasingly displayed. If uncertainty is not
well handled, it will seriously a ect the planning, operation, control, and economy of the power
system and the IES. Therefore, this dissertation establishes some methods dealing with the
non-convexity and uncertainty of power systems and IESs in order to improve the integration
of renewable energy and optimize the planning, operation, control and economy of power sys-
tems and IESs. First, we are dedicated to a tutorial on quantum computing targeting power
system professionals and a review of its applications in power systems. Second, this disserta-
tion proposes the look-ahead security constrained economic dispatch (SCED) model, derives
the locational marginal price (LMP) formulae under the look-ahead SCED optimization model,
and dissects the impact of unit operation constraints on the LMP and its components. Third,
we propose optimal multi-objective bi-level microgrid planning models considering the actual
battery energy storage system (BESS) lifetime based on Wasserstein generative adversarial net-
works with gradient penalty (WGAN-GP) and info-gap decision theory under opportuneness
and robustness strategies to e ectively resolve the Knightian uncertainty of optimal microgrid
planning and operation caused by the uncertain nature of wind, PV generation, and loads.
Fourth, We put forward the optimal cooperative operation model of multi-agent multi-energy
multi-microgrid systems considering carbon emission quotas and carbon trading, which is then



decomposed into two subproblems, i.e., the social welfare maximization subproblem and the
energy trading payment bargaining subproblem. Fifth, we present the optimal multi-objective
dispatch models of the electricity-heat-gas integrated energy system (EHGIES) under oppor-
tuneness and robustness strategies based on info-gap decision theory.

1.1 Quantum Computing for Power Systems

1.1.1 Research Motivation

Because quantum computing has shown exponential acceleration compared with classical
computing under certain conditions, Moore's law is getting closer and closer to the limit, the only
correct descriptions which work on the extremely small scale are quantum, and real quantum
computers are becoming more and more accessible to the public, quantum computing has been
attracting the researcher. All the reasons above have led to the rapid development of quantum
computing both in theory and in practice in recent years. Quantum computing has been applied
in such some elds of science and engineer as nance, chemistry, and biology. However, there
are rare applications of quantum computing in power systems.

There are many problems in the eld of power systems, such as optimization and power
ow calculation, which require a lot of calculation and a certain computation speed. Therefore,
it is essential to introduce quantum computing into the eld of power systems.

There are many references [1{5] on quantum computing, but they are lengthy for power
system engineers and researchers to get started with quantum computing. For this reason, this
dissertation introduces quantum computing in a concise and illustrated way without needing
profound and obscure physical knowledge. In other words, the introduction of quantum com-
puting in this dissertation is specially tailored for power system professionals.

1.1.2 Contributions

In brief, the main contributions are given as follows [6]: (1) introduce quantum computing
into the eld of power engineering in a thoroughly detailed way and delineate the analysis
methodologies of quantum circuits systematically without losing mathematical rigor; (2) based
on Dirac's notation, the related formulae are derived meticulously with sophisticated schematic
diagrams; (3) elaborate and derive some critical quantum algorithms in depth, which will play
an important role in power systems; (4) critically summarize and comment on the existing
literature on applications of quantum computing in power systems; (5) the future applications
and challenges of quantum computing in power systems are prospected and remarked.



1.2 Locational Marginal Prices in Look-Ahead Economic Dis-
patch

Because promoting the development of renewable energy is a key means to deal with energy
crisis and environmental pollution, a high proportion of renewable energy connected to the grid
will become a basic feature of the future power system. With the high penetration of renewable
energy in the grid, the grid show greater volatility and uncertainty, which brings great challenges
to the reconstruction of the spot electricity market. Look-ahead optimization, which is a rolling
intra-day real-time optimization based on the load forecasted for several periods in the future,
plays an important role in adapting to the high penetration of renewable energy and ensuring
the sound and reliable operation of the power grid because it allows for more e cient dispatch
of generations to meet projected system conditions by expanding the time horizon.

Compared with the single period market model, the look-ahead optimization model can
reduce costs [7], improve social welfare [8, 9], and can also reduce infeasibilities, i.e., not being
able to satisfy load or reserve requirements, which can have reliability and pricing implica-
tions, such as reduced area control error and avoidance of price spikes [10]. Several regional
transmission organizations (RTOs)/independent system operators (ISOs), such as New York
ISO (NYISO) and California ISO (CAISO), have already implemented look-ahead SCED; some
RTOs/ISOs, e.g., the electric reliability council of Texas (ERCOT), have been contemplating
this methodology [7, 11{15]. Consequently, it is necessary to dissect the main factors a ect-
ing the locational marginal price (LMP) in look-ahead security constrained economic dispatch
(SCED), which helps market participants to have a deep understanding of the principles of the
market and make better decisions. However, there are few references on the LMP in look-ahead
security constrained economic dispatch (SCED), most of the existing literature study single
period optimization, and the examples given are also single period optimization. In view of
this, this dissertation bridges this gap, which systematically studies the LMP in multi-period
optimization and the impact of unit operation constraints on the LMP.

Look ahead ED, also known as dynamic ED, originated in the 1980s [16,17]. Traveet al. [18]
applied constructive dynamic programming to solving dynamic ED. A multi-period market
design for markets with intertemporal constraints was proposed in [19]. In [20], an algorithm
for solving dynamic ED was presented. Multi-interval real-time markets in the context of U.S.
ISOs and pricing multi-interval dispatch under uncertainty were studied in [11,21,22]. References
[23, 24] discussed multi-interval pricing models. LMPs in look-ahead ED were analyzed in [8],
and [25] researched data perturbation-based sensitivity analysis of real-time look-ahead ED.
However, these references did not consider the network loss in the derivation of LMPs.

The main di erences between our dissertation and [8] are as follows. Network loss is con-
sidered in the derivation of the LMP in this dissertation, so the formulae obtained are more
universal. The principles of the LMP and its components are analyzed in detail based on the
Karush-Kuhn-Tucker (KKT) conditions and the envelope theorem from the classical and gener-



ator perspectives, respectively. The LMPs calculated from two di erent perspectives are equal
and the in uence of unit operation constraints on LMPs are demonstrated via a 3-bus system.
Our main contributions are as follows [26]. 1) Derivation of the LMP in look-ahead SCED and

its relationship to dual multipliers. 2) Expressing the LMP from the perspective of the genera-

tor and anatomizing factors a ecting the LMP. 3) Numerical examples supporting the analysis

and derivation in this dissertation.

1.3 Multi-objective Bi-level Programs for Optimal Microgrid
Planning

1.3.1 Research Motivation

Because of growing concerns over greenhouse gas emissions by conventional energy gener-
ation sources, microgrids are becoming a viable solution for integrating distributed energy re-
sources (DERS) to reduce environmental pollution. In general, DERs include renewable energy
sources (RESSs), energy storage systems (ESSs), dispatchable fuel-generators (DFGs), etc [27].
The battery energy storage system (BESS) is a kind of ESS.

There have been several researches on microgrid planning. However, most of them are based
on single-bus approaches, that is, they do not consider dynamic constraints such as power
ow. The single-bus model cannot perform the optimal placement of DERs inherently, which
is obviously unreasonable. Furthermore, many studies on microgrid planning regard the BESS
lifetime as a xed value, which is obviously unrealistic, because the frequent use of the BESS
makes its actual service lifetime lower than the nominal lifetime. Hence, our models not only
consider dynamic constraints such as power ow, but also consider the actual BESS lifetime
based on the rain- ow counting algorithm.

Traditional scenario generation methods such as the Monte Carlo method and the Latin
hypercube method need to assume in advance that the data obey specic probability distri-
butions in order to generate scenarios. However, it is dicult to obtain the probability dis-
tributions accurately in actual engineering practice. In addition, the modeling process of the
Monte Carlo method and the Latin hypercube method is tedious. These drawbacks of the Monte
Carlo method and the Latin hypercube method may produce large errors in the process of pa-
rameter tting and generate poor-quality scenarios. Consequently, this dissertation adopts the
Wasserstein generative adversarial networks with gradient penalty (WGAN-GP) rather than
the traditional scenario generation methods to generate scenarios. WGAN-GP does not need to
assume the data distribution in advance, and avoids the problem that the assumed distribution
in traditional methods is di erent from the actual distribution, which leads to unreasonable
scenario generation.

Wind and photovoltaic (PV) generation are connected to the grid on a large scale because
they are environmentally friendly, low-cost, and renewable. However, in the context of a com-
petitive power market, microgrid planning decision-makers may not have access to complete



wind and PV generation output and load data due to privacy concerns of generation enter-
prises. Furthermore, wind and PV generation have strong intermittence and randomness, load
management makes load side structure change, and the load is a ected by the subjectivity of
electricity consumption, etc. Moreover, due to the limitations of forecasting technology and cog-
nitive ability, these factors make it di cult to accurately obtain the actual wind, PV generation,
and loads. The above factors together make the uncertainty in the power system increasingly
exhibit characteristics of Knightian uncertainty. The uncertainty seriously a ects the design,
security, stability, and economic operation of the microgrid, which makes the planning and op-
eration of the microgrid a very challenging job. If uncertainties are not properly addressed, they
can lead to serious planning and scheduling issues, such as inadequate unit climbing capacity,
insu cient rotation reserves, transmission congestion, and demand disruptions. In this context,

it is of great signi cance to study the optimal planning and operation of microgrids that take
into account the uncertainties pertaining to renewables and loads, yet underestimating or ex-
aggerating the impact of uncertainty in the optimal planning and operation of microgrids can
jeopardize the reliability and cost-e ectiveness of microgrids. Therefore, uncertainty must be
seriously considered in the optimal planning and operation of microgrids.

At present, there are four main modeling methods of uncertainty in power systems, namely,
fuzzy programming [28{33], stochastic programming [34{42], interval methods [43{49], and ro-
bust optimization [50{57]. The key to modeling based on fuzzy optimization lies in the selection
of membership functions; on this basis, the necessary judgment conditions are added to form
the power system uncertainty model. Stochastic programming holds that the uncertainty of a
system can be described by probability distribution functions. Stochastic programming requires
knowing the probability distributions of the parameters. Scenario-based stochastic programming
involves a large number of scenarios and a large amount of calculation. Although the proba-
bility distributions of uncertain variables are not required for robust optimization, the exact
set of uncertainties in robust optimization can lead to overly conservative solutions, which can
cause the economy of the system to decline. These traditional methods need to have su cient
knowledge of uncertainty in order to obtain membership functions, probability distributions,
speci ¢ interval ranges, or bounded uncertainty sets. However, such prior information is di cult
to obtain in practical engineering applications, especially under power systems' increasingly dis-
playing Knightian uncertainty. Moreover, we used to think that uncertainty was bad; however,
not necessarily, in some cases, uncertainty can be bene cial.

Compared with stochastic, fuzzy programming, robust optimization, and interval methods,
info-gap decision theory [58] examines the characteristics of uncertainty from the perspective of
non-probability. Info-gap theory pays attention to the gap between known information and un-
known information, and the modeling is simple. It has a small demand for uncertain information
and does not need probability distributions, membership functions, uncertainty boundaries, or
uncertain intervals. It can guarantee the economy of the system while ensuring the robustness
of the system. It is insensitive to parameter perturbations. It can deal not only with robustness



model, but also with chance model. It has stronger applicability to Knightian uncertainty in
modern power systems. Info-gap theory is unique in that it expresses the idea that uncertainty
can be both harmful and bene cial, and quanti es both aspects of uncertainty. These advan-
tages of info-gap theory stimulate the authors to explore its use in dealing with uncertainties
in the planning and operation of microgrids.

1.3.2 Literature Review
Deterministic Planning

Reference [59] discussed the economic emission load dispatch-based scheduling of DERs for
proper energy management planning. Reference [60] proposed a model for calculating the op-
timal ESS size of a microgrid considering the reliability criterion. Reference [61] developed the
operation and design optimization model of microgrids with renewables. Reference [62] pre-
sented the operational strategy optimization in an optimal sized smart microgrid, where energy
management in microgrids is addressed taking into consideration economic e ciency, environ-
mental restrictions, and reliability improvement. In [63], the optimal planning of a microgrid
including demand response and intermittent RESs was proposed, which investigated the suit-
ability of a novel active controller applied to heating/cooling systems in a microgrid with high
penetration of renewables. Reference [64] presented a hybrid combined cooling, heating, and
power (CCHP) system integrated with compressed air energy storage (CAES). Reference [65]
discussed the optimal operational planning of scalable DC microgrid. Reference [66] presented
AC versus DC microgrid planning.

The microgrid planning problem is typically formulated as a mixed integer programming
problem, which is an NP-hard problem. Researchers have used di erent mathematical meth-
ods to model and approach the problem of optimal microgrid planning and operation. Refer-
ences [67{69] applied the mixed integer linear programming (MILP) to the planning problem
of microgrids. Particle swarm optimization was employed for the redundant building cooling
heating and power system in [70] and for the hybrid micro-grid system in [71]. Reference [72]
used genetic algorithms to design and control PV-diesel systems. A two-stage optimal planning
and design method was adopted for the CCHP microgrid system in [73]. Multi-objective formu-
lations were utilized in [74{77]. Reference [78] applied a duality-based approach to short-term
operation scheduling in renewable-powered microgrids. Reference [79] established a two-stage
full-data processing method for microgrid planning with high penetration of renewables. A
mixed integer nonlinear model was developed in [80], in which a deterministic branch-and-
bound nonlinear solver was utilized. A bi-level program for the planning of an islanded micro-
grid including CAES was presented in [81]. Two constraint-based iterative search algorithms
were proposed for the optimal sizing of wind turbines (WTs), solar PV panels and BESSs in a
grid-connected microgrid in [82]. Reference [83] proposed a cost-e ective two-stage optimization
model for microgrid planning and scheduling with CAES and preventive maintenance.



Fuzzy Programming

In order to deal with the risks brought by uncertainty to microgrid planning, there have
been a large number of relevant studies, which mainly focus on microgrid planning and op-
eration based on fuzzy programming, stochastic programming, interval methods, and robust
optimization. Reference [28] discussed the applications of fuzzy logic in planning of microgrids.
In Reference [29], a multi-objective fuzzy optimization model was established for electricity gen-
eration and consumption management in a microgrid. Reference [30] proposed a methodology
based on fuzzy interval models for microgrid planning which includes the e ect of the uncer-
tainties of renewables explicitly. An economic dispatch algorithm with fuzzy wind constraints
and attitudes of dispatchers was described in Reference [31]. A fuzzy optimization approach for
solving the generation scheduling problem with wind and solar energy systems was presented
in Reference [32]. An energy operation model for optimizing operation costs of a non-isolated
microgrid was proposed in Reference [33]. Di erent possible uncertainties associated with dif-
ferent elements of the microgrid like the output of renewable sources, the maximum capacity
of batteries, the maximum capacity of distributed line, and hourly demand are considered in
this model. Fuzzy sets are used to model these uncertainties, and a three stage optimization
method is applied to nd the optimal scheduling of the microgrid under the uncertainties.

Stochastic Programming

In Reference [34], a predictive control approach to integrated energy management based on
the stochastic model was presented for a microgrid with renewables. The uncertainties of load
demand, wind, and PV generation in the microgrid as well as the electricity prices are modeled
by typical scenarios. A two-stage energy management scheme of hybrid AC/DC microgrids was
proposed based on stochastic programming in [35]. This scheme uses scenario-based stochas-
tic programming and considers frequency security constraints. A two-stage stochastic p-robust
optimal energy trading management method for microgrid operation was presented in [36].
This method takes into account uncertainty and hybrid demand response, and assumes that
the probability density functions of renewable generation are known. In Reference [37], a two-
stage stochastic programming formulation was proposed. The conventional generation sched-
ules and adjustable load set points are rst-stage decisions. However, second-stage decisions
include energy transactions with the main grid and real time load adjustments. Multi-objective
stochastic programming energy management in microgrids was developed in Reference [38].
Uncertainties of wind speed, solar radiation, and electrical-thermal loads are investigated, and
a multi-objective stochastic MILP is solved in the rst stage. Then, in the second stage, the
e ects of fuel cost uncertainty on generation units and objective functions are studied. Two-
stage stochastic programming formulation for the optimal design and operation of the multi-
microgrid system using data-based modeling of renewables was presented in Reference [39].
A multi-objective stochastic optimization methodology for planning a multi-energy microgrid
considering unscheduled islanded operation was established in Reference [40]. In this reference,



the model of the uncertain islanded mode is developed using four correlated random variables,
and the scenario tree is employed for islanded scenario generation. Cab al. [27] presented a
chance constrained information gap decision model for multi-period microgrid expansion plan-
ning. A chance-constrained optimization problem was formulated for the optimal scheduling of
mirogrids in [84]. A scenario-based stochastic programming framework for multi-objective op-
timal microgrid operation was developed in Reference [85]. In the framework, the uncertainties
related to the forecasted values for load demand, wind, PV units, and market prices are mod-
eled by scenario-based stochastic programming. A two-stage stochastic programming method
to incorporate the various possible scenarios for RESs and costs in the microgrid planning was
introduced in Reference [86]. Hajipouret al. [87] presented the stochastic capacity expansion
planning of remote microgrids with wind farms and energy storage. A stochastic programming
framework for day-ahead scheduling of microgrid energy storage systems using multi-objective
optimization was proposed in Reference [41]. To properly handle the uncertainties, stochastic
models associated with renewables and loads are developed in the multi-objective scheduling
framework and they are formulated as MILP problems. Reference [42] presented a stochastic
multi-objective optimal energy management algorithm of grid-connected unbalanced micro-
grids with renewables and plug-in electric vehicles. Uncertainties are considered by employing
the roulette wheel mechanism for generating scenarios. A hybrid stochastic/robust-based multi-
period investment planning model for isolated microgrids was presented in [88].

Interval Methods

Optimal planning of multi-energy microgrids with uncertain renewables and demand based
on the interval method was proposed in [43]. The uncertainties of RESs and demand are de-
scribed as intervals, and the corresponding uncertainty constraints could be converted to deter-
ministic ones. Interval optimization was applied to the coordination of demand response and
BESSs in a microgrid in [44]. Multi-objective optimal dispatch of microgrids under uncertain-
ties via interval optimization was developed in [45]. Uncertain power output of wind and PV
generation in a microgrid are presented as interval variables. A multi-objective interval opti-
mization dispatch model for microgrids via deep reinforcement learning was formulated in [46],
where the uncertain power output of wind and PV generation is represented by interval vari-
ables. A hybrid stochastic-interval operation algorithm for multi-energy microgrids to account
for uncertainties in decisions of operational strategies was proposed in [47]. Reference [48] de-
veloped an interval-based privacy-aware optimization framework for electricity price setting in
isolated microgrid clusters, in which the uncertain nature of renewable generation and demand
is accommodated using interval notation and equivalent scenarios. Reference [49] proposed a
stochastic-based resource expansion planning scheme for a grid-connected microgrid using inter-
val optimization, where interval linear programming is applied for modelling inherent stochastic
nature of renewables.



