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INTRODUCTION

The general outline of this thesis is the following: Chapter I
contains some results in matrices and one or two miscellaneous re-
sults; Chapter II contains some tests of independence, the non-null
distributions of some of the test statistics (in one case an approxi-
mation), and the proof of the consistency of some of the tests; Chap-
ter III contains a comparison of the power functions of two possible
tests on data from a two-way classification (no interaction) when a
circular model is assumed; Chapter IV contains an approximate
analysis of variance for a multi-way classification with interaction
vhen a circular model is assumed. These problems arise out of the
following context.

Consider a set of r Jolntly normally distributed random vari-
ables, say Yi, Yg, sevy Y}. Let the expectations of these random
variables be known linear functions of some unknown constants; and
let their covariance matrix be VGE, where 02 is an unknown scalar
multiplier.

Vhen V 1s known to be the identity matrix I, the above assump-
tions constitute what is sometimes called the univariate linear hypo-
thesis. The problems usually considered in this situation are those
of hypothesis testing and confidence intervals. These problems and
their solutions are well known and need not be elaborated here.

If, however, V is not known to be T, then the problems of test-
ing and confidence intervals are made more difficult, and some alto~

gether new problems come up. A few of the many possibilities are the
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following: (i) the matrix V is known except for the scalar multi-
plier 02; (11) the matrix V is diagonal with unknown elements;
(iii) the matrix V is a patterned matrix with unknown elements.

Case (i) is the case of quasi-independence, and leads to no
new problems because a linear transformation can be found which trans-
forms the random variables Yl’ YE’ ceey Yr into the random variables
Xi, ’é, coes X} whose covarilance matrix if 102, whose expectations
are linear functions of the unknown constants, and whose distribution
is multivariate normal. Thus Case (i) can always be reduced to the to-
tally independent case.

Case (ii) arises vhen the variance components model is assumed.
The variance components model will not be considered in what follows.

Case (iii) arises when the random variables or their distribu-
tions satisfy certain restrictions. For example, assume that Yi, Y2,
ceny Yr are a sequence of random variables, with zero means, which
satisfy the stochastic difference equation,

Yi::p"i-l+€i B 1=1,2, ¢o0, T 3

where ] o} ] < 1, and the €, are independently and normally distribubed
with gzero means and variance 02. It is assumed that Y1 is normally dis-
tributed with mean zerc and variance 62 and independent of the €55 then
V= (Vij)’ where
2)"1

Vij = ol=3l (1. g

which is a patterned matrix depending on only one unknown parameter. A

s

more general pattern results when the random variables are assumed to

be a segment of a stationary time series. Then V is a positive definite
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matrix with elements constant on all diagonals.

Some of the problems which arise out of Case (iii) are the
following: (iv) under a model such that V is the patterned matrix
which results when the random variables satisfy the firgit-order
stochastic difference equation, shown above, V depends on one unknown
paremeter, i.e., on p, and the problem is to devise a test for the
hypothesis that p = O against the alternative hypothesis that p % 0;
(v) test the hypothesis that V is a particular patterned matrix (not
the identity matrix) against the alternative hypothesis that it is
some other patterned matrix; (vi) analysis of variance, including
tests of hypotheses and confidence intervals, under a model in which
the random varisbles associated with the experiment have as covariance
matrix a particular patterned matrix.

Problem (iv) has received considerable attention in the litera-
ture. A few of these papers are mentioned below. Koopmans‘[—12;7l
proposed the first-order serial correlation coefficient as & test
statistic. He found the null distribution of this statistic, but its
form was not suitable for numerical computation, and he was forced td
make use of approximations. The circular serial correlation coeffi-
cient of first order was suggested as a possible test statistic, and
R. L. Anderson [ 2 / found its null distribution. Dixon [ 97/ end
Siddiqui.zalﬁ, l§;7 investigated approximations to the distribution of
the serial correlation coefficient. T, W. Anderson'z—§;7 proved that

there is no uniformly most powerful test of the hypothesis p = 0,

Numbers in square brackets refer to bibliography.
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even agalnst one-sided alternatives, unless the model is modified to a
circular type, in which case uniformly most powerful tests do exist for
the one-sided alternatives. The appropriate test statistics for these
cases are the circular seriel correlation coefficients of the first
order. For the two-sided alternative, he found a test which is uni-
formly most powerful within a certsin sub-cless of tests, and the test
statistics are again the circular serial correlation coefficients of
first order. Hannan Zull;7 described an exact test first proposed by
Ogawatz—l§;7.

Chapter II contains results which it is hoped bear on this
problem. Section 2.2 describes an intersection test of a particular
kind. This test may be useful against more general alternatives than
specified in (iv). The non-null distribution will, however, be diffi-
cult to find, and it is hard to say ageinst just what alternatives the
test will perform best. Section 2.3 describes a second test, and in
section 2.4 it is shown how an approximation to the non-null distribu-
tion can be found. This test may also be useful agsinst more general
alternatives. In section 2.5 a circular model is considered, and a
test is proposed whose exact non-null distribution is derived in section
2.6, and whose consistency is proved in section 2.7.

Problem (v) is the most difficult of the three. Tt includes
such problems as testing the bhypothesis that the observations derive
from an autoregressive scheme of order q against the alternative hypo-
thesis that they derive from a scheme of order g'. Nothing in this

thesis sheds any light on this problem. However, a result proved in
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section 1.2 may be useful in deriving a test for a hypothesis slightly
different from the one specified in (v). Suppose that it is desired
to test the hypothesis that V is doubly2 symmetric against the alterna-
tive hypothesis that it is not. The result proved in section 1.2 is
the following: 1f V is doubly symmetric and of even dimension r,

then there exists an orthogonal matrix H, not depending on V, such that
HVH' = P

where V, and V, are both (r/2, r/2) matrices; and if V is not doubly
symmetric, then H does not transform V into the form shown above. So
1f there is available more than one realization of the random variables,
the methods of multivariate analysis could be used to test the hypo-
thesis that the transform: of V is of the form shown above against the
alternative hypothesis that it is not. If this hypothesis were reject-
ed, then one would be in effect rejecting the hypothesis that the ob-
servations were deriving from a stationary process. It would seem
that such a test could be useful.

A solution to problem (vi) was the original goal of this work.
It was desired to find a way of analyzing data which arise from multi-
variate normal populations subject to a multi-way classification. For
example in the balanced two-way classification there are b blocks, t©

treatments, and r observations in each treatment-block combination

Doubly symmetric means symmetric sbout both diagonals.
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which occurs in the design, and it is assumed that the observations

are generated by independent random varisbles except with in cells

(a cell is a particular treatment-block combination) where the r random
variables satisfy a stochastic difference equation of the form pre~
viously mentioned. It was hoped that procedures could be found which
depend on statistics whose central distributions are known and tab-
ulated.

Such classifications arise in the following types of situations.
Suppose there are bt identical machines which produce objects in a
sequence and that these objects each have a common measurable charac-
teristic. If b lots of homogeneous (within lots) raw material are
available, and if t different adjustments of each machine are possible,
then it may be required to study the effect of the machine adjustment
while eliminating the disturbing effect of heterogeneity in the raw
material (between lots) and the possible interaction between the
effects of raw material and machine adjustment. It would not be un-
usual 1f the observations generated by such a process did not behave
like the relaizations of a sequence of independent random variables.

In such cases one is obliged to assume a more complex model, and the
one chosen here is the stochastic difference equation of first order
(in actuality the model assumed is circular, but it is hoped that the
effects of this will be negligible when the number of observations in

a cell is moderate). Such a model is relatively simple, and it seems
reasonable in light of the empirical fact that objects produced one
after the other are usually more nearly alike than those objects widely

separated in the seugence of production.
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An approximate analysis of a particular case is described in
section 4.2. If the observations within a cell derive from a model
which T. W. Anderson / 57 has called modified circular, then it is
possible, when r is odd, to find two linear combinations of the observa-
tions within each cell (there will be as many such pairs of linear
combinations as there are cells) such that the corresponding pairs of
linear combinations of random variables are independent, have non-zero
expectations, and have variances which are equal except for a quantity
which vanishes as r increases. And if r is even (see section M.B), it
is possible to find two linear combinations of observations within
each cell such that the linear combinations of the corresponding random
variables have non-zero expectations, have variances which are egual,
and have covariance which is zero except for a quantity which vanishes
as r increases. Thus, supposing the small quantities mentioned above
to be zero, it is possible to analyze the transformed observations as
if they were generated by independent, homoscedastic random variables
with two random variables associated with each cell. The effects of

blocks and interaction can be eliminated by means of the usual analysis.



CHAPTER I

SOME RESULTS IN MATRICES

1.1 Introduction. This chapter contains the proofs of some

of the results which will be used in later chapters. In addition,
some mere or less well-known identities, vwhich sre quite frequently
used throughout the thesis, are stated without proof.

1.2, A Result in Matrices. If V i1s an (rxr), doubly sym-

metric matrix, then, when r 1is even, there is an (rxr) orthogonal

matrix H such that

Vl ’ 0

(10201) INH’ = T bl
0 i V2

where V; and V, are (r/2 x r/2) matrices. The matrix H cen

2

always be written in the form

1

(1.2.2) H = —
V2

where A and B are arbitrary, (r/2 x r/2), orthogonal matrices,

and K is the (»/2 x r/2) metrix with elements

1 if i+ § = g + 1
(1.2.3) kij = ;
0 otherwise

and if V is not doubly symmetric, then there is no matrix H, of
the form shown in (1.2.2), which reduces V to the form shown in

(1.2.1).



That this result 1s true can be shown in the following way:
first the matrix H 1is orthogonal. This can be verified by a

simple multiplication. The product HH' is
A l AK
B I-BK

but KK' = I, and A and B are orthogonal by hypothesis.

A ! K A(T + KK')A'! A(T-KK')B'

Ve

i}

(1.2.4) =
V2

ol

B |-mK B(T - KK')A'I B(I+KK')B*

Second, suppose that V is an arbitrary symmetric matrix.

Then V can be partiticned,

11 12
(1.2.5) vV o= | __ ’
1
Vie | Ve
where
i Yie V13 ot V1,pe
Vie Voo Vo3 o Vo,r/e
(1.2.6) Vyg = . . s
Vie/2 Veefe Vaese 00 0 Vefoo/n

V(ree)/2,(r42) /2 V(v42)/2,(reh) /2t V(ze2)/2,r

(1.2.7) Y, = | V(z42)/2,(xb) /2 V(wek) /2, (2ek) /2 0 V(reh) /2,0

. . .

*

{(r+2) /2,7 V(eeh) /2, r o Ve

.

v




and

Y1, (x+2) /2 Y1,(ei) /2 0 0 Vi

Vo, (x+2) /2 Vo, (xsl) /2 0 Vop
(1.2.8) Vi, = .

