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LEAH ELIZABETH BENNETT. Covariate Analysis of Bivariate Survival Data (Under the

direction of Dr. Chirayath Suchindran.)

ABSTRACT

The methods developed in this research are used to analyze the effects of covariates on
bivariate survival data when censoring and ties are present. Many existing bivariate survival
models make no provision for the inclusion of covariates, nor do they effectively utilize the
censored observations in their estimation. The proposed method provides models for bivariate
survival data that include differential covariate effects and censored observations. The
proposed models are based on an extension of the univariate Buckley-James estimators which
replace censored data points by their expected values, cénditional on the censoring time and
the covariates. For the bivariate situation, since we assume that the outcome times are
correlated, it is necessary to determine the expectation of the failure times for one component

conditional on the failure or censoring time of the other component.

Two different methods have been developed to estimate these expectations. In the
semiparametric approach these expectations are determined from a modification of Burke’s
estimate of the bivariate empirical survival function. In the parametric approach censored
data points are also replaced by their conditional expected values, but instead of using the
empirical survival function, the expected values are determined from a specified parametric

distribution, such as bivariate exponential or bivariate Weibull. The model estimation will be
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based on the revised data set, comprised of uncensored components and expected values for the
censored components. Since the covariate parameters depend on the expected failure times
which in turn depend on the covariate parameters, an iterative process must be used to
estimate both. The variance-covariance matrix for the estimated covariate parameters has also

been derived for both the semiparametric and parametric methods.

Data from the Demographic and Health Survey was analyzed by these methods. The
two outcome variables are post-partum amenorrhea and breastfeeding; education and parity
were used as the covariates. Both the covariate parameter estimates and the variance-
covariance estimates for the semiparametric and parametric models will be compared. In
addition, a multivariate test statistic was used in the semiparametric model to examine
contrasts. The significance of the statistic was determined from a bootstrap distribution of the

test statistic.
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CHAPTER 1. INTRODUCTION

1.1 MOTIVATION AND PURPOSE

The methods of analysis for survival data, while numerous and varied, all have the
same general motivation : to estimate the time, or distribution of time, until failure, in some
broad sense. Extending these concepts to include the analysis of covariates allows for
heterogeneity in the population under study and estimation of the determinants of factors
affecting length of life. Thus covariate analysis of survival data can be utilized for descriptive
and predictive purposes, i.e., to characterize patterns of survival for the particular data used
for estimation, determine the effect of the covariates on length of life, and predict the lifetime

of individuals from a similar population.

Until recently the primary focus of research in survival analysis has been on univariate
techniques. In the past two decades there has been an increasing emphasis on analyzing
survival data with bivariate or even higher dimensional outcomes. The focus of this research
is on the analysis of covariates for bivariate survival data when censoring and ties are present.
The methods developed here will be applied to a data set to demonstrate the estimation

process as well as the rudiments of inference.



1.2 GENERAL ISSUES IN THE DEVELOPMENT OF BIVARIATE SURVIVAL MODELS

Because the field of multivariate survival analysis (bivariate in particular) has been
such a popular topic in the past decade, the analytic methods that have been developed are
quite numerous and varied. Covariate analysis of bivariate survival data has been approached
from many directions, both as an extension of the univariate situation and as a distinct entity.
Many difficulties are encountered when univariate methods are directly extended to the
bivariate framework because simple mechanisms and concepts in the univariate sense, such as

ranking, may be ambiguous.

Many factors have to be considered in developing a model — whether it is to be based
on survival or hazard functions, approached from a parametric or nonparametric perspective,
whether estimations are performed using maximum likelihood or least squares methods, and so
forth. Other issues to be considered are concerned with how censoring and ties are to be
handled. And if covariates are to be inciuded in the model, there is the additional issue of
what method is to be used for incorporating them in the model. Several models have been
developed but few consider ties, censoring, and covariates; most consider only one or some

combination of these factors.



1.3 DESCRIPTION OF BIVARIATE SURVIVAL DATA

There are several types of data that would be suitable for analysis using bivariate

survival techniques. The failure time measurements could result from:

i) components in the same system — such as two organs in the
human body or two engines on an airplane - where the failure of one
component places additional strain on the remaining component;

ii) related components - for example, two members of the same
family who have similar genetic makeup — where the age at death of
a parent is strongly correlated with the age at death of the child
when certain hereditary diseases are involved;

or,

iii) measurements on the same component — such as the duration of
exposure to an infecting agent and duration of an infectious disease —
where the relationship is often not symmetric, pethaps due to cause

and effect.

In most of these situations, it is unquestionable that a dependency between
components exists; but quantifying that relationship is not so straightforward. Hence there is a
need for analytical techniques to determine the joint survival function as well as to examine

the conditional and marginal survival functions and the effect of covariates.

The data to be considered in this work consists of bivariate outcomes resulting from a

random process. Either or both component may be right-censored. Though the results of this



research may be generalized to include left-censoring and interval censoring as well, only right-
censoring is considered here. Censoring may result from several different mechanisms, perhaps
the most common being the cessation of the study before the failure time is reached; another
cause may be withdrawal from the study for reasons unrelated to the variables of interest (such
as relocation). Various other reasons may also be postulated. For most survival analysis
techniques, the censoring mechanism is assumed to be independent of the random process
generating the failure times. This research will only consider only censoring on the outcome
variables. In some situations, particularly with time-dependent covariates, the concomitant
variables may also be censored. This type of data requires analytic techniques other than those
to be presented in this work, and is not considered here. It is crucial to make a distinction
between missing and censored data; missing data provide no information on one or both

outcome variables whereas censored data provide partial information.

Information on covariates, sometimes known as concomitant variables, will also be
included in the data set; the covariates can be binary, discrete, or continuous. Besides
examining the effect of covariates on survival curves, it is often also of interest to consider the
correlation of the outcome variables. If the outcomes are known to be independent, it is
usually more desirable to perform simpler univariate analyses on each individual lifetime
component. With the inclusion of covariates, it may also be desirable to explore the

correlation of the covariate parameters.



1.4 BASIC DEFINITIONS

To discuss either univariate or bivariate methods of covariate analysis in any depth
requires that some notation and definitions be presented. Let the random variables Y, and Y,
be the failure times of the first and second components, respectively, for some continuous
bivariate process. These variables may or may not be independent, though the case of
independence is of little interest as univariate techniques could then be used separately on each
component. Regardless, the vector of failure times for any observation is independent of every
other observation. For a given population, survival is defined as the probability of failing after
a particular time point in the univariate case, or after a vector of time points in the bivariate

case.

Thus let
; = failure time for the jth component, i=12 and
S(tpt)=Pr( Yy >t,Y, > ty ).
Marginal and conditional probabilities of survival may also be defined, as follows:
Sj(t;)=Pr( Y;>t;); and
51'2(t1|t2)=Pr( Y1>tl|Y2>t2), with

S211 (t2 | t; ) similarly defined. (1.1)

Much of the research on bivariate survival data makes no provision for the inclusion of

censoring. In practice this is often unrealistic; requiring complete observations would



necessitate, in many cases, eliminating a substantial portion of the data, despite the fact that
there is much infﬁrmation to be gained from partially or even wholly censored observations.
The estimated mean failure times would be underestimated and covariate effects would be
biased if only complete observations were used. For the purposes of this work, censoring refers
to a random process that removes either or both components of an observation from study
before the failure time is observed. In other words, if Y, is censored at c,, it is known that the

component survived at least until c,, but it is not known how long it survived past that point.

In mathematical terms:

)
!

failure time for j** component (j = 1,2),
C; = censoring time for j** component,

Y, = min (Y(J) , C j) = observed stopping time for j** component, and

se:th .
§;=1(Y,;= Y(J’) 0 ff J . coml.aonent }fhcensored '
1, if failure time of j*" component is observed.

(1.2)

We assume that the censoring mechanism is independent of survival, though it is not necessary
to assume that the two censoring time are independent. Sometimes it may be useful to assume
a specific censoring distribution. The method for resolving censored observations further
complicates matters: these observations can be ignored, they may be treated as observed values
with some weight attached, they may be replaced according to a specified method, or they may
be treated by any number of alternative methods. Some of these methods are discussed in

more detail in subsequent sections.



1.5 UNIVARIATE METHODS OF COVARIATE ANALYSIS

We briefly review univariate methods to demonstrate how extensions to the bivariate
framework arise. In the remainder of this chapter various su-rviva] rﬂodels are presented: the
first four are univariate nonparametric models based on regression methods, the last two are
related to bivariate parametric methods. Miller and Halpern (1981) present a thorough review

of univariate methods, with particular emphasis on the four methods to be described here.

The first method to be considered, perhaps one of the most well-known techniques for
univariate survival analysis, is the Cox proportional hazards approach (Cox, 1972), which is
based on the assumption that the instantaneous hazard of death at any time, with a given set
of covariates, is proportional to the instantaneous hazard at that time with the covariates all
set to the baseline value. This can be stated in terms of the hazard function, A, as follows :

A1) = 5B = ()« et

or, equivalently stated in terms of the survival function,

S(y; x) ={ S(3; 0) }é zﬂ, where
X = vector of covariates, Y - f(y; x)

and S(y; x) = /f(t; x) dt . (1.3)
v

For the Cox model the estimator of g is the value which solves

y 6. X 8- log exjﬂ = 0
2__:1 () (9 Z

JE 82(!l(,-))

where R(t) = risk set of observations still alive and not censored by t;
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where R(t) = risk set of observations still alive and not censored by t;
Yay «+ Y(n) = ordered observations;
and X (i) and 6( i) are the covariates and censoring indicator,

respectively, associated with Yy

The other three univariate methods to be considered here are all based on the linear
regression model, Y = Xf + €, where Y can represent either the failure time or any
monotonic transformation of the failure time. If Y represents the logarithm of the observed
failure times, then this linear model is the accelerated time model. In the one-dimensional case

many regression estimators have been formulated, which for the most part are straightforward.

The first linear model estimator to be considered is the Miller (1976) estimator, which
weights the observations according to the following mechanism :

w;(8) Fe,)-Fe) i=1..,n

Il

probability mass assigned to ith
residual by the Kaplan-Meier estimator

Since the Kaplan-Meier estimator increases only with observed failure times and not with

censored observation, this weighting scheme actually gives zero weight to censored observations

and increases the weight of the observed failure times. The estimation of the covariate

parameters requires an iterative solution as the weights are based on these parameters. Thus
pE+Y = [(x- x0T - WER) - (x - X9 )7 (x - X7 WED) -y

(1.4)



where W is a diagonal matrix of the weights based on the estimated survival distribution and

X" is a matrix of weighted averages for the covariates.

The Buckley-James estimator (1979) also requires an iterative solution. Censored
observations at the k* iteration are replaced with their corresponding conditional expected
values according to the following scheme:

§(8®) = §;yi+(1-6)-E[Y;|Y; >y] .
Thus ¥, is either the observed failure time or the expected failure time, depending on whether
the failure time for the i*® observation has been observed or censored. After the censored
values have been replaced by the appropriate expected values, based on the Kaplan-Meier
empirical survival function estimator, the usual least squares method is used to calculate 8.
Thus AE ) = [(X- )T (X - D)1 (X-X)T -y (3D (1.5)
Note that ﬁ(ﬂ(k)) depends on the estimated survival distribution through E[Y i1 Y;>y], thus

requiring an iterative solution of B.

The Koul-Susarla-Van Ryzin (1981) estimator also replaces the censored outcomes.
But unlike the Buckley-James procedure which determines these new values based on the
distribution f;unction of the failure times, the Koul-Susarla-Van Ryzin estimator determines
these new values from the distribution function of the censoring times, G(y), estimated using
Bayesian methods. The new values are determined according to the following scheme :

§;=6;y; [1- G (y)] R | (y; >M), for some specified cutoff M;



n
where n * (y) = Z I{y; > y} = number of observations at risk just before y,

1=1
R 1+nt(y) |1-s; . .
and 1- G (t) = H _— ' = survival function of the censoring times.
2+n*(y,)
y; <t ¢
(1.6)

Then the usual LSE is used to obtain 8. Thus observed values are reweighted while censored
values are given zero weight. The advantage of this method is that the estimate of 8 is in

closed form and the solution requires no iteration.

1.6 CRITICISMS OF UNIVARIATE METHODS

In Miller and Halpern’s discussion and comparison of these four techniques for
covariate analysis of univariate survival data, it appears that the authors prefer the Cox and
Buckley-James estimators over the other two, even over co-author Miller’s method, though
none of the methods is without difficulties. The Koul-Susarla-Van Ryzin (KSV) estimator
assumes that the censoring distribution is invariant to changes in X; . Frequently censoring is
related to one of the covariates, such as age, thus invalidating a basic assumption of the KSV
technique. There are also no computational formulas developed for the variance-covariance
matrix of the covariate parameters when more than one covariate is used. Furthermore, the
technique depends on specifying a cut-off point, which is a rather subjective decision. On the

other hand, an appealing characteristic of the KSV estimator is that it requires no iteration.
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The Miller estimator is also affected by the censoring pattern of the data. For the
estimator of f to be consistent, the censoring distribution must satisfy
G(t; X) = G(t - ¢ -XB)
which Miller and Halpern state does not often occur in practice. Since it involves iterative

calculation, the estimator is also prone to convergence difficulties.

The Buckley-James estimator is also iterative, but empirically seems to suffer less
frequently from a failure to converge than the Miller estimator. Also, it does not depend on
censoring patterns in the data. But their estimate of the variance-covariance matrix for the
covariate parameters, while useful in practice, is empirically rather than theoretically based,

posing some difficulties in the inference process.

