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The adjustment of high school grades for differences
among high schools in grading standards and practices is a
problem which rmst be dealt with in any prediction system
which utilizes Tigh school grades in predicting academic suc-
cess in college., Similarly, the need for adjustment of college
grades for differences among colleges will also enter into the
picture in the operation of a central prediction system. This
report examines and evaluates different possible approaches
for the prediction of college grades using College Board scores
and high school grades as the predictors, considers what assump=-
tions are made under the different approaches, and obtains the
maxdimim-1ikeliliood estimators of the parameters which are used
to adjust the high school grades and collese grades under a
large number of different possible models. The variances of
the predicted college grades, as well as confidence intervals
asgsociated with these predicted grades, are considered,
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THE PREDICTION OF COLLEGE GRADES FROM COLLEGE BOARD SCORES
AND HIGH SCHOOL GRADES”
by

Richard F. Potthoff
University of North Carolina

1. Introduction and summery. Certain statistical problems will arise

in any program to set up a central prediction system under which the college
grades (C) of a large number of students are to be predicted using both their
Collere Board test scores (T) and their high school grades (H) as predictors‘.
The purpose of this repért is to explore different possible statistical
methods and models for effecting such predictions, and to make appropriate
evaluations of the different alternatives.

A major reason for the existence of statistical complications in this
area is the fact that grades in one high school cannot be assumed to be equiva-
lent to grades in any other high school and grades in one college likewise
cannot be assumed to be equivalent to grades in another college. Thus sometixing
mst be done which will result in equating the grades from the different high
schools and equating the grades from the different colleges. How to effect
this equating is a basic statistical problem which must be faced in connection
with the establishment of a central prediction system.

One idea which has been suggested is to equate tie college grades by
using the College Board test scores, and then, once all the college grades are

on a common basis so that they are comparable, the high school grades can be

¥This research was supported by Educational Testing Service, and was
also supported in part by the Mothematics Division of the Air Force Office of

Scientific Research,



equated through the use of standard methods. A second suggestion more or
less reverses this process: the grades of different nigh: schools are equated
on tie basis of the College Board test scores, and then these equated high
‘seinool grades are used (along with the test scores) for equating the college
grades, Still a third possibility is to use a technique wiiich does the equat-
ing for the high school grades and for the college grades sirmltaneously.

All three of these possible approaches will be consicdered in some detail
(see Sections 5, 7,and 9), and certain basic models will be formulated and
studied. For all of the formleations, we will show iow to obtain the maxirum-
likelinood estimates of {he equating parameters.

All three approaches will be evaluated (see Sections 6, 8, and 10).
The third one is tentatively recommended over the other two, since it would
seerl 1o be less vulnerable to sneaky systematic biases by virtue of the fact
tnat the assumptions upon wiich it is based appear to be more realistic and
less restrictive. As an alternative choice, a special form of the second
approaci is recommended, for tiere mlght exist certain conditions under which
this choice could result in a bLit more efficient estimation and prediction
than the third approach, and also the calculations are noticeably simpler.
The third approach requires mucirlengthier computations tiwan the other two:
althovga tie recommendation in its favor is contingent (for one thing) upen
tue feasibility of performing tiese computations, the equation systens to bte
solved have been carefull; examined and it appears that their solution is
entirely practicable provided that a little time can be obtained on a suffi-
ciently large computer,

Oace the maximum-lilelihood estimates of the equating parameters have
been Touvnd, the predicted college grades can be obtained, It might be desir-

able to obtain for each student not only his predicted college grade, but also
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a confidence interval for this predicted grade. These matters are covered
after the discussion of the tiird approach (see Section 11). The confidence
intervals on the predictec srades will tend to be narrowver Tor the students
from the larger hiigh schoolg, since the estimation of the equating paraneters
for o high school will tend to be more accurate the larger the high school.
This report consists of two parts. The second part is a Mathematical
Appendix (consisting of a series of notes) to whicn we have relegated some of
the more technical details and matihematical derivations. Here in the first
part, which is less technical, we present and discuss the principal findings
of the veport, and at tne same time we exhibit the importantformulas. All of
the reference numbers ( ! R 2, etc.) here in the first part will refer to the

notes in the Mathematical Appendix.

2, Notation, assumptions, and understandings. We will be concerned -

essentially with three types of variables: college grades (C), College Board
test scores (T), and high sciool grades (H). The object of the central
prediction system will be to predict the value of the variable C for each of
a larze number of students for whom the values of T and H are given. This
predicting is to be done by exemining data on all three variables from an
earlier group of students for whom data on C (as well as on T and H) is
already available, and then finding an optimal way of predicting C on the
basis of T and H., For example, students who graduated from high school
in 1964 will have received some college grades by early 1965; the data on C,
T, and H from these students could be employed to develop a way of predict-
ing C given T and H, to be used on students wno will graduate in 1965
and for whom only T and H data will be available.

Most of our development will deal with the earlier group (i.e., the



group for which C data as well as T and H data is available), since it

is this group which is utilized to estimate the parameters of the prediction

system waich is to be applied to the later group. With respect to the earlier

group in particular, we adopt the following notation. Let N.. be the nurber
of students in the group. Let them be distributed among n different collepges,

and let m be the number of different high schools from viiich these N..

students came. Let Nij denote the number of students in the j-th college

wio came from the i-th high school. We also define 1T . ©o be the number of

students in the j-th college, and Ni to be the number of students who cane

from the i-th high school. Tahus

n m n n m n
N, = L N, ,,U, =EN,,,ad N,=ZN, =:zN_ =Z L N,,.
e R T e i=1 ¥ g=1ed 1= gm U

Out notation will identify cach student by means of a triple of indices (i,j,k),

wiere 1 refers to the high school from which he came (i =1, 2, ..., m),
j refers to the college which he is attending (j = 1,2,...,n), and the index

k (k:l,e,...,Nij) is used to distinguish the Nij different students who are

in the j-th college and came from the i~-th high school. Then cijk’ Tijk’

and I will represent respectively the college grade average, College

ijk
Board test score, and high school grade average of the student with identifi-

cation (i, J, k); Cijk is in terms of the grading scale of college j, and

Hijk is in terms of the grading scale of high school i. We also define
Nij _ n m m n
(2.1) c¢,,= ¢ ¢,,,C, =2C,,, C,= £C,,, Coo = £ = C,,,
ij k=1 ijk’ . §=1 ij % 1=1 ij i=1 §=1 ij

i3 = CiJ/NiJ , E:'i. = Ci./Ni. yCy=cC J/N_ 37 Cie =C../N..

Q
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By substituting the letter T for the letter C vherever tiue latter appears
in (2.1), ve define eight more expressions; likewise, by substituting H for
c, we define another eight expressions.

Pernaps our terminology snould be explained more precisely. Tne term
"nigh sciool" embraces what might otherwise be called "secondary schools",
"preparatory schools"”, or simply "schools“. The term "college" of course
embraces "universities". The term "college grade" (Cijk) refers to a college
grade average over some specified period of time (or possibly to some closely
related measurement); e.g., Cijk might be the average of all the individual's
grades for the entire fresiman year. By "high school grade' (Hijk) Wwe mean
the average of the student's high school grades over a designated period of
time (which might be anywhcre from one to four years), or possibly some related
measurement Sucihh as one based on his rank in class. By "College Board test
score" (Tijk) we mean a single score (which might be a sum or weighted combina-
tion of other scores) received by the student in a cammon testing program which
wes administered to all N.. students.

We will not consider the possibility of using more than one H-variable
as a predictor (e.g., one might attempt to use high school grade averages in
gseversl different subject areas as predictors, instead of using the single
predictor consisting of the over-all grade average). We likewise will not
consider the possibility of trying to predict more than one C-variable (e.g.,
one could try to set up a system with multiple criterion variables consisting
of college grades in several different subject areas, ratner than restricting
oneself to the single over-all college grade average). Such refinements as
tihese would complicate the statistical analysis of the system considerably,
and so at this stage in development it appears best to concentrate on the more

basic models. We will, however, consider at various points in this report



the use of more than one T-variable (i.e., more than one type of test score
arising from a common testing program administered to all If.. students) as a
predictor,since such a generalization does not cause as mmch complicetion.

For some purposes, such as judging the extent and cost of the computa-
tion that will be required with different prediction schemes, it will be help-
ful to know the approximate values of m and n. It is anticipated that mn,

ne number of high schools encompassed in the system, may be as high as 4000
or 5000, and that n, the muber of colleges in the system, will be roughly
400 or 500,

For carrying out the equating for the college grades and for the high
school grades, we will assume that a linear transformation of the grades of
each college or each high school will be a sufficiently general type of
transformation. Thus we associate with college J a pair of constants 05

and Bj’ so determined tihat the variable

2.2) c =

i = % TP

ijk

represents an "equated" college grade; in other words, two cijk's (2.2) from
any two different colleges are always comparable, whereas Cijk's from differ-~
ent colleges are of course not comparable. Similarly, we associate with each

high school a pair of equating parameters ay and bi suci: that the variable

(2.3) Digk =8 TPy g

represents an equated high school grade, and thereby compensates for differ-
ences in grading standards among the high schools. In the models which we will
treat, a regression parameter will ordinarily be considered to be absorbed

in the a.'s and b,'s.
i i




. !

Actually, the aa's, Bj's, ai's, and bi's (as well as a couple of other

paraneters) are all unknown., It is the estimation of these parameters which

constitutes our principal statistical problem.

's, the H, . 's,and the T

With the c,, 's, the C.., 's, the h

13k 13k 13k 13k i3k 5
we will adopt the convention that these variables are all scored in such &
way that a better performance is reflected in a higher (rather than a lower)
value of the variable. This implies, incidentally, that all Bj's [see (2.2)]
and all bi's [see (2.3)] are > 0.

If we wish, we can use only one rather than two parameters for equating,
and eliminate the term 5j in (2.2) and/or the term b, in (2.3). The result-
ing set-ups would be less complicated, but at the same time less general and
presumably less accurate. Ve shall consider such set-ups at various points
in tnis report, however,

Although we will not introduce all of our notation at this stage, we

define the following expressions before closing this section:

(2.k) Sy, = I ZI{‘?JL m, I,
j k
Sz, = & ZTyaMig - N Ty By
Jj k
Spps. = Z zTn?.jl;-Ni.Fi.
j k
S =%z S5T8_ -N. T
T 1§ k ijk
T £ C® .-F,C?
%C.J § x Lk R B |
Sepg = Z ZCiqnTipn N3G 3T
i k
S = £ T2, -X T2
Tl'-j i k 131\ OJ 'tj
£y Son, o/ e, fny)
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ferag T Z CagTag: ~ Mag Cay Tag
Semty = I Cugc Magx - My Gy Hiy
dgy = Hyy -0 F
ei;] = Ti;j - Nij Ti.

3. Previous related studies. We consider briefly some previous work

which is related to the material of this report. Tucker [9], after mention-
ing sowme earlier work in the areas of equating of grades and prediction of
college grades, examines tiwree different models for a central prediction
systerm, The first two are canonical correlation models, which Tucker himself
does not favor for prediction purposes. The third one, which is called the
"predictive model", is extremely general (as are the other two), and, in

fact, is more general than our formulations in a number of respects, including
the allowance for provisions to take care of more than one C-variable and
more than one H-variable; witih this greater generality, however, are associated
more serious computational complications. At the same time, Tucker's third
model. seems to be less general than our formulations in one respect: it
apperently makes no provision for anything similar to our B j's (see (2.2)),
and so a problem develops as to how to weightcertain error terms (see [9],

P. 55).

As Tucker [9, p.2] points out, one method which has been used to
predict college grades is for a given college to use data on its own current
s-tudents to set up a regression system for predicting the grades of its pro-
svective students. This method is not only computationelly simple but also
rests on a minimum of assumptions. However, its fault lies in the fact that

it uses only a relatively small amount of data, which causes the estimates of



the equating parameters, and consequently also the predictions, to be compara-
tively inefficient and inaccurate; in fact,the grades from those high schools
wnici send only a few students to the college can hardly be used at all in any
prediction, since the estimates of the equating parameters for such high schools
would be so unstable, With a central prediction system, on the other hand, the
entire rmass of data encompassing all n colleges, all m high schools, and
a'l II.. students isutilized sirmltaneously to estimate the various equating
parameters, and this should result in much better estimation and improved
predictions.

Gulliksen, in a section entitled "Equating two forms of a test given
to different groups" [5, pP. 299ff.], presents a theoretical development (which
he attributes to Tucker) tiuat seems to be applicable to the problem of equat-
ing college grades (C) of different colleges on the basis of a common test
(T) administered to all students. The development treats explicitly the
special case which would correspond to only n = 2 colleges, but genersalization
ton > 2 is immediate. In any event, though, the development deals essentially
with tie population parameters tiemselves rather than with the estimation of
these parameters, whereas in this report all of our methodology will be based
on maxirmn-likelihood estirmtion of unknown parameters. The Gulliksen-Tuclker
development assumes that there has been gelection on the basis of the equating
variable (T) and only on the basis of T (i.e., not on C or on some third
variable such as H); the case where there is selection on the basis of the
variable to be equated ratiier tnan on the equating variable (such as might be
assumed to exist if T is tue equating variable and H the variable to be ecuated,
e. é.) is not considered by Gulliksen, but simlar tools mlght be applied to

nis case to obtain relations between the population parameters.

Te effect of selection receives considerable attention in Gulliksen's



book [5] in various connections:; it turns out that the sometimes tricky in-
fluence of selection will also make itself felt in various phases of this
rcport. One basic principle vhich we will be relying upon is the fact that,

if X and Y are two variables such that selection is made on X but not

on Y, then the conditional distribution of Y given X is unaltered by the
selection on X (whereas tie Joint distribution of X and Y is not generally

unaltered, and neither is the conditional distribution of X given Y).

L, The use of different prediction equations for different groups.

In his study, Tucker [9] goes to some length to provide for the possibility
of using different regression equations, or predictive corposites, for the
grade predictions for different groups of colleges. In particular, for
exarple, he explores a system in which grades at liberal arts colleges are
predicted via one set of regression weights, and grades at engineering and
tecinical colleges are predicted via a second set of regression weights. The
argument is that the grades at the two different types of colleges essentially
constitute two different it;pes of criterion variables, so that it is more
realistic to have two separate sets of regression weights for predicting them.
Such refinements as these have the advantage of generalizing the basic
model, but at the same time they create certain complications. The computations
seem to be comparatively cumbersome in relation to the sort of computational
requirements that are proposed here in this report. Also, Tucker [9, see
especially pp. 54-55] takes note of several unsolvecd nathematical problems
which arise with his "predictive model". The latter include questions as to
the wniqueness of the solution for the estimates of the parameters, as well
as, perhaps, the convergence of the iterative process leading to this solu-

tion; the cnoice of a certain integer which he calls nP (which 1s the number
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of predictive composites, and is >1 but < n, the number of colleges); and

the weightingof the squared errors. It appears that, at the present stage of
development, it might be best, so far as practical application is concerned,
not to move right away into a relatively sophisticated nodel which allows for
splitting the colleges into groups with different basic prediction equations
for the different groups. Nevertheless, though, a model like Tucker's provides
stirmlating food-for-thought for future stages of development.

In this report, we will assume that the criterion variable (college
grade average) is basically the same variable for all n colleges (but with
linear transformations being required to equate grades of different colleges),
so that for all n colleges the same regression weights can be applied to
the predictor variables, This assumption would seem to Dbe considerably more
ressonsble for freshman grades thaa for post-freshmen grades, since curriculums
would tend to become less homogeneous the more advanced the students are in
college. In case it is felt, however, that the regression weights for the
engineering (technical) colleges really should be different fram those for
the liberal arts colleges, then the engineering colleges (vidch would probably
not account for too large a fraction of the total) could be taken as excluded
from the group of n colleges. The estimates of the ai's and bi's based on
the students at the n liberal arts colleges might then be utilized someiow
in setting up a prediction system for the (presumably) small number of engineer-
ing colleges. |

Finally, we mention a type of grouping which is different from grouping
by colleges. The question might arise as to whether we should have one set of
regression weights for predicting girls' grades and & second set for predict-
ing boys' grades. It is to be hoped that it will be satisfactory to assume

the same set for both, or that, at worst, the appending to the model of a



single extra predictor (essentially a second T variable, but able to assume

only two values) will suffice to take care of any sex differences.

5. The first approacir: equating the college grades by means of the T

veriable, followed by equating of the high school grades. We are now ready to

turn to a detailed consideration of the three approaches to equating which were
mentioned in Section 1. In the first approach, the first step is to equate the
college grades using the T-scores as the equating variable. We will assume a
model in which the conditional distribution of ¢ 13k (2.2) given T, 3k is
norrel with veriance equal to 1 and with mean equal to a linear function of

T. Such a model, which we will designate by C| T, seems to be the most

ijk*
realistic (i.e. , more realistic than a model which specifies a bivariate normal
distribution for C and T, or one which specifies tuat the conditional distri-
bution of T given C is normal), since there certainly is selection on tie
basis of T whereas tnere is no selection based on C. If the joint distri-
bution of C and T before selection on T was bivariate normal, then the
c-nditional distribution of C given T would be unaltered by selection on

T, i.e., it would be normel with the same mean and variance both before and
after the selection.

Under our model whicin we just specified, the conditional distribution

of c.. given Ti may be written in the form

ijk Jk
--1— u-*]"‘ (c - - \,_r )

2 2 \Cq5 ~ M i3k
(5.1) (2x) e J J ,

-
2

where ;1 and v are unknowm parameters (and v will be > O because of
positive correlation between college grades and test scores). It is the C ij’r's

rather then the c i 's whicih are the observed quantities, however. If we

Jk
apply the transformation




(5.2) Sk = a:'] + 53. cijk

to (5.1), then, after first getting

dec
(503) —-'1'112 =|a

d Cy gy

J

fronm (5.2), wa use (5.1 - 5.3) to find that the conditional distribution of

Ci;jl; given Ti,jk is
-5 o+ g C, . -V, . )?
2 2Y5 ijk k
(5.4) (an) ~ [Pyl e J 32 A :
where
. OC a' - .
For convenience, we denoted the additive term by o% in (5.2) [rather
than by oy as in (2.2)], so that we could save the a, notation for (5.5)
which absorbs both «a' and p . Note also that the assurption about the

J

variance being equal to 1 is not really an arbitrary assumption, but rather
it still allows for complete generality since, in effect, we can think of the
standard deviation parameter as being absorbed in the ocj's , the Bj's , and

v in (5.4); or, to look at it another way, we may observe that the formula-
tion (2.2) [or (5.2)] is not actually unique (since it will still be valid if
the aj's and Bj's are miltiplied by any positive constant), and the assump-
tion that the variance is 1 can simply be thought of as a means of making the

formulation unique.

