Abstract

Yildizoglu, Suat Ege. Distributed Parameter-Dependent Control of Non-uniform
Flexible Structures. (Under the direction of Dr. Fen Wu)

In this thesis, we consider the distributed parameter-dependent modeling and
control of non-uniform flexible structures, which are classified under spatially varying
distributed systems. A distributed state space model of a non-uniform flexible can-
tilever beam is developed, in which the spatial variation of the beam parameters is
treated as parametric uncertainty, assuming that the system depends on the spatially
varying parameters in linear fractional manner. We are particularly interested in the
systems discretized in spatial dimension for practical reasons. Spatial discretization
is obtained via the central finite difference scheme. We assume that the displace-
ments at each discretized node are measurable in real-time for controller use. Based
on the proposed distributed model, sufficient conditions for analysis and synthesis
of a distributed output-feedback controller are presented using the induced £, norm
as the performance criterion. The controller synthesis condition is characterized in
terms of linear matrix inequalities, which are convex optimization problems and can
be solved efficiently using available software. The distributed controller inherits the
same structure as the plant, which results in a localized control architecture and a
simple implementation. Each local controller unit processes the available local dis-
placement measurement while sharing information with its adjacent units. We present
the main advantage of distributed control; its reliability in the case of malfunctioning

actuators or sensors, where many other control techniques would probably fail.
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Chapter 1

Introduction

The control of flexible structures has been one of the most active fields of research
for the last two decades partly due to increased interest in high-speed robotics and
space applications. In the construction of large space structures, for example, low-
mass density materials need to be used due to the high launch cost. Since these
materials are also lightly damped, the increased flexibility of space structures may
allow large amplitude vibration, which may cause structural instability. In high-speed
industrial robotics applications, however, the highly flexible nature of the links leads
to a challenging problem of end-point trajectory control. Therefore, sophisticated
controllers that enhance the stiffness and damping properties of these structures are
needed to overcome these problems.

There are two main approaches for the vibration control: passive and active. In the
passive method, the damping of the structure is increased by using passive dampers
or materials with significant viscoelasticity (see for example [21], [39]). Nevertheless,
this method can increase the total weight considerably, which is not desirable in many
applications. On the other hand, the developments in material science have led to a
number of promising materials such as piezoelectric materials, which can transform
electrical energy into mechanical energy, and vice versa, so that they can be used as
sensor or actuator elements for active control of structural vibration.

Variety of modeling and design approaches have been proposed for the active



vibration control of flexible structures. In this chapter, a brief review of related

research in literature is presented.

1.1 Background

Flexible structures are usually described as distributed parameter systems governed
by partial differential equations (PDEs). The simplest and most common example
of flexible structures studied in the literature is a flexible beam. Derivation of the
differential equations of the flexible beam motion follows the classical analytical tech-
niques, namely the Bernoulli-Euler and Timoshenko beam theories. It is generally
accepted that for long, thin flexible beams, the Bernoulli-Euler model provides an
accurate description of the beam dynamics [40], while the more complicated Timo-
shenko model works better for short, thick beams and for laminated ones. In most
applications, however, Bernoulli-Euler beam theory is preferred.

The control design technique is heavily dependent on the flexible beam modeling
approach. So far, the majority of researchers used the conventional modal approach.
In this method, the continuous distributed parameter system that has an infinite
number of natural frequencies and corresponding mode shapes is approximated with a
finite number of dominant modes by truncating the modes predicted by the undamped
Bernoulli-Euler beam theory. Therefore, the governing PDE is transformed into a
number of ordinary differential equations which are much easier to solve.

Nevertheless, the exact solution of flexible beam is available only for some spe-
cial cases that are limited to those linear continuous systems with uniform geometry,
while the infinite dimensional nature of the problem imposes severe constraints on
control design [38]. Thus, for more complicated systems with non-uniform geome-
tries, approximate solutions are often sought through spatial discretization [29]. The
finite element method (FEM) is probably the most popular discretization technique
in modeling the general flexible beam [20], [6], [41], [25]. In this method, the flexible

beam is considered as an assembly of a finite number of elements where prespecified



shape functions are used to determine the natural frequency and mode shape approx-
imations. FEM is especially useful when modeling the non-uniform flexible beams
26].

Modern control techniques are then applied to the resulting state-space model.
However, reducing an infinite dimensional distributed system to a finite dimensional
system has a well-known disadvantage in the control design, known as control spillover,
where the controller excites unmodeled higher-order modes, causing unwanted struc-
tural vibration [3], [2]. Extremely fine meshes are often required in spatial discretiza-
tion to avoid such problems. Thus, when a centralized control scheme is employed,
control design based on the state-space approximation usually involves an undesirably
large number of states.

An alternative to a modal approach is a distributed model, which is based on
the original partial differential equation that describe the structure. In this method,
continuous measurements are made over the spatial domain of the system and control
forces are applied in a similar manner. Spatial discretization of the distributed pa-
rameter system is again required to incorporate spatially distributed arrays of sensors
and actuators. However, our experience showed that much less elements are needed
to provide adequate approximation of the flexible beam. A control design based on a
distributed model has the potential to eliminate the effects of control spillover since
it is directly based on the mathematical model that represents the actual physical
system [28].

Moreover, a distributed model is suitable for decentralized control schemes, also
referred to as distributed control, due to the existence of distributed sensing and
actuation. Centralized control schemes, however, seem unattractive because high
levels of connectivity are required in large arrays of sensors and actuators, resulting
in a substantially large computational effort. Furthermore, they are more sensitive to
failures, parameter variations and modeling errors than decentralized schemes. On the
other hand, in the distributed control, the failure of any unit can be compensated for

successfully by its adjacent neighbors. Therefore, in terms of reliability, distributed



control schemes have advantages.

It should be pointed at that, large arrays of sensors and actuators introduce large
numbers of inputs and outputs which lead to severe limitations as many of the stan-
dard multi-variable control techniques are inadequate in handling systems with high
dimensions. This necessitates the development of advanced distributed control design
techniques.

Indeed, in the last decade there has been a renewed interest in the distributed
control of complex engineering systems that are composed of similar subsystems,
which interact with their closest neighbors. Such systems include unmanned aerial
vehicles [18] and satellites [22] flying in formation, vehicle platoons [42] and automated
highway systems [34] as well as the flexible structures and systems that are also
characterized by the same class of partial differential equations.

In [4] and [5], the distributed controllers were designed for spatially-invariant
distributed systems as a function of the spatial frequency variables obtained by taking
Fourier transforms in the spatial independent variables. It was shown that due to
the spatial invariance, only one controller with a single actuator/sensor pair needed
to be designed, while all others are obtained by symmetry. It was also reported that
resulting optimal controllers have a certain degree of inherent decentralization.

A linear matrix inequality (LMI) based control design method was developed for
spatially-invariant distributed systems using multidimensional optimization in [7],
[9], [10]. Unlike the necessary and sufficient conditions for stability and performance
provided by [5], the conditions derived are only sufficient, but may not be necessary
and the implementation of the controller is almost decentralized in nature. The
application of distributed control synthesis method is demonstrated in [8] on the
control of a vibrating elastic cable problem, where the horizontal level of a seismic
cable being towed under-water is desired to be kept constant. Comparison of the
closed-loop results with centralized H,, controllers is also provided. [27] is another
application of the distributed control technique to an adaptive secondary mirror of

a telescope, which is a 2D problem in spatial domain. Another example of a similar



method was proposed in [11] for localized control of spatially-invariant distributed
systems. Localization is directly imposed in controller design at the expense of some
conservatism. The method can be applied to both state and output feedback problems
where the performance objective (Hy or H) is stated in terms of the search for a
suitable Lyapunov matrix over spatial frequency. The sufficient conditions for the
existence of a controller with a desired localization and performance were obtained
in the form of LMIs over spatial frequency.

Although some systems may be approximated as spatially-invariant, most systems
cannot be accurately modeled as such. The conditions derived in [7] for spatially-
invariant systems were extended to spatially varying systems in [15] using an operator
theoretical approach [16]. The derived conditions are, in general, infinite dimensional.
Unfortunately, unless the system is finite extent or periodic in the spatial variables,
and periodic and finite duration in the temporal variable, which causes the condi-
tions to become finite dimensional, this approach leads to an infinite dimensional
optimization problem. Thus, the problem is computationally involved and hard to
solve.

At this point, the distributed control of spatially varying distributed parameter
systems is inspired by the gain-scheduling control design methodology [36]. The clas-
sical approach to gain scheduling control involves the design of several local linear
controllers based on linearized models of a nonlinear system at several different op-
erating conditions. Then, a global nonlinear controller is obtained by interpolating
the local controller gains. However, stability and performance guarantees can only
be provided for slowly varying parameters [37].

Based on the scaled small gain theorem [12], a systematic gain scheduling design
technique was developed in [32] in the framework of linear parameter varying (LPV)
systems. It was shown that when the parameter dependency of both the plant and
the controller is in linear fractional form, the existence of such a gain scheduling
controller is characterized by a set of LMIs. Therefore the synthesis problem becomes

a convex optimization problem. This control structure is applicable whenever the



measurements of the parameter is available in real-time and the resulting controller
is “scheduled” smoothly by those measurements of the parameter. The same gain-
scheduling synthesis problem was cast in one of robust performance with special
plant-uncertainty structure in [1]. It has since been improved by [35] to reduce the
conservatism associated with full block diagonal scaling.

Motivated by [10] and [15], a distributed gain scheduling control approach was
developed in [44] for distributed systems with temporally and spatially varying pa-
rameters. The new approach is computationally more attractive when compared to
the results of [15]. The localized controller architecture assumes local variations of
parameters only, and facilitates the implementation of a control algorithm in a similar

manner.

1.2 Thesis Objective

Inspired by [10], [44], [45], the main goal of this thesis is to design a distributed pa-
rameter dependent controller using distributed gain scheduling methodology for the
vibration suppression problem of non-uniform flexible structures. In order to achieve
this goal, an accurate distributed model of the system will be obtained. A flexi-
ble cantilever beam with varying thickness is considered as the non-uniform flexible
structure. Although the flexible beam is one of the most common structural problems
studied in the literature, much of the research has been focused on centralized con-
trol of uniform structures. Here we are interested in the development of distributed

controller. The main contributions of this research can be summarized as,

e A non-uniform structure is considered resulting in the presence of spatially
varying parameters.

e A distributed model is developed based on the differential characterization
of the actual system so that the local behavior of the distributed system
is emphasized.

e A distributed parameter-dependent control approach is used to obtain a



controller that has a certain degree of decentralization.
e The advantages of distributed controllers such as reduced computational

cost and increased reliability has been demonstrated.

1.3 Thesis Outline

This thesis is organized in the following outline. Chapter 1 is used to introduce the
research subject of this thesis, that is, distributed control of flexible structures. A
partial list of references has been given to motivate the study.

Chapter 2 introduces the distributed parameter dependent systems framework.
We begin with the preliminary definitions of linear fractional transformations (LFT),
matrix norms, LMIs, and the scaled bounded real lemma, which are extensively used
in the optimal robust control theory. Then following the description of the class of
distributed parameter-dependent systems of interest in section 2.2, the stability and
performance analysis conditions are discussed. The chapter is concluded by stating
the main theory of distributed parameter dependent control synthesis and controller
reconstruction results.

The modeling of a non-uniform flexible cantilever beam is presented in Chapter 3.
This chapter starts with the derivation of the equation of motion of the beam in the
transverse direction. The state-space realization of the distributed model of the non-
uniform flexible beam is obtained through section 3.2 to section 3.4. Finally, the
analysis of the validity of the developed distributed model is provided, where results
of a finite element model are compared to those of the distributed model by the
analysis of modal responses.