The Cox estimator produces an estimator of # which is asymptotically normal; and
the asymptotic variance-covariance matrix is relatively simple to compute. There are also
several suggestions regarding how to modify the Cox model in the presence of ties (Peto
(1972), Kalbfleisch and Prentice (1972), and Breslow (1974)). Though the lack of an explicit
estimate of B is an issue, the primary drawback to the Cox model is the assumption of
proportional hazards which is not necessarily appropriate in all situations. The other three

estimators are based on a linear approach, which also may not be appropriate in all situations.
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1.7 UNIVARIATE SURVIVAL FUNCTION ESTIMATORS

Both the Miller and Buckley-James methods require estimation of the univariate
survival function. Though many methods exist, some of the most commonly used estimation
techniques when censoring is present include (i) standard life table estimates of survival and
(ii) the.Kaplan-Meier product limit estimator (Kaplan and Meier, 1958), which is a series

approximation of (iii), the Nelson estimator (Nelson, 1969) :

3 D,
@ Serw= [T (1- —F%— |
(1.7)

where D, is the number of deaths € [t;_,, t;) 5 Nj is the
number of individuals at risk at t =1 and W j is the number

of individuals censored € [t;_;, t;)

. n;-d;
(i) Spat) =[] (__,n_],_) , (1.8)
where n; is the number of individuals at risk (i.e., alive and

not censored) at t i and d j is the number of deaths at t i3

and
]
i) Sy®=T] e ™ (1.9)
j: t;<t

jityj<t +=0
Taking the first two terms of the infinite series for the Nelson estimator leads to the following
approximation of the survival function :

o d.
Sy(t) = H 1- # , the Kaplan-Meier estimator.
j H tJ <t

12



1.8 REVIEW OF METHODS FOR BIVARIATE SURVIVAL DATA

The bivariate models to be discussed include the following method, as suggested by

Clayton (1978), which is based on the joint distribution function (or joint survival function) :
da(s) db(t)
% a
f(sv t') = 2 2+ 1
(14 (6-1)-{a(s) + b(t)}) " -1

= Ss, t) = 1 — (1.10)
(14 (6-1)-{a(s) + b(t)}) -1

where a(-) and b(-) are nondecreasing functions such that a(0) = b(0) = 0. The marginals,
a(+) and b(-), are not specified, and # is an unknown parameter of association, equal to the

ratio of age-specific incidence rates. Thus

0= ME|T=t)  A(t|S=5s)
T ME[T>t) T O XAt[S>s) !

with J, the hazard, as defined in equation (1.3).

If S and T are independent, then §=1 and the joint distribution function is merely the product
of the marginals. In addition to the methods for continuous outcorhes, Clayton discusses an
analogous method for discrete time data. He also includes provisions for covariates using the
following reformulations:

a(s) = a;)(s) -eﬂT’ and b(t) = by(t) -e"T"

w:here x and z are covariates for the first and second components,

respectively, and § and v are the corresponding regression coefficients.

In this specification of the model, different covariate may be used for each of the outcome

13



variables. Though this might provide a better fit for the data and may be more appealing
from an intuitive standpoint, this type of a model does not really utilize the dependency of the

outcome variables.

Another bivariate model, developed by Oakes (1982), presents a reparameterization of
Clayton’s model but includes known marginal survival distributions, S; and S,, where :

1 1

Si(ty) = [(6-1)-a(t;) +1] -1  and Sy(t;) = [(6-1)-b(t,) +1] -1 |

with #, a(-), and b(-) as defined previously in (1.10) .

The joint survival distribution is therefore defined as :

S ( tyy tg )= 1 i )
{; }9-1 + [ L _e-1 ;Yo7
Si(ty) Sa(ts) (1.11)

where 0 is again unknown, and is still the ratio of age-specific incidence rates. Techniques for
estimating 6 and inferences based on  are discussed by both Clayton and Oakes. In both
formulations, as § — 1% (i.e. independence), the joint survival distribution becomes the
product of the marginals. Oakes discusses the case of exponential marginals in'much detail,

which leads to the following model:

S(tyty)=

1
1
{ eo(0-1t o (6-1)ty _1} 7-1

After some algebraic manipulation (see Appendix A), it can be shown that the correlation

between the two outcome variables is solely a function of 8, as follows:

14



corr( by, t) =2(11-9)2 {w (n) - ¥ (-2?:-_1))} o

o0
where ¢’(z) = E —1—2 is the trigamma function .
n=0 (n+z)

Huster (1989) developed an extension of the Clayton-Oakes model to include covariates
by allowing the marginal survival functions S1(tyy B1) and Sy(t,, B,) to depend on covariates.
The form of these survival functions is not specified; in other words, the inclusion of covariates
need not take on a specific form. Huster also examines the use of specific distributions,
including the bivariate Weibull and bivariate normal. It should be noted that none of these
three models makes any provision for censoring. An advantage of Huster’s model is that it
allows marginals to come from different families and, as with Clayton’s model allowing for

covariates, the model does not restrict the covariates to be the same for both components.

Wei, Lin, and Weissfeld (1989) developed a method for covariate analysis with
multivariate failure time data by modeling the marginal distribution of each outcome variable
using a Cox proportional hazards model. Though this method is intended as a multivariate
approach, it really involves the simultaneous estimation of the marginal distributions rather
than the estimation of the joint distribution of the distribution of the failure times. The
authors developed procedures for hypothesis testing in the multivariate framework. Again, as
with the univariate situation, the model assumes proportional hazards for each failure time

component.
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Though there is potential for bivariate extensions of the four univariate models
presented previously, these methods have not all been developed. The work to be discussed in
more detail in subsequent chapters deals primarily with a bivariate extension of the Buckley-
James estimator; various modifications will be considered using semi-parametric and
parametric models. In the univariate case censored data points are replaced by their empirical
expected values, conditional on the censoring time and the covariates, determined from the
Kaplan-Meier estimate of survival. For the bivariate nonparametric situation, since the
outcome times are correlated, it is also necessary to condition the expected value of one
component on the failure or censoring time of the other component. Here the empirical
estimates are determined from a modification of the Campbell-Foldes estimates of survival

(due to Burke, 1988), which are conceptually similar to the Kaplan-Meier estimates.

In the parametric situation, censored data points are also replaced by their conditional
expected values. But instead of using empirical values, the expected values are based on a
specified parametric distribution, with the bivariate exponential and bivariate Weibull
distributions being of greatest interest. These methods, as well as estimates of the variance-
covariance matrix and inferences based on the estimated parameters, will be discussed in the

remainder of this research.
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CHAPTER 2. EMPIRICAL SURVIVAL FUNCTION ESTIMATORS

2.1 DISCUSSION OF BIVARIATE SURVIVAL FUNCTION ESTIMATORS

The nonparametric method of bivariate data analysis to be discussed in later chapters
requires empirical survival function estimates. The technique selected for estimation of the
survival function forms the basis for the covariate é.nalysis, and thus has a significant influence
on the conclusions. Though the bivariate estimators that have been suggested are quite varied,
many are based, at least in part, on the univariate Kaplan-Meier estimator (1.8) of the survival
function. In the remainder of this chapter we describe sgveral estimation methods and discuss

the selected method in detail.

Dabrowska (1988), in an attempt to rectify some of the problems encountered with
other bivariate survival estimators, such as lack of monotonicity for each coordinate, non-
uniqueness, failure to reduce to the standard empirical survival function in the absence of
censoring, and path-dependency, developed a bivariate Kaplan-Meier estimate. While this
estimator is unique and consistent, unfortunately it may also fail to be monotone in the

presence of censoring, which is one of Dabrowska’s complaints concerning other estimators.



Another bivariate empirical survival function estimator, developed by Hanley and
Parnes (1983), is based on the assignment of probability mass to the various support points in
the plane and summing over (t;, o) x (t;, 00) to obtain an estimate for S(t,, t;). If the
censoring is homogeneous, a specified censoring pattern defined by Hanley and Parnes, then a
closed form solution exists for the estimate of the survival function, but this censoring pattern
is not very general. An example of homogeneous censoring is when all subjects have equal
follow-up times. More realistically, the censoring is heterogeneous. Under this condition a
closed-form expression for the estimator does not exist, and the estimate must be found using
an appropriate iterative method, such as the Newton-Raphson method or the EM algorithm.
In an example discussed by Hanley and Parnes, the convergence was very slow, reaching a

solution in the heterogeneous situation in 50 iterations of the EM algorithm.

Tsai, Leurgens and Crowley (1986) proposed a family of estimators for the bivariate
survival function, based on a decomposition formula and smoothing techniques. The family of
estimators all have a closed-form expression, but they are kernel and bandwidth dependent.
The authors claim this is much less of a concern than the path-dependency problem of other
estimators. Another drawback to this estimator is that it has a very slow rate of almost sure

consistency.

A modified form of the Campbell-Féldes bivariate survival function (1980) due to
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Burke (1988) satisfies many of the desirable properties and will be used extensively in the
present study. The model is described in detail below. Additional modifications to include ties

will be presented in Section 4 of this chapter.

2.2 CAMPBELL-FOLDES BIVARIATE SURVIVAL FUNCTIONS ESTIMATORS

The Campbell-Foldes estimators are based on the identity Sl(s, t) = Sl(s) S(t | s).
To discuss the estimators in any more detail entails usage of the following notation:

Y?~ = failure time for j"' component of ith observation (i=12..,n j=1, 2) ;

C,-j = censoring time for j'h component of i** observation (i=12..,n j=1, 2) ;

Y= min(Y?j, C;;) = observed stopping time (i.e., either time of censoring or failure
time) for j"l component of it# observation ;

Y; = (Y;1, Y;3) = vector of observed stopping times ;

5, =Y, = Y?) = 0, if j*» component of i** observation is censored
Y i 1, if failure time for jt" component of it? observation is observed

_ _ 1y _ indicator of the first component failing by
aist) =Yy < 8 Y >t 6, =1} = s and the second component surviving t ’

indicator of the second component failing

N =HY; >0 Y < t,6=1} = by t and the first component surviving s

; and

N(s,t) = .iII{Y“ >3, Y, > t} = # pairs at risk at (s, t) .
1=

The Campbell-Féldes survival function estimator is

. = TTI NG5 0 Yais,00 [ NG Yea) | 7ilsit)
Sl(s’t)_igl{N(Yu’IO) +1} kl;'[l{N(s’ Yk2§2+1} ) ,

which is the product of the marginal survival for the first component and the conditional
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survival for the second component given that the first component fails at s.

Thus

. R . 1 as,0) T 1 1%y

t=1 k=1

(2.1a)

Similarly, sg(s,t) = Sz(t) -S(s | t), which leads to :

. P i 1 7:(0, t) - S S, LD
Sz(s’t)“,-H{l N0, v:) +1} kl=_Il{l Nk t) +1} k

=1

(2.1b)

As is evident from the two estimators in equations (2.1a) and (2.1b), which are not
equivalent, the result will necessarily be dependent on the path chosen. Another disadvantage
of this estimator is that the estimated survival distribution, computgd from either path, may
not be jointly monotonically decreasing. In addition, while this estimator is relatively simple
to determine, involving counting only the number of observations satisfying certain criteria,
and the computation of a and 4, it requires up to n recalculations at each value of s (for 2.1a)
leading to n? possible calculations for the survival function estimator for each pair of (s, t)

values.
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2.3 BURKE BIVARIATE SURVIVAL FUNCTION ESTIMATOR,

In an attempt to resolve the difficulty with monotonicity encountered with the
Campbell-Féldes estimator, Burke (1988) proposed a similar &timatorbwhich will be the basis
of parameter estimation throughout subsequent sections of this work. Both survival function
estimators are based on the concept that the joint survival of two random variables is equal to
the product of the marginal survival distribution of one variable and the survival distribution
of the other variable conditioned on the first. But, whereas the Campbell-Foldes estimator is
based on the survival function of the failure times, .the Burke estimator is based on the survival

function of the censoring times. The Burke survival function estimator is defined as :

S(s t) = 1- F(s, 00) - F(oo, t) + F(s, t) (2.2)
- 1 n I (Yll S S, Y'z S t) .
where F(s,t) = = . 6.1 8. with
&0 " .';‘ & '2_ G1(¥i1) ¥io) '

Gl(s, t) = G](s, 0) - G(t | s) = bivariate survival of censoring times ; (2.3)

n * . . O
A - . 1 a; (s, 0) _ marginal survival of censoring
Gy(s, 0)= H {1 Ny, 0) +1} ' " time for first component ;

i=1

2 - 1 7*(570
G(us)_.H{l-W} j

= conditional survival of censoring time for second component,
given that first component is censored at s ;

al(s,t) = HY; <8Y,>t6,=0}; and

7:-'(5,1‘.) = I{Y,; >, Y, < t, 6, =0}.
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The definition of Gl(s, t) is similar to Sl(s, t) as defined in (2.1a) except that the
definitions of a and 4 have been altered to include only censored observations rather than
observed failures; the definitions of 8, the indicators for censoring, and N(s, t) , the number of
pairs at risk, are as stated previously. Burke’s estimator could also be defined in terms of
Gz(s, t) = Gy(0, t)-G(s | t); thus the path-dependency problem of the Campbell-Fldes
estimator was not resolved. To resolve the path-dependency problem, the survival function at

each time point could be estimated as the arithmetic mean of Gl(s, t) and G2 (s, t).

2.4 ADJUSTMENTS OF BURKE’S ESTIMATORS TO INCLUDE TIES

Both the Campbell-Féldes estimates and the Burke estimates assume that all outcome
times are distinct; thus they are applicable only in the situation where no ties occur. In
practical scenarios this is rarely the case, so an extension has been developed here to include
ties. The marginal survival function in (2.3), G(s) , is easily adjusted to account for ties, as
the univariate Kaplan-Meier estimator for tied data can be used. But the conditional survival
function must also be adjusted, which is a bit more involved. Some additional notation is
required, as follows:

m; = number of distinct observed times of j*® component (failure or censored) :

ordered {y('l)j,...,y("-)j,...,yz'mj)j} G6=1,2) ;

m = total number of distinct pairs of observed times :

{ ()’(l)p Y(1)2) Yooy (Y(,-)p Y(;)g) yeery ()’(m)p Y(m)z) } s

d’(s) =.-z::11{Y‘j =s, 6;; = 0} = number of jt* components censored at s (j = 1, 2);
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di(sit) = i Y, =s, 6;; =0, Y;; = t} = number of observations at (s, t) with 1%¢
i=1

component censored ;

dj (sit) = i KY,;; =, Y;; =t, §;, = 0} = number of observations at (s, t) with 2794
i=1

component censored ;

s} = number ofj”' components at risk at s~ ;

v

nye) = £ 1Y,

nst) = 3 HY, >

1=1

s, Y;5 2 t} = number of units at risk at 8= ,t7)

IA

5 Y(i)2 >t d;(y('.)l) >0} ;
a'(',-)(s) = a('-)(S, 0) = I{Yz'.-)1 < s, d;(y'(“,.)l) >0} ;
& 8 =HY (i > Ve S t,d5(y(;)) >0} 5 and

7Zj)(t) = 7(,-)(0» t) = I{Y?J’)g <t d;(y{j)z) >0} .