The transform of V 1isg

Vr/o,(z42) /2 Vr/E?,(r-z«lL)/E "t Vefo,r

KV o+ ! (AT ! fy\n!
(1.2.9) HVE' = 2 AV V) 7 KT HT AT | AV V] -V K KT K )B
2. =3 g e P
B(V, 1=KV} 47, K=KV, KAt | B(v, KV T K 48T

Since A and B are both of full rank, necessary and sufficient con-

ditions that HVE' be of the form shown in (1.2.1) are that

H 1 v
(1.2.10) Vip = KVi, + V K' - KV, K' = 0,

and that

L L t .
(1.2.11) Vg * KV = ViK' - KV K 0
These equations are satisfied if and only if

(L.2.12) v =KVQ2K‘ ’
and

t — 1
(1.2.13) KVip = ViK'



The (i, J) element of KV, K' 1is Vf—j+1,r~i+1’ for
1232 ., /2, §> 4, and ds v oo oy for § =1, 2, e,
r/2, i > 3; the (i, j) element of KV), is Vi peitl? for i, j =1,
2, ..., v/2; and the (i, j) element of v K is Vi pejel? for

i,ij=1,2, ..., v/2.
If (1.2.10) and (1.2.11) both hold, then (1.2,12) and (1.2.13)

both hold, and it follows that

(vr~j+l,r~i+l vhen 1 =1, 2, ..., r/2, j >1i

(1.2.14) Vig ;
Vi itd, mm gl vhen Jj =1, 2, ..., r/2, i > ]

and

(1.2.15) v, i, 3 =21, 2, «o., v/2 .

1,rej+1 = vj,r-i+l

Equation (1.2.15) implies that Vl° is symmetric about its secon~
<
dary disgonal and similarly for V,,. Equation (1.2.14) implies that

the matrix V¥ ,

Vi O
(1.2.16) V= ,ﬂM%Mtwww ,

0 l Voo

is symmetric about its secondary diagonal. Therefore, (1.2.10) and
(1.2.11), taken together, imply that V 1s symmetric about its
secondary diagonal; and, since V i1s symmetric by hypothesis, this
amounts to double symmetry.

If VvV is doubly symmetric, then



V11 V10 O | K Vi1 Vig| |9 K
(1.2.17) o =
H 1
Vie Von K 0 Vio Voo | |B' O
or ) B

1 3 !
Vin | Vi KVplt™ | KV K
(1.2.18) O = - : s
t ] H
Vi | Vo KVl 1 KV K

from which it follows that

- t
(1.2.19) Vi = KV K ,
and that
? — Tt
(1.2.20) KVi, = Vi K .

This proves the result.

1.2 A Property of the Tshebysheff Orthogonal Polynomials. The

Tshebysheff orthogonal polynomials are a set of r polynomials Pi(x),

i .
(1.2.1) Pi(x) = = e % , 1=0,1,2, ..., 21,
j=o ™Y
where the cij are so determined that
r i j it 3
(1.2.2) = (2 c,,uw) (2 e,,,. ) = 0 ,
k=1 =0 1j uL j=0 1Y uk

when i #i' and v o= (Zk-r-1)/2, k = 1, 2, ..., r.

The numbers P. s
ik

i e
(1.2.3) Py = Z Gy Y 2 k=1,2, eou, v, i=1,2, vuu, v=1,

- are tabulated, (see R. L. Anderson and E. E. Houseman /[ 3/, and



Fisher and Yates / 10/), for various values of r.

Suppose r 1is even. The (rxr) matrix P,

l l . L[] 4 1
Poy Pop - Fal
Pl{'l Pu?‘ 3 . . Pl}.’u

(1.2.4) ® = Pr.e,n Frezo T Tre2,r
P11 Pio o P
Fz1 Fzo © Pay
p p A
I‘—l,l r"‘l,2 I‘-l,r

ig of the fom

1A AK
(1.2.5) P o= l ,

5 |
vhere A and B are (r/2 x »/2) matrices, with the rows in each
matrix mutuelly orthogonal, end K is the (r/2 x r/2) matrix de-
fined in (1.2.3) .
Thet this statement is true may be seen in the following ways

The values of P ccording to R. L. Anderson [}/, are

s &
ik’



o - 23-1 .
oM
2 Ci, 2j-1 uk when 1 is odd
J=1

(1.2.6) P = _
=+
2 04
= C, . ukJ when 1 is even
. 1,23
j=0

fhen r is even, W =W g0 k=L 2, ees, /2 . Thus when

i is odd P, = - Py pker? £ =10 25 cens r/2; and vhen i is
even Piyp =P vge1’ E= 12, .o, v/25 and from this fact it
follows that P is of the form shown in (1.2.5). That the rows
of A are mutually crthogonal follows the properties of the ortho-
gonal polynomials and similarly for B.

The matrix A is

1 1 co.oL 1
o1 Fop o Papse
P P . a e P
(1.2.7) & = I} Lo h,r/2 ,
Fre,1 Frape v 0 Pr~2§r/2

and the matrix B is

Fip Pyp oo P
p . . P
(1.2.8) B = 51 o2 5sx/2

T) L L @
Pre1,1 Fre,o Pral,r/o



1.3 The Characteristic Roots of a Matrix. It is required

to find the characteristic roots of the (rxr) matrix V,

2 =l
1 o P - . . P .
(1.3.1) v = p 1 o .« . P 1 =
. L] . L l - p
r-1 T2 T
p P p 2 1

where p is a real number |p| <1 .

This matrix is positive definite, and its inverse is

-1 2 2
(1.3.2) V7% = (14 p)I - 0B - o€,
vhere I is the (rxr) identity matrix, B is the (rxr) matrix

with all elements zero except for b,. =D .= 1, and ¢ 1is the

11 rY
(rxr) matrix with all elements zero except for ¢y = 1 if
[i-3]=1.
-1 -1
If kk’ k=1,2, ..., v, are the roots of V » then Kk
are the roots of V. The problem is therefore equivalent to that

of finding values of )\ g0 that

2
(1.3.3) J(1+ 0% - A)I - B - oC| =0 .
Let A%(h,p) be the left-hand side of (1.3.3). Expanding Ar(kgp)
by minors yields |
(1.3.5) A (0p) = (1-0)5D, (0 )-202(1-MID._ . (hao)+e'D. , (nyp)
e ptP) = ASA) Do\ Pl UMD, 5 (hsp)+e D ) (Nsp)s

where Dr(h,p) is the determinant of the (rxzr) matrix V% ,



(1.3.5) w» = (1+ pe - NI - oC .

Expanding Dr(K;D) by minors leads to the difference equation,

(1.3.6) Dr(h,p)~(l+pe-h) D,.1(Asp) + o D, o(rsp) = 03

and it is known, (see Siddiqui / 15/, Hildebrand / 11/), that this
difference equation has the solution,

r sin (r+1)0
gin ©

(1.3.7) D_(A;p) =

where 1 + p2 - A = 2p cos @,
Substituting (1.%3.7) in (1.3.L4) and equating A%(K,p) to zero

results in the equation,

y2 r-2 sin(r-1)e
/ lJ e T e -

r-1 sin(r-2)0 |
gin © N

sin @

(1.3.8)

o~

o

1-» (1-7)p

r sin(r-3)0
e gin O 0.

If equation (1.3.8) is multiplied by sin 6, ( sin © = 0 is not a

solution), end if the complex representation of the sine Ffunction

is used, equation (1.3.8), after a few manipulations, becomes

(1.3.9) &7 ((10)e™ - ) = & HEBNO(10)e7 0 L ()2

Thus A
1(r-3)0 ~i(xr-3)0
3

(13200 e © (10 =s e 2 (el o
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and this can be expressed in the form

(1.3.11)  (1-A\) sin (E%l)@ = psin (5%2) o ,

and

(1.3.12) (1-M) cos (f%}> 0 = pcos (352) 9 ;
or in the form

(1.3.13) (2 cos © - p) sin (E%}) 0 = sin (E%é) o,

and
(1.3.14) (2 cos © - p) cos (E%E) @ = cos (E%é) o ,

since 1 + p2 - A = 2 cos ©. Finally, since

(1.3.13) 2 cos & sin (E%}) @ = sin (Eg})g + gin (féé) o ,
and
(1.3.16) 2 cos © cos (5%;) 0 = cos (35}) O + cos (E%é) o ,

are well-known identities, (1.3.13) and (1.3.14) can be reduced to

(1.3.17) sin(fgé) © = p sin (E%}) o ,
and
(1.3.18) cos (Eg}) @ = p cos (Eé}) 0

The problem of the roots is solved when values of @, say Qk s
are found which are soluticns to (1.3.17) and (1.3.18). The roots

of V1 will be N = 1= 2pcos @ 0° .
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Apparently there is no closed form solution for (1.3.17) or
for (1.3.18) which holds in general. It is possible, however, to
find approximate solutions which are as accurate as one cares to
make then. An iterative solution is proposed here, and this soluw
tion is shown to converge.
The numerical solution of (1.3.17) proceeds in the following

-~

way: 1f p=1, the solutions are

1,2,..., v/2, r even
(1.3.19) o = L%%i.)_lf , K = . ;
1,2,.0.,{x=1)/2, v 0dd
if p = 0, the solutions are
‘ 1,2,..., /2, r even
(1.3.20) ¢ = 2K k = ;

1
k Tl 1,200, {r=1)/2, r odd

and if p = -1, the solutions are

1,2,...,v/2, r even
(1.3.21) o = E%ﬂ , k

]

l,e,...,(r—-l)/Q, I’ Odd
Let Rk be an open interval on the O-axis,

2k

2k~1);
(1.3.22) =g Qiﬁgﬁnlﬁ ;=3

where k =1, 2, ..., /2 Iif r is even, and k =1, 2, ...,

(r-1)/2 if r 4s odd. The function (o),

sin (Zxl)g
(1.3.23) £(6) = —f |

par (r-1)
sin ~5- 8]

is continuous for O ¢ Rk’ and
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1 0 (2k-1)x
iy
(1.3.24) £(e) = H
2kt
O e = =1

i.e., ©(0) is unity at the left end point of each R > and £(9)
vanishes at the right end point of each Rk .

If it can be shown that f£'(9) is strictly negative for
Qe Rk’ then it will follow that £(©) takes on each value between
zero and one exactly once in each interval Rk .
It is to be proved that £'(Q) ,

sin r 0 - r sin ©
2 sine((r~17/2)@

(1.3.25) £1(e) =

1s strictly negative for © ¢ Rk' From (1.5.22) it ig clear that
sin © >0 and sin r 8 <0 for © ¢ Rk’ This proves the result,
and it can be asserted that (1.3.17) has exactly one solution in
each interval Rk’ provided that 0 < p < 1.

To find the solution for a given value of p, r and k, the

following iterative procedure is proposeds Put (1.5.17) in the form,

_ 2 o=l . (r-1)
(1.3.26) o = o sin (p sin s 0) .

Then choose a point, say @O, from the interval Rk’ and substitute
this point ©_  for 9 in the right hand side of (1.3.26). The
value of p and r are known so (1.3.26) now has a numerical
value which can be calculated. This number, say @l, is a first
approximation of the true solution. A second approximation, say

@2, is obtained by substituting Ol back in (1.5.26). In this way
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& sequence of approximstions is produced.

The conditions under which this sequence converges to a true
root are stated in the following theorem from Brand‘1i§7: Ir
QO € R, where R is an interval containing a root of the equation

= g(0), and if g(0) is differentiable throughout R, and if

[g'(8)| <M <] for © eR, then the sequence of iterative solu-
tion of the equation © = g(9), starting with the point 90, con-
verges to a root of the equation.

