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In choosing a sample it can happen that extre expense

in involved if selection has to be made from a restricted
section ('stratum?) of a population. If a sample con-
taining specified numbers of individusls from each stratum
is required it may then be more econmomical to sample in
two stages, the first sample being chosen at random from
the whole population, and the second arranged to complete
the sample so that it has the desired comstitution. An
earlier paper discussed the choice of size of first sam-
Ple assuming that the population size is effectively in-
finite. This report extends the results to populations
of finite size.
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QUOTA FULFIIMENT IN FINITE POPULATIONSl

By N. L. Johnson

University of North Carolina

l. Introduction.

Johnson‘[_;;7 has discussed the cholce of size (N) of an initial random
sample from s population divided into k strate lll, ]le, ey llk, when the final
aim is to obtain a sample containing specified numbers Mgy Moo eeey W respective-

ly of individuals from these k strata (Z? = mb). In /17 it was assumed

=1 %
that the strata sizes were effectively infinite (though in known ratios). In the

present paper the same problem will be discussed for the case when the numbers of

individuals in the strata'TTI,'TWE, ooy 11; are known to be Mi, M2, vons Mk
respectively. (Z§=l M, = Mo.)

2. Opbtimum Size of Initial Sample.

As in.[_;;7, ¢ will denote the cost per individual of an unrestricted
random (without replacement) sample; cy will denote the cost per individual of
a random (without replacement) sample from stratum'17;; and ci will denote the
value (if any) of each excess individual beyond the quota requirement (mi) fron
stratum —ﬂ;

Then, using the same approach as in_l-;;7, consider the expected net cost
of increasing the size of the first (unrestricted) sample from N to (N + 1). If
the first sample (of size N) contains-nl, Doy sees I individuals from'jjz,.qu,
...,'jji respectively (with; of course, Z§=1 n, = N), then the conditional in-

crease in the expected net cost arising from the extra individual increasing the

semple size from N to N + 1 is

1'I‘his research was supported by the Mathematies Division of the Air Force Office
of Scientific Research.
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The (unconditional) increase in expected net cost is obtained by taking

expected values with respect to the ni's » giving

k - Mi-ni 7 _
(2) AC-':C-iElCi‘CD 'M';-—:T ni<mi . Pr [n <mij
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where Pr _[ni < mi ]

it
[l o

i

P(MO, N, My, m, - 1)

using the notation of Lieberman and Owen /2 7.

Also
mi-l
(3) F En ln <m jPrEn <ml ].--. nZ— niP(Mo’ N, Mi’ ni)
i
NMi
=E;—‘P(M -LN-1, M l,mi-2)

and

E[nln <m ]Pr[n <m j+CEnln >n ] Pr[n, >u ] Z (n,)

I\‘Mi/Mo .

Hence equation (2) can be written
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This can be further simplified by noting that
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(This formulas can also be established by considerations of probability.)
Using this relationship, the following expression for increase in expected
netd eost iz obtained -

| K X
(5)  ac=c- b Ziel - M 5 (c,-c!)P(M -1,N,M-1,n,-1) :
o 1+lli ° 4.3 1

For small values of N, AC is negative. As N increases, so does AC. The optimal
value. of N is the least value of N for which AC > 0. This will, approximately,

be the solution of the equation
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(6) - M;l = M) =M;1
i=1 i=1

n MW

- ' - - -
Mi(ci ci)P(Mo 1,N,M-1,m, 1)

Two special cases of (6) will now be enumerated. If ci/c = d and c{/c = 4! for

all i, then (6) becomes

k
! 1 —- -1
(7 (1-a')/(a-a') = M iil MiP(MO-l,N,Mi-l,mi-l) .
If, further, M, = Mo/k, m, = mo/k for all i, then
(&) (1-av)/(a-a') = P(M-1,N,(M /k)-1,(m /k)-1)

A few optimum values of N obtained from (8) are given in Table 1. These

Teble 1. Optimum Values of Initial Semple Size

x m M N 1.25 1.5 2.0 2.5 3.0
0.9 1 23 55 57 58 59
2 50 100 {0.7 50 52 5k 55 56
“( 0.25 | W7 4o 51 53 5k
0.0 46 418 50 52 23
0.9 || 56 60 6l 66 67
5 50 100 {0.7 ko 5k 58 60 62
'< 0.25 || 4k 48 52 55 56
\ 0.0 |l ke L6 50 53 55
£ 0.9 || 59 65 0 T ad
10 50 100 0.7 Lo 55 61 65 67
4 0.25 || k%o 46 53 57 9
0.0 37 | 50 5k 57

L j




were obtained using _/_' §7. They do not cover the same range of values of

m,» & and 4" as Table 1 of /1]. However, the following approximate analysis
shows how usefully accurate values of N can be obtained using the tables given
in /1.