The joint survival functions for the censoring times, needed for the Burke estimators, allowing

for ties, are :

m YR Z d;( y( 1)1° y )2) =
Gy (s, t) = ﬁ 1- RO aiiy(s) | ﬁ CYgn>e G 7()(s:t)
115 AL nl()’(;)l) j=1 n(s, y(j)2)
. Z dy( Yy Y(y2) .
Gy(s, t) = ﬁ 1. 200G "('j)(s),ﬁ Yiye > ¢ a(iy(®:t)
218, j=1 nz()’(j)g) =1 n(y('.)l, t)
(2.4)

Then using the values calculated above, the survival function for the failure times is

just as calculated previously :
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S(s, t) = 1- F(s,00) - F(oo, t) + F(s, t),

I(Yy <5 Yy St)
Gyipr ¥ia)

. n
where F(s, t) = fll- Y 6, 0i0
i=1
Clearly, the survival function estimates provided in (2.4) demonstrate that the estimator is still
path-dependent. As suggested previously, replacing the estimate by the mean of the two path-

dependent estimates at each point would result in a non-path-dependent estimate.

2.5 COMPARISON OF THE BIVARIATE EMPIRICAL SURVIVAL FUNCTION BASED
ON THE CAMPBELL-FOLDES ESTIMATE AND THE BURKE ESTIMATE

Using a sample of 25 observations on postpartum amenorrhea and breastfeeding
obtained from a fertility survey in Ghana (which will also be used for subsequent analyses)
yields estimates of the bivariate survival functions found in Table 2.1. From the graph in Fig
2.1 it is clearly demonstrated that there are several points where the Campbell-Foldes

estimator is not monotonically decreasing though the Burke estimator is.
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TABLE 2.1

ESTIMATES OF THE BIVARIATE SURVIVAL FUNCTION WITH TIES IN THE DATA,
USING THE CAMPBELL-FOLDES AND BURKE METHODS OF ESTIMATION

(Y;,Y,) (6, 65) Campbell-Foldes estimator of él Burke estimator of él
(11 (0, 0) 0.7475 0.8565
(1, 6) (1, 1) 0.6133 0.7644
( 8,24) (1,1 0.0099 0.0000
(10,12) (1, 1) 0.1239 0.3340
(1,11) (0, 0) 0.2216 0.4305
11,11) (o, 0) 0.2216 0.4305
(12, 5) (1, 1 0.4665 0.5101
(12, 6) a,1) 0.4665 0.5101
(12, 9) (1, 1) 0.3427 0.5101
(12, 12) (1, 1) 0.1318 0.3340
(14, 8) (0, 1) 0.3494 0.5101
(16,11) (1, 1) 0.2235 0.3844
(17, 8) (0, 1) 0.3539 , 0.4608
(18,12) (1, 1) 0.1632 0.2419
(18, 24) (L, 1) 0.0345 0.0000
(21, 21) (0, 0) 0.0839 0.0892
(22,22) (0, 0) 0.0625 0.0892
(23, 1) (0, 1) 0.2989 0.3182
(24,11) (1, 1) 0.0437 0.0892
(24, 18) (L, 1) 0.0437 : 0.0892
(24,18) (1, 1) 0.0437 0.0892
(25, 25) (0, 0) 0.0029 0.0000
(30, 1) 1,1 0.0555 0.0892
(35, 4) (0, 1) 0.0555 0.0892
(36, 24) (1, 1) 0.0555 0.0000
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FIGURE 2.1. PLOT OF THE ESTIMATED BIVARIATE SURVIVAL FUNCTION WITH
TIES IN THE DATA, USING THE CAMPBELL-FOLDES
AND BURKE METHODS OF ESTIMATION
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CHAPTER 3. EXTENSION OF BUCKLEY-JAMES PROCEDURE FROM UNIVARIATE
TO BIVARIATE OUTCOMES (SEMI-PARAMETRIC MODEL)

3.1 DESCRIPTION OF MODEL

In this chapter we extend the univariate Buckley-James method described in Chapter 1
to the bivariate framework. Using additional notation and definitions the model for bivariate

outcomes can be written as :

Y‘- = X‘ . ﬂ + fi y
where
Y?j = failure time for j"‘ component of i*h observation i=1,2,..,n j=1, 2) ;

C.-J- = censoring time forj"' component of it? observation (i=1,2,..,m j=1,2) ;

Y= min(Y?j, C,;) = observed stopping time (i.e. failure time or time of censoring)

Y; = (Yﬂ, Y;2) = vector of observed stopping times ;

5. =I(Y, -=YO~) - 0, if j"' component of ith observation is censored ,
i o 1, if failure time for j"' component of i*# observation is observed

vertical concatenation of parameters for 1°¢
B = ﬂl Il ﬂz =

component with parameters for 24 component

& ~ f(-,4), and

S(y; x) = /f(t; x) dt .
v



Note that Y, contains censored observations. In order to apply the Buckley-James procedure,
we need to replace censored values with the appropriate expectations.

- (0] o] o) O _ ,0 | vz

R .
+ (1-6;)-(1-6, ) -E[ YT | Y% > ¢, YOJ >c.03 XBl
Then the covariate parameter estimates can be calculated : § = (XT ‘X))~ 1.xT. ¥(B)

The conditional expectations are derived below.

3.2 ESTIMATION OF EXPECTATIONS AND COVARIATE PARAMETERS

The expected values are calculated according to the following methods:
1) If both components are censored (i.e. §; = (0, 0) ) then the conditional expected value of

the pair of failure times for the it individual is calculated as follows :

o0

BY 1 ¥W>y) = [km(¥W=k| ¥W>y) a
k=0

dk

7 k- pr(Y2=k)
PT(Y.'O>Y.')

k=y‘-

Using the density of the error terms, f(-) , and the corresponding survival function, S(-), the
conditional expected value can be rewritten as

Tk -pr(Y2=k) dk
kE=vy;

S(rv;-X; B

E(Y? | Y?>Ys) =
T k-f(k-X,8) dk

E=y;
S(y; - X; B)
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Using a change of variables technique with r= k-X; 8 (= dr= dk) leads to :

{ T (Xiﬂ+r)-f(r)dr}

r=y, - X8
S(v; - X; B)

E(Y? ] Y?>y;)

X,-ﬂ-{S(y,--X,-ﬂ)}+{ jj ﬂr‘f(f)df}

r=y; -

S(Y,’ - X; p)

| { °f° r-f(r)dr}
r=y;- X,8
= NA e 50:- X A)

]

The conditional expected values are written for each component separately are :

{(38) ()~ o)

oo o0 \
J 1y -f(ry, 1) drydr,
X. B + n=vn-XBy ra=up-X8
_| T S(vi- X; )
) T T nef(rr) dnd
ro-f{(ry,t r, dr
X. 8, + "=y =XBy ry=vy,-X.6, ’ v }
\ 72 S(y; - X; B) /
(3.1)

. o0 00
The numerator of the first component of (3.1) , { / / 1y -f(ry, rp) drydry, },
r r
2

can be estimated empirically by { Z €y - w J(/:9) , & weighted sum of the residuals
{i:¢ 2%}

summed over the appropriate risk set, where
uj(ﬁi‘(éjh éj2;ﬁ) - I:-‘(éjla éj—2; B) - I:-‘(éj-l’éjz;ﬂ) + F(éﬁv éj—'z; B)
= 3(e &5 B) - S (&5 4i8) - 8 (&3 6 B) + S (410851 B)

=  probability mass assigned to (éjv éjz)-

An analogous estimate applies for the numerator of the second component.
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Thus E(Y? | YO>y) = X8 +

if both components are censored.

2) If only one component is censored , (say Y?l) , then the conditional expected value of the

first component is calculated as :

k-pr( YYo=k, Y=y,)

[o <]
ECY? | YO>Sy, YO =y, =/ dk .
( sl | sl 1l 12 yt2\) pl‘( Y?l >Yi1 , Y.'O2=Y.'2)
k=y;
Letting r=k- X;8, leads t(?:
E(YS | YO>yu, YO=y,) .
' nonT e I rf(nyy X, B,)dr
X. B + r=vy - X8
= . 1
! pr( Yq>yn, Yo =v,)
(3.3)

Withe; and w; (B) defined as before, the numerator of (3.3) can be estimated empirically as:

éjl : w](ﬁ) } y

{{i F &1 28& &3 =¢p)
a weighted sum of the residuals, though summed over a different risk set than in (3.2). The
denominator of (3.3) can be empirically estimated by S(é,-l, &5 B) - S(é.-l, €; B) . An

analogous formula applies if only Y?z is censored.
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Thus for each of the four cases of censoring we have the following values for § :

1) If both components are observed (i.e. 651 = 6;5 = 1), then neither component has to be

estimated and :

y; (B) =Y

2) If the first component is censored and the second observed (65 =0 and §;, = 1), then

.':/,'2 ([9) =Y and

) [ - wiB)]

{52 851 28y, &3 = &}

ir.. (B = X. ; + = z Q ;
¥a (B) = X; By S(&1 &35 B) - S( &, 845 )

3) If the first component is observed and the second censored (6;; = 1 and 6;2 = 0), then

%1 (B) = y;; and

Z [éjz ) W,'(ﬁ)]

0 (B) = X: B — : S ;
Uiz (B) i By + S(&1,&5;8) - S(&, &y B
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4) And finally if both components are censored (6;; = §é;; = 0), both components must be

estimated, and

As the covariate parameter estimates depend on the expected failure times, and the
expectations of failure times depend on the parameter estimates, an iterative process must be

used to solve for #. Thus let

ﬁ(k +1) = values of B at (k+1)*¢ iteration of algorithm

xT.x)"t.xT.58%) «=012..)

= (BEFD AT,

Initially all y values are treated as uncensored to obtain a starting value of

&(0)= (XT‘X)—I'XT'YO-

Then the predicted conditional expected values are updated by calculating the conditional
expected values based on the covariate parameter estimates from the current iteration. Thus
~(k - 2k
- 0] O 0] a2k
+ (1‘6'1)‘(1-6'1))°E[ Y'] I Yl] > C'J ) YIJ, > C'.jy H Xﬂ( )] y k= 1, 2, see
and the estimation process is repeated until || B(k +1) B(k)H - 1, for p small. In the

univariate case the estimate may never approach a limiting value, but instead oscillate between
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two values. This possibility also exists for the bivariate situation; if so, then a mean of the

two values could be used as an estimate.

3.3 VARIANCE ESTIMATION

To obtain the variance-covariance matrix for the covariate parameters, the matrix of

covariate parameters must first be transformed into a vector.

Let ;’* = ( 31//32)
= vec (B)

= horizontal concatenation of columns of 8

In a general multivariate linear model, V( 3*) =% o (XT. x)-t

) V(Y)) Cov(Y,, Y,) 5,2 &y,
where ¥ = ) =
Cov(Yy, Yy)  W(Yy) b12 67°

Following the methods of Buckley and James, a reformulation of the variance was developed

for the proposed model by taking the censoring into consideration through the use of A and A;

A = diag(6;,-6;,) i=12
where . .
A; = dlag(éj,-) j=1...,n

} . Thus A (and A;) are diagonal matrices
with the j** diagonal element being 1 only if the failure times of both components (i"‘

component) of the j*# pair are (is) observed. Thus

33



. 52 (XTA; X)"1 5, (xTAX) D
V(B*) = ;
b1 (XTAX)™T 5.2(xTA, X) !

(3.4)
and the individual variance components are defined as follows:
2_1% 2 (1) 2
o'=g Z{ G- et (1850 B(650 0l + (16,0 w,) e }
i=1
= average of weighted sum of e j12 ;
(3.5a)
1Y% 2 (2) 2
=5 Z{ jarej +(1-65): ;(51'1‘“,1: + (1'6j1)'wjk) €r2 }
= average of weighted sum of e j22 ;
(3.5b)
and
1
L@ 651652 €085+ (1-65) 655 (;uﬁ-k) ek1) ey +
27w z (2)
=1 18;-(1-6;5)-e; ( ?ujk ekz) + (1-6;)(@1- 5j2)zk:wjk “€r1 €2
= average of weighted sum of €j1°€j2
(3.5¢)

The details of these derivations can be found in Appendix B. The appropriate weights are

determined on the basis of the empirical survival distribution as follows:

w(B)
(TIZJ;—B—)) for e. > °j

0, otherwise
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: wB).
S(e 1 €523 B) - S(ej; B)

for e, > € and e;, = €2

uglk) = ; and
0, otherwise
Wk(B)'
— = - fore, >e,and ey, =e
@) S( €10 €52 B) - §( € p) ’ 7
qu =
0, otherwise
Ny
.-k
To reduce bias, a correction factor = (n"r‘l ) should be included with the estimated
— .
(nu - k)

variances and covariance in (1.2), (1.3), and (1.4) , where

1]
n,, = 'Eléﬁ = number of uncensored it? components ;
J =
n -
n, = .216 j1+6;1 = number of uncensored pairs ; and
J =
k = nrow(8) .

(For the previous derivations, see Appendix B.) The estimated covariance of either component
with itself reduces to the estimated variance of the component; in the absence of censoring
(ie., all failure times observed) the variance and covariance estimates in equations (3.5a) -

(3.5¢) reduce to the usual maximum likelihood estimates.
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CHAPTER 4. EXTENSION OF BUCKLEY-JAMES PROCEDURE TO THE BIVARIATE

FRAMEWORK (PARAMETRIC MODEL)

4.1 BIVARIATE DISTRIBUTIONS

In the univariate framework the exponential and Weibull distributions are commonly
used in the analysis of survival data. Properties of these distributions are examined in the
context of analyzing bivariate survival data. For the covariate analysis of bivariate survival
data in the parametric situation, instead of replacing censored components using empirical
estimates for density in (3.1) and (3.3), estimates of the conditional expected values for
censored components are based on specified underlying distributions. Determining which
distributions would be of particulgr interest to examine in more detail led to further
examination of the model used in this research, the accelerated life-time model, i.e.,

Y= log(Time) = Xf+¢ = Time =eXP.ec .
If e€ haa;. an exponential or WeiBull distribution, then the marginal distributions of the failure
times are also exponential or Weibull, respectively. For example,
(1) Let el ~exp(l) = fe(s)=e"

Using the transformation Time, = e™P1 *1 reqults in the following distribution :
¢

:ﬂl
fTimel(t)=e € ) zlﬂl :
e

(4.1)



Thus Time, ~ exp(e ‘pl) .