Thet the conditions of this theorem are satisfied in the case
of (1.3.26) is easily seen. TFirst 9, € R.s and R, contains
exactly one solution. Second, the derivative of the right-~-hand

side of (1.3.26) is

-1
a o o _ . peos (=5=) @
(1-5927) "E'— ("‘“Ci" sin i(p Sin -L) )) = r-l 2 5
d o ‘r+l B r+l B TTE (D
l-p sin -—-2—- Q
which exists for all & when [p| < 1; and
r-1
p cos (“==) © ' g
(1.3.2) =t 2 < 1oy
wl \V4 2 (r-1) . -+l
l—p sin “54 9

vhen | p | <1.

If -1 <p <0, then the Rk hecome

1,2,..., v/2 if 1T is even
(1.3.29) R (x|

r+l ? k=

1,2,.00, (r=1)/2 is r is odd



1k

In this case,

0 if © = oI
4+l
(1.3.30) £(9) =
-1 if 0 = 2k
r

To prove that £'(9) <0 for all © ¢ Ry s it is necessary to show

that

(1.3.31) sinro-rsine <o,

for 0O ¢ Rk' This is true for the same reason as before, viz. that
8in 9 > 0 and sin r © <0 when O ¢ Rk' 50, exactly as before, it
turns out that there is exactly one solution in each interval Rk.
The proposed iterative procedure still converges since it was proved
to converge for ]pl < 1. This completes the analysis of equation
(1.3.17).

Consider equation (1.3.1}). If p = 1, the solutions are

0,1,2,..., (r-2)/2 if r 1is even
2k 28 2
(1.3.32) o = ~;ﬁ , k =
0,1,250045 (r-1)/2 if r is odd

if p = 0, the solutlons are

(21 ) 1,2,¢0., v/2 if T is even

T+l

(1.3.33) o s ko=

1,2,000, (r+l)/2 if r is odd

and if p = -1, the solutions are

(ggal)ﬂ 1,2,...,v/2 if r 1is even
UmTLTT O

r

(1.3.34) 6, =
0 1,2,..., {r+1l)/2 if r is odd
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Por 0 < p <1, the intervals Rk are

1,2,...,v/2 if r is even
k-2 2k~1)mn 2Eren
(1.3.35) Ry @g“f;*lﬁ s K‘;;il ); k=
1,2, 0.,(r+l) /2 if »
is odd

and for -1 < p <0, the intervals Rk are

1,2,...,r/2 if r is even

k-1 k-1
(1.3.36) g (Ex | (Febr
1,2,...,(r=1)/2 is r is
odd
To prove that
(r+1) :
(1.3.37) 4 cos =7 9 B -r 8in © - sin r @
e ) Tol =0 2 (r-1)
cos —5- o 2 cos 5 o

is always negative for © ¢ Rk’ it is only necessary to observe

that sin @ >0 andsinr ©>0 for 0 ¢ Rk’

there is exactly one solution in each Rk' The proposed iterative

This proves that

solution will converge if

. r-1
p1 P8I ()0

r+l
/1.2 2(3:;_3_-) o

1) = (=2 cos™t Loy -
(1.3.3}) 5 (r+l cos (p cos 5 Q)) =

o cos

exists for © ¢ Rk and 1s less in modulus than some number which
is less than one. VWhen ]pf < 1, the derivative exists for sll e,
and
. (r-1)
p-1 | P8I =T O r-1

(1.3.39) -~ < =z
»+1 /l“pgcosa (Eé})g r+1
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This completes the analysis of equation (1.3.18).

1.4 A Problem of Identification. For even, consider the

(rxr) matrix,

1 "N ' °
— - N 3
2
0 V2

where V' is the (rxr) matrix shown in (1.3.2), and K is the

K

I
(1.%.1) S
* [

-

I,K
V-l

I'-K

(r/2 x r/2) matrix defined in (1.2.3). It is required to find the
characteristic roots of Vl and V2 .

The roots of V"l can be calculated by the method of the pre-
vious section; and, since the roots of Vl and V2 are also the
roots of V'l, the problem consists of identifying which roots of
v"! are also the roots of either vy or V.

Let AT/E(k,p) be the determinant of the matrix V, - A,

(1.k.2) v, = (1 + pe)I - oC - peE ;

vhere C is the (r/2 x r/2) matrix with all elements zero except
for e, =1 if [t = 3] =1, and E is the (r/2 x v/2) matrix

with all elements zero except &9 = 1. Expanding by minors yields

(1.h3) 8, p(00) = (1-2)(1-prp™-1.) Doty jp(hs0)
-92(2~9+92~2k)Dr~6/2(k:p)+puDr_5/2(A:p)

where Dr(h,p) satisfies the difference equation (1.3.6). The solu~-

tion of (1.3.6) is given by (1.3.7). Substituting (1.3.7) in (1.4.3),

recalling that 1 + p2 - A = 2p cos O, and setting AT/Q(A,p) equal
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to zero, leads, after a little algebra, to

(1.5.4) (2 cos © - p)(2 cos © - 1) sin (fég) o

~{4 cos © - p -1) sin (5%&) © + sin (Eéél Q=0
Repeated application of the trignometric identity,
& . 3 . + ai -
(1L.k.5) 2 sin 9, cos 8, = sin (Ql + @2) sin (Ql @2) ’

yields the equation,

(1L.4.6) 2 sin % (cos (35%)@ -p cos(E%})O) = 0,

Thus it is seen that the roots of Vl are those roots of an which
are derived from equation (1.3.18). The roots of V, are, of course,
the roots of VT vhich are derived from equation (1.3.17).

1.5 The Inverse of a Matrix. It is required to find the in-

verse of the (rxr) matrix vV,
-
(1.5.1) v=(1+07)1~¢C,

where C 1s the same matrix that appears in (1.3.2).

Professor Hotelling, in his lectures on leagt squares, gives a
method for finding the inverse of a sub-matrix of g matrix if the
inverse of the metrix is known. In this case V is s sub-matrix

of the ((r+2)x(r+2)) matrix v,
2 2
(1.5.2) v, = (L+p")I=pB-gC,

vhere C is an ((r+2) x (r+2)) metrix of the same form as appears
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in (1.5.1), and B is the ((r+2) x (r+2)) matrix with all elements

zero except for b.. =b

11 r42, T2 = 1, The inverse of Vl is

2 r+1
1 o o R <
r
ol ] o) e P
- -1 2 r-1 1
(1.5.3) vy o= P 0 1 vee P —
« . L] . l“‘p
T+l r r-1
0 D o) PR

By applying Professor Hotelling's method, the inverse of the ((r+l)‘

x (r+l)) matrix Vo, which is V) with the (r+2)-nd row and the

1
(r+2)-nd column deleted, can be found. By applying the method a

second time the inverse of the (rxr) matrix, which is V2 with
the first row and the first column deleted, can be found. This
last inverse is the inverse of V.

The method is this: IF viy are the elements of Vil and.

vij are the elements of Vél, then

R v .
1,742 42,7

~
]
i
=
j
<
Sk
il

A V..,
1J 1J v
T+2,T4+2

[i-3]
(1.5.5) Vo= L. 500 1= 1,2, e, 142, § o= 1,2,...,142
J 1
SO
% 1 imd ort+l-iaj
(1.5.6) iy = 5 (pf 3l . o Iy,
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i= l’ 2; DR r+l; J = l, 2; seey r+1 .

¥ -
If vij are the elements of V l, then

v ¥
w il 13
(1.5.7) Viy = Vi ~—;¥f—- s
11

or

*% 1 Pi=3t 2r-iw i+l
(1.5.8) Vi = 5 (o o J

-p
i-1 2r~1i+ j=1 21+
-(p " -p D U A
l>~ p2r+2

i = 2’ 3, v e . r+l) j = 2; 3, 009 -+l s
oy

*% 1 fi-3l Ormia 42
(1.5.9) vyy =——= (p I . T

1J 1

- D o
i 2reitl,, i 2w 342
(g -p J(pt - pPr-dte)
Sr+3 4
1l-p

i= l, 2, cees I j = l, 2’ esey Y W

It is required to find the value of the quantity,

T
- ks

(1.5.10) 11y . L = 2 v,.
- — ij lJ

vhere 1 is the (rxl) matrix with all elements one. From (1.5.9),

it is seen that

r
(1.5.11) % Vig = 5 =
i -0 iJ

3 1 5 (ol1mdl . Pr-inje2

1 2reis ] 2r=j+2
- o Yl pTE I

2
1. p2r+2

-(p
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or that
L K 1 r $iw -’ r Opei- it
(1.5.12) = vy === I p L .
2 1-p 4 13
ro k) 2releje2 ead- 42 peiege
- ._1_'..._ 5 {p j'D' J ~pa J,- +p J L")
i - 2r+2
1-p7 1 . 1-p
Since
r s s r . kd . o) )
2r=i-j+2 2 - - -
(1.5.13) 3 plTETITE g zlpr 3 21 el p; ’
1 i'-: Y= 3
’ (1-p)
r s r . I o 9
ij i=1 j: (l~p)
s s r T -
2r-i+j+2 43 Tei .1 - 1-
: 2
(15.16) 5 o2 w3 (g )
1 (1-p)°
br-i-3+h  orel D ypei T orey o 12
(1.5.17) £ o I, g ol pEd 2k (1 pg ,
~ =1 (2-p)
it turns out that
| r ‘ 2 2
(1.5.18) 5 vj; =2z z ot Lo 8 (1..9% 1
U 1 - ,
1J J lep™ i 1-p (l~p) l+pr+l
Finally :
L F {d r-1
Hi-3i i
(1.5.9) = " s rr2 5 (1) ot ,

id i=1
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but
r-1 o . r-1 =] . o -1, =
(1.5.20) £ (r-i) p° = = (2 o) = I?' ((r-1)- p(lI§*-)) .
i=1 j=1 1=l e e
So

I 2 r+l
(1.5.21) £ oMl . E-20- 7o ¥ 2p

1 (1-0)°

The final result is

(1.5.22) 5 v = r(1-p) (1+5") - ip(l-pr)
iy M (1-p)° (1p"F )

It is interesting to note that this result can be arrived at

in another wey. It is true that

1

(1.5.25) 1" v"T1 = 1 -1

I'HV

et

H'H 1

-
* = P4

vhere H is the (rxr) orthogonal matrix which reduces VT to

diagonal form. Thus

(1.5.24) 1 v 1=1'® D) EL,

vhere A are the characteristic roots of V-l. It is known that

k

the characteristic roots of V © are

kx 2
1 e

(1.5.25) N, =1« 2p cos

and that the Xk-th column of H' is Ek’ where
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k = l, 2, eees T

Thus
- (£ sin %%%)
o=l . 2 J=
(1.5.21) 1'v 1= w1 Z Tr 5 s
k=1 l-2p cog m +p
which proves that
r jkﬂ)a
(£ sin &<
r . 1 T+l r
i 2 J=1 r(1-p)(1+p " ")-2p(1-p")
(1.5.28) r+l % kg 2 3 r+1
k=l 1-2p cos —= + p (1-p)” (1+p" )

vhen p =0 (1.5.28) reduces to the identity,

r r o)
. ik 1
(l. 5-29) kZl( Zl sSin %’;Jl—r ) = _1:_(._.é.,...,_._). .
= j:

1.6 Some Identities. First, (see Titchmarsh / 17/, and

Hildebrand / 117),

fn o 1 o0 > n
(1.6.1) - 5 = 1l+2 £ o cosno,
1-2p cos @ + p n=1
and
sin @ > r
(1.6.2) R EX 5 = S p sinn® ,
1-2p cos @ + p n=1
for all © and |p |< 1
Second, (see Brand / 6/),
n sin 25
o]
(1.6.3) £ cos kx = = cos (n;l) ’
k=1 sin
2
nx

n
(1.6.4) = sink x = = sin
k=1 sin 5



(1.6.5)

(1.6.6)

for all

n
z

k=1

n
z

X

25

sin 2 n x
cos (Z-1)x = Fomrw
' l=-cos2nx
sin (2k~1l)x = 5 ain * )

such that the right-hand side of each formula exists.