5. Some Approximations

To obtain an approximate explicit eicpression for N, use may be made of Wise's

/37 approximation to the hypergecmetric function

(9) P(M’ n, M', m) = Ih (n—m, m+l)

Ml - _]_' m ..-P 3
where h=1- ———o and Ip(r,s) = [B(r,s_)]'lj £ (2-)5"L at
1 1 )

M+s-32 °

is the incomplete Beta function ratio.

Using the approximation (9) in (8) leads to the equation

m

(o] 0 . l - d’
(20) -y (g » 8= & +1) 2 g3
where

M m
o 1 o l N -1
1-v=/g -3~ mS L5 -
Equation (10) can be expressed in the form

o mea———

m
o 1-4a¢
i 7 d - at

(11) pr [x <

® Jle

wvhere x 1s & binomial variable with parameters

1
M -3mn
o 270 1 1 1 1l
(12) oM, N m, k) = [— -~ 5 /[u, -5N=-5_7"5and N

Equation (11) differs from equation (8) in /17 (which does not use an
approximation) only in that w replaces k"l as one binomial parameter. Note

that if N =m o k - 1 then the two equations lead to identical results, so



that when in /71/ it is found that
(13) Optimal size of initial sample = (Size of final sample) +(fumbay of Strata) -1

the same size of initial sample will approximately be optimal whatever be the size,
Mo’ of the population.
Approximetgng the binomial distribution, in turn, by a normal distribution,

the following approximate formula for N is obtained:

n
(e} 1 .
' --é-wa}»w-w

where

N 12
1 R 14t
= -a--—- 3!

//2xn -

and w is defined by (12).
Writing this equation explicitly in terms of N it can be arranged in the

form

x,,/é(Mo - 52 = B (k-1)- F(N - m ) .

Neglecting terms of order mo/Mo and assuming that N will be roughly of

(%) (m, - Z5)(0, - 3) - BQu, - 25)

alle

order m_; (14) can be written

(15) m -z-N 2 A1- %’0) SR

o ile

m
This is the same as equation (9) in /17, with A replaced by A(1 - m‘?-) )
[o)

suggesting that the approximation

*“_—T‘ m
N mo - }2-".& - ?\.(l - :;—‘Z-; )A/(k-l)(mo - 'é'k) + .Jé' 7\.2(1" .a_z_c;)e (k-l)2

might be appropriate.
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The two conditions

(&) if N~ m +k=1, N does not vary much with changes in M

(see (1R) above), and

(b) if A =0, N~ (mg - % k), - %‘)(Mo - ,‘-2-15)"l (see (13) above)

suggest the slightly modified form

m n 1 m
(16) N m_ - % k + _E_ME:; (%k - 1) - A(1 - ?ﬂ%;)//(k'l)(mo' % k) + % }\2(1- -ﬁ%))(k-l)e.

So a first approximation to N can be obtained from the infinite population value

with AMi-m /M) 1 2
l - d. e} [o] - '§ u

= du
3 - a e °
~ 2“ -cd

This value can then be adjusted by adding

m
o 3k 1.2,
sl T -ivgn (-

m
2
aj}o)(k-l) 7 -

Scme explicit values of this correction, for different values of mo/Mo are

shown in Table 2.

TABLE 2: Corrective additions to approximate optimum value of N

m /Mo Correction
1/2 0.375k - 0,25 + 0;091; >»2(11:-1)2
1/5 0.25k = 0.17 + 0.070 AZ(k-1)2
1/h 0.19k = 01‘125 + 01.055 %.e(k-l)z
1/5 0.15 = 0.1 + 0.045 A2(k-1)2
| 1/6 0.125% - 0:08 + 0.038 A2(k-1)>
o 1/8 0.094k - 0.06 + 0,029 AZ(k-1)2
| 1/10 0.075k - 0.05 + 002k A2(k-1)2




8
Nominal values of (1-d')/(d~-d?) corresponding to actual values of {1-d')/(d-a!)

and various values of the sampling fraction momo are shown in Table 3.

TABIE 3. Nominal values of (1-d')/(d-d?)

