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ABSTRACT

ALLEN, DAVID MITCHELL. Multivariate Analysis of Nonlinear Models.
(Under the direction of JAMES E. GRIZZLE).

Growth curves are usually expressed as polynomial functions of
time. However, in some instances a more realistic model may require
that the response over time be a nonlinear function of the parameters
and that observations made on the same animal at different points in
time be assumed to be correlated. One may want to consider several
groups of animals where the parameters may be different for the dif-
ferent groups.

A general model for such data is formulated and two methods
for the estimation of its parameters are developed. Under the as-
sumptions of normality, one of these methods is shown to yield
maximum likelihood estimates which are known to have desirable large
sample properties, and the other method, which is computationally
simpler, is shown to have the same desirable large sample proper-
ties. Hypotheses concerning the parameters may be tested using
the likelihood ratio statistic.

An empirical study of a three group asymptotic regression model
shows that the estimates are without serious bias and that the dis-
tribution of the test criterion is well approximated by x2 even for

small sample sizes.
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CHAPTER 1. INTRODUCTION AND REVIEW OF LITERATURE

1.1 Types of Models

A model, in the statistical sense, is a mathematical expression
which describes the structure of an observation on an experimental

unit. Examples of models are

= PRI + . + Y oLl
Yi elali + 62321 + s epapl € (1.1.1)
Yi = exp(ela1i + eZaZi + ei), (1.1.2)
814
and Yi = 91 - 62-83 + € (1.1.3)

where in each case Yi represents the i-th of n observations, ayis @540
cos api are known independent variables, 91, 62, ey ep are unknown
parameters, and € represents a random variable with mean 0. The model

G

(1.1.1) is called a linear model since 8 GP occur in terms of

19 2, e

the first degree only. The model (1.1.2) is nonlinear, but

log(Yi) = elali + 62a2i + €

is linear, and the usual least squares analysis can be performed on the
logarithms of the observations. The model (1.1.3) is nonlinear; more-
over, no transformation of the observation will make it linear. Thus,
special techniques are required for the analysis of models of this type.

An alternate method of stating models is in matrix notation.



The relation

Y = A" 8 + (1.1.4)
(nx1) (nxm) (mx1) (nx1)

defines a linear model where Y is a vector of observations, A' is a
known design matrix, 6 is a vector of parameters, and € is a vector of

random variables with mean 0. Similarly

Y = F (&) + ¢ (1.1.5)
(nx1) (nx1) (nx1)

defines a nonlinear model if the elements ofvg(g) are nonlinear func-

tions of 6 and if Y, 8, and g are as in (1.1.4).

1.2 Estimation
Estimation procedures for linear models are well known for both
the univariate and multivariate cases. For example, if the elements of

Y of model (1.1.4) are independent and have equal variances, then the

best linear estimate of § is produced by the method of least squares.

The value of_é which minimizes the sum of squares
(- 4D - 4D
is
6 = (aa")lay. (1.2.1)

If the elements Y are not independent and have variance matrix I, then

the best estimate of § is given by the method of weighted least squares.

According to this method the value of § which minimizes

X - A'é)'z_l(l - A'9) (1.2.2)



is

8 = (Az'lA')'lAz"lg. (1.2.3)

When I is not known, the practice is to replace it by its unbiased
estimate.

The analysis of nonlinear univariate models has received con-
siderable attention. Using the representation (1.1.5), almost all of

the methods of estimation require the minimization of

(T - F(O)' (X - E(8) (1.2.4)

with respect to 8. Draper and Smith [6] describe the basic techniques
to minimize (1.2.4) which are in current use. They give an extensive

bibliography of work on the general univariate nonlinear model.

An important general technique for the estimation of the para-
meters of nonlinear models is an iterative method known as the

linearization or Gauss-Newton-Raphson method. At each iteration.E(g)

is replaced by its first order Taylor series expansion about the esti-
mate of 6 obtained from the previous iteration. This yields a working
model in the form of (1.1.4), and § is re-estimated at each iteration
by the equation (1.2.1). This process is repeated until successive
estimates are sufficiently close. If the elements of Y are not inde-

pendent, the weighted linearization method can be used. This method

is the same as the linearization method except that the estimates at
each iteration are obtained in a manner analogous to (1.2.3) rather
than (1.2.1). A preliminary estimate of § must be available to apply
either the weighted or unweighted method. The weighted linearization

procedure will be discussed in more detail in Chapter 3.



Several univariate nonlinear models have received special atten-

tion. Shah and Khatri [19], and Shah and Patel [21] discuss the model

Y = o + Hx + Bo™ + €.

Several authors [5], [11], [12], [23], and [24] have considered
various forms of the asymptotic regression model given by
k t
Y=a-2 B,p, + . (1.2.5)
. i1
i=1

Because of their association with quantal response and with growth, the

logistic model,

Y = k/(1 + exp( - kbt)) + €,

has been extensively investigated. Variations of this model have been

considered by [3], [4], [7], [8], [15], [161, and [20].

Relatively little work has been done in the development of sta-
tistical methods applicable to the analysis of nonlinear models when
the observations are dependent. This dissertation is concerned with
the relatively unexplored area of developing multivariate techniques

for nonlinear models.

1.3 Review of Previous Work on Multivariate Methods for Nonlinear

Models
Beauchamp and Cornell [2] considered the problem of estimating

the parameters of the model



1,2,...,n,

e
1]

where the Yij represent the observations, the fi(g,gj) are nonlinear
functions of the elements of §, 6 is an (mx1) vector of unknown para-

meters, and the Ej are (kxl) fixed vectors. They also assume

E(e,,) = 0,
1]
E(Eijskl) =0, j+#4, (1.3.1)
E(eijezj) = Vi, i, 2 =1,2,...,p J=1,2,...,n0,

and that

V= (Vij) is positive definite.
That is, the observations made for the same Ej input vector are corre-
lated, but observations made for different Ej vectors are uncorre-
jated. If k=1 and t is time, observations at the same point in time
are correlated, but observations at different points in time are un-
correlated.

Their technique of estimation proceeds as follows: for each
i, the Yij’ j=1,2,...,n are fitted to the fi(g,tj), j=1,2,...,n
using a modified linearization technique to obtain an estimate of §
o(1)

denoted by § Residuals are calculated by the formula

v -£.®
1

5= Yy T G

i=1,2,...,p, J=1,2,...,n0.



The estimate of V, denoted V, is given by

SR

1
V. = = e,. e .,
ik n j=1 ij ki

and

V = (Vik)'

The quantities Y,,, f,(6,t.), and €,,, are arranged in vectors
i i="= ij

as follows

. — F , =7 r —
11 £, 8.5 11
Y12 £ 8.8 €12
_Y_ =Y M E_(_e_) = £ (Q,t )’ £ =€
(pnx1) In (pnx1) 1 -n (pnx1) In
Y21 £,(8x) €21
Y22 £,(8,L)) €22
“2n 8.5 “2n
p1 " €5 “pl
¥p2 5 0,5 “p2
Y £ (8, ) €
pn p—m pnt .




The model is given by

Y=E® *+¢e

where E(e g') = z v 8 I
(pnxpn)  (pxp)  (nxn)

1

and © denotes the Kronecker or direct product. The parameters are
estimated using a weighted linearization procedure assuming that
o= % § I. Estimates obtained by this method are shown to be con-
sistent. Hypothesis testing is not discussed by Beauchamp and
Cornell.

Khatri [10] considered the model

Y B 8 A + E (1.3.2)

(pxn) (pxn) (rxq) (q>n) (pxn)
My

where Y is a matrix of observations, B and A are known matrices, g is
a matrix of unknown parameters, and E is a matrix whose columns are
independently distributed as Np(g,Z). This model represents a signi-
ficant extension of multivariate linear models. Khatri also derives
the maximum likelihood estimator of 6 as well as likelihood ratio and
largest root tests of hypotheses of the form

C ) L 0o .
(cxr) (rxq) (q*xL) (cxq)

1.4 Objectives of the Present Study

Although Beauchamp and Cornell's model is useful in many analy-
ses, the assumptions made about the error structure in (1.3.1) often
are not appropriate. For example, in the study of growth curves, one

observes several animals each at several points in time. In this



situation it is more reasonable to assume that observations on the same
animal are correlated, but that observations on different animals at the
same point in time are uncorrelated. This may also be the case when
using compartmental models or experiments using radioactive tracers.
Also the experimenter would like to make inferences about the parameters
in the model.

Khatri's development is applicable to the analysis of growth
curves provided one is willing to assume a polynomial model within each
subject. The subjects may be blocked according to any design, however.
Unfortunately, many biological systems are known to behave nonlinearly,
and, in this case, it is much more meaningful to use models based on
the underlying physiology rather than strictly empirical polynomial
models.

The purpose of this dissertation is to develop methods for the
analysis of multivariate nonlinear models which are applicable to,
but certainly not restricted to, the study of growth curves that are
nonlinear in the parameters. Included in these methods will be pro-
cedures of estimation and hypothesis testing. Computer programs to

perform the calculations will be given.



CHAPTER 2. THE MODEL AND THE ESTIMATION OF ITS PARAMETERS

2.1 Introduction

In this chapter the model is defined and examples are given to
illustrate its applications. Two methods of estimation: of the para-
meters of the model are developed, and some properties of the esti-

mates are examined.

2.2 The Model and Its Applications

Assume that an adequate model for describing the results of an

experiment is

Y = F (9 A + E , (2.2.1)
(pxn) (pxq) (gxn) (pxn)

where Y is a matrix of observations; F(8) is a matrix whose (i,3)

element is

=
[}
=
-
™o
-
.
-
o
-

(="
il
=
-
N
-
.
-
[

A is a known design matrix of rank q; 8 is a mx1l vector of unknown
parameters whose elements are functionally independent; Ei is the i-th
fixed input vector; and E is a matrix of random variables whose columns

are independently distributed according to some p-variate distributions



10

with mean 0 and unknown positive definite dispersion matrix V
(pxp)

For mathematical reasons we assume that the third order partial
derivatives of fj(gﬁﬁﬁ) with respect to the elements of § are con-
tinuous. We also require that p+q<n which enables us to derive a non-
singular estimate of V.

To introduce the model, consider some examples.

Example 2.2.1

Suppose that we have 10 animals each of whose response, say
weight, is observed daily for seven days. The expected value of the
weight on the i-th day is given by o - Bpi_l. This model is called
the asymptotic regression model and is the simplest form of model
(1.2.5). A polynomial model could be used to describe the response
over the same region. However, if the asymptotic regression model
fits, we prefer to use it, for unlike polynomial models, the para-
meters of the asymptotic regression model have definite physical
meanings. The parameter a represents the upper bound of the weight
of an animal, B represents the potential weight increase during the
course of the experiment, and p characterizes the rate of growth.
The general model (2.2.1) is easily specialized to the asymptotic
regression model. Let

Y = [LY,...Y. ]
(7%10) 2" =107

where Xj represents the seven observations on the j-th animal;
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D
-
]
~
Q
jos)
O
~
-

AT

and

A=(1111111111).

Example 2.2.2

As an extension to example 2.2.,1 suppose we have three groups
of six animals such that the expected value of the response is the
same as in example 2.2.1 except that the values of the parameters may
differ among the different groups. That is, the expected value of the
response of an animal in the j-th group on the i-th day is uj - ij§_l.

To apply the general model to this special case let

Y= (11,30, (2.2.2)

where the Xi’ i=1,2,...,6 are the observations on the animals in
group 1, Xi’ i=7,8,...,12 are the observations on group 2, and

Xi’ i =13,14,...,18 are the observations on group 3,

i-1
£(0,t.) = o, - B,o:.
i 3 3°3

i=1,2,...,7,

132’3,

(2N
]

o
8' = (a;BypayByp,03B404),

=i, 1 =1,2,...,7, (2.2.3)



12

and
111111000000000000
A=f000000111111000000 (2.2.4)

0000000 00000111111

Note that it would not have been possible to apply the model of
example 2.2.1 to each of the three groups separately because there are
not enough observations within any group to obtain a non-singular
estimate of V. However this model permits estimation of V as will be

shown in the next section.

