ABSTRACT

CHENG, HAO. Theory and algorithms for cubic Ly splines. (Under the direction of Shu-Cherng Fang
and Henry L.W. Nuttle)

In modern geometric modeling, one of the requirements for interpolants is that they “preserve
shape well.” Shape preservation has often been associated with preservation of monotonicity and con-
vexity/concavity. While shape preservation cannot yet be defined quantitatively, it is generally agreed
that shape preservation involves eliminating extraneous non-physical oscillation. Classical splines, which
exhibit extraneous oscillation, do not “preserve shape well.”

Recently, Lavery introduced a new class of cubic L splines. Empirical experiment has shown
that cubic L; splines are cable of providing C'-smooth, shape-preserving, multi-scale interpolation of
arbitrary data, including data with abrupt changes in spacing and magnitude, with no need for mono-
tonicity or convexity constraints, node adjustment or other user input. However, the shape-preserving
capability of cubic Ly splines has not been proved theoretically. The currently available algorithm only
provides an approximation to the coefficients of cubic L splines.

To lay the groundwork for theoretical analysis and the development of an exact algorithm, this
dissertation proposes to treat cubic L spline problems in a geometric programming framework. Such
a framework leads to a geometric dual problem with a linear objective function and convex quadratic
constraints. It also provides a linear system for dual-to-primal conversion.

We prove that cubic L, splines preserve shape well, in particular, in eliminating non-physical
oscillations, without review of raw data or any human intervention. We also show that cubic L; splines
perform well for multi-scale data, as well as preserve linearity and convexity/concavity under mild
conditions.

An exact algorithm based on the geometric programming model is proposed for solving cubic
L1 splines. It decomposes the geometric programming problem into several independent small-sized
sub-problems and applies a specialized active set algorithm to solve the sub-problems. The algorithm is

numerically stable and highly parallelizable. It requires only simple algebraic operations.
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Chapter 1

Introduction

In 1946, Isaac J. Schoenberg introduced the terminology “spline” for a certain type of piecewise
polynomial interpolant. Since that time, splines have been shown to be applicable and effective for a
large number tasks in interpolation, approximation, numerical integration and differentiation, control
theory, computer aided geometric design, fractals and numerical methods of probability theory and
statistics [17]. Since the 1960s, splines have undergone rapid development. More than three hundred
books, thousands of papers and more than three hundred Ph.D. dissertations related to various aspects
of splines and their applications can be found in the literature [17]. Good theoretical treatments of
splines can be found in [1, 19, 25], while efficient algorithms can be found in [12, 28, 29].

The most basic spline functions are the polynomial splines, now often expressed as B-splines.
Exponential splines and rational splines, including non-uniform rational B-splines (NURBS), have also
been developed. These “classical” splines have nice structures, excellent approximation power and are
easy to manipulate, evaluate and implement on a computer. However, for arbitrary data with irregular
values and irregular knot spacings, these splines have the disadvantage of often exhibiting extraneous
oscillation.

In classical approximation theory, the approximation power was measured by the ability of
interpolants to approximate smooth functions, typically on smoothly varying grids. In this context,

polynomial splines do well in general and are, in many circumstances, provably optimal. However, over



the past decade, it has become clear that the assumptions of smoothness of the underlying function and
of smooth variation in the grid exclude the situations of most interest to the modern geometric modeling
community, namely, minimally smooth underlying functions and arbitrary grids. In this modern context,
one of the requirements for interpolants is that they “preserve shape well,” a requirement that was not
included in classical spline formulations. Many attempts at defining shape preservation have been made,
but there is still no widely accepted definition. Shape preservation has often been associated with
preservation of monotonicity and convexity/concavity. While shape preservation cannot yet be defined
quantitatively, it is generally agreed that shape preservation involves eliminating extraneous oscillation.
For example, in modeling natural and urban terrain, one strongly prefers that, when smooth natural
terrain meets a lake with a flat surface, a flat road or a building with a vertical wall and flat top, neither
the terrain, lake, road nor building are represented with permanent, nonphysical oscillation (Gibbs
phenomena). Classical splines, which exhibit extraneous oscillation, do not “preserve shape well” [14].

Recent computational experiments have shown that a new class of cubic L splines “provide C*-
smooth, shape-preserving, multi-scale interpolation of arbitrary data, including data with abrupt changes
in spacing and magnitude, with no need for monotonicity or convexity constraints, node adjustment or
other user input.” [14]. While empirical observation suggests that cubic Ly splines are very promising
in geometric modeling, there has been no theory to support such an observation. It is not clear whether
cubic L; splines behave well in general or only in special cases.

In addition to the lack of theoretical analysis, current algorithms for solving cubic Ly splines
are not considered satisfactory by the geometric modeling society. The coeflicients of a cubic L; spline
are calculated by minimizing the L; norm of the second derivative of the spline, which is equivalent
to solving a non-differentiable convex optimization problem. Currently available non-smooth nonlinear
optimization algorithms [3, 13, 27] are not efficient for calculating the coefficients of cubic L; splines, since
they sharply increase the bandwidth of the underlying matrix and do not exploit the special structure
of the minimization principle. Lavery [14, 16] proposed to calculate the coefficients of L; splines using a
discretized version of the theoretical minimization principle. This algorithm is more efficient than others,

but it is still two or more orders of magnitude more expensive than the algorithms used for classical



cubic splines. Moreover, the solution obtained by the discretization approach is only an approximation
of the true L; spline and the quality of solutions has not been studied.

To lay the groundwork for theoretical analysis and algorithm development, we propose to study
cubic L spline problem in a geometric programming framework. To the best of our knowledge, this is
the first attempt in this research direction.

Geometric programming was originally developed for solving optimization problems in posyn-
omial form [6]. Peterson [21, 22, 23] further generalized this approach for convex analysis. Most recent
development can be found in [26]. Generalized geometric programming theory provides strong existence,
uniqueness and characterization theorems, which are useful for parametric analysis and algorithm design.
By formulating the univariate cubic L spline problem in a generalized geometric programming setting,
we are able to take advantage of the underlying structure of the problem to prove some shape-preserving
properties, and eventually to develop an exact and efficient algorithm.

The rest of this dissertation is arranged as follows. In Chapter 2, the cubic Ly spline problem is
briefly described. Calculating the coefficients of cubic L; splines results in a non-differentiable optimiza-
tion problem. This problem is re-formulated as a geometric programming problem. A geometric dual
with a linear objective function and convex quadratic constraints is derived. Finally, a linear system for
dual to primal conversion is established.

There are several similar problems closely related to cubic L; interpolating splines. One is to
find cubic Ly smoothing splines [15] by minimizing a convex combination of the /; norm of the residuals of
the data-fitting equation and the L; norm of the second derivative of the splines over a finite-dimensional
spline space. Numerical experiments have shown that this new class of smoothing splines perform well
on preserving the shapes for arbitrary data. The proposed geometric programming approach can handle
this problem too. In Chapter 3, we will show that its geometric dual has a linear objective function and
a convex feasible domain, despite the fact that the objective function of the primal problem is nonlinear
and non-differentiable. Then it becomes possible to perform some required sensitivity analysis.

Some shape-preserving properties of cubic L; splines are discussed in Chapter 4. By exploiting

the geometric programming model, we see that the first derivatives of cubic L splines do not depend on



the data spacing. Hence, cubic L splines can perform well for multi-scale data. We further prove that
cubic Ly splines preserve linearity over more than three consecutive sub-intervals. The only exception
occurs at the intersection of two linear segments with different slopes. Hence, cubic Ly splines actually
eliminate any possible oscillation over linear data. In cases where cubic L splines fail to preserve
linearity, there does not exist any C'-smooth interpolating function that can do so. In this sense, cubic
L, splines are the best C'-smooth interpolating functions for preserving linearity. For convex data, cubic
L1 splines always lie below the curve of the piecewise linear interpolation function. Therefore, they do
not have any non-physical oscillation. Cubic L, splines also preserve convexity under certain conditions.
Our conclusion is that cubic Ly splines are extraordinarily good at eliminating extraneous non-physical
oscillations.

Chapter 5 develops a continuum-based algorithm within the geometric programming frame-
work. For a convex optimization problem like the geometric dual that we obtain, common optimization
techniques [11, 30] need to solve a series of linear programming sub-problems [7]. This makes them
computationally more expensive than the discretization approach [14], which requires the solution of
only one linear program. We take advantage of the special structure of the geometric programming
model to decompose the problem into several independent small-sized sub-problems. A specialized ac-
tive set algorithm is developed to solve the sub-problems. After obtaining a dual optimal solution, one
substitution process is performed to get a corresponding primal optimal solution. The overall algorithm
requires only simple algebraic operations. There is no need to solve a linear program or perform any
matrix operations. This algorithm has several advantages over the discretization approach. First of all,
what we obtain is an exact solution. Secondly, it is numerically more stable than the interior-point algo-
rithms. Thirdly, the algorithm is highly parallelizable for computation. By decomposing the geometric
programming problem into several independent sub-problems, a small perturbation of data magnitude
at a knot changes the optimal solution of only one sub-problem. Hence the data magnitude only has
“local” effect, and therefore, cubic L; splines preserve shape very well for arbitrary data with outliers
and irregular magnitudes.

Finally, in Chapter 6 we conclude this dissertation with some discussions and point out future



research directions.



Chapter 2

Univariate cubic L splines — a

geometric programming approach

The geometric programming model of univariate cubic Ly splines is developed in this chapter.
In Section 2.1, the mathematical model for univariate cubic L; splines is introduced. In Section 2.2,
important properties of the univariate cubic L; splines are investigated. In Section 2.3, the univariate
cubic Lj spline problem is formulated as a geometric programming problem. A geometric dual with a
linear objective function and convex quadratic constraints is derived. A linear system for dual to primal
conversion is established. Discussion and conclusion are given in Section 2.4. Finally, the details of

calculating the conjugate dual are shown in Section 2.5.

2.1 Univariate cubic L; splines

A general setting for univariate spline interpolation can be described as follows: Let there be

given a strictly monotonic partition A = {z;}, of a finite real interval [a, b], such that
a=x9<x1 < - <Tp_1<xTp=>=.