CHAPTER II

SOME TESTS OF INDEPENDENCE

2.1 Introductiocn. This chapter contains some tests of inde-

pendence. The first test is an intersection type test suggested by
Professor S. N. Roy. It is based on a set of statistics which are
independently distributed as beta random variables under the null
hypothesis. The others are based on statistics which have the F dis-
tribution under the null hypothesis; and, for these, it is possible,
in some cases, to determine the non-central distributions. In other
cases the non-central distributions can be approximated with any de-
sired degree of accuracy.

2.2 An Intersection Test. Consider a set of normally distri-

buted random variables, say Yl’ Y,

PYIRREY Yr, with
(2.2.1) E(Yk) = s K=1, 2, coa, I ,
and
1 vy Vo eee Vr_l
Vl l V'l LA 1 v)-‘-e
(2.2.2) Var(y) = V5 v, 1 ... V3 52
Vo1 Voo Vr-B" 1

A set of observations, say Y10 Vg vees Vo is given and it is required
to test the hypothesis that all the vi’s are zero.
First suppose that My = 0, k=1,2, ..., v« Then, under the

null hypothesis, the statistics Bh’



(2.2.3) B, =

haeve beta distributions, with parameters (1/2, (r-h)/2) and the By

2

h=l, 2, sr ey I‘-l

are mutually independent in the statistical sense.

That the Bh

have beta distributions is obvious;

independently distributed is proved in the following way:

transformation

~
il

1 X cos Ol

k-1
(2.2.4)

i
i

-1
Yr = X JJl sin Oi

which has the Jacobian Jr’

(2.2.5) g, =Xt

That (2.2.5) is the Jacobian is verified by induction. When r

[e7]
©

co
(2.2.6) J =

sin Ol

X(‘JI“ sin Oi) cos O,

~X s8in ©

X cos @

and this is the same as (2.2.5) when r = 2.

1

1

2 k-’—-‘e, 3, se 0y I'nl

x-2 Pei~l
J_]:L (sin 0,)7" """ .

In general

a5

that they are

Make the

2,

2
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. Y
% 30, 30__,
3% 30 30
(2.2.7) J_ = ~ 1 r-1
X
G ..~
X 30, 2, 1

Look at {2.2.4). It is clear that X is a factor of the last (r-1)

columns of Jr’ that sin O, is a factor of the last (r-2) columns,

1

that sin @2 is a factor of the last (»-3) colurms, etc., and finally

that sin gr—E ig a factor of the next to last column. Thus
T2

(.2.) J_ = X1 T (sin @i)r"i“l A, s
(=1

where A& is the determinant whose r-th row is

=1 r-1 r-1
(2.2.9) (TT sin ©,, cos & [T sin ©,, cos o, [T =sin 9,
i=1 i=2 + i=3
ees cO8 6 ,8in0 ., cos gr-l) .
The same factorization of Jr+] yields
r Ft 11
(2.2.10) T = X T (sin ei) D.q

o
i
—



where AT+ is the determinant whose r-th row is

1

r-1 el
(2.2.11) (cos o, sin ,, cos ©, cos 9 ! [ sin 9,

i=1 i=2

. e l B .

cos @, cos @ [T sin @i,...,cos gr—l cos @r,~sin @r) s
i=3
vhose (r+l)-st row is
r : T : -

(2.2.12) (g:z sin @i, cos @l I:g gin @i’ cos 92 }:g sin @i s

eee COS O

gin © cos @
1=l r’ r) ?

and whose (r+l)~st column is
(2.2.13) (0, 0, ..., 0, =s5in 9, cos @r) .

Compare (2.2.11) with (2;2.9). The first r elements are the same
in each except for the constant factor cos @r which appears in
(2.2.11). Compare (2.2.12) with (2.2.9). The first r elements
are the same in each except for the constant factor sin @r which
appears in (2.2.12). Finally, the first r elements of the first
(r-1) rows of Abr are the same g8 the first r elements of the

first (r-1) rows of A, This can be seen by loocking at (2.2.7)

1°
and (2.2.4).

S0
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0
FAY .

.

0

-~sin ©
—
cos @
by

(2.2.14) A_ . = sin ©_cos © s
r+l xr r cos_@r

[

sin ©
T

where x is the last row of A%; and, therefore

cos,Qr sin @r
(2.2.15) Aq =8, 8in 8 cos o (555—5; + 35§~§; ) = &, .
Since A2 = 1, the result is proved.
Since
r

(2.2.16) Xe = X Y]i ;

k=1
the joint probability density function can be written,

' 2 r-2 R
1 X -1 . r-i-1

(2.2.17) £(x, gl""’gr—l) = const. exp -3 ;@ X i~l(sm 0, )

This proves that the random variables, %Xy Ql, 92""’@r—l’ are distri-

buted independently. It is easy to verify that

2
by Y.
. k
(202-18) Sin2 @k = kh;’:’*‘l 2 ] h = l, 2, ey I’-l 2
z pd
k
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and this proves that the Bh are distributed independently.
The propoged intersection test is the following: Reject the

hypothesis when ¢(g) = 1 and accept it otherwise, where

O if v, <b,_ <y, h=1, 2, ..., r-1

1h h 2h
(2.2.19) ¢(y)

il

1 otherwise

The bh are
r
% y2 .
=nsl E
(2.2.20) by = S —— k=1, 25000, -1,
Pl
k==
and the numbers Vlh and V2h are determined from the relations
o
r-1
(2.2.21) Pr(vlh < By <vgy) = (1-0)

Because of the independence of the Bh

r-1
(2.2.22) Pr(#(y) =0)= TT Pr(vy, <B, <v
h=sl )

i.e., the size of the test is .

If p =p #0, k=1, 2, ..., r, then the B_ are no longer

h
bete distributed under the null hypothesis, and the test (2.2.19)
is not applicable. For this case consider the following test

which can be performed when r is even.

Let H be the (rxr) matrix,
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(2.2.23) H=

R | -
\/ 2 B ~BK
vhere A and B are the matrices (1.2.7) and (1.2.8), except
that both A and B have been made orthogonal by normalizing their
rows, and X is the matrix defined by (1.2.3). Then the random

vector X = H Y, has the multivariate normal distribution; and,

fran the properties of the orthogongl polynomials, it follows that

(2:2-22‘!') E(—}g) = (\/-i: M O, O’ LR O);
and, from what was proved in section (1.2), it follows that

1 '
. AV, 47 KA 0

(2.2.28) Var(X) =HVH' ¢” = o
- 1yt
0 B(vll v, K )B

where V 1is the covariance matrix of Y ,

v \

11 l 12
(2.2.26) vV o= | _ e .
H
V12 ( Vi
o
Therefore, the rendom vector X = (;:2, Xgs cees Xr) has
%o
(202.27) E(z{ ) = (O; O; LR ) O) 3
and
1 *
. (A(V,+V, K )AY) 0 ,
(2.2.28) Var(X') = o=,

|
0 ’ B(Vll’vleK' )B!
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*
AT t o s tya1
vhere (A(V,; + V. K')AY)" is the matrix A(V'll + Vi, K'A" with
the first row and first column deleted.

The statistics B

h)
iy
P
k=h+1
(2.2.29) By, = g s h=2,3, ..., r-1,
5 R
k=h

are mutually independently distributed as beta random variables,
with parameters (1/2, (r-h)/2), under the null hypothesis; and
test (2.2.19) can be performed on the transformed observations.

*
The hypothesis tested is that Var(X ) = I 2. Clearly,

- ": 1 - '::.’ ol
:B(vll v, K )B I if and only if Viq = VoK I, and

1 vl e Vr-2/2
vl 1 see Vr»h/z
-~ i =
(2.2.30) V17V K . . .

.
.
.

vrml Vr—-g v o0 vr/2
Vo Vi3 T Vr—2/2

- . L4 - . I
Veepfo Velfe Ny

if and only if all the vi 8 are zero. Thus the same hypothesis ag

before is tested.
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2.3 A Second Test of Independence, Consider the same model

as in (2.2); i.e. Yl’ Yg, tees Yr are multivariate normel with

(2:5-1) E(Yk) = “]C, k = l; 2, vaes Iy

and
3
1 vl o vr-l
2
[ 24 —
(l..-)uz) Val"(Y) — vl l e VI’»E 0— .
rel T2 L
For r even, let H be the (rxr) matrix,
I K
1
(2.3.3) B =—= | | = )
2 5 | K

vhere I and K are both (r/2 x »/2). If b =0, k=1,2, ...,

r, then the random vector X =HY has the multivariate normal

distribution with,

(2.3.4) B(x') = (0, 0, ..., 0),
and
H
Vll + VlZK l 0 5
(2.3.5) Var(x) = o
H
0 i Vip - VK

vhere V., and V,, are the (r/2 x v/2) partitions of (2.3.2).

Under the hypothesis of independence, the statistic @,
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r/2

5o
(2.3.6) - B= T
r 2

L e Tk

k=r+2/2

G2
i
-

has the F distribution with (r/2, r/2) degrees of freedom.
The test proposed is the following: Reject the hypothesis

if ¢(x) = 1, where

0 if Vs <g< vy
(2.3.7) #(x) =
1 otherwise
The numbers v, and v, arve the appropriate percentage points of

2 1

the P distribution and

r/2

= >

k=1 h
(2.3.8) g = -»——E«.———.—.__M._.

Z ""2
k=r+2/2 k

where the little x's are the transformed observations.
It My = Mo k=1,2, ..., r, and r dis even, let H De the

(rxr) matrix,

(2‘3’9) H e — b 5

where A and B are the same as in (2.2.23). Then the random vec-

tor X = H‘X has the multivariate normal distribution with



(2.3.10) E(X') = (Vr u, 0, 0, ..., 0)
and
4 {
A(vll + VK A 0
(2.3.11) Var (X) = e
’ - '] 1
0 B(V,, - V K')B

For the same reason as in the previous section the statistic G,

r/2
(2.3.12) G = —-15;2 — p
s {f
k=r+2/2

bas the F distribution with (r-2/2, r/2) degrees of freedom if
and only if the hypothesis of independence is true. The test pro-
posed in (2.3.7) is therefore appropriate.