Robust Optimization

A robust o ering algorithm for wind producers considering uncertainties of demand response
and wind generation was proposed in [50]. This is a risk-constrained decision-making method.
A robust framework for the day-ahead energy operation of a residential microgrid comprising
interconnected smart users under uncertainties of demand and renewable power generation was
presented in [51]. Expansion planning for a distribution network considering the uncertainties
of wind generation and loads was handled by adaptive robust optimization based on polyhedral
uncertainty sets [52]. A scenario-based robust energy management scheme of a microgrid with
uncertain renewables and loads was described in [53], which considers the worst-case amount
of renewables and loads. Reference [89] proposed a robust optimization method for optimal
DG placement in microgrids considering the uncertain nature of renewables and loads. This
model is converted into a two-stage robust optimization problem, and a column and constraint
generation method is employed to tackle it. A distributionally robust optimization model for
real-time power scheduling of distribution networks was presented in [54]. This model can be
reshaped into a semide nite programming problem and handled by a constraint generation
algorithm. A two-stage robust optimization method for spatially-temporally correlated data
centers was established in [55]. The boundaries of the uncertainty sets are handled by a data-
driven approach. A two-stage robust reactive power optimization strategy in active distribution
networks with wind generation was proposed in [90]. This model can give a robust optimal
solution and coordinate the discrete and continuous reactive power compensators. An inexact
two-stage stochastic robust programming was used to nd the optimal planning and operation
of residential microgrids in [91]. A tri-level robust investment planning scheme of DERs in
distribution networks was proposed in [92]. A point estimate-based stochastic robust scheduling
model for electricity-gas combined systems with probabilistic wind generation was proposed,
and the model was solved using iterative convex optimization in [57]. Reference [56] developed
a tri-level robust planning-operation co-optimization scheme of distributed energy storage in
distribution networks with high PV penetration. This reference analyzes the e ect of di erent
level uncertainties on the solutions of the planning problem. A robust optimization model for
the microgrid planning problem with uncertain physical and nancial information was presented
in [93].

Info-Gap Decision Theory

Info-gap decision theory has been applied to a certain extent to market bidding strate-
gies [94, 95], reactive power planning [96], voltage management [97], optimal power ow [98],
unit commitment [99{101], and energy scheduling [102{107]. Reference [94] utilized info-gap de-
cision gap to deal with the optimal bidding strategies for the day-ahead market. Reference [95]
considered the uncertainty caused by wind generation based on info-gap decision theory, and
developed a risk-based energy management scheme of renewable-based microgrids in the pres-
ence of peak load management. A reactive power planning scheme based on info-gap decision



theory was developed in [96]. In this reference, info-gap decision theory is utilized to tackle the
uncertainties of wind farms and loads. In [97], info-gap theory was used to deal with congestion
and voltage management in the presence of the uncertainty of wind generation. References [98]
and [99] applied info-gap decision theory to the optimal power ow and unit commitment prob-
lems of power systems considering wind generation uncertainty, respectively. Reference [100]
applied info-gap decision theory to robust security-constrained unit commitment considering
wind generation and electric vehicles. Reference [101] utilized info-gap decision theory to han-
dle the uncertain nature of wind generation and evaluated the e ect of electric vehicle parking
lots on transmission-constrained unit commitment using a hybrid IGDT-stochastic approach.
References [102] and [103] utilized info-gap theory to tackle the scheduling problems of concen-
trating solar power plants and wind producers, respectively. A risk-seeking economic dispatch
method based on info-gap decision theory considering the uncertainties of wind generation
was presented in [104]. A robust operation approach of integrated electricity and natural gas
transmission networks was developed in [105], in which the uncertainty of load demand is con-
sidered. The uncertainties considered in this reference are PV generation and load demand. An
optimal day-ahead scheduling approach of DERs using info-gap decision theory was presented
in [106], where the uncertainties of PV generation and loads are examined. Risk-constrained
self-scheduling schemes of generation companies based on info-gap decision theory were pro-
posed in [107]. A complementarity approach of virtual power plants based on info-gap decision
theory was developed in [108]. This approach can handle strategic decision making of price-
maker virtual power plants considering demand exibility. A charging optimization approach

for electric vehicles considering demand response and multi-uncertainties based on Markov chain
and info-gap decision theory was developed in [109]. This approach analyzes the impact of uc-
tuations in wind and PV generation on risk aversion decision makers using info-gap decision
theory. Info-gap decision theory was employed to enhance the resilience of active distribution
systems in [110]. Scheduling strategies of the integrated natural gas and power system with
high wind generation were developed in [111,112], in which info-gap decision theory is utilized
to handle the uncertain nature of wind generation. A info-gap decision theory-based robustness
assessment method for a power system with wind generation penetration considering rigorous
security constraints was presented in [113].

However, the application of info-gap theory in optimal microgrid planning and operation
remains to be studied. In addition, there are some problems such as incomplete consideration
factors and incomplete application of info-gap theory in the existing info-gap theory models.

It is re ected in the following aspects. First, only one uncertainty is usually considered in
modeling, such as only load or wind or PV generation uncertainty. Only the uncertainty of
wind generation was taken into account in the corresponding problems of References [95, 98,99,
104,111{113]. Only the uncertainty of loads was considered based on info-gap decision theory
in [27]. Second, info-gap theory has two performance requirements for uncertainty, namely
robustness and opportuneness, but the current research generally ignores opportuneness. For
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instance, only robustness was taken into account in [27,103, 105,109,112,113]. Therefore, this
dissertation comprehensively models the uncertainties of wind, PV generation, and loads based
on info-gap theory, and develops the optimal multi-objective planning and operation model
of the microgrid under risk aversion and risk seeking (opportunity seeking) according to the
decision-maker's risk preference, so as to ensure that the decision result is still acceptable when
the uncertainty uctuates arbitrarily within a certain range.

1.3.3 Contributions

The main contributions are summarized as follows [114].

1)

2)

3)

4)

In view of the shortcomings of vanilla generative adversarial networks (GANs) and Wasser-
stein generative adversarial networks (WGANS), such as di cult training, slow conver-
gence rate, and poor sample guality, this dissertation applies WGAN-GP to wind, PV,
and load scenario generation, and utilizes the K-medoids reduction technology to obtain
several typical scenarios and reduce the calculation burden. The e ect of WGAP-GP is
better than that of WGANS, the training of WGAP-GP is stable, and almost no param-
eters are needed to tune.

Because the frequent charging and discharging during the actual use of the BESS results
in the actual lifetime of the BESS being lower than the nominal lifetime, this dissertation
considers the actual lifetime of the BESS based on the rain- ow counting algorithm, so as
to consider the replacement cost of the BESS. Furthermore, our models take into account
dynamic constraints such as power ow and system reliability constraints. The dynamic
constraints make our models multi-bus models, which can not only give the total capacity
of DERSs, but also give the placement of DERs. However, the single-bus aggregate model
approach can only give the total number of each component, but it cannot give specic
installation locations intrinsically.

Based on info-gap theory, the uncertainties of wind, PV generation, and loads are compre-
hensively considered in optimal microgrid planning and operation. According to decision
makers' preference for risk, both a robust planning strategy for risk aversion (RA) and
an opportunistic planning strategy for opportunity seeking (OS), or risk seeking, are es-
tablished, and two di erent multi-objective bi-level models for the optimal planning and
operation of the microgrid planning based on info-gap theory are proposed. Finally, the
multi-objective bi-level optimization models are transformed into the single level multi-
objective optimization models. These models can provide decision makers with planning
schemes for uncertainties of di erent ranges under di erent risk attitudes.

The correctness, feasibility, superiority, and e ectiveness of the proposed models are veri-
ed by a bountiful series of numerical examples and analyses, as well as the Monte Carlo
method.
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1.4 Optimal Operation of Multi-energy Microgrids: A Hybrid
Methodology Using Stochastic Programming and General-
ized Nash Bargaining

1.4.1 Research Motivation

With the high attention of the world to energy conservation, emission reduction, and climate
issues, renewable energy generation has been attached great importance. It is imperative to
build energy systems with renewables as the main body. The grid-connection and absorption
of the high penetration of renewables has become an important issue of scienti ¢ research.
As an important supplement to traditional forms of power generation, renewable generation
such as photovoltaic (PV) and wind generation has problems such as low energy density and
resource constraints. As a relatively independent system, the multi-energy microgrid (MG)
has distributed energy resources (DERs) and other devices. The multi-energy MG has the
characteristics of exible operation and high reliability, which are conducive to the friendly
access and e ective local consumption of renewables. Furthermore, the multi-energy MG can
improve the e ciency and cleanliness of terminal energy consumption, and is an important
means to achieve the low-carbon and sustainable development of energy.

However, due to limitations in the current measurement and control technology, the energy
storage level and power supply capacity of the multi-energy MG are limited, resulting in the
operation of the MG still showing low inertia and weak anti-disturbance ability. Therefore, it is
necessary to form a multi-energy MG system [115{117] by interconnecting several geographically
adjacent MGs in a local distribution area. The autonomous management of each MG and the
mutual aid between MGs realize the coordination and complementarity of power generation
resources, and improve the consumption rate of renewables. MGs also make the power system
obtain better stability and reliability, and improve the energy utilization e ciency. Peer-to-
peer (P2P) energy trading between multi-energy MGs can e ectively enhance the economy
of MG, and reduce carbon emissions [118]. However, because each MG belongs to di erent
stakeholders, the interest interaction among multiple MGs and the complex coupling of multi-
energy ow make the traditional scheduling method of a single MG di cult to apply to the
scheduling of MGs.

Uncertainty is ubiquitous in the power system, and we should deal with it seriously. Be-
cause the uncertainties of loads and the output of renewables such as PV and wind generation
can greatly a ect the control and decision-making of power systems, we must consider these
uncertainties in the operation and planning of multi-energy MGs in order to make our results
more reasonable and close to the actual situation.

Therefore, it is necessary to study the optimal operation and reasonable bene t distribution
of the multi-energy MG alliance considering uncertainty, which has important theoretical and
practical signi cance.

12



1.4.2 Literature Review

Generally speaking, there are two kinds of energy management methods for MGs: central-
ized and distributed methods. In the centralized energy management method, the dispatch
center collects the global information and completes the processing of massive data to issue
instructions. The fault of the dispatch center will cause the whole system to break down. With
the expansion of the system scale, higher requirements are put forward for communication and
computing power, and there are information barriers between stakeholders. The centralized
mode (point-to-multipoint) may lead to problems such as excessive communication burden and
privacy exposure. In contrast, distributed optimization iteratively solves the whole problem by
splitting the whole problem into several coupled subproblems, and each agent solves its own
subproblem independently and exchanges limited information through local communication.
This can well protect the privacy of participants, reduce computing and communication costs,
avoid the huge impact of the failure of the dispatch center on the whole, and have better exibil-
ity, scalability and reliability. Reference [119] proposed a approach based on consensus to solve
the distributed optimization of the operating cost of MGs. In [120], a distributed algorithm
without initialization was presented, and an event triggering mechanism is introduced to real-
ize day-ahead and real-time collaborative energy management of multi-agent integrated energy
systems. Reference [121] adopted a distributed hierarchical scheme for the energy management
of MGs.

Compared with the above methods, the alternating direction method of multipliers (ADMM)
has been widely used because of its exibility, good convergence, and simple framework. The
ADMM is very suitable for large-scale distributed computing. Instead of the centralized cal-
culation of MG information, each MG solves its own objective function, and then updates
and iterates the multiplier. The ADMM-based method satis es the minimum operating cost of
each MG and achieves the energy balance of the entire system. At the same time, the ADMM
also protects the privacy of the agent. The ADMM based on consensus variables was used to
realize the optimal dispatch solution to the integrated community energy system in [122]. Ref-
erence [123] proposed an ADMM-based decentralized energy management approach with the
past information from distributed energy resources (DERs). Reference [124] established robust
scheduling of MGs, but it fails to ensure the reasonable distribution of bene ts among MGs. The
main methods of benet distribution include the Shapley method and Nash bargaining [125],
but the computational e ciency is low when Shapley is used to solve the problems with many
participants. Many models such as [124] resolved the bene t distribution among MGs by cen-
tralized methods, which violate the privacy of the agent; many references such as [125] did not
consider the uncertainties of renewables and loads, the emission reduction potential, and the
improvement of renewable consumption rates.

From the above statement, it can be seen that despite certain research achievements on the
optimal operation of MGs, the following problems still exist: 1) the bene t of the MG alliance
has not been reasonably distributed, 2) the privacy of each agent has not been well protected,
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3) the uncertainty has not been well considered, and 4) the potential of the emission reduction
and the improvement of renewable consumption rates have not been well paid attention to.

1.4.3 Contributions

In order to Il the gaps mentioned above, this dissertation addresses the optimal operation
problem of multi-energy MGs based on stochastic programming and generalized Nash bargain-
ing (GNB). Speci cally, the main contributions of this dissertation are as follows [126].

1) Carbon capture systems (CCSs) and power-to-gas (P2G) devices are integrated into com-
bined heat and power (CHP) units to reduce CQ, emissions and enhance energy e ciency.

2) An optimal operation model of multi-energy MGs is proposed based on stochastic pro-
gramming and GNB.

3) Two ADMM-based algorithms are proposed to protect the privacy of each MG, and
bene ts are distributed fairly based on asymmetric bargaining.

4) The superiority and e ectiveness of the proposed model and algorithms are veri ed by
case studies.

1.5 Dispatch Models for Electricity-Heat-Gas Systems With
Concentrating Solar Power Plants

1.5.1 Research Motivation

In order to further reduce carbon emissions, the scale of the grid-connected renewable energy,
such as photovoltaic (PV) and wind generation, has been constantly expanding. However, the
uncertainty, volatility, and intermittency of renewables have brought great challenges to the
stable operation of the power grid. To solve the aforementioned problems, the concentrating
solar power (CSP) plant technologies [127{129] has received extensive attention. The CSP plant
with the thermal energy storage (TES) system can use the heat generated by concentrating solar
radiation to produce steam to drive a turbine to generate electricity and store heat in the TES
unit during the periods of low loads. During the periods of peak loads, the collected solar
heat and the heat stored in TES are used to generate electricity so as to achieve continuous,
stable, and reliable power output. The CSP plant resolve the problem that the traditional
PV generation cannot generate electricity at night. The CSP plant has exible output, strong
controllability, and less carbon emissions, and can be used as dispatchable source to coordinate
PV and wind generation and improve the consumption level of renewables and the ability
of power systems to cope with load changes. The CSP plant can consume renewables with
renewables when it can be connected to the grid with PV and wind generation.
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Some power grids, heat networks, and gas networks still use independent operation and
separate planning, and it is impossible to complement various energy resources when only the
power grid absorb renewables. Due to the limited level of renewable consumption in the power
grid, a large quantity of wind and light is abandoned. The integrated energy system (IES) breaks
the structure and con guration of single network operation, and connects a variety of energy
networks through coupling devices. The overall planning and dispatch of the IES network can
aggregate renewables and cascade energy utilization, greatly improve the system's absorption
capacity of renewables and energy conversion e ciency and the stability of power grid operation
, and reduce energy waste and environmental pollution caused by a single energy supply system.
Carbon capture, utilization, and storage (CCUS) [130] has the characteristics of achieving near-
zero carbon emissions, and the C@captured and stored in the CCUS device can be used as the
carbon source required in the power-to-gas (P2G) reaction process. The integrated development
of vanilla IES and CCUS provides an opportunity for the low-carbon economic operation of the
IES. Energy storage equipment, which is important devices in the IES, has the advantages
of promoting the consumption of renewables, rapid responses, and reducing operating costs,
but with the diversi cation of energy supply demand, the scope of energy storage is becoming
more and more extensive. The operational exibility of the thermal storage system can improve
the adjustment ability of the IES, and the introduction of gas storage equipment broadens
the energy adjustment means of the IES. Therefore, electricity storage systems, heat storage
systems, and gas storage systems can be regarded as generalized energy storage (GES) and
participate in IES operation.

There are four main methods to handle uncertainty in energy systems, namely stochas-
tic programming [35, 40], robust optimization [50, 55], fuzzy optimization [28, 29], and interval
methods [43, 44, 46]. Stochastic programming is an analysis method based on probability the-
ory and relies on the probability models of uncertain variables, which are di cult to obtain
accurately. In addition, scenario-based stochastic programming methods need to set plenty of
scenarios, which lead to large calculation scale and low solving e ciency. Robust optimization
makes decisions under worst conditions on the basis of given uctuation ranges of uncertain
variables, which often leads to conservative results and poor economy. Fuzzy optimization se-
lects the membership function to describe uncertainty and its possible consequences, which is
strongly subjective. Interval methods assume that the prediction errors of uncertain variables
are within speci c interval ranges; however, such ranges are demanding to obtain accurately.
Info-gap decision theory [58] is a new approach to cope with uncertainty. Compared with the
above four methods, info-gap theory can still quantify uncertainty when the exact probability
distributions or uncertainty intervals of uncertain variables are unknown. It has the advantages
of strong applicability and high calculation e ciency.

To sum up, it is of great theoretical and practical signi cance to study the electricity-
heat-gas integrated energy system (EHGIES) with the CSP plants and GES systems based on
info-gap decision theory.
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1.5.2 Literature Review

Researchers have conducted a lot of studies on the IES [131,132]. However, in most studies,
traditional gas units or coal- red units are used as core units, the demand periods of electricity
and heat loads in the scheduling cycle do not match, and combined heat and power (CHP)
are constrained by \heat to power (determining electricity by heat)", which limits the energy
utilization and exible operation capacity of the system, resulting in the abandonment of light
and wind. As a new type of green, exible, and controllable generator unit, the CSP plant is an
important way to solve the limited operation mode and the carbon emission problem of tradi-
tional units. The optimal scheduling of the regional IES considering economy and environment
was described in [133]. Reference [134] proposed a planning model of the IES with electricity,
heat and gas using particle swarm optimization. The cost-bene t of IES planning considering
demand response was analyzed in [135]. Reference [128] studied the modeling of the CSP plant.
A distributionally robust coordinated expansion planning model for generation, transmission,
and demand side resources considering the bene ts of CSP plants was discussed in [136]. A
look-ahead stochastic unit commitment model for a high renewable penetrated power system
with CSP plants was proposed in [137]. Reference [138] presented the pro t-sharing mechanism
for aggregation of wind farms and CSP. In [127], a risk-constrained stochastic optimization
method of a CSP plant was proposed. Reference [139] discussed the thermal energy storage
systems for CSP plants. These studies are limited to the collaborative power generation of the
power system, ignoring the potential of the CSP as the core unit to participate in IES plan-
ning and operation. Furthermore, most of these studies only consider the storage of electric
energy, seldom consider the storage of heat and gas. Moreover, there are few researches on the
integration of GES and CSP plants into the IES system.

To a certain degree, researchers have applied info-gap decision theory to reactive power
planning [96], voltage management [97], optimal power ow [98], market bidding strategies [95],
unit commitment [99, 101], and energy scheduling [102, 104, 106]. Nonetheless, info-gap theory
has few applications in the IES, especially in the EHGIES, which means the application of
info-gap theory in the IES remains to be studied. Furthermore, in the existing info-gap theory
models, only one uncertainty is usually considered in modeling, such as only load or wind or
PV generation uncertainty. Only the uncertainty of wind generation was taken into account
in the corresponding problems of References [95, 98, 99, 104]. Only the uncertainty of loads
was considered based on info-gap decision theory in [27]. Moreover, info-gap theory has two
performance requirements for uncertainty, namely robustness and opportuneness; however, the
current research generally only considers robustness and ignores opportuneness. References [27,
103,109, 113] only take into consideration robustness.