The set A partitions the interval [a,b] into n subintervals, I; = [x;,x;41), ¢ = 0,1,...,n — 2, and

I,_1 = [xn_1,2,]). At each knot x;, the function value, z;, is given. The objective is to find a piecewise



polynomial function s(z) to interpolate the data set {(z;, 2;)}i—,-

Using the notation of Schumaker [25], given a positive integer m, we define

P = {p(x)

p(x) = zm:cixifl, Cly. s Cm, T € R}
i=1
to be the space of polynomials of order m,
PPm (D)= {f|f(x)=pi(z) forzel,
where p; € Pp,,i=0,1,...,n—1}
to be the space of piecewise polynomials of order m with knots x1,...,2,-1 and C" [a, b] to be the space
of functions whose first rth derivatives are continuous on [a, b, for a given positive integer r.

“Classical cubic splines” are calculated by minimizing the Lo norm of the second derivative.
However, computational experience has shown that classical cubic splines often have excessive “non-
physical” oscillation and therefore do not preserve shape well. For this reason, other variants of cubic
splines have become an active research topic. Cubic splines based on minimizing the L, norm of the

second derivative—defined as follows—have been investigated [14].

Definition 2.1 (univariate cubic L, splines) Let A = {x;}; be a partition of the interval [a,b] and let
{(zs,2)}_, be a given data set. A piecewise cubic polynomial S (x) is called a cubic L, spline, if, for

1<p<oo,

n—1 [Ti+1
S (z) = arg min{ Z,:O / |2 (2)|" dx | 2 (z) € PP4(A)NCY [a,b],

z(x)

and z (x;) zzi,i:O,...,n},
and for p = oo,

z(z) € PPy (A)YNC a,b],

S (x) = argmin{ max max |2 (z
( ) %(a:) {0<i<n1 a;e[:vi7wi+1]| ( )|

and z (x;) :zi,izo,...7n}.

Classical cubic splines coincide with the cubic Ly splines of Definition 2.1 even though the classical
framework involves minimization over an infinite-dimensional function space rather than over a finite-
dimensional spline space. Cubic L, splines have continuous first-order derivatives and, for p = 2, also

continuous second-order derivatives.



Lavery [14] introduced the class of cubic L,, splines defined above and proved the existence of
the cubic L, splines for 1 < p < oo. He also showed the uniqueness of the cubic L,, spline for 1 < p < oo.
The computational results presented in [14] indicate that the properties of L, splines depend strongly on
p and that, the lower p is (subject to p > 1), the better the L, spline preserves shape. For this reason,
we focus in this paper on L; splines.

If S(z) is a univariate cubic Ly spline, then on each subinterval [z;, ;1] there exists a cubic
polynomial S; (z) such that S () = S; (z), V& € [, %i41],i=0,...,n—1. Fori=0,...,n—1, 5; (z)

can be uniquely expressed as

Sz(x) =P + Qi(w xz) + (x - xz)z + 7($ - mz)g (2 1)

Let
hi:xiJrl—xi,i:O,...,n—l, (22)

and
Azi:%,izo,...,n—l. (2.3)

On each subinterval [z;, x;11], the second derivative of S;(z) is given by
S (x) = u; +vi(z — ;).

Changing the variable from z to t = (z — 2; — %) /h;, —3 <t < 1, we obtain

h.
S;l(t) =u; + 51’01' + h;v;t.

The coefficients of a univariate cubic L spline are calculated by solving the optimization problem

min _[|S”(z)]
Pi,qi, Ui, Vi

n—1 oz
=  min E / IS ()| dz
Pi,qi, Ui,V i—o Jxi

n—1 1/2
= min E h; /
Piqi, Ui Vi i—0 —1/2

wy iy,
. . i 2 Vi .
n—1 % %U’L| + . lf
= min E 2
PisQqi Wi, Vi 7

=0 h; ‘ui + Mvi’ if

i
U; + E’Ui + h;vit| dt (24)

i > Jus + Gl

S < s + o



under the constraints that the spline interpolate the data and be C! smooth, that is,

pi=2z;, 1=0,...,n, (2.6)
h2 h3
pi+hiqi+jui+€zﬂi:m+h i=0,...,n—1, (2.7)
h?
Qi+hz’uz+éw:qz‘+1, 1=0,...,n—1 (2.8)

From constraints (2.6), (2.7) and (2.8), we can solve for u; and v; in terms of ¢;,

U; = —

2¢; + qit1 — 3Az;), 1=0,...,n—1, (2.9)

<

2
7
6

v = 75 (¢ + qiv1 — 2A%;), i=0,...,n—1L (2.10)

>

?

Consequently, ||S”||; is a function of ¢;. We denote it by E (q). In this way,

E(q) = [15"],
n—1

= E;i (¢, qi+1)
i=0

% “3 (¢ + qiv1 — 202)| + —|3(qy(ql 9i+1) } )

i+ai+1—20%;)]
n—1
= Z if 13(q + giv1 — 2A2)| > |¢i — Giv], (2.11)
=0

gi — givl, it [3(q + qiv1 — 282)] < lgi — qita]-
Hence, the constrained optimization problem (2.5), (2.6), (2.7), (2.8) is equivalent to the unconstrained
optimization problem
min FE(q).

qeR"t+1

2.2 Properties of univariate cubic L; spline functional

In this section we investigate some important properties of the objective function F (q). In
particular, we prove that E (q) is convex and almost everywhere differentiable.
The following two simple propositions from convex analysis [24] will be used to prove the

convexity of E (q).

Proposition 2.2 If f;(z) : R™ — R! is a conver function and o; > 0, V1 < i < n, then f(z) =

S aifi(x) is a convex function.



Proposition 2.3 If f : R™ — R! is a convex function and h : R* — R™ is an affine transformation,

then the composition f o h: R" — R is a convex function.

Now, let us define a function F : R? — R by

F(gc,y)zh/é

_1
2

h
r+ 5yt hyt’ dt. (2.12)
Note that each individual term E; (¢;, ;1) of the objective function E (q) in (2.11) can be expressed

as the composition of F (u;,v;) and an affine transformation from (u;, v;) to (i, ¢;+1) as defined in (2.9)

and (2.10). Hence, in order to prove the convexity of E (q), it is sufficient to show that F (z,y) is a

convex function on R2.

Proposition 2.4 F (z,y) is a convex function on R.

Proof. It is clear that ‘x + %y + hty‘ s a convex function in terms of x and y. Hence, for any

(x1,91), (22,y2) € R? and any X € [0, 1], we have

FAxy+ (1 =XNax2, Ayp + (1= A) y2)

1
2

gh/ A

= AF (z1,51) + (1 = A) F (22,12) -

h h
A (551 + U + htyl) + (1 =) (952 + V2 + hty2> ’ dt

=

1

h 2 h
x1+§y1+hty1 dt-i-h/ (I=2X) $2+§y2+hty2 dt

-2

SIS

The following theorem is a direct consequence of Propositions 2.2, 2.3 and 2.4.

Theorem 2.5 E(q) is a convex function on R"t1.
For any (z,y) € R? such that |z| > |y|, we notice that,

Liel+
— |
2

2
Therefore, when z goes to zero, the value of % |z| + %ﬁ also goes to zero. Hence, F (x,y) and the

objective function E (q) are well defined. Furthermore,

lim F (z,y) = |y|.
ol =1y

10



Hence,
Proposition 2.6 E; (g ¢i+1) is continuous on R* and E (q) is a continuous function on R"*1.

Now we consider the continuity of the first order derivatives of E; (¢; ¢i+1). Notice that the
possible points of discontinuity of the first order derivatives of FE; (¢; ¢;+1) are given by the condition
13 (¢ + qiv1 — 2Az;)| = |¢i — ¢i+1]. By computing the gradient of F; (g; gi+1) on both sides of the lines

defined by |3 (g; + gi+1 — 2A%;)| = |¢i — Gi+1|, we can prove the next result without much difficulty.

Theorem 2.7 E; (g; gi+1) € C* (R*\ {Az;, Az;}) and E (q) is almost everywhere differentiable.

2.3 Geometric programming approach

2.3.1 Generalized geometric programming

Geometric programming is an optimization theory with a wide range of applications. In this
section, we briefly introduce the basic theory of generalized geometric programming for unconstrained

optimization problems. A thorough treatment can be found in [21, 22].

Primal geometric program

In generalized geometric programming, the primal problem is to find a minimizer of a real-
valued function g (x) over a given subset §, which is the intersection of the function domain € C R™ and

a cone X C R", i.e.,

(Primal) ming (x) . (2.13)

xelnx

Conjugate transform

Definition 2.8 (conjugate transform) Given a function w(z) with domain W C R™, the conjugate

transform of w (z) is a function w () with domain Q C R™, where

Q-{CGR”

sup [(¢.2) — w (2)] < +oo }

zeW

11



and

w (€)= sup [(¢.7) —w (2)], ¥C € Q.

zeW

For a given function w, if the domain of its conjugate transform is empty, we say that its
conjugate transform “does not exist”. It is known that the conjugate transform of a convex function

always exists.

Theorem 2.9 [22] Given a function w (z) with domain W C R", if w(z) is a convex function and W

is a nonempty conver set, then there exists a conjugate transform of w (z).

The above theorem and the definition of the conjugate transform give us the following important

inequality:
Theorem 2.10 [22] (conjugate inequality) For each z € W and each ¢ € Q,
(€,z) Sw(z) +w(C), (2.14)

with equality holding if and only if ¢ € Ow (z).

Dual geometric program

Given a function g (x) over domain €, denoted by g : €, the primal problem is given by (2.13).

The conjugate transform of g : € is h (y) with domain D, denoted by § : ©, where

D= {y € R"|sup [{y,x) —g(x)] < —|—oo} , (2.15)
xe€
and
h(y) = Sup [(y,x) —g(x)], Vy €D. (2.16)

The feasible region of the primal problem is the intersection of domain € with some cone

X C R™. Let 2 be the dual cone of X, which is defined by
VD={yeR"|(x,y) >0, VxeX}. (2.17)

Then the dual problem becomes

(Dual) minh ) . (2.18)

yeodny
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Optimality conditions

Theorem 2.11 [22] (optimality conditions) x* and y* are optimal solutions to the primal problem

(2.13) and the dual problem (2.18), respectively, if and only if

(D xe€CnX y"e®nY;
(I (x,y") =0
(III) y* € 9g (x*).