Against specifiled alternatives, the non-central digstribution
of G can be approximated with any ﬁrescribed degree of accuracy.
An example will be given in the next section.

2.k Non-central Distribution of G{when p = 0). The approxi-

mation may be calculated by & method due to Pachares or a method
due to Robbins / 147. The method due to Robbins is used here
since Pachares'! work is unpublished.

Consider the following altermative to the hypothesis of indé;

pendences



(2.4.1)

where

lpl < 1.

Ver(Y)

D~ 0

r-l ‘12
P

r-1
+ e p
r-2
8]
s l

satisfy the stochastic difference equation,

(2.4.2)

and the ek

w(o, 02).

The random vector X = HY, where H

Y.

=p Yy

ek 3

k=23, vaes r,

has the multivariate normal distribution with

(2.h.5) E(E') = (O; 0, +evs O) 2
and
Vll+Vng' ‘ 0
(2.4.4)  var(x) =
0 ‘ v l"VlEK'

l--p2

This model arises in the case where the Y's

are independently and identically distributed as

35

is the matrix (2.3.3),

where V,, and V,, are the (r/2 x r/2) partitions of the matrix

(2.%.1)

If p 4s known, there is an (rxr), orthogonal matrix L,
0

(2.4.5) 1

L

al

= “’"‘—I*‘“—* ’
0 L2
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such that Ll(Vll + VlQK')Li = D(}\k) and. Le(Vll - VlQK’)Lé =
D(n, )5 and from what wes proved in section (1.4), the values of
Ak and T can be approximated, with any desired degree of
accuracy, when p is known.

The random vector Z = H X has the multivariate normal dis-

tribution with

il

(2.4.6) E(z') (0, 0, s 0)

and

D(?xk) I o)

n

(2.%.7) Var(Z) ‘
0 (1)

Thus the statistic G has the same distribution as the statise

tiec 8,
r/2 5
(2.4.8) S = e s
: T
Z n T2
k=(r+2) /2 rebtl Tk

where Tl’ T2, ooy Tr are independently and identically distributed
as N(0, 1); and
(2.4.9) pr(s < ¢)

can be approximated with any desired degree of accuracy by a method

due to Robbins / 1L7.
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Robbins' Theorem expresses the probability,

2 2 2
a(xo tagXy F e ey kr)

(2.4.10) Pr —5 5 5 <e ;
Kol T 8pan Yo oo B X
where a, ys vees 8..) ar+2, e @ o are positive constants anﬁ

%vzl,k=l,2,.”,r,me,”.,mﬁ,emdﬂm ng are inde-
pendent chi-square variates, each with any number of degrees of
freedom whatever, as an infinite series; and he gives a formula
for calculating the maximum error committed by truncating the
series after any given number of terms. The maximum error tends
to zero ag more and more terms are included, so any degree of accuracy
can be attained if a large enough number of terms is included.

Tt is clear that Pr(s < c) can be approximated by the appli-
cation of Robbins' Theorem, since

r/2 M Tﬁ

5k
(2.4.11) s = min(n) g, T (f};)'

~

min(ng) ; Tk Tkt

k=(r+2)/2  “win(y)
is the same form as the quantity which appears in (2.4.10). The
a's and the n's are, of course, positive since they are roots
of positive definite matrices, and the quantity (min(xk))/(min(nk))
plays the role of a. '

2.5 A Test of Tndependence With a Circular Model. Suppose that

Y., Yg, ceay Yr are a set of random variables with the multivariate

normal distribution and



(0, 0, «.., 0),

i

(2.5.1) E(Y")

and
(2.5.2) vVar(y) = v o° R
where
-1 2 1
(2.5.3) V5 = ((L+p)I=pl)—5 >
(o)
with
0 1 0] . . 0 ¢} 1
i 0 1 . 0O O 0
0O 1 0 O 0 0
(2.5.%) ¢ = . e e
O O O * 1 l
0O 0 0] . 0 1
1 0 0 o 1 0

This is the so-called circular model (see T. W. Anderson /57).
The matrix V is (rxr), and ther is an (rxr), orthogonal

matrix H such that

(2.5.5) BV H = D(N.),

where, when »r 1s even,

"1-2 p cos-gg&l&lﬂ + p2 » ko= 1,2,...,(r2)/2

r

(2.5.6) Mo =

and, when r i3 odd

- 2
1-2 p cos igE_%_glE + 075 k = (rik)/2,(x+6)/2,.

38

oc,r
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1«2 3 COs g"("'l‘{:f‘]':'l?"r + pg) k= 1,231.-;(1”*'1)/2

(2.5.7) =

(2ker-1)5 2
kA

l—2 p cos + p 3 k = (I‘+5)/2,(I‘+5)/2;.c.,1‘

If r 1is even, the k-th row of H is
[p)
(2.5.8) (cos(k-1) ﬁ; ; cos(k-1) %? 3 «oes cos (k-1) 255)1‘% s
k=2,3, ..., (r+2)/2, and
(2.5.9) (sin(2k-r-2) ;‘ ; sin (2k-r-2) %f, cees sin(ek—r-a)ff’-‘ )\5% s

k = (r+l)/2, (r+6)/2,...,r. The first row is a row of constants each

1ffr . If r dis odd, the k-th row of H is

2ry
r

=i
A"

o
(2.5.10) (cos(k-1) -‘;{i‘ » cos(k-1) Eg s seey cos(k=1)

k&2, 3, ..., (r+l)/2 , and

2

(2.5.11) (sin(2-r-1) T, sin (2k-r-1) %”f ) wees sin(Br1) XX 12

k = (r+3)/2, (r+5)/2, ..., r. The first row is a row of constants
each 1//r . These results are given by T. W. Anderson [57.

The random vector _g = H Y has the multivariate normal distri-~

bution; and, since all rows of H sum to zero except the first,

(2.5.12) E(X') = (T, 0, 0, ..., 0) ;

and
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(2.5.13) Var(x) = 0H(n) o .

If r is even and r/2 is even, the statistic Gy
ik 3r+h

2
b Xﬁ + Z Xﬁ
=2 k=r+h/2

2.5.14) @ = r-2

(.53 o -Z2 ,
2 r
bN X+

N 2
k=pr+8/h 3r+8/4

-

x=
&

has the F distribution with (r/2, (r-2)/2) degrees of freedom

if and only if p = 0; and if r/2 is odd, the statistic G,
(r+2) /h (3r+2) /4
5 xﬁ + X -
I, k=(r+k)/2

-2 (r+2)/2 T
Z

(2.5.15) G, =
2 2

K o+ 2 X
k=(r+6) /b k=(3r+6) /4
has the F distribution with ((r-2)/2, r/2) degrees of freedom if
and only if p=0.

If r is odd and (r+l)/2 is even, the statistic G3 s

(re5) /4 (3r+3) /4
Z 2 i 2
Oy X‘l{_ -+ ’ZJ -, Xk
(2 5 16) G = I‘m,?) }i‘:«.?QM‘ k=’\f+5)/2
R T AN - ’
(xsl)/2 5 T 5
¥ + ¥ Xk

k={1+9) /4 e k=(2e+T) /1

has the F distribution with ((r+l)/2 (r-3)/2) degrees of freedom

if and only if p = 03 and if (r+l)/2 is odd, the statistic Gh P



4

r+3) /4 +1) /l
( 25)/ 2 +(3r é)/ >

e
(2.5.17) @, = —==2 k=(r+3)/2 ,
b (r+1)/2 5 r o
5 + X X
%

k=(x+7) /4 k=(3r+5) /I

has the F distribution with ((r-1)/2, (r-1)/2) degrees of freedom
if and only if p = 0.

Consequently, these statistics can be used to test the hypothesis
of independence, i.e,, that p = 0.

There is a uniformly most powerful test of the hypothesis p = O
for this model (see T. W. Anderson /57), but it depends on the
serial correlation coefficient, and the percentage points of the dis-
tribution of the serial correlatlon coefficient are not generally
available. Moreover, the non-central distribution of G3 and Gh
can be found, and the power function of these tests provides lower
bounds for the power function of the uniformly most powerful test.
The power function of the uniformly most powerful test is, of course,
not known.

The motivation for choosing the statistics Gl’ Gg, G, Gh as
they were chosen should be made clear. In each case, the choice wasg
made in such a way that the variances of the Xk's appearing in
the numerator of the G's were all larger (or smaller) than the
variances of the Xk’s appearing in the denominator, the larger
(or smaller) depending on p > 0 (or p < 0). It seemed that this

choice of all possible choices would have maximum power. Also, for
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this choice, it is possible to determine the exact non-central dis-

tributions of ¢, and Gh in closed form.

3

2.6 The Non-central Distribution of G3 . Let

(r+5) /4 (3r+b) /b
2 2 2
(2.6.1) q = —— ( A +k:(§+5)/2 A )
and
(r+1)/2 r
2.6.2 = = z . )
(2:6:2) %= 573 e(ra0) /i X ey )

By checking (2.5.6) and (2.5.7) it is easy to see that

(2.6.3) Var (xi) = Var(x§ N (r-l)/é)’ k=2,3 ..., (r+5)/4, and
that

(2.6.4) Ver(n)) = Var( | 1 jods & = (249)/h, (2413)/h, ...
(e+l)/2 .

Thus (r+l)Ql/2 has the same distribution as a weighted sum of in-

dependent chi~squares, each with two degrees of freedom, where the

welghts are

(2.6.5) C_ = (1~ 2p cos(k-1) %g + p

k

k=23, ..., (r+5)/4, and (r-5)Q2/2 has a like distribution with

welghts
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2
r

(2.6.6) ¢_= (1 - 2p cos(k-1) + P

k

k= (r+9)/%, (r+13)/k, ;;., (r+1)/2 .

The distributions of the quantities (r+l)Q1/2 and (r~5)Q2/2

are quite easily found. Thelr characteristic functions are

(r+5) /4 3}
(2.6.7) ¢1(u) = 'E;i”/ (L -2 ¢, u i) o,
and

(r+l)/2 .1
(2.6.8) ¢2(u) = 17T (L~-2¢ ui) .

k=(r+9) /k K

From a well known theorem of complex variables (see Ahlfors / 17)

it follows that there exist D such that

k
(r+5) /b .
(2.6.9) ¢, () = = b (1-20 ui) L
and
(r+1)/2

(2.6.10) go(u) = b (1-20 ui)t

=(19) /1 i

are identities in u for all complex numbers sueh that both sides of
the equations (2.6.9) and (2.6.10) exist.

To find the bk an artifice described by Courant‘Zij7 is em~

ployed. Multiply both sides of (2.6.9) and (2.6.10) by the quantity

(L-2¢

et @ 1). They become
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(2+5) /4 (+5) /1

(2.6.11) i l (L-2 C, u i)"l'EE by + (L -2 Cpr w i) = by
= k=2
kfk! k!
(1-2c¢ ui)t,
and
(z+1)/2 (r+1)/2

(2.6.12) ~T~T (L-2 C, © 1)“%5;bk, + (1-2 G i) z by

k=(r+9) /b k=(r+9) /4

k#k? kfk®

(L~2 C, u 1)L,

Equations (2.6.11) and (2.6.12) are identities in wu; hence choose

u so that (L -2¢C_ ui)=0, and the result is

k

(r+5)/4 Cpos
(2.6.13) by T (C =
e TRk
k!