1.5.3 Contributions

To bridge the gaps mentioned in Sections 1.5.1 and 1.5.2, this dissertation is aimed at
exploring the optimal operation of the IES including the CSP plant and GES. The structure
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of the EHGIES is rst built; then the optimal operating model of the EHGIES minimizing
the total operating cost is proposed. Furthermore, based on info-gap theory, multi-objective
models of the optimal EHGIES dispatch considering the uncertainties of PV, wind generation,
electric, heat, and gas loads are established. Speci cally, the main contributions are summarized
as follows [140].

1) An EHGIES including the CSP plant and GES is established, and a deterministic optimal
operation model of the EHGIES minimizing the operating costs is formulated.

2) Based on info-gap theory, the uncertainties of PV, wind generation, electric loads (ELS),
thermal loads (TLs), and gas loads (GLs) are comprehensively considered in optimal EH-
GIES dispatch. According to decision makers' preference for risk, both a robust operation
strategy for risk aversion (RA) and an opportunistic operation strategy for opportunity
seeking (OS), or risk seeking, are established, and two di erent dispatch schemes from
di erent decision-making perspectives are obtained.

3) Multi-objective models for the optimal operation of the EHGIES based on info-gap theory
under opportuneness and robustness strategies are proposed. Then, these multi-objective
models are further transformed into single-objective models through the analytic hierarchy
process (AHP). These models can provide decision makers with operation schemes for
uncertainties of di erent ranges under di erent risk attitudes.

4) The correctness, feasibility, superiority, and e ectiveness of the proposed models are ver-
i ed by a series of numerical examples.
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CHAPTER

2

QUANTUM COMPUTING FOR POWER
SYSTEMS: TUTORIAL, REVIEW,
CHALLENGES, AND PROSPECTS

First, this dissertation systematically details the relevant background knowledge of quantum
computing and the analysis methodologies of quantum circuits and some signi cant quantum
algorithms in an illustrated way. Second, we review the existing literature on the applications
of quantum computing in power systems, put forward our critical thinking about the literature,
and give the challenges and prospects for the future work about the applications of quantum
computing in power systems. This dissertation will equip you with the basics that you will need
for studying the applications of quantum computing in power systems. The logical architecture
of Chapter 2 is given in Fig. 2.1.

2.1 Linear Vector Spaces and Dirac's Notation

2.1.1 \Vector Spaces and Bases

In quantum computing, we need nite dimensional vector spaces mainly, which belong to
Hilbert spaces.

De nition 1. In a Hilbert space H, a vector is speci ed byn complex numbers [ 1; 2; n]T,
where n is the dimension of the vector space.
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Figure 2.1: The logical architecture of Chapter 2.
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De nition 2. The vectorj i =[ 1; 2; ; n]T is called aket.

Denition 3. Ifj i=[ 1, 27 n]T, thenh j=[ 4; 55 ; n], namely conjugate trans-
pose.h j is called abra, which can form the bra-ket h j i connecting with j i.
Denition 4. If j i =[ 1; 20 ; nl"andji =[ 15 2; ; a]' 2 C", then their inner
product can be de ned as follows:
2 3
1
. L 2 X
hji=hjj i=[41 2 5 ag.7= i i (2.1)
: i=1

such that the following properties are satis ed:

hji=hji (complex conjugate) (2.2)
e +bji=ahji+Dbhji (linearity); (2.3)
hj i O (positive de nite) ; (2.4)

where,a and bare complex numbersa stands for complex conjugate, i.e.,ifa= c+id (a;b2 R),
thena = c¢ id.

According to the properties above, we can check thatc j i = ¢ h j i. The inner product
is the matrix multiplication ofa1l n and ann 1 matrix.
Denition 5. If j i =] 1; 2 ; n]T 2CYandj i =] 1; 2 X m]T 2 C™M, then their
outer product, denoted by | ih j, is de ned as
2 3 2 3
1 11 12 1n
.. . .. . 2 21 2 2 2
jihj=jinh J=§é[1i 2 :m]=§ A :ré: (25
n n 1 n 2 n m

j th jisann m matrix.

Unlike the inner product, the outer product no longer requires the same dimension of the
two vectors.

De nition 6. The norm of a vector is de ned as':

\A
u
. . pf X] . .
Gik="hii= . =t R (2.6)
i=1 i=1

The norm in this dissertation refers to the “,-norm, also known as the Euclidean norm. Here, k k, is abbre-
viated as k k.
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2.1.2 Linear Operators and Matrices

In quantum computing, state transformations are delineated by linear operators.

De nition 7. 8j i2 V, an operator A mapsj i into another vector j i2 V, namely
ji=Aj i (2.7)

De nition 8. There exists a unique linear operatorAY in H associated with any linear operator
A, called the adjoint or Hermitian conjugate of operator A, which satis es:

hijA i=haY ji: (2.8)

According to Eq. (2.8), we are readily to derivehA j i=hjA i = hAY j i = h jAY i.

Remark 1. In terms of matrices, the matrix elements of operatorAY are the complex conjugates
of the matrix elements of the transpose matrix AT of matrix A, namely

AY=(A) = AT ; (2.9)

where T and denote transpose and complex conjugate, respectively.

Proposition 9. For operators A and B, the following identities hold:

(A+B)Y=AY+ BY; (2.10)
(AB)Y = BYAY; (2.11)
AY = A 2.12)

De nition 10. A is said to be Hermitian or self-adjoint if
A= AY: (2.13)

Obviously, eigenvalues of a Hermitian matrix A are real, and eigenvectors of distinct eigen-
values are orthogonal.

De nition 11 A is said to be normal if
AAY = AYA: (2.14)
De nition 12 For a linear operator A, if there exists an operatorB such that:
AB = BA = I; (2.15)

B is called the inverse ofA and written as B = A 1,
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De nition 13. An operator U is said to be unitary if
uuY = UYU = I: (2.16)

Because unitary operators are normal, they are diagonalizable. Unitary operators play a
particularly crucial roles in quantum computing.

Proposition 14. Unitary operators have the following properties:

1. unitary operators are normal and therefore diagonalizable;

n

all the eigenvalues of a unitary operator have modulus 1;
3. the eigenvectors of a unitary operator corresponding to distinct eigenvalues are orthogonal;

4. unitary operators are norm-preserving, hamely
U jU i=hjuiuji=hji; (2.17)

5. UYand U ! are unitary, U 1= UY;
6. 8U, it can be expressed as) = €7, where H is a Hermitian matrix, namely, H = HY;
7. the magnitude of the determinant of the unitary operator U equals 1, i.e.,jdet (U)j = 1,

8. the rows or columns of the unitary operatorU constitute an orthonormal set of vectors.

2.1.3 Tensor Products

De nition 15. Given two Hilbert spacesH; and H, with complete orthonormal basesfj eiigiT,
and fj f; igjr‘:l, respectively, the tensor product spaceH; H » is an mn-dimensional vector
space. In the vector space, we can associate with each pair of vectgrsi2 H; andj i2H »
a vector in H. We call this vector the tensor product of j i and j i, denoted by j i j .
The vectors in H are linear superpositions of the vector§ i j i. The vectors in H behave
bilinearly, i.e., they satisfy the following properties:

1.8 i2H1,8]j i2H,anda2 C

a(j ij H=(aji)yj i=ji (aji); (2.18)
2.8 1i,] 2i2H 1,andj i2H 5,

(G ai+j2)j i=jaij i+jaj i (2.19)
3.8j i2H1andj i, 202 H 5,

Jio(a+ja)=jij ai+jij a: (2.20)
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(min)

The basis of the vector spaceH; and Hy isfjei j fjig

i =(1:1)
Remark 2. If j i andj i are orthonormal bases forH 1 and H,, respectively, thenj i j i is an
orthonormal basis forH = H; H ». Please be noted that we often use the shorthand notations
jij i,j; i,j iinsteadofj i j i.Forexample, ifH; and H, are two-dimensional Hilbert

spaces with the same basi§j Oi ;jlig, then the basis ofH is fj 00i ;jO1i ;j10i ;jllig.

De nition 16. Given two Hilbert spacesH; and H with complete orthonormal basesfj eiig;_,
and fj f; ig}“zl, respectively, the tensor productA B onH; H » of linear operatorsA and B
is de ned as

(A B)(jei j fji)= Ajei  Bijfji; 8jgi;jfji: (2.21)
Proposition 17. The tensor product of operators has the following properties:
1. 8 operatorsA, B, C, and D,

(A B)(C D)= AC BD; (2.22)

2. 8 operators A and B
(A B)Y=AY B, (2.23)

3. The trace of A B meets the following equation:

TT(A B)=Tr(A)Tr(B): (2.24)

Remark 3. In matrix terms, the tensor product A B is given by

2 3
A11B  A1B AnB
A21B AZZB AZnB
AmlB AmZB Amn B

where A and B denote matrix representations of operatorsA and B (A and B arem n and
p g matrices, respectively), Aj B is a sub-matrix of p . A B isanmp ng matrix. Eq.
(2.25) not only applies to the tensor product of operators but also to that of vectors. Generally,
A B6B Aandjij i6jij i,whichmean the tensor productis not commutative.
However, A (B C)=(A B) Candji (ij )= ij i)yj i=j i. That
is, the tensor product is associative.

Given a vector spaceW, the notation W " indicates that the tensor product of W with
itself n times, and the same notation will be used for a operator or matrixA and the complex
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spaceC?:

w "= w_owe W (2.26)
n times
n = p AL A; (2.27)
n times
(C>) "= FZ c? iz cf: (2.28)
n times

2.1.4 Expectation Value and Density Operator
De nition 18 The expectation valuebAi of an operator A is the mean or average value of that
operator with respect to a given quantum statej i.

Remark 4. If a quantum state j i is prepared many times and the operatorA is measured each
time, the expectation value of the measurement results is given by the following equation

MAi = h jA] i: (2.29)

Generally, in quantum computing it is common to compute the expectation value of higher
moments of an operatorA, such ashA%i = h jA?j i.

De nition 19. The standard deviation or uncertainty A for an operator A is de ned as:

q
A= PA2 h A% (2.30)

De nition 20. If a quantum system can be denoted by a kej i (h j i = 1) in a Hilbert space
H, then we say this system is in a pure state (a single quantum system).

De nition 21. The density operator for the pure statej i is given by
=j ih j: (2.31)

Theorem 22. The density operator for the pure statej i has the following properties:

1. 2=,

2. the density operator is Hermitian, namely = Y,
3.Tr()=1,

4. is a positive operator, namely8j i,hjj i 0.

Remark 5. In terms of the density operator , the expectation value hAi of an operator A can
be written as PAI =Tr( A).

Sometimes we need to study a large collection of systems called an ensemble rather than a
single quantum system.
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De nition 23. Suppose that there aren possible states in a mixed state, and the probability
that a member of the ensemble has been prepared in the state ;i as p;. Then the density
operator of the mixed state is de ned as

X] X] . . .
= pi=  pijiihjj: (2.32)
i=1 i=1
For mixed states, properties 2)-4) of Theorem 22 are still valid, yet property 1) does no
longer hold. For mixed states, 26 ,andTr 2 <1
Obviously, the density matrix for the pure state is a special case of density matrix for the
mixed state with p; = 1.

2.2 The Fundamental Framework of Quantum Mechanics

2.2.1 The Postulates of Quantum Mechanics

It is quantum mechanics that states four postulates that a quantum physical theory must
satisfy. Quantum systems are completely di erent from their classical counterparts, which is
mainly re ected in superposition, interference, and entanglement.

Postulate 1 (State space) Associated to any isolated physical system is a Hilbert spacéd
known as the state space of the system that is completely described by a unit vectgr (t)i,
which is called the (wave function) or state vector.

Postulate 1 solves the state description problem of the microscopic system.

Postulate 2 (Evolution or dynamics). The time evolution of the state vectorj (t)i of the closed
guantum system is governed by the following Schmdinger equation:

_dj ()i _
dt

Hj (t)i; (2.33)

where~= h=2 , his the Planck's constant,h  6:626 10 34J s, H is a xed self-adjoint or
Hermitian operator known as the Hamiltonian of the system.

Postulate 2 resolves the problem of solving states in quantum mechanics.

Postulate 2 can be simpli ed in the way: the evolution of a closed system in a xed time
interval (from t; to t) is described by the unitary transformation j (t2)i = Uj (t1)i. This
expression is more commonly used in quantum computing, because here we are more interested
in discrete time evolution than continuous time evolution.

Postulate 3 (Measurement) Quantum measurements are described by a collectiofiM g of
measurement operators acting on the state space of the quantum system being measured and
satisfying the completeness equation

MYMp = | (2.34)
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The index m refers to all measurement outcomes that may occur in the measurement. If the
state of the system isj i immediately before the measurement, then the probability that the
outcome m occurs is governed by

p(m)=h jMIMnj i; (2.35)

and the state of the system immediately after the measurement is given by

Mmj i

a0 (2.36)
h iMAiMpnj i
. P -
The completeness equation MAHMm = | guarantees that the sum of the probabilities of
all outcomes is one, because
X X . . .
p(m)=  h jMZMpj i
m m |
X !
=hj MYMpgn i
m (2.37)
=hjlji
=hji
=1:

Postulate 3 solves the problem of describing and measuring mechanical quantities.

Generally, of particular interest is the measurement in the computational basis. Therefore,
we take Mg = jOihQj and M1 = jlihlj as measurement operators for a single qubit.

Letj i = jOi + jli be a qubit, the probability p(0) of the state j i collapsing to the
state jOi when observed is given by

p(Mo) = h j(j0ih0)” (j0ih0}) ] i
h j(jOihG) (jOIh0))j i

= h jOi (h0jjOi) hOj i
jOi (h0jj0i) hOj (2.38)
= h jOihQj i
=Hhj i hoj i
=t i%=j %

similarly, we can derive p(M1) = h j(jlih1j)? (j1ih1j)j i = h jlihlj i = hj i2= i jz, which
are called the Born's Law.

Example 1. There is a four-dimensional Hilbert space spanned by the orthonormal bases
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fi 0i ;jli ;j2i ;j3ig; consider the following state:

I
Qﬁ_
DOOOD N
o O
ORRRNT W
+
QﬁH
POCOO
o =
o XN
N
Q$_' )
DOOOD N
o
ORI W
I
pOOOD N
'f— wl
| wl
ORNRRN

(2.39)

The measurement operator over the statg0i is given by

MgMO:QO?qVGGhQ)zj%hq

1 _ 1
= 1 00 0=
0] 0

0 0

3
0
é_ (2.40)
0

If we use matrix notation, the probability of getting the state jOi when measured is governed

o O O O
o O O O

by
2 .32 32 .
P51 000 FP
pL #L
p(Mo)= h jMIMo] i—E 37g> 00 3
#Fs 0 00O %
0 0O 00O 0
2.32 .3 (2.41)
"0 3
P89 0673
0 0
Example 2. Supposej' i = F%jOi + p%jli, the probability of getting ji when measured is
given by

o(M )= HiMYM i

=Hj@ihj Y(@ihj )ji=jhj"ij?
1 1 i 2

- Py pet _i0i + P i
P P PRI P (2.42)

2

i 2 [ 2
p— M0j0i + p—=H0jli + p— h1jOi + p— hijli
10 ) 10 ) 10 : 10 :

1
5
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Postulate 4 (Composition). The state space of a composite physical system is the tensor product
of the state spaces of the individual component physical systems.

Postulate 4 solves the composition problem of quantum mechanical physical systems. These
ve postulates can also be regarded as axioms.

2.2.2 Heisenberg's Uncertainty Principle
Theorem 24 (Heisenberg's Uncertainty Principle). Suppose there are Hermitian operatorsA
and B, andj i is a quantum state, then
1., . -
A B EJhJ[A;B]J ij: (2.43)
Proof. See [1,3]. O

Remark 6. Roughly speaking, the Heisenberg Uncertainty Principle states that both the posi-
tion and velocity of a particle cannot be exactly measured simultaneously.

2.2.3 Separability and Entanglement

De nition 25. A quantum state j i 2 (C?) " is separable if it can be expressed as a tensor
product j ji j ni of n 1-qubit states. Otherwise, it is said to be entangled or non-
separable.

Remark 7. In a bipartite quantum system, a state in the Herbert spaceH is separable if it can
be expressed as the tensor product of states of the components which belong itb; and H»,
namely

joi=gig g iy (2.44)

Example 3. Consider the following statej ii. It is separable because it can be written as

joai %(jOOi + jO1i + j10i + j11)

(2.45)

pl—z(jOi +jli) pl—z(jOi + jli):

Remark 8. In contrast, in a bipartite quantum system, a state is said to be entangled or non-
separable if it cannot be expressed as the tensor product of states of the components which
belong toH; and H».

Example 4. The following are four famous entangled states which are also called Bell states or
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Einstein, Podolsky and Rosen (EPR) pairs or the Bell basis:

e pl—z(jOOi +j11); (2.46)
e pl—z(jOOi i 110); (2.47)
E pl—Z(jOli +j10i); (2.48)
E pl—Z(jO]j i 100): (2.49)

Now we prove thatj *i is entangled, and the other three states can be proved similarly.

Proof. Assume thatj *i is a separate state such that there exists states jOi + jli and
jOi + jli which make the following equation hold

j Ti= %(jOOl +j1h)=( joi+ jL) ( joi+ jli): (2.50)
Expanding ( jOoi + jli)( jOi + jli) and p% (joOi + j11i), the equation above becomes
1. 1. . - . - -
%100 + %Jln = jooi + joi+ jioi+ jlai: (2.51)
According the equation above, we have
_p:l;. _0. _0. _p;. (252)
2' ' ’ 2 '

The four equations above cannot be satis ed at the same time, sp *i is an entangled state. [J

Remark 9. Quantum entanglement plays a crucial role in quantum communication and consti-
tutes the theoretical basis of quantum communication.

Example 5. Forj *i, we assign the second qubit to Alice and the other to Bob. If Bob measures
his qubit, he will get jOi and j1i with the probabilities of 50% and 50%, respectively. But it
should be noted that if Bob obtain jli when he measures his qubit, then the second qubit
collapses intojli, which means that Alice must get jli when she measures her qubit, even if
they are geographically far apart, like Alice on Earth and Bob on Mars. Quantum entanglement
is one of the most amazing and most counter-intuitive aspects of quantum mechanics, which is
completely di erent from classical mechanics. However, for the statg »i = {%jOOi + p%jOJj,
Bob will measure statejOi with the probability of 100%, and Alice will still get jOi or j1i with
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50% probability each, because it is separable based on the following derivation:

i 1
j ol —j00 + p— jOli
J 2 FFZJ 1%21

(2.53)

. [ 1 ..
Oi — 0 + p=jli
J FFZJ %J

Example 6. Here are some other famous entanglement states, such as the Greenberger{Horne{Zeilinger
(GHZ) state and Wolfgang Ddr (W) state:

jGHZi = pl—z(jOOO +j111); (2.54)
Wi = p%(jOO]j +jO10 + j100); (2.55)

2.3 Quantum Gates and the Analysis Methodologies of Quan-
tum Circuits

2.3.1 Qubits

The fundamental unit of information processing in a classical computational device is a bit,
which can assume one of two states 0 and 1. In theory, any system with a nite set of discrete and
stable states with controlled transitions between them can be used to construct a computational
device. In contrast, in quantum computing the basic unit of information processing is a qubit,
which is short for a quantum bit. A qubit is a two-level qguantum system, which is described
by a two-dimensional complex Hilbert spaceH. Generally, we choose a pair of orthonormal
quantum states for jOi and j1i, namely

" 1# " 0#
joi = 0’ jli = 1 (2.56)

jOi and j1i correspond to classical bits 0 and 1, respectively, which form a computational basis
in this two-dimensional complex Hilbert spaceH . Quantum mechanics denotes that any system
can exist in a superposition of states, so any stat¢ i of a qubit can be written as

ji= joi+ jli; (2.57)
where and are complex numbers, satisfying the normalization condition:
NS (2.58)

Remark 10. A arbitrary qubit can be writtenas j i=€ joi+ e jli =€ | i(; 2R),
and are called the global phase and the relative phase, respectively. For any unitary op-
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erator U, we haveUj i = € Uj i. Moreover, for any measurement operatorM n,; p(m) =

h jMAMmj i = hje! MyMpj i = h jM¥yMpnj i. Therefore, the global phasee is
unobservable and indistinguishable, which means that it does not have physical meaning.
However, relative phases have physical meaning and are observabie.i = p% (joi + j1i) and
jio= pl—i (joi j 1i), for example, are two di erent states, which will evolve di erently when
guantum operations are applied; all of them have a 50% chance of being in eithgdi or jli

if measured. However, if they are measured in the basigi , then j+i has a 100% chance of
being in j+i andji has a 100% chance of being ifni , respectively. Appreciating this point
is pivotal to grasp the essence of quantum computing.

