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I INTRODUCTION

Following the approach of Stahn & Kerkhof (1977) and Emery 
& Kobayashi (1980), a generalized qualitative fracture- 
mechanical concept for the investigation of thermo-shock 
induced cracking was developed by Bahr & Weiss (1986a, 
1986b). Based on the consideration of time-dependent ener­
gy release rates, this model takes into account stable and 
unstable crack growth processes, flaw size distribution, 
severity of the quenching temperature and mutual unloading 
of multiple cracks. The experimentally observed crack pat­
terns (Bahr et al 1986b) and the residual strength of 
quenched ceramic samples could be explained. To substanti­
ate the previous findings, in the present paper numerical 
calculations are performed for a heated long strip of 
width b with a single crack or periodically arranged edge 
cracks (length a, distance p) exposed to thermal shock on 
the cracked side. The essential features of this two- 
dimensional example problem should be transferable to more 
complex crack configurations under thermal shock. The 
calculation of the energy release rate G (or Kl-factor) in 
dependence on time and crack length requires: i) evalua­
tion of the transient temperature fields due to thermal 
shock, ii) solution of the resulting thermoelastic stress 
problem and determination of G.

2 TEMPERATURE AND STRESS FIELDS DUE TO THERMAL SHOCK

The cracks spread perpendicular to the cooled edge of a 
thin strip and lie parallel to the y-axis of the cartesian 
coordinate system (Fig. 4). In thermal shock the tempera­
ture on the quenched face suddenly drops from Ts by the 
amount AT.
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Since the crack does not influence the heat flow, the 
temperature field eq.(l) can be obtained by solving the 
one-dimensional transient heat conduction equation (see 
Bahr et al 1987), with W = y/b and c = Vat /b . The 
constants u. are the positive eigen-values of the equation„= A cot. . fi =hb/k. Here, ae , k and h denote the 
thermal diffusivity, thermal conductivity and heat trans­
fer coefficient, resp. Newtonian ( (3 =10) and ideal (=00) cooling were considered.
Normal to the crack the following stresses are induced 

by the thermal field: (2) 4 A
6, (r)- EolT(t «) e)as -12(-
(E -Young’s modulus, o -coefficient of thermal expansion) 
For more details of the calculated temperature and stress 
fields we refer to the paper of Bahr et al (1987).

3 CALCULATION OF STRESS INTENSITY FACTORS

The stress intensity factor KI for the mode-I crack prob­
lem at hand can be determined by means of the weight func­
tion method. For any thermal loading case an equivalent 
crack face loading can be found which is equal but oppo­
site to the tractions at the prospective crack line in the 
body without crack. Then KI is found by integrating these 
tractions given by eq.(2) over the crack :

KI(a,t) = 2
Vi

j M(a,y) 0x (y,t)dy 

0

(3)

The weight function M(a,y) was derived by Bueckner 
(1971) for the single edge cracked strip.
The application of FEM to this problem was accomplished 
in three steps:

a)evaluation of the temperature field by solving the 
transient heat conduction problem for the thermoshock;

b)solution of the associated thermoelastic stress problem; 
c)determination of the stress intensity factor KI;

All steps were performed by means of the FEM-system 
FRACTURE (Eisentraut & Kuna 1986) especially adapted to 
the solution of plane, axi-symmetrical and spatial prob­
lems of thermoelasticity, fracture mechanics and heat 
conduction. Fig. 1 illustrates the mesh generated for the 
upper half of the sample with a single crack. The crack 
tip region was modelled by quarter-point triangular ele­
ments . These elements can reflect the elastic crack tip 
singularity and a constant thermal strain distribution. 
The Kl-factor was calculated from the FEM-results in two 
ways: First, from the opening displacements of the nodes 
at the crack face element . Second, the energy release 
rate G = KI*KI/E was calculated using the technique of 
virtual crack extension (Bass & Bryson 1983).