(2) Alternatively , let 1 ~ Weibull(1, v) = fe(s)=v-s¥" 1=,
Again using the transformation Time; = P +a leads to :

ezﬁl

fT,-ml(t)=u-( 5 )-1( t )

&1
(4.2)

Thus, Time, ~ Weibull((e ~ a"91)", v) .
Clearly, the exponential distribution in (4.1) is just a special case of the Weibull distribution in
(4.2) where v=1. This property is an influential factor in using bivariate distributions with

either exponential or Weibull marginals.

There are infinitely many bivariate exponential distributions; unfortunately none exists
that simultaneously has exponential marginals and exhibits the lack of memory property of the
univariate exponential distribution. For most practical situations the former characteristic is
more desirable than the latter; in fact, lack of memory may not be a reasonable assumption
about the data under study. Alternatively, if the marginals are exponential then the properties
of the distribution are well-known and relatively easy to work with. Therefore the set of
bivariate exponential distributions to be considered include only those with exponential
marginals. The following two bivariate exponential distributions have exponential marginals

and are relatively easy to manipulate (Johnson and Kotz, 1972) .

37



(i) Gumbel’s exponential (I) :

f(st) = {(1+06s)-(1+6t) - 8} .e-s—t—0st .
(ii) Gumbel’s exponential (II) :
fst) ={1+4+6(2e"*-1) (23" -1)} - e~ t
(4.3)
The Weibull distributions are obtained from the corresponding exponential distributions by the

transformation

(queibuU’ zﬁ’eibull) = (sexponential7 tt=::r:pcmential)'

(iii) Weibull based on Gumbel’s exponential (I) :

fiw,z) = { (1 +0w¥)-(1 +62%) - 9} - e'"’u"‘(b“""u‘d’-1/:,‘sz"'1z"s'l ; and
(iv) Weibull based on Gumbel’s exponential (IF) :
fwaz) = {1+62" -1) (2e"’¢ -1} e-W"-z¢.u¢w"‘1z¢"1
(4.4)

The last two distributions will subsequently be referred to as Weibull (I) and Weibull (II).

Since these are the distributions for (s, t) = (€1, e“?) , reparameterizations must be
used to obtain the conditional expected moments of ¢. The Weibull distributions are based on
the exponential distributions using (s}y;pun> % cibut) = (Sezponentialr tezponential):  The
conditional expected values of ¢ and €2 are easily obtained from the appropriate exponential

distributions by the following method.
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oo

/ u-f, (u, v) dudv

rl v = 1‘2
Se(ry) 13)

—_8

Ele; |, >, € >1p5e~ Weibull] =

Transforming the variables of integration (e“ e”) to (s, t), since the distribution of e€ is
known, leads to the following formulation of the conditional expectation.

7 7 In(s) -f ¢ (s, t) dsdt

. " _ T
Ele; e >, ¢ >rp;e~Weibull] = 2=e” t=e?
Sec(e 1e?)

where the density and survival function are Weibull.

Letting w = s” and z = t¢ » transforms the Weibull density into the exponential, leading to:

< -]
_/ / 3+ In(w) fe(w,z) dw
_vn ér

E[fxlzlz;:; ;ef~ Weibull] = “=¢ " :=e"2

Sec(eyrl, e¢cr2)

though the density and survival function, on the right-hand side of the equation, are now

exponential, rather than Weibull.

€ >0, e Sl = 1 € > VeI e .
Thus Efe, | € >1, 16~ Weibull] = 5-Ele, | & >ér, C ~ exponential]
In an analogous fashion, it can be shown that
cl > 1'1 . 1 fl > 1 2] l'l .
Ele, | >, e€ ~ Weibull] = E-E[e2 | & > -1, " ; e ~ exponential]

The conditional expectation of either component when the other component is observed can be

written similarly. Thus
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& >r . € D> V-r .

Ele, | 612 — r; ; €€ ~ Weibull] = -};-E[el | 612 > ¢-r12 " ; e ~ exponential] ; and
€, >r . €, >Vv-r .

Ele, | 512 = 1-,; s e¢~ Weibull] = 2-E[e, | 6; _ ¢-r12 " ; € ~ exponential] .

To demonstrate the relationship between the expected value of the product of the residuals for

the exponential and Weibull distributions, the same type of method is used.

[~} o0
/ / uv-f_ (u,v) dudv

u=r) v=r,

Se(ryy 1y)

6 >r1

Ele; ¢, | €& > 1

; €5~ Weibull] =

Changing the variables of integration from (u, v) to (s, t) = (e%, e") , so that the Weibull
density and survival function can be used, leads to the following reformulation of the

conditional expectation of the residual product :

[= =] [ <]
In(s) -In(t) - e (s, t) dsdt

S r "

Eley e | ) 5 ph 5 e~ Weibull] = £=e t=e’

r T
S (e, e?)

Letting w = s” and z = t%, to transform the Weibull distribution into the exponential, leads

to:

8

#-ln(w)-ln(z) fe(w,z) dw
w = evrl ¢y

Sec(eurl, e¢r2)

Ele, | € > 1y e ~ Weibull] =

where the density and survival function are both exponential.

Thus

6>rn

. €1>V'l'1
€2>r2’

Ele, | e ~ Weibull] = # Ele, - ¢, | &> 1y ; € ~ exponential]
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Since all of the necessary moments for the Weibull distributions can be found in terms
of the corresponding moments of the exponential distributions, it is only necessary to
reparameterize the two exponential distributions to obtain all of the required moments for both
the Weibull and exponential distributions. The densities of the residuals, obtained by

transforming the densities of the exponential of the residuals found in (4.3), can be written as

follows :

Gumbel’s exponential (I) :

—e 1 _ 2 g1
f(‘vfz):{(l+9651)-(1+0e‘2)-o}.e‘1+‘2 el—e?—0e ;

Gumbel’s exponential (II) :

€ € - Cl_ 62
flepeg) = {1+ 6(2=¢ 1) (2e"°7-1)} . ert2=c = |

4.2 BIVARIATE PARAMETRIC EXPECTATIONS

As with the semi-parametric situation, the censored components are to be replaced by
their expected values, conditional on the time of censoring and the covariate parameters.
- _ (0] 0] 0 0O _ .0 . v3
y"j = 6"]")’”1' + (1-6'1) '6'.].1'E[Y"j I YlJ > y,J , Yij’ = y'-ja ) Xﬂ]

+ (1-6.1) ’(1-6'.]-’) ‘E[Yg I Yg > y,] y Yza > y‘.J., h XB]

But now these conditional expected values can be determined directly from the underlying
distribution. To determine all of the expected values for the censored observations, the
following quantities need to be calculated based on each distribution for censoring of the first

component, with analogous formulas needed for censoring of the second component.
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(i) When only the first component is censored, the conditional expected value of Y?l is

[ <]
s f(s, yjp-X;8;)ds
s=y, - X8
E[ Y [ Y3> v, YO=vid = X;8, + Ut ; and
f(s, yin-X;8,) ds
8=y - Xiﬂl (4.5)

(ii) When both components are censored, the conditional expected value of Y?l is

(oo}

s-f(s, t) ds dt
=y =-X.B, t=y..—X.P
E[ Y | YO> ya, Y3> Yid = X8y + i yﬂoo =2

[++]

/ / f(s, t) ds dt

=y - XiBy t=vp-XBy (4.6)

Letting r;; = y;; - X;8;, and r;5 = y;, - X;8, , and using the four distributions presented

above, (4.5) becomes as follows:

E (Y?l

O O
Ya > v Y = v | _
e%i ~ Gumbel’s exp(])

y Ei(-e"i1. {1+6e"i2}) )
! (140eTi1). e LT (1 +0e72) T (148e 1)(1+e”i2) ’
(4.7a)
© - _a)t
where -Ei(-a) = 1) a% dx = -v - log(a) -{§ -(-la—z'}
= S !
is the exponential integral ; v is Euler’s constant .
O (0] (0]
Also. E Yal Ya > va Yo = vas) _
) €: =
e ' ~ Gumbel’s exp(II)
r.- r.
(1-6(2 "2 1)].-Ei(-e"i1) + 8(2¢=° 2 . 1).-Ei(-2¢"1)
Ya + il T2 i1 ;
M40 ¢ -1)(2~° " -1)]-e"°
(4.7b)
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E (Y] Y] > v Y§ = vi -
e ~ Weibull (1)
o+ b BTy ,
v . . . . ’
. (1 407Ti1y. o= (14 0®Ti2)  (146e""1)(146¢°"2)
(4.7¢)

(0]
and E Y?l( YR > v Y3 = v _
€ . =
et~ Weibull (II)

ér; , or; )
1| [1-8(2e = o )] -Bie"i1) 4 82e = 2. 1).-Ei(-28" i)
Ya+t+ o érin vro
-1)]-e”¢

[1+6(e e i 1)(2e ¢
(4.7d)

Using the transformations T =Yiq-Xf, andry =y, - X;B, allows calculation of the

expectations of (4.2) , corresponding to each of the four distributions, as follows:

E(Ya] YA > v YO > v | _  Eie'1. {146¢"i2})
e%i ~ Gumbel’s exp(I) i1 e—er“ - (1+6¢12)
(4.8a)
E(YQ| YQ > v Y > vy _
€% ~ Gumbel’s exp(II)
. r.
[1-6(e* "2 1)]--Bi(-e"i1) 4 e =¢ 2. 1).-Ei(-2¢"1)
Ya + T T2 il ;
1+0(e™° " -1)e”¢ ™ -1)]-e"®
(4.8b)
E Y?ll Yg > Yin Y,~O2 >V ) _ 4+ 1. -Ei(-e""i1. {1+ge¢'i2}) .
€; . = Ya v vr. or. '
et ~ Weibull (I) o= i1. (1 4 9e®7i2)
(4.8¢)

43



YQ > v YR > v | _
e ~ Weibull (II)

E (Y?l

i

[1 i 0( e_eu",'l ) 1)] --Ei(-eur“) + 9(e—°¢ 2 R 1) --Ei(-2euri1)

Yi + 5

vr. or. vr.:
L+68e= - ? . 1)).e-c
(4.8d)

Similar calculations are performed for the second outcome variable under both censoring

scenarios.

4.3 BIVARIATE PARAMETRIC VARIANCE CALCULATIONS
To calculate the variance estimates in the parametric situation, in addition to the expected
value of the residuals under each censoring scheme, the expected value of squared residuals

must also be determined.

V=13 Sjrejn’ + (1-6,0) - (1-65) - Blejy? | 6;,=0, 8,5=0)
J i=1 + (1-8;1) - 8- Ele ;1 ] 6,1=0, 6 ,=1]

. 1 2": 6j1 e t+ (1'6_11)'(1“61'2)‘E[5j1 l 5j1=0, 6]~2=0] 2
n N
i=1 + (1-851) 652 Elejy | 6,0, 6,=1]
(4.10)

The following quantities need to be calculated based on each distribution for censoring of the

first component, with analogous formulas needed for censoring of the second component :

o0
s f(s, yip- X;8,)ds
s=y.—-X.8
E[ (¢1)? | Y > cans Yo =¥ = T ; and
fls) yiz-X;By) ds
J=y'-l—xl-ﬂl (4.11)
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s2-f(s, t) ds dt
1=y = XiB t=vp-Xh
oo [+

/ / f(s, t) dsdt

t=vp—Xify t=y,-XBy (4.12)

E[(c;,)? I Ya>epn Yo>cpl=

Letting r; = y;; - X;8, andry, =y, - X;B,, (4.11) becomes:

(5.1)2| Y.l > C.lv 2 = Yi2
~ exp(I)

2 . . . . R
2, T2+ [ + {7 + In(1+6e D)} - 2r,p (“Bi-e"1- (146"2)) + 7 + In(1-+6¢"12) )

=T. 5 T
! (1+6ei1) . -t (1+6¢"12)

( o) 2.(_,'51.(1+9eri2))i+1>+ 20

—e i1 402y . oy 7
=0 i+ (i+1)? r o2 TiC (1+6e%) _Bi(-(1+8e"2)e 1))

TP CRT

{4.13a)
(‘ 1)’ I Y:l > cm 2 = Vi
~ exp(1I)
o2y, Talt B+ 402 n2) 2y + @)
=1, = - —
{1 + f(e™° '1-1)-(2e‘c 2 —1)}-e_° '
[e) (_eril)(j"'l) _eri2 Gi+2) _eri2
2= ) (2{1-8(2e—¢ 21y} - Ui+ Dgrge - e 12 )
L 30 GG (301402 ) (2 )
{1+ 61 2o ) feeme
(5 + {1-02e =" 1)} - Eice™i1) +0(2¢ =< 21y [ Ei2e"1) 4 n(2)]) -2,
{1 + 0(6_5'61-1)_(20_6'52 -1)}.e"°ri1
(4.13b)
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(€i1) l Y.l > Y = ¥y - (1) l Yu> ch 2=%a2| |
~ Weibull(I) ~ exp(I) ’

and (e0)? Y.l >ein Y=Y _ (ei1)? I Y > ch i2 = Y2
~ Weibuli(II) ~ exp(1I)

(4.13¢)

(4.13d)

The expectations of (4.12) , corresponding to each of the four distributions, are determined as

follows:

E((etl)

. r. v r. R 2.(=(1+8e12)ei1)d +1
f-Ei(-{140e 12} .e 11 140e t2)].92r.
{[Ez({+e bre ) b e 2r'1}+{j§o G+1) (5 +1)? .
geTil T Ti2 !

: 2 .
Ytl > c:l’ Y.2 > € = r.,° + {-l"-12 + [16— + {7 + ln(1+0er‘2)}2] }
~ exp(l) i g il_gc i1 T2

+

r.
—e 81
e ¢

(4.14a)

E((fu)z

Yo > Y >,
(e°i1, €2) _ exp(Il)

a5+ 77 + 6= 1) In@)- {27 + In(2))
R N ) E

_ 2
=t +

o) (_eril)j+1
;=0 (G+1)-(i+1)?
{1 +08(e"¢ '2-1)-(e"3

(21" 20)y - 2l +2ge-<T2yyy)
+

L o
11_1)} Le—® 1l

(7 + (o= BTy + 0(e 1) L2 + m(2)]) 20

(14 e~ ™M) (e=¢ 2 1)) o=

(4.14b)
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(€51)° l Yzl >cin Yig =Y | _ 1. (€i1)2‘ Yi >vep Yo =6y, |
~ Weibull(I) Ve e _ exp(l) '

and (e; iv Yia = Yip =1. (551)2. Y > veyy, Yy = ¢y
~ Weibull(II) v e _ exp(Il)

The results for the conditional expected value of (6'-2)2 are analogous.