Optimality condition (I) indicates primal and dual feasibility. Optimality condition (II) is
called the “orthogonality condition”. If the primal cone X is actually a vector space, then its dual cone
2 = X*. Hence, the orthogonality condition is automatically satisfied and can be omitted. Optimality
condition (III) is called the “subgradient condition”. When both function g : € and cone X are convex
and closed, it is known that the primal problem (2.13) becomes the dual of the dual problem (2.18). In
this case, the duality between primal problem (2.13) and the dual problem (2.18) is symmetric; so the

optimality condition (III) is equivalent to

(Illa) x* € 0h(y*) and y* € dg (x*).

Theorem 2.12 [22] If x andy are feasible solutions to the primal problem (2.13) and the dual problem

(2.18), respectively, then

0<g(x)+h(y),

with equality holding if and only if the optimality conditions (II) and (III) are satisfied. In this case, X

and'y are optimal solutions to the primal problem (2.13) and the dual problem (2.18), respectively.

Theorem 2.13 [21] If the dual problem (2.18) has a feasible solution y* € ri(D)(\ri(y), and if

infyenny b (y) > —oo, then the primal problem (2.18) has a nonempty solution set and

= inf inf .
0= dnf g0+ inf b(¥)
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2.3.2 Geometric programming approach for univariate cubic L; splines

Primal problem

Denote
7; .
X :(pi7Q’iauiavi)7 Z:O,...,TL—17
n
X :(pnaQn)7
and
_ 0 1 n—1 n
X—(X,x,...,x ,x)
= (pan07uO7UO;p17q17ulaUl:,a cee ;pnfhqnflyunfl,’unfl;p'rnqn) .
For i =0,...,n— 1, x* is defined on a subset

¢ ={z} x R' x R' x R C R*.
For i = n, x™ is defined on a subset
¢, ={z} x R' C R%

Therefore, x is defined on the Cartesian product of all &;, 1 =0,...,n, i.e.,

n
¢=]Je crt
i=0
In this case, the first set of constraints, (2.6), are automatically satisfied for any x € €. Moreover,

constraints (2.7) and (2.8) can be treated as a cone constraint of the primal problem, since they can be

expressed as

where A is the coefficient matrix of (2.7) and (2.8), i.e.,

14



2  h
1 hy M M
2
1 he M 0 -1
2 13
1 m MM
2
A= 1]11%0—1

2 3
1 hn—l h‘n2—1 hn6—1 _1
2
1 hey 2t 1
2n X (4n+2)
(2.19)
We define the cone X to be the null space of matrix A for the primal problem.
The primal objective function now becomes
n—1
g(x) = Zgi (x'), xee€nx,
i=0
where
gi (x')
= gi (i, @i, ui, ;)
+hie;
. . Uit 5 Vi . . .
_ S v
Consequently, the primal problem becomes
min g (x)
(Primal) . (2.20)
xelCnXx

For this primal problem, there are 4n + 2 unknown variables and (n + 1) +n 4+ n = 3n + 1 constraints.
Therefore, there are n + 1 degrees of freedom.

Recall from (2.9) and (2.10) that, for any x € X, u; and v; can be expressed in terms of the ¢;:

2
ui:—?(qu—l—qu—?)Azi), 1=0,....,n—1,

6 .
Uz‘:ﬁ(%-f—qu_?AZi)y i=0,...,n—1

15



Hence, any feasible solution x = (xO, x!, ... 7x"‘l,x”) of the primal problem can be expressed in terms

of the n + 1 variables ¢;, i = 0,...,n:

Xi = (pi7qia Uq, vi)

= <Zi; i, *h% (2gi + gi+1 — 3Az2;), }ig (@i + qiv1 — QAZz‘)) ; i1=0,...,n—1, (2.21)
x" = (Pn,n) = (2, ) - (2:22)
Dual problem
Denote
y' = (W veey08) . i=0,n—1

y' =g,

and

y= "y, Ly YY)
= (1,95, U3, U Y1, v2, V3o s - U1 s LY LY YY) -
The conjugate transform of g (x) : € is denoted by b (y) : ©. From Section 2.5, we can derive
n n
h(y)=>_bi(y")=>_ =ui,
i=0 i=0

and its domain

n
9 =[]2ic r**,
=0

where, for 1 =0,...,n — 1,
D; =R x {0} x 6,,

with

0= {(vi,v}) € R?| — hi < yj < hy,
{(v4, i) € R?| 3 (2.23)
2 . : 3
) < < - - h))

and for i = n,

16



A

(h,n?2)

\

(-h, -h?2)

Therefore, the dual problem becomes

where the dual cone %) is the row space of the matrix

2
1 ho MM
1 he M 0 -1
1oh 4
A= 1

> =
“‘»—Am O"Hw

min b (y)

Figure 2.1: The graph of ©;

yeongY

17

1 hn—l

Yy

(2.24)
3
h2_ h3 _
21 61 -1
2
[ R
2n X (4n+2)



Let the row vectors of A be §; and n;, i =0,...,n—1, ie,

&o
Mo

3

L 4 2nx(4n+2)

For each y € 9), since 9) is the row space of A, y can be expressed as

n—1
y=) (& +Bm;), ai,Bi € R,
i=0
which can be explicitly calculated by
Y = ao,
y{ = -1+, t=1,...,n—1,
Yr' = —Qn-1,

Y9 = hoao + o,

yé:_ﬂi—1+hiai+6i7izla"'an_lv

yg = _ﬂnflv

Z‘/g: ai+hiﬁi7i207"'7n_17

2
%
2

. ; h2
yi:flaiﬁ-?ﬁﬁi, 1=0,...,n—1.

Hence,

18
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The dual problem actually becomes the following optimization problem with a linear objective function

over some linear and convex quadratic constraints:

min Y0 (20— zie1) o

i,

s.t. hoag + Bp = 0,
_6i71+hiai+ﬁi:07 i=1,...,n—1,
_ﬂn—l = Oa

2
—hi < @i+ Bihi <hi, i=0,...,n—1,

h2 h2 2 h3 h? h? h? 2 .
_jl‘i‘%(ai?l‘i'ﬁihi‘f'hi) Saiﬁ-l-ﬁij’ﬁj—%(aiﬁ-ﬁ-ﬁihi—hi) ; 0=0,...,n—1,
(2.29)
where «; and 3;, 7 =0,...,n—1, are unknown variables. In this setting, we have 2n unknown variables,

n+1 linear equation constraints, 2n linear inequality constraints, and 2n quadratic inequality constraints.
2
Note that the set of constraints —h; < ai% + B;h; < h; is redundant. Moreover, the last set

of constraints can be simplified in terms of y, i.e.,
i 4 2 i\ 2 .
|4y4—2hiy3|§(hi) —(yg) , 1=0,...,n—1.
Using (2.27) and (2.28), we have

1y 2
gl—(gai—&—ﬁi) , i=0,...,n—1.

P e
3 7

From the equality constraints, we can express vector « as a linear function of vector 3, i.e.,

Bo
ap = —7 -,

o (2.30)
ai—ﬂi*ﬁ:ﬁﬁz:l, ,n—1

This further simplifies the last set of constraints to be

VA0 — 2
1Bol < OT A~ 1.44151844,

1 1 .
§|ﬁi71_ﬁi‘gl_i(ﬁifl+ﬁi)27 1=1,...,n—1,

/Bn—l =0.
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Thus, the dual problem (2.29) can be simplified as

n—2 n—2

min Y (Az — Azip1) Bi + Azyp_1fBn1 = Y, (Az — Azig1) Bs

Bi i=0 i=0

40—2
st < V02
1Pol < 3 (2.31)

Himi =Bl <1=2(Bica +8)°, i=1,...,n—1,

/anl =0.
In this model, the last variable 3,,_; is fixed, hence, can be dropped. From 3,_; = 0 and
the last quadratic constraint %\ﬂn,g = Bn—1| < 1-— %(ﬁn,g +,6n,1)2, it is not difficult to see that

|Bn—2| < @. Therefore, by defining

VA0 -2 (2.32)

and

1 1
g(x7y)=§\r—y\—1+1(:ﬁ+y)2, (2.33)

we can further reduce the dual problem by one dimension and express it in a symmetric way

min nif biBi = (B, B)
i =0
(D) s.t. f (ﬁ()) S O,
g(ﬁi—laﬂi) S Oa i:l,...,n—2,
f (ﬁn72) S O

where b; = Az; — Azj41,i=0,...,n—2, and B = (b, ..., bn_g)T. This optimization problem has n — 1
variables 3;, i = 0,...,n — 2, 2n constraints, and a linear objective function. Most of the constraints are
convex quadratic constraints. Surprisingly, none of the given data appears in both the constraints and

the objective function.

20



2.3.3 Dual to primal transformation

If one of the dual optimal solutions y* is obtained by solving problem (D), a corresponding

primal optimal solution can be obtained by the geometric programming optimality conditions
) x*elCNX, y"e®d®nN;
(I (x*,y*)=0;
(III) x* € 9y (y*).

This means that the primal optimal solution x* is a vector such that
x"e€nNXnoy(y”). (2.34)
For any y € © and for any v € 9h (), let
v = (178,785 71313 v 5 T s T AR g -
From the definition of subgradient, ~ satisfies that
(vy-9)<b(y)-b(¥), Vy €. (2.35)

Since y4 can only be zero, v4 can be any real number. Assume y is a vector whose elements are the same

as the given vector ¥, except for the component y¢ = 4 + &, where & can be any real number. Then
v,y —§) =16,
h(y) —b(F) = =d.
Since & can be either a positive or a negative real number, we have vi = z;.