Since there is a global phase of no physical signi cance in the de nitionof i = jOi+ jli,
one can get rid of the global phase. Thus, the generic state of a qubit, which can be represented
on the Bloch sphere as shown in Fig. 2.2, may be written as the following equation:

j i=cos=j0i + € sin=jli
n # 2
= %2 . 0 < 2:
e sin,

(2.59)

i1i

Figure 2.2: Bloch sphere representation of a qubit state.

If this sphere is embedded in a three-dimensional space of Cartesian coordinates, then a
state on the Bloch sphere can be expressed as= cos cos, y =sin sin , and z = cos .
In C?, there are three crucial bases, namely,

X basis = j+i:pl—2'0i+pl—2j1i;ji :pl—szi pl—zjli : (2.60)
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Y basis = j+ii = pl—szi + %jli )= pl—szi %jli ; (2.61)
Z basis =fj 0i ;jlig : (2.62)

2.3.2 The Model of Quantum Computing and Quantum Measurement

It is well known that a classical computer can be represented as a nite register of bits.
Elementary operations, such as AND, OR, and NOT, can be performed on bits and these
operations can be combined to produce complex logic functions. The circuit model in classical
computing can be introduced into quantum computing such that the quantum computing based
on gates can be formed. Like a classical computer, a quantum computer can be thought of as
a quantum register of n qubits. An n-bit state in a classical computer can be expressed as a
binary number i 2 [0;2" 1], namely

i=in 12" Y+ 402+ (2.63)
where ig;i1;  ;in 1 2 f0;1g. Similarly, the state j i of an n-qubit quantum computer is
described by Eqg. (2.64)

N1
ji= ay jKi
k=0
ﬂ ﬂ ﬂ %‘ . . . - . . . -
= A, 1kn 25 kiko JKn a2l ] Kn 2l Jo kil ] kol
kn 1=0 kn 2=0 k1=0 ko=0
X jkn 1k k1Kol
= An 1ikn 25 kiko JKn 1Kn 2 1Kol
kn 1:kn 2; ki:ko=0 (2.64)
=apj00 00 + a;jO0 01 + +a2n 2111 100 + agn 1j11 11
2 3 2 3 2 3
1 0 0
zagg L+ a8, + am 1
0 0 Aon 11
where the values of the weightd ag;a;;  ;asm 1gare controlled by the normalization condition,
that is
%lz 1
jaf® + jauj®+  +jag 1jf= jag?=1: (2.65)
k=0

Why is quantum computing exponentially faster than classical computing? This is due in
large part to the parallelism of quantum computing, which is another meat-and-potatoes and
vital phenomenon in quantum computing apart from quantum entanglement. The quantum
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register of n qubits can store not only the states corresponding to the basis vectors, but also
the states superimposed by these basic states, all of which are up td'2The quantum state
grows exponentially as the number of qubits increases. In contrasty classical bits can only store
an integer. In theory, for a classical computer, di erent inputs require di erent operations; with
a quantum computer, however, it can perform exponentially more operations relative to the
input in a single run. Quantum parallelism is the key to the power of quantum computing [3].
There exist many possible superpositions constrained by the complex numbefsg; ai; ;axm 19
for the quantum state j i. The values of the weightsfag;a;;  ;a, 19 are strictly united with
what happens with a particle when measured. According to the properties of the tensor product,
it should be noted that a state of an n-qubit quantum computer is a quantum state or a wave
function in a 2"-dimensional Hilbert space H2 ", also written as H2", which is constituted
by the tensor product of n 2-dimensional Hilbert spacesH?, where each qubit corresponds to
a 2-dimensional Hilbert space. Eq. (2.64) shows the superposition principle of quantum states.
Generally, in order to perform quantum computing, one should do the following [3]:

1. prepare the quantum computer in an initial state j i,i;
2. carry out the given unitary transformation U; thatis, | oui = U] inl

3. perform a measurement in the computational basis.

2.3.3 Single-Qubit Gates

Generally, in classical computing there are only two 1-bit reversible logic gates, identity
and NOT gates. However, in quantum computing the time evolution of states is described by
the Schredinger equation when measurements are not made; the operations on a qubit must
preserve the normalization condition and states can be placed into superposition. Therefore, the
operations on a qubit can be described by 2 2 unitary matrices, i.e., UUY = UYU = |. Based
on the the unitarity of gates, we know that the computational process, except for measurement,
is reversible.

De nition 26. The identity gate | is de ned as follows:

n #
10
I = : 2.66
01 ( )

The quantum circuit representation of the identity gate | is shown as follows.

fwi= i+ ji =] mi= joi+ ja

Figure 2.3: The quantum circuit representation of the identity gate I.
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Proposition 27. The identity gate | has the following properties:

| = j0ih0j + jlihy; (2.67)
| j0i = jOi ; (2.68)
| j2i = j2i: (2.69)

De nition 28. The X gate, also called as PauliX gate or bit ip gate, is de ned as follows:
" #
X = : (2.70)
The quantum circuit representation of the X gate is shown as follows.
jni= jOi+ i —{X =] oui= jli+ jO

Figure 2.4: The quantum circuit representation of the X gate.

Proposition 29. The X gate has the following properties:

X = j1lih0j + jOihlj; (2.71)
X j0i = jli; (2.72)
X jli = jOi : (2.73)

De nition 30. The Y gate, also called as PaulY gate, is de ned as follows:
n .#
The quantum circuit representation of the Y gate is shown as follows.
j ini= jOi+ jili —.— i owi= 0 jOi+i jai

Figure 2.5: The quantum circuit representation of the Y gate.
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Proposition 31. The Y gate has the following properties:

Y = ijlihGj ij0ihyj; (2.75)
Yjoi =+ijli: (2.76)
Yijli= ijoi: 2.77)

De nition 32 The Z gate, also called as PaulZ gate or phase ip gate, is de ned as follows:

n #
1 0
Z = : (2.78)
0 1

The quantum circuit representation of the Z gate is shown as follows.

jni= j0i+ ji —{Z}—j oui= j0i jli

Figure 2.6: The quantum circuit representation of the Z gate.

Proposition 33. The Z gate has the following properties:

Z = joihgj j Lihyj: (2.79)
Zj0i =+ j0i ; (2.80)
Zili= j1: (2.81)

Remark 11. For ease of your reference, we write the relationships of the three matrices here.
X?2=Y?=7?=1, wherel is the identity matrix. XY =izZ; YZ =iX; zZX =iY.

De nition 34. The Hadamard gate H, a gate frequently used gate in quantum computing, is
de ned as follows: " #

H = p 1 (2.82)

1 -
1 1

The quantum circuit representation of the H gate is shown as follows.

i mi= jOi+ j1ijouti= jri+ i

Figure 2.7: The quantum circuit representation of the H gate.
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Remark 12. Applying the Hadamard gate H on the state jOi yields:

" #" #
. 1 1 1 1
H o = p—
: FFZ 1 1 0
"# (2.83)
1 1 _ joi+jai .
21 Pz
and on the statejli:
" #" #
. 1 1 1 O
Hjli = p=
: ‘5 1 1 1
"# (2.84)
_ pl— 1 joi j ai
2 1 2

From Egs. (2.83) and (2.84), it can be seen that the gateH turns the computational basis
fj 0i ;jlig into the new basisfj+i;jig . Obviously, H2 = |. As shown in Fig. 2.8, ifj oi =
joi + jli after applying the rst Hadamard gate, we can derive:

Hij oi = H( jOi + jli)
Hjoi+ H jli= j+i+ ji (2.85)

joal

49% oI+ —p- jli:
Continue applying the second Hadamard gate, we have:
j 2l =H | 4l

=H % joi + —ps— i

4+ j0i + j1i 0 j 1i (2.86)
2 I 2 l 2 2
= joi+ jli=] of:

After j oi passes through two Hadamard gates, the state returns to the original state, namely

j ol

Figure 2.8: A circuit showing H? = |.
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When the Hadamard gates are applied in parallel to all 3 qubits. We prove H 2 jxi =
o P ool DYyl = 2%3 )2/?:01( 1)*Y jyi by computing the values ofj ii for the
di erent values of j ¢i. Let us start with | oi = jO0OG. As shown in Fig. 2.9, whenn = 3,

J ol = jXi = jX2X1Xpi = jOOG, we have
j1i=(H H H)jood = H 2 jood
=(Hjoi) (HjGi) (H]0i)
_jOi+ i jOi +jli jOi + jdi
- = = =

0o 2 2.1 9 1 0 1
1 X - 1 X - 1 X -
=@p= ((1)°ViyiA @~  (1)°VijyiA @p= (1) VjyiA
2yi:1 2yi:1 2yi:1
0 1
Y2 XL
= @91—2 ( D YijyiA in binary (2.87)
i=0 yi=1

= ey (jooa + jOOl1 + jO10 + jO11 + j10G + j101 + j11G + j111i) in binary

2
=213(1'0i +jli +j2i + j3i + j4i + j5i + j6i + j7i) in decimal
2
1 X1
== ( 1)Yjyi indecimal
22 y=0

where x y represents dot product of binary numbers, namely

Xy= (Xn 1¥n 1t Xn 2Yn 2% + Xoyo)Z (2.88)

Figure 2.9: Two Hadamard gates used in parallel to 3 qubits.
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Similarly, when n =3, j oi = jXi = jXoX1Xoi = j111i, we have

0 1
s o @k X o VA
H j111 p— (1D il in binary

i=0 2yi:1

=i3(j000 j 001 j 01G +jOl11 j 100G + j10di + j11G j 112) in binary
23

=GO 50§ 2+ | 4 +j5i+]6i | 7) in decima
2
1 X!

== ( 1)*Yjyi indecimal:
23

y=0
(2.89)

Likewise, one can readily obtain the results of H 2 jo0li, H 3 jo1G, H 3 jo1l, H 2 j10q,
H 2 j101i,and H 3 j110Q.
As shown in Fig. 2.10, based on a similar derivation, it is easy to verify that the operation

of H " on astatejxi = jxn 1Xn 2 Xoi, in which the Hadamard gates are applied in parallel
to all n qubits, yields in an elegant way

0 1
Ty 1 1 e
H " jxi= @% ( 1)V jyiA in binary
=0 V=0 (2.90)
1 X! A
= = ( D)*Yjyi in decimal:
22 yi=0
J o J 1l
| |
i H "
Figure 2.10: n Hadamard gates used in parallel ton qubits.
Lemma 35. Given an operator A such that A% = |, according to Taylor's theorem, one obtains
the following equations:
_ _ 2 3 4 5
exp(iA)=1+iA EI |§A+EI+|§A+
2 4 3 5
— : ; : 2.91
=1 5 4 |+ i tigt A (2.91)

=cos | +isin A
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Eq. (2.91) is a generalization of Euler's formulag =cos + isin .

De nition 36. The rotation gate Rx ( ) is de ned as follows:

Rx ()= e 'z*
=coszl isinzX
_  Cos3 ising 0 < 2
isiny cosy '

The quantum circuit representation of the Rx ( ) gate is shown as followsRx ( ) corre-

—Rx () —

Figure 2.11: The quantum circuit representation of the Rx ( ) gate.

sponds to a counterclockwise rotation of an angle about the X -axis in the Bloch sphere.

De nition 37. The rotation gate Ry ( ) is de ned as follows:

i5Y

Ry ()=

|
(0]

=cos=l isinz=Y
w 2 2, (2.93)
cos,  sin,

1
N
N

sin;  cos;

The quantum circuit representation of the Ry ( ) gate is shown as follows.Ry () corre-

— Ry () —

Figure 2.12: The quantum circuit representation of the Ry ( ) gate.

sponds to a counterclockwise rotation of an angle about the Y -axis in the Bloch sphere.

De nition 38. The rotation gate Rz ( ) is de ned as follows:

Rz ()= e '2?
=cos—| isin-z
%2t 1 (2.94)
elz 0
=7 Y .0 <2
0 €z
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The quantum circuit representation of the Rz ( ) gate is shown as follows.Rz ( ) corre-

— Rz () —

Figure 2.13: The quantum circuit representation of the Rz ( ) gate.

sponds to a counterclockwise rotation of an angle about the Z-axis in the Bloch sphere.

De nition 39. The discrete phase gateRy, which can be applied in the development of quantum
Fourier transform, is de ned as follows:

n #
1 0
Rk = - (2.95)
2i
0 exp 5

The quantum circuit representation of the Ry gate is shown as follows.

— Rk —

Figure 2.14: The quantum circuit representation of the Rx gate.

The Ry gate has the following properties:
Rk jOi = jOi ; (2.96)

Rk jli = exp jLi (2.97)

2K

According to Eqg. (2.95), the R, and R3 gates are shown as follows, which are also called
the S and T gates, respectively,

n #
1 O p_—
R, = S ="Z=s; (2.98)
0 €z
n #
1 0 p_—
Rs = = S=T; (2.99)
0 €z

by the way, R, = Z.
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2.3.4 Multi-qubit Gates

De nition 40. The standard controlled-NOT gate, called CNOT for short, is de ned as follows:

2 3
1000
010

CNOT=§ : (2.100)
000 I
0010

The quantum circuit representation of the CNOT gate is shown in Fig. 2.15.

——

_69_

Figure 2.15: The quantum circuit representation of the CNOT gate.

The CNOT gate ips the second qubit (target qubit) if the rst qubit (control qubit) is the
state j1i and leaves it unchanged if it isj0i.
The CNOT gate has the following properties:

CNOT = joGh0Qg + j01ih0Y + j11ih10j + j1Gih1y
= joihgj | +jlihy X:

(2.101)

Similarly, we can obtain the gate CX-U straightforwardly, which applies a unitary transfor-
mation U to the target qubit if and only if all the k control qubits are in j1i. TheseCK-U gates
can be decomposed and implemented by single-qubit gates and CNOT gates. For example,
C2-NOT, also called To oli gate or CCNOT, is given by Eq. (2.102) and shown in Fig. 2.16,
which applies a NOT operation to the target qubit if and only if the two control qubits are in
j1i. We can achieve the matrix representation ofCK-U e ortlessly. We just need to replace the
second order matrix in the lower right hand corner with the corresponding the matrix U.

2 3
CCNOT = E

(2.102)

O OO0 0o o o o
O OO0 O o o r O
O OO0 O O+ OO
o OO O O O O
O OO Fr OO O O
O Ok O O O O O
R OO O O O O O
O PO O O O O O

41



——

——

_69_

Figure 2.16: The quantum circuit representation of the CCNOT gate. Generally, a full circle is
drawn on the control qubit if the unitary operator U is applied to the target when the control
qubit is jli, an empty circle instead if the unitary operator U is applied to the target when the
control qubit is jOi.

De nition 41. The SWAP gate is de ned as follows:

2 3
1000
00 1

SWAP=§ é: (2.103)
010
0001

The quantum circuit representation of the SWAP gate is shown as follows.

Figure 2.17: The quantum circuit representation of the SWAP gate.

Proposition 42. Generally, the SWAP consists of CNOT gates. One of the ways in which the
SWAP is composed of CNOT gates is shown in Fig. 2.18.

Jolf g ] 2l ] sl

\
|

[

I 1l
| |
Lyl
T
1

Figure 2.18: The SWAP gate consists of CNOT gates.

Proof. If j oi = jO1i, thenj i = jOLi. Furthermore, j 2i = j11i. Finally, j 3i = j10i. Similarly,
if j of =jO0i,j10i, 11, respectively, we can gef si = jOGi, j10i, j11i, respectively. The SWAP
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circuit shown in Fig. 2.18 maps

jo0i + jOli + j10i+ j11i!
(2.104)
joOi + j10i + Ol + j1li:

Hence, Fig. 2.18 realizes the function of the SWAP gate. O

In the current quantum computing hardware, 2-qubit quantum gates can only be used
for speci c quantum pairs. But with the SWAP gate, in theory, we can use SWAP to real-
ize any quantum pairs meeting speci ¢ conditions. Moreover, many quantum algorithms also
need to apply the SWAP gate. These are the reasons why SWAP is of particular signi cance.
For instance, in the present prevalent superconducting quantum hardware technology, 2-qubit
guantum gates can be used only in two physically adjacent qubits on a quantum chip, but if all
the qubits are connected, even though two qubits are non-adjacent, then we can put them into
being physically adjacent using SWAP gates a certain number of times. This is the power of
the SWAP. If you are interested in the adjacency and connectivity of qubits, or want to further
your knowledge of quantum hardware, please refer to References [141{143].

Theorem 43. Any unitary matrix in the Hilbert space H of n qubits can be decomposed into
1-qubit gates and 2-qubit CNOT gates. That is, 1-qubit and 2-qubit CNOT gates are su cient
to assemble any unitary operator with arbitrary precision, which is called the universality in
guantum computing.

Proof. See [144]. O

If you are further interested in universality in quantum computing, please refer to Reference
[145].

Theorem 44. (The No-Cloning Theorem) Given that j i is an arbitrary n-qubit quantum state,

there does not exist a unitary matrix or a machine which mapsj i, j "i,!'j i, | i

n n-

Proof. Suppose that there exists such a unitary matrix U, shown in Fig. 2.19. Then we can
derive: whenj of = j i, j "i,, thenj 1 =Uj oi =j i, J i, whenjoi =ji, j' i,
thenj 1i = Uj oi = j i, J 1i,. Adopting these equalities and based the norm preserving
property of the inner product, we have

hji=hjih'ji
(hijn hi)G iy 0 i)
(hij, h'j)UuG i, j"iy)
hij, h'j, U Uji, j'iy)
(hijn h )G i, 0 i)
hj, (hji)j i,=hji?%:

(2.105)
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From Eq. (2.105), suce it to say that h j i can only be equal to 0 or 1, which contradicts
the fact that j i, j i are arbitrary quantum states. Therefore, there does not exist a unitary
matrix or a machine which mapsj i, j "i,'j i, ] i,

j ol J o1l
# 18
I §] I
In In
— H—
I I

Figure 2.19: The diagram used for proving the No-Cloning Theorem.