In Chapter 4, the distributed parameter-dependent controller synthesis is pre-
sented. The performance of the designed controller is tested with various case studies,
and numerical simulations of these are provided.

Finally, the discussion of the results of the controller synthesis, concluding remarks

and the comments on the related future research are provided in Chapter 5.



Chapter 2

Distributed Parameter Systems

The distributed parameter systems are composed of similar interconnected subsys-
tems, which are autonomous in the sense that they have their own sensing and ac-
tuation capabilities. Even though each subsystem may have simple dynamics and a
similar tractable model, the interaction between the neighboring subsystems leads to
a complex dynamics when viewed as a whole. Consider, for example, a large flexible
structure integrated with an array of sensors and actuators. It may be modeled as a
combination of smaller flexible structures each having a sensor and an actuator, that
are strongly attached to each other.

In this chapter, we would like to describe the class of distributed parameter sys-
tems in which we are interested, and state the stability and performance analysis
conditions. The synthesis conditions for a distributed parameter-dependent controller
will then be defined. However, we shall begin with a preliminary section, to define

some concepts that are frequently used in optimal robust control theory.

2.1 Preliminary

In this section, some useful notations and important theoretical results will be pro-

vided with their proofs omitted.



2.1.1 Linear Fractional Transformations

Linear fractional transformations are matrix functions which have a significant im-
portance in the robust control theory. They provide a framework that generalizes the
transfer functions and their state-space realizations to include uncertainties present
in the system model.

If M is a complex matrix partitioned in the following form,

My, M
M- 11 12
My Moo

then, the linear fractional transformations are defined as,

.;El(M, Al> = M11 + MlgAl(I - MQgAl)ilMgl (21)
Fu(M,Ay) = Moy + My A (I — MllAu)71M12 (2.2)

Obviously, an LFT is well-defined only if the inverses (I — MyyA;)~! and (I —
M1 A,) 7! exist, otherwise it is meaningless. The physical meaning of an LFT becomes
clear when matrix M is taken as a proper transfer matrix of a feedback system.
Hence, M may be the plant to be controlled and A may either be the controller or
the uncertainty present in the system model. F;(M, A,;) is a transformation obtained
from closing the loop using lower input/output channels, which is usually used for the
interconnection of the plant and the controller. Similarly, F, (M, A,) is obtained by
closing the loop with upper channels, and often used for uncertainty. More detailed
information on LET may be found in [13], [48].

When the spatially interconnected systems are considered, LFT framework pos-
sesses another important feature. The interconnection between the subsystems are
included in the uncertainty block structure, that is, the temporal and spatial shift

operations are defined in the upper LFT form. This will be presented in section 2.2.



2.1.2 Signals, Norms and Operators

In any control system design, the main objective is to achieve certain performance
specifications and internal stability. The performance specifications are described in
terms of the size of certain signals of interest. The two popular measures in optimal
control theory are Hs and H., norms.

A Hilbert space is a complete inner product space with the norm induced by its
inner product [19]. A well-known infinite dimensional Hilbert space is £2(jR) space,
which consists of all complex matrix functions F' such that the following integral is

bounded,

/ trace [F*(jw)F(jw)] dw < oo
where, the inner product for this space and induced L5 norm are defined for F, G as,

(F.G) ::%/mtmce[F*(jw)G(jw)]dw, and  |[Flls = /(B F)

—00
H, is a closed subspace of L5(jR) with matrix functions analytic in the open

right half plane. The L5 spaces defined in frequency domain can be related to the Lo

spaces defined in time domain [48]. Then,

Ly(jR) = L3 (—00,00)
HQ = £2 [O, OO)

Similarly, H., is a closed subspace of L., a Banach space of matrix-valued func-
tions that are essentially bounded on (jR), with functions that are analytic and

bounded in the open right-half plane. The H., norm is defined as,
[Flloo := sup o (F(jw))
We will be dealing with signals which are, in general, vector valued functions

having L 4+ 1 independent variables, i.e (¢, sy, - ,sz), where ¢t € RT represents the

10



temporal dimension and s; € Z denotes spatial dimensions. For this type of signal,

the 2-norm is defined by,

W@:ZTE:H-Z:f@mm@ﬁ (2.3)

Y 81=—00 S =—00
Therefore, a transfer matrix G operating on L5 [0, 00) is bounded if the induced
gain ||G||2 satisfies,

Gd
|Gll2 := sup &l < 00 (2.4)
deLadzo ||d]2

2.1.3 Linear Matrix Inequalities

Linear matrix inequalities play an important role in the postmodern control as Lya-
punov and Riccati equations played their part in the modern control theory. In fact,
LMIs are direct byproducts of Lyapunov-based criteria.

The general LMI problem [13] can be formulated as to find whether there exists
X € X such that,

ATXA;—BI'XB;+ XCi+CI'X +D; <0 Vi
where A;, B;, C;, D; are a list of matrices and,
X = {diag [X1, -+, Xg, 211, ,2pl]: X; e R X, = X[ z; € R}

Even though the H., control problem has an analytical solution in terms of Ric-
cati equations [14], which is all it takes to test for existence of adequate controllers,
the LMI approach offers some valuable advantages. First, it is applicable to all plants
without restrictions on infinite or pure-imaginary invariant zeros. Secondly, they
result in a finite dimensional parametrization of all suboptimal H., controllers, in-
cluding the reduced order ones. Finally, finite dimensional LMI problems are convex

optimization problems, which can be solved efficiently with available interior point

algorithms [30], [17].

11



2.1.4 Scaled Bounded Real Lemma

The bounded real lemma, proposed by Khargonekar and Zhou [24], is used in con-
verting the H,, norm constraint of an LTI system into an equivalent linear matrix
inequality condition. For LPV systems with LFT parameter dependency, synthesis
of gain scheduled H, controllers is based on the small gain theorem [12], therefore
a scaled bounded real lemma for continuous time case [1] is provided below. In this

case, the condition becomes only sufficient.

Lemma 2.1.1 Consider an uncertain parameter structure A, the associated set of
positive definite similarity scalings defined by La = {L >0: LA = AL} C R™", and
a square continuous-time transfer function T(s) = D + C(sI — A)"'B. Then the

following statements are equivalent,

1. A is stable and there exist L € L such that

|LY2(D + C(sI — A)7'B)L™Y?|| o < v

2. There exist positive definite solutions X and L € La to the matriz inequality,

ATX+XA XB C7
BTX  —~L DT |<o.
C D —yL7!

The LMI condition presented later in section 2.4 is based on the scaled bounded

real lemma for distributed parameter dependent systems.

2.2 Distributed Parameter Systems

Flexible structures are continuous systems whose dynamics are expressed by partial
differential equations. Their material properties are inherently distributed, therefore,
they are often referred as distributed parameter systems. We are interested in the class

of distributed parameter systems with spatially varying parameters. In this section,

12



the LF'T framework is employed to describe parameter varying distributed parameter
systems.

Consider the distributed parameter system, G, in figure 2.1. Let the signal d €
R™ represent all distributed external inputs including disturbances, sensor noise, and
commands, z € R"™ represent the error signal, y € R™ be the measured variable,
and u € R™ be the control input. Signals p,q € R™ are pseudo input/output
channels for uncertainty. Define the state vector z(s,t) = [z! 2°]" that has both
temporal and spatial components such that, z* € R™ represent the temporal states

and x® € RMtm-rtotmitmor hhe the spatial states.

>

A~

y € < u

Figure 2.1: Distributed parameter system

It is hard to find exact solutions to the partial differential equations for spatially
varying distributed systems. Therefore, approximated solutions are often sought
through spatial discretization [29]. In this regard, the system is discretized in its
spatial variable s = [sq, $9,- - ,sL]T. Then, define the spatial shift operator S; [10]

as,
Six(s,t) :==x(s1, - ,s;+1,-- ,s,t) i=1,--- L (2.5)

In this study, we consider a distributed system with continuous temporal and dis-

crete spatial states. Therefore, differential time operator T is defined in equation (2.6)

13



and will be used for the rest of the study. On the other hand, temporal states can be
discretized as well. In that case, T becomes a temporal shift operator and is defined

in equation (2.7). In other words,

either Txz(s,t) = axé? b (2.6)
or Tx(s, k) :=xz(s,k+1) (2.7)

Then, define w(s,t) = [w* w?]" such that,

w' = Apa'(s,t), Ag:=Tl,,
w® = Agx®(s,t), Ag:=diag(Sily,, Sl_llm_l, o, Splm,, Szllm_L)

The state-space realization of the system G, which is indeed a group of subsystems,

above takes the following form:

w' At A | BY Bt B} xt
w® A A | By B} Bj 2
q(s,t) | = | G5 C§ | Do Do Do p(s;t) (2.8)
e(s,t) Ct C% | Dy D1 Dy d(s,t)
] y(s,t) | I C:t C5 | Dy Doy Doy 11 u(s,t) |
zt ] [ A w'
x® = Ag' w*® (2.9)
| p(s,t) I ‘ A(s) q(s,t)

The integer variable s is indexed over all subsystems. The state space data is
in linear fractional dependency [31] of the structured parameter A. Parameter o
describes the spatial variation of the distributed system and it is uniquely determined

for any given variable s. A obeys the following structure,
A={A=diag {611, -+, 0,05,} : 6;:N—-R,|§<1i=1,--,g}
For notational convenience in the rest of the presentation, following shorthand

14



matrices are defined,

Att Ats
Ast Ass

A=

C(]:[Cé CS] C =

0:

o o] a=la o]

2.3 System Interconnection

] , (2.10)

(2.11)

Given the distributed parameter system G with all the weighting functions included,

we would like to find a controller K which produces control signals u based on the

measurement signals y such that the interconnection M = F;(G, K) is well-posed

and the closed loop system M is exponentially stable and the induced £, norm from

inputs d to outputs e is minimized.

We are interested in the distributed parameter-dependent controller K that has

the same structure as the distributed plant G. In other words, the controller K also

depends on the structured parameter A in linear fractional form. Thus, state-space

realization of the controller is given by,

At Ar| By, B, | 2t
Azt Ass Bg,k Bik 3
Cox Cix | Dok Do pi(s, 1)
i Cir Cir| Dwx D y(s,t)
| AT wt
Agl w}
AG) | [ ast)

(2.12)

(2.13)

where x), = [z}, xZ]T € R™, pr,q. € R™r. The implementation of the distributed

control is shown in figure 2.2, where G4 represents subsystem s, and it is controlled

by K.
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< < — -~ < l——

Figure 2.2: Distributed control architecture

If each controller K has only the local information y,, us and no interaction with
its neighbors, then we have a completely decentralized control. Implementation of
completely decentralized controllers is easier because only the local information needs
to be processed. However, no computationally tractable algorithms exist for the de-
sign of the completely decentralized controllers with performance and stability guar-
antees. Therefore, in our distributed control approach, the interaction between the
neighboring controllers exists, which leads us somewhere in between a completely

decentralized and completely centralized control.
Define the controller K = { Ay, By, Cy, Dy} as,

[ At ts t t
A, — Ak Ay B, — BO,k Bi
k Ast Ass k Bs B
L % k ok Pik
Ve
Co — Cox Cox D Door. Doy
k — t s 9 k —
L Cry CFy Doy Diig

Then, the closed-loop system M = F;(G, K) shown in figure 2.3 can be written as,

t t
Wy Ly
s Acl ‘ BO,cl Bl,cl s
Wy L
——| = | Coe | Dooer Dot VN (2. 14)
Ge(5,1) pa(s,t)
Cl,cl DlO,cl Dll,cl
z(s,t) d(s,t)
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q p
z ——— G <« d
y
u
K
% B
> A