), k. = 2; 3; ey (I‘+5)/)+ 2

1

and.

(r+1) /2 Cyer
(2.6.14) o, i;{;j;)/h (Ck'“ k-) s ko= (249) /b, (v+13) /4, ...

fe! (rs1)/2 .

i

The inversion of ¢l(u) and. ¢2(u) in the form shown in (2.6.9)

and (2.6.10) is immediate,

(r+5)/b
% bk

(2.6.15) Pr((r+l)Ql/2 <c)=1n- e~0/(2ck) s
k=2



(2.6.16) Pl"((r~.3)Q2/2 ce)o1 - (r:1)/2 L eltee)

2

k=(r+9) /4 X
where c >0.
Finally,
- r+l o el or-3
(2.6.17) Pr(G3 <e) =Pr( = QT EEe F Q)

or

oo (I’+5)/LF r+1 2“*'*-(: - X
(2.6.18) Ppr(e, <c) = g(l - b e F°2 Ck
3 k=2 k
©

(r+1)/2 by e
Z e

k=zr+9)/& §E£

or

o)
T L o
(2.6.19) Pr(G.<e) = 1 - X g( ;5)/ (rgl)/ bz b
7 O Y
O

- X 1 c 1
e (r—?) c{( + C, )

e

or

(r+5) /4 (z+1)/2 (r—5)b( b, ¢y
X ¥ -
=2 k=(r+9)/L (r+l)e Cp * (1*-5)0(

(2.6.20) Pr(G3<c) =1 -

vhich, of course, hasg meaning only when ¢ >0.
The distribution of Gh mey be found in execatly the same WaYy.

It turns out to be



(r+3)/%  (r+1)/2 b( b, CZ

(2.6.21) Pr(c,<e) = 1 - fie ku(r§7)/h TG, 7O

3

where

(2.6.22) C, = (1 -2 pcos (k-1) =

2 2.7 1
Ty opo)

k = (x+9) /%, (r+13)/h4, ;;; (r+l)/2, and

(2.6.23) ¢y = (1 - 2p cos ((-1).%§ + 09) 2,
a

{ =23, ..., (r+3)/4. The b's are

(r+1)/2 ,
(2.6.24) Db, = I (= )s ko= (x+7) /%, (r+11)/b,...
B ogwia(mn SO ’
k'
(1‘+l)/2 F}
and
(x3)/0
(26.25) vy= 11 (L), ¢-035 .. s
07 o OpCp
{4
The non-central distributions of G, and G. are not S0 easy

1 2

to find. However, the modified statistics @' and Gé 5

1
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(z+l) /Y 5 (3r+h) /A o
. 2 Xk + P Xk
(2.6.26) ol = X e ke(eelh) /2

2 2
k:(riS)/h E k=(§r+8)/4 £

and
(r+2)/2 (Gre2) /b,
Z 5&5 + z Xk
(2'6.27) Q! = k=2 k=(l‘+’+)/2 : s
2 r/2 o r 5

k:(r§6)/h E k=(§r+6)/4 g

have distributions which can be found by the method used to find the

distributions of G3

2.7 The Consistency of These Tests. Consider ¢. and let

and GLF .

1
( ) o ((r+h)/h 5 (Br+h) /b o )
2.7.1 Q, == z X + b X
vy Tk k=(rih) 2 K
and
(r+2)/2 T 5

(2.7-2) QE = }f§ ( k=(§+8)/4 Xi ! k=(3§+8)/h Xk)

By checking (2.5.6) and (2.5.7) it is easy to see that

2 (r+h)/b -1
(2.7.3) E(Ql) = E%"— Py (1 - 2p cos(k-l)-%? + pE)
k=2

2

and that

o r/2 -1
(2.7.4) E(Qy) = ifo { 1 i p2 " k=(f§8)/h(l~2p605(kul) %ﬁ ' 92) S
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Recall (1.6.1). The limit of E(Ql) as r becomes large can

be written
2 r/h
(2.7.5) ¥m  B(q) = -im }-‘% 5 o~ _ (125 o cos g-]r-f—l?if),
P> 00 Tuem > 00 k=1 1~ p n=1 )
or
2 r/h :
(2.7.6) 1im B(q) = -92—2 (F+2um I 5 1 o cos X,
Toea>> 00 l-p I k=1 n=1

Since the series on the right-hand side of (2.7.6) is absolutely con~

vergent for p <1, (2.7.6) can be rearranged to the form

2 r/b ‘
(2.7.7) nm B(q) = Lol (f +2 = "1m = 2 cos CES
P> 00 l-p” n=l  re>w k=l
Meking use of formuls (1.6.3), (2.7.7) becomes
.. hgt
2 51n-E—
(2.7.8) -lim E(Ql) = }E“e ( % +2 5 pn Tim % — -
Te> 0 1-p n=l . 7= sin-—}
el ngy
cos (_——1;— T ) °
But
. ng . ng
Sk gin —=
(2.7.9) 1in T E cos (r+4 y R . 2 5
r . omx e L
oo > 0 sin —= eny
so that (2.7.8) becomes
2 n
o Ly 1 1 . p ... nx
(2.7.10) im E(Ql) = remes (ﬂ =N = osin 5 ).

Torma 00 1- 0 n=1
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The sum S,

] n n
(2.7.11) 8 = = E— s F
n=1

can be evaluated in the following wey. Observe that

® ﬁ 1 n oy . o}
(2.7.12) (2 = “sinz) ax = = e sin
=1 n=1

o
This is surely true since a power series converges uniformly within

its interval of convergence. By formula (1.6.2) it turns out that

z 1 n 1
(2.7.13) = XF sin = = x < 1,
=1 - 1+x
Thus
e 1 ny G d x -1
(2.7.14) = E% sin =5 = 5 = tan ~ p.
h=1 Lix
Therefore, e
2
(2.7.15) lim E(Ql) = 20 5 (E + 2 tant o) .
4 7
Lo > 0 1-p

Next, by making use of (1.6.1) again,

o2 (r-2)/a 1 o
(2.7.16) 1im E(QQ) = im 3 —s(1+2 £ p
Lo 00 Proon> 03 k=1 1-p =1

cos (r+ak) gg ) .

Inverting the order of summstion and meking use of (1.6.3) and

(1.6.4) leads to
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2 4] sin(..x.::ﬁ _1;13!
(2.7.17) um B(q,) = -‘-“‘9-5 (%‘ + 25 o im rlg t T
Lo - = o -
o0 l-p n=l  PeeeDw ain O
T
cos 28T ) .
4
But
. (T=4\ O ngy
sin (=3) = sin =
(2.7.18) 1lim rlg AR cos :7’;??-‘ = - R
P> 00 gip B 2ax
T
Thus
2 o n
(2.7.19) 1lim E(Qe) = f*E-§ ( % -y e sin%—ﬂ )
om0 1-p T op=1
or, recalling (2.7.le),
(2.7.20) 1im E(Qe) - _4_0;5 (% - 2 tan™t o).
Lo 00 1-p
If
y 1
r/4 =2 2
(2.7.21) 1im -% (= (1-2p cos e pg) ) = 0,
Trowm> 0 k=1 r
and
(z-2)/ >
r~4)/a -2 2
. 1
(2.7.22) 1im I (= (1-2p cos Llﬁié-‘gi)ﬂ + o) ) =0,

Yo > 00 k=1
then Var(Ql) and Var(Qg) tend to zero and Tchebycheff's inequality
applies to Ql and 92,'

Meking use of (1.6.1), (2.7.21) becomes
r/a

1 > =n 2nk x
(2.7.23) Lim —% £ (1+4Z p cos T va(sx 0" cos
Tem200 r k=l n=1 n=1

2nky 2
)2y

l~p2
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but this limit is zero since

S n 2ok
(2.7.24) | = p cos - T < 8l for 5 < 1 and

n=1 T 1o e

r > 0. The same reasoning on the case of (2.7.22) leads to the same
result.

This means that

2
(2.7.25) 1im Pr {‘Ql - g—-—-—-ﬁ (1 + -3 tan™t p)} < eAg = 0,

Pamas 00 1-p
and that
‘ 02 4 -]
(2.7.26) 1im Pr |6 =75 (1 -2 tan™ o)|> e} =0
Peme> 00 1-p

for every e > 0.

There is a theorvem in Cramer / 8/ which says that if two random
variables, say Xh and Yh, are converging in probability to points,
say Cl and 02, then the ratio XIn/Yn converges in probability to

the point c;/c2 if ¢, £0 .

Therefore,
- - £+ 4 tan™t
(2.7.27) == > — s
QE P -4 tan " p
But
-1
(2-7-28) T+ 4 tan T p = 1

%~ 4 tan" 0

if and only if p =0 .
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This proves the consistency of the test based on the statistic

Gl. The consistency of the other tests (those based on Ge, G3’ G4)

will follow through similar arguments.



CHAPTER IITI

ANALYSIS OF VARTANCE WHEN THERE IS NO INTERACTION

3.1 Introduction. This chapter contains the results of some

investigations into the problem of analyzing the data from a two~
way classification when the random errors are subject to certain
patterns of dependence. For a circular model the power functions
of two possible analyses are compared.

3.2 Testing for Treatment Effecte Without Interaction. Con-

gider the followlng situation: The random variables Xij’ Xij is
(rx1), 1 =2, 2, vuus t, 3 =1, 2, ..., b, are independently and

identically distributed as multivariate normel with

(3.2.1) E(gij) = (u+my+ By) 1, all (4, 3),

and
r-1
l p » e e p
=2 2
(3.2.2) var(y,.)= |° t ce P L.
—1Jd 2
0 . . l—p
Tel pr—E Y

The parameters u, Ti's, Bj's, 02, and p ( p < 1) are unknown.
A set of observations, say Yij 2 all (i, J), is given, and it is
required to test the hypothesis of no treatment effects.

One thing that can be done is as follows: The random variables

X, .
id
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(3.2.3) x.. =

'y
ij =

=13

2

R

are independently distributed as normal with

(3.2.4) E(Xij) ol 6j s

and

r—2p~rpe + 2pr+l o

(1-0°) (1-0)® r*

[3v]

(3.2.5) var (xij) =

The latter follows from (1.5.21) .

The Xij's form a two-way classification with one observation
per cell, each observation with the same variance; and the usual
analysis of variance can be performed, along with the usual tests.
In fact, this analysis will be valid even if the structure of the
dependence is not the same as shown in (3.2.2) .

Another possibility arises if the model is changed slightly.

Suppose that
2 -1 2
(3.2.6) Ver(y;,) = ((1+ o)1 - o0)™" 0%,

where C is the (rxr) matrix with all elements zero except for
cij =1 if i-j = 1. This is a modification of the cireular model
described by T. W. Anderson / 5/.

There exists an (rxr) orthogonal matrix H such that

(3.2.7) H((1 + p2) T - pc)‘l H' = D(Kk) .

