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Summary

The transient respense of realistic structures subjected to thermal shocks is becoming
increasingly important in the design of nuclear reactor structural components, such as fuel-
cladding, pressure vessel and piping. In these problems, as is known, both the thermaelastic
and inertia effects need be taken into account. Due to the compiexity of the thermo-
mechanical interactions, as is seen in literature, the probiem is usually solved based on the
uncoupled thermoelastic theory, Althcugh several finite element procedures have been devoted
to one-dimensional coupled thermoelastic analysis, the work which is done an two-dimensional
analysis is very limited. The aim of this work is thus to develop an efficient and accurate
finite element procedure to deal with two-dimensional coupied thermoelastic problems
subjected to thermal shocks. The achievement of this work becomes of practical interest in
assessing the performance of the nuclear reactor components.

In the finite element formulaticn deveioped herein, the entropy displacement fntroduced
by Biot is employed and a relevant coupled thermoelastic dynamic variational principle is
established. Based on this principle, the mass, thermal damping and stiffness materices are
derived respectively. A eight-node, coupled-thermoeiastic isoparametric element is
specially designed, 1In thiselement, each node contains four degrees of freedoms, two of
them are mechanical displacements and others are entraopy displacements. Therefore, the
mechanical and entropy displacements can be solved directly. The thermal stress can then be
computed by Duhamel-Neumann constitutive equations and the temperature distribution dis
inferred from the mechanical and entropy displacements. To solve the resulting equations
of motion, MNewmark's directed intergration scheme is taken in this work.

To demonstrate the accuracy and validity of the solution technigue developed, two
examples are first analyzed. Good correlations between the computed results with the
referenced solutions available in literatures can be noted. To evaiuate the influence of
the coupled thermoelastic and inertia effects respectively, the analysis includes:

(1) dynamic uncoupled thermoelastic approach, (2) dynamic coupled thermoelastic approach,
(3} quasi-static uncoupled thermoelastic approach. and (4) quasi-static coupied thermoelas-
tic approach. Ffinally, the transient thermoelastic behaviors of a finite plate with a
cirﬁu]ar hole subjected to a thermal shock are investigated in detail. The variation of
thermoeiastic stress concentration factors around the circular hole for each case is also
drawn respectively.
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1. Introduction

The true transient response of reactor components subjected to thermal shocks is
governed by the thermo-mechanical interactions and inertia effects. However, due to the
complexity of such effects, only tittle attention has been paid to study those problems.
Thus, an efficient and accurate finite element procedure which can be used to soive realistic
thermoelastic problems subjected to thermal shocks is established and presented here. To
study the role of the coupled and inertia effects on the computation of the temperature as
well as stress distributions in the structures, several illustrative examples are solved.

In the design of actual machine and engineering structural members, the evaluation of
thermoelastic stress concentration factors is essential and seldom found in the literature.
To study these factors, the example of a square plate with a central circular hole subjected
to thermal shocks is alsc devised and investigated in thiswork.

2. Finite Element Formulation for Dynamic, Coupled Thermoelastic Problems

Consider a homogenecus, isotropic body which undergoes a small elastic deformation due
to the action of applied Toading and temperature change. The temperature change is assumed
to be small compared with the reference temper‘ature.T0 and does not lead to any appreciable
change in the elastic and thermal properties. That is the thermoelastic material properties
are treated as temperature-independent. To properly model the transient thermo-mechanical
coupled effects of relevant thermoelastic materials, the concept of entropy displacements
introduced by Biot [1] is incoporated into the Hamilton's principle {2-3] adoped here.
Consequently, the modified Hamilton's principle governing the dynamic equilibrium of the

structure between instants £ and . can be viewed as [4-6]:

N+
gn = GLN (Alejy08 ) + D(H,) - K(U;) - u]dt = O (1)

where A(Eij’E) is the Biot's thermoelastic potential, D(Hi) is the dissipation energy
function, K(Ui} is the kinematic energy and W is the external work done by body forces,

surface tractions and temperature changes. denote the strain tensor and Ui are the

€is
1]
components of mechanical displacements. & is the temperature difference between the

instantaneous absolute temperature T and the reference temperature TD i.e. g = T—TO; H;

represent the entropy displacements which are defined by Biot {1] as:

where hi are the comporents of heat flux. The relationship between strains €4 j and displace-
ments Ui under the assumption of small deformation theory is
_ 1
ey =7 Wi,5 + U540 2)
Hence, the thermatstressesoij can be computed by the Duhamel-Neumann constitutive relations:
%5 T Bigk € k1 Big® (3)
where Eijk] is the elastic modulus tensor and Bij are the thermal stress constants which
are assumed to be independent of time. For the isotropic material
B3 ° By
Here, Gij is the Kronecker delta and g is defined as:

B= (3r + Zu)’a
where A and u are Lame constants and o represent the linear thermal expansion coefficient.
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The Biot's thermoelastic potential A{Eij 6 ) and the dissipation energy function D(Hi)
in eq.(1) can be expressed as the followings [4-61:

oC

- 1 'Y
Aless,8) = 7 Bijatisfa * o SO (4)
v
and n, .
- d 11 AN
D) T @ |7 T, MMy (5)
v

where V rgpresents the volume of the body considered, p is the density, CV is the specific
heat per unit mass and nij is the thermal resistivity matrix. ¢ and CV are independents of
time. For isotropic material, nij can be expresses as follows:
i3 T
n is the thermal resistivity constant which is the inverse of the coefficient of
thermal conductivity. The coupling relation between the deformation and temperature change

is Tinked by the divergence of the entropy displacements, i.e.:

Hi i = = POE- ToBis8y;
Again, for the isotropic case, the above eq. can be written as :
Hy g =PC8 - ToBU, 5 (6)

Substituting eqs. {4) and (5) into eq. (1}, analogous to the derivation of the
variational principle for isothermal elastodynamic problem [2,3] , the relevant functional
governs the present dynamic, coupled thermoelastic problems between isntants tN and tN+1 can
be written as ( in finite element version):

tN+l
pC 2 nij
1 v .
T (U., H.) = I{] [ o{E,. q8..6 . + =L B8) + S HH
i i tN m Vm 2Y13k1717 7k T0 T0 i3
‘| + . - é‘
- E«puiui - FiUi] av - Tiuids - T niHidS} dt

m
In the abave, Vm is the volume of the mth element (M=1,

Sa m and Sem represent the portions of the boundary surface of the mth element
where prescribed tractions T?' and temperature 8 are applied respectively,
Ui is the velocity within Vm’
Fi are the boady forces in Vm’
n; are the direction cosines of the outward unit normal on Sem.
Now, making the finite element approximations in matrix form, the mechanical element
interior displacements Ui and entropy element interior displacement Hi can be assumed as:
{uy = [NJ {qH} in Vm (8)
and {H} = [N] {qg}  in Vo (9)
respectively. [Nl s the matrix of shape functions (7], (ay} is a column vector of
mechanical nodal displacements and {qE} is a column vector of entropy nodal displacements.
Thus,

Sa ‘se 0 (7}
2...0 ),

0y = [N {9z} in v (10}
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and

= (N g inv_ (11)
The correspopding matrix form of eqs. (2} and (6) can thus be expressed in an alternative
form;

{e} = [By] {qM} (12)
and BTO :

For isotropic case, by substituting eqs.(8}-(13) into eq.(7?) and expressing {QM} and
. . . *
{iggl in terms of generalized global nodal vectors {qM} and {QE} ., the functional ™ of
eq.(7). can be written as:

tN+3

= (-5 G T M {4y) + %-{qE}T

ok
[01tqg!

BT T
'l * T * '] 0 * *
+ E'{qM} [KM] {qM} + 7 -EE;- {qM} [Kg] {qM}

BT T BT T
1 0 * * 1 0 * *
7 °C, {agh [Kg] {oyd + 5 7T, {lay?  [Ked {qg?
U @ Tk - @ 0 - 198 1)
Y7 ORTT, laghiKgliagh - layd Q) - dqph {gph ) dt (14)

where {1 is the transpose of {1,
M= 2 | o' (N &V ( mass matrix),

Vm
o] = I J n [N]T [N] dv {damping matrix},

Vm

[KM] = % f [BM] T [EM][BM] dV {mechanical stiffness matrix),
Ym

Kgl = & (B¢l T [BE] dv  (thermal stiffness matrix),
Vm

fQut = =z (J ) TFlay  + f ' AT ds),
Vm - )

gt = L J U RLE: dsﬁ"

S
{n} 45 the column vector of direction cosines and [EM] is the elastic modulus matrix which

is assumed to be constant throughout the computatinn process.
* *
The statienary condition of 7 in equation (14} with respect to {qM} and {qE}yieId
the following final simultaneous algebraic equations:
éT BT

ey D (K [k ) gy o ) o TG 09)

o

v

BT
g 0 * 'I

*
o [kl @ - G (16)
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Introducing the coupling parameter, vy, which is defined as [81:

2
BTy

pCV(k+ 2u)

Alternatively, eqs.(15) and {16) can be combined as:

(om0 ] [og Col ol Ly}
+

* o ¥

[0 [ol (45) [01 CpJ tag)