(4.14¢)

ll

(4.14d)

4.4 BIVARIATE PARAMETRIC COVARIANCE CALCULATIONS
To calculate the covariance estimates in the parametric situation, in addition to the expected
value of the residuals under each censoring scheme (as found in section 4.3), the expected value

of the product of residuals must also be determined for each distribution.

6j1°6j2-¢j1°¢5 +
(1-6;1)-6;5-Ele €65, =0,6;,=1] +
1]650-(1-655) Elejy-ejp 65 =1, 6,0 =0] +
(1-6,1) - (1-832) -Elejy €5 [ 6,1 = 0, 8,5 = 0]

Lo Sjr-ejy + (1-61) - (1-65) - Ele; | 6,1=0, §,=0]
e + (1-851) - 855 Elejy | 6;,=0, 6 ,=1]

1o 83 52 + (1-6;1) - (1-65) - Ele y | 6,,=0, 6,,=0]
o = + 611 . (1‘612) 'E[€j2 I 6]'1:1, 612=0]

(4.15)

47



The following quantity needs to be calculated based on each distribution :

[o ] [o o]
s-t-f(s, t) ds dt

s=y.,.—-X.8 t=y.,— X.B
E{(1-€1) | Y > cip Yig > ¢l = L e 22

(s, t) ds dt
s=y—-XBy t=vp-XB (4.16)

Letting r; = y;; - X;8; andr, = y,, - X;8,, (4.16) becomes:

‘.'1"-'2[ Yo > Yip>cp
(€1, €“i2) _ exp(I)

r. r.

Cnn oy TmeTt T BiC{14072) ) 4 1y o= P BiC {14667} - o2)

Tl a2 emeilocli2_ge i1 ¥ "2

Ei(-e"'l) .Ei(_e'iz) E E (“ei 09T, e Z (=¥ N
-].J—k )iy j.etl) + v -5 (,e*)

<+

e-© Tl _eTi2 _geTi1 T Ti2
(4.17a)

€1°€a] Yi > ¢y Yip > ¢y
(€11, e%i2) _ exp(II)

§-{Ei(-e"i1) - Bi(-2¢"1)}.{Bi(-e"12) - Ei(-2¢"12)} + Ei(-e"i1). Ei(-"i2)

=r.'1'r"2 + . r. r. r.
(14 o1y (eme211)) cemelit-2

r. r. r. r.
0 (5 e e = L) Bie ) Bi(2" 9 ey e~ e = L) Eifee ) Bi(-2¢"1) 1)
— = e ;
(14 6=y (=<2 1)) cemet-e2

(4.17b)
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€i1 '€‘2| Ya>cin Ya>c) _ 1 gfen "izl Y > veyy, Yy > dejy ,
e“ _ Weibull(I) vé e _ exp(I)

(4.17¢)

and E i1 'f.'z, Ya>en Yo >cp) _ 1 e 'fizl Yir > vejp, Yip > depp )
e _ Weibull(II) vé e _ exp(1l)

(4.17d)
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CHAPTER 5. APPLICATION OF SEMI-PARAMETRIC AND PARAMETRIC METHODS

The models developed in the previous chapter were used to analyze the outcome
variables of duration of post-partum amenorrhea and breastfeeding. A random sample of 100
observations was selected from the Demographic and Health Survey of women in Ghana. All
of the women were aged 18-49 and only those with parity > 1 were included in the sample.
The covariates examined in this analysis are education recorded in years completed and parity
(birth order) of the child. Duration of breastfeeding is the first outcome variable and duration
of post-partum amenorrhea is the second outcome varible. There was a high proportion of
censored observations : 46% of the sample were either singly or doubly censored. The primary
cause of censoring was that the activities, post-partum amenorrhea and/or breastfeeding, were
ongoing at the time of the study. The censoring indicator, §, is 1 only if the activity has

ceased (i.e., failure” has occurred) for each outcome variable.

61
: 0 1
5 0 24 18
1 4 54

Almost two-thirds of the women in the sample had three or less years of education, with over
half of the sample having none; only 16 had nine or more years of education (i.e., some
secondary school or more). Since all first births were excluded from consideration, all of the

parity values are two or more; 57% of the women had four or fewer children, while only ten



had nine or more births. The outcome variables, including both censored outcomes and
failures, ranged from 1 to 35 months for the duration of breast-feeding and from 1 to 36
months for post-partum amenorrhea. When the censored outcomes were excluded the range for
the duration of breast-feeding reduced to 1 to 25 months; the range for post-partum

amenorrhea was not affected by the exclusion of censored outcomes.

The estimates for the semi-parametric and parametric methods have been calculated
using SAS IML. The covariate parameter estimates and standard errors for each of the five
models can be found in Table 5.1. For comparison purposes, the parameter estimates were
found based on marginal analyses under the assumption of independent outcomes (estimated

using SAS PROC LIFEREG) and are also included in Table 5.1.
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TABLE 5.1 COVARIATE PARAMETER ESTIMATES FOR EACH MODEL

log(months of log(months of

breastfeeding) amenorrhea) Standard errors

[ 2.7181806  1.8579996 |  intercept | 0.1519 0.1746 |
-0.005894 0.0340847 education(yrs) | 0.0148 0.0192
-0.006762 0.037571 parity 0.0276 0.0333 |

empirical survival

2.6860659 1.9052683 [ 0.2522 0.2612 |
0.0015026 0.0353857 0.0245 0.0269
0.005204 0.0428116 0.0459 0.0467

L. - -

Gumbel’s exponential (I)

2.6227863 1.8180563 [0.2720 0.3440 |
0.0036892 0.0353857 0.0264 0.0354
0.0040728 0.038764 0.0495 0.0615

L. - -

Gumbel’s exponential (II)

2.9096196  1.9087483 0.2433 0.1009
-0.007279  0.0308122 0.0236 0.0104
0.0099007  0.0391454 0.0443 0.0180
- - - Weibull (1)
[ 3.035269 1.8442362 [ 0.2145 0.2127
-0.016412  0.0334033 0.0208 0.0213
£0.020281 0.0352661 0.0390 0.0369

- - - Weibull (1)

3.2100076 2.3897499 [ 0.3320 0.2921 |
-0.0324428 0.0122253 0.0331 0.0313
0.0208825 0.0483367 0.0601 0.0526

-’ . .
exponential assuming independence

3.0234413  2.4126285 [ 0.1069 0.1859 ]
-0.0198274  0.0095677 0.0111 0.0206
0.0101980  0.0425989 0.0217 0.0336

e - -

Weibull assuming independence
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The estimates in Table 5.1 are for the logarithm of time, so the untransformed
estimates for months of breast-feeding and months of post-partum amenorrhea at baseline
(excluding the estimates found assuming independence of the outcomes) range from 13.8 to
20.8 months and 6.2 to 6.7 months, respectively. It might be more appropriate to examine an
adjusted baseline value, as a parity of 2 is the minimum value within the range of estimation
for this analysis; using (parity, education) = (2, 0) as the new set of baseline covariates yields
adjusted baseline estimates. The range of adjusted estimates for duration of breast-feeding for
the five models is rather wide : 13.9 to 21.7 months; the range of adjusted baseline estimates

for post-partum amenorrhea is much narrower in comparison: 6.7 to 7.3 months.

For the two Weibull distributions the estimates of v and ¢, functions of the marginal
expected valﬁes, are (0.833, 0.745) for the Weibull (I) and (0.734, 0.748) for the Weibull (In)
distribution. If these two values for each Weibull model were identically 1, then the
distributions would reduce to the corresponding exponential distribution. The estimates of
these parameters are quite different when calculated usiné univariate models separately on each
outcome : (v, ¢) = (0.339, 0.642). Since these values indicate that the Weibull distributions
are quite distinct from the exponential distributions, a similar difference in parameter

estimates might be expected.

Actually, the intercept and covariate estimates for the duration of post-partum
amenorrhea are fairly consistent across models, though the intercepts are quite a bit lower than
those found using univariate techniques. On the other hand, the parameter estimate for
education using any of the bivariate models is almost three times as large as either estimate
from the univariate models. The parameter estimates of parity assuming independent

outcomes are fairly consistent with those of the bivariate models.
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For this data the choice of underlying distribution between exponential or Weibull has
little effect on the estimates for amenorrhea; also the selection of either Gumbel’s (I) or
Gumbel’s (II) seems not to be unduly influential. For this outcome the parametric estimates
are quite similar to those found with the semi-parametric model, indicating, at least

intuitively, that the exponential distribution provides a reasonable fit to the data.

For the first outcome variable, months of breast-feeding, the underlying distribution
appears to have a much more significant affect on the parameter estimates. In fact, even the
direction of the effect for the concomitant variables varies across methods, though these effects
are quite small and perhaps non-significant. The ‘intercept estimates are also not consistent
across models; thus for breast-feeding the choice of model is much more important. And unlike
the situation with the second outcome, there is relatively poor agreement between the
exponential estimates and those found with the Weibull models, though the two exponential
models are in fairly close agreement, as are the two Weibull models. The intercept value found
with the semi-parametric model lies between the exponential estimates and the Weibull
estimates. Rather surprisingly, the intercept estimate found from the univariate exponential
model is not only larger than the corresponding Weibull estimate, but it is also larger than any
of the intercept estimates from any of the bivariate models. All of the parameter estimates for
the univariate Weibull model are similar to those of the two bivariate Weibull models, but this

not the case for the exponential models.

The estimated variance-covariance matrices of [9 were calculated for each model
according to the methods discussed in Chapters 3 and 4. The standard errors and correlations
were determined from the estimated variance-covariance matrices and are presented in Table
5.2. For comparison purposes, the standard errors for the models based on the assumption of

independent outcomes are also presented in Table 5.2. The variances are available from PROC

54



LIFEREG, but the covariances for the parameters within each component, while they could be
determined, are not provided. Since separate univariate analyses were run, the covariances for
between components parameters do not exist. Therefore the correlations between covariate
parameters for the same outcome component exist, but are not available; the correlations

between covariate parameters for different outcome components do not exist.

Of the bivariate models the semi-parametric model, in general, provides the smallest
estimates of the variance. The Weibull model estimates were smaller than their corresponding
exponential models. This was not unexpected; since the exponential distribution is a special
case of the Weibull distribution, the Weibull model should provide a better fit to the data.
The results from the univariate models are rather surprising : the exponential model estimates
are a good bit higher than their bivariate model counterparts, but the univariate Weibull
model estimates are, for the most part, substantially lower than their bivariate counterparts.
The estimated correlations between covariate parameters for the duration of breastfeeding
outcome were in extremely close agreement across all of the bivariate models; the correlations
for the post-partum amenorrhea outcome, while similar, were not as consistent across models.
The correlations for covariate parameters between the outcome variables were even more
variable across models. Generally the semi-parametric model provided correlation estimates

with the largest magnitude.
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TABLE 5.2 ESTIMATES OF STANDARD ERRORS (DIAGONAL ELEMENTS) AND
CORRELATIONS (OFF-DIAGONAL ELEMENTS) FOR COVARIATE PARAMETERS

Empirical survival :

[ 0.152  -0.487 -0.853 0.419 -0.182 -0.337
0.0148 0.172  -0.207 0.386  0.0659
0.0276 -0.354 0.0609  0.399

0.175  -0.520 -0.912

0.0192  0.191

0.0333

Gumbel’s exponential (I) :

0.252  -0.487 -0.854  0.252  -0.117 -0.217
0.0245 0.172  -0.124  0.249  0.0423
0.0459 -0.213 0.0392  0.257

0.261  -0.486 -0.851

0.0269  0.190

0.0467 |

Gumbel’s exponential (II) :
0.272  -0.487 -0.854 0.401 -0.187 -0.345
0.0264 0.172  -0.198 0.396 0.0674
0.0495 -0.339 0.0625  0.408
0.344  -0.486 -0.851
0.0354  0.190
0.0615

Weibull (1) :
0.243 -0.486 -0.854 0.389 -0.181 -0.335
0.0236 0.172  -0.192  0.384 0.0654
0.0443 -0.329 0.0606 0.396
0.101  -0.486 -0.851
0.0104  0.190
0.0180

Weibull (1) :

F 0.215 -0.487 -0.854 0.291 -0.135 -0.250
0.0208 0.172  -0.144  0.287  0.0488
0.0390 -0.246 0.0452  0.296

0.213  -0.486 -0.851

0.0213  0.190

0.0369
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exponential assuming independence :

0.332

0.0331

0.0601

0.292

Weibull assuming independence :

™ 0.107

0.0111

0.0217

0.186

0.0313

0.0526 |

0.0206

0.0336

57



For hypothesis testing, a bootstrap sampling procedure was used. There were 500
replications selected; the 100 observations from the original sample were sampled with
replacement using a uniform random number generator in a SAS program. The semi-
parametric model was used and parameter estimates are calculated as described previously.
The mean and the standard errors for the covariate parameter estimates based on the 500
bootstrap samples are :

2.686 1.845 0.217  0.253

B =|-0.00526 0.0350 se.(B) =| 0.0200 0.0290
-0.00238  0.0405 : 0.0404 0.0336

There is a large class of test statistics used for testing general multivariate hypotheses

of the following type :
H, : =CAU H, : 0 #CBU

where C is a contrast matrix which computes linear combinations of the covariate parameters
for each outcome variable and U is a contrast matrix which combines the covariate parameters
across the outcome variables. A commonly used test statistic for multivariate hypotheses is
Wilks Lambda, A ; it is a likelihood ratio statistic for data having an underlying normal
distribution. The Wilks Lambda statistic is known to have a non-central F-distribution. The
statistic is defined below.

where
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H = ¢ [C(XX)~1C|~ 10
E=U‘TU - (n-1)

n = number of observations

r = rank(X) .