Example 2.2.3

Assume the same experimental situation as in example 2.2.2.
Suppose that from knowledge of the biological system we are able to
deduce that the rate of growth and the upper bound of growth are the
same for all groups, and that the initial weights are different for
each group. The initial weight is represented by the parametric
function o - B, and, since we are holding o constant for the three
groups, differences in initial weight are characterized by differences
in 8. Let the common upper bound be denoted by o and the common rate

of growth be denoted by p. Then the model is defined by letting

i-1
fj(g,_t_i) =a - Bjo ’

and §' = (d816283p)-
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The quantities Y, Ei’ and A are as defined in (2.2.2), (2.2.3), and
(2.2.4) respectively.

Example 2.2.3 is somewhat analogous to analysis of covariance in
which adjustment is made for different mean initial values. Example
2.2.3 also illustrates a reparameterization of the model of example
2.2.2, a technique which is used when calculating the likelihood ratio
(LR) test statistics.

Our general model (2.2.1) includes as a special case the model

(1.3.2) given by Khatri. In that case

F(_@) = B o
(pxr) (rxq)
and
Y = B6A + E.

2.3 Estimation of the Parameters

First consider the estimation of V.

Let

S =7Y(IL - A' (AA’)_lA)Y', (2.3.1)
(pxp)

and notice that ;%E S is the usual estimator of the dispersion matrix

of the multivariate analysis of variance model Y = BA + E.

Theorem 2.3.1

The statistic ni S is an unbiased estimator of V independently

of F(©).
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Proof:

Let Ei denote the i-th row of Y, g& represent the i-th row
(1xn) (1xq)
of F(9), sij be the (i,j) element of S, and vij be the (i,j) element

of V.
- u'(@ - AT(AAD) ) d
Sij = ll_l 'Llj an
] 1 [} -1
E(sij) = E(gi(I - A'(AA") A)y_j)
- E(tr(u' (T - A'(AA") " Ta)u,))
-1 ]
- E(er((I - A" (AAD Ty u.u'))
—J17]
= tr((I - A' (AA')_lA)E(y_jp_i))
= tr((I - A' (AA')'lA)(IviJ. + Mg giR)
= tr((I - A' (AA')'lA)vij)
= (n - q)vij.
Thus
1
E(H:E S) = V.

Q.E.D.

Two methods of estimating 6§ are proposed. The first method
(method 1) is to choose as the estimator of § that value of § which

minimizes

D,(8) = log | (¥ - F()A) (Y - F(OA)'|. (2.3.2)
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If we have an estimator of §, say é, then the estimated value of
Y is F(E)A, and thus Y - F(é)A is a matrix of residuals. If_é is close
to the actual value of 8, % = %(Y - F(é)A)(Y - F(é)A)' should be a
reasonable estimate of V. Wilks [26] defines the generalized variance
of p-variates as the determinant of their dispersion matrix. Thus,
method 1 yields the value of é_which minimizes the logarithm of the
generalized sample variance. Under the assumption of normality
method 1 yields the maximum likelihood (ML) estimate of 6 as will be
proven later. The logarithm of the determinant is used rather than
the determinant because the numbers are of a more convenient size,
minimization procedures are easier to perform, and it is the form

which appears naturally when deriving the LR test statistics.

The second method (method 2) is to choose as the estimator of ©

that value of § which minimizes

D,(8) = tr((¥ - F()A)'s LY - F(8)A). (2.3.3)

Notice that (2.3.3) is a sum of quadratic forms each of which is
similar to a x2 statistic. Method 2 may then be considered analogous
to the method of modified minimum x2.

Note that
er((Y - F(B)A)'STH(Y - F(Q)A)) =
er(s7E(Y - F()A) (¥ - F(OA"),

and thus both Dl(g) and Dz(g) are functions of the matrix.
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(Y - F(A Y - F()A)'

Let

z = YA'(AA')_l,
(pxq)
and

X(8) = 2 - F(9);
(pxq)

we can then simplify (2.3.4) as follows:
(Y - F()A) (¥ - F(®A)' =
(Y - YA'(AA) A + (2 - F(O)A (X' - A (AAY) TAYT + ATz - FU(O))) =
S+ (2 - F())AA'(Z - F(®O))' =
S + X(9)AA'X'(8). (2.3.5)

This simplification is important since Z and S are the estimates of the
parameters in the linear multivariate analysis of variance using the
model Y = BA + E. By going through the preliminary step of computing

Z and S, the number of input variables for the nonlinear estimation is

considerably reduced.

Now we will examine Dl(g) and DZ(Q) using the representation

(2.3.5)

D,(8) = log |s + X(8)AA'X' (8) |

and
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er(sTY(S + X(8)AA'X' (8)))

D, (8)

er(I + S IX()AA'X' (8))

p + tr(AA'X' (8)S™1x(8)).

Since the function tr(AA'X'(g)S—lX(g)) is a monotone increasing
function of Dz(g) and is of simpler form, Dz(g) is redefined as

follows:
D,(0) = tr(aa'X' (@S X(D).

2.4 Some Properties of the Estimators

Assume that the columns of Y are independently distributed as
p-variate normal random variables. The joint density of the elements

of Y under this assumption is

Il

-1,2
v, vy = JL—JE expl- 2 tr((Y - F(®A)'V (¥ - F@®A)}
2
(27)

-1,2
ST - e - F@A O - F(@AD)
2

-1,2
- np exp{- % erv (s + (2 - F(6))AA' (Z - F(8)) ")}
2

(2.4.1)
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v1l? 1, -1
= exp{—'E trV (S + X(9)AA'X'(8))}. (2.4.2)
(2m)
Applying the Fisher-Neyman Criterion to the form (2.4.1) we see that
7 and S are sufficient statistics for ¢ and V. Thus there is no loss

of information by restricting our search for estimators of § and V to

functions of Z and S.

Theorem 2.4.1

1f the columns of Y are independently distributed as p-variate
normal distributions, and E(Y) = F(8)A, and if there exists a value of

~

6, say 61, such that Dl(gl) = log |S + X(Qi)(AA')X'(Qi)I is minimum

~

with respect to 8, then
1) éi is the maximum likelihood (ML) estimator of §;
(2) % = %(S + X(éi)AA'X'(éi)) is a ML estimator of V.
Proof:
The method of proof is to show that
log w(éi’;) - log ¥ (8,V) > 0 for any value of § and V. Now

log ¥ (8,,V) =

n

_ I -
5 log 2w >

log |%<s ¥ X(ePANX (8] - 52,

and



log ¢ (8,V) =
np n 1 -1 1t
- 5= log 21 - 7 log |v] - 5 tr{V (s + X()AA'X (e},
and thus

log v (Qi,V) - log v (8,V) =
- D log |2(s + X(8)AA'X'(8)) - 7 mp + 5 log |V
2 n =1 =1 2 2

+ 2 er{V (s + X(DALX() .

Notice that

- % log vt -;L;(s + X(0)AA'X'(9))] - 3 log |V]

o

t 3

log |=(s + X(©)AA'X' ()] = .

Adding expressions (2.4.4) and (2.4.5) we obtain

log ¥ (él,\}) - log ¥ (6,V) =

Veom A

% (log |S + X(8)AA'X'(8)| - log |s + x(él)AA'x(él) |‘):]+

|
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(2.4.3)

(2.4.4)

(2.4.5)

-3 - 3 tog vt %(s £ X(A'X ()] + 3 tr (vt %(s + X(8)AA'X' (8))

(2.4.6)

The first bracketed term on the right hand side of (2.4.6) is

non-negative by hypothesis. It remains only to show that the second

term is non-negative. In order to do this we parallel a technique

originated by Watson as described by Rao [17, p.449]. Let A

denote the characteristic roots of V—l %(S + X(8)AA'X'(8)).

l’

s A

AR
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By theorem 8.1.2 of the appendix we see these roots are all non-

negative. By theorem 8.1.1 of the appendix the second bracketed term

of (2.4.6) is

n
_( _p -
2 i

I ™o
=
O
o30]
>
+

I ™Mo
>
S’
[t}

P
P

s

l=l(ki - log Ai - 1), (2.4.7)

and by theorem 8.1.4 of the appendix every term of the sum (2.4.7) is

non-negative.

Theorem 2.4.2

(1) If q = 1 then method 1 and method 2 are equivalent.

(2) If q > 1 method 1 and method 2 are not necessarily equivalent.

Proof.

Let Al(g),xz(g),...,xq(g) represent the characteristic roots

of AA'X'(Q)S_IX(Q). Note that
D,(8) = tr(AA'X' (9)STX(D)
q
= 3 @, (2.4.8)

Note also that each of the following functions is a monotone in-
creasing function of the preceding function, and thus the minimiza-

tion of one implies the minimization of the othersas follows:
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D,(8) = log |S + X(8)AA'X' (8) |

|s + X(8)AA'X'(8) ]

1

|(AA')— + X'(Q)S—IX(Q)I (by theorem 8.1.5)

|1 + AA'X'(g)s'lx(g)[

a+ (8. (2.4.9)
1 i

I =.a

i

If q =1, DZ(Q) is simply Al(g), and 1 + Al(g) is a monotone
increasing function of Dl(g). Obviously, then, Dl(g) is a monotone
increasing function of DZ(Q), and both are minimized by the same value
of 6.

If q = 2, Dz(g) is Al(g) + Az(g), and (1 + Al(g))(l + Az(g)) is

a monotone increasing function of Dl(g). Suppose there are two values

~

of 6, say 6, and QQ, such that Al(gi) =5, Az(gl) =35, Al(gz)

1
and AZ(QQ) = 10. Note that

1,

362 (1+ 2,801+ 23,(8)) > (L+ A,(8)) (L + 1,(8,)) = 22

but that
10 = xl(gi) + Az(gi) < Al(ga) + AZ(QQ) = 11.

Thus DZ(Q) is not a monotone function of Dl(g), and the minimization

of Dl(g) does not imply the minimization of Dz(g).
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Let ¢ be a vector of dimension m + p(p + 1)/2 whose first m
elements are those of the vector § and whose next p(p + 1)/2 elements
are the independent elements of V_l. It is well known that lower
bounds for the variances of an unbiased estimator of 8§ are given by
the diagonal elements of the leading mxm minor of V*"l(g,v) where
B*(Q,V) is a matrix whose (i,j) element is

32 log ¥ (¢)
8¢iu¢j

- E

i,j =1,2,...,m+ p(p + 1)/2.

* %
The matrix B (8,V) is called the information matrix and B l(Q_,V) the

asymptotic variance matrix of the estimates of the parameters.

*
Lemma 2.4.1 The matrix B (8,V) is a block diagonal matrix with two
blocks, the first of dimension mxm and the other of dimension

p(p + 1)/2 x p(p + 1)/2.

Proof: The method of proof is to show that the expected value of the
cross partial of log ¥(9,V) with respect to an arbitrary element of

6 and an arbitrary element of V_1 is zero.
log ¥ (8,V) =
- 2P 1og 21 - 3 log |V] - Loritviles + x(8)aA'x' (8) 1.

2

Let Gi(F(Q)) represent a matrix whose elements are the partial deriva-

tives with respect to ei of the corresponding elements of F(8).
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By theorem 8.1.3,

° l;i‘f’ ©v _ % tr[v"léi(s + X(8)AA'X' (8))]
i
= 2 (v (5, (F (D AATX(®) + X' () AA'S, (F()))]
- tr[v“lsi(F'(g))AA'x(_q)]. (2.4.10)
Thus %—%ﬁ;ﬁ is the (j,k) element of 6 (F'(9))AA'X(8) where Ik
Voo

is the (j,k) element of V—l. It follows that

32 log
E(—————g—-‘l’-.k )y =0,
v 30,

since

E(X(9))

i
o

Q.E.D.