It is (5.4) which we use in getting the maximum-likelihood estimates
of the aj's and B J's (and also, incidentally, of v). Thanks to the complica-

ting presence of the 5j's, tie obtaining of these maximum-likelinood estimates

13



in this case i8 not merely a standard problem in least-squares estimation
involving simply the solution of a linear equation system., What we have to

do is to take the logarithm of the product over 1i,j,k of the expressions
(5.4); differentiate it with respect to the aj's, the BJ"S’ and v ; set the
resulting derivatives equal to O; and solve this equation system for the

dj's, the B J's, and v . The formlas for the estimates (the details of
deriving wiich are given ! in the Mathematical Appendix) are as follows. First
we solve the equation

LN, %
22 4 -
(5.6) b s.,l,T”j [2 rj ¥ (1 + ] 0

. S $-4
3 '.l'.l‘.,jr,j‘g

for V%, by using (e.g.) the FNewton-Raphson method®. We take the positive

square root of this solution +# to get v , the estimate of y. Then we

calculate

A s LN 1
G0 By = Bl 1 s(g—rd) 7]

d g,y < S, 473

and
(5.5) A .4\T A_C_;
SR TS R ‘
the estimates of the Bj's and aj's. Note that 33(5.7) will be > O so long
as
(5.9) Scr.j >0 .

Now (5.9) merely requires C and T to have a positive sarple correlation
for each college, a condition which must certainly be satisfied if the grades
of tine college are to have any meaningful relation to T at all; in the

unlikely event that S is < 0 for some college, such & college should

CT.J
probably be thrown out of the system anyway.

1k
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We might wish to consider tie problem of how to equate college grades
when there is more than one T-variable upon which to Dase the equating. The
mgscirmm-lilielihood estimates can still be obtained for this case, but the
calculations may be noticeably more complicated than those which are associated
with the relatively simple formlas (5.6 - 5.8, A2.2). Some details for this
case ore given in the Appendix®.

We observe that, if all Bj's are eliminated (i.e., set equal to 1) in
(5.2-5.4), then (5.4) becomes
(5.10) (2:r02)—% e_% Coget %= v Tagd /o
after including a parameter 0@ for the variance. Thus (5.10) represents a
sirplified model with only one equating parameter (Otj) instead of two
(a : ,53.) for each college. The estimation of &, under the model (5.10) is

J
notiing but a standard problem in least squares analysis: +the estimator is

(5.11 a 2% .-¢

) ey =Lyt ‘
where

(5.12) Yazs /T8

. 5 CT.3y TTT.g :

This completes the discussion of the first step (equating of college
grades visa the T-scores) of our first approach to equating. We now consider
the equating of the high school grades, which is the second step. We suppose
that, to start with, we have for each student an equated college grade, to be
denoted by c.: K’ which is such that a c: ik for one college is comparable to
a c').:jk from any other college. Thus, if we use the technique for equating
collece grades which was described in the first part of this section, then the

cijl_'s would be calculated by the formla

15



A A
(5.13) Crae = Oy * Bs Cyo
Jk 73 7§ ik

*
Note that 5 3k (5.13) is not exactly the same as 5 4k (2.2); the latter is

based on the true (unknown) velues of ay and BJ , while the former is based

on estimates of aJ and Bj « We may assume a model in which ¢ has

13k
conditional expectation (given T and H) of the form

(5.1%4) E(cidk) = a'+ b'hijk + b Tijk

at + b'(ai+b b T

L}

]
1% gx

& * DgHyg * P Tig

13k

and unknown variance independent of (i,J,k). In (5.14) we are writing

- t ]
By = @f * b By [essentially the same thing as (2.3)], and we define
&, = a' + b'a{ and b, = b"bj'_ + Although the estimation of the ai's, the

b;'s,and b under the model (5.14) involves nothing more than the application
of standard least-squares theory, the solution of the normal equations is a
bit tricky; therefore we are treating the matter in some detail, but in the
Appendix"’.

The material in the Appendix* is developed in terms of the ¢y g8
rather than the c: :jk's’ but in reality it is of course the cI ,jk's (5.13)
whicih will have to be used in all the calculations. The assumption is made
that the c: Jk's are reasona.b_blg close to the ey ,jk's’ i.e.., that the 33'3
and /éj's are reasonably close/the aj's and B j's; by "reasonably close" is
meant, roughly speasking, that the discrepancies (errors) here are small rela-
tive to other pertinent errors in the prediction systeni. The assumption
should not be too unrealistic, in view of the fact that relatively large
nuibers of students from cach college (as indicated by the N' 's) would

presunebly have been utilized for estimating the aj's and B j's (note that
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the N j's will tend to be quite large in comparison with the Ny 's).
This section, while explaining the mechanics of the first approach and
the assurptions upon whicih it rests, has essentially not attempted any critical

evaluation. The latter will be the task of Section 6,

6. Evaluation of the first approach. The first step in the first

aporoach involves equating of the college grades by means of the C |T model.
Unfortunately, though, the assumptions required by tiis C |'.I.‘ model will
probably fail to be satisfied. Mainly for this reason, it appears that the
first approach should not be recommended for use. Nevertheless, certain
specialized situations may arise for which the first approach can be properly
erployed.

If all colleges select their students on the basis of T and T alone,
then the assumptions of the C |T model would presumably be fully satisfied. 1In
reality, though, the selections of most colleges would be heavily influenced
by both H and T; furtherrore, admissions decisions are likely to lean re-
latively more heavily on II in the future than at present, if a central pre-
diction system becomes available whereby grades from different high schools
can be made comparable with each other, The distortion and bias which the
¢|T model leads to, when there is selection on the basis of H as well as T,
is perhaps best demonstrated by some illustrations.

Consider two colleges, J and J. To make matters simple, suppose
that their grading standards are actually the same, so that aj = Qr and

53 - BJ'

(a) If both colleges select their students on the basis of T alone,
tnen the C |T model should be appropriate. Thus there should essentially be
no distortion or bias in tue estimation of the &'s and B's, and no built-in

A A A A
tendency for aj to exceed aJ or vice verss, or for B 3 to exceed BJ or
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vice versa.

(b) Suppose now that college J selects on the basis of T alone,
wiiile J wutilizes both H and T for selection. More specifically, suppose
tuat | accepts each student wiose T-score is above a certain minimum, wixile
J accepts each student for wiom a certain linear combination of T and H
[ectually, sometiing like (2.3) should be used for K] is above a certain mini-
mun, Since J selects on T alone, Q j and /é p will not be distorted. But
consider now what happens with college J. For each fixed value of T, the
students in J will tend to have higher H-scores than those in Jj, since
college J has a minimum H-score for each value of T vwhereas college J does
not, Thus, since the students in J tend to have higher H-scores for a fixed
value of T +than the students in J, it follows that the students in J will
also tend to have higher C-scores for a fixed value of T(remember that we
arc assuming that the grading standards are identical at the two colleges).
Under the C |T model, this condition will of course force us to the false con-
clusion that students of equal ability receive higher grades at J than at
j, waereas in fact they receive the same grades. The trouble lies in the fact
tihat students with a given T-score at college J do not have the same average
ability as students with the very same T-score at college j. Rather they
have a ligher ability (thanks to the superior admissions policy of college J ),
and this higher ability is reflected in higher grades. But unfortunately,
wndexr the C |T model, these nigher grades are mis-interpreted as indicating
lower grading standards. Tuus the C|T model leads to a distorted estimate
of ch (essentially the estimate tends to be too low), and perhaps also to a
distorted estimate of BJ. .

(c¢) Consider next a situation where j and J both select on the

basis of both T and H. Suppose that J accepts each student for whom &

18




certain linear combination of T and H is above a certain minimum, and
suppose that J accepts each student for whom the very same linear combine-
tion of T and H is above a certain minimum, but suppose that J uses a
nigher minimum than J. Even in this case, students with a given T-score at
J will tend to have higher H-scores, and hence higher C-scores, than students
with the very same T-score at j. Thus it is clear that, just as in (b) abvove,
tiue C|T model will lead to the false conclusion that grading standards are
tougher at § than at J; This distortion will be reflected in the estimates
of the equating parameters.

(d) Suppose that j and J both select on tie basis of H alone;
in otuer words, T is not used for selection at all. Suppose that J uses
a minimum H-score which is higher than that used by Jj. Then, here again,
it is easy to see that tic C|T model leads us to tue very same kind of dis-
tortion wnich troubled us in (b) and (c) above.

If the first part of the first approach ends up by giving us distorted
velues to use for the aﬁ's and Bj’s in (5.13), then this distortion will
certainly tend to be carried over into the estimation of the ai‘s and bi's
in the second part of the first approach, although its effect will probably
be diluted. But, in general, if 05 and Bj are badly distorted for a parti-
cular college j, this will tend to exert a strong distortive influence on
toe ai's and bi's of tuose high schools which send a proportionately large
number of students to college J.

Thus the built-in bias which is evidently present in the first approach
would seerm to be sufficient reason for recommending against the use of this
approach, However, it is alwmys possible that, in practice, this bias migit
be demonstrated to be of a small enough magnitude that it would not be con-

sidered serious; but if such be the case, the burden of proof, for safety's
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sake, should probably rest on those who feel that tie bias is too small to
be important.

One way of assessing the potential importance of this bias would be
to examine the sample distribution of H given T for different colleges.
In order to do this, though, one would either have to work with equated H-
values, or else deal with students from a single high school at a time. The
linear regression of H on T (representing the estimated mean value of H
given T as a linear function of T) could be computed for each college; if
these linear regressions show significant differences among colleges, then
this should constitute adequate grounds for avoiding the use of the first
approac¢h. But if no such differences appear, then one might consider utiliz-
ing the first approach after all.

We now mention a second but less important drawback with the first
approach. When the college equating parameters are estimated under the C ] T
model in the first step of the first approach, only the information on T
(and C) is utilized, and not the information on H. It would appear that
the estimates of the a&'s and Bj's would be more efficient (i.e., would

have smaller variance) if the information on both. T and H were utilized,

as is done in the third approach vhere the model is based on the conditional

distribution of C given T and H. If the first step of the first approach

results in estimates of the aj's and ﬁd's which are not quite as efficient as
they might be, then this loss of efficiency (probably relatively small) would
be expected to carry over into the estimation of the ai's and bi's in the
second step.

One reason for presenting the formulas and techniques of the first
approacih in Section 5 was that conditions might sometimes exist under which

the first approach would be valid and could be applied in its entirety. A
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second reason, however, was the fact that the separate parts of Section 5

will find applications in several other contexts. We shall see that formulas

< from the first part of tne first approach will form the basis of the second
part of the second approach. Also, an important use of the material of t:e
first part of the first approacih will be to provide an epproximate solution
(to serve as a starting point) for a system of equations which will arise in
connection with the third approach and which will have to be solved by itera-
tive procedures. Note finally that the second part of the first approach (vy
itself) is wihat would be used in the case of a single college which wants to
utilize the data of its owm students for predicting C on the basis of both

T and H.

7. The second approach: equating the high school grades by means of

‘ tihe T variable, followed by equating of the college grades. The first step
of the second approach is to equate the high school grades using the T-scores
as the equating variable., In the case of the first step of the first approach,
it was evident that the C|T model was the most reasonable of the possible
models, inasmuch as there was clearly selection on the basis of T but not
C. 1In the present case, however, the situation is not at all clear-cut,
since it is not so evident wihat role the selection is playing. One might
consider (i) a model in waich the conditional distribution of H given T is
norial (to be called the H|T model); (ii) a model which specifies that the
joint distribution of T and H is bivariate normal (to be called the T, H
model): or (iii) a model in vhich the conditional distribution of T given
H is normal (to be called the T |H model).

If the HIT model is erployed, then we use exactly tie same procedure

’ for estimating the equating parameters as in the first step of the first



approach (see Section 5); we need only replace C by H vherever C appears,
and alter the subscripts. However, the HIT model may not be too appealing;
this would particularly be the case if all individuals who took the test are
entered into the calculations, thereby avoiding any apparent selection on the
basis of T.

If the T, H model is valid, then that automatically means that both
the H|T model and the T|H model are valid, since a normal joint distribution
irplies that all conditional distributions are normal. Hence the T, H model
mel:es nore assumptions than either the H|T model or the TIH model, and this
miciat often be considered a disadvantage. Nevertheless, we shall present
sore forrmlas for the T, H model later in this section, after we consider the
T i1 rodel.

Tt might be argued tnat the T|H model is the most reasonable of the
tiree, since the high school students who end up taking the test (T) may have
been, at least to some extent, selected on the basis of their grades (H). Such
selection could occur both through self-selection (i.e., students with better
grades would feel more optimistic about college and would be more likely to
register for the College Board examinations) and through the influence of
teachers and counsellors, wio would be more likely to encourage students witi
nigher grades to try to go to college and to register for tie test., If the
joint distribution of T and H for the entire (unselected) population of
high sclicol students would be bivariate normal if they were to take the test,
then it follows that the conditional distribution of T given H for the
selected group (i.e., the group that actually takes the test) will be normal
(with the conditional mean of T being equal to a linear function of H), pro-~

vided tihat the selection is on the basis of H alone,
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The argument in favor of this T |H model is much more convincing if the
data fron all students win took tine test, regardless of wiat they ended up
doing about college, is utilized in theequating. If only those students w0
go to college, and to a college within the system, are utilized, so that all
students with T-scores (and H-scores) but no C-scores are omitted from the
data, then there will almost certainly be selection on the basis of T as
well as H. This would call into question the validity of the T |H model,
as well as of the H|T and T, H models.

We now consider the estimation of the equating parameters under the

T|H model. Under this model, the conditional distribution of Tijk given
h, .. is of the form
ijk

3 b (n et )7

(7‘. 1) (2xc®) e .

Alternatively, instead of specifying our model by the distribution (7.1), we

can simply write the model expectation equation

(7.2) E(Tm) =a' + ' hyg )

whicih is in the form customarily used for analysis of variance problems in-

volving linear models. Since the H, Jk's and not the h, ;jk's are what is observed,

we substitute
= al '
(7.3) hyge =83 Y Py Higy

into (7.2) and obtain

(7.4) E(Ty,) = &' +b' (af +bi Hy)

= a; + by Hig ’
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where a, = a' + b'ai and bi = b'bi . Thus the estimation of the equating
parameters &y and b 1 is of course nothing but an elementary problem in

analysis of variance, for vwhich the well-known solution is given by

A = A
(7.5) L
and
6 A
(7.6) by = Spps, /Sy, ‘
(Obviously SHHi. mst be > 0 for all i; any high school with SHHi. s 0

would have to be thrown out,)

In case the model is made simpler by considering all bi's to be

equal to 1 in (7.3) and (7.4), then (7.4) would become

(7.7) E(Ti,jk) =a, + b'HiJk .

Under the model (7.7), the equating parameters are of course estimated by

A - A
(7.8) a =T, - b'H s
where
' Bt = zs | TS...
(7.9) = ISy / IS, -

If there are two or more T-variables instead of just one, then the
estimates of the equating parameters under the TIH model become distinctly
more complicated than the simple formulas (7.5-7.6). This case is c§vered
in the Appendix®.

We turn now to the T, H model. Although this model may not find fre-
quent use, we include it here for the sake of completeness‘. The model might
be appropriate if a situation should arise where there is no selection on

he basis of either T or H; such a situation might occur, e.g., if a
test T is given to every student in all the schools and then the T and
2k



H data from every student is entered into the calclﬂationsl. We will restrict
our consideration of the T, H model
mainly to the case where there is only one T-variable, and will not atterpt
to treat the case of two or rore T-variables except for the simplified model
in which the bi's are dropped.

The T, H model assumes a bivariate normal joint distribution for

T and h Let p and (1/6)? denote respectively the mean and variance of

ik 13k°

T 312 and let p be the correlation coefficient between Ti;}k and hi IK° We can
arbitrarily specify that n, 311(2.3) hes mean O and variance 1. Then the

joint distribution of Tijk and hi 4k is given by

' -1 f,l- -‘.]:; . - -1 - -
(1.10)  (2n)” 57| 7% e:;pl- AL, gyemOushy g )2 gt [ Oy - )
1 ! E N
Upon applying the transformation (2.3) to (7.10), we find that the joint distri-

bution of '.ri ik and Hi Ik is given by

a.+b . H

' ‘ a - - - = -
(1) @0 O E oy | e (Tuge a2 ("”iak o )
i iijk/

In the Appendix° it is shown that the maximum-liltelinood estimates of

the equating perameters a; and b, under the T,H model (7.11) are given

by

‘ A AAD = = A
(7.12) a, = 00 (Ti.-'r..)-biﬁi.
and

’ A ) S bR, (1- 82)Sy0 \ %
(7.13) by = = > [1+ l+Aa;2 )]

HHA. P S

where 6 and 6 are the values of 6 and p which maximize the expression
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(7.1%) 1(6,p) = -1 N..log(1L-c?)+N..1log 6

p0 8 4N, (1-02)S.... \ =
¢ IN l0g o THi. [1+<1+ i, amh.) }
1 HHi. o Sfs.
-3 GESTT -l Z Spns
2(1-p2) 1 *

N~
U |

2o T [ O
h(1-p®) 1 “mHi. p® GES,JZ.,HJ._' .