The k-th row of H, say gﬁ, is (see T. W. Anderson Zﬁ§7):



. Kxn . 2kn ki
(3.2.8) (5111 _ﬁj‘_ ; Sll’l-]—:;*_—i 3 esey gin }:j.-. ) % s

k=l, 23 ceny Iy and

(3.2.9) » = (2

1
no

re]
o
o]
0
+

k=l,2, caey ¥ o

Let X, =HY;,,all (i, J). Then,

"‘lj
(w + 7, + 33) r (x b oz
(3.2.10) E(gg;.) = (= sin T sin =25
’ il (=1 -1
2
r
Y sin EKE
r+l

and

(3.2.11) Var(_}_{ij) = D(}\.k) o2 .

Referring to (1.6.4), it is seen that
(3.2.12) E(Xﬁjk) = 0 for k even.

Consider the rendom varisbles gij’
(Xijl’ Xﬁj3’ cees Xijrul) s r even ;
(3.2.15) gij =

\ (%,

1917 Xija, cees Xijr) s r odd .

The random vector gij is (r/2x1) or ((r+1)/2 x 1) depending on

whether r is even or o0dd, and

52
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(p+ T, +B.) T r
(3.2.14) B(z},) = - Jd_ (=3 sin—@-, z siné-y—’-r,...,
=1j r——-——r+l (=l T+l (=l r+1
-
r
5 sinAEZE )

«=l r+1

where p=1r ~ 1 or xr depending on vwhether r is even or odd.

Also

i

(5.2.15) Vex(z;;) = D(n)o®,

where

(3.2.6) A, = (1 - 2pcos (%%_1_)_3_1 + o)

2

h=1,2, «o., v/2 4if r dseven, h =1, 2, ..., (r+1)/2 if r is
odd.

The random varighles 2 are a two-way classification for

ijh .
each h, with variance per observation Ahgg. Thus the usual analy-
sis of variance can be performed for each value of h. For each
analysis there is a function of the observations, say ¢(§h), which
provides the criterion for rejecting or not rejecting the hypothesis;

i.e., the hypothesis is rejected when ¢(gh) = 1 and not otherwise.

The following intersection test is proposed. Iet
0 if all #(z) = 0,
(502:17) ¢(Z 2 Z 2 evay Z ) =
1’72

q
1 otherwise ,

where q = r/2 or (r+l)/2 depending on whether r is even or odd.

The hypothesis is rejected when ¢(El’ 2y ---:_Eq) = 1.
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The test can be made of size ¢ in the following way:

(3.2.18) Pr(Ho rejected by h-th test Ho) = v

then, since the tests are independent,

(3.2.19) Pr(HO not rejected by any of ¢ tests 1 HO) = (1-v)%,
and
(3.2.20) Pr(H, rejected by at least one of q tests |H ) = 1-(1-v) 2.

Thus
(3.2.31) a=1- (1L-w,
oy

(3.2.22) v=1-(1- a)l/q .

Therefore, if each individuval test is of size v, where v dis given
by 3.2.22, then the intersection test ig of size ¢, This method
of fixing the size of the test 1s, of course, arbitrary.

The question now arises as to how the power function of the pro-
posed intersection test compares with the power function of the test
on the means (by test on the means is meant the test on the two-way
classification formed by averaging the observations in each cell).

For the modified circular model the test on the means would be

by the ordinary ¥ +test with variance per observation

2

n

r+l r
(5'2‘23) 9_:__ é! v 2: = (l"(l"p)(l'l'p 1)’."20(1"9 ) )
r (1-0)° (1rp™)

qu
e
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The formula (3.2.23) follows from (1.5.22).

3.2 Comparison of the Power Functions. It will be shown that

the a-size test on the means is locally more powerful than the
o~size intersection test at least for most values of «. It has,
however, been suggested by Professor Roy that the intersection test
is likely to be more powerful at other values of the non-centrality
parameter.
2 2 2

For small A and o taken as one (o” can be taken as one

without loss of generality since it cancels out in the comparison),

the power function of the test on the means is

o
(3.3.1) B = ((1-0) + a; K A% 4 ) KA s
where
(3.3.2) K = I‘g(l-p)3(l+pr+l) ‘
r(1-p)(Ltp " )-20(1-0")
b(t-1 Fow 22
___2__*) .-
(3.3.3) N1 1 1 (g=1)
200t By “‘( - CBT BT (EDGE, B(E-1)72
2 ’ 2
1 ) o (1+ 'g_F,“i)
arF,

and 8 1is a small nuwber vanishing at the same rate as AI1L .
Similarly, for small A?, the power function of the intersection

test is

(5.3.%) B = 1-TT By >
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where
S
b
(3:3.5) B, = ((1- )%, x%l +8) e E

h=1,2, ..., g, and b, 1is the same as a. except that F 8

1 1

» and the Sh are all small numbers vanishing

1-0 &

replaced by P
(l'-CZ)l/q'
at the same rate as A’. Therefore,

q~1

q e 2
(3.3.6) TT By = ((L =)+ bl(l-a) ? g af . 6*) s,

h=1
where
(3.3.7) =

. -7 E = Z e 3
h=1 ™

and ©O% is a small number vanishing at the same rate as AF .
It can be proved that
&l

(3.3.8) (1) ¢ », > a

l 2
where « is any number between zero and one and ¢ is an integer.

The quantities a. and b, have been defined, and

1 1
= 3
- of 5
1 S
-1 b-1
(3.3.9) 1-qas= B(tnl (o-L1)(%=1) b(t-1) aF,
z 7 B . 2
O (l + :5":1‘
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__ \
‘”wo/% 3
/ = £y
Ve __ - -1 b-1
(3.3.10) (1-a) (t-l (b-l)(t—l) : 3 Z-lf “F
F
o (l + ‘.5-:1')
Make the transformation
I
(3.3.11) x = b-1
14 B
b=1
Then (3.3.8) becomes
K(i- ot\)
t- (b-1){%t-1)-2
(3.3.12) (1-0) T (%  ° ax >
(&)
A ot
t-1 (o-1)(t-1)-2
X 2 (1-%) e ax ;
@)
and (3.3.9) and (3.3.10) become
Xi-o
£-3 (b-1)(t-1)-2
(3.3.13) (1-0) = L x ° (1-%) e ax
t=1  (b-1)(%-1)
O
and
><0~00‘ﬂ5
t-3 (b-1)(t-1)-2
(3.3.14) (1-0)*/? = 1 x @ °
B(tel , (b-ll§t~l))
)
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The integrals on either side of (3.3.12) can be evaluated

by parts. The result is that

Xh-d)
1
(3.3.15) x ¢ (1-3) (b“l)g““l)"a ax
O Xl—o(
= (1-a) x,_, B (tél p (b-ll§t"l)) - | u(x) ax,
and that Q
X(\~ok§\/‘()
1 (bm1){t-1)-
(3.3.16) x ¢ (1-x) ° a x
© X (-0
(l_a)l/q " L/ B (=1 (b-l)e(t-l)) ) v(x)ax,
(1-q) /a 2
o
where %
-3 (b-1)(t-1)-2
(3.3.17) v(x) = | ¥© (1) : &y
o
Thus, since X(.L.o;)l /q X(lﬂa) » 1t follows that (3.3.12)

reduces to

(3.3.18) (1-0) B (37, (2)E)y (o

2 (l-a)l/q ) X(l—a))
RN @l
+ o (1=(1-c) T) S v(x) 4 x ~ (1-q) ¢
®) X(s—oﬁ‘[%
S v(x) dx >0 .
X{-

The function v(x) is positive and monotone increasing. Therefore,

by the law of the mean,
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X uy
-d) {(7
N dse o _ent/a
(5.3.19) v(x) dx < <X(l~a)l/q X(1.q)) (1-0)
X(v%)
B (tél , (b-l)e(t-l)) ,

and it follows that (3.3.18) is true whereby (3.3.12) is true.
Now assume that
-1 o
(3.3.20) ((1-a) + bl(lua) 1 g A%, 5 ) e~ EO

-K A?

> ((1-0) + & KA2+8) e

1

If X > E, then (3.3.20) is true when A? is small because of (3.3.12)
and the fact that 8* and & are vanishing at the same rate as
AF. If K <E, then (3.3.20) can be put in the form
g-1
(3.3.21) (by(1-0) ¢ B+ (1-0)(K-B)- a k) 4% + 8™ > o,

*%
where O is vanishing at the same rate as AF s and (5.5.21) will

be true for small A? if and only if
-1
(3.5.22) b (1-0) ¢ B+ (1-0) (k-B) - a] K>0 .

The constant E is positive. Then from (3.3.8), it follows that

(3.3.22) will hold when

(3.3.23) a; > l-a.

From the Cauchy-Schwarz inequality 1t follows that



(3.3.24) 8, >

Thus (3.3.23) will hold when

(53.3.25) (%ﬁﬁ(l—a) > (_’52.1) ,

1

which is true except for « near one.

1
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CHAPTER IV

ANALYSTS OF VARIANCE IN THE PRESENCE OF INTERACTION

4.1 Introduction. This chapter contains the development of

a method for analyzing a two-way classification with interaction
when the within-cell errors have a modified circular dependence.

4.2 The Analysis. Suppose that the random variables

‘-Y:.,j, Xij iS (I‘Xl), izl, 2, “eo e t, j=l, 2, v e ey b; are in-

dependently and identically distributed as multivariate normal with

(4.2.1) E{_gij) = (u+m + By + 713) 1, all (4, j),

and

(k.2.2) ‘ Var(_X_‘ij) = (I - pC)-l 2 s

vhere C is the (rxr) matrix with all elements zero except for

cij =1 if [i-3| = 1.
Let zﬁj =H zﬁj » where H 1is the orthogonal matrix defined
by (3.2.8). Then
(b+7 +B, +7,.) v r
(k.2.3) E(x;.) = o . W) sin—g{;‘i , £ sin %’l‘
J r+1 [Il g:l s

2

and



2
(k.2.4) Var(_}_{ij) D(Ak) o,
where
1

(k.2.5) A, = ; k=21,2, ..., 7.

1-20 cos B + 2

<P a1 " P
Now consider the random variables gij s
! — 7

(ll‘0216) -—Z—ij - (}Lijl’ Xij}’ LN 25 ) Xijp) 2
where p=r if r is oddand p =1r-1 if r is even. The
expectation of gij is

(M + Ti + ﬁj + 7ij) 1 g 3 g
(k.2.y) =B(Z!,) = (Cot 5 == , Cot £ -

=1 \/511_ 2 r+l 2 r+l
5
> =
eee 5 Cot 5 T ),
and
Ly — * 2
(4.2.8) Var(éij) = D(x[) o,
where
W 1

(h.2.9) K( = - »

1-2 p cos (Bf-1)x pe
{=1,2, ..., (v41)/2 if r ig oddand (=1, 2, ..., r/2 is
is even.

It is required to find (gxl) vectors .11 and -ZE such that

(4.2.10) vVar (Ki gij) = Var (Ké gij) s

65
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and

(k.2.11) Cov ((' _(,'ag ) = 0 '.

iJ

The integer ¢ 1is r/2 if r is even and (r+1)/2 if r is
odd.