Assume y is a vector whose elements are the same as the given vector y, except for the

components y4 and yi. Then

Formula (2.35) now becomes

v (vh —95) + i (vh —74) <0, V(y4,94) €05 (2.36)
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(05 hi2,1)

(-h,1)

l (52, -1)

(0,-1)

Figure 2.2: The normal cone of ©; at the boundary points

If we consider the above condition in the two-dimensional (yé,yi) space, then (Wgﬁi) must lie in the

normal cone of ©; at point (74, 74) .
Recall that (y4,y4) is defined on the set

0;= {(y,yi) € R?| — h; <y} < hy,

(2.37)
h2

L h) S < L - n)

7 7 7? 1 7 2
Cy y4:_?+1(y3+hi)a
and
. . R 1
Ci: yh=—— 1 (Wh—h)

If (774, ¥4) is an interior point of the set ©;, then obviously

(’Yiz’l,v%ii) = (0’0>'

If (4, 74) is a boundary point on the curve Cy but not on the curve Cj, then one normal vector of ©;

. gi4h;
is (%,—1). Hence

i Jsthi
73 2
=\ , for some \; > 0.
Vi -1

If (y%,7%) is a boundary point on the curve Cj but not on the curve CY, then one normal vector of ©;
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is (@,1) and
= 1 ? , for some u; > 0.
o 1

If (44, 4) is a boundary point on both the curve Cy and the curve Cy, then the normal cone is the cone

spanned by vectors (%h’, —1) and (‘ﬂ;ghi , 1)7 ie.,

i giths gi—h;
73 2 2
=\ + i , for some \;, u; > 0.

i -1 1

In summary, 74 and ~} should be in the form of

o ch ch
=\ + 1 , for some A;, p; > 0,
o ch Cho
where (c%y,chy) = (@,—1), if (74, 94) is on the curve CYf, otherwise (c4;,ci;) = (0,0); and

(chy,chip) = (ygghi , 1), if (g3,7}) is on the curve Cj, otherwise (cky,chy) = (0,0).

Therefore, we know that any « € 9 (§) must be of the form

-
FYI = Zi,

~4 unrestricted,
(2.38)
'Y:é, = )\icgﬂ + Micéza
_ _ _ for some A;, p; > 0.
Y4 = XiCiy + HiC,s

On the other hand, it is easy to show that any vector « of the above form is a subgradient of § (¥), since

v,y -9

- i) + z o 05— 52) + 2 (o — 5]
) -5+ z 4 (v~ 5) + 24 (o — 32)]
<h(y)—-H(¥)

Thus, we have an explicit expression for 9 (¥) at a given vector ¥.

Recall from the geometric programming primal problem that any primal feasible solution
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x €€N X can be expressed in terms of variables ¢;, i =0,...,n, i.e.,

X_ (XO,X:l, ,Xn_l’xn),
where
xi = (pi>Qian,Ui)
2 6 .
= (74— (2¢; + qiy1 — 3A2;), 72 (i + qit1 — 2A%) |, 1=0,...,n—1,
i i

x" = (pnaQn) = (Zm(In)-

Putting this expression together with (2.38), any vector x is in the set €N XN Ih (y) if and only if

_h% (2q; + qiv1 — 3Az;) = Nichy + picy,

,% (¢i + qiv1 — 202;) = Nicly + pichy,

K (2.39)
)\i7 i Z 07
q; unrestricted,
with ¢;, i =0,...,n, A\j, 45, t =0,...,n — 1, being unknown variables. After obtaining a dual optimal

solution y*, a corresponding primal optimal solution can be obtained by solving (2.39).

However, this approach has several disadvantages. First of all, there are additional operations
performed to get the value of y*. Secondly, 3" is a n-dimensional vector, while y* is a (4n + 2)-
dimensional vector. Hence, this approach merely increases the dimensionality of the problem. Finally,
the relationship between the primal and dual optimal solutions is not clear to see after having changed
the dual variables. In the following, we further develop model (2.39) to get a new dual-to-primal
transformation in terms of 3" directly.

The primal solution x is a vector whose components are the coefficients of the cubic L1 spline p;,
¢, u; and v;. As have discussed previously, at the primal optimal solution x*, p; = z;, ¢; is unrestricted,

and (u;,v;)" is a two-dimensional vector satisfying
Ayt — i) o (yi—yi) <0, V(i yi) €0, 2.40
wi (ys—vs )+ (va—vy ) <0, V(ys04) €6y, (2.40)

. . N - :
ie., (ug, vi)T is a normal vector of ©; at (yg*, yfl*) , where yg* and yfl* are two components of the dual
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optimal solution y*, and (y},;*7 yi*)T € 0;. The set ©; is defined by

0; = 1 (vi v T€R2‘—h¢§y?§hi,
{( i) ° (2.41)

k) < < - - )}

which is a convex set bounded by two quadratic curves:

h2 1 .
o yi=—71+i(yé+hi)2,
and
) . h2 1, .
Cit vh=" — 5 (s —h)’

From (2.25), (2.26), (2.27), (2.28) and (2.30), after the dual optimal solution 8" is obtained,

another set of dual optimal solution y* is calculated through an affine transformation

Y1 o
0
Ya 0
= 607
0 h
Ys 5
0 h3
Yq ?0
1 1 11
Y1 T t h1
! 0 0 I/
Y2 0
= )
1 h k
Y3 5 o B1
1 51 n
Yy 6 3
i ! 1 1 1
Yi My o TR T
Bi—2
Y5 0 0 0
= Bici |- t=2...,n—1,
; hy hy
Y3 0 Fl Pl
1- -~ ~ 5
Ya 0 3 £l
n 1 1
Lt _ T A1 hp—1 ﬂn—Z
yg 0 0 ﬁnfl

Here we only concern those part of the affine transformation involving yi and yj,

0 ho
Y = Bo
N (2.42)

2
0 h
Ya o
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Y3 I Bi-1 Bi-1 .
= =H ,i=1,...,n—1. (2.43)
i h2 h2
vh T+ 5 Bi Bi

Fori=1,...,n—2, (ﬂi_l,ﬂi)T is defined over the set

52:{(3:,3,/)T€R2 lg (z,y) 30}7

which is a convex set enclosed by two quadratic curves

Cr = {(Ivy)T € R?

e =1- e’

and

Cr= {(937y)T € R

Ge-n=1- g’}

Notice that the transformation from (8;_1,3;)" to (ys, yj;)T defined in (2.43) is a one-to-one and onto
transformation from Q to ©;. (8;—1, ﬂl)T is an interior point of € if and only if (yg, yfl)T is an interior
point of ©;. (8;_1,5;)" is on the boundary curves Cy, of € if and only if (yg,yj)T is on the boundary
curve Cy of ©;. (ﬁi,l,ﬁi)T is on the boundary curve Cg if and only if (yg, yi)T is on the boundary

curve C of ©;. Following (2.40) and (2.43), we have

wi (v —93") +vi (i — i)

yh— vy
= (ui7 vi)
Yi—yi
Bi—1— Bi_y
= (uj,vi) H
B — B
T
Ui Bi—1 — Bi_
- | =0 (2.44)
Vi Bi — B}
By (2.9), (2.10), and (2.43),
hy  h? )
HT Uj _ 2 6 T ha (QQ1 + qi+1 — 3AZ1) _ —q; + AZi
2
vi % % %(%JF%'-H —2Az;) Gis1 — Az

Therefore, for i = 1,...,n — 2, (—q; + Az, ¢iv1 — Azi)T is a normal vector of € at point (ﬁ*ﬁl,ﬁf)T,

K2

where 3, and 3F are the (¢ — 1)th and ith elements of the dual optimal solution 3. Let (n; (z,y) , ne (z, )"
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be the normal vector of Q at point (z, y)T, then the primal optimal solution is characterized by 3" as

—qi + Az _ ny (B4, 67) ' (2.45)
giv1 — Az n (871, 67)
The next task is to express the normal vector (n1 (ﬂf_l, B:‘) Mo (ﬁj_l, 6;‘))T7 i=1,....,n—2,
in terms of 3 ; and B} explicitly.
It ( ?71’6:)T is an interior point of €2, then obviously (m ( ;‘11755) , Mo (6;11,62*))T = (0, O)T.
Assume ( f_l,ﬁf)T is a boundary point of  on the curve Cp but not on the curve Cg, then the
corresponding (y3", yfl*)T must be a boundary point of ©; on the curve C¢ but not on the curve C}. In
this case, it has been shown in [2] that the normal cone of ©; at (y},;*7 yfl*)T is spanned by (MT_FL, 1)T.

Hence, by comparing (2.40) and (2.44), we have

m (o) | [

na (ﬁz*_hﬂ;k) 1

|
=
K

B +B=2)hi
4

o,

|,

T+ 6 —

Bi_1+ 87 +

Il
&
‘ I~
S0
— ~ T
Wi wn
ke
\Y
o

For simplicity, we write

ny (B7_1,5;) .\ L N >0

no (811, ) 6+ 2

*

Similarly, if ( 08 )T is a boundary point of €2 on the curve C'g but not on the curve Cp,, then

ny (851, 535) F 8+ 3
= i » Hi > 0.

na (871, 67) 6 -2

If ( P ﬁ;‘)T is a boundary point of 2 on both the curve C', and the curve Cg, then we say (ﬁ;‘_l, BZ)T

is a corner point of Q. In this case, (57‘71,6;“)T = (1, l)T or (—1, fl)T. If ( j‘fl,ﬂj)T = (1, I)T, then

K2

m (851, 67) 1 2
=\ + i » Aiy i > 0.

n2 (81, 57) 2 1
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If ( f—lvﬁf)T = (—1,—1)T, then

ny (B, BF -1 -2
(B0 B) =\ + 1 » Ais g > 0.

no (671, 67) —2 -1
For i = 0, by the relationship (2.42), if |35] < @, then (yg*,yg*)T is an interior point of
Op. It is clear that (ug,v9)” = (0,0)", which implies (go,q1)" = (Azo, Az)" by (2.9) and (2.10). If

T
B = \/‘Tg_Q, then (yg*, yg*) is a boundary point of ©¢ on the curve Cy. In this case, it has been shown

before that

o st B (G5 - 2)
= Ao = Ao ; Ao =0
(%) 1 1
Hence, by (2.9) and (2.10)
hd * 2
0 Azo—Xog (B — 5
_ £ (% -3) >0,
o Az + %2 (85 +2)
If g = —@, then (yg*,yg*)T is a boundary point of ©g on the curve C°. In this case, we have
shown before that
uo yg*; g B (85 +2)
= Ao = Ao ; Ao =0
Vo -1 -1
Again, by (2.9) and (2.10)
h/g * 2
qo Azg — X2 (B + 2)
= , Ao >0.
2
q Azp + )\o% (85— 2)
In summary, for ¢ = 0, we have
do Azg —n1 (55)
_ , (2.46)
Q Azg +n2 (55)
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where

n1 (65)

n2 (65)

For i = n — 1, notice that 5;;_; = 0. Then, from (2.43),

Following the same logic as for the case i = 0, we can derive that

where

ni (62_2)
n2 (ﬁ;:fz)