As a result of Lemma 2.4.1 we can obtain the leading mxm minor
of B*'l(g,v) by inverting the leading m*m minor of B*(g,v) which we
denote as B(8,V).

To determine B(6,V) we have from (2.4.10) that

3-%%8—2= tr[v'lcsj(F'(_e_))AA'x(g)].
i
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Thus

2
3 _log ¢ _ -1 , '
TR e[V 76, (8, (F' ())AA'X(8))]

= er[VTH(8, 8, (F' (0))AATX(0) = 6, (F' (2))AA8, (F(D)))].

3

The (i,j) element of B(,V) is

2
_ g los ¥y _ tr[v‘lsj(F'(e))AA'ai(F(e))]

96,00,
i ]
- tr[AA'éi<F(9))v"laj(F'(g))]. (2.4.11)
Let
B 7
F,(®)
B = (9 ; (2.4.12)
(pax1)
F (8)
T

where _E_‘_l(_e_) represents the i-th column of F(8), and let

U(e) (2.4.13)
(pq*m)

be a matrix whose (i,j) element is the partial derivative of the i-th
element of F(§) with respect to ej. Notice also that the j-th column

of U(§) can be represented by (Sj (F(9)) .

Lemma 2.4.2 Let B(8,V) be as defined by (2.4.11) and U(8) as defined

by (2.4.13), then
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B(8,V) = U'(8) (AA'6V DHU(D),

where 8 denotes the Kronecker product.

Proof: Let Cq denote the (k,%) element of AA'. The (i,j) element

of U'(e)(AA'@v"l)U(e) is

5, (E' (9)) (AA'0V 1) 5 (E(D)) =

3 e (r (@) 3 L5 (F, ()
T8, (F'(0) T e, V8, (F (0) =
-1 & & 4=1 k& j

. (F! ()T )
T L C 8. (F(®)V "6 .(F,(8) =
k=1 g=1 ¢ 1= i

tr[AA'ai(F'(9))v'16j(F(g))]

which is the same as (2.4.11).

Q.E.D.

We have shown that method 1 yields maximum likelihood estimators
which are known to be consistent, asymptotically efficient, and asymp-
totically Nm(Q,B—l(Q,V)). We now define some notation and present a
lemma in order to prove that method 2 yields estimates with the same
properties.

Suppose that we have k independent replications of an experiment

with model (2.2.1). Let Yi represent the matrix of observations and

(pxn)

Ei represent the matrix of random errors of the i-th experiment,
(pxn)
i=1,2,...,k.



Let

Y(k) = [Yle...Yk],
(pxkn)
A(k) = [AA...A],
(qxkn)
and
E(k) = [ElEZ...Ek].
(pxkn)

The observations from all k experiments can be represented together

in one model as follows:

[Y,Y,...Y, ] = F(O) [AA...A] +[E,E,...E ],

or alternatively as

Yy = F@4qy * B
Let
vA =Y, A" (A, (A )‘l
(k) T®T®T®I®T
and
S =Y, (I -A', (A, A )'lA )Y ..
(k) (k) (k) (k)T (k) (k)” " (k)
Now let
k
5 1 )
Yoo T 200
it is then easily verified that
vA =Y A'(AA')_l,

(k) (k)
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and that

Ly

k
S = i Y.Y! - kY, \A'"(AA") (k)"

W ", T T W

By Kolmogarov's Strong Law of Large Numbers and by the Mann-Wald
y g g

Theorem [13]

z(k)—Pﬁ’-b—'—le F(8), (2.4.14)
and
1 Prob. 1
Es(k)———% nv, (2.4.15)

as k > ©, Qur minimization criterion Dz(g), based on the k experi-

ments, is

Ay = ' Syyra—l oAy =

, ~y 1 -1 .
tr(AA' (2 - F(g))(Es(k)) (z(k) - F(8)).

(k)

Let g(6) be a vector whose i-th element is

D, (8)
g; (&) = - %_a%_
1
= n er(AA'8, (F (@) G5 o)) T (2 - FEODD, (2.4.16)

i=1,2,...,m
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Let
- -
Z1 (1)
g(k) = -ZZ(k) s (2.4.17)
2y (%)
where Zi(k) is the i-th colummn of Z(k) and let
- F(9), (2.4.18)

X @ = £go - 8

where F(0) is given by (2.4.12).
Lemma 2.4.3 Let g(8) be as defined in (2.4.16), then
2(8) = nU'(8) (AA' @(“S )~ )§(k)(9)-

Proof: Let Ckl denote the (k,2) element of AA'. The i-th element of
-1

nU' (©) (AA' @( (k)) X(k)(e) is

08, (F' (8)) (AA'8GSS 1,3) "D Xpey (8) =

L q -1

nkzl 61(%(9))221 kz(ES(k)) 2y " 5@ =
a g

Pt oy e LGSy By T BO) =

n tr[AA'S, (F (e))( (k)) (z(k) - F(®))]

which is the same as (2.4.16).



Let W(6) be a matrix whose (i,3) element is

2
w (e) = = E E&k_(g)_
ij = 230,08,

=n tr[AA' <s S, (F (e)( (k)) ( ) F(8))]

- n tr[AA'S, (F (e))( (k)) 6 (F(_e_))]

Let

C (e) = . EM—
1j8 2 936,030,060,
] 1

= n tr[AA’ 8, 6 8, (F' (e))( (k)) ( - F(8))]

- n trfaa’ do (F' (6))( (k)) 52(1"(_9_)))]

-1

- n tr[AA’ a 6 (F' (e)( (k)) s, (F(8))]

h|
- n tr[AA'S, (F (6))( (k)) 515j(F(_9_))]o

Let R(8,0) be a matrix whose (i,j) element is

. 1 A A
rij(g,g) =3 Cljz(ti—e-+ (L -1t08)(8, -8,

=1 v

where

29

(2.4.19)

(2.4.20)
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By (2.4.14) and (2.4.15)

-1, Prob. 1 -1

nU' (8) (AA’ e(—s(k)) )————=y U' (8) (AA'QV "), (2.4.21)
w(g)_££224_£9 - B(8,V) (2.4.22)
and
ijg—3599L4L> (some finite constant) (2.4.23)
i,5=1,2,...,m
as k > .

Theorem 2.4.3 Method 2 yields estimates which are consistent, asymp-

totically efficient, and asymptotically Nm(g,B_l(g,V)).

Proof: The value § which minimizes D2k(§) is a solution to the

equations

£(®) = nU' (@) (AA'0GS 1) (2 - E@) = 0. (2.4.24)

Sy’

By (2.4.14) and (2.4.15), if k is sufficiently large then equations

(2.4.24) become

U'(8) (AA'@V 1) (F(8) - F(B)) =

~ ~

which have the seolution § = §. This proves consistency of 0.
We now replace the equations (2.4.24) by their Taylor series ex—

pansions about § which gives

£(8) + W(B) (8 - 8) + R(6,6)(8 - 8) =
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or
[W(8) + R(8,0)1(8 - 8) = - g(8). (2.4.25)

By consistency and (2.4.23)

R(p,0)—Xobe 1y (2.4.26)

(mxm)

as k > ». The solution of (2.4.25) is

~

6 - 8= -[W(H) + R(8,8) 1 g(0)-

We know that /Elg(k)(g) is distributed as Npq(Q,(AA')_l@V'

Thus by the Mann-Wald Theorem and (2.4.21),

/E'nU'(g)(AA'@(%S(k))—l)X(g) = vk g(p) is asymptotically distri-

buted as

N_[0,U"(8) (AA'6Y ) aa' Yov) (aatevhyu(e) =

U’ (9) (aa'ev 1yu(e) = B(8,V) 1.
By the Mann-Wald Theorem, (2.4.22), and (2.4.26) we have that
vk (-9 = Vi [w(e) + R(g,e)]'¥g(e) is distributed asymptotically as

1

N_[0,B71(8,V)B(8, VB (8,7 = BTI(8, M.

This proves both asymptotic normality and asymptotic efficiency.

Q.E.D.



CHAPTER 3. MINIMIZATION TECHNIQUES

3.1 Introduction

This chapter is concerned with the mechanics of the minimiza-
tion of Dl(é) and Dz(é). Two methods are discussed; one is the
method of steepest descent which can be used here without modifica-
tion, and the other is a weighted linearization procedure. When
considering Dl(é) and Dz(é) the subscript will be omitted when the

comment applies to both functions.

3.2 The Gradient Vector

The gradient vector of D(8) is defined as an mxl vector whose

2-th element is an(g)/aez where 62 is the %-th element of 8. The

gradient vector of D(8) is denoted by g(®. 1If D(8) is minimum with
respect to © then g(8) = 0, and thus we can restrict our search for

estimators to values of 6 such that g(8) = 0. Having found a value

~

of 8, say Qi’ such that gﬂ@i) = 0 we can examine D(8) at the points

of a 3" factorial design within a small neighborhood of.gl and with

~

center point gi. If we find that D(Ql) is the minimum of these 3"

values of D(8), then we can be confident that D(8) attains a local

~

minimum at 6 Both of the methods we discuss are designed to find

1"
6 such that g(8) = 0 but they do not guarantee that D(8) is minimum.

Let GQ(F(Q)) represent a matrix whose elements are the partial

derivatives with respect to eg of the corresponding elements of F(8).
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Applying theorem 8.1.3 (See appendix) the 2-th element of the gradient

vector of Dl(g) is
(3/30,)1og IS + X(8)AA'X'(8) ]| =

1

tr{(S + x(_é)AA'x’(_é_))' 52(x(§_)AA'X' (é))} =

~er{(S + X(8)A'X' ()7 (5, (F(8)AA'X' () + X()AA'S, (F' (8))) =
~2 £r{(S + X(D)AA'X' (8)) TK(8)AA' S, (F' (8))} =

~2 tr{AA'S (F'(8)) (S + X(2)AA'X' (8) 7T X(®)}. (3.2.1)
The 2-th element of the gradient vector of Dz(é) is
5/06, tr(AA'X'(9)STTX(D)) =
tr{AA'GZ(X'(ﬁ)_)S_lX(Q))} =
~2 er{aA's, (F' ()8 71K(0) ). (3.2.2)

3.3 Preliminary Estimate of 6

The methods of steepest descent and linearization are iterative
and both require a preliminary estimate of 8. Before discussing
these methods it should be pointed out that the success of either
method depends to some degree upon the selection of this preliminary
estimate of & and that if the starting value is close to a local mini-
mum, the procedure may lead to convergence to the local rather than
the global minimum. This section is devoted to finding a value of §,

denoted go, which is likely to be an adequate starting value.
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First, compute Z and assume that it is equal to its expected
value F(8). It may be possible to find functionms of the elements of

7 which equal the parameters. Suppose

v =
Z (zoizl’zz’z3,z4szs)’

and

E(Z') = (8,,6. e ,0.e yeees0 € )s

we see that el is estimated by z, and that 92 is estimated by

log z, - log ii
_t. - t, ’ i>j = 0,1,2,...,5.
1 J

We would expect that zq would be adequate for a preliminary estimate
of el and an average of several or all of the estimates of 62 to
be adequate for a preliminary estimate of 62. However, there are
many cases where this method will fail but a knowledge of the physi-

cal interpretations of the parameters helps in the search for a

starting value. Consider another example

! =
Z (21,22,23,...,210),

] = . . .
E(Z") (el 31n(62tl),el 31n(62t2),...,61 51n(62t10),

0= tl < t2 < t3 <...< th,

and a plot of the response is given in figure 3.3.1.
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It is known that el represents the amplitude of the function or the
greatest distance of the curve from the time axis. Both max(zi) and
i

- min(zi) estimate 91 and their average (max(zi) - min(zi))/Z would be
i i i

a logical choice for a preliminary estimate of © For our example

1
this is (z4 - 29)/2. We know that sin(0) = 0 and that the next

largest value of x such that sin(x) = 0 is II. In our example the

function is O at approximately (t6 + t7)/2 and the argument of the
t t
6 7 211

. Thus we see that -y

6 7

+
sin function at that point is © >

2

provides an estimate of 62.