. *
[Ka + y(A+2u) [KE] %-(A+2u) [KE] {gy? {0y}

+ =

¥ 1 *

| T (A+2u) [KE] 5T TS [KE] Top! {g.}

or briefly,
L T0 6" « [0%1 (31 + 1KT(q"} = ("} (17)
Thus, for two dimensional problems, each node contains four degrees of freedom, two of them
are mechanical displacements and others are entropy displacements. Hence, the mechanical
and entropy displacements are solved directly. As a result, the temperature distribution
can be inferred from the mechanical and entropy displacements, as shown in eq.(13), and the
thermal stress can be deduced by Duhamel-Neumann constitutive equations of eq.(3). To solve
the equations of motion, Newmark's directed integration scheme [9] is taken in this work.
The parameters & and B used in MNewmark's method are chosen as §=0.5 and B=0.25
respectively.
For guasi-static thermoelastic problems, eq .{17) can be simplified as:
074"} + KT 1q71= 10
For the uncoupled thermoelastic problems, sayy =0 L8], the equations of motion are
governed by the two independent sets of simultaneous linear ordinary differential equation
as: -k * BTU *
(M {q,} + [k {qyl-= (! -p—c:[KE]{qE}

and

.k '] * -
[p]{ qE} + pchO [KE] {qE} { QE}
3. Results and Discussions
To show the effectiveness of the propgsed technique, the solutions of two illustrative

problems are first Presented. The first problem considered is known as the Danilovskaya's
problem in thermoelasticity [10] as shown in Fig.1. The semi-infinite space is modeled with
25 eight-node fsoparametric elements. The nondimensional variables are defined as:
£ = !é-, T Vjt > 8*= %— and U: = —LAE%%lQE—
where d is the thermal diffusivity and v=/ (x+2u)/p denotes elastic wave speed.
Fig.2 and Fig.3 depict the time histories of the temperature and mechanical displacement

variations at the point £ =1.0. For comparison purposes, the uncoupled analytic selution
obtained by Laplace transformation method {107 and the coupled numerical solution computed
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by finite element method [11-13] are also shown. Excellent agreement between the present
results and referenced sotutions can be found.

The second probiem solved illustrates the transient response of a two-dimensional square
plate with length 2L which is initially at a uniform temperature state with T=TU. As shown
in Fig.4, the outer two boundaries of %=t are subjected to a thermal shock & , whereas other
boundaries of Y=*L are insulated. The uncoupled,fheoretica] quasi-static solution of the
same problem was solved by Takeuti [14] . The coupling parameters v taken into account are
v=0 and v=0.25 respectively. Fig.5 displays the variations of transient dimensionless stress
oy=c,/Ead along the boundary of y=L as shown in Fig.4 at Fr=0.01 (Fr=dt/L, the dimension-
less time). Again, the agreement between the present resuits and the theoretical solution
given by Takeuti is excellent. It 1s worthwhile to note that the stress obtained hased on
the coupled approach are smaller than the uncoupled results. This implies that more
conservative results are obtained by the coupled approach. This is of parctical importance
for the design of efficient and economic structural parts. To evaluate the influence of the
inertia effects on the computation of transient thermal stresses, the quasi-static solutions
based on coupled and uncoupled approaches are then computed respectively and shown in Fig.5.
It appears that no significant difference between the dynamic and quasi-static solutions can
be found.

In actual machine and engineering structural members, the highest stresses usually exist
in the region involving fillets, holes, notches and other section discontinuities. 1In
engineering practice, however, the calculation of thermoelastic stress concentration factors
are seldom found. To evaluate the thermoelastic stress concentration factors in dynamic
thermoelastic problems, the example considered is that of the square plate with a central
circular hole subjected to a thermal shock as indicated in Fig.6., The thermoelastic stress
concentration factor Ko discussed here is defined as:

Ko = od/ op
where a4 is the maximum stress occurred at the geometric discontinuity and am is the
maximum stress evaluate in the plate without hole. Fig.7 shows the variations of the
calculated thermoelastic stress concentration factors Ko with various sizes of circular
holes. It is seen that the values of the computed Ko nearly proportional to the sizes of the
circular holes at an instant and decrease monotonically as the time passes. Again, smaller
thermoelastic stress concentration factors are obtained by coupted approach rather than by
uncoupted approach.
4. Conclusions

This paper provides a rigorous dynamic, coupled thermoelastic finite element procedure
which has been demonstrated to be a highly accurate means to evaluate the temperature as
well as stress distributions within the structure with complicated geometries subjected to
thermal shocks. The role of the coupled effects on the computation of transient thermal
stresses can be drawn. However, from the results for the problems solved in this work, it
appears that the inertia effects are not that important. Futher, the thermoelastic stress
concentration factors are also investigated in this work. It will be of practical use for
estimating the safety of structural parts subjected to thermal shocks.
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