G -3
AO ° ) AO Z Oa lf ﬁé = \/473727
B+ 2
b5 + 3
o L x>0, if gy = —vA0=2 (2.47)
G -3
0
, otherwise.
0
n—1% R — *
Ya ' B 5 Bn_2
n—1% hi— *
y41 ! 6 : n—2
n-1 Azpg —m (52—2)
_ , (2.48)
dn Aanl + n2 (ﬁ:;72>
* + 2
n—2
Aot Tl A >0, if g, = A2
23
* 2
n-2 3 : * \/E*Z
)\n—l 5 )\n—l > 0, if ﬁn72 = — 3 5 (249)
PR
0
, otherwise.
0

Therefore, once the dual optimal solution 8" is obtained, the primal optimal solution can be
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obtained by solving

min Z?:o 3

Qi s iy i
s.t. @ = Az —n1(55),
@ = Az +ng (ﬁg) )
9 = Azi_nl( i— 175 ) _27
(T)
qi+1 = Azl+n2( i — 176 ) _2a

), i
)i
Gn1 = Dzp1—n1 (6 ,),
—2)

qn = Azn 1+n2(

WY,
uO
~.
Il
\.O
E
|
_

Ais Hi

The generalized geometric programming theory guarantees that any feasible solution of the
problem (T) results in a cubic L spline. However, the feasible set of (T) contains more than one single
point in most of the case. Hence, we need a criterion to pick one from all candidate splines. This criterion
is reflected in the objective function of (T), which is called a regularization function. In the geometric
design society, people usually prefers the flattest curve, i.e., the curve with the smallest absolute values
of ¢;’s. Therefore, the regularization function is chosen to be the I, norm of q. Among them, the I;
norm of q enables the problem (T) to become a linear program. Consequently, > 1" ;|g;| is the most

frequently used regularization function.

2.4 Conclusion

We have derived a mathematical model for the univariate cubic L; spline problem and have
shown that solving a univariate cubic L spline problem is equivalent to solving an unconstrained opti-
mization problem. The objective function of this optimization problem is convex and almost everywhere
differentiable.

The generalized geometric programming formulation provides an attractive theoretical frame-
work for calculating the coefficients of univariate cubic L; splines. We have explicitly constructed
a geometric dual problem and corresponding optimality conditions. Compared to the discretization

approach, which uses an interior point algorithm [7] to solve the primal problem, the geometric pro-
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gramming approach has a clear conceptual advantage in that it is based on minimization of the exact
continuum spline functional and does not depend on numerical approximation of this functional, which
could lead to different users producing different L, splines for the same data.

The discretization approach has already been applied in bivariate situations [16] and could be
applied in multivariate situations. However, significantly different L; splines may result from different
discretizations. Moreover, interior-point methods for solving the large sets of linear systems that result
from the numerical discretization of bi/multivariate integrals will be computationally very expensive.
After developing a specialized geometric programming algorithm for the univariate case, we hope to
extend this algorithm to bi- and multivariate cases, which are of much greater interest in the geometric
modeling community than the univariate case. The univariate theory developed in the present paper is
one step on the long path toward a new class of optimization procedures that will, we hope and expect,

be the basis for greatly improved geometric modeling by L, splines.

2.5 Calculation of conjugate transform § (y) : ©

From the definition of conjugate transform, we have

b (v')

= sup [(y",x") —g: (x')]
xtee;

= sup [yipi] + sup [y%ql} + sup [yéu2 + yivi — g (xl)] . (2.50)
Pi=2zi ¢i€ER Ui, V; ER

In order to make sure that h; (y’) < 400, each of the three terms in (2.50) should be finite. Since
p; = 2; is a fixed real number, the first term is always finite and the supremum is given by z;3%. For the
second term, since g; can be any real number, the only value of y4 which makes this term finite is 0, and

SUDPy, c R [y%ql] = 0. Consequently,

bi (yl) = zzyi + sup [yéul + yivi — g (Xl)] ,
u;,v; ER

and
yi €R,  y={0}.
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The most difficult is the last term. In order to facilitate the discussion, we simplify the notation.

Denote

)

s (15l + ] gl e g

=
|2”‘

h‘u—i—%v

, if %v’§|u+%v

where (u,v) € R? and h > 0 is a constant real number. Let the conjugate transform of § (u,v) : R? be

w(&,n) : Q, where

(u,v)ER?

Q= {(E,n) € R’

sup [Eu—+nv—f (u,v)] < +oo},

and

W(ﬁﬂ?) = Ssup [§u+7711—f (U,U)], V(ﬁaﬁ) € (.
(u,v)ER?

Notice that the two-dimensional (u, v)-plane is divided into four disjoint parts by the lines given
by ‘%v‘ = ‘u + %v’ Let Q, k = 1,2,3, and 4, be the sets on which the function u + nv — § (u,v) is

finite on each of these four parts of the (u,v)-plane and let

wi (§m) = sup [Eu+nu—T (u,v)], V(n) € .
(u,v)ER?

Clearly, the domain 2 of w is the intersection of all the 4 and the conjugate transform w (£, 7)
can be obtained as the maximum of wy (§,7n), k = 1,2,3,4. We treat each of the four partitions of the

(u, v)-plane separately.
e Case 1: u—&—%vZOand %UZO.
In this case, when %v <u-+ %U, we have
>0 and v >0,

and

f (u,v) = hu + —20.
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Figure 2.3: Calculate the conjugate transform of f (u,v): case 1.

Consequently,

Wiq (57 77)
= sup [Su+nv—f (u,v)]
u>0,v>0
h2
= sup [§u+ nv — hu — v}
u>0,v>0 2
h2
= sup [(f—h) U+ <77—> v]
u>0,v>0 2
=0.
The set on which w, (€, 7) is finite is given as
h2
Qla:{(gan)ERz fSh, USQ}

When %v >u+ %v, we have

h
02u2—§v and v >0,

and
2
h|h o (utBo)
fluv)=5 |5v+ I
Let
u
§'U
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Then

h
u:t~§v, te[-1,0], v>0,

and
h |h (u+ EU)2
_ 2
f (u,v) 5 |3v %v 1
h2
= (t2+2t+2)-z .
Hence,

Wip (57 77)

= sup [Sutnu—Ff(uv)]

0>u>—L2v,v>0

h 2
= sup {§t~v+nv(t2+2t+2)-'v}
0>0,¢€[—1,0] 2

4
= su {t2+2<1—§>t+2(1—2n)] <—th>
uzo,tef)—l,o] h h? 4

=0.

The set on which wp (€, 7) is finite is given by

¢ P
t2+2<1—h> t+2<1—h2) >0, Vte[—l,O]}

[t+(1i>rhg {(5h)2+4<nhj>] >0, Vte[l,m}.

le = {(fﬂ?) € R2

{(67})632

Define

r(t) = {t+ <1i>rhl2 {(5h)2+4<nh;>} tel-1,0].

If
-nP+a(n-5) <o
then
r(t) >0, foraltec R'.
Otherwise,



Under this condition, the two roots of r (¢) are given by

(D)) ()
R RCa)

Therefore, 7 (t) > 0, V ¢t € [-1,0], if and only if

and

Notice that ?1 > 0 is equivalent to

and tA2 < —1 means that

h K2
< < — —.
570,n,2§+ 1

Defining
2 h?
Q%b‘{(faﬁ)GRz (€—h) +4<n2> go},
2= {Eener|E-n?+1(n-5) >0,
and £2h,n§%2},
and

o= {Emer|c-—n*+1(n-4)>0.
and ¢ <0, n§%§+’§},

the set on which wyp (€, 7) is finite is given by

Therefore, the domain of the conjugate transform for case 1 is defined as

Q1 = {(5777) € R2

sup  [§u+nv—f (u,v)] < 400
u+%’u20,%v20

= Q1o Ny = Qe N [Q7, U QT UQT,]

{emermoceshn<ly —jE—n7

h h?
or f§0»77§55+7}
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(h,h?2)

N

Figure 2.4: Domain of the conjugate transform: case 1.

Q, is the shaded area in Figure 2.4.

Now, for any (£,7n) € Q4,

w1 (57 77)
= max {wi, (§,7),w1p (&,1)}

=0.

For the other three cases, the calculations are similiar. We mention only the following items of

interest:
e Case 2: u—&—%vSOand %vZO.

The domain of the conjugate transform for case 2 is defined as

{(E,U)ER2’—hS§SO,ngh;_%(g_h)?

h h?
or €20, n<be+ 1

0, =

For any (&,7) € Qs

w2 (6777) =0.
e Case 3: u+%v§0and %USO.

The domain of the conjugate transform for case 3 is defined as
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Q {(f,U)GRQ‘—hSSSO,772—%24-%(54_}1)2
3:
or €20, 7> he- 21

For any (§,n) € Qs,

w3 (§7 77) =0.
e Case 4: u—&—%vZOand %’USO.
The domain of the conjugate transform for this case is defined as

2

{EmeRrose<n nz -5 +1E+n’

Qy =
or ggo,nzgg—h{}.

For any (£,7) € (u,

Wq (6777) =0.

Any (u,v) € R? falls into one of the above four cases. In order to guarantee that u+nv—f (u,v)
is finite for any (u,v), we need to require that {u+nv —f (u,v) is finite in each of these four cases. This

means

sup [§u+nv —f (u,v)] < +OO}
(u,v)ER?

= {(5777)632

= N N3N Q.

Notice that the function n = h—; - 1= h)? is a concave function and, at the point (&,7) =

(0, 42), its tangent is given by n = %f + % Similarly, the function n = ——2 i &+ h) is a convex
. . o h?

function and, at the point (£,7) = ( ) its tangent is given by n = 75 — . Moreover, these two

quadratic functions 7 = %2 - 3= h)? and 7 h2 + 1+ h)? intersect at two points (h, %2) and

(—h, —%2) Considering all these properties at the same time, the domain of w (§,7) becomes

Q=0 NN N

{(¢,m)eR* |-h<E<h,

—E e+ h? << —Le—n’}
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Furthermore, for any (£,7) € 9,

w(&n) = sup [fut+nv—Ff(u,0)]
(u,v)ER?