3.4 The Method of Steepest Descent

The classical method of steepest descent can be used to minimize

D(é) modification. The essence of the method is to follow the line
on which D(é) descends most rapidly starting from the estimate given
by the previous iteration. Let éi be the estimate obtained from the
i~th iteration. The line through éi on which D(é) descends most

rapidly is defined by

~

8 - a(e;)

~

where X > 0. The next estimate, §i+l’ is given by

84 7 8y - (e

where A is chosen such that D(8, - A _g(8.)) is minimum with respect
m - m® =i

to A. The process stops when we find § such that g(8) = 0.
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3.5 The Weighted Linearization Technique

Another method available is that of weighted linearization.

Let F (8) be as defined by (2.4.12) and U (8) be as
(pgx1) (pqxm)

defined by (2.4.12). Let Z be as defined by (2.4.17) and X(8) be as
defined by (2.4.18) except that here k=1; so we omit the subscript.

We now have the model
Z=F0O +¢g (3.5.1)

where

and
' -1
Var(e) = £ = (AA") eV,

At each iteration, F(8) of (3.5.1) is replaced by its first
order Taylor series expansion about the estimate of § obtained from

the previous iteration. At the i-th iteration, this gives the model

2= E@ ) 0 8, tes
or
X8 ) = U, DB+ e (3.5.2)
where 6 is the estimate of § provided by the (i-1)-th iteration

—1i-1

The model (3.5.2) is of the form (1.1.4), and

and & 1= 8- 8-

we estimate Ei—l by the relation (1.2.3), replacing I by an estimate

A~

Y. Let

= (an") lov,
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o . . + " 1 [} . . .
where V is proportional to S X(Qi_l)AA X (Qi—l) if we want estimates
by method 1, or proportional to S if we want estimates by method 2.

Thus

~ ~

= 1 c-1_.7 . A -1
By g = (U'(8y )T TUCE; 1)) U8 )T "X(8; ;) (3.5.3)

and
& =& 1" &0

The iterative process is continued until we obtain a value of

~

B which is essentially null. We see that according to (3.5.3) B, =0

implies that

U'(8,) ITKE,) =
U’ (8,) (AA'OVHX(8,) = 0. (3.5.4)

In a manner similar to the proof of lemma 2.4.3 the %£-th element of

(3.5.4) is seen to be

tr[AA'%(F(_é_i));l_lX(_é_i)]. (3.5.5)

If % is proportional to S + X(éi)AA'X'(éi), then (3.5.5) is propor-
tional to the &-th element of the gradient vector of Dl(éi) as

given in (3.2.1). If 6 is proportional to S, then (3.5.5) is pro-
portional to the &-th element of the gradient vector of Dz(éi) as
given in (3.2.2). Thus if our iterative procedure converges, the
gradient vector of D(é) is null., The estimate of V, % must be cal-
culated at each iteration when using method 1, but when using method

~

2, V remains constant throughout the iterative procedure.
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In univariate nonlinear analysis, it is known that the method of
steepest descent is fairly good initially when the starting point is
far from the nearest minimum, but as the provisional value nears the
minimum other search procedures are superior. Linearization, on the
other hand, is very good when the provisional value of § is close to
the nearest minimum. However, the method may break down in some ap-
plications due to U(é) becoming almost singular. One would expect to
encounter the same problems in multivariate nonlinear analysis. One
of the main advantages of the linearization method is that the compu-
tations at each iteration are similar to regression, and useful
statistics are produced as a byproduct. Smith and Shanno [22] and
Marquardt [14] have proposed algorithms which combine these two
methods in an effort to realize the better features of both. Their
methods can be adapted to the multivariate case, but it is not our
purpose to pursue the computational aspects that far. We shall use
the linearization technique in the numerical work presented in

Chapter 5.



CHAPTER 4, TESTING OF HYPOTHESES AND CONFIDENCE SETS

4,1 Introduction

The estimation of § has been discussed in Chapter 2. In this
chapter we shall examine methods of testing hypotheses about § and
establishing confidence sets for 8. Throughout this chapter we assume
that the columns of Y are normally distributed. The Likelihood Ratio
(LR) procedure is developed because it has several desirable proper-
ties. However, LR statistics are difficult to compute in many in-
stances, and for this reason a computationally simpler procedure
based on a theorem proved by Wald is discussed. Exact confidence
sets are given for the case where q = 1, and asymptotic confidence

sets are given for q > 1.

4.2 The Problem
Suppose that we have k functions of 9, Gi(g), i=1,2,...,k,

and we want to test the null hypothesis

HO: Gi(g) =0 for all i = 1,2,...,k
against the alternative hypotheses

HA: Gi(g) # 0 for at least one i = 1,2,...,k.

Let G (8) be a vector whose i-th element is Gi(g). Restating the
(kx1)

problem in vector notation, we want to test the null hypothesis

Hy: G(®) =0
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against the alternative hypothesis

H: G(B) # 0.

Assume that the elements of G(8) are functionally independent and
that all the second order partial derivatives of Gi(g) with respect

to the elements of § are continuous for i = 1,2,...,k.

4.3 The Likelihood Ratio Test

let ¢ be the joint parameter space of § and V and let

¢, = {8,V : 6(8) = 0}

The joint dentisy function ¢ (6,V) is as defined in (2.4.2). The LR
statistic is given by

max ¥(8,V)
8,Ved,

max ¥ (8,V)
6,Ved

By theorem 2.4.1,

1

M

min 1
@2 | 8,ve0, 265 + x(@aa'x ©|

1

g
s

min 1
(21m) _e_,vw!;(s + (AT (8)) ]

min %
8,Ved |S + X(8)AA'X'(8)]

=[ — . (4.3.1)
min

8,Ved, ‘s + X(8)AA'X' (g)|
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Wald [25] has shown that the LR test has desirable large sample proper-
ties. A disadvantage of this method is that the calculation of both
the numerator and denominator of (4.3.1) often requires a separate
iterative process.

A test of particular importance is that of "fit of model”,

i.e. the test of the null hypothesis

Hy: E(Y) = F(QA

against the alternative hypothesis

H, : F(Q) = B
A (pxq)

where g is a matrix whose elements are not restricted.

The likelihood ratio in this case is
n
2
1s]
|S + X(8)AA'X' (8) |

A o=

~

where § is the ML estimator of §.

The usual test statistic based on the likelihood ratio is of

the form
2

- my log A (4.3.2)

Selection of my and the small sample distribution of (4.3.2) are dis-

cussed for certain special cases in the next section. A useful com-

puting relation is

2
n A -
log A = Dl(g) - Dl(gi), (4.3.3)
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where 6 is the ML estimator of §6, and_e_l is the ML estimator of 6 in

the restricted parameter space ¢l.

4.4 Distribution of the Likelihood Ratio Test Criterion

In linear multivariate analysis of variance it is well known
2

(see Anderson [1, p. 208]) that -m, log A% is approximately distri-

buted as x2 where

1
m = n, - 2(p -4 + 1), (4.4.1)

and where n, is the error degrees of freedom, p is the number of
variates, and q; is the hypothesis degrees of freedom. The purpose

of this section is to establish a correspondence between our model and
the linear multivariate model for the purpose of obtaining multipliers
analogous to (4.4.1). The development given here is not a proof,

but we shall attempt to verify our result empirically in Chapter 5.

For this discussion we restrict ourselves to the case where
m = rxq, and where the elements of § can be arranged in a (rxq) array,

denoted 8 , such that Ei(g) depends only on the first column of
(rxq)

B,EZ(Q) depends only on the second column of 6, and so forth. We
assume that all elements in the same row have the same functional
relationship to their respective columns of F(8). Such an arrangement

for example 2.2.2 is

(4.4.2)
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Further, we restrict ourselves to the hypothesis that the model

fits and to hypotheses of the form

H ) L = ¥y (4.4.3)
(hxr) (rxq) (gxL) (hxg)

where h < r, 2 < q; vy is a known matrix; and H and L are known

matrices of full rank.

We can linearize each column of F(§) about the same r-dimen-

sional vector and obtain a model of the form

" B 8 A + E (h.4.4)
(p*n) (pxr) (rxq) (qxn) (pxn)

which is seen to be the model of Khatri given in (1.3.2).

We now relate Khatri's model to the linear multivariate model.

Let Bl and B2 be matrices of full rank such that
(pxr) (pxp-1)
BjB = I ,
(rxr)
and
LI » S
B2B = 0
(p-rxr)
Let
Z = B'Y*
1 71 ’
(rxn)
and
Z = B'Y*
2 )



which gives the model
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- )
Z
1 8
= A+ E (4.4.5)
B
Zy
I
where
B = 0.
(p-rxq)

We can test the adequacy of model (4.4.4) by testing the hypothesis

H: R
(p-rxq)

1]
o

in the linear multivariate model (4.4.5). We see that the error

degrees of freedom is n-q, the effective number of variates is p-r,

and the hypothesis degrees of freedom is q. The appropriate statis-

tic to test fit of model is then

~(n-q- %(p-r—q+l)) log AR (4.4.6)

which is distributed approximately as y? with (p-r) q = pq-m degrees
of freedom.
Having accepted model (4.4.4), we factor the joint density of

Zl and Z2 into the product of the marginal density of Z2 and condi-

tional density of Zl given ZZ' This result is given by
n
-1 2
v, S
() exp{—-itr V2 (ZZZZ)} X
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n
_]_ 2
v, = ,
- - exp{- Str Vl (Zl‘eA'”Zz)(Zl‘eA‘”zz) 3, (4.4.7)
(2m?
where
= '
v, BVB,,
(p-qxp-q)
V. = B'VB - B'VB,.(B'VB )—lB'VB
1 171 1722772 2°°1°
and
n = -B'VB, (B'VB )'l
1772 27727
(gqxp-q)

It is evident from (4.4.7) that the ML estimator of 8 and the likeli-
hood ratio statistics for hypothesis concerning § can be obtained
using the conditional density of Zl given 22, since the marginal
density of 22 assumes the role of a constant. Notice also that the

conditional distribution of Zl given 22 is a linear multivariate

model

Z, = [6 n] A + E . (4.4.8)

(@ @aD g | @

(q+p-rxn)

From (4.4.8) we see that the error degrees of freedom is n-q-ptr.
From (4.4.2) we see that the effective number of variates is h, and
the hypothesis degrees of freedom is %. The appropriate test statis-
tic for testing the hypothesis (4.4.3) is then given by
2
1 n
-(n-q-p+r) 5{h—2+1)) log X (4.4.9)

which is approximately distributed as x2(hx2).
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Schatzoff [18] provides tables from which the exact percentage

2

points of the distribution of -m log A" can be computed when the model
is linear. It is suggested that his correction is appropriate for the
statistics (4.4.6) and (4.4.9). Table 4.4.1 gives the correspondence
between his notation and the notation used here.

Table 4.4.1. Correspondence between Schatzoff's Notation and the
Notation of this Paper

Hypothesis
Description Schatzoff H G L Fit of Model
(hxr) (rxq) (gx&)

k

2 %
Likelihood ratio A A A
Error d.f. n n-q-p+r n—-q
Hypothesis d.f. q L p-r
Number of variates P h q

%
k is the number of observations for which Schatzoff does not have a
notation.

4.5 The Wald Test

To calculate Wald test statistics [25] we need to evaluate the
asymptotic variance matrix B—l(gJV) = (U'(Q)(AA'@V_l)U(Q))—l defined

by (2.4.11) at the ML estimates of § and V.