2.3.5 Analysis Methodologies of Quantum Circuits

The following is based on Figs. 2.20 and 2.21 to discuss some basic derivation methods
of quantum circuits and the concept of equivalent circuits. For Fig. 2.20, we can achieve the
following derivation:

j i =(1 Upj ol =(1 U1)jo00G

(2.106)
=(1 Uyijoi 3;
j2i=(Ux | 1)j1i= Uy I 27 qi
j 2i =(U2 )i 23 j 1 (2.107)
= U | 2 (1 Upijdi °;
i 3si=(1 Us Upj oi
j 3t =( 3 Ug)j 2 (2.108)

=(1 Us Uy Uy | 20 Upjoi 3:

Consequently, ( Uz Us) U | 2 (I U,)isthe total matrix representation for Fig. 2.20.
For Fig. (2.21), it can be encoded ag§ 1i = Uj oi;if U=(1 Uz Ui Ux 1 2 (I Uy,
then Fig. (2.20) and Fig. (2.21) are equivalent circuits.

It is desirable to design quantum circuits that contain as few gates (short-depth) as possible
when implemented on actual quantum computers, owing to each additional gate adding a small
amount of noise to computing.

Shown in Fig. 2.22, the initial state isj oi = jOli; now we derivej 1i,] »i, andj s3i based
on matrix notation and Dirac's notation, respectively.

The following derivation is based on matrix notation.

44



joo o ja a2 ol

joi

|
!
..I
o+ p——{Us |-
|
.
|

Up |1 [ |
|
joi

Figure 2.20: A example circuit of a three-qubit.

j o joal
| |

joi —:— —:—

o4 U
| |

j0i — am
|

Figure 2.21: Another example circuit of a three-qubit.

After applying Hadamard gate, we have:

j 1i=(H 1)j oi=(H 1)j0%
joai=( 1) o #( | )A! U
- 1 1 10 1
21 1 0 1 0 1
2 323 2 3
1 0 1 O0_.0 0
221 0 1 0530 2305
01 O 1 0 1
jool jal __swap ool s
I I i I
o HH p—r—————
I [ i I
I [ f I
e O H H—1
| | |

___________

Figure 2.22: The quantum circuit which letsj oi!] 3.
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After applying SWAP gate, it yields:

2 32 3 2
1 00 0 O
. . 190 0 1 1 1
I = SWAP I = p= = p=
J 2 J 1 FFZEO 10 égoé FF2§
0 001 1

After using Hadamard gate, we can get the following derivation:

2 3
0
1 90
i=(l H i=(l H —
j 3 =( )i 20 =( )%gé
1
0 2 310 2 31
1 1 0 O 0
240 0 1 1 241
0O 0 1 1 1
23 23
0 0
180 0
= = = i10i
2522 Eél
0 0

The following deduction is based on the Dirac notation.
After applying Hadamard gate, we get:

joai=(Hjoi) j i =j+ij 1
= pl—z(jOi +j1i) j 1
= pl—z(jOJj + j1li):
After applying SWAP gate, we obtain:

R R
j o = 93(110+1111):
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0

0 .

é : (2.110)

1
(2.111)
(2.112)
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After using Hadamard gate, we can get the following derivation:
- 1
j sl = %(Jl’flﬂl' )
1
= —[jL&i (joi + 1)+ jii (jOi j 1
5010 (OF+ 1+ 1 (o j 1) (2.114)
= é(JlOl +j11 + j10 j 11)
=jl1G :
From Egs. (2.111) and (2.114), we can see that the result of the derivations based on matrix
notation is the same as that based on Dirac's notation, but the use of Dirac's notation avoids

complex and tedious matrix operations and thus makes derivations perspicuous and concise.
Therefore, this dissertation will mainly use Dirac's notation for derivations and calculations.

Proposition 45. The circuit in Fig. 2.23 can generate the Bell states.

Proof. Shown in Fig. 2.23, the initial state isj oi; now we derivej ii, andj »i.

Figure 2.23: A circuit generating the Bell states.

If j of = jOGi, then

j o= pl—z(jOOi +j10i); (2.115)
j 2= pl—z(jOOi +j11i): (2.116)
Apparently, j »i is a Bell state, which is entangled. Based on Fig. 2.23, if oi equalsj00i, jOli,
j10i, and j11i, respectively, thenj »i equalsj *i = p% (jOGi + j11i), j i = e (jOO | 11i),
j ti= p%(jOli +j10),andj i= pl—z(jOli j 10i), which are all Bell states. O

As shown in Fig. 2.24, ifj oi = jOGi, then we letj »i = p%(jOOi + j11i) pass through the
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gateH H, then we have

j si=(H H)j 2 =(H H)PE(JOOHJUJ)

=(H H) pl—ZjOOi +(H H) pl—zjljj
1 . 1 . o
=FF2(HJOI) (Hjoi) + k(Hlll) (HjL)
_p£ j0i + jii jOIn+Jl 95 joi j 1 joi j 1
2 2 "2 3 °3 P2 (2.117)
1 . 1. 1 . 1.
=-p_j00 + -p—j0l + -p—j10i + —-p—j11i
?QEJ ?SE’ 23! 23!
+¢L'00i #'on' 4&'1Oi++1p11j
P P TP S U
- B (001 + j11)
=] a:
j 3l is the same ag i, our original EPR pair!
jool joaijo2 joai
| | | |
JOI I- | I-H | . .
| Colo o bek (jOOi + j11i)
| | |

Figure 2.24: A circuit showing the magic of entanglement.

2.4 Relevant Quantum Algorithms

2.4.1 Quantum Fourier Transform

De nition 46. The inverse discrete Fourier transform (IDFT) converts a sequence of complex

numbersfxp;X1;  ;Xon 1@ into another sequence of complex numbersyg;y1;  ;Yan 10. Yk
is given by
1 Xt
W= P X e? k= 2. (2.118)

j=0

48



Eq. (2.118) is often written as the following:

L X
Ve = Py X! (2.119)

n
j=0

where! = 2= 2"

The quantum Fourier transform (QFT) implements the analog of the classical IDFT. It
converts a state space of size"2into the frequency domain from the amplitude.

De nition 47. Same to the DFT, the QFT, which is a unitary operation on C?', is de ned as

&1

| o kLo
F3Oi)= p= e o jki: (2.120)
2" =0
Eqg. (2.120) is often expressed as
1 & 1 ok
JjiT op= e?! 2 jki : (2.121)
2" =0

P
Therefore, the QFT of an arbitrary quantum state 2 0 lXj jii is governed by:

J:
0 1
R 1 xR 1 1 XL
F@  xjjiiA= yjki= p= xj €21 5 ki - (2.122)
j=0 k=0 2 k=0 =0
To facilitate the derivations, some notations are introduced. For a binary numberj(j 2"), it

can be decomposed into the following form:

|
X0 -
Jj2=(in 1dn 2 J0)o2= 1in 12" l"‘jn 22" = +j020 0= jn i2" ! 1 (2.123)
i=1 10

For a binary fraction (0:jijj+1  jm),, it can be decomposed into the following form:

. , 1 1. 1 .
Ofijivr Jm)2 = Sl + 21+ +  F om T+ lm 103 (2.124)
Based on newly introduced notation above, Eq. (2.120) can be rewritten as Eq. (2.125).
From Eg. (2.125), we can see that the output state from a computational basis state of the
QFT is a tensor product of single qubit states and is, therefore, not entangled! Based on Eq.
(2.125), the controlled-Ry gate, the Hadamard gateH in Fig. (2.7), and the SWAP gate in Fig.

(2.17), we can easily construct a quantum circuit shown in Fig. 2.25 which computes the QFT

e ciently. If the input of Fig. 2.251is j ii = jjn 1jn 2 J1ijoi, then the output is given by
i o :p% joi + 1 090j1i joi + €' dalo g joi + €1 %9n aln 2 Jojgj - (2.126)
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1 X! Pk
F iD= pe ! am jki

n

k=0 |
1 X xt X K .
= p— exp 2ij — jkn 1 koi
2" . 2
kn 1=0 ko=0 =1
1 X xt Ky
= pj n=1 eXp 2|J < Jkn ‘i
2n 2
kn 1=0 ko=0
3
- pL n s * exp 2ij Kn jkn -i5
- — =1 < n
2n K, =0 2 (2.125)
1, .1
= pﬁ 21 JOi +exp 2ij > jai
= pl— jOi +exp 2i J— jLi jOi +exp 2i J— jLi
2n 21 22
. I R
jOi +exp 2i on jli

%ﬂ joi + 1 9%90j1i joi + €2 Oddojy;

joi + i 0jn 1jn 2 jojli

Namely, Fig. 2.25 perfectly implements the QFT shown in Eg. (2.125). The pseudo-code of the
QFT is given in Algorithm 1.

Algorithm 1 QFT
Input:  j ii = jin 1jn 2 Jjoi- o S .
Output: p% joi + €1 09oj1i  joi + €' Odaloji; jOi + €1 0dn 1in 2 Jojqj
1. for 0 k n 1do
2 As shown in Fig. 2.25, apply the Hadamard gateH .
3 As shown in Fig. 2.25, apply the controlledR, gate to the controlled-Ry+1 gate.
4
5

: end for
: As shown in Fig. 2.25, applyO(n) SWAP gates.

Remark 13. From Fig. 2.25, it can be concluded that the computation of the QFT requires
1+2+ +n= % Hadamard and controlledRy gates, andO(n) SWAP gates; thus, the
total gates needed for the QFT are%+ O(n) = O(n?). Therefore, the time complexity of the
QFT is O(n?). However, the most e cient classical algorithm, the fast Fourier transform (FFT),

its time complexity is Q(n2"). The quantum parallelism of the QFT stems from the application
of quantum gates acting on the superposition of an input quantum state. Furthermore, just like
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ji j ol j o Jonoal joal I o

El—::: Rn 2 Rn 1|

HR2|=

!
LH ]

Figure 2.25: A circuit implementing the QFT, whose output is Eq. (2.125).

what we have stated before, a quantum input state can encode™bits of classical data using
only n qubits.

De nition 48. The inverse quantum Fourier transform (IQFT or QFT Y) is de ned as:

Lo _ 12Rlziik--.
F *@ji) = p? e <" 27 jki: (2.127)
k=0

BecauseFF 1= |, we can realize the IQFT in Eq. (2.127) if we run the circuit in Fig. 2.25
from right to left.

2.4.2 Quantum Phase Estimation

De nition 49. The problem the quantum phase estimation (QPE) algorithm solve is to nd
the eigenvalue corresponding to the eigenvectorjui satisfying U jui = jui given U and the
eigenvectorjui of U.

Remark 14. This problem can be rephrased into ndinga ( 2 R) satisfying U jui = € jui,
where U is a unitary quantum gate. Considering that U is unitary, we know that its eigenvalue
can be expressedas = € = €' ,where =2 ,0 < 2 ,and0 < 1. Therefore, the
QPE can be boiled down to calculating or approximating to some desired precision.

The quantum circuit of the QPE is shown in Fig. 2.26. Now we derive the QPE step-by-step
based on Fig. 2.26.

(1) Initialization

From Fig. 2.26, we can havej i = jOO  00ijui = joi "jui.

(2) Superposition

51



jool ol

2l

j

3

joi "

jui _'H :
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Figure 2.26: Quantum phase estimation circuit.
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Performing an n-bit Hadamard gate operation H " on the register results in the state

.li

(3) Controlled Unitary Gates
A controlled unitary gate C-U?

"o

" Oi

n

H
H™ 1 ™joi "jui
H
1

p=—(j0i + j1i) "jui:

2n

(2.128)

applies gateUZj on jui if and only if the control qubit is in
the state jli. The operation of the gate C-U? on the statej i = p%(jOi + j1i)jui is given by:

c-u?ji=

C4J2§200i+jﬂnui

ﬁgqmun+jﬁu2jm)

#;qmun+jﬁé2 jui)

pl—z(jOij ui + jlie

2i 2

éﬂd+@mjmwi

52

jui)

(2.129)



Based on the discussions above, now we can derive the following equation:

j o= p%lei+e2{izn 1 i |10i+e{2i21 i I1'0i+e{2i2° A
V4 V4 Z
& . qubit n qubit 2 qubit 1 (2130)
- p% 2k ikijui;
k=0

wherek (k 2 N) denotes the integer representations ofi-bit binary numbers.
(4) Inverse Quantum Fourier Transform

Noticing that Eqg. (2.130) is exactly the result of applying the QFT. The following state is
yielded after applying the QFTY:

I S P
j 3= = &k e 21 I jjijui
=0 k=0
2.131
R . ( )
l 2|( J e .
= o e T jjijui:
=0 k=0

(5) Measurement

The state jji can encode only discrete set of variables; however,is a continuous variable.
So there will be errors in some cases. For convenience, we write= &+ , namely 2' = a+2"
wherea is the nearest integerto 2 and 0 j 2" j % Therefore, Eq. (2.131) can be rewritten
as R 1% 1
e zin i A2 ik i (2.132)
j=0 k=0
For the above formula, we discusses two cases.
Case 1: =0, i.e.,thereisnoerror (2" 2 N; 2" = a).
The probability of obtaining state 2" when measuringn control qubits simultaneously is
generalized as

1 XIRL
P(j2" i) = 2—nhz J € 2 i
i=0 k=0

2
1

R waw
i 2N

N -

(2.133)

k=0
%1 2
0

N[

k=0
=1:

In this case, we can get the statg 4i = j2" ijui with the probability of 100% when measuring
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P(iai)= o ej i Gz ik i
j=0 k=0
1 2
1 .
- = e2|k
2" k=0
1 1 i 2?2
T om 1 e (2.134)
1 sin 22 ?
220 sin( )
1 220 2
>z
4
= — 0405

the control qubits. Based on , we can readily calculate the eigenvalue corresponding to the
eigenvectorjui.

The case above is the best we can hope for, whereas things are sometimes not perfect. We
have to consider the imperfect.

Case 2: 60, i.e.,thereareerrors (2 2 N; 2" =a+2").

In this case the statejai will be yielded with the probability P (jai) shown in Eq. (2.134) when
the control qubits are measured. The derivation usesl e =2jsin jandfor0 j j 2,%
j2 2" jsin(2")j j j. The lower bound of the result of Eq. (2.134) is-%. Obviously,
P (jai), converging to 1, raises a3 increases. So we need to increase the number of the control
gubits in order to increase the probability.

Suppose that we approximate with ~=0:12 t, where 1 2 t 2 10;19. As
shown in [1], to successfully achieve to an accuracy to n bits with the success probability of

atleast1 , we choose:

t=n+ log 2+2i : (2.135)

The pseudo-code of the QPE is given in Algorithm 2.

2.4.3 Harrow-Hassidim-Lloyd Quantum Algorithm

Solving linear equations is an old mathematical problem. Considering that linear systems of
eqguations are ubiquitous, it is no exaggeration to say that solving linear systems of equations is
an important fundamental problem throughout science, engineering, and economics. Further-
more, algorithms for linear systems of equations are the core of many other algorithms and pave
the way for other algorithms. Therefore, it is of great theoretical and practical signi cance to
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Algorithm 2 QPE

Input: Controlled unitary gates C-U? (0 j n 1) and Eigenvectorjui.
Output: j7ijui, where ~ is an estimate for .

1: Initialize n ancillary qubits to joi ".

2: Perform H " on j0i " to obtain p2-(j0i + j1i) ", namelyj0Oi " ! p3=(jOi +jli) ".
for0 j n 1do .

4: Apply controlled unitary gates C-U? .

5. end for

6: Apply QFT Y.

7: Measure the ancillary qubits.

study the solution to linear systems of equations.

The HHL quantum algorithm for linear systems of equations, which is one of the most
important subroutines in many quantum machine learning algorithms [146], is proposed by
Aram Harrow, Avinatan Hassidim and Seth Lloyd [147].

De nition 50. The HHL algorithm solves a linear system of equations, which is de ned as given
amatrix A2 CN N and a vectorb 2 CN nding a vector x 2 CN such that Ax = b, or a ag
indicating the system has no solution. Without loss of generality, here it is assumed thatA is
Hermitian, i.e., AY = A.

Remark 15. In the de nition above, we assume that A is Hermitian. However, if A is not
Hermitian, we can easily obtain a Hermitian matrix by the following transformation:

n #
A
A= 0 ; (2.136)
AY 0
with
m # m #
0 b
x = b= : (2.137)
X 0

A is Hermitian, and A jxi = jbi. Moreover, jxi can be computed givenjbi. Hence, we focus on
A being Hermitian in this dissertation.

Proposition 51. Because the matrix A, which is Hermitian, satis es the normality condition,
i.e., AAY = AYA, A is normal. Therefore, there exists a spectral decomposition o4 ; that is, A
is diagonalizable with an orthonormal basis of eigenvectors:

X
A= j jujihu;j (2.138)
j=1

where ; are eigenvalues ofA and ju;i the corresponding orthonormal eigenvectors.

Proof. See [1]. O
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Based on Eg. (2.138), we can readily obtain the inverse of\ by simply inverting the eigen-

values:

X
A l= i iujihugj (2.139)
j=1

The vector jbi can be also expressed in the basis of A, namely:

X X
jlj = hJij’ijUji = jjUji ; j 2 C: (2.140)
j=1 j=1

Therefore, we can get the resultjxi of Ax = b:

jxi = A jbi
0 10 1
= @Xd i iujihyg A @Xq jjupiA
i1 =1 (2.141)
_X\‘ 1 .
= LR
j=1

Although we can easily derive the expression ofxi shown in Eq. (2.141), it is intractable and
non-trivial to invert a matrix using classical computing, especially for large matrices.

Theorem 52. A is Hermitian; thus the unitary operator €At has the eigenvaluese’ it and
corresponding eigenvectorgu; i .

Proof. According to Taylor's theorem and considering that A can do a spectral decomposition,
one obtains the following equations:

ga % (AD"

k!

k=0
o (IAt)2  (iAt)3
= | + iAt + o + 3 +

. A%t?  iA3tS
= | + iAt = 3 +
2. . - 2. . -

=1 +it (ajusihugj+ ojugihugi+ ) t? 1]uaihuy) ; 2)uzi huzj (2.142)

Yok Yok Yo ok
= (i |<1|t) juzihugj + (i kzlt) jusihugj +  + (i I:'t) junihupj

k=0 ’ k=0 ) k=0 :
= )e(' Wingihugj + € 2tjugihugj+  + € "Yjunihunj
= € itjyihyj:

j

Apparently, At @At Y = dAt YAt = | 5ogAt js g unitary operator. O
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From Eq. (2.142), we can see that the eigenvalues oA can be obtained by the unitary
operator €At

As is illustrated in Fig. 2.27, broadly, the HHL is mainly composed of QPE, eigenvalue
inversion, i.e., R(~ 1) rotation, and inverse quantum phase estimation (IQFT or QFTY). In the
following part, the HHL algorithm will be analyzed minutely.

Job___ladJal sl la___Jsi__ el __|

Ancilla register S jOig i; i i jlig
s | |

Clock register C j0i ." - :E : : QFTY A joi "
I | |

Input register | jbi, — ii i U | i A= JXi|
. Lol
QPE  R(™ 1) rotation QPEY

Figure 2.27: HHL algorithm circuit.

(1) QPE

There are three quantum registers, namely ancilla registelS, clock register C, and input
register | . Generally, the qubits in the input register are produced by a subroutine called state
preparation. For example, we can getili " by applying n parallel X gates tojOi ".

j of =j0igjOi"jhi, : (2.143)
After leveragingH ", j 1i is encoded as
jii=H "jgi= jOiSp%(jOi +jli) "jbi, : (2.144)
After applying controlled- U gates, the system evolves to

T T S
j o :JO|Sp? e® jkijhbi, : (2.145)
k=0
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Here, we setN = 2", After applying the QFT Y, this lead the system to
!