From (1.6.1) it follows that

2
(k.2.12) xz = D fl s2 5 P cos BLL)x
1-p 1~ -1 T+l

If w is the (mxl) vector whose j-th element is ﬁj"l, and W is

the (mxq) matrix whose (n,j) element is the coefficient of pl-l in

*
the expansion (4.2.12) of kzj 1 » then the j-th element in the

(1xq) vector w’w is the m-th order approximation of ng 1 -

Suppose that r 1s odd. Then the (r-1)/2 -th row of W is

(b.2.13) w! = (cos E%} "?gi_’ cos r21 i:l’ ees COS o= r-l ;:l )
2
el
l»-p2 ’
and
_ (r+1)/2 el
(k.2.14) _vgéyﬂ = ﬁl cos (2f-1) 2E r+1 cos (2f-1 _.2.. =
5 =

Meking use of a well known trignometric identity, (@.2.14) becomes

(r+1)/2
(k.2.15) E; EIE:} = % ;%l (cos (2f-1)(n + E%} ?gi
2
+ cos (2f-1)(n -Ezty T ),

2 r+1
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which, upon application of (1.6.5), becomes

sin (n + E%}) % sin (n - E%E) %t
(h.2.16) w' w _ .= +
A=l gin (n p Idy o L sin (n - E—'-a:—L) -
2 . 2 7 r+l 2 7 rl

It is clear that the right-hand side of (4.2.16) is zero with the

exception of the cases where

- r-1

,/S(I'+l) fd “““‘é““", S"—:lj 2; ey
(’4'-2.17) n= .

S(I’+l) * ‘?‘;7;—]: 2 S = l_, 2, vy

and for these cases

(6.2.28) W, ¥, - (z2) (1)° .
2

Suppose Kl and 12 are taken as the following: If q is odd,

cos (£27) (kg-3) &

4 1,23-1 ~ ¢ (—rl+-l_)2
()4-.2.19) » Jd =12, ..., (r+3)/)'"J

l1,25 =

and



i
O

fE,Qj-l

(4.2.20)

fe,eg s 3= 1,2,00., (r-1)/l;

and, if q is even,

cos (7 ) (43-3) %
2

(1,23~1 s J =1, 2, ouu, (xe1)/L,
(r+l)

(k.2.21)

{103 0
and

fo,p5.1 =0
(h.2.22)

- cos ( )(h l)
o035 = 2 s 3= 1,20y (r1) /.

(r+l)

That no ambiguity can arise in this choice of zi and (2 is

E Y

seen as follows.

(4.2.23)  cos o (hg 3) = sin (hjmﬁ) sin (4j-3) L

r+l ?
but sin(hj-5).g 1 and sin (43-3) -2 >0 for J =1, 2,...,(r3)k.
Similarly,

(k.2.24) cos (gi%)(ujul) g = sin (bj-1) g sin (43-1)-;Ei

but sin(kj-1) = = -1 and sin (43-1)?§1 >0 for J =1, 2,...,(r+1)/k.

I
2
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If g, end g, are the (ax1) vectors whose j-th elements are

2 2
glj and fej, then

— | - ! P % -
(k.2.25) Var (Zl gij) - Var( Kz Zij) = mliE§ o W (gl §2) .

However,

(k.2.26) g8 -8 = ——£L~ W
(r+l) —

and, therefore, it follows from (%4.2.16) and (4.2.18) that

(r+l) (rél)

2
(k.2.27) Lim o' W (g, - g,) = (= ( 1)®
e 00 =L 1-92 O=1 l
s(r+l)+ 2= 1
8
+ 2 ("l) ;%1 2
8=0
or that ,
r-1
2 - 2
e
(4.2.28) im o'W(g, - g.) = — e 1+p .
- W1 =2 2
s 00 1-p r+l 1 - pr+1
Therefore,

i}
O

(k.2.29) -1im (Var((' Z, ) - Varff 24 ))
Timmm 00

Since, for g odd,

y  (e3)/% sin (43-3) Ko

; 5 o
2 =1 2
(r+1) 1-2 p cos(4j-3) —= r+l + p

(4.2.30) Var(zi gij) =
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and

. . 7t
L (r-l)/lt Sln(lh]"l) m o
(k.2.31) vVar({l z..) = ~~— b o
=2 -1 (r+l)2 J=1 2 ’

2p cos()-l-,j-l)-f% + p

and, for gq even ,

(r+1)/4%  sin(43-3) —
(h2.32) Var(fl 2,.) =-~£—~ 5 w41 o,
LT (1) a1 2

1-2p cos(kj-1) 5 + p

1t follove that Var({] Z;) end Var(f} gij) both tend to zero as
r increases. However, it is clear from (4.2.28) that the difference

between the variances tends to zerc at a faster rate; i.e.,

)

Var(f! z..) - Var({} 2
1 =13 22 lJ = 0

(k.2.34) xim
T > Var(gfi .Z_vij)

for k=1 and k = 2, Finally, it follows from (4.2.19), (4.2.20),

(k.2.21) and (u.e.ee) that

(4.2.35) cov ({; 2 Zy sy (2 lJ = 0.

X * < R
Suppose that r 1is even. Let gij = D{ sin ?Iilgij' Then

W+, +B. + 7..) l

* 1 i J iJj ; 1 W
(4.2.36) E(Z,, ) = (sin 2= cot = s 0,
iy ol T+1 T+L
2
3% 5 . (r=l)x (r-1)x ;
sin —“-—+l Cot = 2 I"'l-l 3 Oy «e.y sin _2-::{3_—— Cot (1) O),
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and
* - kn 2
(4.2.37) Var(_Z_iJ.) = D(}\.k sin -ﬁ_—]—_) o= .
From (1.6.2) it follows that
< S n-l . nkg
(k.2.38) N sin =5 = n>-:~1 0 sin ——

Let ¢ be the (mx1) vector vhose j-th element is pj"l, and W Dbe
the (mxr) matrix vhose (n,j) element is the coefficient of pi"l
in (4.2.38). Then o' ¥ o is the (1xr) vector whose k-th element
is the m-th order approximation of the k-th element in the diagonal

matrix on the right-hand side of (4.2.37). W 1is

. nky rke
1 = E ol ool
(h.2.39) v, W, kz—::l sin =5 sin —
which is the same as
1 : oy kx kot
1 - - — - Ly H
(k.2.%0) LW, =3 k-z-l (cos (n-r) =] = ©O8 (n+r) —7)
and this, by (1.6.3), is
. ¥ n-r
sin & —— g
(h.2.41) W' =1 g x4l cos (n-x) b
-r -n 2 i 1 n-r 2
2 Tl "
- gin ..I.‘ Eﬂ
5 7l (n+r)
cos =" g .
sin Lo R
T2 ral



Finally, it turns out that g; Eﬁ = 0 with the exception of the

cases

n

28 (r+l) + r ; 8=0,1,2, ...,

(k.2.42) n =

25 (1"+l)~r 2 S=l, 2, 5; veey

and, in these cases,

'g n = I', 5I'+2, 51"*‘1", v 05y
1 =
(h2.43)  wlw =
--g n = r+2, 3r+h, S5r+b, ... .
Iet
- s faid
(* ain (23 l) _‘“r?, "‘;’1"‘
1,251 o
(LK-.Q.L!-’-I-) ‘ r 3 j = l, 2, ooy %
*
01,2 0
and
%
f2,23-1 0
. j = z
(}-L.E.)-!-)) Sin_g.é.f . y 3 =1, 2, 00, 5
(% - > r+l

* *
There can be no ambiguity in this choice of (l and Ke since

.l TR atmeqy T .
(k.2.46) sin(2j-1) SO sin(2j~1) 7 °o8 (25-)x

T2
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vhich is positive since cos(2j-1)x = -1 and sin (2j-1) ;%-]-_ >0

for j =1, 2, ..., v/2. Similarly,

(k.2.47) sin-a-%% = - sin-%%t cos 2jn

and the right-hand side is negative since cos 2jx = 1 and

sin 238 S0 for =1, 2, ..., r/2.

Iir &1 and g, are the (rxl) vectors whose j-th elements

2

*2
13 and { 237 then

1 ] H
(4.2.48) Vax(f) z,) - Ver(f} zy,) - Var(f Z;y) =

4 ' -
- -}-.-:c..m ® W(_gl §2)

>

Meking use of (4.2.41) and (4.2.43), it follows that

2
(1.2.59) Lin oW (g - £.) = 2 _g( 5 st(r+l)+r
Aoy 21 =20 2 r
e Seo 1-p S=0
-5 2s(r+l)-r ),
s=1
or that
5 02 DEI‘
'y - I T
(4.2.50) Um o (g, &) T Or+2 )
1 - o I+
Since

(4.2.51) Var(KT’ 4 ) =—-g»— b
- r

k

r/2  sin (2k-1) -%‘:-%

-13
1 1-2p cos(2k-1) }%—_ + pe



and
. 2kry
.1 r/2  sin
(k.2.52) var (gé 5:3) = _E§ by r+l 6% s
r k=l 2

1-2p cos(2k-1) ;fi +p

it follows that Var(z%’g:j) and Var(z*' §§j) and both tend to
Zero as o increases.l However, it is ciear from (4.2.50) that

the difference between the variances tends to zero at a faster rate;
i.e.,

)

*1 Fro %
Var(glugij) - Var(f, 2y o

)

J

(%.2.53) -1inm

T > 00

*' %
Var(zk Z;

for k=1 and k =2 .

Let
i L %t % *1 3
Uy = 5 (g Z) + (U 254))
(k.2.54)
1 'ox ®1 %
Vo153 = 3 (4, Zy5) - U5 254)) -

Then, since

(h.2.55) E(f; 2y,) = Clut g +8,4 7;.)

1J
r+1 . s *
where \LZT'C is the product of the vector 11 and the vector

on the right-hand side of (4.2.36), and

%1 %

(4;2.56) E(g2 gij) =0 ,
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it follows that

c
(k.2.57) E(Ulij) = E(Ugij) = 5 (u+ By +7;5)

and that
1 1
(4.2.58) Var(UliJ.) = Var(UQij) = % (Var(_ﬁ gij) + Var(_({; -Z-ij))
Finally,
o R 3 ’ ‘ 4
(4.2.59) Cov(Uy, 55 UEij) = % (Var(fle _Z_ij) - Var(fge _Z_ij)) .

The Ulij and Uzij are g set of random variables subject to
a two-way classification with two random variables per cell and
constant error variance. If Cov(Uiij, UQij) is negligible, then
the regular analysis of variance, which takes account of interaction

between blocks and treatments, may be performed.

For the case when r is odd,

i}

(k.2.60) E(gi gij)

and

Cl(M+Ti+Bj+yij),

i

¢, (o + Tt Bj F Vi) s

(k.2.61) E(Zé gij) 1]

where Cl and C, are constants determined by forming the scalar

2
products of the vectors -Zl and Zz with the vector on the right-hand
side of (4.2.7). Thus gl Zij and Zg Zij are a set of independent

random variables subject to a two-way classification with two random



-J
O

variables per cell. If the difference between Var({' Zij) and
L=

Var(gé Zij) is negligible, then a regular analysis of variance,

which takes account of the interaction between blocks and treat-

ments, may be performed.
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