Figure 2.3: Closed-loop LFT Framework

C i}
Ty B 1 wy,
S J— AS S
Tel = w? (2.15)
(s,1) A (5,%)

cl\ S, I\ S,

Dei A(s) qcl

T T T
Where,xcl:[xt xh s xz] ,pch[p pk] 7QCl:|:q Qk] ; and

tt ts t t
Acl Acl BO,cl Bl,cl
Acl BO,cl Bl,cl

st ss s s
Acl Acl BO cl Bl cl
CO,CZ DOO,CZ DOl,cl

t
007
Cl,cl DlO,cl Dll,cl

a Coa | Dovea Dora

t
ta Cia | Diwa Dira

Clearly, the temporal and spatial state variables need to be grouped together.
Therefore, a permutation matrix P is needed to convert the closed loop state-space

data into the standard system definition. So, define,

Pt 0 PO
0 P 0 P

P =

17



where P*, P*, Pl and P} are permutation matrices compatible with associated tem-
poral and spatial dimensions of the plant and the controller. Thus, the closed-loop

system (2.14)-(2.15) can be related to the plant and controller data as,

Ag = PALPT, (2.16)
|:BO,cl Bl,cl_ :P|:B_0,Cl Bl,cl] (217)
Cou| [Coe
o I e = (2.18)
Cl,cl_ _Cl,cl
Dot Dora|  [Dooer Do
[ 00,cl otel | 700,l 701, z] (2.19)
DlO,cl Dll,cl_ _Dlo,cl Dll,cl
where,
A 0| By 0| By
-'AT-cl BOcl Bl,cl 0 0 0 0 0
Coc | Dooet Dot | = | Co 0| Doy 0| Dy
él,cl DlOcl Dll,cl 0 0 0 0 0
Cl 0 D10 0 DH
0| B, 0
Il o0 o 0 1] 0 0] o0
— A B
+ 0 D02 0 CQ 0 DQO 0 Dgl
C. D
oL 0 I 0 0] 0 I| O
0|Da O

2.4 Stability and Performance Analysis

In this section, the stability and performance conditions of the closed-loop distributed

system M are presented in the form of linear matrix inequalities.
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First, we define the block diagonal matrix set X and scaling matrix set D as,

X={X=diag{X" X*}: X'=X">0, X=X} (2.20)
D:={D =diag{D",--- ,D*}: D= D" >0} (2.21)

Yet, another matrix transformation is needed before the stability and performance

conditions can be tested. All theorems presented in this chapter have been derived

for distributed systems that are continuous both in temporal and spatial dimensions.

Since the system M is discretized in spatial dimension, a bilinear transformation is

required to obtain its continuous counterpart.

So, let H = diag {[mo,cm Loy s Iy s 5 L Imeycl}, then, the transformation

9 SML el

in spatial dimension can be obtained by

=L T ez
w? V2H T x5

Now, the continuous system’s state-space realization under such transformation

is given by,

Ass
cl

A st s s
Acl BO,cl Bl,cl]
Ats T
Acl
s
0,cl
s
1,cl ]
Att Dt ot
Acl BO,cl Bl,cl
o ~ ~
O()’cl DOO,cl D[)l,cl
~ ~ ~
Cl,cl DlO,cl Dll,cl_

= H (A7 - D5+ D (223)
SS -1 S S S
= V2H (A5 + 1) |:Aclt By Bia (2.24)
Ag
=V2 |Cs,| (A5 + D)7 (2.25)
f,cl
AY Bia Big A
Ss -1 K] S S
= Cé,cl Doot Dot | — Cg,cl ( cl +I) Ac; Bovcl Bl’d]
C{,cl DlO,cl Dll,cl is,cl

(2.26)

The stability condition of the distributed system can now be stated by in the

following theorem [44].
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Theorem 1 The distributed parameter-dependent system (2.14)-(2.15) is exponen-
tially stable if there exists a symmetric matriz X4 € X and a scaling matriz L. € D,

such that

0 Xy [ oo
I -:45 0 ~ngcl ] Xa 0 Aa Bo “0
0 Bl,|1 DL, . “Lg 0 0 I

i 0 La || Coet Doo,u |

Proof of theorem 1 can be found in [44]. A distributed Lyapunov function is used
to ensure the stability. However, apart from the standard Lyapunov stability result
for a single system, only the first block X7, of variable X, is required to be strictly
positive in order to guarantee the stability of the distributed system.

Similarly, the performance of the distributed parameter-dependent system can be
determined with the results provided by the next theorem. The proof of this theorem

can also be found in [44].

Theorem 2 The distributed parameter-dependent system (2.14)-(2.15) is exponen-
tially stable and has ||z||2 < v||d||2 for all admissible uncertainties A if there exists a

symmetric matriz Xy € X and a scaling matrixz L, € D, such that

0 Xy 17 1 o 0 ]
0 0 - . -
T Xcl 0 Acl BO,cl Bl,cl
*
— —Lyg 0 0 1 0
* 0 - . - <0
7 0 Lcl CO,cl DOO cl DOl,cl
*
. NI 0 0 0 I
L 0 %I 1 L C~1,cl DIO cl Dll,cl
(2.27)

Therefore, the stability and performance analysis conditions stated in theorem 1

and theorem 2, as well as the controller synthesis condition which will be stated
shortly, can be obtained for both continuous and discrete systems in their corre-

sponding forms through an appropriate bilinear transformation. Thus, this provides
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us a simple way to derive LMI solutions from one system representation form to

another.

2.5 Controller Synthesis

Consider the open-loop distributed parameter-dependent system G of (2.8)-(2.9).
The control design objective is to minimize the induced £, norm from d to z, where
the signal’s 2-norm is defined in equation (2.3). Therefore in mathematical terms, we
seek the distributed parameter-dependent controller (2.12)-(2.13) to minimize 7 such
that

I2]l2 < 7lldll2
The main assumptions on the plant description are,
(A1) (A, By, Cy) is stabilizable and detectable by a distributed controller,
(A2) Dy =0

The first assumption guarantees the existence of a stabilizing distributed output-
feedback controller. Assumption (A2) can be relaxed by redefining the output variable
[43].

Although theorem 2 provides us with the results to determine stability and the
performance level of a distributed parameter-dependent system, it cannot be used for
the design of a stabilizing controller K. Equation (2.27) is an LMI in terms of the

decision variable X. However, the LMI must be partitioned compatibly to plant and

. X M
. X, = .
M *

This time, the bilinear transformation is required for the open-loop system data.

controller states n and n; such that,

Y N

Xcl:
NT %
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A% = H (A% — 1) (A® + )", (2.28)

(A By By]=voH(a*+ 1[4 By B (2.29)
A\ts- Ats
Csl=v2|cs| A=+ D)7 (2.30)
C; | C;
A" Bb B A" Bb B
a(t) 1300 1301 = C'(t) Doy Doy
C! Dy 1511_ Ci Dy Du
Ats
—|cs| A+ D) [Ast B Bf] (2.31)
Ct

For the simplicity of the theorem, group the matrices such that,

A\tt A\ts
A\st A\ss

B
B;
G=|c ] a=[a &l a=[a &)

Dt
By
AS
Bj

A~ A~

i- _ -

The alternative version of theorem 2 that leads to the solution of the output-

feedback control synthesis problem is expressed in the following theorem.

Theorem 3 Given the compact set A, a performance level v > 0, and the open-
loop distributed parameter-dependent system G, there exists a distributed parameter
dependent controller K in the form of (2.12)-(2.13) which renders the closed- loop
system exponentially stable and ||z||s < v||d||2 provided that there exist block-diagonal

matrices X,Y € X and scaling matrices L, J, which are commutable with A, such
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that

[0 X 1[-A7 —¢r —Cr ]
0 0
T 0 I 0 0
* PN P
— L 0 _BI' DT _DT
NE| « 0 0 0 o0 YNy >0
— 0 L 0 I 0
* PN PN
0 0 —21 0 -BI -Df, -Df,
I 0 I || o© 0 I
(2.32)
[0 v 1T1 o o]
0 0 PPN
T Y 0 A BO Bl
*
— —J 0 0o I 0
Ny | o« 0 0 M <0 (233
— 0o J Co Doo Dy
*
—~T 0 o 0 I
0 0 7 1 L
i 0 ir J[& Dy Dy |
vt T ]
P >0 (2.34)
L I]
[1 J >0 (2.35)

where
NX = Ker [B\g ﬁg; ﬁg} s Ny = Ker é\g 620 ﬁgl

Theorem 3 is a generalization of LFT-type linear parameter varying control ap-
proach [32] to spatially varying distributed systems. Synthesis conditions are in the
form of LMIs, which are convex optimization problems. They can be solved efficiently
using interior-point optimization algorithms [17], [30].

X,Y,L and J are calculated as a result of the solution of inequalities (2.32)-

(2.35). Then, the distributed parameter-dependent controller can be reconstructed

by following the given steps [43], [44], [46]:

23



e /— XY must be non-singular so perturb X and Y accordingly, if necessary.

Let MNT =] — XY and reconstruct X, such that

Y

Xcl =
NT

N
~M'XN

e Next, compute the matrices F and G, which are defined by,

— -1

1L 0] [De S U
F:=—||DL DI - By X'+ |DL, DT
[oa o) ;1| o] |+l ol |
[ . _+[L o] [DF JUEE N
- _ -15T 20
o= v+ [8 8] [O ﬂ] [D ] [[Dm 5. [ O
e Compute the state-space matrices of the controller
Ak:—Nfl{.zzl\T—i-Y[.;l\—l-B\zf—i-ng]X
PO L 0] [BY
+V |[By B +9|Du Du] ol |ar
L= o] [[c D
o al o] [20] 5] Vg
0 1] ||G D1y
B, =N"'YG
Cp =FXM "
Dy =0

L 0

0 Lir
v

0
i1
5

(2.36)

(2.37)
(2.38)
(2.39)

|

nNT
Dy

nNT
Ds,

Co
Cy

|

It should be noted that the controller data computed from equation (2.36)-(2.39)

has continuous temporal and spatial states. Therefore, it should be converted to its

continuous temporal, discrete spatial form before it is implemented.

24



Chapter 3

Modeling of Flexible Structure

In this chapter, the dynamic model of a non-uniform flexible structure is developed.
A cantilever beam with a variable thickness is considered as the non-uniform flexible
structure. Although analyzing the dynamics of the flexible beam is a well known
problem, often the modal approach is used in modeling. Such an approach is not
suitable for non-uniform beam due to the lack of analytical solution. On the other
end, our interest is in model-based control. Therefore, a distributed state-space model
of the non-uniform flexible beam is developed directly using the partial differential
equation that governs the beam’s motion in transverse direction.

We will start with the derivation of the equation of motion of the non-uniform
beam in transverse direction. Next, the modeling of the parameter variations is
presented. In section 3.3, the resulting equation is discretized in the spatial dimension,
which leads to the distributed state-space model described in section 3.4. Finally, the
chapter will be concluded with the modal analysis and verification of the developed

distributed model.