1 X1
j ai = jOig QFTY %n e jki jhi,
k=0
ool X1t .
= jo0 s P e QFTY (jki)jhi,
k=0
! 2.146
T (2.148)
= jOi p— ek p— e 21 3 jzi jbi
1. X 12* Yokl 2y
= oyi0ig ek O am)jzijhi,
k=0 z=0
Now, let = =0, namely z=N=0or z= N ; then Eqg. (2.146) can be reformulated as
j 3si = jOigjN ijbi, : (2.147)
According to the QPE and Eg. (2.142), we have
Ujuji = €2 ijui; €Mjui = € ity (2.148)

A is only a Hermitian matrix; however, U must be a unitary matrix. Consequently, €At , which
is a unitary operator, is used to prepareU, i.e., U = €At From the two equations above, we
have 2 j = jt.So, j = jt=2 .Let|7i = N ;t=2 i. Consideringjbi, = jN:1 jluji, we
can rewrite Eg. (2.147) as follows:

%

jsi=  jOig jjN jt=20 jjui
(2.149)

= jjmsjjijuﬂ
j=1
The QPE is leveraged to estimate the eigenvalues oA.
(2) Eigenvalue Inversion
In this part, the rotation on the ancilla qubit controlled by the clock register C vyields a
normalized form:
s !
. c2 c... ._. .
J o4l = i 1 Zi0ig+ —jlig j5ijui; (2.150)

where C is a normalization constant. Speci cally, we can realize the controlledR rotations to
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perform the controlled Y -rotations through the application of the operator R
n . #
Rzexp( iy)= 050 sin() . (2.151)
sin( ) cos()

(3) Uncomputation (QPE Y)
The following derivation will showcase the e cacy of uncomputation. We can havej si, i.e.,
Eq. (2.152), through the application of the QPEY.

s !
X C2 C
j sl = j 1 szois"' —jlig QFT j5i juji
12;11 S j ) | 51 |
cz. C .. 1 T R
= i 1 i0ig+ —jlis  P= 1 2 jzi juji (2.152)
j=0 i i '2 z=0 |
s ! !
1 X! cz. .c.. Kl
=p= j 1 Sj0ig+ —jlig 7 jzi juji:
2 j=0 i i z=0

Then inverse controlled-rotations C-UY on the input register | are applied through UY =
e A, From Fig. 2.27, it is concluded that if the control clock qubit is jOi, juji will remain the
same and not be a ected; however, if the clock qubit isjli, UY will be applied to ju;i. From
Ujuji = e itjuji, we can getUYjuji = e i itjuji. Based on these analyses, we hayjesi, i.e.,
Eqg. (2.153).

s ! I

1 cz_. . C.. N
J 6l={€? i 1 —i0ig+ —jlig elit ez'?lfm juji
j=0 j J | z=0 |
s ! !
1 X1 2 . A L
=E? i 1 —i0ig+ —jlig elit ez'?lfm juji
j=0 j J z=0
s ! ! (2.153)
1 } 1
—pl x 1 S S, @ HF T @i jui
=P j S Vst —Jlsg J JYj
j=0 j J | Iz=0
s ! !
1 X! 2 L X
:p? j 1 TzJO|S+ :jlls jzi Juji:
j=0 i J z=0
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According to Eq. (2.90), after passingH ", | i is encoded as Eq. (2.154).

| !
%1 " o SR
j 1 TZJO'S+?11'S H jzi Jujl
j=0 j j z=0
s !
cz C .. N o
i1 Silig+ —jlig 2zj0i " juji
- 4 j
% s ' ! (2.154)
cz C... .. n. .
= j 1 jlig+ —jlig jOi "juji
j=0 . i i |
cZ_. . C.. . oa
= j 1 Zj0ig+ —jlig jOi "juji:
j=1 j J

From Eq. (2.154), we can see that the clock register qubits and the registet are now
unentangled. This is what uncomputation QPEY dores. The QPE subroutine sets the clock

gister C to jOic~ and leaves the state as j_; | 1 =ZHj0ig+ =jlig jOis juji.
j j

(4) Measurement
Measuring the ancilla register S and post-selecting on the outcome oflig result in the
state:

. 1 XNe
[ e — L2 jigjoi Mjuji
P_N ﬁzjzl i
=1
0 1
C .
= Fs——lig]0 "@  LjyiA (2.155)
N, 1c =t
j
C s
= F———jligj0i " jxi, :
PN o jc?
=1
P B ] p
C L Ly L, - " is proportional to jxi = = 'L, ;! jjuji. So, as shown in
] ]

j si, we have derived the solutionjxi to the equation A jxi = jhi.
The pseudo-code of the HHL is given in Algorithm 3.

Remark 16. In the eld of classical computation, Gaussian elimination and the conjugate gra-
dient algorithm are commonly used to solve linear equations. The time complexity of generic
Gaussian elimination is generally considered a®© N3 . The time complexity of the classi-
cal conjugate gradient algorithm for general purpose, which is distinguished as the optimal
algorithm to solve SLE, is O(Ns log(1=)) [148], however, that of the HHL algorithm is
O log(N)s? 2= [149], whereN is the dimension of the systems is the sparsity of the matrix
A, s the condition number of A which is de ned as the ratio of its largest to smallest eigen-
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Algorithm 3 HHL

|.)
Input:  State jbi = J-Nzl plgi; j2¢C
Output:  jxi. =
1. Perform the QFT on jOiSjOiC”jbiI to obtain szl i j0ig ) jijuji. |
: !
P
2: Apply the controlled R rotations to jOig toget L, j 1 ‘E—jzsziS + §3—J_j1iS iTijugi.
r !
P N C2 :n: C :q: e N .
3: Perform QPEY. Then, the system evolves to ;| 1 = j0ig+ =jlig jOi " juji.
j j
4: Measuring the ancilla register S and post-selecting on the outcome oflig result in the
state s—CS—_j1i5joi " jxi,.
Py jc?
=
value, i.e. = mnax= min, and is the desired precision. The sparsitys of an N N matrix is

de ned as having at most s entries per row. Hence, the HHL algorithm provides an exponential
speed-up over its classical counterpart time under speci ¢ conditions.

Remark 17. Uncomputation is an important technique and trick in the design of quantum
algorithms, which can liberate qubits in the states of entanglement. Subroutine QPE of the
HHL algorithm is an uncomputation operation.

HHL can be used to calculate the power ow of power systems and other problems, which
are discussed in more detail in the remainder of the dissertation.

2.4.4 Quantum Approximate Optimization Algorithm

Quantum approximate optimization algorithm (QAOA) proposed by Farhi et al. [150] is
a quantum algorithm for solving combinatorial problems. The QAOA is a hybrid quantum-
classical heuristic algorithm [151], and possesses (i) a simple and monotonous structure and (ii)
relatively good performance [152].

De nition 53. Quadratic unconstrained binary optimization (QUBO), which is an NP-hard
problem and a kind of combinatorial optimization problem, is de ned as follows:

minf (x) = r;(nzlgn X Qx = szlgn o Qijj XiX;j; (2.156)
i=1 j=1
whereB" = f0;1g", x; 2 f 0; 1g, and we assume that Q is a symmetric matrixQ 2 R" " without
loss of generality.

See References [153,154] for how to formulate QUBO models and approximate an objective
function using the QUBO.
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De nition 54. The classical cost functionC(z) is the number of satis ed clauses,

X
C(z2)= C (2 (2.157)
=1
wherez = (z1;22; ;zn) 2 f+1; 1g" is the n-bit string and C (z) = 1 if z satis es clause
and 0 otherwise. The QAOA attempts to nd a string z such that C (z) is close to its exact
minimum.

A unitary operator which depends on C and an angle parameter is introduced
. o
UC; )=e'¢c = elc . (2.158)

where 0 2 .
The mixing operator U(B; ) is de ned as follows

. Yoo
uemB; Y=e'B = e Xi; (2.159)
=1
. P n . . . . .
where 0 is a parameter andB = ;_; Xj in which Xj is the Pauli X operator acting
on qubit j.
As shown in Fig. 2.28, initialized state jsi is as follows
1 X
jsi=j+i "= pﬁ jzi (2.160)

z

Referring to Fig. 2.28, after alternately applying p layers of U(C; ) and U(B; ) we have

j;i:w&pww;m&walwm;wﬁ; (2.161)
p times
where =( 1; 2;::5 p)and  =( 1; 2105 p).
After j ; i passing through the measurement gates, we can obtain the expectation value
of C
ICi=h; jCj; i: (2.162)

Then we can get a new set of (new ; new ) USINg a classical computer. And then we assign
the new parameters (new ; new ) t0 the current parameters ( ; ), and we repeat this process

until the convergence condition is met.
The pseudo-code of the QAOA is given in Algorithm 4. The UC problem of power sys-
tems can be solved by the QAOA, which will be discussed in detail in the remainder of this

dissertation.
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Figure 2.28: QAOA circuit.

Algorithm 4 QAOA

Input:  Number of the optimization levels p; parameters, and ; Hamiltonians C (z) corre-
sponding to the original optimization problem.
Output:  An approximate solution to the problem in Eq. (2.157).
1. Construct the initialized state jsi and initialize j ; i.
2: for The convergence criteria is not satis eddo
3 Alternately apply U(C; ) and U(B; ) ptimes to obtain the state j ; .

4: Measure the state the statej ; i in the standard basis and computehCi.
5: Find a new set of ( hew; new ) USING a classical computer (a classical optimization
algorithm).

6: Set the current parameters. ( ; ) to be the new parameters (new ; new )-
7: end for

2.5 A Critical Review for the Applications of Quantum Com-
puting in Power Systems

2.5.1 Background and Some Core Problems in Power Systems

Quantum algorithms and quantum computers have come a long way in the past several
decades [155]. Quantum computing shows great potential in energy elds, such as power systems
[156{161]. In recent years, quantum computing has gained wide attention in the eld of power
systems and produced some research achievements [162{189].

As a large number of renewable energy resources are connected to power systems, the opera-
tion, planning, and optimization of power systems have been becoming more and more intricate.
Power ow calculation, unit commitment, economic dispatch, power system planning, optimal
portfolio and sizing and placement of distributed energy resources (DERS) in multi-energy mi-
crogrids are essentially computational problems, which consume a lot of computing resources.
Conventionally, the calculation and optimization problems of power systems are settled by
classical computers based on classical computing theory and von Neumann architecture. Nev-

63



ertheless, with Moore's law getting closer to the limit, the exponential acceleration of quantum
computing compared with classical computing under certain conditions, the development of
guantum computing software and hardware, and the availability to quantum computers for the
public, the importance of quantum computing has become increasingly crucial, and has been
applied to some elds to a certain extent. Because the power industry underpins the national
economy, introducing quantum computing into the power system has far-reaching and pivotal
signi cance, such as enhancing the penetration of renewable energy, heightening the computing
e ciency of computation and optimization problems of power systems, diminishing greenhouse
gas emissions, and achieving the goal of climate neutrality by 2050 established by the United
Nations Framework Convention on Climate Change.

There is not to much published literature on the applications of quantum computing in
power systems, so it is one of the purposes of this review to serve as a spur to induce more
engineers and researchers to come forward with their valuable contributions to this realm, which
enriches the area and promote development of the community. Quantum computing can make
contributions to the further progress of the power system.

2.5.2 Power Flow Calculation

The power ow calculation and analysis are the fundamentals of operation, control, planning,
optimization, and security analysis of power systems. However, solving this problem e ciently
and e ectively is very challenging and non-trivial. Besides, the novel power system with the high
penetration of renewable energy and energy storage systems makes the power ow calculation
knottier. So it is necessary to resort to quantum computers. The fast decoupled load ow
(FDLF) and the DC power ow [190] are often employed to calculte the quantum power ow.
The FDLF is one of the most widely used variants of the Newton-Raphson power ow because
of its excellent computational e ciency and convergence performance [164]. The DC power
ow are in widespread and even increasing use, especially in congestion-constrained electricity
markets [190].

Fast Decoupled Load Flow

In an N -bus power system, which has one slack bu®y,, PV buses, andN,q PQ buses, the
FDLF [191] is given by

B =vo?! p; (2.163)

B v =yl g (2.164)

where B2 RN 1) (N 1) gnd B2 RNea Nea denote coe cient matrices derived from the

admittance matrix Y 2 CN N 2 RN 1D 1and VvV 2 RNea 1 are the dierences of

voltage angles and voltage magnitudes, respectivelyy®2 RN 1 (N 1) gnd v002 RNea Nea

are diagonal matrices consisting of the voltage amplitudes of the corresponding busesP 2
RN 1 1and Q2 RNe I represent the active and reactive power mismatches, respectively.
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DC Power Flow

Given an N -bus power system with one slack bus, the DC power ow can be formulated as
P? D%=B%% (2.165)

whereP%2 RN 1) 1and Q92 RN 1 1 gre injected active power and loads of non-slack buses,
respectively, B2 R(N 1) (N 1) denotes the coe cient matrices derived from the admittance
matrix Y 2 CN N; 02 R(N 1) 15 yoltage angles of non-slack buses.

Equations (2.163){(2.165) are linear systems of equations, which can be solved by the HHL.
In References [162, 163], the HHL algorithm was applied to the calculation of the DC power
ow, but the scale of the case study is small, and the exponential acceleration e ect of quantum
computing has not been proved in practice. In addition, the solutions of some points in the
analysis are not very accurate. References [164,165] also applied the HHL to the calculation of
the power ow in the power system. Reference [164] combined the traditional computer with
the quantum computer, while reference [165] used di erent quantum computers for calculation.
However, the scale of calculation examples are also small, and the superiority of quantum
computing has not been proved in practice.

Reference [192] applied annealing-based quantum computing to the combinatorial optimal
power ow. In this reference, an optimal power ow problem incorporating linear multiphase
network modelling, discrete sources of energy exibility, renewable generation placement/sizing
and network upgrade decisions is integrated into a QUBO problem, and quantum annealing
is used to solve the problem. Case studies were implemented using D-Wave Systems' 5,760
gubit Advantage quantum processing unit and hybrid quantum-classical solver. This reference
is based on quantum annealing [193]; we can try to solve this problem on a quantum computer
based on gate circuits.

The variational quantum linear solver (VQLS) [194] was applied to the power ow compu-
tation. For more information about the VQLS, refer to [195].

2.5.3 Unit Commitment and Optimization

The unit commitment (UC) problem is of crucial importance in the eld of power system
operation and optimization. By optimizing system resources and coping with the operation
risks brought by various uncertain factors, such as renewable energy, the safe, economic, and
stable operation of power systems can be guaranteed. The solution of the UC determines the
combination of the on or o status of each unit within a specic time frame. With the high
penetration of large-scale renewable energy, such as wind power and photovoltaic, the uncer-
tainty of the power system is increasing to the point where it threatens the safe operation of
the system. The UC can improve the safety of the system operation and enhance the system's
ability to deal with wind power, photovoltaic and other renewable energy. Therefore, it is vital
in theory and reality to study the UC, especially the UC of the power system with the high
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penetration of renewable energy.

However, from a mathematics and computer science point of view, the UC is a fundamentally
large-scale mixed-integer nonlinear, NP-complete/NP-hard, non-convex optimization problem,
which is particularly computationally expensive. An NP-complete/NP-hard problem means
that we cannot develop a classical algorithm which solve it in polynomial time. In view of the
exponential acceleration of quantum computing under certain conditions, it is pivotal to explore
the applications of quantum computing in the power system optimization problem, such as UC.

Mathematically, a generic UC formation can be summarized as:

X
min H (yi; pi) = Aiyi + Bipi + Cip? (2.166)
i=1

Sit:

8
%X\I pi= L
i=1

Epimin pi - PM™yi; 8i
"y 2101, p2R; 8i

(2.167)

where Aj, Bj, C; 2 R are constants of uniti; H (yi; pi) speci es the cost of turning on unit i;
yi is a binary variable, we can assume \1" means uniti is on and \0" o. The rst constraint
ensures power balance and the second guarantees that uriitdoes not cross the limit.

In [166], a hybrid quantum-classical method, which employs quantum approximation opti-
mization algorithm (QAOA) to turn a quadratic unconstrained binary optimization (QUBO)
instance into a continuous optimization problem over variational parameters and , was in-
troduced to the UC. However, this dissertation only runs numerical examples on the emulator,
not on the real quantum computer, and the scale of numerical examples is small, so it is di cult
to show the exponential acceleration of quantum computing.

Reference [167] proposed a hybrid quantum-classical algorithm to solve the UC, which is
decomposed into three subproblems, i.e., quadratic, a quadratic unconstrained binary optimiza-
tion (QUBO), and an unconstrained quadratic. The rst and third subproblems are solved by a
classical optimization solver, and QAOA settles the QUBO subproblem. Nonetheless, the scale
of the case study in this reference is relatively small, which does not really demonstrate the
superiority of quantum computing.

In [168], it presented the quantum version of the decomposition and coordination alternate
direction method of multipliers, which are realized by devising quantum algorithms and ex-
ploiting the superposition and entanglement of qubits for solving subproblems, which are then
coordinated to obtain feasible solutions. The proposed methodology is employed to solve the
microgrid UC problems that contain DERs. However, the exponential acceleration of quantum
computing has not been proved in practice.
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Reference [169] developed a hybrid quantum-classical (HQC) solution approach to solve
the UC in order to leverage the current generation of quantum devices. The article employs
a multi-cut Benders decomposition approach that exploits multiple feasible solutions of the
master problem to generate multiple valid cuts, which is used as a HQC solver for general
mixed-integer linear programming (MILP) problems. In simple terms, the CPU handles MILP
problems, while the QPU settles the cut selection problems. The HQC optimization algorithm
is applied to the UC problem by using the D-Wave Advantage 4.1 quantum annealer. The
process of this algorithm is complicated and has some shortcomings. Firstly, the dependence of
the size of matrix M on the number of complicating variables imposes a limit on the size of the
problem. Furthermore, minor embedding has to be repeated in every iteration. Third, nding
suitable hyperparameters and weights is non-trivial for the quadratic penalty functions to ensure
that the lowest-energy solution and reduce logical chain breakage. We can devise more e cient
minor-embedding heuristics to exploit previously generated minor embeddings to overcome
some shortcoming. The e ciency of minor-embedding techniques should be surmounted and
current hardware limitations must be improved before e ectively applying the method to large-
scale problem instances. We can also implement this algorithm on IBM real quantum computers.

In [170], a synergistic combination of quantum computing and surrogate Lagrangian relax-
ation (SLR) was developed to solve the UC. It proposed a Quantum-SLR (QSLR) algorithm
incorporating quantum approximate optimization algorithm (QAOA) into the SLR method.

A distributed QSLR framework (DQSLR) is capable of coordinating local quantum/classical
computing resources.

The authors of [171] proposed a UC formulation modeling minimal variable and starting
costs, demand satisfaction as well as minimum running and idle times as a QUBO problem.
The formulation reduces the number of and the connectivity between qubits. However, this for-
mulation was only tested on the IBM Qiskit 0.37.1 QASM simulator and the D-Wave Quantum
Annealer (Version Advantage system 5.2 with over 5000 qubits), not on a real gate-based quan-
tum computer. The author of [172] advanced the method presented in [171] to solve a relaxed
version of the UC. However, as in Reference [171], the this approach has not been tested on
gate-based real quantum computers.

Considering that some generic mixed-integer nonlinear programming (MINLP) solvers, such
as Artelys Knitro, spend a lot of time solving linear systems, these solvers have the potential
to bene t from the HHL. Since the UC is essentially an MINLP, it has the potential to enjoy
the bene t from HHL even without the use of the QAOA.