[actual value of m M =

(1-at)/(a-a') || ¢ 0.5 0.k 0.3 0.2 0.1
01.05 o'.13 01.11 0;09 o'.o8 o‘.o7 o'.os

i 0'.1 01.19 01.17 o'.15 o'.1l+ 01.13 o'.11
o‘.15 0.23 o..ae 01.20 04.19 0.18 01,16
01.2 01.27 01.26 o».25 o'.eu 0.23 o'.21
0.25 0.32 0.30 0;29 0.28 0.27 0.26
0.3 o..36 0,35 o'.3h 01.53 0,32 01.31
0.35 f o'.59 0.39 0',38 01.37 o-,37 ~ 0.36
0.4 O..hj o'.he 0.42 O;hl 0.41 o'.ho
0.45 0..l|-7 0.46 0.46 o;h6 0.46 0.45
0.5 o'.5o 0.50 0.50 0;50 o..5o o‘.so

[ For (1-4')/(a-d*) greater than 0.5, enter the table with 1 - (1-d')/(a-at)
and use 1 - (tabulated nominal value of (1-d')/(d@-d')}.7

As an example of the use of this table, suppose 4 = 3, 4' = 0.5 and
mo/uo = O.4. Then (1-d4%)/(d-d') = 0.2 but we use the nominal value 0.25. This
could be done, for example, by entering interpolating in Table 1 of [ _:'1_.7 with

d=5, d-’ = 1/50



4. Comparison of Expected Net Costs

The expected net cost is

i=1

. .
(17) C=Ne+ X [cﬂmi-ni [ni<ijPr[ni<mi_7

- c:{E Cni - m [ n, >m} Pr [ni > mi—7 7

Since
% (@ - n,ln, <mer /o, < m 7 -é.@i - oy lo, > )pr /oy >m 7

=t (m -0 =m - N MM

equation (17) can be written

k 4
C = Ne + i.zl__/ (ey ciﬁ@i n, [n, < mpr /m, <m 7+l (m, - NM )T
( 1z ) : : ( )/ . P( )
=Ne-M" 2 M,e!)+ £ mecf+ Z (¢, ~cf)/mPM, N, M,, m, = 1
°©: A § 121 i1 1=1 i 12 71" Y% i’ 71

- (N M, M )P(M -1, N3, U;-1, m -2)7

Using (&) this can be expressed as

k k k
- -1 t t -t - - - -
C=mN(c-M" TMel)+r Imel+ 3 (c,-e})/M, (1 N[MO)P(MO 1,N,M,~1,m, 1)
i=1 i=1 i=1
- (My-m )p(M , N, My, m=1) 7
If N satisfies (6) then
Lk k Kk
¢ =M/c M, ZMcel)+ E omel - I (Mi mi)(ci ci)P(Mo,N,Mi,mi 1)
=1 1=1 i=1
k

- - o - $ - -
(18) = mMge 121 (M, -m, )/"e P(M_,N,M, ,m, -1) + ci{l P(M_,N,M, ,m, 1)} 7
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If ci/c = d and c{/c = 4!, (18) becomes

k
(19) ¢ =c/M_ - i§l(n/1i--mi)[c1 P(M s N,M, m, ~1) + a1 - P(MO,N,Mi,mi-l?}—j

If, further, M, = Mo/k and m

g = mo/k then we have

M m
0 o}
C = c_ Mo- (MO - mo)[d P(MO,N’( 'E"‘ ) k_" - 1)

=

- -

m
+ a1 P(M_,N,  » -ES -1}7 7

M n
= c[mc> + (Mo-mo)—{l - 4! - (d—d')P(MO,N, 1':'9 s EE - 1)}:_7

- M m
(20) = ofm, + (M, = m )(a-a") { P(M_-1,N; £® -1, £ - 1)

MO mO _
- P(MoaN: ek l? 7

M n
The approximation (11) to P(M_,N, = , E-? - 1) is the same as the approximation
M -
to P(M - 1, N, -E-E’- -1, EQ - 1), but with o dircreased by
M
[
M, - . M, (k-1)
1 1 1 c 1
Oy - 0 - Pl - FW+3) ki, -5 W)
So
M m - M il
(o]
PMLoN; 2 =1, = = 1) = P(M, N, ==, g% = 1)
) Mo(k-l) - mo/k-l L N~- mo/k
= o o w ( - UJ)

- m ‘ !
1 s} Oy ¢
k(M - 5 N) (& -1 - =)

with o given by (12).



Inserting this approximation in (20) we find

-1
M x -1
(21) € =c/m + (M, - m )(a-a")(k-1)k™2m M (~2Z o ) me-38+3)
N
NERTLa r)

The ratio of C +to the cost of sampling separately from each stratum (mo c d) is

-1
] n
(22) 3+ (1-3)(L- M"':)(l _ mgd: ' - I\I-l) <k-1 ’
g 0 P

When M o is large this becomes approximately

: m, i N-m_/k
o 3+ (- 5ED ( /k) RN

vhich agrees with (12) in /° 1_7.

Verjr roughly, 1t appears that the excess of the ratio over l/d is inversely
proportional to (initial sample size)l/ 2 for given sets of values of Xk, d!'/d

and mo o
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