We will make no attempt to explore in detail the problem of how to find the
maximun of this complicated function L(6,p) (7.14), but the problem might be
attacked by techniques of numerical analysis, such as the metind of steepest
descent,

In case 0 and p are considered to be known, then tne known values of
6 and p should be used in (7.12-7.13) and of course the problem of maximizing
(7.14) would no longer exist. The maximization of (7.14) might also be circum-
vented via other avenues., For example, the simple and obvious formula
6= (./ STI‘)% would probably yield a value of @ vhose difference from the
exact raximizing value 3 would be negligible for large N.. . If this
value of 6 were substituted into (7.14), then it would remain only to maxi-
mize (7.14) with respect to the single variable n Again, it might be possible
to find a relatively straightforward formula which, for large N.., would
yield a value of p that would be only negligibly different from the one (’;‘))
which cives the exact maximmn of (7.14).

Vle consider now the simpler but more restrictive T,H model in which
all the bi's in (2.3) are set equal to 1. For our purposes, the Joint

distribution of T and Hi under this model is most conveniently written

ijk Jk

in the form
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a +tH,

. R
(7.15)  (2n)" 2|72 2 (T 45 8548y ) (Tijk-“)
2
i 7ijk

where S is the 2x2 variance matrix. We show in the Appendix7 that the mexdi-

mm-lilielihood estimate of a, under this model (7.15) is

\ L Spprst .

/ - irf * - -

(7016) a, = -H + - (T - T ) .
i i. f' Trig. i. e

Thus the estimation of the equating parameters turns out to be much easier
under the model (7.15) than under the model (7.11). If the model (7.15) is
generelized to allow for two or more T-variables, then the estimation of the

&y

required 7

*s still presents little difficulty, although the inversion of a matrix is

This completes our discussion of the first step (equating of high
school grades via the T-scores) of the second approach. We now turn to the
second step, which consists of the equating of the college grades on the basis
of the T-scores and the equated H-scores. We suppose that, at the start of
the second step, we have for each student an equated high school grade, to be
denoted by ¥ 3k’ which is sucih that an h'; sk for one high school is comparable

1
to an h?.‘jk from any other nhigh school. Thus the hg{j},'s would be calculated

by a formmla of the form

A LD
(7017) ‘qjk = ai + bi Hijk
if any of the methods presented earlier in this section are utilized for equet-
ing the high school grades, Iow m{jk (7.17) is not quite the same thing as
hy Jl“(2'5) , since the latter is based on the exact but unknown values of the
equating parsmeters. In what follows, we shall present our development in
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terms of the hi j
purposes the unknown hi jk's could not, of course, be used, and the hg' Jk's would
have to be used instead witih tiie assumption that they would be reasonably close
i ]
to the nijk s,
We may assume a model in widch the conditional distribution of the
equated college grade (2.2) given Ti jk and hi,jk is normal with variance arb~
itrarily taken to be equal to 1. Then this conditional distrivution, when

expressed in terms of the observed quantity Ci jk (rather than in terms of

c ijl:) , is of the form

(7.18) (2x) % .| &% (G +B,C; 43mVEy 41cmY By i) .
J

Note, in fuct, that this model is formally identical with the one covered in
Note 3 of the Appendix, and tuat (7.13) is the same thing as (A3.1) except

that (7.18) has h, . where (A3.1) uses the notation Tiojk‘ Thus it turns

ijk
out that the problem of estimating the aj's and B j's in the second step of tae
second epproach is essentially the same problem as one which was previously
encountered and deelt with in Section 5 in connection with tie first step of
tne first approach. Because of this, we need not consider the problem further,
except to point out again its ‘solution: the estimates of the « J's and B j's

are calculated by formulas (A3.7) and (A3.9) respectively, but only after the
ratier corplicated system (A3.10 - A3,11) has been solved for v and v°.

In case there is more than Just the one T-variable represented in (7.18) [i.e.,
more than just the two T-veriables represented in (43.1)], tihen the theory of
Note 3 generalizes in a straightforward manner.

It might be argued that the estimation of the o:j's and B j's in the

second step of the second approach could be omitted altogether. If it is
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desired to predict only the college grades on the common measuring scale
(the cijk's) rather than the grades at individual colleges (the C N jk's),
then for this purpose there would be no need to estimate tie aj's and P j's.
A college could compare its applicants with each other on the basis of their
predicted ¢y ;jk's just as effectively as on the basis of thelr predicted

C. . 's for that college, since one is Just a lineer function of the other.

ijl-
On the other hand, though, thc college might like to know the relationship
between the c; jk's and its own grades (C N jk's); in other words, it might
1ire to find out what its omm QJ. and 'é 3 are (and it migit also, incidentally,
be curious about the 6 J's and gj's of other colleges). We might also note
that, even for the purposes of predicting just the cijk's’ it would still be
necessary to obtain estimates of v and v°, so that we would apparently have

A
to solve the system (A3.10-A3.11) to get 2 and V° in any event,

3. Eveluation of the second approach. The first step of the second

approach involves estimation of the a i's and bi's , the equating parameters
for tne high school grades, by means of the HIT model, the T, H model, or the
?|H model, InSection 7 we indicated doubt thal the assumptions underlying
any of these three models would be satisfied so long as the calculations in
the First step were based only on those students for whom C-scores (as well
as T-scores and H-scores) twere available, since such a group of students
would probably have been selected on the basis of both T and H. On the
other hand, it was suggested that the TIH model might well be velid if all
students who took the test were included in the calculations, since it could
then be argued that there was selection on H but not on T; even then,
however, there is still some possibility of selection on T, as we shall see

below. Finally, we will want to consider the question of how the Qi's
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A
and b,'s of the second approach compare in efficiency witi the corresponding

i
estimators under the third approach, but we shall defer tiuis matter to
Section lOV.

Our evaluation of the second approach is based on t.e factors just
nlentioneci. Thus it appears that the second approach should not be recommended
at all if the deta used in the first step is restricted to tiwse students for
wihon C-scores are reported, But if the data from all students who took the
test is used in the first step, and if the calculations are based on the T|H
model, then the results of the second approach may be reasonably satisfactory.
Even so, it appears that this special form of the second approach (i.e., us-
ing tie T|H model and including all students who took tie test in the first
step) still rests on less solid assumptions than the tnird approach, and
therefore should not be preferred over the third approach wiless we are trying
to avoid the latter because of some reason such as excessive calculation costs.
On tie other hand, the variance of the estimators of the a,i's and b,'s
apparently can easily favor our special form of the second approach, depending
on conditions (see Section lO)l. But, as we shall see later in this section,
it is possible for a certain type of systematic bias to creep in if we use
the special form of the second approach; since this type of bias cannot arise
wita tihe third approach, the third approach therefore appears safer.

We now turn to a more detailed explanation of a couple of the points
wihicihh were summarized in the first paragreph of this sectioﬁ. We first con-
sider what happens if only those students with C-scores are utilized in the
first step of the second approach, so that, of those students who took the
test (T), the ones are excluded who either failed to go to college at all or
else went to a college outside tie system. Now it is rather safe to assume

that the students who failed to go to college at all received relatively low
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T-scores and H-scores. The students who did go to college, but to a college
outside the system, would also have relatively low T-scores and H-scores if
the colleges outside the system tend to be lower-quality institutions than

the colleges inside the system. Tims it is logical to expect that there will
be sone selection on the basis of both T and H with respect to the determin-
ing of whether or not a student becomes part of the group receiving C-scores'.
Now note that, if the unselected group has a bivariate normal distribution,
then neither the H|T model nor the T,H model will be valid if there is select-
ion on H, and neither the T|H model nor the T,H model will be valid if
there is selection on T; thus none of the three models will be valid if there
ig selection on both H and T. In fact, in the idealized situation where
selection occurs strictly on the basis of whether a certain linear combination
of a student's T-score and H-score exceeds a certain minimum, the average value
of H given T will no longer even be a linea function of T, and the average
value of T given H will o longer be a linear function of H. It would
appear that distortion in the estimation of the ai's and bi's would be parti-
cularly marked with respect to the relation between the {a\.i's and /gi's of,
say, two high schools which differed substantially in their average T-scores
and H-scores, or which might differ with respect to the influence of the
selection for the different values of T and H. Consider the following
special example., Suppose that two high schools i1 and I differ substantially

in their average H-scores, but tuat they have exactly the sane grading
standards (i.e., a; = ay and bi = bI). Suppose that the selection is on

exactly the same basis for both schools. If we use the T |H model, then the
estimation process will essentially try to estimate, for each high school, the
averace value of T given H, as a linear function of H., Bubt the true average

value of T given H will be a curvilinear function of H, since there is

31



selection on both T and H., Thus the estimation for schools 1 and I

will essentially produce two linear approximations of the same curvilinear
function. However, these two linear approximations will tend to be rather
different from each other, since the H data from the two schools will be
concentrated on different parts of the H-axis, for which the best linear approx-
imations of the curvilinear function would of course be different. Thus we
could easily end up with (é‘i, B ;) Tedlcally different from ('a‘I, %I), vhen in
fact they should be almost the same since the two grading standards are
identical.

We consider next what happens if, in the first step of the second
approach, all students who took the test (T) are entered into the calculations,
rather than just the students for whom C-scores were reported; Such a scheme
might or might not produce additional administrative problems, but in any
event it should result in substantially less distortion in the Qi's and %i's
when the second approach is used (with the TIH model)., If all students who
took the test are included in the calculations, then it would appear, super-
ficially, at least, that there was no selection on the basis of T. Now there
would still seem to be selection on the basis of H, for reasons previously
mentioned in the earlier part of Section 7: not all high school students sign
up to take the test, and those who do are probably partially selected on the
basis of H. If there is selection on H, then both the Hl T model and the
T, H model are invalid:but the TIH model is still wvalid, so long as no select-
ion on T has crept in.

We might feel that it would be reasonable to assume that there is no
selection on T, so that the TIH model would be fully valid. Nevertheless,

it would perhaps be best to try to examine this assumptiondosely. We shall

now try to present an argument vhich advances the point of view that there
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might indeed be selection on T, and that such selection could distort the
t’a.\i's and {;i's. Suppose that high school students are able to form some rough
jdea of how well they would do on the test (T) if they were to take it. For
example, consider a bright individual who has loafed all through high school
and received grades (H) which are poor in relation to his ability. Such an
individual might easily recognize that he would score quite well on the test
in comparison with other persons having the same H-score as his, and, for this
reason, he and others like him might be more likely to register for the test
than individuals who would expect to have average or below-average T-scores in
relation to their H-scores. Thus the conditional distribution of T given

H would be different in the selected population (those who sign up for the
test) than in the unselected population (all high school students). If the
jatter distribution were normal (with the mean being a linear function of H),
then the former distribution would not be, except perhaps by sheerest coinci-
dencé. Thus selection on the basis of T would be present, and would render
invalid the T|H model. (Whether this kind of selection is really occurr-
ing, incidentelly, might be checked by an experiment. After the test (T) has
been administered to those who register for it, it could be administered again,
necessarily free of charge, to all students in a few selected high schools who
did not teke it previously. The distribution of T given H for the latter
group could then be compared with the distribution of T given H for the
former group, to see if a diﬂ:‘erencekea.lly existed.) To see how a serious
distortion in the ‘.\i's and %i's could possibly occur, consider the follow-

ing situation. Suppose we have two high schools, i and I, such that 1 is

in & low-income area and I is in a high-income area. Suppose that i and I have the

same rrading standards (i.e., a;=aq and b i=bI') Now it would not be surprising if,
for any

/ given H-score, more students in I than in i register for the test, inas-
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much as students who can better afford college would probably be more likely
to try to go to college. Furthermore, the relatively few students in i who
do register for the test might be mainly the ones who would be capable of getting
such high T-scores (in relation to their H-scores) tiat they would be awarded
scholarships, and could thereby afford to go to college. In I, on the other
hand, it would be not merely the potential scholarship awardees who would
register for the test, but also a large number of students of lesser ability
(i.e., with lower anticipated T-scores in relation totheir H-scores) who could
afford to go to college even without a scholarship. Thus, among the individuals
registering for the test, the average T-score for any given H-score would be
higher in i +than in I, due to the differential selection involving both T
and H., Hence Qi would generally tend to be higher than /a.\I, thereby indica-
ting (falsely) that i has tougher grading standards than I. It cannot be
foretold with any certainty whether this type of distortion is likely to
occur in actual practice, or whether it is merely a slim theoretical possibility;
unfortunately, though, & bias which has an economic or sociological basis is
probably one of the most undesirable types of biases that could be built into
a prediction system of this kind, and so the possibility of such & bias would
evidently have to be carefully investigated and ruled out before the bias could
safely be assumed not to exist'.

In closing this section, we point out same potential difficulties in
connection with the second step of the second approach. In the first place,
it siiould be apparent that, if systematic biases creep into the éi's and éi's
in one way or another during the first step of thesecond approach, then these
biases will be carried over into the ,c‘!j's and gj's when the latter are deter-
mined in the second step of the second approach. Although the effect of the

A
distortion in the &,'s and b,'s may be somewhat diluted by the time it

i
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A
reaches the ad's and B J's, it may still make itself felt rather strongly on

N A
the OtJ.'s and EJ

A
of students from high schools whose /a\.i's and bi's were badly distorted.

's of those colleges which draw a proportionately large number

A second difficulty in connection with the second step of the gsecond
approach becomes evident when we note that homoscedasticity (equality of
variance) is assumed in the model (7.18). Actually, it is really the hijk's
(7.17) rather than the h, ,jk's vhich are utilized in the calculations. In
general, f, will tend to be closer to hy, the larger Nil. is and the
smaller lHi P —1. | is. Timus the conditional variance of ¢, given T,
and Ir§ 3k presumably would be smaller the larger Ni. is and the smaller
mijk - Ei. | is. Tnis means that the homoscedasticity assumption is not
strictly satisfied, since the conditional variance is not the same for all
(1, j,k)'. But the resulting effect on the estimates of the O:j's and P J's
and of v and v° would probably not be too serious, because of the large
nurber of students upon whom these estimates are based, However, it seems
desirable to at least call attention to this difficulty, even though it appears
to be only a minor one. There will apparently also be other minor difficulties
related to '§11e fect that the conditional distribution of Cijk given T 13k

and hijk (7.18) is not exmctly the same thing as the conditional distribution

of C

1gx Biven Tyg and hg .

9. The third approach: equating the high school grades and equating

the college grades simultaneously. In this third approach, the high school

equating parameters and the college equating parameters are estimated similtan-
eously in a single step, rather than in two separate steps as was the case with
each of the first two approaches. We assume a model in which the conditional
distribution of cy 3k given Ti ik snd hi ik is normal with variance equal

to 1 and with mean equal to a linear function of T, Ik and hi jKk? so that
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the distribution can be written in the form

1
) (et o o Ty’

The observed data, though, is in terwus of the Cijk's and Hij’~"s rather than

the c,., 's and h, ,jk's' In (9.1) we thus apply the transformation of variable

ijk
(5.2~5.3) and the substitution (7.3) to obtain

- 1 - L -
02)  (en) Zlo.] e 23 P01 it i)
dJ

as the conditional distribution of Ci ik given T and Hi In (9.2)

ijk Jk*

= ' - = ta? = ! ' '
we are defining ad aj b, 8y b a; , and bi b bi’ where ocJ, ass
and b} are as indicated in (5.2) and (7.3). Note that the parameter p

could just as well be absorbed in a; as in ¢, ; this reflects a certain in-

J
determinacy which is present.

A model of the form {9.2) we will call the C|T,H model. If the joint
distribution of C,T, and H in +the unselected population (of all high school
students) is trivariate normal, and if selection is made in any fashion what-
ever on the basis of T and H and of T and H alone, then the conditional
distribution of C given T and H will be normal (with the mean a linear
function of T and H) for the selected population (i.e., individuals for whom
C-scores are available) as well as for the unselected population, This is the
reason for utilizing the C|T, H model.

The calculations for obtaining the estimates of the equating parameters
under the C|T, H model (9.2) are somewhat involved. We present here all the
basic formlas, and in the J{t.;ppendixB we give their derivation.

Let us recollect the notation
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(9.3) &y =Hyy - NyH o ey = Ty - Ny Ty, .
The estimetes of the high school equating parameters are given by

A A= A —
(9.4) =(1/N )(z +28,0,,)-vT, -Db.H
s 3 3713 1. i1,

and
N A
(9.5) by = (1/Syg ) [ z a4 Oyt ? BJ(Scmj Cyydsy) -V omy 1

A
vhere 0, the aj's, and the Bj's are determined by the means outlined below.

At this point we need to define some matrices. Let G([n+l] x n) be a

matrix whose general element in the J-th row and J-th column is

N, .C. a,.(s + T, .4 o)
ij id 13\ CHiJ iJd id
(9:6)  egp=-%Cy* Z W, v E Sm

for tne first n rows, and

= gm; Cigliy)
(s +C,.e..) - &
crag T vartiy) T -

for the (n+l)-th row, where we use the subscript v rather than (n+l) to refer

(9.7) g5 =

to tne bottom row. In (9.6), 855 is the Kronecker delta; that is, SJ. g=0

if j#Jandd 57 = 1 if j = J. Next we introduce & symmetric ([n+11x[n+1])

matrix
£, fip + o S £
(9.8) F=|fy fp oo £,
1 fho ¢ ¢ Ton |y
fvl fva ¢t fvn fw
e
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whose elements are defimed by the equations

Ni‘NiJ di‘diJ
(9.9) f.y = 8 - I - Z ’
337 P43 i Ny, 1 Symi.
d..S
ij THi
.10 f, = P ,+ IN,.T. + £ = : =f
(9.20) Jv e ; i i SHHi. ( v;j) ?
and
(9011) f = <s - > L]
vwoo g TTi. S

The formulas for the /o\c‘J s and v will be in terms of the Bj's: we

solve the equation system

5 Bl
(90 ]-2) F ;é = G 52
an BI'Zl

for Qp, O, seey & , v+ Now F is not of tne full rank [see (9.1%)
<1
below], and so F does not exist. F will generally be 9 of rank n., If

the mtrix F¥* ([n+l] x [n + 1]) denctes ° a conditional inverse of F, then a

solution of (9.12) is

A A
(9.13) & = F¥G 81 .
& >
% P
The Appendix ® 4{ndicates a way of obtaining F#*, Incidentally, the solution

of (9.12) for the a,'s will not be unique; if the same constant is added to

J

each member of a set of aj's satisfying (9.12 ) ,then the new set of values

will also constitute a solution, inasmuch as

n
(9.1%4) £t =0, T f_.=0 .
g1 g1 W

38



To obtain the 3 J's , we have to solve a non-linear equation system. We

define a matrix U(n x n) whose general element is

(0.15) w. =6 55 - . (S gy 1349 Comaas s

' 30 = Baay & Cage ¥ - :
ik i i. i HHi.