In the semi-parametric model, no assumptions are made about the underlying
distribution, so the test statistic does not necessarily have an F-distribution. But using the
bootstrap samples, a distribution of the Wilks lambda statistic can be obtained, and
significance levels determined accordingly. The three primary tests of interest are whether or
not the covariate parameters are jointly significant across outcomes and whether or not they
are individually significant. It is also possible to perform tests for each outcome individually,
but it would not be possible to reduce the bivariate .model if the covariate for only one
outcome is nonsignificant. The three tests described above can be written as:

1) Hy : No effect of parity or education on post-partum amenorrhea or breastfeeding

H, : At least one of the covariates has an effect on the outcomes

(Thusc={J}0 andU={(1)‘l’})

2) Hy : No effect of education on post-partum amenorrhea or breastfeeding

H, : Education has an effect on the outcomes

( Thus C = {0 1 0} andU:{(lj(l)})

3) Hy : No effect of parity on post-partum amenorrhea or breastfeeding

H, : Parity has an effect on the outcomes

(ThusC=1001} and U={} %))
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The test statistics corresponding to the hypotheses described above, using the estimates
of the covariate parameters and the variance-covariance matrix for the outcomes derived in
Chapter 3, are (A, Ay, Az) = (0.945, 0.976, 0.934). And the corresponding significance levels
determined from the bootstrap distributions are (0.25 > a; > 0.10, a, > 0.25, ag > 0.25).
Clearly the joint test of both covariate parameters was nonsignificant; technically, further
hypotheses should not have been tested, but they were examined here merely for demonstration
purposes. While other linear combinations of the covariate parameters could also have been

examined, within the context of this dataset there were no other a priori tests of interest.

Since the Wilks Lambda statistic is a likelihood ratio test statistic based on an
underlying normal distribution, it is not appropriate for the parametric models unless some
asymptotic results can be invoked. Development of a statistic for the parametric models is the

subject of future research.
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CHAPTER 6. DISCUSSION AND SUGGESTIONS FOR FUTURE RESEARCH

The primary goal of this research has been to extend the univariate Buckley-James
procedure for survival analysis to the bivariate framework. The bivariate methods provide
information about the relationship of the two outcome variables that cannot be obtained by
applying univariate methods independently on each outcome. Besides taking all of the data
into consideration in estimation of the covariate parameters, the bivariate methods allow for
the estimation of covariance components for both the outcomes and the covariate parameters.

Thus it is possible to make inferences concerning both outcome variables simultaneously.

The methods for covariate analysis of bivariate survival data presented in the
preceding chapters have resolved several of the difficulties found in existing methods. Ties in
the data are included in the model through modification of the empirical bivariate survival
function; censored observations are incorporated by replacing them with their conditional
expected values; and specification of an underlying parametric distribution is possible by using
the appropriate conditional expectations. The variance-covariance matrix for the covariate
parameters is still‘empirica.lly based, rather than the result of some analytical development.

The implications on the inference process have yet to be studied.



There are many other issues for further study, such as the choice between the semi-
parametric and parametric methods for parameter estimation. The primary consideration is
previous knowledge. If there is no prior information about the distributional form of the
outcomes or other factors indicating a specific underlying parametric distribution, then the
semi-parametric method, a more general approach, would provide a more reasonable course of
analysis. Conversely, the semi-parametric method is much more computer intensive; with the
availability of supercomputers and more powerful PCs this is not necessarily an influential

factor.

A goodness-of-fit statistic, for both the semi-parametric and parametric situations, is a
prospect for future research. Questions concerning the; choice of underlying distribution could
be decided on the basis of such a statistic. A related issue to be considered is the effect of
misspecifying the underlying distribution for the parametric model. Misspecification of the
model is another issue for further examination, which may result in difficulties such as non-
convergence of the covariate parameter estimates or patterns in the residuals. By modifying
some existing residual diagnostics for multivariat‘e regression to account for censoring, it may

be possible to detect some of the difficulties arising from misspecification of the model.

Another area that deserves some investigation is the examination of properties of the
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covariate parameter estimates ; such properties include consistency, efficiency, unbiasedness,
asymptotic properties, and small sample properties. The estimates have been widely studied
when the outcome is univariate, and it is likely that many of the same properties will also hold
in the bivariate situation. Properties of the variance-covariance estimates for the covariate
parameters are also of interest. Another important issue for future research is the development
of a statistical test for hypotheses in the parametric model. Depending on the asymptotic

properties of the estimates, the use of existing statistics may be justified.

The univariate Buckley-James procedure determines estimates based on the Kaplan-
Meier estimate of the survival function, but there are several bivariate Kaplan-Meier type
estimates of the survival function. Whether or not the choice of the empirical bivariate
survival function estimator has a substantial effect on the estimates of the covariate
parameters in the semi-parametric model is unknown. Additionally, it might be interesting to
compare these results with covariate parameter estimates calculated based on other types of

empirical survival function estimators, such as those using smoothing techniques.

In the univariate setting, the censoring pattern appears to have little effect on the
estimation process for the Buckley-James procedure. The same may not be true for the
bivariate setting. Another related issue is how the proportion of censored observations affects

the variability of the covariate parameter estimates.
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The techniques developed in this research for covariate analysis in the bivariate
framework can be generalized in several ways : the definition of censoring could be modified to
include not just right-'censoring, but also left- and interval-censoring; "the biva‘riate methods
could be extended to the multivariate framework; and the concept of covariate censoring, as

opposed the censoring of outcome times, could also explored.
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APPENDIX A. CALCULATION OF CORRELATION FOR OUTCOME
VARIABLES IN CLAYTON’S MODEL

When the marginals are exponential, the joint density in Clayton’s model becomes

0(9 - l)tl e ‘7(0 - 1)(’.2

Bavy e
{ co0=1ty L A(6-1)t, _l}al—l“
f(t)‘/ fary-e 10~V 701ty dt, — e~
1/ = =
{ ec(0=1ty  a(e-1)t, _l}ﬁn

5

So t, ~ exp(a) and, similarly, t, ~ exp(y) .

The marginal moments for the exponential distribution are known, so the only unknown

quantity needed to calculate the correlation of the outcomes is the expectation of the product

of the time variables.
E(t, -t,) - E(t;) - E(t,)
1
(V(tl) . V(t2))2

corr(t,, t,) =

00 0 - -
ty -ty By -e o8 l)tl e 7(0 l)t.2

T
- - 2
=0 t;=0 { e 2=k + e 0=t _1}0-1+

Using the transformations x = a(f-1)t; and y = y(6-1)t, leads to

(s <] =]

xoy.excey ) 0
T +2 g-1)*
=0 y=0 { ez+ ey_1}0_1+ 07( )

dx dy

E(t ty) =
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o0 oo y
_ / Ox-e / y-e dy | d
= == i y X
Lo av(6-1) ( L o { e ? ) g1 +2 )

+ e¥-1 }9
0 -1 x
- Ox - e* (0‘1)Y{e “+ egy 1} 0-1 Loo+ (6-1) dy |dx
= ri
L xv(E-1) =0 -fe”+ ev-1}-171
o0 (e <]
=/ x-ef | / 1 ; dy | dx
:=007(0-1) y=0 {e’+ ey-l}m+1
o0 [ =)
_ 1 / / x-e” dx | d
- 5 —— y
a7(t9-1) y'=0 (z=0{8x+ ey 1}6—1+1 .
o0 o0
= ;1)3'/ ) = ¥ = s
(b v=0 e+ ev-1}T-T| %  aSofe”+ ev-1}7-1
o0 o0
1 / / 1 dx d
5 - y
ay(6-1) v=0 z=ofe?+ ev-1}8-1
By Oakes (1982) , //(eu_*_—iv_l)—z-du dv=%.{\pl(%z) -\yl(%z+%)} ,
where
1 f: 1
¥i(z) = .
n—O(n"i'z)2
Therefore
Y — 1 ol gl_1 L
Bty t) = 2a7(6-1)° {W G- ¥ (2(9—1)+2)}'
1 11 11 1 1.1
L Iy -¥ ) - Gy
E(ty-tg) - E(ty) E(t) _ 20,-,(0-1)2{ G-y (2(0-1)+z)} ay

corr(ty, ty) =

[

T 1.1
(V(t,) - V(tg) P e 7)

= 2(11_9)2 {\I’l () - \I’l(ﬁ)} -



APPENDIX B. DERIVATION OF VARIANCE ESTIMATORS

1) NONPARAMETRIC VARIANCE CALCULATIONS
In the usual linear models setting :

p=xT.x)-1.xT.y

B* = (Bi/IByl] .. 11B,)

= vec (B)

In a general multivariate linear mode! V( #*) = £ @ (XT.X)-!

»

V(Y;)) Cov(Yy, Yy) &2 &,
where X = R =
Cov(Yy, Yy) V(YY) G129

p
~

For our model a reformulation was developed to take the censoring into consideration through

the use of A. Thus

. 52 (XTA; X))~ 5, - (xTAX) !
V(B = (1.1)
b1 (XTAX) ™! 5% (xTA, X) !

A = diag(é., -4,
where 865 J 2i) =12 and the individual variance components are defined as

=1,..,n
follows:
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4]
&2 = % Z{ i1 e.1'12 +(1-6;) ( in(éjz'“?k) + (1-655) - w i) 'ek12) } j (1.2)
ji=1

= weighted average of the squares of residuals for the first component

5t =g Zl{ 8j27€j2° + (1-65) (;(5,'1 D) + (1-6,)) - wjp)- ek22) } ;  and (1.3)
J=

= weighted average of the squares of residuals for the second component

1
650650 €€ + (1-651) -6jy- (Zkluﬂk’ ekl) “eig +

=1 8,00 6j2)-ej1-<¥uﬁ) ekg) + (1-8;)(Q- 5,'2)%‘”,‘1: "€y k2
(1.4)

= weighted average of the product of residuals for the first and second components.

The appropriate weights are determined based on the empirical survival distribution (as

determined in equation 2.2) as follows:

w
A for ¢, > e;
S(ej; B)
0, otherwise

wi(B)

' 3 = fore,, >e.;and e, = e,
(S< e;1 €2 B) - S(ej; ﬂ)) k17 €51 80C %2 = 5
sk ; and
0, otherwise
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Wk(ﬁ)
- A = . fore;, >e.,and e, = e,
o (S( el ¢ B) - S(eji ﬂ)) ko R T
qu =

0, otherwise

Dy
To reduce bias a correction factor = (n“;'l- k) should be included with the estimated
(nu - k)

n, = Zi: 61 *6;1 = # uncensored pairs
and k = nrow(f).
The variances are computed following the methods of Schneider and Weissfeld (1986) as they
can be determined from the marginal suvival distribution function and other information on
that component.

E(e;;)=0 1
Vi =or T W=,

(Fagr

n
fj.'2 = '117 2 (Yj,' - xjﬁ,')z
1 j=1

(0) | v(0) (0) _ 7
+(1- 606 EYD YD > Y=y, X8
(B.1)
The square of the outcome times are replaced by {y j‘_}z which is defined as :
0 - 0 0 0 >
@il = Y0P + -6 -0 B(YPR1YO > 0 YO > o, X8
+(1- 68, E{YDP YD > 05, YD = Yo, X8

(B.2)
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The estimated variance for the second component is determined similarly.
R . 2 1 5. .
COV(CJ'I, (12) = 012 = ﬁ- { 21(611 .€J2)}
J =

( A

6j1'6j2°é[€j1'€j2 | 6;1 =1, 6p=1] +

4 (1-85,) -51-2-?[611 g |65 =0,8=1]+
1]61:(1-655) Elejy-€501 65 =1,6,0=10] +
(1-6,1) - (1-6j2) Elejy-€jo | 651 = 0, 655 = 0] )

]
Bl
([Fagt

bj1-0jaej10ej0 +
(1-8j1) 6,2 Elejyl 653 = 0,655 =1]-ej, +
116;1-(1-655) ey Elejp [ 65, =1, 8, =0] +
|(1-851) - (1-60) Elejy €55 1 8,4 = 0,65, = 0] |

(B.4)
Thus

1
n 6,1612 ejlej2+(1-5jl) '6]'2' ( Ek ugk) ekl) ‘ej2+

Cov(e sy, €:9) = 1 E
712 * 32 n
1=1 611'(1 - 6.’2)’8]1'(;]1.(]1) ekz) + (1 - 611)(1 - 6]2)§wjk .ekl ‘ek2

In the absence of censoring (i.e., all failure times are observed) the variance and covariance

estimates reduce to the usual maximum likelihood estimates.

2) PARAMETRIC VARIANCE CALCULATIONS

The variance and covariance calculations for a specific distribution are similar to the
nonparametric situation, but the expected values of residuals, squared residuals and the
product of residuals now depend on the specified distribution. Also, due to the nature of the

distribution used, while the expected value of the residuals is quite small, it is not zero; this is
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a result of e® having the exponential or Weibull distribution. Thus to appropriately estimate

the variance and covariance, these terms must be included in the calculations.

V= a’= &% X80 - (% -j‘/::l@,-l-xjﬁl))z

i
=
i[Ms

j=1

1 '(ili i Ejl)2

_1 g {0 re® + (1-6;0) - (1-6) - Ele o | §5,=0, 8j5=0)
—— ﬁ -
i=1 + (1-84) 65 -Ele ;4 | ,,=0, 6;,=1]

_ -1. . zﬂ: 611 . ejl + (1-6_71) . (1-612) . E[cjl I 6]-1:0’ 6]2_—_-0] 2
R + (1-61) 82 Elejy | 8;,=0, 6;=1]

(B.5)
n n n
Cov(ejyy €j3) = 719° = %' {,2 (%’1'%‘2)}' {( Tll" 2 3,’1)‘( % = 3,2)}
§j1°652°¢j17¢j +
_ l. n (1-6j1)'6j2'E[€j1'€j2|6j1=0, 612=1]+
= 5 .
1=1 6j1‘(1‘6j2)'E[EJ'1'€J~2'6jl=1, 6J2=0]+
_ % . zn: 611 'eJ‘l + (1-6J1)'(1-§12).E[€Jl I 6J~1=0, 6J2=0]
18 8,0-¢52 + (1-83) - (1-85) - Ele ;5 | 6;,=0, 6 ;,=0]
(B.6)

The appropriate expected values needed to obtain the variance and covariance for each

distribution can be found in Chapter 4.
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APPENDIX C. COMPUTATIONS FOR PARAMETRIC VARIANCE AND
COVARIANCE ESTIMATES

1) FUNCTIONS NECESSARY TO CALCULATE EXPECTATIONS

Since the Weibull distribution is obtained from the exponmential by the following
relationship :

€ € vee P €
(el eDwepuu=(e 1e 2

exp
the expected values for the Weibull distribution are proportional to the corresponding values
for the exponential distribution. For example :
ell Y > Y>¢ ) 61|Y1>i/c1,Y2>¢c2
(1, “2)  Weibull(I) v (1, e?) _ exp(I)
Thus it is only necessary to calculate the expected values for the two exponential distributions.
For both the variance estimate and the covariance estimate, it is necessary to obtain expected

values of the residuals. In addition, for the variance estimate the expected value of e? must

also be determined. The expected value of ¢, - ¢, is needed for the covariance estimate.

o
Many of these calculations involve [ (In(x))?-e =% dx which is determined as follows :
k

L 4 {y + n(w)}Y

/e ~# . (In(x))? dx
0

Gradshteyn and Ryzhik (p.574, 4.335(1))

[} =) k
Thus [ e~ #7.(In(x))? dx b/ e~ H%.(In(x))? dx - [ e ™ M. (In(x))? dx
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k

k R
Jerrmme? ax = [ 88 ngo ax
0 o'~
_ i(—_u)‘, o +1.[ 0n(x)? 2in(x) b2 k
] i+1 (i+1)2 (i+1)3 0

_ lim (In(x))?