3.1 Equation of Motion

In this section, mathematical model of the transverse motion of a non-uniform flexible

cantilever beam is derived. Consider the beam shown in figure 3.1. It is fixed from
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one end to a solid base, and the other end is free to move in the transverse direction.
Let v(x,t) represent the transverse displacement, f(z,t) be the distributed external
forces including both the control forces u(z,t), and the disturbance forces d(x,t). It
is assumed that the displacement can be measured and control forces can be applied
at prespecified locations by distributed sensors and actuators placed on the surface
of the beam. However, the dynamics of the beam is assumed to remain unchanged,

despite the presence of these sensors and actuators.

yd

f (x,0)0

X

Figure 3.1: Non-uniform flexible cantilever beam

The dynamic equation of the beam can be derived by means of the extended
Hamilton’s principle as in [29]. It is assumed that the kinetic energy is due to the
vertical translation alone, neglecting the shear deformation and rotary inertia. This
is a valid assumption for long, thin flexible beams under static deflections [33]. It
is shown in [40] that these terms can also be neglected for the frequencies much
lower than the shear mode cutoff frequency in the dynamic response. The mechanical
properties of the beam studied here are taken from [47], and its shear mode cutoff
frequency was calculated there as w, = 12.5 x 10°rad/sec. It was also shown that
shear deformation and rotary inertia can be ignored. Hence, Bernoulli-Euler beam

theory can be used to model the dynamic response of the beam.
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The partial differential equation of the transverse motion of the non-uniform flex-
ible beam is then expressed in undamped Bernoulli-Euler form as:
2 2 2
gz |E1@ T35 | - S o] = o) 3.1)
where p(x) is the mass per unit length and E1(x) is the flexural rigidity of the beam.
E is the Young’s modulus and I(z) is the area moment of inertia about z-axis.
For the cantilever beam case, the displacement and slope must be zero at the
fixed end, and the shear force and bending moment must be zero at the free end.
Therefore, in mathematical terms these imply the following boundary conditions for

equation (3.1):

v, t) =0 x=0 (3.2)

avg;;, D0 w=o (3.3)

% (EI(@%) =0 x=1L (3.4)
El(x)% —0 2=1L (3.5)

It is assumed that the thickness of the beam changes linearly with  and the beam
has a maximum thickness of ¢, at the fixed end. Next, we define the thickness ratio
¢ as the ratio of the thickness of the beam at the fixed end to thickness at the free

one,

Uy
Ccp = —
i t

Thickness of the beam at any cross-section t.(z) is then formulated as:

T

@) =t (1= (1= )7 (3.6)

The change in the thickness results in the spatial dependence of the parameters
p(x) and I(z) to the variable x, which is the distance measured from the fixed end.

Assuming the beam has a rectangular cross-section these are expressed in the form:

p(x) = pywpty <1 —(1—- cﬁ%) (3.7)
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I(z) = %wbtf (1-a-e)?) (3.8)

where p, is the mass density, wp, is the width and L is the length of the beam.
The flexible beam used in this study is made of aluminum and its mechanical and

geometric properties are given in table 3.1.

Table 3.1: Non-uniform flexible beam parameters

Description Value | Units
Length, L 508.0 mm
Max. thickness, t, 0.8 mm
Thickness ratio, ¢ 0.75 -
Width, w, 25.4 mm
Mass density, p, 2710.0 | kg.m™3
Young’s modulus, £ | 72.0x10° Pa

Substituting equations (3.7) and (3.8) into (3.1), taking the partial derivatives,
simplifying and rearranging the terms, the partial differential equation of motion of

the non-uniform flexible beam now becomes,

Pv(z,t) Bty [(1—¢)?0%v(z,t) (1—c) z\ Pv(z,t)
N [ 212 022 2L (1_(1_Ct)f> 0z

ot Po
1 z\2 0% (z, 1) d(z,t) + u(x,t)
+E (1 — (1 - Ct)Z) O :| + oo sts (1 _ (1 — Ct)%) (39)

3.2 Modeling the Structured Uncertainty

As mentioned in the previous chapter, the parameter dependence on the spatial vari-
able x can be treated as parametric uncertainty. Let 0 be the uncertain parameter

defined as follows,

=2~ 1 (3.10)



therefore |§] <1 for all € [0, L]. Thus, equation (3.9) becomes

Ov(z,t) Bty [(1—¢)?0%v(z,t) (1—c) OPv(z,t)
ot p, 212 o2~ ap U ra-(-a)) o
1 o OMv(x,t) 2(d(z,t) + u(z,t))
+4—8 (1 +c — (1 — Ct)(S) 9l pvwbtb (1 Yoo (1 — Ct)é) (311)

We would like to describe the spatial dependence of the parameters on z in a
linear fractional form. The LFT structure can be obtained by a simple manipulation,
which is often referred as ’pulling out the 6°s’ [48]. First, a simple block diagram of
equation (3.11) is drawn. Then, pseudo inputs and outputs p;,q; are introduced for

each ¢ and all the uncertainties are removed from the diagram.

d((x,t)
2
- %)
Py Wy 1 + u (x,1)
0%v(x,1) +
or’ 8
E.t (-7 2*v(x,1)
Py 212 ox’

l-¢ *v(x,1)
4L P

0*v(x,1)

ox*

Figure 3.2: Block diagram representation of equation (3.11)

In this non-uniform flexible beam problem, there are four inputs p = [py, pa, p3, pa) "
and four outputs ¢ = [ql,qg,q3,q4]T associated with the uncertainty block A =

diag (8,6,0,0) as shown in figure 3.2. The signal relation between p; and ¢; can

be easily determined as,
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1—Ct

Q= Tctd(x,t) +ir o (3.12)

@ = i —ule,t) + 1 J_r sz (3.13)

43 = % (3.14)
4 3

= 118@8 giv:i 2 - 14_;a ggcx?’ 2 - 1;8% ° (3.15)

3.3 Spatial Discretization

Structural elements like beams are continuous systems, and the exact solutions to the
partial differential equations of their motion cannot be found except for some special
cases. Hence, approximate solutions are often sought through spatial discretization.
In this study, partial derivatives in spatial dimension are approximated with the
central finite difference scheme, using N grid points separated by a length of h on
the beam. Therefore, continuous flexible beam is discretized into (N — 1) subsystems
(i.e. L = (N —1)h). However, in the spatial discretization, while the number of grids
may vary, the locations of the displacement measurements and of the applied control

forces are kept fixed.

Pv(z,t) _Et% (1—¢)?

(v(x — h,t) — 2v(x,t) +v(z + h,t))

o p, 2L2h?
(1—c)
~ TSI (—v(x — 2h,t) + 2v(x — h,t) — 2v(z + h,t) + v(z + 2h, 1))
1 2
—l—% (v(z —2h,t) — dv(z — h,t) + 6v(z,t) — 4v(z + h,t)
2(1 — Ct) Etz(l — Ct) (]_ + Ct)
2h,t —_—
B T ey R o
2
+ —— (d(x,t) + u(x,t 3.16
oy (D) + ue 1) (3.16)

Next, the temporal differential operator T, and spatial shift operator S defined

in section 2.2 are substituted into equation (3.16). The equation of motion of the
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non-uniform flexible beam takes its final form to be used in state-space model by
replacing the continuous spatial variable = with its discrete counterpart s,
Et% (1 — Ct)Q
Po | 2L2h?
(1+ ¢)? 2(1 — ¢
48h4 powpty(1 + ¢) (p1+ )
Et(1 —¢) ((1 + ) ) 2(d(s,t) 4+ u(s,t))
+ + + 3.17
Do 4y P pPowply(1 + ¢) (3.17)

)
(S'+8-2) - d-a) (-S> +287'-28+8%)

2 —
T v(s,t) = e

(S72—4S7'—4S+S%+ 6)} v(s,t) +

Finite difference approximation of the spatial derivatives are also applied to the
boundary conditions at both ends. They will be used in the MATLAB simulation
code.

At the fixed end,

v(x,t)|zm0=0 = v(s,t)=0, s=1

ov(z,t)
Ox

=0 = wv(s—Lt)=v(s+1,t), s=1
=0

At the free end,

2
EI(:I;)W =0 = w(s+1,t)=2v(s,t)—v(s—1,t), s=N
=L
0 0*v(z,t) B B
p (EI(SC)T> y =0 = wu(s+2,t)=4v(s,t) —4v(s—1,t)

+o(s—2,t), s=N

3.4 State-Space Model

The state-space formulation of the non-uniform flexible beam in the form of (2.8)-
(2.9) will be described in this section. The displacement and velocity of each node
are chosen as the temporal states x! for each subsystem. The interconnection be-

tween each subsystem is captured by the spatial states x*, which are defined as the
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displacements of the neighboring nodes. In this regard,

S—2v(s,t)
o v(s, t) o S~tu(s,t) (3.18)
To(s,t) | S%v(s, t) '
| Sw(s,t) |

The external inputs to the system are noise n(s,t) in the displacement measure-
ments, distributed disturbance forces d(s, t) and the distributed actuator forces u(s, t).
Next, the system outputs are defined as the error signals z(s, t) and displacement mea-
surements (s, t). The error signals are chosen to penalize the control input as z; (s, t)
and the node displacement as z5(s, t).

Then, state-space formulation of the distributed model of the non-uniform flexible

beam becomes,

K [ s L e
w'  w® 21 2 = bt xd n d u 3.19
q 21 Z2 Y c D p
where
—T*1[2 -
2t wt
S,
s = ws
S (51
s, t
p 51, q
and
0 1/l0 0o 0 o0 ] 0 0 0 010 0|0 ]
a1 0| ags ags ags ag ba1 Do 523 bas | O b26 b27
0O 00 1 0 0 O 0 O 010 01O
A: , B:
1 0|0 0 0 0 O 0 O 010 01O
0O 00 0 0 1 O 0 O 010 010
| 1 0] 0 0 0 0 ] 0 0 0 01]0 0|0 |
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(000 0 0 0 0| [(dy 0 0 0|0 dg| 0
0O 0 0 0 0 O 0 dyy O 0|0 O |doy
C31 0 C33 C34 C35 C3g 0 0 0 00 0 0
C = Cq41 0 Cq43 Cq4 C45 Cyp y D= 0 0 d43 00 0 0
O 0 0 0 0 O 0O O O 0j0 0]1
1 0 0 0 0 0 O O O 0j0 01O
1 0 0 0 0 0 | 0 0 0 0|1 00
where non-zero coefficients are defined by:
Etz (1 — Ct)2 (1 + Ct)2
= o\ T sne
B ((1-¢) (1+a)?
“= "%, ( B ond
_ E 1—c)? (1-=c8) (1+c¢)?
=5 (‘ R orm T ond
o — Bt ((1-¢) (1+a)
7 8p, \ Lh? 6h*
FtZ (1—¢)* (1-¢c) (1+aq)?
426 = = a2 T 3 4
20, L?%h 2Lh 6h
2(1 — Ct)
boy = by = ————F—
21 22 powply(1 + ¢4)
b Et}(1—c?)
23 = 130,
Et%(l — Ct)
by = ——=
Do
2
boyg = byy = —————
26 27 powply(1 + ¢;)
6 1 4
C31 = ﬁ C33 = C35 = ﬁ 0342036:_ﬁ
P (1 + Ct)
Y
Crn — (1 + Ct> (1 — Ct)
VTV E
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s — (+a) (Q-c)
12h* 4Lh3
s (I+c) (I-—c)
48h* 8Lh3
1+c) (1-¢)

€6 = T oA AL
dyy = dop = 8 - Z;
1
dig = dy7 = 0T )
dy = -0

3.5 Modal Analysis and Beam Model Validation

So far, the state-space formulation of the non-uniform flexible beam has been devel-
oped based on the governing partial differential equation of motion. Before proceeding
further with the controller design, validity of the developed distributed model will be
discussed in this section.

Note that the developed model is only an approximation of the dynamics of the
actual system because of the spatial discretization. It is necessary to know how many
grid points are sufficient in order to capture the beam dynamics accurately. Therefore,
a comparison study between the exact solution and the developed distributed model
is needed.