— max {w; (¢,7)}

i=1

=0.
Therefore the conjugate transform b; (yl) :D;, where y' = (yi, ys s, yfl), can be expressed as:
@i =R x {0} X @z

with
©; = {(v5vi) € R?| — hi <yh < hy,
S ) <u < - - k)’
For any y* € D,
b (yz) =zyi + sup [ygul +yhvi — g (Xi)]

ui,v; €€

_ i
= ZiY1-
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Chapter 3

A geometric programming
framework for univariate cubic [

smoothing splines

Given a set of data, our objective is to construct smooth curves or surfaces, called smoothing
splines, to approximate the data. Many variants of smoothing splines have been used in science and
engineering [8, 12]. Closed related with cubic L; interpolating splines, a class of cubic L; smoothing
splines is introduced in [15], which are calculated by minimizing a convex combination of the I3 norm of
the residuals of the data-fitting equation and the L; norm of the second derivative of the splines over
a finite-dimensional spline space. Numerical experiments have shown that this new class of smoothing
splines perform well on preserving the shapes for arbitrary data.

Noting the similarity between interpolating splines and smoothing splines, we follow the pre-
vious chapter to formulate the problem in the context of generalized geometric programming the-
ory [6, 21, 22, 23, 26]. We will show that the geometric dual of the smoothing-spline problem has a
linear objective function over a convex feasible domain, despite the fact that the objective function of

the primal problem is nonlinear and non-differentiable. In this framework, it becomes possible to perform
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sensitivity analysis and to develop continuum-based computational algorithms.

This chapter is organized as follows: In Section 3.1, the mathematical structure of univariate
cubic L; smoothing splines is introduced. In Section 3.2, the problem is reformulated as a geometric
programming problem. In Section 3.3, some computational results are reported. Sensitivity analysis for

data with uncertainty is performed in Section 3.4. Discussion and the conclusion are in Section 3.5.

3.1 Univariate cubic L; smoothing splines

Given a set of data (&, 2m), m =1,2,..., M, with the abscissae Z,, contained in a finite real

interval [a,b], we partition the interval by using a strictly monotonic set A = {z;}; such that
a=x9g<x1 < - <Tp_1<xTp=>, (3.1)

into n subintervals, with I; = [z;,;41) fori =0,1,...,n—2, and I),_1 = [£y_1,2zy]. To find an approx-

imation function S () in the space of C! smooth, piecewise cubic polynomials over these subintervals,

we characterize S () by its function value S (z;) and the value of its first derivative % (x;) at the knots
x; for i =1,...,n. To determine these values, [15] proposed minimizing the following functional:
M Tn
B A o 18 () = 2l + (1= %) [18"(0)] (32)
m=1
)

where A € (0,1) and the weights w,, > 0 are predetermined.

Functional F is a convex combination of an approximation error and an “energy integral”.
The sum is the overall weighted approximation error with a positive weight w,, at each data location
ZTmm. It measures how close the approximation function can fit the data. The integral term is one
type of the bending energy that defines a cubic L; interpolating spline [14]. The parameter A is a
balance parameter that adjusts the trade-off between these two terms. In this paper, we consider the
unconstrained minimization of E. Boundary conditions and/or other conditions on the coefficients of
the smoothing splines could be imposed without significant changes in the theory and computational
methods presented below.

A cubic L; smoothing spline is a C! piecewise cubic polynomial that minimizes (3.2). On each
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subinterval [z;, z;11], there exists a cubic polynomial S; (x),
Uy 2 Uj 3
S;(x) :pi+qi(m—xi)+?(m—xi) —l—g(x—mi) , (3.3)

such that S (z) = S; (z), V& € [z, xi41],7=0,...,n — 1.

Foreach:=0,...,n—1, let
hi =x;41 —x; > 0. (3.4)
On the subinterval [z;, z;41], the second derivative of S;(x) is given by
S (x) = u; +vi(z — ;).

Changing the variable from z to t = (z — z; — %)/hl, —3 <t <1, we obtain

hi

Then the integral in the minimization functional can be expressed explicitly as

/ " 15" (@)] da

n—1 1/2
> f,,

=0

i
w; + —v; + hivit

5 dt (3.5)

h; 2
) Uit 5 v . ) )
n—1 % [%UZ’+M1 ‘| s if %'UZ| >}U1+%’U1|
=y 7 % (3.6)
i=0 . . ) .
' hi |ui + Boi] if | &vi| < |ui + o
Each data location &, falls into precisely one subinterval [z;,2;1+1), ¢ = 0,1,...,n — 2 or
[€n—1, 7). We assume that, in each subinterval [z;,z;11), ¢ = 0,1,...,n — 2, there are M; data points
ity oo Ting, With 2, < T < oo < Ty < Tiga, and My, data points Zp—11, ..., Tp_1,Mm,_, ID
subinterval [z,_1, %], with z,—1 < &p_11 < -+ < Tp_1,Mm,_, < Tp such that
n—1
> Mi=M (3.7)
1=0
The value corresponding to the data location & is Z;;. Denote
hig = Rk — T fori=0,....,.n—1 and k=1,...M,, (3.8)

41



then 0 < fzik < h; and the overall approximation error can be expressed explicitly in terms of the

coefficients of the smoothing spline S (x) as

n—1 M; ) iLQ iLg
Z Z Wy |Pi + hirqi + ék U; + ék Vi — Zik| - (3.9)
i=0 k=1

The smoothing spline S (x) should satisfy the C' smoothness constraints, that is,

2 h3
pi"'hiQi"'?lui‘FEZUi:pi-‘rla 1=0,...,n—1, (3.10)
h?
qi—l—hiui—kévi:qu, 1=0,...,n—1. (3.11)

From constraints (3.10) and (3.11), we can derive u; and v; in terms of p; and g¢;, i.e.,

6 4 6 2 .

Ui = =55Pi = i T sPiel — 3o, 1=0,...,n—1, (3.12)
12 6 12 6 .

v; = ﬁpi+ﬁqi_ ﬁpi+1+ﬁqi+1, i=0,....,n—1. (3.13)

Consequently, functional (3.2) is a function of p;’s and ¢;’s. Let us denote it by F (p,q), where p and q
are the vectors with elements p; and ¢;, respectively. The problem of finding a smoothing spline S ()

that minimizes functional (3.2) is equivalent to an unconstrained optimization problem

in E . 3.14
e (p.q) (3.14)

Functional E (p, q) is convex, continuous in p and q and increases to oo as the Euclidean norm
of p and q increases to co. Therefore, E (p,q) has a minimum [15]. However, E (p,q) is not strictly
convex, so its minimum need not be unique. We will deal with this nonuniqueness in the dual-to-primal

transformation in Subsection 3.4 below.

3.2 Generalized geometric programming approach

Generalized geometric programming is an optimization theory that provides existence, unique-
ness and other theorems for mathematical analysis. A thorough treatment can be found in [21, 22]. Some
new advances can be found in [26]. In this section, we show how to formulate the cubic L; smoothing

spline problem in a generalized geometric programming setting.
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3.2.1 Primal problem

Fori=0,...,n—1and k =1,...M;, denote

: i
sik = S5 (Zix) = pi + hings + 7% + 6 Vs,
X' = (Diy Qi Wiy Viy 81, SiM;) 5
and
x" = (pnsan) -
The primal variables are represented by
x = (XO,Xl, . 7X77,—17X7l) Cce= R]\/[+4n+2,

(3.15)

(3.16)

which are required to satisfy the conditions (3.10), (3.11), and (3.15). Since these constraints are in

linear form, they can be expressed as

where A is an (2n + M) x (4n + M + 2) matrix formed by the coefficients in (3.10), (3.11), and (3.15),

ie, A=
2
2 3
1 hg M ko -1
2
1 hy M -1
~ 72 3
L hoy Mg ML
- B2,k
1 hony —50 220 -1
2 3
Rl |
2
1oh B

-1 hn—1
1

1 iL(n—l)l

1 il(n—l)]\/In,1

2 3
ho—1 hon—1
2 6
2
hn—l n—1
2
h? h3
(n—1)1 (n—1)1 1
2 6
i2 73
hn—1ym,,_y Pin-1)m,,_,
2 6

We denote the null space of matrix A by X. The primal objective function now becomes

g(X):igi (x'),

1=0
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where
M;
gi (x') = Azwik |sik — Zik| + (L = A) fi (ug,03)
k=1

and

h
h;
i

. 2
Uq fl’Ui .
f flguls 22|
i (ugvi) =

hi|ui—|—%vi|, if

Consequently, the primal problem becomes

(Primal) ming (%)

st.xed€nNXx

By > i +

oo < Jus+

(3.19)
%Ui )

(3.20)

(3.21)

Notice that in this primal problem, there are 4n + M + 2 unknown variables and 2n + M constraints.

Consequently, there are 2n + 2 degrees of freedom.

3.2.2 Dual problem

Following the general theory of [22] and a specific implementation of this theory in [2], we can

derive a geometric dual problem for univariate cubic L; smoothing splines in the following manner.

Let us denote

yl:((pzl’w;@éa@}pﬁlla 719i]Vfi) for i:O,...,n—l,

y" = (o], 93)-

The dual variables are represented by

y=y, Ly Ty

(3.22)

The conjugate transform of g(x) : € is denoted by h(y) : ©. Since the primal function g(x) is in

a separable form, we can derive the conjugate transform of each components independently. By the

definition of conjugate transform [24], we have

M;

hi (y') = sup {Z [Winsik — Mk |Sik — Zak|] + @i + @hqi + [Phui + @hv; — (1= N) fi (us,v:)]}

xteRWM T

M;
— Z sup {%ipsik — Mok |sik — Zik|} + sup {g@ﬁpi} + sup {cp’zqi}
L—1 SikE€ER! p;ER? qi€R!
+ sup  {@hui 4+ phvi — (1= A) fi (us,v:)}
(ui,vs)ER?
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To keep the supremum finite, both i and ¢% can take on only the value zero. The conjugate

transform of A\ [six — 2ix| @ {six € R'} is
ZiVik + {|Vir| < M}
From [2] the conjugate transform of f; (u;,v;) : {(u;,v;) € R%} is
h? 1 ; _h? 1, 2
0:{—Zr+ 7 (bh+h) b <5 — (05 —hi)}
4 2 4
or, equivalently,

0: {|4¢% — 2high| < (h)* = ()”, i=0,....n—1}.