Next, the boundary element analysis code ATALANTE 
(Maschke & Kuna 1985) for solving two-dimensional problems 
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in linear elastic fracture mechanics was applied. The 
program is based on the direct boundary element method, 
involving the free space Green's function and 3-noded 
elements of quadratic isoparametric shape functions. 
Special boundary elements were employed for modelling the 
crack tip. The stress intensity factor is gained from the 
BEM-solution utilizing either the crack face displacements 
or the traction values of the crack tip node, see Bahr et 
al (1987). By a special option of the BEM-system periodi­
cal structures can be treated, which is essential for 
analyzing multiple crack configurations. Fig. 2 shows one 
of the BEM-discretizations used for the analyses of perio­
dically arranged cracks of two different lengths. Here, 
originally thermal loads are transferred into the equiva­
lent crack face tractions of eq.(2).
For a single crack, Fig.3 summarizes the results ob­

tained by using weight functions, FEM and BEM at the time 
=0.1 . The good agreement of all three solutions con­

firms the range of validity of the weight functions (up to 
a=0.5 b) and demonstrates the applicability and quality of 
both other numerical techniques. Compared at equal accura­
cy, the BEM requires much less expense of mesh creation 
than the FEM does.

4 CRACK PROPAGATION SCENARIO

Fig.4 shows the normalized energy release rate plotted 
versus crack length. Crack propagation starts as soon as G 
exceeds a critical value Gc and continues as long as this 
condition is met. There is a critical severity of shock, 
ATc, below which no cracking occurs. Just at A T = ATc, 
single crack propagation is observed, with the crack run­
ning unstably. Excess released energy may drive the crack 
beyond the envelope of the family of G-curves (solid arrow 
in Fig.4)
Higher A T means lower Gc-level in our normalized plot. 

It is seen from Fig. 4 that with increasing AT the delay 
of crack initiation after shock is diminished. As a conse­
quence, the unstable crack paths are shorter. Furthermore, 
some of those initial flaws which are partly unloaded by 
the growing cracks may still be able to start. This is due 
to the fact, that their G increases as the cooling goes on 
penetrating into the strip. This consecutive activation of 
initial flaws has been analyzed for a periodic array by 
means of BEM (Fig.2): By variation of the crack spacing p, 
the minimum spacing is found where the remaining initial 
flaws of length a2=a0 will just be able to start while 
they would not do so with lower distance. This implies a 
condition on the stress intensities of both growen cracks 
(1) and initial flaws (2),

K1(al,a2=a0, t, p) = Ke; Max {K2(al,a2=a0,t,p)} = Kc.

It is found that larger A T results in smaller p (Fig.4, 
inserts fit to scale). These conditions govern the estab­
lishment of the so-called parking order of cracks by 
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combined unstable and stable propagation (completed with 
the shaded arrow). This is followed by stable propagation 
controlled by KI(al,a2=a1,t,p) = Kc . As a consequence of 
progressive mutual unloading of the growing cracks, not 
all of them keep propagating: There is a bifurcation-type 
instability with every second crack popping off while the 
remaining ones are left behind (Bazant et al 1979). This 
occurs at 0 K2( al, a2=a1, t, p) / 3 a2 = 0. The computations 
revealed two events of this kind for AT = 2.9 A To (see 
inserts of Fig.4). Multiple crack growth finally stops at 
the decreasing branch of the envelope (contrary to single 
crack propagation, which may overshoot). Note that the 
envelopes related to single and multiple propagation dif­
fer (dashed lines in Fig.4).

The numerical results obtained for the quenched edge 
cracked strip support the recently proposed fracture­
mechanical approach by Bahr & Weiss (1986a) to thermo­
shock damage of brittle materials due to single and multi­
ple crack growth. It allows to draw quantitative conclu­
sions concerning the dependence of damage on severity of 
shock, initial strength and heat transfer.
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Fig.1 Finite-element mesh 
for the crack length 
of =0.3

(148 elements,475 nodes)

Fig.2 Boundary element mesh 
for periodical 
crack configuration
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Fig.3 Comparison of K-factors derived from weight func­
tions, finite elements and boundary elements
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Fig.4 Time-dependent normalized energy release rates 
versus crack length for finite heat transfer. 
The crack propagation scenario is illustrated 
by the arrows and the properly scaled inserts.
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