Unfortunately, the exact solution to the equation of motion of a non-uniform
flexible beam is not available. Then, another approximate solution, which is known
to give an accurate description of the actual system, must be used for comparison
purposes. Therefore, a finite element model of the non-uniform beam will be compared
with the distributed model.

Now, the question is, how does one conclude that the FEM actually represents
the dynamics of the non-uniform flexible beam? In order to verify the FEM, one can

analyze the modes of the uniform beam problem through modal analysis approach.
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Uniform Beam Case

First, a uniform flexible cantilever beam is considered. Various finite element models
were built in ANSYS using different number of 2D rectangular elements, and the first
five natural frequencies with their corresponding mode shapes were extracted. The
resulting natural frequencies are given in table 3.2 along with the exact ones [23]. It
is clearly seen that as the number of elements in FEM increases, the approximated

natural frequencies converges to the actual ones, from above.

Table 3.2: First five natural frequencies of a uniform flexible beam

Method wy (rad/s) | we (rad/s) | ws (rad/s) | wy (rad/s) | ws (rad/s)

FEM, 100-Element 16.443 101.914 284.997 5H8.648 924.205
FEM, 500-Element 16.443 101.890 284.804 557.887 922.094
FEM, 1000-Element 16.443 101.889 284.798 557.863 922.028
FEM, 5000-Element 16.441 101.889 284.796 557.856 922.007
Analytical 16.218 101.638 284.589 257.682 922.075

In the distributed model case, by concatenating the distributed model into a single
lumped model, one can calculate the natural frequencies of the given uniform beam.
If the subsystems are modeled correctly, those should also converge to the exact values
qradually. This will be demonstrated from the simulation plots later on.

The free response of the uniform beam is used for modal analysis. Three sets of
initial conditions are selected such that each condition will separately excite one of
the first three modes of the beam. In each case, the maximum tip deflection was
normalized to 0.01m. All simulations were obtained using MATLAB. Figure 3.3 is
the plot showing the beam vibrating in its first mode. The response based on the
distributed model closely follows the analytical solution. On the other hand, finite
element prediction has slightly higher frequency although the amplitude is accurate.
Responses to the second and third mode excitations are plotted in figure 3.4 and
figure 3.5, respectively. Again, the distributed model simulation has a good match

in frequency with the analytical solution, however, its predicted deflection is slightly
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larger. It is observed that as the number of nodes along the beam length increases,
the amount of this error decreases and finally converges to the analytical solution. It
is also seen that the second and third mode responses from finite element model is

inferior to the distributed model solutions even for large number of finite elements

are used.
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Figure 3.3: Deflection of the free end of the uniform beam, 15 mode excited

Another set of initial conditions is tested to get a combined mode response of the
uniform beam. In this study, it is assumed that the uniform beam is initially deflected
by a point force applied at the free end to give a tip deflection of 0.01m. The response
of the flexible beam to this set of initial conditions is plotted in figure 3.6. Again,
both approximate solutions are very close to the analytical solution.

As a result, it can be concluded that, a 5000-element finite element model is an
adequate description of the actual dynamics of the flexible cantilever beam. In addi-

tion, it is observed that the distributed model also approximates the behavior of the
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Figure 3.4: Deflection of the free end of the uniform beam, 2"* mode excited

uniform flexible beam accurately while using considerably less number of states. Fur-
thermore, finite element model and distributed model converge to the actual system
from opposite sides, i.e., finite element model always predicts the frequency of vibra-
tion slightly higher while the frequency of the distributed model is slightly smaller

than the actual one.

Non-uniform Beam Case

In the case of the non-uniform beam, however, the finite element model is assumed to
be the true model of the dynamic response of the beam due to the lack of the analytical
solution. Results of the previous analysis on the uniform beam indicates that this
is a reasonable assumption. Therefore, a finite element model composed of 5000 2D
quadrilateral elements was built in ANSYS. Similar to the uniform beam analysis,
the first five natural frequencies and associated mode shapes were extracted. The

resulting natural frequencies of the given non-uniform beam are shown in table 3.3.
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Figure 3.5: Deflection of the free end of the uniform beam, 3" mode excited

The effect of the non-uniformity of the thickness on the beam dynamics can be seen

with the change in the natural frequencies, although the thickness variation is very

small.

Table 3.3: First five natural frequencies of a non-uniform flexible beam

Method wy (rad/s) | we (rad/s) | ws (rad/s) | wy (rad/s) | ws (rad/s)
FEM, 100-Element 17.015 93.736 253.054 491.320 809.568
FEM, 500-Element 17.015 93.714 252.886 490.658 807.733
FEM, 1000-Element 17.015 93.714 252.880 490.637 807.676
FEM, 5000-Element 17.015 93.714 252.879 490.630 807.658

Time domain simulations of the free response of the non-uniform beam to four

other sets of initial conditions are presented below. The first three of these sets excite

one mode of vibration only, and the fourth one is the same set that was used in the
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Figure 3.6: Deflection of the free end of the uniform beam, combined modes excited

combined mode response of the uniform beam. Figures 3.7, 3.8 and 3.9 are the plots
of the deflection of the free end of the non-uniform beam vibrating in its first, second
and third mode of vibration, respectively. From these three figures, it is clearly seen
that a 51-node distributed model matches with the finite element model quite well
both in terms of frequency and amplitude. Moreover, from the results of the uniform
beam analysis, it can be concluded that the actual response of the non-uniform beam
would lie in between the distributed model curve and the finite element model curve.

The response to the combined mode excitation is shown in figure 3.10. Distributed
models with five different number of nodes are plotted. It is observed that the response
of any distributed model over 30 nodes is very close to the response of the finite
element model. As a result, it can be concluded that a 31-node distributed model is

sufficiently accurate to approximate the dynamics of the non-uniform flexible beam.
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Figure 3.7: Deflection of the free end of the non-uniform beam, 1% mode excited
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Figure 3.8: Deflection of the free end of the non-uniform beam, 2" mode excited
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Figure 3.9: Deflection of the free end of the non-uniform beam, 3"¢ mode excited
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Figure 3.10: Deflection of the free end of the non-uniform beam, combined modes
excited
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Chapter 4

Controller Design and Numerical

Simulations

The distributed state-space model of the non-uniform flexible cantilever beam was
developed in the previous chapter. Using this model and the distributed parameter-
dependent control design approach introduced in section 2.5, we now focus on the
design of a controller for the given flexible structure.

First, the open-loop system will be redefined with the introduction of the weighting
functions, and their effects on the controller synthesis will be discussed. Next, the
results of the controller synthesis will be presented. The chapter will be concluded
with the numerical time domain simulations of the closed-loop system in order to

observe the performance of the distributed parameter-dependent controller.

4.1 Weighting Function Specification

Weighting functions are an essential part of any control design, especially in the
optimal control theory. They are used to reflect the design objectives and knowledge
on the characteristics of sensor noise or disturbances. For instance, the frequency
content of the sensor noise or the disturbances may be captured. Moreover, certain
closed-loop transfer functions may be shaped according to the design requirements,

and restrictions on the control or actuator signals may be implied. So it is clear that
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choosing the appropriate weighting functions is a very important step in the controller
design process.

On the other hand, selection of the most appropriate weighting functions is not as
trivial as it may seem. It is very difficult to express a general formula for the weights
to be used. Usually, it involves many iterations until the best compromise between
the conflicting objectives is achieved.

In this particular non-uniform flexible beam problem, four weighting functions,
namely Wy, Wy, W3 and Wy, were used to penalize the control effort z;, disturbance
d, node displacement 25 and sensor noise n, respectively. A block diagram of the
open-loop system (3.19) with the inclusion of the weighting functions is shown in
figure 4.1.

Let G represent the system (3.19) partitioned to its individual transfer matrices

as,

q p

z n
=a (4.1)

z9 d

Y u

then, the weighted open-loop system Gw in figure 4.1 becomes,
_ . - _ L -
4% %%
Gw = ' G ! (4.2)
Wg W2
I I

where individual single-input single-output weighting functions are defined with the
following transfer functions. Note that below the variable s stands for the Laplace
variable and it should not be confused with the spatial independent variable s which

is used to index the subsystems of the distributed model.

55 + 1
Wy = 002222 W, = 0.001
s+ 2
s+ 2
_ st — 0.001
Wom o Wa=0.00
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Figure 4.1: Weighted open-loop system for controller synthesis

4.2 Controller Synthesis

The Multidimensional System Toolboz (or MD Toolbox) [8] developed for MATLAB
5.x was used for the synthesis of the distributed parameter-dependent controller for
the non-uniform flexible beam. It was specifically designed for constructing models,
control design and analysis of uncertain and spatially distributed systems. However,
most functions were designed for spatially invariant distributed systems. Therefore,
some modifications were needed in order to cope with the parameter-dependent nature
of the non-uniform flexible beam problem.

It is assumed that 10 actuators and 10 sensors are uniformly placed at the pre-
specified locations on the beam. Therefore, an 11-node distributed model was used
for the synthesis of the controller.

One of the goals of this study is to evaluate the effect of the beam parameter
variation on the performance of the designed controller. For this reason, controller
synthesis was performed for various thickness ratios, including ¢; = 1 for the uniform

beam case, using the same weighted system Gw. The resulting performance values,
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v, are given in table 4.1.

Table 4.1: Weighted performance for various uncertainty level

Thickness | Upper Bound | CPU Time
ratio, ¢ to £, gain, v [sec.]
1.00 27.094 10.085
0.99 27.211 4.957
0.90 28.379 4.617
0.75 30.444 6.139
0.50 34.328 4.847
0.25 38.924 4.647

Recall that the uncertainty is directly related to the parameter variation, or change

in thickness ratio. It is then clear from the table that as the thickness ratio decreases

(i.e. the uncertainty increases), the performance level quantified by Lo gain ~ de-

creases.

As a result of the control design, the following state-space realization (in the

form of equation (2.12)) of a distributed parameter-dependent controller K for the

non-uniform flexible beam with a thickness ratio of ¢; = 0.75 is obtained.
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L= | 2728102 2315 x 102 2.599 x 101 3.570 x 10° |

[ 0 2.789 x 10* 0 4.044 x 100 —1.124 x 10* ]
0 1.429 x 10 0 0 0
D= | 0 —8834x 10% 1.296 x 10!  1.281 x 10! 3.560 x 10*
0 0 0 0 0
0 0 0 —7.841 x 101 —2.179 x 10!

Now, the advantages of the LFT framework, with which the spatial parameter
variations of the non-uniform flexible beam was modeled, becomes obvious. Param-
eter ¢ is uniquely defined for each node, therefore, the individual controller gains
can easily be computed with the lower LFT interconnection of K and A. In other
words, by designing a single parameter-dependent controller, a desired number of lo-
cal controllers can be obtained depending on the level of spatial discretization. For
this particular non-uniform flexible beam problem, the grid used in the controller

synthesis was 11.

4.3 Numerical Simulations

Having designed the distributed parameter-dependent controller, the closed-loop sys-

tem M can now be obtained by,

The results of the modal analysis in section 3.5 showed that an 11-node distributed
model cannot be used to approximate the dynamics of the flexible beam accurately.
However, a 31-node plant model can serve as a very good approximation. Therefore,
each subsystem that has actuation and sensing capabilities is divided into three other
subsystems leading to the control architecture shown in figure 4.2 below.

In this section, the time domain simulations of the closed-loop system are provided
for four different cases. All the simulations were performed using MATLAB MD

Toolbox functions, and the code is provided in the appendix.
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Figure 4.2: Modified distributed control architecture

Case 1:

To begin with, it was assumed that the non-uniform flexible beam was initially de-
flected by a point load applied at the free end to cause a tip deflection of 0.01m.
Then, the force was assumed to be removed instantly at t = Osec, releasing the beam
from rest. At this point no disturbance forces were acting on the beam, neither did
there exist any sensor noise.