Then we define

(9.16) Aln x n) = U - G'F*G .

We use B (n x 1) to denote the vector (Bl,Be, ...,Bn)', N (n x 1) to denote

the vector (N.l’ N gs eees N.n)" and DB(n x n) to denote a diagonal matrix
A

whose diagonal elements are 61,132, ...,Bn « The Bj's are found by solving

the system

=1
(9.172) Ap=DgXN .

for B . The system (9.17a) can be written alternatively in the form

n
(9.170) = a4y Py = /By (3=12 . m)

where &,y is the general element of A(9.16) .

This system (9.17) has no more than one solution for the B J's such that
all (3j's are posi‘l::i.ve.]'o Possible iterative techniques for solving the
systen (9.17) are indicated in the Appendix; the generalized Newton-Raphson
metihod and the method( of steepest descent are considered 11.

Having just presented all tne details, we now bring everything together
and swmarize what has to be done to obtain the estimates of the equating
parameters under the Cc IT, H model (9.2). After calculating the elements of
F(9.8 - 9.11), we obtain a conditionai inverse F#, which essentially involves

9

tre inversion of an n x n matrix . Then we caleulate G(9.6 - 9.7),

U(9.15), and A(9.16). Next we solve the system (9.17) to get the estimates
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of the B j's. These estimates are plugged into the right-hand side of (9.13)
in order to obtain the aj's and 2 . Finally, the aj's, the gj's, and % are sub-
stituted into (9.4 - 9.5) in order to get the Qi's and %i's.

Evidently the two most troublesome steps in this procedure will be to
find F¥ and to solve the systenm (9.17). In assessing the magnitude of the
computing problem which we ill face in these two steps, we should recall that
n (the number of colleges) is anticipated to be about 400 or 500,

If the C|T, H model is altered so that the bi's of (7.3) are eliminated
(i.e., set equal to 1), then the formlas for estimating the equating parameters
are a bit different from the above, although the calculations will be almost as

12

lengtihy « If the CJ|T, H rodel is altered so that the ﬁj's are eliminated

(set equal to 1), then the procedure for getting the estimates will be virtually
the same as the one given above except that we no longer will have the burden
of solving thie non-linear system (9.173s . If it is desired to use more than
one T-variable in connection with the C|T, H model, due to there being select-
ion on the basis of more than one T-variable, then arrangements for the addi-
tional T-variable(s) can be incorporated into the calculation procedure with

14
a minimam of difficulty .

10. Evaluation of the third approach, and comparison with the second

approachi, In this section, we ccmpare the third approach with what seems to
be its leading competitor, wviz., that special form of the second approach in
whicih (see Sections 7-8) the first step utilizes all students who took the

test and is based on the TIH model., The third approach apparently rests on
more plausible assumptions tiian the special form of the second approach, but
at tie same time requires greater computational effort. Tne third approach

utilizes data from a smaller group of students; this factor may have both its
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dravbacks and its advantages. Finally, we will need to compare the variances
of tae Qi's and %i's under tihe third approach and the special form of the second
approach. We now consider these various points in detail.

As we noted in Section 8, the assumptions underlying the special form
of the second approach may be open to some question, because of the possibility
of selection on T even when all students who took the test are included in
the calculations of the first steé. Such a danger cannot arise with the third
approach, however: the third approach will not be invalidated by there being
selection on T as well as H This is because the third approach is based
on a distribution (the conditional distribution of C given T and H) which
holds botn T and H fixed.

Although the third approach tius seems to rest on Scmewhat more reason-
able assumptions than the special form of the second approacii, the third
approach is still not completely immne from conditions of selection which
Imigh't cause the assumptions of the CIT, H model to be violated. For example,
if tiere is selection based on C(which seems unlikely), this could obviously
cause trouble. Again, if some colleges are using & third predictor (in
addition to T and H), and if this third predictor is successful in improv-
ing the prediction of C, then the assumptions underlying the third approacih
would no longer hold. However, if some college(s) should indeed discover on
their own such a third predictor which genuinely does improve appreciably the
prediction of C, then suca a third predictor could and probahbly would be quickly
inéluded among the predictors employed by the central prediction system, This
third predictor would probably be in the form of an additional T-variable, and,

as we have already seen in Note 14 of the Appendix, the introduction of an

additional T-variable causes only a relatively small increase in the computational

effort required for the third approach.

All in all, we conclude that the third approach appears to be a some-
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what safer choice, because of the greater plausibility of tie assumptions
underlying it. At the same time, we heve to recognize that the computational
burden is rmch heavier for the third approach than for the special form of
the second approach. For tihe third approach, the calculation of the various
elements (9.6 - 9.7, 9.9-9.11) of G and F 1s no smell matter in itself, but
evidently the two biggest computational tasks are to invert tie large matrix
Fll(see Note 9) and to solve the system (9.17) (see Note 11). Each of these
tasks involves an (n x n) matrix (Fll and A respectively), and we are antici-
pating that n, the number of colleges, will be about 40O or 500. However, in
inverting Fll,.we essentially have the job of inverting a matrix which has
large positive diagonal elements and small off-diagonal elements, a condition
which mey greatly simplify the inversion problem; and, in solving the non-
linear system (9.17), we may be able to employ a relatively quick and simple
iterative technique by'making use of the suggestions in Note 1ll. In any
event, the final assessment of how great a disadvantage the heavy computational
burden of the third approaci is will have to be made in terms of the egtimated
total cost of the required computations. For some phases of the computing for
the third approach, it might be more economical to purchase a small amount of
time on & rather large computer. However, decisions such as these, as well
as the cost estimates, would have to be left to computer specialists.

Date from fewer students is utilized in the third approach than in
the first step of the special form of the second approach. From high school
i, let there by Nj students who took the test (T) (and for whom H-scores are
assuned to be available). Let there be Ni. out of these Ni. students for
whonm C-scores are also available; in other words, there are (N{O - Ni.) out of
the Ni; students who either didn't get to college at all or else went to a

college outside the system. Then the third approach utilizes data (on C,T,
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and H) just from the N.. = Z Ni students who received C-scores, whereas the
i *
first step of the special form of the second approach estimates the a.i's and

b,'s by using T and H data from all N!. = Z N; students (although the second

i
step of the second approach necessarily usensi data only from the N.. students ).

The fact that the tiird approach utilizes data from a smaller group of
students may have both its advantages and disadvantages. In the first place,
it is possible, particularly when the centrel prediction system is first being
started up, that there might be some extra administrative problems involved
in getting the H-scores of the (w!. - N..) individuals far whom no C-scores
are reported. If this should be the case, then the third approach would have
the advantage of avoiding these extra administrative problems and their asso-
ciated costs.

On the other hand, the third approach may be at a disadvantage for
certain other reasons related to the differences mentioned above. For one
thing, the smaller the ratio N, / Nj , the less favorably the variance of
Qi ( or Qi) under the third approach compares with the variance of {a\.i(or {3\1)
under the special form of the second approach, as we shall see in more detail
later in thissection. There is a second possible disadvantage for the third
approach which relates to the variables which are used ratiier than to the
numbers of students which are used. Since all three variables (C, T, and H)
are used in estimating the a.i's and bi's under the third approach, the estimates
of the ai's and bi's will necessarily have to be based on data from students
who already graduated from high school the previous year (or earlier), inas-
much as we have to wait until the students have received their C=scores before
we can calculate the Qi's and lo\i's. With the second approach, though, only
the two variables T and H are used in getting the Qi's and.%i's. We may, if

A
we wisi, base our calculations of the Qi's and b i's in the second approach on
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the same class of students (proba.bly the college fresiman class) that would be
used with the third approacn. But, on the other hand, we also have the optlon
of using a later (younger) class of students, inasmuch as wve do not need to
wait for their C-scores; this would result in more up-to-date estimates of the
a i‘s and bi's, which might or might not be an important advantage depending

on the extent to which the a.i's and bi's tend to change in the course of tine.
[The parameters v and v° of (7.18),as well as the aj's and Bj's, would of
course still have to be estimated from the earlier data, however. ]

At this point, we pause to mention some rather simple types of checks
whici can be run to determine wihether a prediction system is operating as it
should in certain respects, or to compare two or more different predictive
techniques. These checks will be applicable to all tihe different approaches
and metihods. et ei 3k denote the predicted college grade for individual

A
(1,3,%), and let C,, denote (as always) his actual grade. Tie C‘jk's are

Jk
based on the Ti ;jk's and Hi 's, and on parameters estimated probably from the
previous year's students; tie Cijlf s, of course, do not become available until

A
some time after the C 5 jk's’ Some checks which can be made are as follows, Ve
calculate

A

(10.1) Dyg = Cagk ~ Cigx

for each student. We then group the D, ;]k's (10.1) according to the high
schools (i), and again according to the colleges (3). We tally the number of

positive and negative D, 14k 's within each high school, and again within each

college; if there are high sciools or colleges for which the ratio of positive

to negative Di ,jk's differs radically from fifty-fifty, this may indicate
A N
trouble with respect to the z’a.\i's and b i's of these high schiools or the Otj's

and 3 j's of these colleges respectively. For identifying trouble spots in
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the high school, it might also help to arrange the students of a high school
in order according to their T-scores, according to their H-scores, and/or
according to a linear combination of T and H, and then perform a run test

on the signs of the Di 's for any or all of these three arrangements. The

3k

1 jl-'s vithin a high school (and, to a lesser extent, within a college) will
A
of course not be independent since the C i Jk's are affected by & common /a\.i

A A A
and b, (2 common «a, and B;j in the case of a college), but the checks suggested

J

above may nevertheless provide some useful indications.

D

A different type of checl: can be based an the Di_jk's. For example,

we right calculate

(10.2) (l/N. ,1) 51.: }z: D';’jk

for each college, and compare the quantities (10.2) with their expectations.
If there are certain colleges for which (10.2) is inordinately large, this
might indicate trouble with their '& j's and ,B\ j's, but there could be an alter-
native explanation as well: tie criterion variable (C) at such colleges might
be sonething essentially different from the criterion variable at the vast
majority of colleges, as might happen, e.g., &8 a result of unconventional or
different curriculums. A check night also be made by calculating a quantity
similar to (10.2) for each ligh sciool, and making appropriate comparisons.
If there are certain high sciwols for which the quantity is inordinately large,
this might indicate trouble with their ai's and gi's, or it might possibly
reflect poorly-controlled or non-uniform grading techniques in these high
schools.

Chiecl:s such as the ones just memtioned might be very helpful in reach~

ing a decision between the tiiird approach and the special form of the second

approacih. Both approaches could be applied to the same body of data (taken,
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perinaps, from a relatively snall number of high schools and colleges), and
the results of the above checiis for the two approaches could e compared.
A
We turn now to a comparison of the variances of tie Qi's and bi's

. . s . . A A
obtained uvnder the third approaci: versus the variances of tuc a.i's and bi's

obtained under the special forri of tie second approacihs Actually, vwhat we will

. . , . . . A A
do will be to make the comparicon on the basis of the variance of (ai + biH)
. A . . A . N .
rather tian the variance of a.i and of b i After necessar: adjustments for
t.e regression parameters toat are absorbed in tie a.i's and bi’s, the ratio
. . AN s 4 . \ . . A
of the variance of (a,i+biH) under the third approach to the variance of (z:c.:.L

A
+ biH) under the special form of tie second approach is'5 approximately

[ 1 + (H‘ﬁi,)a ]
T ——— 2 2 2 2
(10.3) N, S, pTH(l"’CT"’CH"’TH+2"cm'PCTFTH) ’
1 o+ (u-E )2 (T
T —
i, ST J
HHi.,

where P Poy and Py denote the correlation coefficients among C, T, and

H in tie unselected population. Sl:l]ﬁ in (10.3) denotes tue same thing as
SI{H:i; except that it is figured irith respect to all I\Ij'_ individuals rather

than just over the Ni individuals, and 'I-I:!L denotes the mean over all N!

1.

individuals. The variance formlas for tine third approach wirich were used in
obtaining (10.3) were figured on the basis of a simplified model in which tie

. 15 - .
Q.'s and Bj's were assumed to be known exactly  ; for tiils reason, the ratio

J

(10.3) is presumably slightly smaller than it should be, although the discrepancy

is probably not great since tue Qj's and /B\J.'s are based on such large numbers
(N‘j's) of students,

One might perhaps suspect intuitively that the third approach should
produce estimators having smaller variance than those produced by the second

approacil, inasmuch as the former approach utilizes information from all three
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9

veriables (C, T, and H) whereas the latter utilizes only tie T and H informa-
tion., Tius, except for the factors enclosed by the square brackets, one might
suspect that the ratio (10.3) ought to be < 1. However, it turns out that
this will often not be the case. The explanation lies in the different
asswptions and distributions upon which the C I'I.‘, H model and the T IH model
are based.

The ratio of the two factors in square brackets in(10.3) should be

rougilly N:{ /Ni in most cases. If these two factors are omitted, what remains

of (10.3) is

(20.4) e AL Pepfry)” ,

whici is tiie ratio of the conditional variance of C given T and H to the
conditional veriance of T given H (under a trivariate normal distribution,
which is assu.medxs) , mltiplied by a factor which adjusts for the different
regression coefficients that are absorbed in a; and bi under the two approacies.

It may be instructive to calculate (10.4) for a couple of numerical

exanples. Suppose  Pop = 70, Poy = .50, and Py = .60. Then the value of

(10.%4) is 18.0. Again, suppose  Pap = .70, By = .65, and oy = .50, This
time (10.l4) is equal to 0.8l. Note how a small change in the p's can produce

a violent change in (10.4).

Taus we see that (10.L4) can easily favor the special form of the second
approacih rather strongly (by being much greater than 1), although it can also
favor the third approach with certain values of the p's. Tne factor (N:{./Ni.)
obviously will always favor the special form of the second approach., Hence,
with respect to the criterion (10.3), the third approach may not show up at all
favorably. On the other hand, if the special form of the second approach

results in biased estimates of the ai's and b i's whereas the third approach
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does not, tilen the magnitude of such biases could possibly dwerf any counter-
acting advantage accruing fronm (10.3) being > 1. Also, we will be able to see
from some formulas in the next section that, insofar as the expectation of
Dijk [see (10.1)] is concerned, the contribution which tie variance of
(8,

approacih is used wien (10.3) is mmuch larger than 1.

+-%iH) mokes to this expectation will be relatively small even if the third

In closing this section, we pose the question of whether the ai's and
bi's might be estimated by some approacn which would utilize both the informa-
tion from the TIH model and the information from the ClT, H nmodel, and thereby
produce Qi's and %i's whose wvariances would be better than tue corresponding
variances under either the tiiird approach or the special form of the second
approaci. We have made no attempt to explore this potentially complicated
question. It is possible, tuough, that we might end up by running into formid-

able difficulties of either a tieoretical or computational nature.

11. Determination of tie predicted college gradeg,and of confidence

intervals for these grades. After the estimates of all of the equating para-

meters and regression parameters have been calculated, it still remains to ob-
tain predicted college grades, and perhaps confidence intervals therefor, for
the current applicants for college admission. We will use éijk to denote the
predicted value of the equated college grade 5 3k (2.2), and our presentation
here will explicitly be only in terms of the eijk's rather tihan the eijk's.
However, the latter can be obtained from the former via the formula

A A
(12.2) Co = (UB)(E; 5, - &) :

A A
Presurigbly the N .'s will be large enough so that the ab's and Bj's will be

J

relatively quite close to tie true parameters.
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The most obvious formla for determining 31 3k would be
A _A A LA
(1.2)  Cyg = VIt 2y Y DiHg .

If the third approach was used to estimate the equating paraneters, then the
Qi's, the gi's, and Y of (11.2) will be respectively the estimates of the
a.i's, the bi's, and v under the model (9.2) as calculated by the methods
of Section 9. If the special form of the second approach was used to estimate
the equating parameters, then the ’3 of (11.2) will be the estimate of v under
tie model (7.18), and the Qi's and %i’s of (11.2) will be respectively the
estimates (7.5) and (7.6) multiplied by the estimate of +° under (7.18).
Appropriate modifications in (11.2) can be made if there is more than one T-
variable or if the b 1'8 have been eliminated.

Now

(11.3) E(ey; 1Ty g8y qp) = Vg + 8y * byHy g )

where v , 2., and b j axe the parameters appearing in (9.2). Hence the expecta-

tion of
(11.k) ¢
llo cij;- cijk
conditional upon Ti;jk and Hijl- should for practical purposes be O[since Qi

A
and bi as well as 3 in (11.2) ought to be virtually unbiased estimates of the
parameters which they estimate]. The variance of (11.4) conditional upon Tijk

and Hijl— is a.pproximte]gl s

. (H -H )2
(1.5)  of.ay =1+ e g L
(1). HH(1). |
+f tiae third approach was used:; the corresponding formuls for the special

form of the second approach is treated in the Appendix* S, The parentheses

around the i's in (11.5) indicate that the associated quantities refer to the
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data tnat was used to estimate the ai's and bi's, not to the data of the stu-
dents for whom the eijk's are to be obtained.

Finally, we see that a 95% confidence interval for cijk(the equated
college grade which is being predicted) is given approximately by

(11.6) éijk : 1.9 U'(c_e) 2

where éijk is specified by (11l.2) and O(c-8) is obtained from (11.5) [or from
(A16.5]. Note from (11.5) that, in general, the interval (11.6) will be wider
the smaller N(i). is.