Let H (8) be a matrix whose (i,j) element is

(kxm)
3G, (8) i=1,2,...,k
36, ’ i=1,2,...,m.°

J
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The Wald Statistic for the hypothesis of section 4.2 is given by
ooy temvm=Len oyt eay 1~ Lecs
W= G'(8) [H(8)B (8, H' (81 6(8). (4.5.1)

This statistic is approximately distributed as x?(k), and this test
is asymptotically "power-equivalent'" to the likelihood-ratio test.
The remarkable feature of this test is that B_I(QJQ) has already been
calculated during the process of estimation and that any number of
reasonable hypotheses can be tested with relatively little calcula-
tion. The most important special case takes a particularly simple
form; suppose

G(® = L 8- c

(kxm) (kx1)

where L is a matrix of known coefficients and g is a vector of known

constants. We have

H(®) = L,

and
W= (L-2)' (LB T (8, ML) (L8-1).

A similar test which has intuitive appeal is to use V = H%E S

and the estimate of 6 obtained by method 2 in (4.5.1) instead of the
ML estimates. We call this procedure the modified Wald procedure.
The small sample properties of both the Wald and modified Wald pro-

cedures are studied in the next chapter.

A test for "fit of model" is not available using the Wald

method, but this is of little consequence since the likelihood ratio
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provides a simple test in this case.

4.6 Confidence Sets

The quantities Z and S are independently distributed. If g=1

then the vector is distributed as p-variate normal with para-

Z
1
meters F(8) and o

V and the matrix S as p-dimensional Wishard with
parameters n-1 and V.

Thus n(n-l)g'(g)s_lgﬂg) is distributed as central Hotelling's
TZ’ and —LE;ELE- X'(g)s'lx(g) is distributed as F(p,n-p) as is

shown by Anderson [1,p.107]. A 95% confidence set for § is
{8 : ﬂgﬂmz (©STTX(®) < F s (p,n-p) ).

This will not, in general, give an ellipsoidal set due to the non-
linearily of X(8) = Z - F(9).
If q > 1 then exact confidence sets are not known. Approximate

sets can be computed if we assume the asymptotic distribution of the

Wald statistic. An approximate 95% confidence set for G(8) is given by
A A 71 0~ ~ -1 N
{G(8): (G(B) - G(8))'[H(®)B (&, MHE'(B)] "(6(B) - G(8)) < x295(k)}.

The accuracy of this approximation depends upon the small sample pro-
perties of Wald statistics. These properties will be examined in the

next chapter.



CHAPTER5 . MONTE CARLO STUDY OF THE PROPERTIES OF THE ESTIMATORS AND
TEST STATISTICS

5.1 Introduction

Two methods of estimation of the parameters were developed in
Chapter 2.. We have shown that estimates obtained from large samples
when using either method have desirable asymptotic properties, but
the smallest sample size at which it can be assumed that these de-

sirable properties hold for either of the two methods is not known.

In Chapter 4, three methods of testing hypotheses were dis-
cussed. The large sample distribution of the statistics obtained by
each technique is known to be a central chi-square under the null
hypothesis, but the smallest sample size for which the distribution
of these statistics is adequately approximated by a chi-square dis-

tribution is not known.

The purpose of this chapter is to investigate the small sample
properties of the estimates and the test statistics. Data which
simulated 100 repetitions of an experiment were constructed using
known values of § and V. Estimates of 8 were calculated by both
methods in each experiment, and the appropriate test statistics were
calculated by all the methods for some hypotheses known to be true.
These estimators and test statistics were examined for the desired

properties when the sample sizes were 12, 24, and 36.
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5.2 Construction of Data

The model which was used for this study is that of example 2.2.2
except that we used different sample sizes. The asymptotic regression
model was chosen because it is frequently encountered in biology, and
the values of the parameters chosen are approximately those which were
encountered in an actual experiment. Notice that 12 is the smallest
sample size which provides a nonsingular estimate of V when there are
equal numbers in each group for this model.

The matrix A is of the form

11... ln/3 00...0 00...0
A= 100 0 11. ln/3 00...0
00...0 00...0 11... ln/3

The vector 8 is

LI

= (38., 19., .5, 38., 25., .5, 38., 31., .5).

The matrix of random errors is

E = [Ei £q -e- gn] ,

where the g, are independently distributed as N7(Q,V), i=1,2,...,n

and
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Let ¢ represent an arbitrary column of E and let € represent
the i-th element of ¢. To generate the € i=1,2,...,7 we first
construct 72 independent random variables with uniform distribution
over the interval (-.5, .5) by the method described in I.B.M. Corpora-
tion Form C20-8011 [9]. Then € is the sum of the first 24 of these

random variables; €9 is the sum of the ninth through the 32nd of these

random variables; €., is the sum of the 17th through the 40th of these

3
random variables, and so forth. That ¢ is N7(Q,V) follows by the

Central Limit Theorem.

5.3 Methods of Evaluation

The estimates of § were calculated by both methods for each ex-
periment and, in addition, the difference of the two estimators was
computed. The mean vector and the sample variance matrix of these
vectors were calculated over the 100 experiments. The two methods
were tested for bias and equality of means by the use of Hotelling's T2.

The test for equality of means is analogous to the univariate paired
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t test. The methods are evaluated on variance by comparing the corres-
ponding elements of the sample variance matrices, giving particular at-

tention to the diagonal elements.

Table 5.3.1 contains a list of hypotheses considered in this
study. The appropriate LR statistic for the hypotheses 1, 2, 3 and 4
were calculated for each experiment, and the appropriate Wald and
modified Wald statistics for the hypotheses 2, 5, 6 and 7 were calcu-
lated for each experiment. These statistics can be compared to their
hypothesized distributions in three ways. The first method of evalu-
ation is to count the number of statistics which are larger than the
critical value for o = .05 of the hypothesized distribution. This
number should be larger than zero and less than 10. The second method
is the comparison of the first two moments with those of the hypothe-
sized distribution. The third method is the usual chi-square test for

goodness of fit.

5.4 Results of Study

On the basis of the T2 statistics given in Table 5.4.1 and the
mean values of the estimates given in Table 5.4.2 we conclude that,
for practical purposes, both methods have the same mean and are with-
out serious bias, even for n = 12. The covariance matrices of the
two types of estimators are essentially the same for each of the

sample sizes considered.
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Table 5.3.1. Hypotheses Considered in the Study
Reference —_—Degrees of - B
Number Freedom __ Hypothesis
1 12 Fit of Model
2 3 pl = .5 Py = .5 p3 = 5
3 6 pl=.502=.5p3=.5
Bl = 19 82 = 25 83 = 31
4 9 Py = <5 Py = .5 93 = ,5
Bl = 19 82 = 25 83 = 31
a; = 38 a, = 38 dqy = 38
5 2 a; = 0, = ag
6 2 P1 = P2 7 P3
7 4 a; = @, = g
. _ B Ol=02=03 _
Table 5.4.1. Tests for Unbiasedness and Equality of Means of Method 1
and Method 2
Hotelling's T2 (critical value for o = .05 is 19.39)
n= 12 o= 24 n = 36
Method 1 5.41 12.76 10.45
Method 2 5.65 12.27 9.96
Difference 6.10 7.43 5.18
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An examination of Tables 5.4.3, 5.4.4 and 5.4.5 shows that the

distribution of the LR statistic as given in section 4.4 is well ap-

proximated by the chi-square distribution even for n = 12.

Table 5.4.3. Number of Likelihood Ratio Statistics Larger than the
Critical Value (o = .05)
Hypothesis n =12 n = 24 n = 36
1 4 5 6
2 3 3 5
3 6 6 9
4 5 2 _ 6
Table 5.4.4. Means and Variances of the Likelihood Ratio Test Criteria
T Standard n=12 n = 24 n = 36
Hypothesis Error Mean Var. Mean Var. Mean Var,
1 12 .49 12.90 19.94 11.99 20.53 12.98 19.66
2 3 .24 2.93 4.72 2.70 4.16 3.31 7.68
3 6 .35 6.52 13.91 5.48 11.34 6.29 14,88
4 9 .42 9.82 20.85 8.22 14,03 8.96 22,55
Table 5.4.5. Chi-Square Tests for Goodness of Fit of the Likelihood
Ratio Test Criteria
- Critical Value Test Statistics
Hypothesis a = .05 n = 12 n = 24 n = 36
1 13 22.36 21.52 6.33 18.68
2 6 12.59 8.47 3.07 5.51
3 9 16.92 9.44 8.75 13.14
4 11 19.67 13.53 16.47 7.83




57

As can be seen in Tables 5.4.6 and 5.4.7, neither the distribu-
tion of the Wald nor the modified Wald statistics was adequately ap-
proximated by a chi-square distribution for the sample sizes considered

here.

Table 5.4.6. Means and Variances of the Wald Statistics

Standard n= 12 n = 24 n= 36
Hypothesis d.f. Error Mean _ Var. Mean Var. Mean _ Var.
2 3 .24 25,2 2403.2 7.2 35.8 4.9  25.7
5 2 .20 15.0 457.8 3.8 15.4 2.8 11.8
6 2 .20 16.0 1388.8 4.8 25.0 3.2 1l4.4
7 4 .28 42.6  3378.4 8.9 44.2 5.8 23.7 _

Table 5.4.7. Means and Variances of the Modified Wald Statistics

Standard n=12 n_= 24 n = 36
Hypothesis @ d.f. Error Mean Var. Mean _ Var. Mean  Var.
2 3 .24 19.0 1395.3 6.3 27.1' 4.5 21.6
5 2 .20 11.3  268.1 3.3 11.8 2.5 9.9
6 2 .20 12.1 810.0 4,1 18.8 2.9‘ 12.1
7 4 .28 32.0 1925.7 7.7 33.4 5.4 20.0

This means the approximate confidence regions given in section 4.6 are
not valid unless the sample size is very large. The computational ad-
vantages of the Wald method over the likelihood ratio method make fur-
ther study of the small sample distribution of the Wald statistics
seem worthwhile.

The matrix B—l(e,V) is not a good estimate of the variance of §

regardless of the method of estimation used, although if evaluated at



CHAPTER 6. USE OF THE COMPUTER PROGRAMS
AND A NUMERICAL EXAMPLE

6.1 Introduction

Appendix 8.2 contains two programs which can be used together to
calculate estimates of § by either method of estimation developed in
Chapter 2 and also LR test statistics which were discussed in Chap-
ter 4. This chapter describes some of the features of the programs
and provides instructions for their use. A numerical example is pre-
sented to illustrate the application of the statistical theory and

the use of the programs.

6.2 General Description of the Programs

The programs are written in Fortran IV (E) for use on the IBM
360 system computers. With minor modifications the programs can be
used on any computer of adequate size which has magnetic tape and
Fortran capabilities. No claims are made concerning the efficiency of
these programs relative to some other algorithms. However, they have
been found to perform satisfactorily on a variety of examples.

The first program, denoted 'program 1", computes and prints the
1 1

- o 1 _
, Z,V = - S (labeled as V), and V = = (n—q S)

matrices AA', (AA')~ 1

(labeled as V-INVERSE). These are all clearly labeled. The matrix Z
is useful for determining the model and for obtaining a preliminary
estimate of § with which to begin the iterative procedure. For this

reason the program is written in two segments rather than as one.
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Program 1 also writes on magnetic tape the matrices AA', Z, S, and S_l.
The second program, denoted 'program 2" reads from tape the matrices
written by program 1, computes é by either method 1 or 2 or both, the
LR statistic to test the fit of model, and Dl(é) for use in the calcu-
lation of other LR statistics. Again, all of these quantities are

clearly labeled.

6.3 Some Special Features of the Programs

Program 1 must be used with the subroutines PROUT, INVRTR, MULT,
and ABTR. Program 2 uses the subroutines ATRB and DEFUF in addition
to those used by program 1. All of these except DEFUF are as listed
in Appendix 8.2 following the listing of program 2. The subroutine
DEFUF is specific to the particular model used and will be discussed
later.