The plot of the open-loop response has already been given in figure 3.10. Fig-
ures 4.3 and 4.4 show the controlled response of the displacement of the free end of
the beam and the control input at the corresponding node, respectively. The closed-
loop response is fast and non-oscillatory. The initial jump in the control effort may
seem unrealistic due to the fact that actuators cannot deliver that much of force in
such a short period of time. However, the actuator dynamics was not included in the
model, which might have eliminated such fast dynamics. The displacement of the

whole beam is plotted for the entire time interval in figure 4.5.

Case 2:

For the second case, same initial conditions were used, however, in this simulation
distributed disturbance forces were acting on the beam and sensor noise was added to
the displacement measurements. Both disturbance forces and sensor noise were step-

wise constant random functions of time. Figures 4.6.a and 4.6.b show the disturbance
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input and noise at the free end of the beam.

The deflection of the free end is plotted in figure 4.7. The effect of the noise and
disturbance is visible in the plot. Nevertheless, the maximum amplitude of vibration
is kept less than 1mm. The sensor noise plays an important role on this results. The
amplitude of the noise exceeds 0.2mm at some point, which corresponds to a 20%
error in measurement. Therefore, we can conclude that the distributed controller

works satisfactorily while rejecting disturbance and noise.

Case 3:

One of the main advantages of the distributed control is its reliability in case of a
failure of an actuator or a sensor. The centralized control schemes are more sensitive
to the actuator/sensor failures, because a failure may lead to the loss of observability
or controllability of the whole system, and may cause devastating results. In the
distributed control, however, a possible failure of the actuators/sensors at a location
can be compensated by the others owing to the inherent decentralization. Thus, an
actuator failure case is presented next.

It was assumed that, the actuator at an arbitrary location, say node 19 (corre-
sponding the actuator-7 in 31-node plant model), had failed. That is, the control
input u(s,t) at that location is equal to zero. To show the effect of the failure only,
the disturbances and sensor noise were neglected, so that the results could be com-
pared to those of case 1. The displacement of the free end of the beam is shown in
figure 4.11, and the plot of the displacement of the node, at which the failure oc-
curred, is also given in figure 4.10. It is clear that, even though the failure affected
the performance of the distributed controller negatively, the system is still stable and

vibration is damped out in a reasonable period of time.

Case 4:
On the other hand, the case of a sensor failure is a different problem. Since the entire
control design is based on the availability of the distributed output measurements,

a sensor failure can be considered as a more dangerous situation. In case of an
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actuator failure, where one of the actuators cannot provide the required control input
to the system, the displacement measurements are still available for the others to
compensate for the lost one. Unfortunately, a wrong sensor measurement may cause
the sharing of wrong information.

To simulate the sensor failure case, the sensor at the same node was assumed
malfunctioning while all actuators were problem-free. The simulation results are

shown in figures 4.13 and 4.14.

Displacement, v(s,t) [m]

~10 I I I I
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Time, t [sec.]

Figure 4.3: Case 1, Displacement of the free end, no disturbance
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Figure 4.4: Case 1, Control input at the free end, no disturbance
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Figure 4.5: Case 1, Displacement of the non-uniform beam, no disturbance
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Figure 4.6: Disturbance Input and Noise at the free end
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Figure 4.7: Case 2, Displacement of the free end, disturbance rejection
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Figure 4.8: Case 2, Control input at the free end, disturbance rejection
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Figure 4.9: Case 2, Displacement of the non-uniform beam, disturbance rejection
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Figure 4.10: Case 3, Displacement of the beam at malfunctioning actuator location
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Chapter 5

Conclusions

In this thesis, distributed parameter-dependent control of spatially varying distributed
parameter systems was studied with the application to the active vibration suppres-
sion of non-uniform flexible structures. The main goal of this research was to develop
a distributed model of a flexible structure, and based on that distributed model, de-
sign a distributed control system with an array of actuators and sensors to damp
out any vibration of the flexible structure. These objectives have been successfully
achieved.

A distributed state-space model of a non-uniform flexible beam was developed
based on the undamped Bernoulli-Euler beam model. Due to the presence of the non-
uniform geometry of the particular flexible beam, the usual assumptions of constant
coefficients could not be made. Then, the parameter dependence of the coefficients on
the spatial independent variable was modeled as parametric uncertainty so that the
desired LFT framework for LPV systems could be employed. The partial differential
equation of the beam’s transverse motion was discretized in the spatial dimension by
approximating the partial derivatives in that dimension using a central finite difference
scheme. Thus, the flexible beam was divided into smaller subsystems. However, due
to the high orders of the partial derivatives in spatial dimension, the interconnection

between these subsystems turned out to be very strong.
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A distributed parameter-dependent output-feedback controller was designed, as-
suming that the displacement measurements at prespecified locations are available in
real-time. The resulting distributed controller inherits the distributed structure of the
system, and possesses a certain degree of decentralization depending on the designers
choice. Therefore, each control unit processes local information as it gets the local
sensor measurement while sharing information with its closest neighbors causing a
coordinated control action. However, it should be noted that the possible delays and
distortion in the transfer of this information were neglected. The controller architec-
ture can be implemented easily and the gains for each local controller are obtained
by the LFT framework used to model the parameter dependence of the controller.

The synthesis condition for the distributed parameter-dependent control approach
was formulated as finite-dimensional LMI optimization problem. Thus, the solutions
can be obtained using available LMI optimization algorithms, and are computation-
ally efficient. Moreover, the distributed analysis and synthesis conditions can be
obtained for both discrete and continuous systems using bilinear transformations.

Modifications to the MD toolbox, which is designed for the analysis and synthesis
of the spatially-invariant distributed systems, were made so that the tools developed
there could be used for the non-uniform flexible beam problem. Details of the modi-
fications are provided in the appendix.

The time domain simulations were performed for different cases in order to test
the response of the resulting distributed parameter system. From the analysis of
the simulation results, the distributed parameter dependent control of the flexible
beam proved to be successful in disturbance rejection in the existence of large sensor
noise. Also from the actuator failure case simulations, the reliability of the distributed
control was demonstrated.

The results of this research might have been improved, if the actuator and sensor
dynamics had been included in the dynamic equations. Then, the resulting dynamic
equations would have been more complicated. This is left for future research to

explore the effects of actuator and sensor dynamics on the control problem. It might
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also be interesting to compare the developed distributed parameter dependent control
approach with some centralized control approaches in terms of the computational

efficiency and reliability.
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MATLAB code
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A.1 Modifications on MD Toolbox

Throughout this research, some of the functions of the MD toolbox has been mod-
ified in order to fix the problems encountered in dealing with the spatially varying

distributed systems. We can classify the modifications in three main groups as follows:

hfMD.m

enstM D.m
“hfMD.m” is the controller synthesis function for spatially invariant intercon-

1. Controller synthesis target functions = {

nected systems. First, a set of LMIs resulting from the generalized form of
continuous time bounded real lemma is solved. Then, depending on the de-
signer’s choice, controller is reconstructed either explicitly (option ‘e’) using the
subroutine “cnstMD” or by solving another LMI (option ‘I’). Since this function
can only be used for spatially invariant systems, instead of making the extensive

modifications, the following functions were developed,

o [ftsynMD.m : LMI synthesis condition. Returns X, Y, L, J along with
the upper bound on the L5 gain for the reconstruction of the dis-
tributed parameter dependent controller.

o mklftkMD.m : In this function the results of “IftsynMD.m” are used
for the construction of the distributed controller. “IftcnstMD_exp.m”
is called for explicit formulation of the controller data while “Iften-
stMD_lmi.m” may be used if the controller is to be found by solving

another LMI.

csimulateM D.m
2. Simulation target functions = stm funM D.m

spatsolve M D.m
Since spatially-invariant systems were considered when developing the functions,

designing one controller for a subsystem would be enough because all the other
controllers would be identical. However, for the cases where spatial invariance

assumption is not valid, each controller’s data is different and is computed
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based on the value of the parameter set A, which is a function of the spatial

independent variable. Therefore, the target functions were modified accordingly.

Another modification in the simulation functions was the change of the ODE
solver. The flexible beam problem required a stiff ODE solver because of the

numerical issues caused by the large-valued mechanical properties.

. Boundary conditions target function = spatsolveMD.m

There were two types of boundary conditions available in the original function.
Either it was d-type, where the data coming into the region was zero, or n-type,
in which the data leaving the region was the same as the data coming into
the region. However, neither of these two were suitable for the cantilever beam
boundary conditions. At the fixed end, where the displacement is always zero, d-
type boundary conditions can be implemented. On the other hand, none of the
given boundary conditions are applicable to the free end. Boundary conditions
for the free end of this flexible beam problem was developed (dn-type) using

the finite difference equations as mentioned in modeling section.
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A.2 Open-Loop Simulation

% opsimulate.m
close all
clear all

clc

% Definitions

grd = 31; %$[-] number of nodes on the beam
L = 0.508; %[m] length of the beam
H = L/(grd-1); %$[m] length of each segment
ct = 0.75; $[-] ratio of end thickness to base thickness
st = 'n'; $[-] st : if st = '"u' uniform beam
% if st = 'n' nonuniform beam

$ Plant model
sysop = beammdl (grd,ct,st)

% nts : number of temporal states in closed-loop system
% nss : number of spatial states in closed-loop system
nts = sysop.blk(l) + sysK.blk(1);

nss = sum(sysop.blk(2:end)) + sum(sysK.blk(2:end)) ;

% Create uncertainty level at each node

xbeam(1l) = 0; % vector of displacements of each node from
% the fixed base
delta(l) = -1; % uncertainty vector

for i=1:(grd-1),

xbeam(i+l) = i*h;

delta(i+l) = 2*xbeam(i+l)/L - 1;
end

% System interconnection

II=eye (4);
for i=1l:grd,
if st == 'n',

dlt=delta (i) *II;

sopP = pck(sysop.A,sysop.B,sysop.C,sysop.D);
sopPl = starp(dlt,sclP);

[ep.A ep.B ep.C ep.D] = unpck (sopPl) ;

ep.blk = sysop.blk;

else

ep = sysop;
end
syscl{i} = tempcl;

end
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% Noise and disturbance
distr = 'disturbance';

% Initial conditions

tipdef = -0.01; %$[m] initial deflection of the free end

typ = 1; % type of initial condition
% typ = 0 for zero initial conditions
% typ = 1 for normalized first mode shape
% typ = 2 for normalized second mode shape
% typ = 3 for normalized third mode shape
% typ = 4 for point load case

x0 = intcond(grd,L, tipdef, nts,st, typ)

% Simulation parameters

tspan = 0:0.001:2.5; % start time : time step : end time
N =2; %$[-] number of iterations to solve spatial states
bdry = 'dn'; % boundary condition, fixed-free

% Simulate continuous time system.