For students from sciools with very small N(i).'s, (11.5) may become
ratiuer large, and we might want to consider whether it would be better in suci
cases to base eijk on Tijk alone ratiier than on both Tijk and Hijk' In fact,
°7c-’é) (11.5) is taken to be infinite if N( 1). is 1 or O,

We investigate the matter of basing Gi g on Ty alone, Note first

that tihe conditional distribution of c X given Tijk has mean of the form

ij
— 1§
(11.7) E(cijk ITi;jk) =Bt VT
[or, equivalently,
O-C
(11.2) By y IT5 )= v, * oop Oy (Tygp ~bp )

where the notation of (11.8) is explained in Note 15 of the Appendix], and

variance

var(c|T) = o2(1 -ofy)
(1-fp) (1-03)

- T -
(1-pG3r ~PCxPm * 2PcrPerPm)
[In obtaining the second line of (11.9), we assume that tie cijk's of the

(11.9) var (e, ITijk)

model (11.7-11.8) are based on tie same Bj's as in (9.2), and then we utilize
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the Tact that (A15.5) is ecual to 1, solve for o‘z’ , and substitute into the
expression ozc(l-pgT) to get t.e Tinal expression in (11.9). 1In this way, we
nave a formila which may be more suitable for any comparison involving (11.5)].
We suppose that we can obtain estimates of u and v' in (11.7), and
of ver(c|T)(11.9). [Such estimates under the mode) (11.7) would have to be
caleulated from data for whici there was no selection on tiie basis of H; in
fact, the data of students from the high schools having very small N( 1). 's
and tinerefore presumably uninterpretableH-scores might be used, since such
uninterpretable H-scores should not have been utilized for selection, Before
starting any calculating for estimetes under the model (11..7), values of the
equating parameters for the college grades could be taken from the results of
the rain estimation procedure and used to transform the Ci,jk's in the data to

A A
's,] Once the estimates p and v' of p and v'have been found, we can

C1j1
write

A A A,
(11.10) ik = M + v Tijk

as tiae formula for predicting C4 5% on the basis of Ti:jl: alane.
A
r 8 is given by (11.10), we see tmat the expectation of (cijk'cijl-)

ijk

conditional upon Tijk(but not tile expectation conditional upon Ti 3k and Hijk)

should for practical purposes be O. Then, if we assume toat the sample that

was used for estimatingp and v' was large enough so that the differences be-
A A

tweeny and p and between v' and v' are of relatively minor marnitude, we find

A
that “ie variance of (c ijk'cﬂ‘ ,.) conditional upon Ti,jl- is approximately

Ji

(11.11) o"(’c_e) = var(c |T) y

where the right-hand side of(11.11) may also be written in the alternate
forms given by (11.9). Finally, we can use (11. 10) and (11.11) to obtain a

confidence interval like (11.6).
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I we want to choose between the two prediction forrmlas (11.2) and (11.10), .

we migit compare (11.5) [or (A16.5)] with (11.11) and decide according to widci

is stmller. However, we probably should use the same é‘ijk formule for all
the students of a given higa sciool, rather than (e.g.) using (11.2) for those
students whose H, ;)k's are sufficiently moderate that (11.11) exceeds (11.5)
while using (11.10) for students whose H, jk's are extreme enough that (11.5)
exceeds (11.11). If we used the latter procedure, then we might create a
situotion where two students from the same high school would have identj.cal
P-gcores but the student with the higher H-score would have the lower 2 13k 5

it would be hopeless to try to explain such an outcome to a college admini-
stra.tor..

Tnstead of making the comparison between (11.5) and (11.11) for each
student individually, we could, as one possibility, compute the average of
(11.5) across all N, students in a given high school i, and then choose
forrmla (11.2) or (11.10) for all students in high sciwol i according as
this average value of (11.5) is (respectively) smaller or larger than (11.11).
A different possibility would be to use an approximation to tiils average
rather than computing its exact value: +the ratio of the numerator of the
third tern on the right-hand side of (11.5) to its denominator should, on the

average, be roughly [1+(1/N(i).)] to [N(i).-l], so that

1 1+(1/N i .)
2

=3 l f mm———
N(i).-l

represents an approximation to the average value of (11.5) for high school
i. Now note that if we choose (11.2) or (11.10) according as (11.12) is

(respectively) smaller or larger than (1l.11), then our ciwice will be deter-
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mined strictly by N( 1), in suci a way that we use (11.10) for all high schools
with N ( 1)'. 's below a certain number and we use (11.2) for all high schools with
larca‘li(i). 's

The question might next be raised as to whether we could geta more
sophisticated e 15k by some lind of joint utilization of (11.2) and (11.10),
rather than by using one or the other alone. For example, we might consider a

prediction formula of the form
- A
(11.15) 3% P(“T13L+a +b1 13 r)+(1fp)(“+ v ")

which is a linear combination of (11.2) and (11.10). The coefficient p in
(11.13) is to be between O and 1. We might determine p strictly on the basis
of H(i).’ in which case p s’i;oxﬂ.d increase as N(i). increases. If a oac_e
can be determined for (11.15), then this O?c-é) should be a quadratic function
in p, vhose minimum with respect to p would be easily obtainable. However,
same complications seem to arise vhen certain expectations pertaining to cijl:
and éijl: are taken. In par’cicular, we are faced in the begimning with the fact
that, if Qijh is given by (11.13), then E[(cidk 1JP)|Tiar’ ijk] is a linear
function of T, 1k and H, 3k rather than being equal (approximately) to O, and
incidentally E[(c, ;jk'e N jk)l Tijk] is not O either unless we use for

E(Hijkl T 141 {) the same formula wirich holds in the unselected population (which
probably would not be reasonable). If this paradox ami other difficulties can
be resolved, then the prediction formula (11.13) would appear to be a logical
type of formula; but here in this report we will not attempt to explore its
possibilities any further. For practical purposes, it would eppear tmat (11.2)
should be adequate for all students except a few coming from high schools with

very small N(i) 's, and for these latter students (11.10) can be used.
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MATHEMATICAL APPENDIX
Note 1

The logarithm of the product over 1, j, k of the expressions (5.4) is
Al.l L = constant + Z N L -2z (a,+8.C, . -0 )2

Differentiating L(Al.1l) with respect to aj’ Bj’ and v , and setting the deriva-

tives equal to O, we obtain respectively

(AL.2) N @ - BC g+ VI =0 ,

- - - 2 =
(AL.3) (N.J/ﬁj) ajc’j ﬁj i:}z ci‘_)k + v f }z{: c“kﬂri‘_jk o,
and

(AL1.4) }J: GJ.T‘J'* 32 sd;i:. l}.;. Ci;JkTijk"’ )1: ? l;;: 'rgjk =0 .

Upon solving (Al.2) for aﬁ, ve get (5.8) (after putting on the hats). After
substituting this solution for Qﬁ into (Al.3), we end up with the quadratic

equation

(Al.5) s =0

2
cc.3P3 - ®er. 3B - V.5

in Bj’ which of course has two solutions. Since we can assume that Scc.j and
N.j are both always > 0, one solution for ﬁj will always be positive and the
other negative. One solution of (Al.5) is given by (5.7), and the second solu-
tion is the same thing except with the first plus in (5.7) replaced by a minus.
The root (5.7) may be either positive or negative (according as sCT.j is posi-
tive or negative), but in either case it can be shown that (5.7) results in a
larger value of L(Al.1l) than does the other root, no matter what the value of

v(v > 0). For all practical purposes we can assume tiat (5.9) holds for each
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j, so that all Sd's (5.7) will be > O.

Substitution of the solutions for ad and BJ [see (5.8) and (5.7)]
into (Al.4) gives

z——-'l-r%v : ———17-‘;)2-”:8 =0,

5 Sce.3 3 Sce. o
which, after multiplication by (-2/v) and application of the formula for r§
[see (2.4)], reduces to (5.6). Now there is one and only one value of v
which satisfies (5.6). This is evident if we note that the left-hand side of
(5.6) is a strictly increasing function of v?, becoming positive as ¥ w
(since r§ is < 1, and can be assumed < 1), and becoming (infinitely) negative
as ® =0, After finding tie solutionv? of (5.6) (see Note 2), we take its
positive square root to get '\\, . It can be shown that, mathematically speaking,
no generality is gained if we permit negative values of V.

~ Consider now the (2n+1)x (2n+1) matrix of second derivatives of L (Al.l)

with respect to orl,aa, veey n’ Bl,Ba, ...,B , V. We differentiate the left-
hand sides of (Al.2), (Al.3), and (Al.4t) to find the elements of this matrix.
It can readily be seen that this matrix, after multiplication by -1, can be
written as the sum of a matrix with the element N :]/ ag in the (n+j,n+3)

diagonal position and zeroes everywhere else, plus a second matrix which is

equal o the product of the (2n+l)x N.. matrix

l ¢ o o 1 0 , L ) 0 . 0 o o 0
0 * o o 0 l e o o 1 . 0 s o 0
(M. 6) o . . * O O L] o L 4 O l L * * l
cm ¢« o » ’ cmmm 0 e o » 0 N 0 ¢ .o 0
O ¢ o o 0 c - o o o C . 0 * o o 0
: A P L :
0 o o 0 —: 0 e o o ; ;Llnln o o in-nnm
"! e o o = ™ s o o = P - e o e 'T
111 lelVIr 2 121 N - Inl i m
houene —
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by its transpose. Thus, since we can certainly assume that the last row of
(A1.6) is not a linear combination of the first n rows, it follows that our
matrix of second derivatives is negative definite for all values of the aa's s
the B 's, and V, including in particular those values whici satisfy (Al.2 -M..h).
This is sufficient to establisi that any solution of the system (Al.2-Al.4)
constitutes a relative maxirmm of the function L (Al.1) (see, e.g., Apostol

[2, pr.151-152]). Furthermore, it can be shown that our solution based on
(5.6-5.. 8) will constitute an absolute maximum (the second to the last paragraph
of Note 3 below is partially relevant here). We have previocusly established
the exlstence of this solution, and we have established that, if (5.9) holds
for all j, then it is a unique solution of (Al.2-Al.%4) under the restrictim

that v and all ﬁd's are > O,

Note 2

The Newton-Raphson metiod (see, e.g., [7, p.192 £f.]) is an iterative
method of solving an equation of the form f(z) = 0: it uses the iteration
formula

£(z_..)
1d
(A2.1) z =2 -
new old T zol a

to find a new (and usually better) approximation to the root of f£(z) = 0
at each step. Applying this formula (A2.,1) to the equation (5.6), with

z = 2, we obtain the iteration formula

J[2-:«' (1+ ——-17?—)?

j TT. § .‘j old
(42,2) View = ‘gld - o _.1
z T
B3 [l Y
, STT..'] J old

for finding the root of (5.6).
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There are certain sufficient conditions for the Newton-Raphson procedure

(A<.1) to converge to the root. In particular,convergence is assured if
£1(z) > 0 and £"(z) < O for all =z > the value used in the first iteration
and < the root (it being assuned that a starting value can be found which is
to tie left of the root). Tow the denominator of the last term of (a2.2) is
the first derivative of the left-hand side of (5.6) with respect to V?, and
it is clearly positive for all ¥ > 0; the second derivetive with respect to

V¥ is easily shown to be negative for all vZ > 0. Hence convergence of the

procedure (A2.2) is assured.onceve find a (positive) value of V" which is

smaller then the root.

Note 3
We treat the special case where there are just two T-variables; this
will be sufficient to put across the general idea for larger numbers of T-
varisbles. Let the two T-variables be denoted by Tijk and T;jk. We
assume a rodel in which the conditional distribution of Ci;j}: given Ti;jk
and T;.jl' is of the form

a

-1 -3 (c, . ~p=VE, , =VOT? )2
(2x) e ijx ijk ijk ,

so that [if we proceed analogously to (5.2-5.5)] the conditicnal distribution
. -] . .
of Cijl; given Tijk and Ti,jk is of the form

. _1 _ } o 2
N e A e T
d

The logaritim of the product over i,j,k of the expressions (A3.1) is

| ] L _ -
(A3.2) L = const + }jn jloclﬁjl % f 32 l::' (ozjer(ajcijk VI, g VTS Jk) .

Differentiating I (A3.2) witi respect to the aj's, the BJ.'S, v, and ve,
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end setting the derivatives equal to 0, we obtain the systen

o3 N q.-B.C , + VI +v°T°, =0
(a5.5) %P0 3V ’

1 2 o o =
(A3.1) (N.J./Bj) C. 48y fizc xt ';“}fcijkTijk" VoL z C; Mk = O

(A3.5) sam™ +2B,22C, . T, -vEZET, -VvVEEZIT I, =0
3 J7ed 3 Jik igmigk ijk Jk igkmig ’

(A3.6) T QT +ZBELZC, T -vEZLEIT, T/ -vVVEZITS =0,
33"3331k ijhmigh .Jhijklk 3 i

o : L5d
where T.j is defined analogousl: to T.j. Let T° .3 Sompe, 3’ ST T, 5 and

S also be defined in analogy with previous notation [see (2.1, 2.%)].

TT°. j
Solving: (A3.3) for aj gives us

<>
!
* Q
[ &)
1
WD
<&
,al
e

A —
(A3.7) ay = T.j +

If we substitute this solution for aj into (A3.4), we will obltain the quad-

ratic equation

(A3.8) SCC.,j aj - (v S, 5*V °S gpe J)ﬁd N,= )

in B.. It can be shown that, vhatever v and v° are, the root

.

.

(% +vS . WN 8. . 1
(83.9) S = 2201 LA [1 +<l+ % cC. 2-}

J + o N
2500, 5 o 0 R v

of (A3.0) will result in a larger value of L (A3.2) than the other root, so
that we estimate 53 by (A3.9). Finally, if we plug (A3.7) and then (A3.9)

into (A3.5) and (A3.6), we uill end up with a system of two equations in the

two unlnoyms v and v°:
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: S= ' S Sameo
CT,. i © CT.J CT oj
(A5.10) V(ZZ‘.S - Zg—--"'-)+v(223 ° - X )
5 TT.J 5 Sce. 3 T .J P SCC.j

S bN .S,
‘ CT i CC. i
- (18 +V°S o 2) CTeJ [1 + .(._.\L__;,.L._T] =0
3 CT. J CT .J SCC.,j X ‘GCT.J'+V SCT°.'

j

and

S

: S um +Srmo , s2
(A5-:L'L) 1’(22 Smo j- b 'E'T_L—C'T__.‘i) + V° <22 sToTo J-E 'é'-C’T"‘.‘i—)
J < CC.J J v g TCC.J
(v Sy +V°Smo 1) _S_C_T..J. [1 + uN.JSCC%ij ,_ ] 2,
- ] o by = .
5 CT.J " TCT.d” Sgg, UBep, 57 Sepe, 5)° 4

once (A3.10-A3.11) are solved for v and v° , we can substitute the solutions
4 and 9° into (A3.9) and (A3v.7) to obtain the 'éj's and /o\:j's. We will not
atterpt to explore tne details of solving (A3.10-A3.11) for v and v® , but
this problem can be attacked tirrough methods of numerical analysis, such

as tie peneralized Newton-Repicon method or the method of steepest descent.

A
In practical applications, all B.'s (A3.9) and all Sy, .'s and S.qe .'s
J CT.J CT o
will presumably be > 0, Furthermore, v andv® should be > 0. It may be
helpful to realize that, if all SCT j's and SC‘.I.'° J's are > 0, then there
can be no more than one solution of (A3.10-A3.11) such that v and v° are

boti > 0. Tais is an immediate consequence of (A3.9) and of a proposition

which we now present.

Ve sigll prove that tihere can be no more than one solution of (A3.3-

A3.6) which lies in the set

(A3.12) ‘33 >0 for all j, - < ay < w for all j, -o <v, v’< o .
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Tois will follow from tine continuit:: of L (A3.2) and its derivatives
in the set (A3.12), and from tic fact that the matrix of second derivatives of
L is negative definite througiout (A3.12). For, let 7 ([2n+2]xl) dencte a
vector consisting of ai,ae, ...,Q%, Bl, Ba,..., Bn’ v, v, Suppose that
2 ([2n+2]x1) and 12([2n+2]xl) are two points in (A3.12) botn satisfying
(A3.3-A3.6); we suow that this leads to a contradiction. Define

8 ([2n+:]x1) = 2, =2y + Define L, (2) ([2n+2])x1) to be the vector of first
derivatives of L(y) (A3.2)[as given by the left-hand sides of (A3.3-A3.6)], and
define L, (7) ([<cn+2]x[2n+2]) to be tie matrix of second derivatives of L(72).
Lz(z) can be sihown to be negative definite by using the same type of argument
that was used in Note 1. Now define a function g(}) = L(Zl + A 3), vhere A
is a scalar. Since L and its derivatives are continuous in 7 tiroughout
(a3.12), :(7) and its derivatives will be continuous for 0 < A< 1. We find
g'(N) =3'L (2, + A3), so that '(0) = §'_§1(zl) =0 and g'(1) = 'L, (2,)=0.
Also g"(}) = g'L2(11+x‘§)§>, so tuat g"(A) < 0 for all A in tie interval
0 < A< 1 since L2 is negative definite. But, by the law of tie mean,
g'(0) = £'(1) = 0 implies that £"(A) mst be O for some A between O and 1.
Hence the contradiction.

Solving the system (A3.10-A3.11) is distinctly more complicated than
solving tie corparatively simple equation (5.6) via the iteration procedure
(A2.2). TFurtiermore, the complications increase as the number of T-variables
becomes larger. For the sake of corpleteness, we mention an alternative method
of solvin; the system (A3.3-A3.6). After obtaining (A3.7), we substitute this

solution for o into (A3.5-A3.6) and get a linear system in v and v°,

(A3.13) v § STT.j+ v°S S

. =ZB. S
mo. -
J J I J

CT. J

60



(A3.14) vI STI°.J + v°Z SToTo.j =z BJSCT°.J ,
J J J
vhich may be solved for v and v°. The resulting formulas for v and v°, which
will be linear combinations of tae Bj's, may be substituted [along with (A3.7)]
into (A3.4) o obtain an equation system in the ﬁj's, which will be linear
except for the (N.j/aj) terms. We will not dwell here on the solution of this
system in tie 55'5, except to say that a similar system will arise later in
connection witn our third approach (Section 9 of the paper) and will be con-

sidered in detail.