In calculating an estimate of § by method 1 the program first
calculates an estimate of § by method 2 and then uses this estimate
as a preliminary value for calculating_é. Experience has shown this
to be more efficient than using method 1 directly.

The user must specify the maximum number of iterations that
may be done in attempting to obtain convergence of D(éi). If the
specified maximum number of iterations are required, a message to
that effect is printed, and then the algorithm proceeds as if the
process had converged. Due to rounding errors it is possible for
D(éi) to oscillate the fifth or sixth significant digit and thus
not converge. In this case, one can, for all practical purposes
assume that the process converges.

~

If at some stage of the iterative process, D(Qi) attains a



smaller value than it does at the point where it converges, a warning
to that effect is printed.

The DIMENSION statement (statement l)* defines the maximum anti-
cipated dimensions of the arrays used in the program. These arrays
are listed here with their minimum dimensions in parentheses: S(pxp),
SI(pxp), C(qxq), Z(pxq), U(pxqxm), STOLl(pxqxm), STO2(mxm), STO3(pxq),
F(pxq), and THE(m). The dimensions as they are given in the program
allow for p < 12, q < 6, and m < 20. The program with these dimensions
will run on the IBM 360/30 or a larger computer. Any of the values of
P, g, and m can be increased for a specific problem without exceeding
the core storage providing the other two quantities can be reduced
accordingly.

If it is not required to examine Z before proceeding with the
analysis, the two programs can be combined into one by deleting state-
ments 65 through 74 from program 1 and statements 1 through 9 from

program 2,

6.4 The Subroutine DEFUF

To use program 2 one must write a subroutine to define F(8) as
given by (2.4.12) and U(Q) as given by (2.4.13) except that for the
program, U(9) is packed as a one-dimensional array in a column-wise
manner. The vector 0 is denoted as THE in the program and is already
defined. It can be used in defining F(8) and U(8). Also defined and
declared as integers are the quantities P = p, Q = q, PP = pxp,

QQ = qxq, PQ = pxq, MM = mxm, MQ = mxq, MP = mXp, MPQ = mxpxq, and IN

%
The term statement number, as used in this chapter, refers to
the sequence number on the right margin of the program listing.
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which is the number of iterations completed. The process of writing
such a subroutine can be made clear by relating the model of the ex-

ample in this chapter to the subroutine DEFUF in the Appendix 8.2.

6.5 The Data Format

To use the programs without modification the data should be
punched on cards according to the format described here. If it is
more convenient for the user to use another format, he may replace
statements numbered 12 and 39 of program 1 and statements numbered
17 and 24 of program 2 with his own equivalent statements. It is
expedient to define some terminology for describing the data format.
We will consider the standard 80 column punch card as being comprised
of eight fields of 10 columns each. A vector is said to be punched
if the first element of the vector is punched in the first field on
a card and consecutive elements are punched in consecutive fields,
using additional cards if necessary to contain the vector.

The first data card for program 1 carries the value of n, p,
and q in the first, second, and third fields, respectively. These
values must be punched without a decimal and right justified in their
respective fields. Let Xi and a; represent the i-th columns of Y
and A, respectively. The vectors of Y and A are punched in the order
Xi’ P 12, 8oy cees Xn’ a,. The elements of Y and A must be punched
with decimals unless they are integer valued, in which case they may
be right justified in their respective fields.

The first data card for program 2 is as follows: the first
field contains a 1 if estimation is to be by method 1, a 2 if estima-

tion is to be by method 2; the second field contains the value of m,
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i.e. the dimension of 8; and the third field contains the maximum num-
ber of iterations allowed. All of these values must be punched without
a decimal and right justified in their respective fields. The prelimi-

nary estimate of 8 is punched beginning on the second card.

I1f the two programs are combined as described in section 6.3 the

data for program 2 simply follows the data for program 1.

6.6 A Numerical Example

In a hypothetical experiment, we have three groups of six mice
each. All of the mice are injected with tumor producing cells. The

first group is a control group while group 2 and group 3 are treated
with different drugs. The weight of each mouse is recorded in grams,
daily, for seven days. These observations form the matrix Y' and are
given on the even numbered rows of Table 6.6.1.

Assume that the response of the animals in each group is of the
form

Y=a- Bptxl + €

where t is time in days. Such an experimental situation fits the model

in example 2.2.2. We want to estimate the parameters for each group

and to test the hypothesis that the rate of growth p is the same for
each group.

The elements of A' are given on the odd numbered rows of Table
6.1.1 beginning on the third row.

We now prepare the data for program 1. The first punch card con-
tains the number of mice, 18, in columns 9 and 10. Column 20 contains

the number of observations on each mouse which is seven, and Column 30

contains the number of groups which is three. The data appear in their

proper format in Table 6.6.1.
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Table 6.6.1. The Elements of Y' and A' Arranged in the Format for
Program ]
v ow '§ Day (pertains to the Y! only)
2 2 5 % -
E § 2 9 1 2 3 4 5 6 7
::r:?lu..
g o
e g o & Columns
0 3 48 o
£ © o T
o o= o H 0-10 11-20 21-30 31-40 41-50 51-60 61-70
1 * 18 3
2 Xi 23.7 28.6 32.3 32.5 33.0 31.1 33.1
1
3 'éi 1.0 .0 .0
4 Xé 24.5 28.3 30.6 32.2 34.3 34.8 35.0
2
5 gé 1.0 .0 .0
6 Xé 23.6 28.7 31.5 32.6 33.0 34.0 33.9
3
1 7 g% 1.0 .0 .0
8 XL 23.3 26.3 30.9 31.1  34.0 33.6 32.0
4
9 g% 1.0 .0 .0
10 X% 25.5 30.1 31.0 30.6 32.4 33.6 34.2
5
11 .ié 1.0 .0 .0
12 X% 26.6 29.7 31.3 31.5 32.9 32.5 33.0
6
13 ‘gé 1.0 .0 .0
14 _l; 22,2 27.9 33.2 34.4 34,4 33.3 33.8
7
15 _g; .0 1.0 .0
16 ‘Xé 21.2 28.3 33.1 35.0 35.7 34.3 33.7
8
17 gé .0 1.0 .0

*

Dimensions
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Table 6.6.1. Continued

Now .§ Day (pertains to the Xi only)
) H
Q2 a9 ¢ d
§ § g ﬁ 1 2 3 4 5 6 7
a o g Col
5 8 v & olumns
- o s o
O =5 O H 0-10 11-20 21-30 31-40 41-50 51-60 61-70
18 Y 25.7 29.7 31.4 31.4 31.9 31.7 33.2
9 =9
1]
19 a4 0 1.0 .0
20 XiO 21.9 27.7 30.5 33.5 34.7 35.5 36.3
10
21 al, 0 1.0 .0
2
22 Xil 23.4 30.0 33.7 35.2 33.4 32.4 32.3
11
23 al, .0 1.0 .0
24 XiZ 23.1 29.0 31.2 31.0 31.6 32.3 34.3
12
25 al, .0 1.0 .0
26 Xi3 22.4 29.1 34.4 36.8 38.7 38.7 39.3
13
27 al, .0 .0 1.0
28 zi4 24.0 32,6 35.5 38.6 37.4 37.2 36.4
14
29 aj, .0 .0 1.0
30 zis 22.3 29.6 35.7 38.2 38.3 36.2 35.9
15
1
5 31 al, .0 .0 1.0
32 Xi6 23.6 31.9 35.7 36.2 36.5 36.9 37.7
16
|
33 al, .0 .0 1.0
34 Xi7 24.3 31.3 34.6 36.7 38.0 39.0 40.3
17
1
35 al, .0 .0 1.0
36 XiS 24 .4 31.8 35.0 37.7 39.7 40.0 40.1
18
37 a! .0 .0 1.0
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Program 1 gives us the matrix Z which is presented in Table

6.6.2.

Table 6.6.2. The Z' Matrix

Day

Group 1 2 3 4 5 6 7
1 24.5 28.6 31.3 31.7 33.3 33.3 33.5
2 22.9 28.8 32.2 33.4 33.6 33.2 33.9
3 23,5 31.0 35.1 37,4 38.1 38.0 38.3

A plot of the matrix Z is given in Figure 6.6.1.

The vector § is defined by the relation

1 —
8" = (ayB1py 0yBypy A3Bsp5)

where the subscripts pertain to the groups.

We now find a preliminary estimate of § for the use of program 2.
From an examination of Figure 6.6.1, we choose 34. as our preliminary
estimate of al,34.5 as our estimate of s and 39. as our estimate of

o The technique for finding preliminary estimates of the Bi and Py

3°

is illustrated for group 1. Setting 21 equal to its expected value

gives
o -8 = 24.5
o - Bo = 28.6
o - Bo? = 31.3
o - Bpd = 31.7
o - g™ = 33.3
& - Bp® = 33.3
o - Bo® = 33.5



WEIGHT(GRAMS)

FIGURE 6.6.1 PLOT OF THE MATRIX Z'
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N
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We see that a = 34, implies

~

B =9.5
Bo = 5.4
802 = 2.7
Bo3 = 2.3
Bol = .7
BoS = .7
é;s = ,5;

thus the estimate of 8 is 9.5. Dividing each number into the number

following it yields

o = 5.4/9.5 = .57
o = 2.7/5.4 = .50
o =2.3/2.7 = .85
o= .7/2.3= .30
o .7/.7 =1.00
5= .5/.7 = .71,

The average of these values is .66 and is taken for our preliminary

estimate of p. Repeating this process for groups 2 and 3 yields

A ~ A A ~ A A ~ ~

87 = (@10B10P10 “20820°20 %30%30°30

1l

(34., 9.5, .66, 34.5, 11.6, .68, 39., 15.5, .63).

The subroutine DEFUF for this problem is given in the Appendix.
We now prepare the date for program 2. The first card contains a 1 in

column 10 so that we will obtain estimates by both methods. The
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number of parameters, nine, is in column 30, and the maximum number of
iterations allowed, 20, is in columns 29 and 30. The second and third

~

cards contain Qv. The data for program 2 is given in Table 6.6.3.

Table 6.6.3. Data Format for Program 2

Columns
Card Number 0-10 11-20 21-30 31-40 41-50 51-60 61-70 71-80
1 1 9 20
2 34. 9.5 .66 34.5 11,6 .68 39, 15.5
3 .63

The results of the estimation procedures are given in Table
6.6.4. The x2(12) statistic to test the fit of model is 14.770 which
is considerably less than the critical value of 21.026.

We now want to test the hypothesis that the rate of growth is the
same for each group. We rewrite the subroutine DEFUF with the res-
triction that p is the same in each group. Such a revision of DEFUF

is also given in the Appendix. This version uses § defined by

87 = (a;8) ayBy agBy o).
Notice that there are now only seven parameters. The preliminary

estimates of parameters are the estimates obtained using the un-

~

restricted model except for p which is estimated by the average of

A

P1» Py and Pg of the unrestricted model. The data format for the

restricted model is given in Table 6.6.5.
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Table 6.6.5. Data Format for Program 2 (Restricted Model)

Columns
Card Number 0-10 11-20 21-30 31-40 41-50 51-60 61-70 71-80
1 : 1 7 20
2 33.4 8.7 34.7 11.7 38.8 15.1 .49

The results of the estimation procedures for the restricted model

are given in Table 6.6.6.

Our hypothesis in the format of (4.4.3) is

r i rl 0

[0 0 1] a; a3
B, By B4 0 1 = [0 0]
Py Py Py -1-1

o~ —t . —~——

from which we see h = 1 and & = 2. The approximate multiplier my of
2
(4.4.9) for log'kn is

(18 -3 -7 +3 --%(1 -2+ 1)) = -11.