% csimulateMD is modified to cope with the varying state space

% matrices

[tvec,z,xt,dist] = csimulateMD mod(syscl,grd,distr, tspan,N, bdry,xo0) ;

% Separate output vector ---> displ : array of node displacements
% ---> effrt : array of control inputs
displ=zeros([length(tvec) grd]);

effrt=zeros ([length(tvec) grd]);

for i=l:1length(tvec)
for j=0:grd(1)-1,
displ(i,j+1)=z(i,3*j+2);
noise (i, j+1)=dsave{i}{j+1} (1)
distu(i,j+1)=dsave{i}{j+1}(2);
end
end

% Plot the results

figure (1) % Displacement of free end vs. time
plot(tvec,displ(:,grd))
xlabel ('Time, t [s]')
ylabel ('Displacement, v(s,t) [m]')
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A.3 Controller Feasibility & Design

% contdesign.m
close all
clear all

clc

% Definitions

grd = 11; %$[-] number of nodes on the beam
ct =1; %$[-] ratio of end thickness to base thickness
st = 'n'; %[-] nonuniform system

% Plant model
sysop = beammdl (grd,ct,st) ;

% Weighting functions

& —--—--= > Input side
W2 = 0.001; %$[-]1 for disturbance
W4 = 0.001; %$[-] for noise

% Add input weighting functions to system model

% syswop : weighted open loop system

if st == 'n’',
syswop.B(2,6) = sysop.B(2,6)*W2;
syswop.D(7,5) sysop.D(7,5) *W4;

else
syswop.B(2,2)
syswop.D(3,1)

end

sysop.B(2,2) *W2;
sysop.D(3,1) *W4;

& —--—--= > Output side

0.02*[5 1];

denl = [1 2];

[aal,bbl,ccl,ddl] = tf2ss(numl,denl);

Wl = pck(aal,bbl,ccl,ddl) ; % [-] penatly on control effort
blkl = size(aal,l);

:

num3 [1 2];

den3 = [2 1];

[aa3,bb3,cc3,dd3] = tf2ss(num3,den3);

W3 = pck(aa3,bb3,cc3,dd3) ; % [-] penalty on node displacement
blk3 = size(aa3,1);

if st == 'n’',

Cf=daug (eye (4) ,W1,W3,eye (1)) ;
else

Cf=daug (W1 ,W3,eye (1)) ;
end
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[c£.A,c£.B,cf£.C,cf.D]=unpck (Cf) ;
cf.blk = [blkl+blk3 0 0];

% Add output weighting functions to system model
syswop = multMD (syswop,cf) ;

ublk = [4,0]; %[-]1 uncertainty block structure

% Design parameters
nm = 1; %$[-] number of measured signals

nc = 1; %[-] number of control signals
reg = [1 0]; %[-] region of analyticity wvector
% temporal defined on positive interval (1)
% spatial defined on bi-infinite interwval (0)
wrap = 1; % scaling factor (no scaling)
meth = 'e'; % explicitly solve for controller data
quant = 0;

% Controller synthesis for weighted open loop system
tictac = cputime; % [s] total solution time

if st == 'n’',
[gam,rr,ss,11,jj] = lftsynMD (syswop,ublk,nm,nc,reg,wrap,0,quant) ;
sysK = mklftkMD (syswop,ublk,nm,nc,gam,rr,ss,11,jj,meth);

else
[sysK,gam] = hfMD (syswop,nm,nc,reg,meth,wrap) ;

end

tictac = cputime - tictac;

% Print controller data on screen
disp('Resulting controller:')
sysK

disp('Eigenvalues of the weighted closed-loop system')
sysclw = starMD (syswop,sysK,1,1);
eig(sysclw.A(1l: sysclw.blk(l),1: sysclw.blk(1l)))

disp('Eigenvalues of the closed-loop system')
syscl = starMD (sysop,sysK,1,1);
eig(temp.A(l:syscl.blk(l),1l:syscl.blk(1l)))

% Save controller data
save controller.mat sysK gam
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A.4 Closed-Loop Simulation

$ clsimulate.m
close all
clear all

clc

% Definitions

grd = 31; %$[-] number of nodes on the beam
mv = 3;
L = 0.508; %[m] length of the beam
H = L/(grd-1); %[m] length of each segment
ct = 0.75; $[-] ratio of end thickness to base thickness
st = 'n'; $[-] st : if st = '"u' uniform beam
S if st = 'n' nonuniform beam

$ Plant model
sysop = beammdl (grd,ct,st)
ublk = [4,0]; %$[-] uncertainty block structure

% Load controller data
load controller.mat

% Create a dummy controller for uncontrolled plant nodes
ntk = sysK.blk(1l); %[-]1 number of temporal states of K

tempK.A = zeros(size(sysK.A,1l) ,size(sysK.A,62));
tempK.A (ntk+l:end,ntk+l:end) = eye(4);

’

tempK.B = zeros(size(sysK.A,1l) ,size(sysK.B,2))

tempK.C = zeros(size(sysK.C,1l) ,size(sysK.A,62))
.D 2))
.b

~

’

tempK = zeros (size(sysK.D,1l) ,size(sysk.D,
tempK.blk = sysK.blk;

% nts : number of temporal states in closed-loop system
% nss : number of spatial states in closed-loop system
nts = sysop.blk(l) + sysK.blk(1);

nss sum(sysop.blk(2:end)) + sum(sysK.blk(2:end));

% Create uncertainty level at each node

xbeam(1l) = 0; % vector of displacements of each node from
% the fixed base
delta(l) = -1; % uncertainty vector

for i=1: (grd-1)
xbeam (i+1)
delta (i+1)
end

n~

i*h;
2*xbeam(i+l) /L - 1;
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% Failure case simulation variables

cfc =1; % cfc = 0 when controller fails
sfc =1; % sfc = 0 when sensor fails
nfc = 19; $[-] node number at which the failure occurs

% System interconnection
II=eye (4)
for i=l:grd,
dlt=delta (i) *II;
% Failure case
if i == nfc,
sysop.B(2,7) cfc*sysop.B(2,7) ;
sysop.C(7,1) = sfc*sysop.C(7,1);
end

% Fu(P,delta) - upper LFT with uncertainty block
sclP = pck(sysop.A,sysop.B,sysop.C,sysop.D) ;
sclPl = starp(dlt,sclP);

[ep.A ep.B ep.C ep.D] = unpck(sclPl);

ep.blk = sysop.blk;

% F1(K,delta) - lower LFT with uncertainty block
sclK = pck(sysK.A,sysK.B,sysK.C,sysK.D);

sclKl = starp(sclK,dlt);

[ek.A ek.B ek.C ek.D] = unpck(sclKl);

ek.blk = sysK.blk;

scltK = pck(tempK.A, tempK.B, tempK.C, tempK.D) ;
scltKl = starp(scltK,dlt)

[etk.A etk.B etk.C etk.D] = unpck(scltKl);
etk.blk = tempK.blk;

%$ F1(P,K) - lower LFT with controller

if mod(i,mv) == 1,
tempcl = starMD(ep,ek,1,1);
syscl{i} = tempcl;

else
tempcl = starMD(ep,etk,1,1);
syscl{i} = tempcl;

end

end

% Noise and disturbance
distr = 'disturbance';

% Initial conditions
tipdef = -0.01; %$[m] initial deflection of the free end

typ = 1; % type of initial condition
% typ = 0 for zero initial conditions
% typ = 1 for normalized first mode shape
% typ = 2 for normalized second mode shape
% typ = 3 for normalized third mode shape
% typ = 4 for point load case
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xo = intcond(grd,L, tipdef,nts,st, typ)

% Simulation parameters

tspan = 0:0.0001:0.025; % start time : time step : end time

N=7; %[-] number of iterations to solve spatial states
bdry = 'dn'; % boundary condition, fixed-free

% Simulate continuous time system.

% csimulateMD is modified to cope with the varying state space

% matrices

[tvec,z,xt,dist] = csimulateMD mod(syscl,grd,distr, tspan,N,bdry,xo) ;

% Separate output vector ---> displ : array of node displacements
% ---> effrt : array of control inputs
displ=zeros([length(tvec) grd]);

effrt=zeros([length(tvec) grd]);

for i=1l:length(tvec)
for j=0:grd(1)-1,
effrt(i,j+1)=z(i,2*j+1);
displ(i,j+1l)=z(i,2*j+2);
noise (i, j+l)=dsave{i}{j+1} (1)
distu(i,j+1l)=dsave{i}{j+1}(2);
end
end

$ Plot the results

figure (1) % Displacement of free end vs. time
plot(tvec,displ(:,grd))
xlabel ('Time, t [s]')
ylabel ('Displacement, v(s,t) [m]')

figure (2) % Control input at free end vs. time
plot(tvec,effrt(:,grd))
xlabel ('Time, t [s]')
ylabel ('Control input, u(s,t) [N/m]')

figure (3) % Disturbance input at free end vs. time
plot(tvec,distu(:,grd))
xlabel ('Time, t [s]')
ylabel ('Disturbance input, d(s,t) [m]'")

figure (4) % Noise at free end vs. time
plot(tvec,noise(:,grd))
xlabel ('Time, t [s]')
ylabel ('Noise, n(s,t) [m]')

figure (5) % Displacement of free end vs. time
mesh (xbeam, tvec,displ)
xlabel ('Displacement, x [m]')
ylabel ('Time, t [s]')
zlabel ('Displacement, v(s,t) [m]"')
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A.5 Plant Model Function

$ beammdl.m

function [sysout] = beammdl (grd,ct,st)

C
S

= I o I ] H 00 o0 o° o° d° o° oe
s"&6E

o0 d° o°

a2l
a23
a24

a25
a26

b21
b22
b23
b24
b26
b27

c31l
c33
c34
c35
c36
c4l
c43
c4d4
c45
c4d6

dil1l
dleé

t
t

grd :

number of nodes on the beam
thickness ratio

if st = 'u' uniform beam

if st = 'n' nonuniform beam

Define constant plant parameters

0.508; % [m] length of the beam
0.0008; %[m] thicknes at the fixed end
0.0254; $[m] width

72e9; %$[N/m*2] modulus of elasticity
2710; %$[kg/m”*3] volume density

L/ (grd-1) ; %$[m] length of each segment

E*tb”2/ro* ( (l-ct)~2 /(L 2*h*2) -
E*tb*2/ro* (- (1-ct*2) /(8*L*h*3) -
E*tb”2/ro* (- (1-ct) 2 /(2*LA2*h*2)+
+(l+ct) A2 /(12*h*4));

E*tb*2/ro* ( (l-ct*2) /(8*L*h*3) -
E*tb*2/ro* (- (1-ct) A2 /(2*LA2%h 2)-
+(1+ct) 22/ (12*%h*4)) ;

2* (1-ct) / (ro*wb*tb* (1+ct)) ;
b21;

E*tb*2* (1-ct*2)/ (48*r0) ;
E*tb”*2* (1-ct) /ro;

2/ (ro*wb*tb* (1+ct)) ;

b26;

6/h*4;
1/h*4;
-4/h*4;
c33;
c34;
(l+ct) / (8*h*4) ;
(1+ct)/ (48*h*4)+ (1-ct) / (8*L*h~*3) ;
-(14ct)/ (12*h*4) - (1-ct) / (4*L*h*3) ;
(l+ct)/ (48*h*4) - (1-ct) / (8*L*h"*3) ;
-(14ct)/ (12*h*4)+(1-ct)/ (4*L*h"3) ;

(1-ct)/ (1+ct) ;
1/ (1+ct) ;
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Compute non-zero state space matrix coefficients

(1+ct)*2 /(8*h*4));
(1+ct)*2 /(48*h*4));

(1-ct*2) / (4*L*h"3)...