. lim 2, 4+1
Since X0 (In(x))*-x =xo0 oG4
L’Hospital’s rule }im 2 l;:(x) _ lim 2. In(x)
= x—0 -(i+l)-x-('+2) x—0 '(i+1)'x—('+1)
L’Hospital’s rule |im 2 - lim 9
= x=0 ()2 - ((+2) =0 (41)2. =06+

— lim 2-x(‘+1) =
x=0  (i+1)2

and similarly ):1"0 () -x6+D =g,

then  Jlim Rl [ i1 fmn@)? awme) 5 Y| _
X—0 .,20 1! {x ( i+1 (i+l)2+(i+l)3 0.

o o0 k
Thus /e ~H%.(In(x))? dx = /e “H%. (In(x))? dx - /e ~H% . (In(x))? dx
k 0 0
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L 4 {y + (W)

R (=u) [iit1 ((n@)? k)
- — !k . - .
igo ! { ( I+ (41)2 +(i+1)3)}

=k B+ G+ mw)) + T S ()4

$3 _(LM 1 xR (-pk)it! .
) igo ooy ek 5 +i§0 md.ﬁ

Therefore

Jemsm-(n)?dx = 3B + {r+ ()] + (e™#50) ()"}

(-wk)*? o1

M

+ [Ei(-pk) + v + In(uk)]-2ln(k)-2 + 52 _(=eb)'T
[Ei(-pk) + v + In(uk) ]-2In(k)-4 EO PSR,

(C.3)

75



2) EXPECTED VALUE OF RESIDUALS

A. Gumbel’s exponential (I)

Q) ‘1| Y, >¢,Yy>0¢,
(e, €2)  exp(I)

T Ter- {(14061)(14062)-6) ¢
"2

- N

T THa+0e1) (140620} - e
1 on

€ €
—ge17TE -el-e2+€l

€2 9e, de,

— 61 te . eel - ec2+€1 +¢
0¢,0¢,

where 1) = ¢;-X8, 1, = ¢,-X8,

Let el=yv = €, = In(v) Oe, = QVX

e2=w = €5 = In(w) O¢; = 6Tw

cll Y >c¢, Y, > ¢
(€1, €?) _ exp(])

7 In(v)-e~" ({1+0v—0} . <,j‘?e —( 48wy {6(1+6v)} - T w.e (14 "‘")"'aw) av
crl erz er2

Te-v ({1+0v-9} CFem@+mmway 4 (9148v)} . Fw.e= (1 +"")“’aw> v

el 2 e?

Ov)er2

oo _ -1+
e_']:lln(v)e “({1+0v-0}e—m§;—

r r
(140 e? 1 . ~(146v)e 2
+ 0(1+ V){(1+0v) + (1+0v)2} e ov
(1 +6v)e"2

ofe— v {1+0V-0} 'i____ + 0(1+0V) . er2 + 1 e~ 1+ OU)er'Z ov
T S (146v) (14+6v) * (14+6v)?

TID(V)-e“’ (14 8e2) e~ (1 +0v)e 25,
"1

o0 T
fe™? (14 6e™?) .e~(1+8v)e 2ov
"1

[

oj‘?ln(v) e v(146e?) 5
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—1__.
(1460¢'2)

{-ln(v)‘-e'"(l"'acrz) ,: + °f‘)%-e"’(1 +0¢72) av}
. A 3
e

e™ crl(l + Oerz)
(1+6e"2)

r r.
_ {r ce=c l(1+6e2) Ei(-er1(1+0er2))}
- o™ erl(l + 0er2)

0 -~z
where -Ei(-b) = [ &
b

X
(7 = 0.5772157...

o0 (-b
dx = -7 - log(b) '21 T
1= °
Euler’s constant )
Thus

by
!

ell Yi>e, Yy >0\ Eiel(1+6e2)
(€1, e2) _ exp(I)

! e—erl(l +0er2)
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@ g e
1, e2)  exp(l)

€& +r
—gef17 2. A1 -c:"’+cl+r2‘9

jf € - {(148e1)(146e72)-0) - e

- 6e°1 tra. 1. er2+c1 +ry 361

{(148e°1)(1+6e"2)-8} - &

Seg |

where r; = ¢;-X8, 1) =y,-X8,

" Let el=v = 6 =In(v) 0= 6v_v
r2 -v- er2 +r
f In(v) - {(146v)(1+6e"2)-6} - e 2 fv
e 1 i

- L) AL
f {( 9")(1"'93'2)-0} e~ e voettr oy
s l

e

{1+6e"2.9} . f In(v)-e = (1 +0¢" )"av+o(1+oe'2)f In(v)v-e~(1+0 2oy
el el

T {(1+6v)(1+6e72)-0) .o~ 1+ 20 g,
"

e

r -In(v)-e” 1+ 36'2),, oo -1+ 9er2)v
1+40e 2-8) . . - 1+0e"2-9 .
{( ) (1+6e2) (1+6e ) [1 (1 +9er2) v 6V

-
el erl

)e-(l +06e 2} o o= (1+6e 2o (v+

AIn(v){ v +—1
( )( 1+6e 2 +
(1+6¢'2) " (146e'2) v

el

)

f(1+6e"2)

+ _ ,
{(1+oe'2-o)- T e-(1tbe?y av}+{a(1+9e'2). Jvoe— (e 6v}

4
el e'l
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(146 2) 1 (1467200

. —e1. de 2 —e'l. e 2
{(1+0e 2.9)- & @ )}+{0(1+0e'2)-e M ) -(e'1+ 1 )}

F
(1+6¢2) 1+ 9er2) 1+46e 2

' emc (1402 00 —(1+0e 2y
(1+0e 2-9)-{rl ° }+(1+oe'2-0)-{ J &——— ki av}

r r r _ "2
é rl-(erl-{- 1 ,.)-e"‘l'(l”"gc 2)+°fe-(1+ae 2)vav+°fe (l+r8e )"3v
1+0e 2 1 .1 (1+0e 2)-v

, —e'l.(1+0e™2 ~e'l. 2
{(1+0e 2_0). e~ ¢ (1+6e %) +{0(1+9e,2).e e l-(1+0e )-(erl-i- 1 )}

=
(1+6e 2) a1+ 0er2) 1+6e'2

<+

-Ez:(-er1(1+0er2))

PN

”

r r ~ (14682 r
{(1+0er1) rle-c 1.(1+6e?2) }+ { T e__(_.:e_)av} +{0°f‘ e—(1+0c 2y av}

el e'l

(148e™1) .= 1 (1 +0e'2)

Thus

(ecl, e€2) ~ exp(I)

Bi(-e"1(1+6¢2)) :
(1401 e~ MIH+02) (146 (1+6e72)

=1 -
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B. Gumbel’s exponential (II)

Q) cll Y, >¢, Y, > ¢ -
(e, 2) _ exp(ID)

00 00 € € —ef1 52

J Jea-{1+0@e=c ) 2emc 1)} T T YAt 2 g 5,
T "2

oo 00 € € — 12

J J{+82emc ) 2emc )} e T T Tt 2 g e,
1 "2

where r; = ¢;-X8, 1, = c,-X8,

Let el=y = €; = In(v) de, = Qv‘—'

e?2=w = ¢ =In(w) Oe¢, = 6Tw

(€1, €°2) _ exp(Il)

°J"’ln(v) e Y ({1-0(2e"’-1)} . °‘]‘?e""aw + {26(2¢~*-1)} - ofe‘“’@w)@v
R eT2 T2

ofe" v ({1-0(2e “v-1)}- oj‘?e""’aw + {26(2¢~"-1)}- ofoe"z"’awyv
o2 T

crl e 2

TIH(V) e’ ({1'0(26— -1)} 'e_e"2 + 6(2e 7 "-1) -e—23r2) ov
el

rd -v -v —erz -v —23r2
Je ({I-H(Ze -1)}-e +0(2e7"%1)-e ov
'l

({1-o(e-"2-1)} . oj?ln(v)-e"" ov + 20(e"’r2-1)- ofln(v) 6”2 gy ) -e“r2
Crl

r
el

({1-o(e-° 21)}-Temvov + 26(e= 1) Te=2 ov ) em¢?

crl erl
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{1-6(e~ e'z_l)} [In(v)-e—?

oo =)o
rn + [5eTov]
14 rl

e

({1-0(e’°'2-1)}-e“'1 + a(e-;’-l).e'“rl)

<+

oo oo
m + f%-e—zvav]
e T

e

B(e " 1) - [In(v) - = 2"

( (10 ="} o= 4 Be=c 21y e~ 2¢" )

_ {18 ) [y e - B 4 Be= 1) [r, e~ 2 . Fi(2e™))
(1 + 0(e-=r1-1).(e-¢'2'-1)) e=cl

Thus

61' Yl > ¢y, Y2 >y
(e, e?) _ exp(II)

=1 + (6= 1) Eit-) + 0e=1) - [ Bi(-2e™)]
14+ 6(e~® 1-1)-(e°°r2—l)) -e"er1
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—e'2 o0 € r —efl
¢t J ¢{1+6(2e~° 1-1)(2e'° 2-1)}e ¢ ta O¢,
Y1>°1’Y2=Y2> _ m

(e, e2) _ exp(I)

[o o]

.o €
(ll) 24, ‘4 T2 —e€1+c
2 [{146(2¢7° "-1)(2e~° "-1)}-e 1 8¢,
P
1

where r; = ¢;-X8;, 1, = yp-Xf,

Let el=v > = In(v) 361 = 'a'v!

T In(v)- {1+6(2e = *-1)(2e ¢ ~1)} -~ * dv

€ € - oo
(e, e'2) _ exp(II) T {1+6(2e = *-1)2e ¢ %-1)} e =" v
J .

[

(1-02e=¢ 21} - T In(v)-e=® v + 20(2~° “1)}- | In(v)-e~2 dv

.
el

1
= —er2 i -v -e'2 eoo -2v
{1-6(2¢ -1)}-! e~ VOv + 20(2e D} [ e v
el "1

e

{1-0(2e'°r2-l)}-[—ln(v)-e"’t‘r’l + c’rf%.e-v av]
1

[-3
- r r r r
({1-9(2e-= ID}eme! 4 62 h1).em2e! )

-+

T, o0
6(2¢~° %1)-[In(v)-e~ 222, + [h-e7 o]

e
el

T r T r
({1-0(2e'° ZD}-emct 4 82 1).e" 2 1)

_{ 6(2e=° 1)} [ry-e=° " - Ei(-e'l)] + 0(2e'°r2-1)-[r1-e'2°r1-Ei(-2er1)]
(1+ 0(e'e -1) (2e'e -1)) -e"r1
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Thus

fll Ycl >¢c1, Y2 - y2
(e, e2)  exp(Il)

b (00 | B 4 oo [ Bicae'y)
(1 + (e~ '-1)- (2" 2-1)) cemet

=l‘1
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3) EXPECTED VALUE OF SQUARED RESIDUALS

A. Gumbel’s exponential (I)

E((€1)2 Y, >¢, Y, > c2>

(], e2) . exp(l)

oo o € g1t 2 1 2 4
rfl rj;(cl)z-{(l+0e 1)(1+0¢°2)-0} - e 172 9¢, Oe,
= 00 o _eef1 T2 _ o1
[ J{+0e1)(1+062)-0) e~ % el eTrata g g,
1 "2

where r; = ¢;-X8; 1, = ¢,-X5,

Let el=v = € = In(v) O, =5
e?2=w > e=In(w) e, =¥

E((el)’

T (n(v))?-e=* ({1+0v-0} fe*(‘+"”)'”aw+{e(1+ev)} fw e (‘+"")"'aw)a
"

Y, >, Y, >0¢
(e'1, €2) L exp(I)

T2 2

ofe"" ({1+0v—0} . ofe-(l +0)wsw + {6(1+6v)} - ofw e~ (1 +0°)w8w> ov
r
2

T r
el e? e

v)2e v-g}e— "er v 1 - | -(1+6v)e2 v
f (In(v))% ({1+0 O gy — +0(1+6 ){(1+ov) (1+av)"}é )6

- (1 + 6v)e "2 )
~-v e 1 e (1 4 6v)e
efle ({1+8v 6} - T + 6(1+6v) - {(1+0v) (1+0v)2} e >6v

.
T n(v))?-e=? (14 e"?) e~ 1+ 2,
Crl
i
Te=v (14:6e72) .o~ 1 +0v)e 25,
"1
e

(14 6e2) -e=¢2. F(In(v))2.e= A +0 20 5,
1

- e
r r r1+r2

el 2_
e=¢ e fe
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By C.3

r <2 - 2yl
(1+ fe 2){ (1_+_10eT2)- [—6— + {7 + In(1+0er2)}2] + (lTlaer—2)(e it +.Oe )-e -.l) -r12}

r r+r
—e 1 1 2
e~ ¢ Oe

(14 6e™2) . { m [Ei(-{1+0e"2} -"1) + v + 1, + In(1+6e"2) ] -2r, }

r r+r
—el_gel™ "2
e ¢ Oe

: 00 r r .‘+1
1 0'2 . 1 —_ (~(146e 2)'31) )
. (1+6e7%) {(1+oe ?) igo (41 (i +1)?

e—¢ = Gcrl tr2
Thus
(el)2 Y, >¢,Y,>0¢
(€1, €%2) _ exp(I)

{02 + &+ (v +maseeyy )

2
= rn°+
1 _ crl - Oerl +ry

e

: roy.r - R (~(1+0'D - TiHT
{.[-Ez(-{1+6'e ‘e ) + 7 + In(1+6e 2)]'2’1} + {.E:o CrGe?