Notice that (1 — ) f; (us,v;) = fi (1 =X ui, (1 — A)v;). Making the transformations u; =

and v = (1 — X) v;, we have

sup  {@hu; + phvi — (1= A) fi (us,v:)}

(ui,vi)ER?
= s B P fdal | -0
(u;,v;)ERQ - -
with
— \) 4k — 2high| < (1= N B2 — (gh)*, i=0,....n—1
Therefore,
n—1 M;
ZikVik,
i=0 k=1

with a domain

D= H@i C RInTM+2,

i=0
where, for i =0,...,n—1,
M;
©; = {0} x {0} x ©; x [ I,
k=1
with
0; = {(@37904) €R2‘ ‘4@4_2hz@3| <( 1_)\)2}‘?_(@%)2}’

Ly = {Vi, € R" | [Vsk| < Mo }

and, for i = n,
D, = {0} x {0}.
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(3.24)
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(1 — )\) U;

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)



Therefore, the dual geometric programming problem becomes

(Dual) minb (y)

st. ye®NY

where 9), the dual cone of X, is the row space of the matrix A as defined in (3.17).

3.2.3 A simplified dual program

(3.33)

Let the row vectors of A be §;, m;, and ;;, fori =0,--- ,n—1land k=1,--- | M;, i.e.,

AT =

o5
o
S|
N

T
n—1 n—1 (n—1)1
For each y € 9), since 9) is the row space of A, y can be expressed as

n—1 M;
y = Z (aiéi + Bim; + Z%k(lk> )

i=0 k=1
with «a;, 8;, vir € R. From (3.35) we easily have

Yik = —Vik-
Hence (3.35) can be written explicitly as

. Mo
0] =ap— > Yok,
=1

M;
szl :—O[i,1+04i— Z 7-9ik7 Z:L...
k=1

Y —
Y1 = —On-1,

Mo
©% = hoao + Bo — Y, hokDok,
k=1

) M;
¢y = —PBi-1 +hiai + B — X halp, i =1,...,n—1,
k=1

<P721:_/6n—1;
o p2 Mi p2
w%zéam”%ﬂi—z ékﬁik, i=0,...,n—1,
k=1
o p3 h2 Mi j3
=it iy Vi, i=0,...n—1
k=1
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(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)



Recalling (3.29) and (3.32), we have ¢¢ = 0 and ¢4 = 0 for i = 0,--- ,n. Hence, from (3.37)

and (3.38), a; and §; can be expressed as linear functions of the 9y, i.e.,

i M;
Zzﬁjka 1=0,...,n—1,

7=0k=1
i M,
- (ig1 — Zj) Vg, 1=0,...,n—1,
7=0k=1
Qp—1 = 07
ﬁn—l = 07
and, fori =0,...,n—1,
' i L & 2
¥s="3 hi (i + Tigr — 2858) Dji — 5 20 (Tipr — k)™ ik
7=0k=1 k=1
. 1 =1 Mj 2 1 MZ 2
Yi= % i (@ + 2wi40 — 3255) ik — § (i1 — Zix)” (Tik + 241 — 32;) O
7j=0k=1 k=1
Moreover,
. . h3 i—1 M; 1 M; )
4y — 2hips| = —é SN - 3 > (@igr — &in)? (wig1 + 22, — 323) Vi
7=0 k=1 k=1

forte=0,...,n—1.

Therefore, the geometric dual problem (3.33) can be simplified as

. n—1 M; )
min > Y Zipik
9 i=0 k=1
s.t. |’l92k| S)\’UA}Z']C” ’LZO 1, ]{7:1, 7Mi,
h3 1—1 M] 1 M; R 2 .
1-=X) |- ’ > Vik— 3 (Tir1 — Tix)” (Tix1 + 285 — 324) Vi
j:0 k=1 k=1
2 1 i—1 M; 1 M; ) 9 2
<(A=XN)"h -3 hi (i + i1 — 2855) Ok — 5 > (ig1 — Taw) " Vix |
=0 k=1 k=1
1=0,...,n—1,
n—1 M;
’lgjk: = 07
j=0 k=1
n—1 M; .
(mn — xjk) ﬁjk =0
7=0 k=1

(3.41)

(3.42)

(3.43)

Notice that this problem has a linear objective function with M variables ¥;; over a convex feasible

domain defined by M box constraints, 2n quadratic constraints, and 2 linear constraints. The variables

are sequentially related through those quadratic constraints.
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3.2.4 Dual-to-primal transformation

After a dual optimal solution y* is obtained by solving problem (3.43), a corresponding primal
optimal solution can be obtained by the following optimality conditions:
) x*elCNX, y"e®d®nN;
I x5y =0;
(D) x* € dh(y").

Since X and 9) are dual cones, the primal optimal solution x* is a vector such that

x* € €NXNdh(y"). (3.44)

From (3.12), (3.13), and (3.15), a feasible primal variable x € € N X can be expressed as linear

functions of free variables p; and ¢; as follows:

6 4 2
Ui = —75Pi = i + p2Pit1 = g odit (3.45)
12 6 12 6
. Vi = hfgpi + hiflil - hf?pwrl + F?qi+1; . (3.46)
3%, | 2h%, S ohh R 3h%,  2h%, W b
sip= 1— th + h?’k i+ hix — h_" + h; ¢+ h2k — hf?k pit1+ — h_’“ +h—§ gir1. (3.47)

Moreover, for any ¥ € ©, x € 94 (y) can be calculated componentwise by the definition of the subgra-
dient, i.e.,

(xXy-9<b(y)-bH({F), VyeD. (3.48)

Since i and ¢} can only be zero, p; and g; are free to take on any real values. Assume y is a vector

whose elements are the same as the given vector ¥, except for the component ¥;;, = ¥;5 + §. Then
(x,y = §) = sixd,
b(y) —b(¥) = Zird.
If ¥ is located inside the open interval (=AW, Mb;), then & can be either a positive or a negative
real number. Hence, we have s;; = Z;. If ;1 is the left end point —Aw;, then § can only be a positive
number. Thus, s;, must satisfy s;z < 2. Similarly, if ¥;; is the right end point A\, we obtain

Sik > Zik. All these three cases can be written as
Sik = Zik + Ciklik, (3.49)
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where 3 > 0 and ¢, is a constant determined by ¢, = sign (Vir) [1 — I~ xw raivir) (V)] -
By the same logic, we can verify that (u;,v;) lies in the normal cone of ©; at the point (gbg, c,bfl).

Therefore, (u;,v;) can be expressed as
= T + s; for some 7;,s; >0, (3.50)

Recall that (@g, 4,53) is defined on the set
01 = { (¢4 #h) € R2| (1= \) [4¢h = 2hassh] < (1= V12 = (&4)” ],

which is a convex set bounded by two quadratic curves:

1—A 1

1(1-N) [}

=1

Cli: Pa = —

5 h? +
and

1—)\h2_ 1

CQ: (2 2 7 4(1_)\)

[ — (1= A hi]”.

Therefore, (ci,c) = (2(1’%)\) + %, —1), if (@4, %) is on the curve CY. Otherwise (cf,ch) = (0,0). And
(i, ch) = (% — b 1), if (@4, @4) is on the curve C§. Otherwise (cj,c}) = (0,0).

Putting all the above expressions together, a primal optimal solution x* lying in the set €N

XN oh(y*) can be obtained by solving the following problem:

. n
pi1qil}"1ilur;iyt7‘,k Zi:o |ql|

6 4 6 2 _ 1 3
s.t. —72Pi = 7.0 T 72Pi+1 — 7o Qi1 = C175 + 585,
k2 T

12 6 12 6 ; ;
730 T 720 — 33Pi+1 T 320i+1 = €T + C4Si,

3h%, | 2h3 7 2rZ, | A 3h%, 2R3,
(1 5+ 2 ) o (han — B+ 5 ) @i+ (5 — B8 ) pia (3.51)
hZ | R3, s A
T =%r T %2 ) G+ = Zik + Cirlin,

Ty Si7tik Z 07

Pi, q; unrestricted.

where the objective function is the regularization term mentioned in [2]. One could, of course, use other

objective functions such as Z?:o Q.
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A=0.95 A=0.75

Figure 3.1: Cubic L; smoothing splines for a plateau.

3.3 Numerical experiments

In this section, we use two examples of [15] to illustrate the results obtained by the geometric
programming approach. Figure 1 is for data with a plateau while Figure 2 is for data with flat portions,
linear ramps, and an outlier. In both figures, the data points to be approximated are indicated by the
symbol “4” and the spline knots are indicated by the symbol “o”. The weights w,, of the data points
are all set equal to 1. For each example, four values of the balance parameter A are used. The solver
used for the simplified dual problem was basic MINOS 5.5 without any modification.

For both examples, the results obtained by the geometric programming approach are essentially
the same as the results obtained by the discretization approach of [8]. The real advantage of the geometric

programming approach lies in the theoretical analysis to be presented in the next section.
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0 2 4 6 8 10 12 0 2 4 6 8 10 12

Figure 3.2: Cubic L; smoothing splines for data with flat portions, linear ramps and an outlier at (9.4, 2).
3.4 Sensitivity analysis for data with uncertainty

So far we have assumed that every data value Z is given in a precise manner. In reality, for
many applications, many data points may come with uncertainty represented by an interval. In this
case, some theoretical analysis is needed.

Let us assume that, at a given location %, the data value Zj is subject to measurement error.
Then Zj is no longer a precise constant, but may assume any value in an interval [z, z,,]. For simplicity,
let us skip the subscript and denote this data (Z, z) with z € [z, z,].

For each value of z, we are able to find one corresponding cubic L; smoothing spline as described
in Section 2. In this situation, the objective function of the unconstrained optimization problem (3.14)

becomes F (p,q;z), where p,q € R""! and z € [z,2,]. Consequently, its objective function value
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becomes a function in term of z, i.e.,

E(z) = L nin B (P,a;2). (3.52)

The data value z is thus a parameter that defines a family of smoothing splines. Among this smoothing
spline family, we are particularly interested in finding the smoothing spline that has the minimum

objective function value. That is, we face the following optimization problem

min E(z)= min  min E(p,q;z2) . (3.53)

2€[z1,24] 2€[z1,24] P,gER" !

In function E (p, q; z), z appears only in the term A |S (&) — z|, and inside the absolute value
symbol is a linear function of p,q and z. Hence this term is in fact a convex function of p,q and z. We
have shown in Section 2 that, without this term, F (p, q; 2) is a convex function of p and q. Therefore,
E (p,q; z) is also a convex function [24].