(1+ct)*2 /(48*h*4));

(1-ct*2) /(4*L*h"3)...



d22 = di11;
d27 = di1e6;
d43 = -(1l-ct)/48;
% State-Space Data for Plant
% inputs : [uncertainty(x4)  ;n(s,t),d(s,t),u(s,t)]
% outputs : [uncertainty(x4) ;el(s,t) ;e2(s,t) ;y(s,t)]
sysout.A = [0 1 0 0 O O;
a2l 0 a23 a24 a25 a26;
00O0100;
100000;
000O0O0T1;
10000 0];
sysout.B = [0 0 0 0 0 O O;
b21 b22 b23 b24 0 b26 b27;
00O0O0O0OOO;
00O0O0OOO;
00O0O0OOO;
00O0O0OODO];
sysout.C = [0 0 0 0 O O;
00O0O0OO;
c31 0 ¢33 c34 ¢35 c36;
c4l 0 c43 c44 c45 c46;
00O0O0OO;
100000;
10000 0];
sysout.D = [d11 0 O O O d16 O;
0 d22 0 0 0 0 d27;
00O0O0O0OOO;
0 0 d43 0 0 0 O;
000O0O0O0T1;
00O0O0OOO;
00O0O01O00O0]1;
if un == 'u',
sysout.B = sysout.B(:,5:7);
sysout.C = sysout.C(5:7,:);
sysout.D = sysout.D(5:7,5:7);
end

sysout.blk=[2 2 2];
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A.6 Disturbance Generation Function

% disturbance.m
function d = disturbance(t,grd)

st : time variable
% grd : number of nodes on the beam

a°

TSAMPLE = 0.001; The disturbance is step wise constant, with step
size equal to TSAMPLE. When simulating a system,
variables must be a fixed function of time.

The disturbance generated is random, but yields
the same value as a function of the time variable
't'.
if st = 'cl' closed loop disturbance
if st = 'op' open loop disturbance and u = 0
randstate = floor (t/TSAMPLE) ;
randn ('state',randstate) ;

d° d° o d° o°

oe

st = 'cl'

o°

if st == 'cl’',
d = randn([2 grd]);
ni =d(1,:); % [m] noise
di =d(2,:); % [N/m] disturbance
else
d = randn([3 grd]);
ni =d(1,:);
di =d(2,:);
ui = d(3,:);
end
nscl = 0.0001; % scaling constant for noise
dscl = 25; % scaling constant for disturbance

ni = nscl*ni;

di = dscl*di;
ui = zeros(l,length(ui)); % control input is always zero for open-loop
% system
if st == 'cl',
d = [ni;di];
else
d = [ni;di;ui];
end

d=num2cell (d,1);
d=squeeze (d) ;
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A.7 Initial Condition Generation Function

% intcond.m

function [x0] = intcond(grd,L,tipdef,nts,st, typ)

% grd : number of nodes on the beam

$ L : length of the beam

% tipdef : desired tip deflection

% nts : number of temporal states

% st : state of the beam geometry

% 'n' for non-uniform

% 'u' for uniform

% typ : type of initial condition

% 0 for zero initial conditions

% 1 for normalized first mode shape
% 2 for normalized second mode shape
% 3 for normalized third mode shape
% 4 for point load case

x0=zeros (nts,grd) ;

% Mode shapes as initial conditions

if typ == 1,
if st == 'u’',
ms = load('umodel.txt');
else
ms = load('numodel.txt');
end
elseif typ == 2,
if st == 'u’',
ms = load('umode2.txt');
else
ms = load('numode2.txt');
end
elseif typ == 3,
if st == 'u',
ms = load('umode3.txt');
else
ms = load('numode3.txt');
end

end
% Normalize the mode shape using tipdef

msy = ms(:,2);
msy = abs(tipdef) /msy(end,1l) *msy;
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% Reduce finite element model grid to grd

inx = 0; % temporary index
incon=zeros (1,grd) ;
FEMgrd = size(ms,1);

tempvar = (FEMgrd-1)/(grd-1);

for i = 1:FEMgrd,
if mod(i,tempvar) == 1,
inx = inx + 1;

end

for

end

X0

incon (inx)
end

i
x

1: (grd-1),
i*h;

if typ == 0,
x0(1,i+1)
elseif typ ==
x0(1,i+1)
else
x0(1,i+1)
end

cat(1l,x0(:));

([N

14

msy (i) ;

0;
(3*tipdef/ (L*2))* (0.5*x"2

incon (i+1) ;
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A.8 Uniform Beam Analytical Model Simulation

$ ansol.m

clear all
close all

clc

L = 0.508; % [m] Length of the beam

tb = 0.0008; % [m] Thickness of the beam
wb = 0.0254; % [m] Width of the beam

E = 72e9; % [Pa] Young's Modulus

ro = 2710; % [kg/m~3] Mass density
I=1/12*tb*3*wb; % [m*4] Moment of inertia

% The general solution:
% v(x,t) = SUM MSn(x) [Aa.cos(wn.t) + Bb.sin(wn.t) n = 1:5

%

o0 o°

wn : [rad/s] natural frequencies
MSn : mode shapes
Aa,Bb : arbitrary coefficients that depend on initial conditions

% Calculate the natural frequencies

B1=[1.875104; 4.694091; 7.854757; 10.995541; 14.138599];
for r=1:5,
wn (r)=Bl(r)~*2*sqrt (E*I/ (ro*tb*wb*L"4)) ;
end
grd = 501; % [-] Number of nodes on the beam

%

Find the mode shapes

for i = 1:grd,

x(i) = (i-1)*L/(grd-1);
for r = 1:5,

W(r,i) = -(sin(Bl(r)/L*x(i)) - sinh(Bl(r)/L*x(i)))...
+(sin(Bl(r)) + sinh(Bl(r)))/(cos(Bl(r)) + cosh(Bl(r)))*...
(cos(Bl(r)/L*x(i)) - cosh(Bl(r)/L*x(i))):

end

end

% Mode shapes as initial conditions
tipdef = -0.01; % [m] Transverse deflection of the free end

for r=1:5,

tempvar (r)=abs (W(r,end) /tipdef) ;
incon(r,:)=W(r,:)/tempvar(r) ;

end
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% Activate this part if the following initial conditions are desired

oe

% Assume a point load is applied at the free end causing a tip
% deflection of tipdef. Corresponding initial conditions are:
%$incon=zeros (1,grd) ;
$for i=1: (grd-1),
% xcec = i*L/(grd-1);
% incon(i+l) = (3*tipdef/(L)*2)*(0.5*xcc”2 - 1/ (6*L)*xcc”"3);
%$end
%$CoefVo=[incon (170) ;incon (250) ;incon (340) ;incon (450) ;incon (500)];
% Choose r to select which mode to excite, r =1, 2, 3, 4, 5
CoefVo = [incon(r,170);

incon(r,250) ;

incon (r,340) ;

incon(r,450) ;

incon(r,500)];

CoefWn = [W(1,170) W(2,170) W(3,170) W(4,170) W(5,170);
W(1,250) W(2,250) W(3,250) W(4,250) W(5,250);
W(l,340) W(2,340) W(3,340) W(4,340) W(5,340);
W(1l,450) W(2,450) W(3,450) W(4,450) wW(5,450);
W(1,500) wW(2,500) W(3,500) W(4,500) W(5,500)1]1;

Aa = inv (CoefWn) *CoefVo;

tcon = 2.5; %$[s] time to stop simulation
% time step is 0.001 seconds
for i = 1:(tcon*1000+1),
t(i) = (i-1)/1000;
for j = 1:grd,
v(i,j) = RAa(1l)*W(1,]j)*cos(wn(l)*t(i))...
+ Aa(2)*W(2,]J) *cos(wn(2)*t(i)) ...
+ Aa(3)*W(3,]J) *cos(wn(3)*t(i))...
+ RAa(4)*W(4,]j)*cos(wn(4)*t(i))...
+ Aa(5)*W(5,]3) *cos(wn(5) *t(i)) ;
end
end

figure

plot(t,v(:,grd))

grid

xlabel ('Time, t [sec.]')

ylabel ('Displacement, v(x,t) [m]')
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A.9 FEM Model Simulation

% FEMmdl.m

close all
clear all

clc
L = 0.508; % [m] Length of the beam
st = 'n'; % [-] st : if st = 'u' uniform beam, ct =1
% if st = 'n' non-uniform beam, ct = 0.75

% Load mode shapes and natural frequencies

if st == 'u’',
msl = load('umodel.txt');
ms2 = load('umode2.txt');
ms3 = load('umode3.txt');
ms4 = load('umoded.txt');
ms5 = load('umode5.txt');

fn = [2.61700 16.21632 45.32804 88.79048 146.75582]; %[Hz]
else

msl = load('numodel.txt');
ms2 = load('numode2.txt');
ms3 = load('numode3.txt');
ms4 = load('numoded.txt');
ms5 = load('numode5.txt');

fn = [2.70793 14.91494 40.24688 78.08622 128.54269]; %[Hz]
end

mslx = msl(:,1)*L/msl(end,1);
msly = msl(:,2);

ms2x = ms2(:,1)*L/ms2(end, 1) ;
ms2y = ms2(:,2);

ms3x = ms3(:,1)*L/ms3(end,1);
ms3y = ms3(:,2);

msd4x = ms4(:,1)*L/ms4 (end,1);
msdy = msd(:,2);

ms5x = ms5(:,1)*L/ms5(end, 1) ;
ms5y = ms5(:,2);

$Natural frequencies
wn = fn*2*pi; % [rad/sec]

% Mode shapes as initial conditions

tipdef = -0.01; % [m]
grd = size(msl,1); % [-] number of nodes on the beam
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% choose mode shape msiy, i =1, 2, 3, 4, 5

const = msly(end, 1) /tipdef;

incon = msly/const;

%

% Activate this part if the following initial conditions are desired

oe

Assume a point load is applied at the free end causing a tip
deflection of tipdef. Corresponding initial conditions are:
%$incon=zeros (1,grd) ;
$for i=1:(grd-1),
% x = i*L/(grd-1);

(3*tipdef/ (L) ~2) * (0.5*x*2-1/ (6*L) *x"3) ;

o° o

% incon (i+l) =
%end

if st == 'u’',

CoefWn =

[msly (170)
msly (249)
msly (340)
msly (421)
msly (495)

ms2y (170)
ms2y (249)
ms2y (340)
ms2y (421)
ms2y (495)

ms3y (170)
ms3y (249)
ms3y (340)
ms3y (421)
ms3y (495)

ms4y (170)
ms4y (249)
msdy (340)
msdy (421)
ms4y (495)

ms5y (170) ;
ms5y (249) ;
ms5y (340) ;
ms5y (421) ;
ms5y (495) 1 ;

CoefVo =
else
CoefWn

[incon (170) ;incon (249) ;incon (340) ;incon(421) ;incon (495)];

[msly (287) ms2y(287) ms3y(287) msdy(287) msS5y (287);

msly (1071) ms2y(1071) ms3y(1071) ms4y(1071) ms5y(1071);
msly (2311) ms2y(2311) ms3y(2311) ms4y(2311) ms5y(2311) ;
msly (3177) ms2y(3177) ms3y(3177) ms4y(3177) ms5y(3177) ;
msly (4815) ms2y(4815) ms3y(4815) ms4y (4815) ms5y(4815)];
[incon (287) ;

incon (1071) ;

incon (2311) ;

incon (3177) ;

incon (4815)];

CoefVo

end
Aa = inv (CoefWn) *CoefVo;
tcon = 2.5; %[s] time to stop simulation
% time step is 0.001 seconds
for i = 1:(tcon*1000+1),
t(i) = (i-1)/1000;
for j = 1:grd,
v(i,j)= Aa(l)*msly(j)*cos(wn(l)*t(i))...
+ Aa(2) *ms2y(]j) *cos(wn(2)*t(i)) ...
Aa(3) *ms3y(j) *cos(wn(3)*t(i)) ...
Aa(4) *msdy (j) *cos(wn(4)*t(i)) ...
Aa (5) *ms5y (j) *cos (wn (5) *t (1)) ;

+ + +

end
end

plot(t,v(:,grd))
xlabel ('Displacement, v(x,t)
ylabel ('Time, t [sec.]')

[m] ")
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