Note 4
Actually, instead of workin: with the model (5.14) wvnich has only one

T-variable, we use a model with two T-veriables,

(Ak.1) E(c,

- -]
1gi) =8y *Ogllyg F AT+ DT

-a A%

in order to provide a more general development. We shall use notation for the
cijk's (ana T;jk's) which is in analogy with (2.1) and (2.4); remenmber, though,
t.at in an application of the type being considered in this report, it is
really tihe c§jk's (5.13) rather than the cijk's which will have to be entered
into tihe calculations.

Our object is to obtain tiie least-squares estimates (wiilch are the same

as the mosirmm-likelihood estimates in this case, if the distridbution is normel)

of the a,'s, the b;'s, b, and b°., First we re-write (A4.1) in the form

- " _m ofmo _m°
(ab.2)  Elegy) = Ay + by(H; Hy,) + b(Tyq0T; )+ 0°(05-T5 )

where
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- u m . omo
(Ak.3) A, =2, biHi.+ bT, +D 'ri. .

Then the normel equations are easil;” found to be

— ‘ —) = - r -1
I.Il. o o o 0 O ¢ o 0 0 O Aj_ cl‘
‘O e o o Nm. O . o 9 O O 0 A]'I cm'
O e o o O Sm.- o O Sm. STom_. bl Scm.
(A1) | s A I : : . : : .
O o & o O 0 e o @ Sm‘l, STHrﬁ, STonn. b‘f']_ = Sc}m.
2O | Spp v e Spgn Beps, Bppes, | [P Peri.
o« o o S [} . o S Orr. bo -]
T'H. T Hlﬂdisnoi. ?ToToi. FCT iJ-
Thus A, =c¢, , so that
. i.
L A - FAN A Ao“‘o
(Ah.5) oy =cy - DbH - DL - PTG

A A A /\/\°
in view of (A%.3). To obtain (bl,bg,...,bm,b,b ), we need to invert the

(m+2)x(r+2) sub-matrix appearin: in the lower right-hand corner of tie matrix
in (Al.4), and then multiply the resulting inverse by the (m+2)x1 sub-vector
which corprises the bottom (m+2) positions of the vector on the right-hand side
of (Ak.4). This (m2)x(m+2) matrix vhich bhas to be inverted we nay denote by

V. We then define certain additional matrices by the identifications
-V (roem) |V (me)—
(av.6) va= |-H .

1 y )
VTH(Em) VTT(2:~.._)

nad —

and

| o) Vo ()
(A7) VT =] T oo v (222)
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Now
(AL, 8a) VT n (Vg = Vi Vot Vo)™ :
(Ak. 8b) v - -v}’n]ivmvﬂ ,
and
(Ahoe) V= (T - VgV ,

where I denotes the (mxn) identity matrix. Formulas (A4.8) are standard
formulas widich are used in connection with the inversion of partitioned matrices;
their correctness can easily be verified directly, however., Observe that these

formiles (Ak.8) do not require “ie inversion of any matrices of hiigher order

than 2 (except for the matrix V.., but Vi 18 diagonal). Tmus v is found

rather casily by performing the tiree calculations (Al.8) and then plugging
tie resulting mstrices into (Ak.7). We can then obtain all the desired estimates.

In case we are willing to simplify our model by eliminating the b'i's

(i.e., setting them equal to 1) in (5.1%), then (5.14) is altered by replacing

b, with b'. With two T-variables [as in (Ak.1)], the model takes the form

- omo
(Ak.9) E(cijk) =8, + b'Hijk + bTijk +b Tidk .

The paraneters are then estimated by the formulas

A A A
A —— - 17 - ™m = omo
(Ab.20) 8, =T, -DbH - oF, b
and A _ . o -1 .
| b FOm., £%mi. ¥ Srem. £ Schi,
(A1) )b = [ESmy  ESpp, ¥ Sppes, $Sem, | o
o Q
b ZSpoys, ISppej, FSpepey, ¥ Sepes,
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llote 5

e consider explicitly just the case where there are exactly two T-

i3k’ The extension of the theory to the case of more than

variables, Tijr and T
two T-variables will be obvious, nowever.
3 . RPN | L4 8 (-] 3 .
If tue Jjoint distribution of Tijk’ 15k and hijk is tri-variate normal
in the unselected population, tien the conditional joint distribution of Tijk

and T;jk for either tie unselected or the selected population,

-

civen hijk’
will be (see, e.g., [1], P.29, Theorem 2.5.1) & bivariate normal distribution

of the form

- - ' - -
Ty -2 +0yH, 4y ) ) g1 <Ti;jl: u-b(ay+b.H, 5 )
)

- L i) o _ .0 19 o _.o o
(45.1) (e0) |2 e (Ti,jl: u-b (2 +b,H, 4y ) L CHRLR S

after we have substituted for hijk in accordance with (2.3). Note that, in
(A5.1), toe (ai,bi)'s are not unique, in the sense that, if all a,'s and b,'s
are multiplied by the same constant, this constant can be absorbed in b and

b°®, and if all ai's are increased or decreased by the same constant, this adjust-
nent can be absorbed in p and pu°. We will show that maximum-liltelihood esti-
mates of these equating parameters a, and bi are given by

8, B°) [Ty - T..
o e,

i.

A
- A _ - b, H,
and
A
(ASoB) b, = »
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where
(A5.4)
ST - = Spms, Syt 5w \(me F
I g4I N, (a.':.L ST )2 L= ="+, (T, -T..)(T? -T2.)
» * [ 2 LN 3 [ [ lo
i “HH. i i i, i
w(2xe)= .
S s Smo - S2.... o
T —T.gﬁ-'—T—‘ii-wmi @ -T..) (T T2.) E g, (T; -T0.)2
E HHi. i~ ) i"mi, 17 07
and
Spp  Spope
(A5.5) u (@) = |g
Pr° S
o2
(s'l'l'° and Spomo being defined analogously to S,ﬂ,), so that
F_ al ]
S T ) 2 ey - i s’l‘°Hi.)
PAY - PRI, g VTPL T By
(A5.6) W W= o * s 2’ ,
0 S2...
Z(ST.P"i - ?‘m"‘") E(S ooy, - o~ =)
1 ‘ HHi. i * “HEi. N

end where (B, B°)' is a characteristic vector of the matrix (Wl-W)'lW correspond-
ing to the largest characteristic root of (wl-w)’lw. In other words, B and B®

setisfy the equation

B 0
(25.7) [ (wl-W)‘lw-x I](B) = ( 0) s

vhere A is the maximum root of (wl-w)'lw.
Ve now show how these estimators were derived. The logarithm of the

product over (i,J,k) of the expressions (A5.1) is

T

0 -1 *igx~H
£ Z (T, -1T5 . ~1")E ( raa ,)
ik ijk ijk Ti,jk u

(A5.8) L = const +  N..log Iz-ll-%;:

(formmla contimied on following page)

65



(25.8) (cont.)

- AfTs 1
b, ¥ ) l(b )z = Z(a o, H, )2+2: 5 2(a,+b.H, ) (b,0°)5 L tjk .

i7ijk ijk o
15k ijk TS W

lNow if we differentiate L(A5.8) with respect to the elements of I (2x2) and

then set tihe resulting derivatives equal to O, we obtain the equation

(A5.9) N..2 =% X Tagr iHidk) T iHiJk)

s s 3, © _._e R
ijx Ti;jl: n®-b (ai+b Til -1°-b°(a, by Hy

-'fl?b(ai-*b k-p.-b(e..-l-b

iHiJk ij k) ’

wiaich is the condition for I to be maximized with respect to & (see, e.g., [1],
. 4G-17, Lerma 3.2.2 for details). The other first derivatives of L(A5.8) are

civen by

(45.10) ’%— = -(b,b")Z-l( )(IT a +b.H, )+(b,b°)E" (T "“)

T -n
R4 _qf =T, o Hy o -
(A5.11) 5"2 = -(b,b°)Z 1(20) (a8, +b, zz H‘“jl_)+(b,b°)2 g 1KLL
Ti IZT?, ~u®H, |,
3k ijk :LJL i.
Q.I.i
. CH \_ =1 [ Tes-1leve L - -1 b
(a5.22) | )= % (Tf.-ﬂ..;f) (N oy ) 27 (e )
on”.
anc
¢ L
T, .- U
Sb |1 . -1f "1k
(45.15) | ~ . [ (b)zx‘? (a0 Hy g )5+EEE (ag4b,H o) =7 0 .
¢ L ijk ijk s 2= H
E—-b-r ijk

Settine (A5.10) equal to O and solving for a;, we obtain
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(b,b°) £t T, -u
T?.—u°

1.

(A5.1%) a, = - - b,H .
i (b,b°)2’. 1 (€°) ii.
Next we set (AS5.11) equal to O, substitute from (AS.lh') for a;, and solve for
bi' We get
oyo-L
(b,1°)= (Sm.
S
(A5.15) b, = o .
i ... (b,b°)z P
HHi. ? bo

If we set both rows of (A5.12) equal to O and then plug in(A5.14), we see that

(A5.16) p=mT.. , p® = T2,

satisfies the resulting equation system. (The solution for p and p° is not
unique, due to reasons mentioned previously.) Now we set both rows of (A5.13)

equal to O, pre-multiply by I , and substitute from (A5.14-A5.16) to obtain

psan) -SRI (b, () ()
[(b,b°)E " (b,p°)* ]2 b°) (b,b°)Z " (b,b°)"? b° 0

wiere W is given by (A5.4). If we substitute (AS5.14-A5.16) into (A5.9),

then (A5.9) reduces to

(5,°) ur 2 (b, 1°) (b ) (b,5°)

(85.18)  N.Z =W + [ Seysliy po)rR b°
] (b,ia’)z%l(b,bo)' [wz-l(gé(b’bﬂ * (g°) AR ] ’
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where W, is given by (A5.5). Now (A5.18) reduces furtier to

(A5.19) N..L =W, - L wg L (b) (b,b°)
bo

L (6,5°)z(b,0°)"

upon substitution of the relation (A5.17). Thus we obtain
(85.20)  N..{ P} = (w,-w) =1 <b )

. .0 -be l bo

-1 o\
upon post-multiplying (A5.19) by Z =~ (b, b°)', and
(85.21)  N..(b,b>)z L[ 2.)= n..(8,B°)z B°)=(B,B°)(W W) (B,
b B 1 B
after pre-mltiplying (A5.20) by (b,b")):’l and then substituting
B -1 (b

(A5.22) <B°)= z (bc> »

viere (A5.22) defines B and B° . After application of tie relations

(A5.20-A5.22), equation (A5.17) will finally reduce to

(A5.23) [W - (B,B°)W (B,B°)" (Wl_wﬂ (B) - (O) )

(B,B’)(Wl-w) (B,B°)! B® 0

Nov the only way for (B,B°)' to satisfy (A5.23) is for it to be a characteristic
vector of the matrix (wl-w)"lw. In order to maximize L(A5.3), we must choose
a characteristic vector corresponding to the largest characteristic root A
of (Wl-W)'JT-I, as indicated by (A5.7). Note finally tiat, upon substitution
of (A5.16), (A5.21), and (A5.22) into (A5.1k-A5.15), we obtain (A5.2-A5.3).
We might wish to consider what happens under a simplified model in

winich the b,'s in (A5.1) are all eliminated and set equal to 1. It turns out
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z

that estimation under this model is not really too much easier than under the

model (A5.1). We will show that the estimator for a, is given by the formla

(3,B°) 71"1.-?. .
7o -Fe _

A 1.0,
(a5.24) =N <§'smﬁ") (B:BE) i:'s'l'ﬁi'. Hi’ ’

f.sm"m'.

waere (B,B°)' is a characteristic vector of the matrix Y-I.;,]T-Ih corresponding to

the largest root of this matrix. Here we are defining

£s (£ Sere E Sporre )
(a5.25)  ws(2x2) =5 | wes ee—(1 THi. |y "THi.’y "T°HL.
. HHi.\ £ S,
i i T }ﬁo

-

anc

L1 S (f Sas,’ fsT"m)

(85.26) W, (2x2) = W+ == = W -N..W
¥ 2 B, | T Spen, 1S
where W, is given by (A5.5) end
™ m 2 m m me mo
o) i: N, (Ti. -T .) ‘;; N, ('.ni. -T.. )('ri.-r. .)
(AS.&'T) W.(2x2) = mo.m mo _mo me _mo \2 .
2 ?Ni.('l'i. T..)(T] -T7.) i‘:Ni.(Ti. T>.)

Thus B and B°® satisfy tiae equation

(A5.23) [wglwh - 7\'1](59 = (g) ’

waere N\' is the maximum characteristic root of W;l W),

Te derivation of tie estimators is somewhat similer to the derivation
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for the previous model. Eouations (A5.1), (A5.8-A5.10), (A5.12-A5.14), and
(A5.16) go through just as before except with all b.'s replaced by 1. Tius

tie solution for 8, [corresponding to (A5.14)] becomes

(b,b°)z™ (T, -T..
T]?. -Tgv —
(A5c?9) ai = -l = - Hi
(b,b°)E (b ) .
bo
after substitution of (A5.16). After this point, the solution of the maxirmm-

lilelinood equations takes a somewnat different course. Instead of (A5.17)

we obtain

oyl o <Ly - or,
15,50 ] [(b,b )= s H(b,0°) R }(E")

[(b,b°)z 1 (b,b°) 112 1 M.

; Zs
1 -1 b THi. 0
' i 2 (5 -(3)
(b,bo)z_l bo 2 b TS ] 0
(b) { T°Hi.
and instead of (A5.18) we have
(b,5°)Z W, (0, b°)" s\ (oyp°
(ASC:’]-) N-.Z = W + [ + z S ( ° b,b )
’ 1 [(b-b°)2_l(b,b°)']2 ; HH. |\b )
b -
1 -
- (0,5°)E 5 +(F Srres +E Smore )
(b°)[ (~o}'bo)z'l(b,bo)| < THi. i T°H1. J

) [ 1 - -1(b°> LE S\ ] (6,0°)

(,°)= T, %) 2 \v%/ (¥ Srem)d

If tihe relation (A5.30) is applied to (A5.31), tnen (A5.31) reduces to

o ﬁ : -]
(A5.32) m.S=W - 1 - wzz-l (b )(b,'b ) ({TTHL. | (b,b°) .
15,%) - o o
(,5°)= (b, p°)" b Bpoy

T0




£ (A5.50) is pre-multiplied by (B,B°), where B and B° are again defined

by (A5.22), we will arrive at the equation

o

560D ° . l > Oyye
s ot Q) = g P Prow.) (3-)
{ HHi.

ow if (A5.32) is post-mltiplied by (B,B°)', then we will end up with the

relation

o (2w (2)

after substituting (A5.33) and dividing by N.. . Observe that fram (A5.20),
(A5.33), and (A5.34) it follows that

2
(45.35)  (8,B°)W,(B,B°)" = (B,B°)W,(B,B°)" + Z i, [(B,B°)w3(B,B°)'J -

Tws (A5.30) becomes

. (8,8°) W, (3,3°)" B (o)
(45.36) [w’-l - (8,B°) WB(B,B")' W5 :}( B‘)= 0

upon multiplying by (b,5°) E1 (b,b°)" and then applying (A5.33 -A5.35).
From (A5.36) it follows that (B,B°)' must be a characteristic vector of
w;vh ; in order to maximize the likelihood, we choose a coaracteristic vector
corresponding to the largest root A', as indicated by (A5.28). Tiris deter-
mines (B,B°) except for a mmltiplicative constent, but it is obviously not
necessary to find this multiplicative constant for purposes of using formila

(A5.24), which is obtained from (A5.29) by substituting (A5.33).



Note 6

The logarithm of the product over (i,j,k) of tne expressions (7.11) is

(AC.1) L = const - % N..loz(1-p®)+N..log6+ i“i,log Io, |
"——‘“—"“l 92 o 2
i “W)° -2 -
2(1-03) i;]k (T M) +(8'1+biHi,jh) PO(T, 4. u)(a'i+biHijlf)

We differentiate L (A6.1) with respect to a‘i’bi’ and u, and obtain

(a6.2) aa:" li.pz [:(N a;+b. B, )+ pe('l' N p.)] s

N

N .

o= cL i, L | -

(46.3) = T+ T-52 [ (za,il‘lj_.-f-'bi ;.‘.Z )+ DG(ZZ T:_JI:Hijk uHi‘) ] 2

and

(AG.K) —%—f‘:— [ez(T..-N..p) pe(z:ni as+ z:b 38y ) ] .

If we set (A6.2) equal to O, solve for (N _a,+b H ), sunn over i, and substi-

1 7174
tute the result into (A6.4) after setting (A6.l&) equal to O, then we find

(AGO5) l‘A“ = -.foo

upon solving for p . After setting (A6.2) equal to O and substituting (46.5),
we solve for a; and end up with (7.12). Next we put (A6.3) equal to 0, substi-

tute (7.12) and (A6.5), and obtain eventually the quadratic equation

(AG.G) Smﬁ.bi - POy, by~ N, (1- %) =0



in b,. One solution of (A5.6) rmst be positive and the otiier negative. One
solution is given by (7.13), and the other solution is the same thing except
with tae first plus in (7.13) replaced by a minus, In any case, the solution
(7.13) will result in a larger value of L (A6.1) than the other solution.
Note tihat (7.13) will be positive so long as Spyy, > O (8 bveing assumed > 0).
The (2m+l)x(2m+l) matrix of second derivatives of L (A6.1) with respect
to Bys8 50008, bl’ba”"’bm’ i 1s negative definite for all values of tihese
paraneters and all values of & and p. This is easily established by an argu-
ment similar to the one used in Note 1. Thus we are able to conclude that,
for any fixed values of fand p, L (A6.l) takes on an absolute maxirmm when
tihe a,'s, by's, and p are 2s given by (7.12), (7.13), and (A6.5).