2.5.4 Power System Reliability and Stability Assessment

Reference [173] proposed a quantum computing based framework for the reliability assess-
ment of complex systems and the \Quantum Twin" concept. The framework can be applied
to accelerate the reliability assessment of large-scale complex systems, such as power systems,
which take a lot of computation time for classical computers to obtain accurate results. Because

67



of the quantum decoherence and state delity, \Quantum Twin" usually needs error correc-
tion. For large-scale power systems, a large number of qubits are needed. With the increase
of qubits, the error rate also further increases, which may in uence the reliability assessment
results. Therefore, we should nd ways to reduce the error rate and adopt e cient methods for
quantum error correction.

In [174,177], a quantum transient stability assessment method was devised to enable e cient
data-driven transient stability prediction for bulk power systems. It claims that the intractable
transient stability assessment can be straightforward and e ortless in the Hilbert space.

Reference [175] developed a quantum electromagnetic transients program (QEMTP), which
solves electromagnetic transients through quantum computing. The HHL is employed in the
program. However, currently the practicality of the QEMTP is limited by some factors such as
guantum resources, depth of quantum circuit and noise of quantum computers.

Considering today's noisy intermediate-scale quantum (NISQ) computers, reference [176]
proposed a NISQ-QEMTP methodology based on real quantum computers. The method em-
ploys shallow-depth quantum circuits and properly handles the state preparation and measure-
ment obstacles, and it is executed on real quantum computers.

2.5.5 Communication and Security of Power Systems

The security of power information systems is essential and pivotal, because power systems
are important infrastructures for national economic and once the relevant power grid produc-
tion and enterprise management information are leaked or tampered with, it will cause great
losses to customers' privacy, power consumption security and even national information secu-
rity. Quantum secure communication, based on the basic principles of quantum mechanics, has
unconditional security in theory and can provide an absolutely secure information channel for
the safe transmission of the power grid production and operation data. The existing security
methods of power information system are mainly based on Rivest-Shamir-Adleman (RSA) and
other encryption algorithms, which is facing the threat of quantum computing/quantum com-
puters. Therefore, the application of quantum communication technology to the power system
will play a crucial role in ensuring the safe, stable and e cient operation of the power grid.
The security protection scheme of power communication networks based on quantum secure
communication is not easy to be a ected by natural environments, has low losses and good
throughput performances, and has higher security and feasibility.

As quantum hardware and software advances, developing microgrids containing DERs based
on guantum communication has been increasingly rising in signi cance [178,179].

In [180], it presented a programmable quantum networked microgrids (PQNMs) architec-
ture, which integrates both quantum key distribution (QKD) and software-de ned networking
(SDN) techniques capable of enabling scalable, programmable, quantum-engineered, and ultra-
resilient networked microgrids.

References [181] proposed a QKD based microgrid distributed control framework for cyber-
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security enhancement. To defend the sidechannel attacks and make the framework practical
enough for industrial applications, measurement-device-independent QKD is introduced.

Reference [182] demonstrated the feasibility of using QKD to improve the security of critical
infrastructure, including future DERSs, such as energy storage, and proposed the quantum key-
based authentication of smart grid communications across an energy delivery infrastructure
environment.

In [183], it conceptually explained the feasibility and superiority of quantum computing in
the eld of power system security, but there is no actual case study example to prove them.

Reference [184] devised a scheme for resilient electric grids by using a quantum direct com-
munication (QDC) network. But it has some limitations, such as decoherence of qubits and
long-distance entanglement distribution issues.

References [185, 187] exploited QKD to resolve the gquantum-era microgrid challenges im-
posed by quantum computers.

Reference [186] proposed a quantum network-based power grid (QNetGrid) framework and
develops a real-time, reliable, exible, programmable, and cost-e ective QNetGrid software
testbed. But there are still some challenges in implementing hardware-based quantum networks
in practice, such as photon loss and the limited quantum memory performance. Reference
[188] introduced potential quantum attack defense strategies including QKD and post-quantum
cryptography, they can be used to DER networks and gauges defense strategies.

2.5.6 Fault Diagnosis of Power Systems

Reference [189] proposed a quantum computing-based deep learning framework for the
power system fault diagnosis. This hybrid framework conquers challenges faced by complex
deep learning models. The case studies showcase the fault diagnosis method is superior and
provides reliable fault diagnosis performance with faster response time.

2.5.7 Grid Partitioning

Reference [192] employed integer slack (IS) and binary expansion methods to transform
grid partitioning into a QUBO problem, and then leveraged quantum annealing to solve it.
However, the problem is solved under the framework of quantum annealing; we can try to solve
the problem on the gate based quantum computer.

2.5.8 Microgrid State Estimation

Reference [196] applied the HHL to microgrid state estimation. Case studies verify the
correctness of quantum microgrid state estimation.
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2.6 Prospects for the Future Work

For your convenience of reference, we summarize and classify the public literature on the
applications of quantum computing in power systems, as shown in Table 2.1. As can be seen
from Table 2.1, there are limited references on the applications of quantum computing in power
systems, and they mainly focus on the UC and the power system security and so on, so it is in-
dispensable to further explore the applications of quantum computing in the current application
directions and the applications in other directions.

Table 2.1: Literature summary

Application area Main guantum algorithms References
Power ow calculation HHL/Quantum annealing/VQLS  [162{165]/ [192]/ [194]
uc QAOA/HHL [166{172]
Power system reliability and stability assessment HHL [173{177]
Communication and security of power systems QKD [178{188]
Fault diagnosis of power systems Quantum generative training [189]
Grid partitioning Quantum annealing [192]
Microgrid state estimation HHL [196]

Quantum computing is an interdisciplinary realm spanning physics, computer and other
disciplines. Quantum computing at the current stage is referred to as the NISQ era, which is
characterized by quantum processors which are sensitive to noise and are not advanced enough
for fault-tolerance and achieving quantum supremacy [197,198]. The current quantum computer
is an imperfect noisy quantum computer under the NISQ framework. The running result on
this type of quantum computer may not be accurate. To some extent, the accuracy of results is
restricted by factors such as availability of quantum resources, noise, and executable depth of
guantum circuits [199], but quantum computing, as one of the hottest technologies in the world
today, o ers us a new computing paradigm, which is extremely promising. But based on the
current NISQ era, we can develop fault-tolerant computing and NISQ algorithms [200]. Consid-
ering the current quantum computing hardware, we can design some quantum algorithms, such
as HHL-NISQ, suitable for NISQ hardware, and combine classical computers with quantum
computers, and integrate classical algorithms with quantum algorithms to propose a hybrid
scheme based on classical and quantum computing. In this way, the advantages of classical and
guantum computing can be fully exploited, which is an appealing trick for current applications.

Speci cally, there are many important directions to explore regarding the potential appli-
cations of quantum computing in power systems.

First, further work is needed to investigate the applications of quantum computing in other
power system optimization problems, such as planning, economic scheduling, optimal power
ow, renewable energy prediction, and energy pricing.

Second, we design hybrid algorithms based on quantum computing and classical computing,
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which is an important direction in the current NISQ era. This is an important step toward
implementing full quantum algorithms on more powerful quantum computers in the future.

Third, further work is needed to attempt to apply some quantum machine learning algo-
rithms, especially quantum deep learning and quantum reinforcement learning, to power sys-
tems. For example, explore the load forecasting and solar/wind forecasting based on quantum
machine learning. Quantum machine learning is the fusion of quantum theory and machine
learning [200]. For more information on quantum machine learning, please refer to [201{204].

Fourth, for quantum power communication and quantum power security, we can further
demonstrate the practical feasibility and reliability of quantum network. Evaluate their perfor-
mance in di erent operating environments.

Fifth, further work is needed to investigate the applications of quantum annealing (a
heuristic, stochastic quantum algorithm, for more information about quantum annealing, see
[205,206]) in power systems. It may be applied to the UC and the economic dispatch.

2.7 Conclusions

In this work, we provides an illustrated tutorial without agonizing pains, which targets power
system professionals, and a systemic, in-depth, and critical survey which reviews the state-of-
the-art applications of quantum computing in power systems. At the same time, we also identify
the future research directions of quantum computing in power systems in order to reap the
advantages of quantum computing. Improvements in quantum hardware together with better
guantum algorithms in the future will bring the extensive practical applications of quantum
computing in large-scale power systems, such as power system analysis, operation, optimization,
and control. We are not studying quantum computing to replace common classical computing,
let alone high performance computing, but to make quantum computing and classical computing
do what they do best.

Although the applications of quantum computing in power systems are still in infancy, the
present research is of great signi cance and lays a foundation for the large-scale applications
of quantum computing in the future and can promote the frontier of solving the power system
problems in a quantum architecture.

In today's NISQ era, a major challenge for quantum computing in the eld of power systems
is to design quantum algorithms that conform to current quantum hardware while ensuring the
acceleration of quantum computing. In near-term quantum computing, combining the quantum
computer with the classical computer to design the quantum algorithm is an important research
direction.

The superiority of quantum computing has spawned the research on its applications. In view
of the fact that quantum computing can solve certain problems considerably faster than the best
known classical algorithms, it is expected to have substantial impact on the power industry.
Current quantum computers are very susceptible to the in uence of the ambient noise, and
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the running results on the real quantum computer are not very satisfactory. However, it is
possible that we will have more powerful quantum computers containing more qubits in the
foreseeable future, paving the way for truly large-scale applications of quantum computing.
Quantum computing provides a door for the analysis and computation of power systems, and
we expect quantum computing to be widely applied in much more aspects of power systems
and other realms of science and engineering.
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CHAPTER

3

DECOMPOSING LOCATIONAL
MARGINAL PRICES IN LOOK-AHEAD
ECONOMIC DISPATCH

In this chapter, the LMP containing network loss is derived in look-ahead SCED, the con-
notations of the LMP are combed, the inherent relationship between the LMP and the dual
multipliers (variables) of constraints is elaborated. The connotations of the LMP are explained
from the perspective of the generator. The in uence of unit operation constraints on the LMP is
analyzed in depth. We use a 3-bus system to show in detail the calculation of LMP in look-ahead
SCED and the impact of unit operation constraints on the LMP.

3.1 Problem Statement and Formulation of Look-Ahead SCED

In this section, we formulate a convex look-ahead SCED problem. This dissertation takes
T, = f1; ;Wg as an example to establish the look-ahead SCED model; other scheduling
windows may be deduced by analogy. We assume that all generators are price takers with
truthful o ers throughout the dissertation.

3.1.1 Look-Ahead SCED Formulation

Compared with traditional static SCED (solving a single-interval SCED problem), look-
ahead SCED computes the optimal generation output using the predicted net load over multiple
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future time intervals.

Generic Abstract Form

A generic abstract form of look-ahead SCED can be expressed’as

_ X e
min f= Cg;t (Pg:t) (3.1)
t=1 g=1
X
g=1
(Cgit; Pg:t) 2 X g; 80; (3.3)

where t and g are the indices of intervals and generators, respectivelW is the scheduling
window size.W T, where T is the total nhumber of intervals in look-ahead horizon. G is
the total number of generators. cgt( ) is the bid-in cost (energy cost) function of generatorg
in interval t. pg: is the output power of generatorg in interval t. ag: is the coe cient vector

for generator g in the system-wide constraints in interval time t. by is the limit vector for the

system-wide constraints in interval time t. X 4 is the operational region of generatorg.

To facilitate analysis and derivation, the cost function of generatorg in interval t is assumed
to be convex and continuously di erentiable throughout the dissertation.

Constraints (3.2) describe system-wide constraints, which are coupled constraints and en-
force system-wide requirements, and which usually include power balance, ancillary service,
and transmission constraints, and so on. In (3.2), all constraints are expressed as inequalities.
The operational constraints, or private inter-temporal constraints, for generator g are aggre-
gated into (3.3), including the cost function, capacity (output) constraints, ramping constraints,
maximum energy constraints, and state-of-charge constraints for energy storage resources.

A typical rolling-window dispatch implementation of a multi-interval real-time market,
which is based on look-ahead SCED, is illustrated in Fig. 3.1. In intervak, the SCED has a look-
ahead dispatch window ofW intervals, which are represented byT = ft; t+ W 1g.InIn-
terval t, look-ahead SCED generate®V generator scheduling signals, i.eP = fp;y;  ;Pe+w 10;
however, only the scheduling decisions for the binding intervalt, which are called the binding
interval, are used; scheduling decisions for the rest of interval§; = ft+1; ;t+ W 1g,
which are called the advisory intervals, are advisory. Similarly, we refer to prices for the bind-
ing intervals as settlement prices; prices for advisory intervals as advisory prices, which are not
used for settlement. As intervalt goes on,T; rolls through the entire dispatch period T , where
T is the set of intervals in scheduling horizon, T = f1; ;TQ.

LFor the convenience of analysis and the brevity of derivation, the initial time interval is selected as \1", and
the SCED trajectory before \1" is ignored in this dissertation.
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Figure 3.1: Look-ahead SCED with the window sizeW = 5.

Concrete Form

Based on the reduced-form DC power ow, the generic abstract form shown in (3.1){(3.3)
can be converted into the following concrete form parameterized by the time-varying demand:

. X
min f(@)= Cn:t (Pn:t) (3.4)
t=1 n=1
X
sit: ot Gt =loss(pe;dy) 18 (3.5)
n=1
1
Tin  Pnit an;t Flmax : max; 8l; 8t; (3.6)
n=1
1 . .
Tin Pt G F™ : 1N 8l 8t (3.7)
n=1
Pt PR onrs 8n; 8t (3.8)
P PR o M 8n; 8 (3.9)
Pt Pnt 1 P opes8m 2t T (3.10)
Pnt  Pnt 1 rdown . M 8n; 2t T; (3.11)

where d; and d\n;t are the forecasted net demand vector in intervalt and the forecasted net
demand at busn in interval t, respectively. n is the index of buses.N is the total number of
buses.p; is the output power vector and matrix of generators in interval t. ; is the dual variable
(shadow price) of the system power balance constraint in intervalt. Ty, is the (I; n)th entry of
the power transfer distribution factor (PTDF) matrix T. F™" and F3 are the minimum and
maximum power ow limits of line |, respectively. pg“” and pg'® are the minimum and maximum
generating limits of generator g, respectively. rgo‘”” and rgp are the ramp down and ramp up
rate limits of generator g, respectively. [} and [ are the dual variables (shadow prices) of
the transmission line | power ow upper and lower limit constraint in interval t, respectively.
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{Pt'” and ¥ are the dual variables (shadow prices) of the minimum and maximum generation
output constraints in interval t, respectively. ,T{” and ¥ are the dual variables (shadow
prices) of the ramp down and ramp up limit constraints in interval t, respectively.

System power balance constraints including linearized loss are described by (3.5). Trans-
mission line constraints are represented by (3.6) and (3.7). Generating limits of generators and
ramp rate limits of generators are denoted by (3.8){(3.9) and (3.10){(3.11), respectively.

3.2 Derivation of the LMP and Factors A ecting the LMP in
the Look-Ahead SCED

In this section, we derive the LMP and factors a ecting the LMP in great detail based on
the look-ahead SCED.
3.2.1 Derivation of the LMP

The associated Lagrangian function of the look-ahead SCED formulated in the model (3.4){
(3.11) is written as

L p:- - max. min. max. min. max. min.a
XX
= Cnit (Pnit)
t=1 n=} #
X
t Pt Gnt  losspy; @)
t=1 n=1
b - - K 1 #
I;tax I:I ax Tin Pn;t 6n;t
t=1 |=1 " . n=1 ”
min 6 min
I:t Tln Pn;t nt T I:| (3 12)
t=1 I=1 n=1 )
(PR Pnit)
t=1 n=1
M P PR
t=1 n=1

thaX (er Pnit + Pt 1)

,_,
Ul
N
=}
1
=

min down
nt Pt Pat 1+ Ty

t=2 n=1

The Lagrange dual function of the look-ahead SCED formulated in the model (3.4){(3.11)
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is de ned as

D . max. min. max. min. max. min.a
1 b 1

(3.13)

— . . max. min. max. min. max. min.
- Inf L P1 ) ] ] ) ] ] ] a
P2D

The Lagrange dual problem of the look-ahead SCED formulated in the model (3.4){(3.11)
is de ned to be

max D . max. min. max. min. max. min.a (3_14)

st max g. mn qg. max g. mn Q. (3.15)
max o; mMn o0 (3.16)

De nition 55 (LMP). The LMP at bus n ininterval t, ¥F, is de ned as the least cost to the

system of serving the next increment of the load at that bus in that interval.
Mathematically, r';;“{”’ measures the sensitivity of the optimal value of the DC optimal power

ow (OPF) problem with respect to the load at bus n in interval t, i.e.,

e . @ xR
mto @t

Coyt (Pt (Ghit)): (3.17)
t=1 n=1

According to the envelope theorem(3.17) can be transformed int&

WP 8L P @) @ @ ™ @)
max (6)1 min (a), max (6)1 min (6)16
— @ . . max . min . max . min .
- @k WP ’ ’ ’ ’
max : min ;a
" # (3.18)
- iy R Tin
energy component | 1=1 : {Z }
" ” congestion component
| {z— }

loss component

Nt Tt (3.19)

2That L is continuously di erentiable is assumed.
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According to the stationarity of the KKT conditions, i.e.,

r PL P - . max*. min*. max*. min*. max*.
. (3.20)
min ;a — 0;
we have
n #
a _ dcnt Pny @oss(y; ay)
Q@pt dpn;t t @pt
+ e L T (3.21)
=1
o Mo+ mhoomm =0
n=1; N1
n #
Q donyt Py @osspy; a;)
@Rt dpn:t t t @pt
+ max* min* (3'22)
N;t N;t
A P A A S

By combining (3.18){(3.19) and (3.21){(3.22), we can obtain the formula of :NF derived

from the perspective of the generator as follows:

LMP _ an:t pn;t
n;t - T Adn
; dpn
|t
t t
majginal cost componen & v "
@oss(y; 8;) @oss(;; a;)
t t
@t @p:
I {z b {z }
loss component second loss component (3 23)
+ max* min* '
n;t n;t
| {z }
generating limit component
* * in* in*
FOmOR roEm
I —{z }
ramping component
n=1; N1
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n #
LMP _ dovt Py N @oss(y; a;)
Nt = | N
dpn:t @R:t
| —{2—1} {z }
marginal cost component second loss component
+ wax* ,r\xlwin*
it it
I {z } (3.24)
generating limit component
max* max* min* min* .
Nt Nit+1 T N+l NGt s
I {z }

ramping component

n= N:

3.2.2 Scrutinizing the LMP From Di erent Perspectives

In this dissertation, the LMP and its components are discussed in detail from the classical
and generator perspectives, respectively, which is seldom done in the existing literature.

Classical Perspective

It can be seen that from (3.18){(3.19), the LMP is decomposed into three parts, i.e., energy
component, congestion component, and loss component. The energy component is the marginal
cost of energy at the slack busN (same for all buses). The congestion component is the marginal
cost of congestion at busn relative to bus N. The loss component is the marginal cost of loss
at bus n relative to bus N. Each component can be positive or negative. Due to losses, LMPs
may depend on the selection of the slack bus. However, under the condition that the network
loss is ignored, LMPs do not depend on the selection of the slack bus, but the components do.