+
—e1_g 1172

e
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(“) (61)2‘ Yl > ¢y, Y2 =Yy,
(e, e2) _ exp(l)
F 2 < r -0861+r2-e¢1-er2+c +r
J ()% - {(1+6e1)(1+0e 2)-6} - 1%72 8¢,
P,
1

o0 -6 c1‘*”'2_ 61- r2+c ‘r
rj; {(146e“1)(148e"2)-0} e =" ° elrettatrg

where r; = ¢;-XB8, r, = y,-Xf,

Let el=v = €, = In(v) O, = @

E((el)2

(ecl, ecz) ~ exp(I)

°j~’ (In(v))? - {(1+8v)(1+8e2)-6} -e—‘g"er2 -v-e24r, ov

T
el

oo - R
T {(146v)(14+6e72)-8) e "% "V e ¥ g,
r

1 .

e

{14620} - T (In(v))?-e = +% D08y 1 (514862} T (In(v))?-v.e~ (1 +0 Dog,
el el

= - .
{(1*‘9"'2'9)' of e~ (1+0e e 6v} + {0(1+0er2)‘ ofov-e“(l“"c e av}

el el

't r 2 r
6e"2-6} [ (in(v))2e ~ (1 +8¢ Mg, _ g(1 4 ge™2)| UnD” | - (1+8e 2, 1
{1+ }ejr'l( (v) (14 6e'2) reTD v+ 1)

(14+6e"1) e~ e l.(1406e2)

r b - "2 2 In(v) - ge' 2
(140 2)} . —2 . In(v)-e~(1+8e %) 5 1, La—(146e %)
{o1+0e™) (1+6¢'2) (}; n(v)-e vt 1+6e'2 c‘rr] v e o

(14+0e™) e~ el (1462
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r o« r
{1+6e"2-} . [ (In(v))2.e— (1 +8e Yoy,

e'l

(1+8e"1) . e~ e'l.(1+6e'2)

{6(1+6e"2)}.( - (Un@)? | —(1+6e"2)0 . o0
(1 +6er2) (v + )
+ 1+86e 2 el
(1+ge"1) ,e—erl (1+6e'2)
, Ei((146e72) ")
-1 La—(1+6e2) ‘ -
20 - n(v)-e - Yl o 1 . ooe—(1+oc'2)v
+ (1+6e %) e'l (1+6e'2) 7 v v
(1+ge'1) o™ e'l.(1+6e"2)
20 {(Iﬂ(v))2 -(1+9 r9 o0 [=]
e < )" T2
. (1 +9e'2)\ 2 .1 + _'[l(ln(v))2 '(L-I_-:_e_) e~ (1 +6cr2)vav)
€

(14067) e~ L-(1+6e2)

"2 1 a2 , g ,
{1+6°7) ( T+ {7y +In(146e"2)}?] + (e~ ¢ 1.(1 46 '~’)_1).r 2
2

(146 2) 1 )
(1 +0er2)

(140e™1) =€ - (1+6672)

1+6e"2} - [-Ei(-e"
{1+6e°2} ([El(e 1.(146€"2) + v + 1, + In(1+6e"2) . 2r, - —L
! (1+9er2) )

(14+8e") e e 1 (1+6e)

r r .
{1+ae'2}.( 3 (oe 1-(1+0e2) +1 1 ’
i=o  (i+1)-(i+1)? .2‘(1+0e"2) + o.r12-e‘°1'(1+96r2).e'1

(148e1) e = 1 (1+6e'2)

ceme (1462
29. (rl e ] ) + -Ei(-(1+0er2)-er1)
1+0er2 T
( ) (1+6e'2)

(148e™1). e =€ (1 +6e'2)

87



Thus

E((el)'2

.\ 2+ B + {7 + In(1+6e")}7] + (LB (146e) + 7 + In(1+0¢2) ]-2r1)

(148e™1) ¢ =€ 1+ (1+6e2)

Y, >en Y=y,
(€1, €2) _ exp(l)

=n

R 2-(-el- (1462 +] 6 el (146e"?) Fon T
(.'é:o Gt Ge1)? P +2oe'2) (1‘1 e (+ ) -Ei(-(1+0e 2)-e 1))

(148e"1).e=¢ 1+ (1+6e'2)
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B. Gumbel’s exponential (II)

0 E((fl)2 Y)>¢,Y,> cz) _

(1, €2) _ exp(Il)

o0 00 _Cl -52 _Cl_€2++

I ] @ (14027 L2ee e T TG a0,
o0 0o € € _.f_ %
J J{14+62e=c -2 L)) e T T YAt 5 o,
"

where r; = ¢;-XB;, 1, = c)-XA,

Let el=vyv = €; = In(v) Oe¢; = -av‘i

e2=w = €9 = In(w) Oey = avw

5(“1)2

Yl > Cl, Y2 > C2
(1, €2) .. exp(ll)

er2 ' er2

T (In(v))z-e“"-({1-9(2e' 1)} [ e~ 0w + 26(2e = *-1)} - J e~ 2Wow
Crl

)av

er2 Crz

T e-°-<{1-o(2e- ‘1)) e~ Yow + 20(2e-"-1)}.7e-2waw) ov
erl
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s
el

c’fo e‘”-({1-0(2e‘ -1)}-e'er2 + 0(2e"’-1)}-e“2°r2) v
"

8

L
h
[

e

'({1-9(.,-:2_1)} T (n)P-e=vov + 20e=<1)).
1

(In(v))?-e~ 2 av)

ot

e—erz-({1-e(e-°'2-1)}-°f e=UOv + 26(e=° A1)} T e~ 2 av)
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el [
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By C.3

—e"2 2 1 ., T x  2.(-€ )i+l
{1-6(e™ ¢ '1_)}([%- + 7+ (e7° -1ry %+ [Ei(-e 1) +y+ y]2r +‘ go GG

(o< 2n) =<' + e L) e-2" )

20(e-¢r2_1)} .( %. [%2 + {7 + In(2)}2] + (e-2erl-1) '1'12 %)
({161} em< 4 oe=c 20} e )

—e'2 oy o0 (_2e'1)i+l
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+ . ;
+ 0e=c 1)) e-2! )

r
el

({1620} e

_ ({1-o(e-='2-1)}-(e-="-1) + 0(e'°r2-1)-(e"2°r171)+2)-r12
(146~ 21) (e=¢ “1)}.e-¢

B + 97 + 0™ A1) In(2)- {27 + In(2)}

+ ° n r
(14021 (e® “1)}re-c?
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i=0 (Ep_xt;'%—ﬁff ' (2'{1-¢9(e‘e 21} - 2li+Dge-e 2_1)})
+ 1= ] ! s

rd

(140 %1)-(e=° “1)}-e

({I-O(e'erz-l)}'- [Ei(-e1) + ] + 6. (e"rz-l)} -[-Ei(-2¢") + v + In(2) ]) 2r,

+ ¥ T 2
{1+68(e° 2—1)-(e'e l-l)}-e'e !
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Thus

E((ea’

= n?4 n’+ [%2 +77 + 0(e“r2-1)~1n(2)-{27 + In(2)}
(146621 (e~ L1)}.e—c"

Yl > Cl, Y2 > c2
(€1, €2) ,, exp(II)

0 (_erl)t'+1>
i=0 (i +1)!-(i+1)?
{1+6e=c%1) (e~ 1)} e

(2. (16" 1)) - 20+ g =<2 1} )
+

(v + (10 =<21)} -Eite™t) + B(e 1) - [Ei(-2¢") + In(2)]) -2,

+ r T r
{1+ 6e=c"1)-(emc2-1)).e~¢ "
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(e1, e?) . exp(Il)

Gi E(“”z

Y, >°1’Y2=Y2) -

~e'2 oo € r _q
e " T2 [ () {14027 L) (2e 7 21)} e T T 5
]
1

—e'2 0 € r —el
e~ N J{1+6(2e ¢ 1-1)(2e‘e 2-1)} e”° ta de,
r
1
where 1y = ¢;-Xf, 1, =y,-XB,

Let el=v = € = In(v) O¢y = 6v_v

E((fl)z

T (1n(v))- {146(2¢ = *-1)(2e =€ 1)} -e =" v
Yl > Cl, Y2 = y2 = crl
(€1, €°2) _ exp(1l)

T {146(2 = *-1)(2e = 1)} -e =" dv
"

[

(16221} - T (n(v)-e="dv + 202e=¢%1)- T (In(v))?-e=2 dv
" "

[] e

r T r
{1 + f(e” ¢ 1-1)-(2e'e 2 -1)}-t3"e !

By C.3
{1-62e == 20} ([ + 4 + (= 1) or,?)
{1 + = 1) (2em¢ 2 -1)}-e-='1

—e"2 T 2 ('erl)(i+l)
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r r 3
{1 + 8e=c 1) (2e"° 2-1)}-e-e !

L0 (B + o+ @)+ )
{1+ 01y (2e=<" 1) e
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iSo Grut-(i+1)?
+
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{1 + e~ 1) (2e—¢? -1)}-e-c !
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x2 2 —e"2
[5 + 77 +06(2¢° ~-1)-In(2)- {27 + In(2)}
{1 + 0(e'°r1-1)-(2e'°r2-1)}.e'erl

{e=" 0 (1102e =< 1)) 4 b2e=21) (=4 1) ) 4 2} o2

+ T r r
PPN v
0 —e'l (i+1) r r ]
o %m‘(z{l-me“‘ 1)} + 20020~ 1) (29 +1)
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Thus
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4) EXPECTED VALUE OF PRODUCT OF RESIDUALS

A. Gumbel’s exponential (I)
(e, €2) - exp(D)

[= =B o] € €
J [er e {(14+0e 1) (1+8e 2)-0} -
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€ + ¢ € €
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e2=w = ¢ =In(w) Oe, = 6Tw

61-€2| Y, >c¢, Y50
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Therefore
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-
e_e'l_e 2_ge'1t "2

FEL L ()06,

]
g U B Ll

Ce)

+

[3 T ry+r
e-¢l-e20e 1+12
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B. Gumbel’s exponential (II)
(€1, e2) Lexp(l) |

'_ecl __c€2 —cel
€€+ {14+6(2e -1)(2e -1)}-e

€
—e 2
cttate O¢, 0¢,

8
=8 |8

(=] € € — el 2
J{1+6(2e=c 1)(2e ¢ 1)} e T T T AV 2 g g,
;

2

where r; = ¢;-XB; 1, = cp-XB,

Let el=v = € = In(v) Oe¢q = Qv!
e?=w = g=In(w) O, =9¥

51| Y, >¢, Y, >0
(1, €?) . exp(ID)

o_fln(v) e~ Y ({1-0(2e' v-1)}- oj?ln(w) e~ "ow + {26(2¢°-1)}- oj?ln(w) -e'2“’6w)6v
crl erz er2

Te-v ({1-0(2e- J1)}- T e™®ow + {20(2e = *-1)} - °f°e-2waw>av

r r
el e 2 2

i’]?ln(v)-e""‘-{1-0(2e"’-1)}-{-ln(w)-e"“'l‘;o2 + Te'w"’ Bw} v
erl er2

o _ . ) _ 22
fe ({1-0(2e “%-1)}-eT¢ T+ 0(2e 7 -1)-e "% )av
erl

TIn(v) e V.0(2e7"-1) -{-ln(w) e 2w l;-; + Ti‘:—w— aw} ov
" 2
+ € e

o r2 r2
fe’"({l-0(2e' -1)} e " 4 (2T V-1). e~ 2¢ )6v
crl
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Tl'"(”) =t {102~} {ry e = B} o

({1.0(e-e 1) -Te=vov + 26(e=%1). Fe-2v av) eme?

el el

?ln(v) e ¥ . 0(2e7"-1)}- {r2 -e” 22 E'i(-2er2)} v
el

+ r r
({I-O(e‘e 2—1)}-?e'" ov + 20(e™° 2-1)-7::'2" av ) eme?
"

r
Cl e

{a+6)-(rye=" - Bite) - 0.(ry-e-2"2. Ei(2e'2))}. Fin(v)-e=* ov

= e'l

r
({I-B(e—e 2—1)}-<a'°r1 + l9(e‘°r2-l)-e'2"r1 )'e_e"z

~e'2 , r
{20-(-r2-e ¢“+ Ei(-e"?) + N N 2. Ei(-2e'2))}'°fln(v)-e‘2" dv
T
+ el

r. r
({1620} o= 4+ ge=c 21)oe-2e! )ee=e”

v

{avo(ey-e= Ei('erz))-e‘(rz-e“2‘r2-Ei(-2er2))}{'ln(V) e 7+ T aV}
e'1

[3 T
(1 + f(e” ¢ l-1)-(e'e 2-1)) _e_e'l_e"z

r
r.a—e 2 T2 a2 T2 . r -ln(v)-e‘z" ) 00 -2
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+

[
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{(1+0) °(r2 _e_e"z - Ei('erz))’ 6 -(1'2 -e-2er2 - Ei(-2er2))}-{l'1 -e‘er1 - Ei(-erl)}
(1 + a(e—erl'l) : (e—er2 -1)) -e“rl —cr2

{a -(-1-2..e-='2 + Ei(e'?) + 1, e=2¢ 2. 1-::'(-2e'2))}'{r1 em2t. Ei(-ze'l)}

+ r : }-{n
(14 o1y (e=¢2-1)) ceme <"

Thus

61 '€2| Yl > Cl, Y2 > C2
(e, e?) _, exp(Il)

8 -{Ei(-e"?) - Ei(-2¢"1)}.{Ei(-e"?) - Ei(-2¢"?)} + Ei(-e1)- Ei(-"?)

=n-rn + T [ T T
(1+ e(e‘CI_l),(e—e2_1)) Lo 1-en2

-+

A= (e~ D Bit-e") -Bi(-2eD)} + 1, = 2 (e 7 L 1){Bi(-e"1) - Ei(2™)})
(1 + O(e - e'.1'1) ) (e -2 '1)) ce” g P
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