If we substitute (7.12), (7.13), and (A6.5) into the formle for L(AG.1),
and also utilize (A6.6), then (with the constant terms omitted) I becomes the
involved function of 6 and p which is given by (7.1%). Thus the maximuie

lizelihood estimates of 6 and p are the values which maximize (7.14). After
these values are found, they are plugged into (7.12) and (7.13) in order to set
the maxdmm~-likelihood estimates of the ai's and ‘bi's.
Note 7

Actually, we will consider explicitly just the case where there are
exactly two T-variables. Fran our development for two T-variables, the exten-
sion of the theory to the case of more than two T-variables will be obvious,
and ot the same time it will be apparent how to prove formula (7.16), which is
for tue case of just one T-variable. The analogue of (7.16) for two T-variables
is given by (A7.13) below.

With two T-variables, we work with the tri-variate normal distribution

-é- -3 ° ° -1
(A-701) (2“) Izl ¢ exp[“’;l-j(Tijk"ll: Tijk- u ’ai+Hijk)z 'Tijk"ll :]
Tigx ™
23+H, 4k
(F]



in place of the distribution (7.15). We define certain matrices by the
equations

 5(22) L(ex1) T (o2) (20
(A7.2) =(3x3) = "o "1 , =3y = f ) (=) .
(1) 5 (1x1) 2 (1x2) 2H(1x1)

The logarithm of the product over (i,j,k) of the expressions (A7.1) is then

(A7.3) L = const -% N..log|z|-% i_‘}d}f [(Tijk‘“’Tidk'“°)"ﬂ ( ijk “)

Ty g1c=H

2
+ (ag+H; 5) Z (T 5w Ty k) 2 (8'1 1y o) ] .

After differentiating L (A7.3) with respect to the elements of £ and then
sett :mg the resulting derivatives equal to 0, we obtain the equation (see e.g.,

(1], pp.46-47, Lemma 3.2.2 for details)

?ﬁ(TUk -1)? fﬁ(rijk-u)(wi ) ?:z(midk ~+) (a;+ ijk)
(A'TOI‘") NooZ = ﬁi(TiJk'“) (szk-p’ ) mj]f(Ti'jl -M ) ?(Ti:’k-u )(a‘ +. ljk)l .
- -1? 2
N J

The other first derivatives of 1L (A7.3) are given by

/
(ar.5) [ $E\e &, ) [ n.mn
a Il T:Q -N..i-lo
u N, e+,
i *
and
aL _ [
(A7.6) - -, £ Ty, -N; 0
: Ty, Wy 0
N, 8 4, ®
h



Now if we set (A7.5) equal to (0,0)', obtain a third equation -Z H./aa.i =0
: i
by using (A7.6), end pre-miltiply the resulting set of tiwee equations by X,

then we will arrive at the sclutions

mo

A - A
(A.?G 7) u= Tes ) p.°= T..

for 1 and p°. By setting (A7.6) equal to O and solving for a;, we get

. .y % A,
(1.8)  ay = Fy - T (T’:' f)
i.- L

after substituting (A7.7). Next we plug (A7.7) and (A7.8) into (A7.4t) and

obtain the relations

(A7.9) W.gg =W

and
f . z S .‘ .
(A?olO) NQQZ‘TH =(1 m', - -.l_- w2 ZTH 2
% S | DM
i ToHl. .
wherc W. and W. are as defined by (A5.5) and (A5.27) respectively. From

1 2
(A7.2) and from the fact the X = I, it follows that

o z:TH+zm:.m'X=o(mﬂ_1mtrix) ,

1

so that

. 1 - - .
(A7.11) NeoZipgy = = Z’.}T (o o 2 )= .
Now we substitute (A7.11) and then (A7.9) into the left-hand side of (A7.10),
and find that

: S
(ar.12) - L= £ e (W)™ [ 1 T

z %S
i Tom.
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upon solving for £, Finally, we plug (A7.12) into (A7.8) and end up with

A ]l [e= =
(A7.13) &y = -H; +( =S, ’fysrm'.) fsmv f'srr%t' (’1 "'""')

Ti “T.o
i' Troi'c if TOT°1' ¢

as the maximim-likelihood estimator for the equating parameter 8.

Note 8
The logarithm of the product over (i,J,k) of the expressions (9.2) is

(A8.1) L = const + L N _log|g, |
3 od J

-3 ﬁ;‘;‘(“ *B4Cy g1y g8 Py Hyp)®

Teking derivatives, we find

' oL
(a8.2) -&-; = LN, 0+ 3'»: adcij -vT, -N, a,-b.H ,
(A85) aI‘:::: QH, +Z 8,2, H ,.-vIZT bzz'.H

. 35; PRI IS Bl Pt & e 1% gk 11. 1 13k ’
(A8.4) = = ? o ..1*? Bs2 CpiTagk™ ¥ fﬁ Tf;k'z 8,1, By ﬁ‘ Tyt gx 2
(48.5) &L =y .- p.C gV TN ey + Iy

. E'BZJ % v L b 5 Mg e Bt o & ’
and

3L

(A8.6) —‘-3-3- (N J/aa)- 3 j 53 Cijf v zz cidk idk+>: a’ici,j"'fb ;: ci‘,lk 19k
If we set (A8,2) equal to O and solve for a,, we get (9.4). Next we set .
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(A8.3I) equal to 0, make the substitution (9.%4), and sol've for b,; this gives
us (9.5). Now if we substitute first (9.4) and then (9.5) into (A8,4-A8,5)
after setting the latter equal to O, we wind up eventually with the system (9.12).
For this system (9.12) we obtain a solution of the form (5.13), which will
generally be a unique solution except for the fact that a constant can be
added to each 33 (see thg O below for details), After setting (A8.6) equal
to 0, we plug in first (9.4) and then (9.5) to obtain

‘ - C;Ciz (s - +C, ,4,,)(s +E;Jd )
(A8.78) = E’JJﬁ'ciak'f iy . _Tcmiy ;%;il CHiJ 1.1]

B
J - Nio i J
N a, .(s +C,.d
Y PPt I T T 1842 1,
.y N Sy, id
S, . (S +C. )
[f (Sopag*Cyg049) - 2 Smn. Vet

i.e.,
(A8, 7b) quJ BJ' 2 SJJ ‘T gdv" J/BJ H

note that the system (A8,7) is unaffected if each Oy

additive constant, inasmich as Z ng = 0 , Upon substituting (9.13) into

is altered by the same

(A8 To), we end up with the system (9.17), the solution of vhich is discussed
below (see Notes 10 and ll) Once the ﬁd's are determined,the estimtes of the

other parameters are of course obtained via formulas (9.19), (9.5), and (9.#)



Note 9
Up through the point of determining the estimates of the aj's, v,
the a.i's, and the bi's in terms of the Bj's, we are dealing with nothing more
than a strictly linear analysis of variance model. Up to this point, the
problen may be thought of as that of maximizing L (A8.1) for fixed values of
the B j's. This is equivalent to the problem of finding the least squares

estimates of the a,'s, the bi's, the ¢

J'S’ and v under the linear model

i

(A9.1) E(sjcijk)= - Qg + oy Tijk+a1+biﬁijk .

Consequently, we may apply some of the broad theoretical results for the

general linear model (as given, e.g., by Bose [3]) in examining certain facets

----J-

of the equation system (9.12). For this purpose, we consider that the 63.'8

on the right-hand side of (9.12) and on the left-hand side of (A9.1) are

fixed,

The model (A9.1) actually bears some resemblance to the model for the
incomplete block design, or for the two-way layout with unequal numbers in
the cells., Consequently, there is some similarity in the formulas, the normal
equations, and the theoretical development. We first examine the matter of
the rank of the matrix F (9.3). Now the rank of F cannot exceed n, by
virtue of (9.14%). By using methods akin to those used for incomplete block
designs, we will develop & set of conditions for the rank of F to be exactly
n. This set of conditions will be sufficient but not necessary; it should be
adequate for practical purposes.

First we make the trivial assumption that v is estimable [3] under the
model (A9.1). A sufficient condition for this to be true is that there exist

three students, identified by (i,,j,kl), (:L,;j,kz), and (i,;j,kB), who are from

the same high school and who go to the same college, and for whom
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1 Tijkl Hiakl
1 Tijka Hijk2 £ o0 .
1 Ti,jl% Hi;]k3

Another asmtion which we make, of course, is that Smﬁ. > 0 for every
high school.

Now it can be shown that the rank of F will be as high as n if and
only if the contrast (aJ-aj) is estimable for all pairs (J,J). We now give
a sufficient set of conditions for all such contrasts to be estimable, ILet
m (< m) be the number of different high schools (i;-values) such that, far

eech of these m, i's, there exists at least one j-value (college) such that

Nij

> 1 and such that Hi;]l’Hijz’ ceey Hi;jNi are not a.'L'L alike., (This irmplies
that bi is estimeble for each of these m, high schools.,) Consider the

m x n matrix whose general element is Ni Y with the rows of the matrix re-
ferring to the m, specified high schools and the columns to the totality of

the n colleges, If this m oxn matrix constitutes the incidence matrix

for a connected incomplete block design [i.e., if, for every pair (3,J),

, .l.,

there exists a comnecting chain N, _,N s N. ., N y I,

187437 iy iy il

Ni I Ni 3.2 N all of whose elements come from the matrix anu are
rTeltr=1 r'r=1

> 0], then (ch.-aj) will be estimable for all pairs of colleges (j,J), and,

s
irJ

consequently, F will be of rank n, We have not supplied all of the fine
details in the argument we have used in this paragraph, but the argument bears

some resemblance to certain standard developments in incamplete block design

theory.
Thus we have a sufficient condition for F to be of rank n., The

condition would not appear to be too difficult to check for. Offhand, there
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would appear to be little doubt of the condition being satisfied under a
larpe central prediction system;

If F were not of rank n, then not all differences (aJ-aJ) would be
estimable, which would mean there would be no basis for comparing grades from
certain high schools. The calculations for estimating the parameters would
then become a bit more corplicated, However, we will not consider further
the case where F has rank smaller than n, since such a case should not
arise in practice with a large system, and the sufficient condition of the
previous parsgraph ought to be satisfied without any trouble'. From now on,
we will assume that F is of rank n.

If (04 50, eees GyV )t and (04,08, «ees &, v')! represent two differ=
ent solutions of (9.12), then it follows that v = v' and that the difference
aj'-aj' is the same for all j. To show this, we consider the two equations
(9.12), one with (al,az, cees Gy v )* and the other with (OLJ'_,aa', ooy O vyt
We subtract the latter from the former, and obtain the null vector on the
right-hand side and F times (orl-ai,az-aé, ceey an—ar'l,v-v’)' on the left-hand
side. Thus (al-ai,oaz-aé sees ’Ofn'ax;’v'v') lies in the vector space orthogonal
to tie rows (or colums) of F. But, since F 1is of rank n, the vector
space orthogonal to the rows of F must be of rank 1, and in fact mst have
as its basis the vector (1, 1, «.., 1, O)* in view of (9.14), This is suffi-
cient to complete the proof, and we conclude that the solution of (9.12) is
unique except for the fact that the a j's may all be altered by the same addi-
tive constant.

Now (9.,13) will be a solution of (9,12) if F* is any conditional in-
verse [3] of F. More particularly, we will indicate here how to obtain a
specific F#([n+l] x [n+l]) which can satisfactorily be used. We consider

the matter simply in terms of finding a solution of the system (9.12)., By

8o
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virtue of (9.14), one of the first n rows of (9.12) is superfluous; accord-
ingly, we arbitrarily eliminate the first row of the system (9.12). Next, we
arbitrarily decide to pick the solution for which O/._L = 0; accordingly, we
mey lmock out the first colwm of what remains of F, and at the same time
remove O, from the vector. We are left with n equatims in n unknowns,
which will have a unique solution, What remains of F is the nmxm mtrix in
the lower right-hand corner of F, which we call F (nxn) From (9. 14) and
from the fact that F is of rank n, it follows that FZL'!. is of rank ﬁ.
Hence ¥, -1 (nxn) exists. Ve may thus take F*[(n+l)x(n+1)] to be a matrix
containing Fﬁ in its lower right-hand corner and zeroes elsewhere., It may
also be verified directly that, with such an F¥, (9.13) satisfies (9.12).
Thus the problem of finding this F* is essentially the problem of in-

verting F Fu(nxn) is of course a huge matrix to invert. Note from

11°
(9.8,9.9,9.14), however, that (except for the last row and last column) the
diagonal. elements of Fll will be large and positive while the off-diagonal
elements will be small and apparently nearly all negative, Because of this,
Fll should be much easier to invert than would otherwise be the case if the
main diagonal elements were not relatively large. As for the last row and
last colum of Fll’ it might possibly help, in inverting the matrix, to

partition off this row and column and then utilize formulas similar to (Ak.8).

Note 10
We prove the uniqueness of any solution of (9.17) such that all ﬁj's
are > 0, We note first thet this system (9.17) cen be arrived at in a
different ma.nner'. In l:.ne with the discussion of Notes 8 and 9, let us
observe first that, if (9.1+), (9.5), and (9.13) are plugged into (A8 1), this

will result in maximizing I (A8.1) for any fixed values of the P J's. After
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these substitutions, the expression within the parentheses in (A8, 1) winl

!
becore a linear function of the BJ. s, of the form Z zijl rJﬁJ" say, and L

J
(A8.1) itself will become
: 1 2
(A10.1) L = const + = N.jloglﬁd |- 1 ==(= 2y 13Pr
J ijk J
= const + = N J.loglﬁj |-% prz'2g ’

dJ

vhere the matrix Z(N.. x n) contains the general element =z 14T in its

(i,5,k)=th row and J-th colum, To find the values of the 8 J’s which maximize

(A10.1), we differentiate (A10.l) and set the derivatives equal to O:

(A10.2) % = D;l_l_(l -Z2'ZB=0 (null vector) .

Now the system (Al0,2) must necessarily be the same as the system (9.17); tius

(A10.3) 782 = A .

We next use (A10.2) to find the matrix of second derivatives of L (Al0.1):

(A10.4) % = Dy/ge - Z'Z ,

where Dy /Bg(n x n) denotes a diagonal matrix with the elements N. j/ ﬁ§

along the main diagonal., Now this matrix (A10.%4) is clearly negative definite
for all values of the {33'5. Furthermore, L(A10.1) and its derivatives are

continuous throughout the set of points for which

(A10.5) 53 >0 for all j .

Thus, by using the same line of argument that was set forth in the next to
he last paragraph of Note 5, we conclude that there can be no more than one
solution of (A10.2) which lies in the set (A10.5). Hence, since (9.17) is
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the same system as (A10.2), any solution B of (9.17) which satisfies (A10.5)

mst necessarily be unique in the set (A10.5).

Note 11
The details of selecting a technique for solving the system (9.17)
would best be left to a specialist in computers and numerical analysis, How=
ever, we will indicate here some avenues of approach widch may be promisiné.
First we consider the genera.lized New'ton-Ra.phson method (see, e.g.,
[7, p.203 £f.], [6, p. 135 £f.], or [10, p. 171 ff.]). In general, if we are
trying to solve a system of n simltaneous equations in n unknowns,of the

form

ania) o9 (e, weny p) =0 (3 = 1,2, ees, n)

i.e.,

(ulib) o (p) =

| {@)
-

vhere ¢ is an (n x 1) vector function, then the generalized Newton-Raphson

method uses the iteration formla

(A12.2) Brew = Boa - [9End1™ #Bqa)

where [¢ (Q)] denotes an (n x n) matrix whose general elerment in the j'-ﬁl
row and j~th colum is 6¢(j )/aﬁ Sometimes [4’1(90)]'1 » vwhere B denotes
the value of P in the initial iteration, may be used in place of [01(_@01(1)]-
in (AJi.e) (see, e.g., [10, p.172]);this spares us from having to invert an

n x n matrix at each iteration, and hence only a single n x n matrix has

to be inverted.
We turn our attention to the specific system (9.17). Taking
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(a11.3)  #(p) =D;' N -ap ,
we find
(A11.k) % (g) = - (Dm/t32 + A) .

Thus, e obtain our iteration formula by substituting (A11.3) and (All.4) into
(A11.2)

Alternatively, we could take 4 to be

(A11.5) p) = N - DEA g ’
for wihich
(A11.6) & (p) = -(D5A+DAE) ,

where DAE denote‘s a disgonal matrix whose diagonal elements are the elements
of the vector (AB). Offhand, though, this formulation (A11.5) would not
appear to offer any adventage over (Al1l,3).

The other method which we will consider for solving (9.17) is the method
of steepest descent (see, e.z., [4], [6, p.132 f£f.], or [10, p. 175 ff.]).
Strictly speaking, the method of steepest descent is used for finding the point
at wvirdch a function of n varisbles assumes a realtive minimum, rather than
for solving a system of the form (All,l); however, this latter problem can be
handled as & special case (see [6, pp. 132-133]). Let V(B) denote the function
which is to be minimized. Iet _\][l(g) denote an nxl vector whose j-th element

is oy P;Bj. Then the iteration formle for the method of steepest descent is

(A11.7) Boew = Bora - Mega) H(Bng) >

where MB) 4s a scalar whose determination we now consider. Ideally,

. —
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Mp) should be (see [10, p.176, equation (6.27)] or [4, p.260, equation (5)])

the snallest positive root of the equation
(A11.8) 7'(N) =0 ’
where

(A1.9)  y(N=¥p-r g (®) ) .

However, for use in (A11,7) it is adequate to obtain an approximation to this
jdeal velue of A In cases where the actual minimum value of V¥ is 0, we can
get the Newton-Raphson first approximation to the (supposed) root of y(A) =0

rather than to the root of (Al1l.8), so that the formla

(a11.10)  NB) = wW(p) /¥ (R) ¥ ()

should give a satisfactory value for A (see [10, p'. 176, formla (6.28)] or
[4, p.259, last paragraph]). However, in cases where the minimum value of ¥
is not 0, the formlas (Al1.10) mey lead to trouble (see [4, p.259, footnote
7]1), and it would appear to be better (if feasible) to use the Newton-Rephson

first approximation to the solution of (All.8) itself, which is

(a11)  Ap) = ¥ (@)% (/K )Y@ ,

where va(g) is the nxn matrix of the second derivatives of V(B).