By the relation (4.3.3),
2
log A" = 16.6992 - 16.7358 = -.0366
where 16.6992 is the value of Dl(g) from the last line of Table 6.6.4,
and 16.7358 is the value of Dl(g) from the last line of Table 6.6.6.
The x? statistic with two degrees of freedom is .403 which is
considerably less than the critical value of 5.991. We conclude that

the rate of growth is the same for each group.
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CHAPTER 7. SUMMARY AND SUGGESTIONS FOR FURTHER RESEARCH

7.1 Summary

In the analysis of growth curves, the analyst may encounter a
gsituation where the response over time is a nonlinear function of
the parameters and where the observations on the same animal at dif-
ferent points in time are likely to be correlated. One may also want
to consider several groups of animals where the parameters may be
different for the different groups.

A general model, which includes as a special case a model for
the experimental situation above, is formulated. This model is

Y = F®B) A + E
(pxn) (pxq) (gxn) (pxn)

where Y is a matrix of observations; F(8) is a matrix whose (i,j)

element is

i=1,2,...,p,

1,2,...,9;

[N
I

A is a known design matrix of rank q; 8§ is an mxl vector of unknown
parameters whose elements are functionally independent; Ei is the i-th
fixed input vector; and E is a matrix of random variables whose

columns are independently distribution according to some p-variate
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distribution with mean 0 and unknown dispersion matrix V .
(pxp)

For mathematical reasons we also require that the third order partial
derivatives of fj(gﬂgj) with respect to elements of 6 be continuous.

We find an unbiased estimate of V to be ;%E S where

S = Y(I - A'(AA) )Y,
This is the same estimate which is used in linear multivariate analy-

sis.

In Chapter 2, two methods for the estimation of § are presented.

Method 1 is to find 8§ which minimizes

log |(Y - F(8)A) (Y - F(8)A)']. (7.1.1)
Method 2 is to find § which minimizes
er((¥ - F@)A)'S™HY - F)A)). (7.1.2)

Method 1 and method 2 are equivalent if q = 1 but not necessarily equi-
valent if q > 1.

Under the assumption of normality we find that S and

7 = YA'(AA')_l,
the sufficient statistics for the parameters of the linear multivariate
model, are also sufficient statistics for the estimation of § and V of

the present model. The minimization criterions (7.1.1) and (7.1.2) are

given respectively in terms of the sufficient statistics by
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log |5 + (2 - F(8))AA'(Z - F(8))'|
and

tr[AA'(z - F(8))'s™H(z - F@)].

Method 1 yields the maximum likelihood estimators of § which are known
to be consistent, asymptotically efficient, and asymptotically normal-
ly distributed. Estimates obtained by method 2 are also consistent,
asymptotically efficient, and asymptotically normally distributed.

In Chapter 3 we discuss two methods for the minimization of
(7.1.1) and (7.1.2). One method is the classical method of steepest
descent, and the other is a weighted linearization procedure.

The likelihood ratio and Wald test procedures are developed in
Chapter 4. Exact confidence sets are available when q = 1 and
asymptotic confidence sets can be determined for q > 1.

Chapter 5 presents an empirical study of the properties of the
estimators and test statistics for a three group, asymptotic regres-
sion model. The results of this study indicate that both methods are
without serious bias and are, for practical purposes, equivalent even
for small sample sizes. The distribution of the likelihood ratio test
statistics is well approximated by the chi-square distribution even
for small sample sizes. The distribution of the Wald statistics is
not adequately approximated by a chi-square distribution for the
sample sizes considered.

Computer programs are given to do the calculations. A numerical
example is presented to illustrate the application of the statistical

theory and the use of the programs.



76

7.2 Suggestions for Further Research

The Wald test criterion is much easier to compute than the like-
1ihood ratio and also provides a means for establishing confidence

sets for 6. A better knowledge of ‘the small sample distribution of

Wald statistics would be very valuable.



CHAPTER 8. APPENDICES

8.1 Selected Theorem

In an effort to improve continuity of the text, several theorems
which are used in this development are stated here. A proof or a
reference to a proof is given for each theorem. The first two
theorems establish some relations involving the characteristic roots

of matrices.

Theorem 8.1.1

If A 1is real symmetric with characteristic roots
(pxp)

Al,kz,...,kp then

and

tr(A) =
i=1

Proof: Let C be a nonsingular orthogonal matrix containing the
(pxp)

characteristic vectors of A.

. P
|a] = |c| |a] fc'| = |cac'] = - = 1 A, and
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tr(A) = tr(AC'C) = tr(CAC') = . =

Q.E.D.

Theorem 8.1.2

If A is non-negative definite and B  is positive
(pxp) (pxp)

definite then the characteristic roots of AB-l are all non-negative.

Proof: We can find C such that

37l = cc'.

The characteristic roots of AB-1 are the solutions for A in the fol-
lowing equation:

-1

|AB™ - AI|

lc'| |AB‘l - AI| |c"1|

|c'ac - AI| = 0.

1 are the same as those of C'AC.

Thus the characteristic roots of AB™
Since C'AC is non-negative definite its characteristic roots are non-

negative.

Q.E.D.

The next theorem gives the derivatives of two matrix functionms.
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Theorem 8.1.3

Denoting 6(Y) as a matrix whose elements are the differentials
of the corresponding elements of the matrix Y, we have
G(Yl’Yz) = G(Yl)Y2 + Yls(Yz),
and
-1
§(log |Y]) = tr(Y ~8(Y))
if |Y| > o.

This theorem can be verified directly from the definition.

Theorem 8.1.4

For all real x we have ex_i 1+ x.

Proof:

Let f(x) = e¥ - 1 - x. Since £(0) and

' _ X >0 for x>0
Blx) =e -1 {: 0 for x < 0

—

it follows that £(x) > £(0) = 0 for all x.

Q.E.D.

EquiValently, ex—l.Z x for all x. Hence, for all x > 0 we have

x - 12> log X.

Theorem 8.1.5 (Anderson [1, p. 103])

If A and D are nonsingular matrices, and if B and
(pxp) (g%q) (pxq)



C
(gxp)

are arbitrary matrices of the dimensions indicated, then

|a] |p - A tc| = |p| |a - CD_IB].

80



8.2 LOMPUTER PROGRAMS

PROGRAM 1

UIMENS ICN S{i4%)sSTLLa4),Cl30),2172),U0144C),
lSTUl(léQC)95]04(400)15103(72),F(72)1THE(20)
INTEGER P4QsPP,IQyPUE
WRITE(3,126)
126 FORMAT(*LSLFFICIANT STATISTICS FLR MULT IVARIATE NCN—-LINEAR®,
1' ANALYSIS*y/»
3*GALGCRITHM BY DAVID M ALLEN Yo/
43V CPROGRAM BY JERRY G GENTRY! 4/,
S0 CEPARTMENT OF BIOQSTATISTICS'+/y
6 YOUNIVERSITY UF NURTH (ArRCLINAY)
REAVD( 19 114INsP 4
114 FCRMAT(3110)
CF=N—-(
pPP=P*p
Du 102 I=1,PP
102 S{1)=0.0
QU= ¥4
DC 103 I=1yd&
103 Cc(1)=C.C
Pu=P*Q
DG 104 I=1,PC
104 S101(l)=C.
BO 105 I=1yN
REAU{L ¢LlOOG)(FIK) gK=1 9P}
KEAUI L 1CENLZIL) sL=1 )
CU 115 J=1,P
DC L15 K=lyF
L=(J=1)*P+K
115 S(L)=SIL)+F(JI*F(K)
DU 116 K=1l,4
DU 116 J=1,P
L=({K-1)*P+J
116 STCLLL)Y=SICLAL)+FLJIXZIK)
Vo0 117 J=1,Q
DL 117 K=1,44Q
L={J-1)*C+K
117 CUL)=CIL)I+ZLJ}*Z{K)
105 CUNT INUE
10¢& FCRMAT{8F10.0}
WRITE(2,1CT)
107 FORMAT ('O Ap*x MATRIX?')
CALL PROLT{ Coa»Q)
CalL INVRTRI CsdsQe UsQrwsDET)
WRITE(3,108)
108 FORMAT('L AA* INVERSE")
CALL PRUUTH{ UydsQ)
CALL NMULTISTLL PG oUeGeCy2)
WR1TE(3,109)
109 FCRMAT {1 Z-MATRIX')
CALL PRCUT( 24P,Q)
CALL ABTRAZ sP4QsSTCLIP G4 ST)
DC 118 I=1,PP

001
002
C03
UG4
605
Qo6
cCi
008
009
Ccl¢
ol1
012
Cl3
0l4
Ols
0lé
017
0138
G116
020
021
022
023
024
025
026
ca1
028
029
G3C
031
032
C33
034
035
€3¢
037
038
€36
040
041l
042
043
Ca4
045
046
C41
044
049
050
051
052



200

110

111

113

PROGR

27

60

43

StI)=s()-S81tl)

CALL INVRTR{ SsPsP4SI4FyP,DET)
DETL=ALCG(DET)
DO 200 1=1,PP

ull)= S(I)/CF

STOL{L) =SI(L)*CF
WKITE(32,110)

FURMAT (*1 V-MATRIX?)
CALL FRKCLT( LyP P}
WRITE{2,111)

FCRMAT{*1 V-INVERSE')
CALL PROUT(STOL PP}
WRITE(S5)IPsWsPRQPPyQUIN
WRITELS)L ClI)sI=1,4GQ)
WRITE(SM Z{1),1=1,PQ)
WRITE(S)( S(I),I=1,PP)
WRITE(SHISI(I) I=1,PP)
WRITE(S)DETL
WRITE(3,113)
FCRMAT('0 ENL CF CUTPUT!)
s1agp

END

A 2

DIMENSION S(144) 450€144),0(36)42172) sL{1440C),
15TOL{1440),5T0214001,5T03(72)4F(72),THE( 20)

INTEGEK FeGeFPsCUsPW

REACIS)IPQsPQyPPyudyN

REAC(S)(C{I)y I=1oQQ)

READ(S)I{(Z(1),1=1,4PuQ)

READ(S)I{S{L)yI=14PPI

READ(SI(STI{TI Y o1=1,FF)

READ(5)DE TL

WRITE(3,27)

FCRMAT('LNMULTIVARIATE NON-LINEAR ANALYSIS's/»
L'CGALGURITHM AND PRCGRAM BY UDAVID M ALLEN'+/»
2VODEPARTMENT CF cIUSTATISTICS /s
JYQUNIVERSITY CF NURTH CARCLINAY)

IN=0

REAC(L 1 IMET s My MIN
FORMAT(4110)

DET=0.

MM=M%M

MC=MkQ
MP=M*P

MPL=MF%*(

READ( L2 {THE(L) 41=14¥)

FORMAT(8F10.C)

DETM=999999499 .

DETL=DET

CALL CEFUF{F UsTHE,P4PC,MPQ,IN)

DC 43 I=1,PG

FLI)=Z(1)-F(I)

IF{MET~2)8,8,3
CALL NMLLT(STI 4P sPsFsP4C STCL)

CALL ATRBIF P+QsSTUL.P+Q¢5102)

053
054
G55
056
057
0sé
059
060
g6l
062
063
064
065
Ceé
067
068
Ces
070
071
Ci72
073
074

001
002
0c3
004
005
006
007
ccs
009
010
Cll
012
013
Cla
015
ole
017
ols8
019
c2¢
021
022
022
024
025
026
027
c23
029
030
031
032



28

44

48
41

4€

11

30

21

22

19

DeT=0.