Perspective of the Generator

From (3.23), it can be seen that the LMP is composed of marginal cost component, loss
component, second loss component, generating limit component, and ramping component. To
be concrete, h;'\{”’ is related to the marginal cost of generatorn in interval t, the shadow prices
of the capacity constraints for generatorn in interval t, and the shadow prices of the ramp
constraints for generator n in intervals t and t + 1. Equation (3.23) explains the structure of
the LMP from the perspective of the generator, which is helpful to analyze and understand
the in uence of unit operation constraints on the LMP. The formulae of the LMP derived from
these two di erent perspectives are not contradictory; they are essentially the same instead.

3.2.3 Factors A ecting the LMP

From (3.23){(3.24), we can see that [}* is positively correlated with % max* and
max® - mi, . and negatively correlated with " M2 and i .
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Applying the complementary slackness of the KKT to the model (3.4){(3.11), we have

. 1 }

e i Tin P Gne  =0; 81 8t; (3.25)
" ) n=1 #

M T ope G +F™ =0; 8l 8t (3.26)

n=1

ne (™ png) =0; 8l; 8t; (3.27)

™ b pMM = 0; 8l; 8t; (3.28)

neo (Fa® Pt + Pnt 1)=0; 85 ;2 t T, (3.29)

M P Pt 1+ 18 =0;8;2 t T (3.30)

When there is no transmission congestion, that is, the constraints (3.6){(3.7) are non-
binding, from (3.25){(3.26) we know that [i* = 0 and {;Qi” = 0. Therefore, the LMPs of
all buses except for the slack bus only have the energy component and the loss component; if
the network loss is further ignored, then the LMPs of all buses in the whole network are the
same. The energy component directly re ects the basic price of the balanced system power,
which is the marginal power generation cost of the marginal unit of the system. When the
branches of the power grid are congested, that is, the constraints (3.6){(3.7) are binding, the
LMPs of di erent buses are coupled with each other through the power transfer distribution
factor (PTDF) matrix of the system, and the congestion price of the branch will be proportional
to the PTDF, resulting in the di erence in the LMP of all buses of the network, thus generating
the price signal to guide users' electricity consumption behavior.

When the output of unit n is between the maximum and minimum outputs of the unit and
the ramp up and ramp down rates of the unit are su cient, i.e., constraints (3.8){(3.11) are
non-binding, according to (3.27){(3.30), we can have & =0, M" =0, ma& =0, M =
Therefore, the LMP of bus n equals to the marginal cost of unitn in the absence of binding
ramping and generating limit constraints.

80



Based on (3.18) and (3.23), we have

_ an;t pn;t
[{z dpy:t
energy component | —{z—}
marginal cost component
max* min*
+ nit nit
I {z }
generating limit component
max* min* min* min*
+ | n;t nt+1 {+ n;t+1 n;t (3-31)
z
" ramping component
¥ # #
max  mn o, @0ss@uf)
I;t Iit In t )
I=1 Q@R
| {z b {z }
congestion component second loss component

n=1; N1

From (3.31), it can be seen that the energy component, the congestion component and the
loss component are related to the marginal cost of the generator and the operation constraints
of generators, which can deepen our understanding of the LMP.

3.3 Simulation Results

As shown in Fig. 3.2, we consider a 3-bus system with two generating units and one load,
and the network loss is ignored in these case studies. Bus 3 is chosen as the slack Bs= 5.
The physical parameters of the network and units and the forecasted net demand at Bus 3 are
shown in Tables 3.1{3.3, respectively.

Line 1

Line 2 Line 3
j0:05 j0:05

ds

Figure 3.2: A 3-bus system.

The following cases are researched.
Case 1: All all parameters are listed in Tables 3.1{3.3.
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Table 3.1: Network parameters of the 3-bus system

Line  Xi(p.u) F™ (MW) F™ (MW)

1 0.05 40 40
2 0.05 160 160
3 0.05 160 160

Table 3.2: Physical parameters of units

Unit pnmin pnmax rgp , rgown MC 1
(MW)  (MW) (MW =5min)  ($=MWh)

1 0 150 4,4 25

2 0 60 40, 40 50

! MC stands for the marginal cost. In this example,
Cgit () is assumed to be a linear function.

Case 2: Except forp]"® = 110MW, other parameters are the same as those in Tables 3.1{3.3.

Case 3: Except forr;? = 0:4 MW=5min and r{o" = 0:4 MW =5min, other parameters are
the same as those in Tables 3.1{3.3.

The outputs of generators and the power ow of branches in Interval 1 for Cases 1{3 are
shown in Tables 3.4, 3.7, and 3.10, respectively. The results of;M" calculation for Cases 1{3
from the classical perspective and the perspective of the generator are shown in Tables 3.5{3.6,
Tables 3.8{3.9, and Tables 3.11{3.12, respectively.

The outputs of generators and the power ow of branches in Interval 1 for Case 2 are shown
in Table 3.7. The results of h;'\ﬁp calculation for Case 2 from the classical perspective and the
perspective of the generator are shown in Tables 3.8{3.9, respectively.

The outputs of generators and the power ow of branches in Interval 1 for Case 3 are shown
in Table 3.10. The results of ,';;'\{P calculation for Case 3 from the classical perspective and the
perspective of the generator are shown in Tables 3.11{3.12, respectively.

3.4 Conclusions

In this dissertation, the abstract and concrete forms of look-ahead SCED including network
loss are formulated, and the expressions of the LMP and their relations with the corresponding
dual variables are derived from the classical and generator perspectives, respectively. Further-
more, the principles of the LMP and its components are analyzed in detail based on the the

Table 3.3: Forecasted net demand

1 2 3 4 5

ds: (MW) 160 165 150 155 156
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Table 3.4: Outputs of generators and the power ow of branches in Interval 1 for Case 1

P11 p2:1 Fii:1 Fis:1 Fa3:1
MW)  (MW)  (MW)  (MW)  (MW)
140 20 40 100 60
Table 3.5: MP calculation for Case 1 from the classical perspective
BUS Energy Component Congestion Component 4P
($=MWh) ($=MWh) ($=MWh)

1 37.5 -12.5 25
2 37.5 12.5 50
3 37.5 / 37.5

Table 3.6: 14" calculation for Case 1 from the perspective of the generator (MWh)

Bus/Unit MC ~ & mn* max  mge  mip o mine o LMP
1 25 0 0 0 0 0 0 25
2 50 0 0 0 0 0 50

Table 3.7: Outputs of generators and the power ow of branches in Interval 1 for Case 2

P11 p2:1 Fii:1 Fis:1 Fa3:1
(MW)  (MW)  (MW)  (MW)  (MW)
110 50 20 90 70
Table 3.8:  ;MP calculation for Case 2 from the classical perspective
BUS Energy Component Congestion Component 4P
($=MWh) ($=MWh) ($=MWh)

1 50 0 50
2 50 0 50
3 50 / 50

Table 3.9: M7 calculation for Case 2 from the perspective of the generator (EMWh)

max* min* max* max* min* min* LMP
n; ; n; ) ;

Bus/Unit MC n:1 n;1 n;2

n
1
1 25 25 0 0 0 0 0 50
2 50 O 0 0 0 0 0 50

Table 3.10: Outputs of generators and the power ow of branches in intervalt = 1 for Case 3

P11 P21 Fii:1 Fi3:1 F23:1
MW)  (MW)  (MW)  (MW)  (MW)

135.8 24.2 37.2 98.6 61.4
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Table 3.11: MP calculation for Case 3 from the classical perspective

Bus Energy Component Congestion Component 4P
($=MWh) ($=MWh) ($=MWh)
1 50 0 50
2 50 0 50
3 50 / 50

Table 3.12:  [MP calculation for Case 3 from the perspective of the generator MWh)

i max* min* max* max* min* min* LMP
Bus/Unit MC  19% [ o . . ;

ax
1 2
1 25 0 0 0 0 25 0 50
2 50 0 0 0

KKT conditions and the envelope theorem from the classical and generator perspectives, re-
spectively. Moreover, the in uence factors of the LMP in look-ahead SCED are anatomized.
These derivations and analyses help to analyze and deeply understand the principles of the
LMP from di erent perspectives, especially from the perspective of the generator, and provide
certain references for market participants on the impact of unit physical parameters on revenue.
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CHAPTER

4

MULTI-OBJECTIVE BI-LEVEL
PROGRAMS FOR OPTIMAL
MICROGRID PLANNING BASED ON
WGAN-GP AND INFO-GAP THEORY

The proliferation of renewables has led to increasing uncertainty in the power system, which
makes the optimal microgrid planning and operation very challenging. First, we propose a
typical scenario generation methodology for renewables and loads based on WGAN-GP and
K-medoids. Second, we establish optimal multi-objective bi-level microgrid planning models
considering the actual BESS lifetime based on WGAN-GP and info-gap decision theory under
opportuneness and robustness strategies to e ectively tackle the Knightian uncertainty of op-
timal microgrid planning and operation. Third, we convert the multi-objective bi-level models
into multi-objective single level models. We obtain the Pareto-optimal front of these multi-
objective problems by the -constraint method, and we determine the compromised solution of
the Pareto-optimal set by fuzzy decision making. Finally, the proposed models are analyzed on
the Banshee microgrid and veri ed by the Monte Carlo simulation. A bunch of results based
on cases studies are obtained. For example, under the opportuneness strategy, when the oppor-
tunistic level factor equals 0.20 and the radii of the uncertainties of wind, PV generation, and
loads are 0.0625, 0, and 0.2298, respectively, the planning cost of the microgrid does not exceed
$2048k. This case reduces the cost by 20% compared to deterministic planning. All results of
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case studies prove the reliability, feasibility, and e ectiveness of the proposed models.

4.1 Scenario Generation and Reduction for Renewables and
Loads

4.1.1 Scenario Generation Based on WGAN-GP

WGANSs [207] are used to generate renewable scenarios [208]. However, WGANs are some-
times di cult to train, has a slow convergence rate, sometimes does not converge, and sometimes
generate poor samples. This is because WGANSs use weight clipping to enforce a Lipschitz con-
straint on the critic. Therefore, this dissertation adopts WGAN-GP [209] to generate renewable
scenarios. WGAN-GP penalizes the norm of gradient of the critic with respect to its input in-
stead of clipping weights. WGAN-GP works better than WGANSs, and enables stable training.
There is little need to tune hyperparameters for WGAN-GP.

The fundamental framework of WGAN-GP for renewable and load scenario generation is
shown in Figure 4.1. Figure 4.1 is mainly composed of two deep neural network models, gen-
erator G and discriminator D. G and D can be comprised of convolutional neural networks or
fully connected neural networks. By learning the potential distribution of historical renewable
generation (mainly wind and PV) or load data, the generator G processes the noise signa
that follows the probability distribution p;(z) (such as Gaussian distributions) to obtain the
generated dataG(z) that follows the probability distribution pg(z). The goal of G is to approx-
imate the probability distribution G(z) of the generated data to the probability distribution
Paata (X) Of the historical data. The discriminator judges the generated dataG(z) of the gen-
erator and the historical data x that follows the probability distribution pgata (X) and outputs
the probability D (G(z)) that the generated data G(z) follows the true distribution pgata (X).
The goal of D is to determine as accurately as possible whether the input data is historical or
generated.

After de ning the training objectives of G and D, it is necessary to construct the loss
functions L¢ and LP of G and D respectively for training. For G, a smallerL® means a higher
probability that the generated data will obey pgaa(X). For D, a smaller L® means that D is
better able to distinguish between data sourcesL® and LP can be represented as follows:

L® = E, p,@[D(G@)]; (4.1)

h [

L® = Eyx pu. 0[P+ E, pz(z)[D(G(Z))l"‘ Er per) (Kr 2D (R)k, 1)%; 4.2)
I {z | {z }

Original discriminator loss Gradient penalty

where® = x+(1 )G(2); U[0; 1], represents the weight coe cient of the gradient
penalty term, and k k denotes the™ >-norm.
In order to enable simultaneous game training betweers and D, we combine (4.1) and (4.2)
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Figure 4.1: Fundamental framework of WGAN-GP for renewable and load scenario generation.

to construct the following minimum-maximization game model about the value functionV (G; D):
h [
minmaxV (D;G) = Ex py, D] Ez p[D(G@)]  Eg pry (kr sD Rk, 1)
(4.3)

In the initial stage of WGAN-GP training, there is a big di erence between the data sam-
ple generated byG and the real data sample, soD can distinguish the two samples with a
high accuracy. In this case,LP is smaller; however,L® and V(G; D) are both larger. With the
progress of iterations, G adjusts the weight of the generator network to make the generated
sample more and more similar to the real sample, and the discriminator network also improves
the discriminant ability through learning. This is done through repeated iterations until even-
tually the discriminator network cannot accurately distinguish the source of the input data
sample, at which point the generator is trained and can be used to generate wind, PV, or load
scenarios. The detailed procedure of generating renewable scenarios using WGAN-GP is shown
in Algorithm 5.

4.1.2 Renewable and Load Scenario Reduction Based on K-medoids

In order to simplify the problem and improve the computational e ciency, we need to reduce
the scenarios generated by WGAN-GP. Assuming that all scenarios before reduction constitute
a setS, the purpose of scenario reduction is to nd an optimal subsetS° of S to replace S so
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Algorithm 5  WGAN-GP for renewable and load scenario generation

Input: Gradient penalty coe cient , number of discriminator iterations per generator itera-
tion Ngiscriminator » Datch sizem, Adam hyperparameters , 1, ».

Input: Initial parameters § for D and § for G.

1: while  © has not convergeddo

2: for t=1, s Ndiscriminator dO

3: for i =1; :m do

4: Sample historical datax  pgata (X)-

5: Sample noise dataz  p;(z) (Gaussian distribution).

6: Sample a random number  UJ[O0; 1].

7: x Goc(2)

8: R x +(1 )%

o LP Do(®) Do(x)+ (kr 4D o (R)k, 1)°

10: end for p

11 Do Adam r o 2" T LP; P;; 4 » # Update parameters for D.

12: end for
13: Sample a batch of r|9ise from Gaussian distributionf zig;  pz(2).
14: G Adam r ¢1 T [ Do(Ge(2); ©; 1; 2 # Update parameters for G.

m
15: end while

that S°covers the information contained in S as much as possible, namely:

X
min Pi min dr (pi; pj); (4.4)
pj2J
pi2S
pizJ
X1 - -
dr(p;a)=kp dkr = jpi  Gj; (4.5)

i=1

where P; is the probability of scenario p; appearing, dr is the Manhattan distance between the
two scenarios.

Since the traditional scenario reduction methods such as fast forward selection and simulta-
neous backward reduction [210,211] are sensitive to the original scenario size, and the clustering
algorithm is not as sensitive to the original scenario size as the traditional scenario reduction
methods, this dissertation adopts the K-modiods algorithm to complete the scenario reduc-
tion. WGAN-GP may produce some abnormal scenarios when generating scenarios, and the
K-means algorithm takes the mean value of sample points in the same class as the clustering
center, which is very sensitive to abnormal data. Improper selection of the initial center will
lead to poor clustering results, while the K-medoids algorithm takes sample points as clustering
centers. The defect of the K-means algorithm is overcome e ectively by the K-medoids algo-
rithm, and it has good robustness to outliers. The speci ¢ steps of the scene reduction method
based on K-medoids are shown in Algorithm 6. Algorithm 6 divides all scenarios intdk clus-
ters, and each cluster selects a scenario (medoid) as its representative. The medoid has similar
attributes and characteristics with other scenarios in the cluster. Therefore, the attributes and
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characteristics of renewable and load scenarios after reduction have obvious di erences.

Algorithm 6  K-medoids for renewable and load scenario reduction

1. Randomly selectk scenarios fromS fkg;ky;  ;kng as the initial clustering centers.

2: while  The medoids have not converged or the maximum number of iterations have not
been reacheddo

3 The remaining scenarios are assigned to the clusters represented by the current best
medoids based on the principle of the closest Manhattan distance (4.5) to the medoids.

4: In each cluster, calculate the criterion problem (4.4) corresponding to each member
point, and select the point corresponding to the minimum criterion function as the new
medoids.

5. end while

4.2 BESS Lifetime Estimation Model

In the economic analysis of the microgrid design, the lifetime of the BESS is an important
factor for its investment cost analysis. However, the lifetime prediction of the BESS is a core and
intractable problem in the research of the BESS. The lifetime of the BESS is closely related to
its working environment, charging and discharging cut-o voltages, currents, depths of discharge
(DoD)?, charging and discharging cycles, and other factors. The lifetime of the Li-ion battery is
mainly a ected by the ambient temperature and the DoD. At the same ambient temperature,
the greater the DoD of the BESS, the shorter the lifetime. Generally, the operating temperature
and charging current are related to the heat dissipation and control system. Since the ambient
temperature is regarded as the room temperature and the battery is assumed to operate within
a certain range of conditions, we only considers the in uence of the DoD of the BESS on its
lifetime.

It should be noted that a complete (full) cycle is composed of a discharge half cycle and
a charge half cycle. As shown in Figure 4.2, the circles of SQC o) ! SoC( 1) ! SoG( 2)
and SoG( o) ! SoG( 1)! SoG( 2) are full circles, and the circles of SoG( ¢) ! SoC( 1)
and SoG( 1) ! SoG( 2) are half cycles. The DoD of SoG( o) ! SoG( 1) ! SoG( 2) is
jSoG( o) SoG( 1)j.

4.2.1 Calculating the DoD Using the Rain ow Counting Algorithm

Due to the irregular variations of the state of charge (SoC) in practical engineering, a clear
charging and discharging cycle cannot be directly divided. Therefore, the rst problem we need
to solve is how to divide the SOC curve and get the charging-discharging cycle sequences with

1The DoD of the BESS refers to the percentage of discharging energy released by the BESS to its rated
capacity during a complete charge-discharge cycle.
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Figure 4.2: Demonstration of full circles.

clear physical signi cance. In this dissertation, the rain ow counting algorithm [212,213] is used
to determine a series of cycles in the SOC curve and the DoD of each cycle, and then calculate
the equivalent cycle lifetime of the battery according to the corresponding relationship between
the DoD and the lifetime. The speci ¢ rules and main steps of the rain- ow counting algorithm
are shown in Algorithm 7.

Algorithm 7 Rain- ow counting algorithm

1. Turn the SOC curve clockwise by 90 and mark the starting point, local maximums, and
local minimums in the SOC curve.

2: Rain drops ow downward from the starting point, local maximums, and local minimums.
At the same time, rain drops fall vertically when they reach local maximums and local
minimums. When a rain drop meets a new local maximum larger than the original local
maximum or a hew local minimum smaller than the original local minimum, it stops falling.

3: When a rain drop meets the rain drop falling from the high roof, it stops owing and forms
a full cycle.

4. Determine each full cycle and half cycle.

5. The amplitude of each cycle is taken as the DoD of the cycle.

Assume that the SOC curve of a BESS over a period of time is shown in Figure 4.3. After
counting the extreme value points of the SOC curve and conducting numbering these points,
the SOC curve extremum point plot can be obtained as shown in Figure 4.4. Based on the
rain- ow counting algorithm, the schematic diagram of each cycle and the DoD of each cycle
are shown in Figure 4.4 and Table 4.1, respectively.

Table 4.1: DoD of each cycle

Cycle No. Full Cycle 1 Full Cycle 2 Full Cycle 3 Full Cycle 4 Full Cycle 5 Half Cycle 6 Half Cycle 7
DoD 0.32 0.22 0.34 0.36 0.47 0.76 0.74
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