We now consider how the method of steepest descent can be applied to the

systen (9.17). If we take
(A11.12) Wp) = LN jlog |f3'j |+ L prap
3

then
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(A1.13) (@) = DIE+Ap ;

so that the problem of solving (9.17) is equivalent to the problem of finding
a point at which ¥(B) (All.12) assumes a minimum, Thus we plug (A11.13) into
(A11.7). For N(B) we would probably use (All.1l), in which case we need the

mabrix
(A11.14)  w(p) = DN/ﬁa + A .

There are also other wmys in which the method of steepest descent can be

applied for solving (9.17). For instance, let us set

(A11.15)  wWp) = 2'(p) ¢ (B) y

where ¢(g) is as given by (All.3). Then () (All.15) assumes its minirmun
value (of 0) if and only if § satisfies (9.17). Thus we use the method of
steepest descent to find the point where (f) (Al1l.15) is minimal. From

(A11,15) and (A11l.3) we get
(A11.36) W) =@ -4 p)' (O;'N -ap) .
Hence

(ML17) (@) = 20 +Dy)ap - DY)

and ve plug (Al1l.17) into (A11.7). For N(B) this +ime we should probably
use (Al1.10), for which we need only (Al1l.16) and (Al1.17).

Notice that no matrix inversions are required in either of the iteration
procedures which are based on the method of steepest descent. This is in con-
trast to our two iteration procedures based on the generalized Newton-Raphson

method, both of which require matrix inversion; however, in (All.2) we could
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use an approximation to the inverse of ¢l(ﬁ) rather than calculate the exact
inverse.

Tt is possible that still other techniques for solving (9.17) should be
considered; our treatment here is not intended to be exhaustive, For references
to otiner metiods for solving a system of n equations in n unknowns, see,
e.Ce, [8, P.215 ff.] and [10, Chapter 6].

Tn order to utilize any iterative procedure for solving (9.17), it is
necessary to have an initial value of g (which we call Eo) to start off witﬁ.
Of course, the "closer" 8, is to the true solution of (9.17), the better off
we should be. What we propose is to use for Eo the maximm~likelihood esti-
metes of the ﬁj's under the ClT model which was covered in‘Section 5. Thus
the elements of B could be calculated from (5.7) after (5.6) has been solved
for v. Such & Eo should not be violently different from the exact solu-
tion of (9,17) which we are aiming toward. Incidentally, it would appear
that we should throw out any college for which SCT.j is < O [this causes
(5.7) to be negative also], but it would not seem to be too likely that such
a condition would ever crop up in the first place.

An alternative possibility for choosing Eo would be to use the estimates
of the ﬁj's which are obtained by gping through both steps of the second
approach as described in Section 7. A Eo so chosen might in many cases be
"closer" to the solution of (9.17) than the B, which ﬁas described in the
previous paragraph, but the additional computational labor which would be
required might or might not be worth it.

Tt is hoped that the material presented here in Note 1l will provide an

adequate foundation for finding & means of solving (9.17) at a reasonable cost.
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Note 12

Under tids simplified model. in which we omit b:!L in the formula for h 13k

(7.3), the distribution of Cs given Ti,jk and H, 3k is of tae form
1((7..+¢3_,C., =L, .. =8, ~bH, ., )2

(Al2.l) (211) |B l e J 1,_]1; ljk i ijk .

The theoretical development for this model (Al2.1) will be quite similar to

that for the model (9.2). The logarithm of the product over (i,J,k) of the

expressions (Al2.1) is the same as (A8.1), except with b, replaced by b. Let

us use (A8.1°),(A8.2°), (A8.4°), (A8.5°), and (A8.6°) to designate the same

equetions as (A8.1), (A8.2), (A8.4), (A8.5), and (A8.6) respectively, except

with b, replaced by b, Then the partial derivatives of L(A3.1°) with respect

i
to a,, v, A and Bj are given respectively by (A8.2°), (A8.4°), (A8.5°),

and (AS.6°). Also we find from (A8.1°) that

L 2
) 5 ? a.H j+z By z:z: Cigerigk "miijigk -% aH, b%}).:. B

(A12.2

Upon setting (A8.2°) equal %o O and solving for a;, we find

A A L A
(A12.3) A = (1/m, (= Ny .G + I B.Cy vI; -bH, .
* -i * L ]

Next we set (A8.5°), (A8.4°), and (A12.2) equal to O and make the substitution

(A12,5). Then, after the terms in the B j's are isolated on the right-hand side,

this set of equations becomes

(a12.4) o & " By
- })
o a2 o] BE
an ﬁ1'1
v
b
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where F_ ([n+2] x [n+2]) and G, ([n+2]Jxn) are defined as follows, The

general element of Go in the j~th row and J-th column is

- N, .C
= - AJid
(a12.5) Bogg =~ 83f .yt T W,

for the first n rows,

(A12.6)

crig * iJ iJ )

EgovJ = }.:(S
1

for tne (n+l)-th row, and

A12.7) Bobg = z:(Scrx.w Cis%5)

for the (n+2)-th row [eiJ and d, . being defined by (9.3)]. F_ is symmetric

and has the form

r‘ - pa—
foZLZI. i:::12 M foln folv fcnlb
fo1 Topz * **  Toon | Toov Tom

(Al2.8) F°= ¢ o o ¢ ¢ 6 & o o o & o @ ’
1".on.'l. fon2 ¢ fonn fonv fon‘b
fovl fme ¢ fom fow fovb
fobl fob2 £ fobn fobv fobb

where
' N..N
_ L. ijid

(A12.9) fOJJ— SJJN.j :zL: ¥ ,

(A12.10) fojv = T 3* ?NIJ Tl. (=fovj) s

(M12.21)  foq, = - g+ By By (= gy ’

(A12.12) fovv = ‘;‘:’ S'l'ri. 4
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(A12,13) fovb = fSTHi. (=fobv) ’
and
(Al2.lll-) fobb =LS .

iHHi.

If we make the trivial assurption that v and b are estimable under the linear

model with fixed B,'s which is analogous to (A9.1), then it follows immediately

J
(by appealing to incomplete block design theory) that F, (A12.8) is of rank

n , so long as the mn matrix of the Ni J's constitutes the incidence matrix
of a connected incomplete block design (see Note 9 for the definition of
"eonnected"). By using virtually the same technique which was indicated in

the latter part of Note 9 for determining F¥,we can obtain a matrix Fg such

that
A . A
N\ =g P
o o0 B

(A12.15) :2 :2
. 2
A
b

is a solution of (A12.4) for the ozj's, v, and b in terms of the BJ's. (See
Note 9 for certain remarks which apply also in the present development.) At
t s point it remains only to solve for the B j's: we set (A8.6°) equal to O,

plug in first (A12.3) and then (A12.15), and wind up finally with the systen

(A12,16) Ap = D3N ,
where
(A12.17) Ao(nxn) = Uo - GéFgGo

S P =
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and U in (A12.17) is an nxn matrix whose general element is

: c,.C
- 2 . e 2
(A12,18) Uogy = By J)i: E o% 4 f ¥, .

Since the system (A12,16) is of the same form as (9.17), we may refer at
this point to Notes 10 and 11 for pertinent information concerning the solu-
tion of (A12,16).

Tmus we mist first obtain F% and A, then solve (M2A.l6) to get the
%'s , and finally obtain the estimates of the remaining parameters via (A12.15)
and (A12.3). As we can see, it turns out that the maximum-likelihood estima-
tion procedure is formally almost the same for the model (Al2.1) as for the
model (9,.2)‘. Although many of the formulas are somewhat simpler under the
model (Al2..l) [compare (A12.5), (A12.9), and (A12.18) with their counterparts,
e.g. ], the computational lebor required for the two most difficult parts of
the calculations [i.e‘. , obtaining F* or F¥, and solving (A12.16) or (9.17)]
does not appear to be reduced at all by simplifying the model so as to elimin-

ate the b:{ 's,.

Note 13

If the model (9.2) is simplified by eliminating the 53'3 , then the
estimation procedure is exactly the same as that indicated in Section 9,
except that we stop just before (9.15), and we replace with 1's all gd's or
3J's vhich appear in formilas (9.4), (9.5), (9.12), and (9.13). Note that
we no longer have to solve the non-linear system (9.17), so that the com-
putational burden is reduced considerably by using a siuplified model from
which the B j's have been eliminated.

The distribution of cijk given Ti 3k and Hi ik under this simplified model
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is, of course, of the form

1
(5.0 () e T T gt )

Thus this model (A13.1) is actually a linear model; in fact, it is essentially

the seme thing as (A9.1).

If the model (Al12.1) is simplified by eliminating the B J's, then the
development proceeds exactly as in Note 12, except that we stop Just before
(A12.16), and we replace with 1's all ej's or Bd's which appear in formulas
(A12.3), (A12.4), and (A12.15).

Note 14
If the model (9.2) is altered to include mare than one T-variable, then
there will be no substantial change elther in the theoretical development or
in the amount of computational labor required to obtain the estimates, We
treat the case of exactly two T-variables, since this will be sufficient to
indicate what happens with a general number of T-variables, The conditional

distribution of C Kk given T, 13 is then

O
13 X? and H

i Ti3 1jk

) (e eyl P T T
The manipulations that are involved in getting the formlas for the
estimates under the model (Alh-. 1) are practically the same as those outlined
in Note 8 above., What we will do here will be simply to indicate how the
various computing formlas of Section 9 are altered when there are two T-

variables instead of one:

A .
(i) In the formla for ai(9.h), we include an additional term (-O*f; ).

A
(ii) In the formula for bi(9'5) , we include an additional term (-3°ST°Hi )

%
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inside the square brackets.

(i1i) In the matrix @, we add an extra row, so that G will be (n+2)x n.
The elements of this (n+2)-th row are specified by the formila
Speps, (Scpsg*Cssfss)

(A.'l.lh2) &.0 =Z(S ° +6 °)-Z
veg = 7 Vereis 13%17 n - ’

whgre | e; j= T; 3 - Ni JT;. The first (n+l) rows of G are the same as before

(9:6-9.7).
(iv) In the matrix F (9.8), we add another row and another colum, so

that F will be (n+2) x (n+2) and still symmetric. The additional elements

of F are specified by

_ d. S.ro
)4'- . o= -T° + . T? -ﬂ——-ﬂi . =f o
(A14.3) Jv J i:NiJ Ti. +§: SHH:I.. ( fv j) ?
s S
THi. T°Hi.
(1) 7,0 = 3 (e - gL (=t
and
i o 52, .
(Alh‘os) fvovo = §(5T°T°ic - ST Hi. > ]
HHi.

The original elements of F are the same as before (9. 9-9.31);

(v) At the bottom of the vectors appearing on the left-hand sides of
(9.12) and (9.13), we include & v° and a Pe respective]&. The matrix F#¥* in
(9.]5) is now (n+2) x (n+2), of course. No change is made in formulas
(9.15-9.17).

If it is desired to use more than one T-variable in any of the models
covered by Note 12 and Note 15 above, then the various relevant formulas can

be altered in an obvious manner to accommodate the additional T-variable(s).

93



As was the case with the model (9.2), the relative increase in computational

1abor waich results from the additional T-variable(s) will not be substantial.

llote 1

We suppose that ¢, 13k (ecuated college grade), J o end iy (equated high
sciiool crade) follow a trivariate normal

distribution in the unselected population. Let (pc,pT, ’“L'l)' denote the mean

vector and

Of: P CT c T P CHcccrh
(A15.1) PepTep o Oryom%h
pCHGCGh p'I.'H T h oﬁ J

the variance matrix of this distribution. (Note that Pop @03 Aups Pogy and

and Loy and Pry and Py can be used interc;langeably.) By appealing (e.g.)

to [1, p.29, Theorem 2.5.1], utilizing (A15.1), and finally making the substi-
tution (7.3), we find that the conditional distribution of T, given Hy

has mean
(A-l502) E(Tijklﬂijk) ‘“‘I p']_'H (a' +b:;.Hle uh)

and varience

(a15.3)  var(Ty g, [H; ) = op(2 -opy) ’

and the conditional distribution of ¢ 13k given Ti ik and Hi;jk has mean

o (Pop=PogPry) @ - )
o (l"@“) l,]k HI‘
0, (PoyPamPr) (o]
a (1-p,m)

) -
(A25.5)  Eleg gy [Ty By g =He *

+ 1+biH, M)
.1

179"
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and variance

‘ 02 (L=pZ = P2 ;= 02+ P e Prarr o)
(A15.5) m(cijklrijk’nijk)= c - CT G crPermH i

[Incidentally, (A15.5) is also equal to 1 the way the model (9.2) is set up,
but this fact need not concern us here, ]
How the second approach is based on the model (7.4), which we repeat

here for convenmience, but we append an asterisk to as and b g

(A15.6) E(Tidk IHiJk) = a.':l: + b Hy g .

The third approach, strictly speaking, is based on the model (9.2), but, as

we indicated in Section 10, we will figure the variances for the third approach
on the basis of a simplified model vhich assumes that we have the exact rather
than just the estimated values of the aj's and B j's in (9'.2)'. This simplified

model, which is of the fornm

(a15.7)  Eley gy Ty 0By ) = Pygcas*ofige o

is linear, of course, whereas (9.2) is notj thus the determination of the
verisnces is facilitated considerably. Although the variances of the estimates
of the parameters as figured on the basis of the model (AlS.. 7) will presumably
be slightly smaller than the true varlances based on (9.2) , the difference
apparently should not be great, because the largeness of the N.J.'s should
result in the 3 's and é\j's being relatively quite close to the Otj's and ﬁj's

J
respectively,

Tlow we can use results from the theory of the general linear model to
obtain the variances of the estimators under (A15.6) and (A15.7). We arrive

ultinately at the formulas
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(H-H, )2
(A15.9) W(QY*%F) = [njf + sﬁﬁi' :‘ var (T, . [ 5)

for the special form of the second approach, and

A A 1 (H-'ﬁi )2
9 = — DD S A, o
(A15.9)  var(a;+b,H) T + = + (terms pertaining tov) (°131!T131:’H1,jk)

for tie third approach. Tie "terms pertaining to v" in (Al5.9) relate to the
A
discrepancy between v and v, and can be ignored for practical purposes.
Corparing (Al5.6) with (A15.2) and (A15.7) with (Al15.4), we see that the

ag- and b':lf of (Al5.6) are not the same thing as the a

4 &nd by of (A15.7),

3 - 1] 1 .3
since (.a.i + bl Hy Jk) is miltiplied by a factor

(A15.10) Dbt* = pTHO'T/O'h

in (Al15.2), and by a factor

(A15.11) b' = 0 (Pey=Ropdmy )/ o, (1-0y)

in (A15.4). In order to make (Al5.8) comparable with (A15.9), we multiply

(3}6 + %3._6 H) in (A15.8) by the ratio of (Al5.11) to (A15.10) :

-} )27 o2( )2

ptoa AT [ (B )2 0 eayPomomy

(A15.12) var[—r;(a b ).-=[-,—,—+ . var (T, ., |H k) .

b Tl- ?{ J Hi. Sm{i. ainﬂﬁﬁ(l'%ﬂ)a by ) |
Finally, in order to obtain (10.3), we divide (A15.9) (with the "terms

pertaining to v" omitted) by (Al15.12), after first substituting (A15.3) into

(A15.12) and (A15.5) into (A15.9).




Note 16
Since the conditional expectation of (11l.4) is only negligibly differ-

ent from 0, the conditional variance of (1l.4) is essentially

' A
(a16.1) E[("i,jk'cijk)elTigx ’H'Jl’] = E[[ci;jk E(ey 5 1Ty 1008y ) ¥ TiJk’HiJI':}
A
+2E[{°ijk E(cy g1 13 31008y 520 Y By o | Ty 5300y 5304 5 lTi;)k’Hijk]

A
*E[m(cijk Iy 410053 530) =4 g3 I 1T o B i,jk] y

We consider individually the tiree terms on the right-ﬁand side of (Al16.1).

The first term is the same thing as (Al5.5), which is equal to 1 under eitier
of the formulations (9.2) or (7.18). The second term is O, inasmuch as c, 131
and ’c\i_.,, will be independent (in the conditional distribution, at least) no

gk
matter what technique was used for obtaining the Q i's and ‘/r:i's. In evalua-
ting tihe third term, we plug in (li.5) and (11.2), and first of all we
sirplify mattersby putting v (an spproximation which should make no
practical difference). Then what we have is

(a16.2) [{(a +b H 31) -(a. RN ik )1 2| Tiak,Hle_’ ,

which under the third approach is essentially (A15.9), i.e., essentially
L, Bl
(1). HH(1).
since var(c, jkl s iy ,jk) = 1, Adding ) [the first term on the right-hand
side of (A16.1)] to (A16.3), we get (11.5).
In considering (A16.2) for the special form of the second approach, we

A
will treat only the case where the le\.i's and b, 's of (7.5) and (7.6) are
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obtained from a set of (T,H) data which is different from that for which the

cijl_'s are to be predicted. (If the two sets of data are the same, then the

formilas which follow may be somevhat off, particularly so if Ni is small.)
. L RS A A

We can thus assume that neither a, nor bi is a functian of Ti ik or Hi 3%

Hence (A15.2) will be approximately the same thing as (Al5.12), which can

also be written as

1 (H.ﬁ' )2
(A1G. 1) [ + - ](v°)2 var(T [H) .
N, Smm,

The v°in (A16.4) is of course the parameter which appears in (7.18); var (T [H)
is the variance under the model ('f.h) , and of course does not depend on H
[see also (A15.3)]. We can assume that v° and var(T|H) can both be estimated
witi negligible error,

In (Alé.’-l-) we write Hijk instead of H, and we put parentheses around
the i's everywhere else to indicate reference to a different set of data.

After then adding 1, we end up with

H, ., -H 2
(a16.5) o‘?c-é) =1 + []" - + ( L}k (1).) ] (v°)? var (T|H)
N(1). Sm(1).

as the approximate conditional variance of (11.4) for the special form of the

second approach.
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