DO 28 [=1,QQ
CeT=DET+C{1)3STD2(1)

L=2

GL TO 4

CALL ABTRIC +QedsFePywySTAL)
CALL NMULTU(FFsGySTCLywsPySTL2)
DU a4 1=1,PP
STC2(1)=S(1)+STU2(1)

CALL INVRTRUSTC2 +PePySla ks Py LCET)
DET=ALOG(DET)

L=1

CALL NULT(SI 9P 9P ouUsP oM, 5TCLY
IF{OET-DETM) 4t 47441

DETM=CET

DU 11 I=1,¥

DU 46 J=1,PQ

K={I-1)%Pu+d

STU2(d)= STOL(K)

CALL MULT(STO2 P ydsCoudswyS103)
DC 11 J=1,PQ

K=t I=1)*Put+d

STUL(K)I=5TU3LJ)

CALL ATRB(UIFG s MoSTULyFuyMeSTCS)

LALL INVRTR{STUOZ2 )MyMySTCL4NM,V,DTT)

CALL MULT(SI.P,P.Fprd'STUED
CALL NULT{STC39PsurlrursSTC2)
CALL ATRB{UsPUsMySTO29FGyL,STG3)

CALL MULTU(STGLlyMyMeSTO294M,1,5T02)

WRITE(3,30)
FURMAT (1HC)
WRITE(3,95) INyL4DET

FURMAT('OI TERATICN NUMBER *ol4,*.

WRITE(3,21)

FCRMAT('OTHETA VELTOK')
WRITEL3,19M(THECT) o1 =1 yM)
WRITE(3,22)

FURMAT(*0-1/2 GRALIENT VECTOR')
WRITE( 3,190 (STCALL)1i=14M)
FCRMAT (1+0, 10EL3 .0}
IN=IN+1

IF(OET-0ET1) 74541

CLC 45 I=1,M
THE(L)=THELL)+S5TC21(])
IF(MIN-IN)}SOstl,y€1
IF{CET-CETM)49,49,50
WRITE{2,51)

FURMAT { *CWARNING-UID NLT CUNVERGE GR DIC NCI CONVERGE TU MINIMUM®)

IN=1
WRITEL(3,6€3)

FORMAT ( "OLACK CF FIT UR Xx MATRIX?')

CALL FRCUTHF,P,Q)
IF(MET—2)10435,¢
MET=3

GG IC 60
Cl=P-M/G-Q+1
CF=N=C
CF=CF-.5%(1l
CF=CF*{DET-DETL)

€33
034
035
c3¢
U3l
033
€39
040
U4l
Ca2
043
044
C4ab
040
ua7
Cat
049
050
051
052
053
054
u55
C56
057
058
Css
060
o6l
Cel
063
064
065
Q66
Co617
0es
069
cic
071
072
073
074
075
Cie
077
0718
07s
080
081
082
o83
Cs4
085
c86
Cet
088
089
0scC
091



33

32
35
62

SUBKCUTINE CEFUF FOR Trc THREE GRUUP AsYMPICTIL REGRESSION MCuEL.

104
102
1u3

iol

SUBRUUTINE CErlF FLR

NDF = P# (=P
wR I TE( 2,22)

FUKMAT ( 'OTEST Fuk FIT GF MuDceL*)
WKL TE (3 932) CFyNOF

FURMAT{ YCCHI-SJUARE="*,F1C.3,"*
WRITE(3,62)

FLRMAT{YCEND CF CLIPLTY)

s10v

END

DEGREES CF FREECCM=*,15)

SUBKOUTINE DEFUF(F Uy THE yP 4P d o MPIWIN)

DIMENSICN UlL)F L)y THE(L)
INTEGER PoPGy NP
IF(IN)IC2,1C4,1C3

UL Lu2 I=1l4¥P4

utri)=c.

CU 101 I=1,P

12=P+1

13=P+]2

T4=Pgtl

[9=Putls

lo=3%pPg+P+]

17=pP(+106

T=PL+17

[9= 6¥%Pw+2%P+1

[10=PC+19

Iil1=Pi+11C

I=I-1
FIII=TFE(L)=TRE(21ATHEL3) %]
U(I)=1.
FLLZ)=THEL4)=THE(S)#THE( €D ¥ %1
FLI3)=THREAT)=-THE(3 ¥ HE(I ) #*T
Ul T4)=—THE(3)%%xT

ULI5 )=-T*TEE(Z2)*THE( 3)#%(T-1.)
utle)=1.

L{I7)==THE(E)%%*]T

Uil )=-THTHE(S)*THE(6)%¥*(T1-1.)
LiI9)=1.

UE11C)=—THE(G) %x%xT
UGLLL)==T AT Re{BI*THE(9 )4 (T-1.)
RE TURN

END

SAME RATt CF CGRCWTH IN ALL GROUPS.

104
102
103

THE THREE ORCUF ASYMFTCTIC REGKESSICN MCOelL WITH THE

SUBRUOUTINE CEFUF{FsLyTHEE 4P sPQoMPI2IN)

DIMENSICN U(L)+F(L), THEL])
INTEGER P

TF{IN-1)104, 104,103

DG 102 I=1,FFC

Lel)=cC.

VO Lol I=1,P

CSe¢
093
094
Css
uJo
097
Cs¢
099
100

001
002
003
004
00&
006
007
ces
00s
010
Cll
012
0ol3
Ol4
015
0leé
c17
018
0i9
020
vzl
022
023
024
€25
026
v27
c2¢
U229
G3¢C
031
032

001
002
003
004
CC5
006
007



101

t4

63
62

14

12=P+]

13=2.%P+1

[4=3 %F+]

15=T7.%P+I

[6=10.3P+I]

[7=14a.%P+1

[8=1T7.%P+]

19=18.%P+]

[10=19.%P+I]

[11=2C.%P+]

T=1-1
FULY=THECL)=THE(2)RTHE (T ) ¥*T
utri=1.
FUI12)=THE(3)=The(a)*Thel7)##]
FOL3)=THE(S)-THE (o) * THEC ) #*]
UL E4)=—THELT)*%T

Jullsi=l.

Ul1e)=—THE(T)*xT

ull7r)=1l.

ULI8)=—THE(T ) %37
LUI9)=—T*IHE(2)*¥TAE( 1) **(T-1.)

U(T10 ) ==TATHE (4 ) $THE(T)1¥%(T-1.)
CIILL ) =-TTHE(O)*T+ELTI*%{T~1.)

RETURN
ENC

SUBRUUTINE ATREB [ XyuhoMX oY NYo MY,y 2)

CIMENSICN X{1) Y {l)y211)
N=1

#l=1

DL 02 J=leMY
Li=1

CC 63 I=1,MX
M=pM1

L=t1

XX=0,

DC 64 K=1,NY
XX=XX+X{L)I*Y(M)
L=L+1

M=M+ 1

Zin)=XX

N=N+1

LiI=LL+NX
MLl=M1+NY

RETURN

END

SUBRCULTINE AETR {XyNXsFXoY NY oMY, 2Z)

DIMENSIUON X(1),Y(L)yZ( 1)
N=1

IF(AX—MY) 15474415

Ml=1

CC 71 J=14NY

Ll1=1

CU 72 I=14NX

M=M1

L=L1

VIx.]
(VAVR

0lu
0ll1
ule
Cls
Gla
Olo
Gleé
0117
o138
Cls
020
021
0cé
025
024
025
0206
G21
(O]
029
G3C
031
032

001
GC2
003
004
CCs
Qo6
ou7
cce
009
Cl0
Cll
0le
013
Ola
0l»s
Olo
017
Oly
Cls
020

0cl1
Q02
003
004
005
Lo
007
008
CCs
010



17

13

26

33

31

3C

24

XX=0.

DC 73 K=1,MY
XX=XX+X(L)*Y{M)
L=L+NX
M=M+NY
ZIN)=XX
N=N+1
ti=L1+1
Ml=M1+1
RETURN

CALL EXIT
ENC

SUBRULTINE MULT (XsRXeMXaYoRNY MY ol)

DIMENSICN X(1),Y(1)s2(1)
nN=1

M1=1

CU 52 J=1,MY
p=M1

DO 53 I=1,NX
L=1

22=0.

DO 54 K=1,4MX
ZL=LL4XL %Y (M)
L=L+NX

M=M+1

M=M1

LN} =1L

N=N+1

MI=ML1+NY

Re TURN

END

SUBRCLTINE PRCUT [A4ARyNC)
DIMENSION A(1),8(10)
FORMAT (1+ )
FURMATLLHL/)
FURMAT(1H »1CEL3.€)
MA=NC
{F{MA)2€443,33
MA=-MA

WRITE(3,10)
NM=T ABS (NR:NC)

NT=1

NA=NR
IFINA)32443,31

NS= 1O¥NA¥*(NT-1)+1
Do 4 I=1,10
Bl{I)=0.0C
NL=NS+NA-1
IFANS-NM)30,430,43
DO 72 N=NS&GNL

N2=N

L=1

B{LI=A{N2)

L=L+1
IF{L—-10)23423+25

o1l
cle
013
Ol4
015
ole6
o017
cls
019
020
c21l
022

001
002
0C3
004
005
CC0eo
007
008
Q09
010
ol1
012
013
Ola
Cli5
016
oLr7
Cls
019

CCl
002
003
004
005
006
cciq
008
009
010
ol1
012
Ql3
Ol4
Cc15
ole
017
ols
019
020
gzl
022
023
024



i1

14
L2
15

24

20

Kl=1

KRS =1

KKF =NA

DU 4 KK=14NA
D=UdLE(B(K]1))
LL=CC*D
IF([))(?,E,C
C=1.00/C

DL 7 KEKESyKKF
IFIK-K1lEy Ty E
BIK)I=SNCL (B{K)*D)
CUNTINLE

KLS=KK

KF=NA

DL G I=1,ANMyNA
[FCLI-KKSY1lylb,yll
£=-0BLE(E(K(S))
KK=KR S

CU 12 K=1,KF
IF(K-KCS)Il4+12414

BlK)I=SNGLIS I KR ) ®e+3(K})

KR=KR+1

Kt =KF+NA

KC S=KL S+NA
E{K1)=SNCLAD)
D==-D

DU 1€ K=KKNMyANA
IF(K-KL)17y1€,17
BIK)=SNGLIUXEB(K))
CUNTINUE
KRS=KKS+NA
KkF=KRF+NA
K1=KKS+KK
L=SNGLICC)
RETURN
WRITE(2,2C)KKyNA

FORMAT {* INVRTR PIVOT ty 15,

STOP
END

Ol4
Gly
0le
o117
0L3
Clis
020
021
Cee
023
024
€25
0lo
027
c2e
029
030
031
032
033

035
C3e

043

046
047
C4t
049
050
051
052



23

25

56

21
72
15
32
41
49

42
45

44
46

47

48

60

5C
73

43

18

10

N2=N2+NA
LE(N2-NM}24 424 425
L=L-1

DO 56 I=1,L
IF(B(11-9661100.)21,56,21
CONTINUE

WRITE{3,77)

GG TG 72
WRITE{3,12)(8(1),1=1,L)
CGNT INUE

NT=NT+1

WRITE( 3, 15)

FGRMAT (///)

G0 TC 31

NA==NA

MR=MA

NS=10%NT-6

DO 49 1=1,10

BII)=0.

IF (MR) 43,43 ,42
IF{MR—10)45, 45,44

M=MR

GU TO 46

M=10

MR=MR-10

DU 73 N=NSyNM,FA

N2=N

L=0

L=L+1

B(L)=AIN2)

N2=N2+1

IF{L-M)4T 48,48

DU €0 I=1,L
IF(B(1)-9661100.,)504 60,50
CONTINUE

ARITE(3,77)

GC TC 73
WRITE(3 4131 (BRI} 41=1,0L)
CONT INUE

NT=NT+1

WRITE(3,15)

G0 TD 41

RETURA

END

SUBRCUTINE INVRTR{A,NA,MA,BsNB,MB,C)

DIMENSION A(1),8(1)
DUUBLE PRECISIUN CC+DsE
KK=0

IFINA—1)54243
C=A(1)

IF{C)1845,418
8ll)=1./C

GG TOQ 24

cC=1.00

NM=NA *NA

0O 10 K=1,NM
B{K)=A{K)}

025
026
027
028
625
030
031
032
033
034
035
036
037
038
039
040
C4l
042
043
044
045
046
047
048
049
050
051
052
c53
054
055
056
057
058
059
060
061
c62
063
064
065
066
067
068

001
002
003
004
005
006
ac7
008
009
010
Oll
012
C13
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