Now we show that E (z) is convex. For any 21, 2 € [21, 2] and v € [0, 1], let (p1, 1), (P2, qz),
and (p*,q*) be minimizers of E (p,q;z) with respect to z = 21, 2 = 29, and z = az; + (1 — @) 25. We

have

E(az1 + (1 —a)29)

=E(P"a%an +(1-a))

< E(ap1+(1—a)p2,aqi + (1 —a)qo;az + (1 — a) 29)
< B (p1,q1;21) + (1 — @) E (P2, q2; 22)

= aF (z1) + (1 — ) E (22)
Consequently, we have the following theorem:
Theorem 3.1 E (2) is a convez function over [z, ).

For the geometric programming model of the L; smoothing splines, let us use g (x; z) and b (y; 2)

to denote the primal and dual objective functions, respectively, with z being an additional variable. Also
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define that

g(z) = min g(x;z),

h(2) = min_b(y;2).

yEDNY
Following the logic previously used, it is not difficult to show that g(z) is convex. By the

optimality theorem [21] of geometric programming, we know that for any z € [z, z,],
g(z)+h(2) =0. (3.54)

Then it is straightforward to see that § (z) is concave.

Corollary 3.2 g (z) is a convez function on [z, 2], b (2) is a concave function on [z, 2], and mini-

mizing § (z) is equivalent to mazimizing b (2).

We now change the dual variable from y to 9 as described in Section 3.2.3. In this setting, the
feasible domain of 9 is a convex set {2y defined in (3.43), which is independent of z. For any z € [z, z,],

the function b (z) becomes

h(z)=2zT9 (3.55)

where z = (21, ..., 21, 2, ka1, - - - éM)T is a vector of the values of given data, the kth component of
~ R . . o \T

which is the value of z, and ¥ = (191, vy U1, 9, Oty e ey 19M) is one corresponding optimal dual

solution, the kth component of which is . Since every element of z is fixed except the kth element z, 9
is determined by the value of z. We denote the kth element of 9 by ¥ (z). Note that, in general, ¥ (z)
is a set-valued function since there may exist multiple optimal solutions for a given z. In the following
discussion, ¥ (z) may refer to the whole set or any real number in this set. The reader should have no
difficulty in determining the meaning from the context.

For any z1, 23 € [21, zu], let 71, Zo represent the corresponding vectors of data values. The only
difference between z; and z, is in the kth elements. Let the bold characters 1~91 and 1~92 represent the
corresponding optimal dual solutions with kth elements 9 (z1) and ¥ (23), respectively. Since, for fixed

21, the dual optimal solution is 517 we know that
219, <279, (3.56)
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Similarly, for zs,

219, <zlo,. (3.57)
By inequalities (3.56) and (3.57), we have
WO =250+ (7 7)) O

00 = 2000 + (3, — 72)T Vs

IN

IN

259, + (z, — 22)" s

Consequently,
@1 —7)" (?91 - 52) <0
which is equivalent to

(21 — 22) - (¥ (21) — 9 (22)) < 0. (3.58)

Hence ¢ is monotonically nonincreasing in z.

Assume that z* is the maximizer of E(z) The value z* must exist, since b (y;2) and, hence,
H(z) is continuous over the closed interval [z, z,]. Denote the optimal dual solution corresponding to
the value of z* by 9" . n other words,

) — — in 279 = @979, 3.59
b (%) . gﬁﬁfu]b@) JJnax | min 7 (z") (3.59)

Since z* is the maximizer of b (z), for any z € [z, z,], we have
h(z)=2"0< @) =p(). (3.60)
Furthermore, since 9 is the dual optimal solution corresponding to z*, we have

@H)T9 < @) 9. (3.61)

Combining (3.60) and (3.61), we have

Hence,



or equivalently,
(z—2%)-9(2) <0. (3.62)
The above derivation indicates that z* can be categorized through ¥ (z) using (3.58) and (3.62).
First let us consider the case that z* is an endpoint of [z, z,,]. Without loss of generality, let us assume
that z* = z,. From (3.62), z — z* < 0 for any z € [2, z,]. Consequently, ¥ (z) > 0. At the two end
points, we have ¥ (z;) > 0 and ¥ (z,) > 0. On the other hand, if we know that 9 (2;),9 (z,) > 0, by
the monotonicity property (3.58), we know that ¥ (z) > 0 for any z € [z, z,,]. Hence, by (3.62), z < z*.
Therefore, we must have z* = z,. Therefore, the sufficient and necessary conditions for z* = z, are
9 (1) > 0 and 9 (z,) > 0. Similarly, we can show that z* = z; if and only if ¥ (z;) <0 and ¥ (z,) < 0.
Now consider the case that z* is an interior point of [z, z,,]. In this case ¥ (z;) and 9 (z,,) have
different signs. If fact, it is not difficult to see from the monotonicity condition that 9 (z;) > 0 and
¥ (z,) < 0. Let us first assume ¥ (2*) > 0. Then there exists z € [z, z,,] such that 0 < ¥ (z) < O (2*).
From (3.62), we know that z — 2* < 0. However, this implies (z — 2*) - (9 (2) — 9 (2*)) > 0, which
contradicts (3.58). Therefore, any value of z with 9 () > 0 can not be the maximizer of b (z). By a
similar argument, any value of z with ¢ (z) < 0 can not be the maximizer ofE (z) either. Hence, z* is the
maximizer of b (z) only if 0 € ¥ (z*). On the other hand, since the maximizer always exists in the interval
(21, zu), this necessary condition is also a sufficient condition. This characterization is summarized in

the following theorem:
Theorem 3.3 The mazimizer z* of b (2) must exist in [21, 2u). In particular, (i) z* = z, if and only if
9 (z1) > 0 and 9 (z,) > 0; (ii) z* = 2 if and only if ¥ (z) < 0 and 9 (z,) < 0; and (i) if 9 (z1) and

¥ (zy) have different signs, then z* is the mazimizer ofH(z) if and only if 0 € ¥ (2*).
The following is an algorithm for finding z*.

Algorithm 3.1

Given a sufficiently small number € > 0.
Step 1: Solve the dual problem (3.43) with z = z; for ¥ (2;) and 2z = z, for ¥ (2,).

Step 2: If ¥ (z) > 0 and 9 (2,) > 0, then z* = z, and stop. If ¥ (2;) <0 and ¥ (z,) < 0, then

z* = z; and stop. If ¥ (z;) and 9 (z,) have different signs, continue.
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Step 3: Pick any point zp between z; and z,, solve the corresponding dual problem for 9 (2).
If |9 (20)] < €, then z* = zy and stop. Otherwise, if ¥ (z9) > 0, then set z; = zg, otherwise, set

Zu = 20-

Step 4: If z, — z; < €, then stop. Otherwise, go to step 3.

The efficiency of this algorithm is determined by the method by which the point zy in Step 3
is chosen. Some elementary methods include the bisection approach and interpolation approach. The
bisection approach takes zg = (z; + z,) /2, while the interpolation approach is to interpolate points

(21,9 (z1)) and (24,9 (2,,)) with a linear function [ (z), then find the point zo such that I (z9) = 0, i.e.,

R T 3
zZ0 — 2] 19u—191 .

There may be more efficient methods.

e

0 2 4 5 8 10 2 o 2 4 5 8 10 P

Figure 3.3: Cubic L; smoothing splines with A = 0.75 for data with linear ramps, vertical glitch, abrupt
changes in knot spacing, and various values at & = 8.6.

We use one example to illustrate the above algorithm. As shown in Figure 3, the data points
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to be approximated are indicated by the symbol “4” and the spline knots are indicated by the symbol
“0”. The weights 0, of all data are set to be 1. The balance parameter is fixed at A = 0.75. At & = 8.6,

z varies. Numerical results for z = 1,2, 3,4, 5, and 6 are showed in the following table

Il 0 (2) | b ]
1.0 0.7 -9.322850347
2.0 | 0.4600137610105 | -8.650202663
3.0 | 0.4600137607489 | -8.190188903
4.0 | -0.4600137608493 | -8.295175252
5.0 | -0.4600137611375 | -8.755189014
6.0 -0.7 -9.411460349

The smoothing splines corresponding to z = 1 and 6 are shown at the top of Figure 3.3. All
6 smoothing splines are shown at the bottom left of the same figure. From the concavity of H(z), it is
clear that the maximizer of H (z) must lie inside the interval [3,4]. Then we use the bisection approach
to find that z* = 3.38885498046875. The corresponding smoothing spline is shown in the bottom-right

of Figure 3.3.

3.5 Conclusion

We have derived a generalized geometric programming model for the univariate cubic L,
smoothing spline problem. This formulation provides an attractive theoretical framework for calcu-
lating the coefficients of univariate cubic L; smoothing splines with or without uncertainty in data.
We have also explicitly constructed a geometric dual problem and corresponding optimality conditions.
The geometric programming approach provides an exact optimal solution, which does not depend on

numerical approximation scheme or human interactions.
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Chapter 4

Shape-preserving properties of

univariate cubic L splines

In geometric modeling, one of the essential requirements for interpolants is that they “preserve
shape well”. Shape preservation has often been associated with preserving various properties, such as
monotonicity, linearity and convexity/concavity [20]. However, there is no widely accepted definition of
shape preservation. It is generally agreed that shape-preserving involves eliminating extraneous non-
physical oscillation. These oscillations can be reduced by a variety of techniques, including adjusting
the knot positions, introducing additional knots, and adding constraints. However, implementation of
these techniques usually requires review of the raw data and human interaction.

Cubic L; spline[14, 16] has been shown to be promising for user-input free, shape-preserving in-
terpolating. Empirical experiences support that they are cable of providing C'-smooth shape-preserving
interpolation for arbitrary multi-scale data without additional constraints or user interference. However,
this support comes from numerical experiences only, not a theoretic proof. It is not clear if they may fail
to preserve shape in some untested circumstances. In fact, Lavery[14] has given examples that a cubic
L spline may not preserve traditional shape properties. Even so, many users still feel that the cubic L
spline serves their purpose.

In this chapter, we provide a theoretic analysis on the shape-preserving properties of cubic
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L, splines by exploiting the geometric programming developed in Chapter 2. In particular, we prove
that cubic L; splines indeed eliminate non-physical oscillations and preserve local linearity and convex-

ity /concavity under mild assumptions for multi-scale data.

4.1 Problem description and notations

4.1.1 Geometric programming formulation

Within geometric programming framework, calculating the coefficients of the univariate cubic
L, splines is consisted of two steps. The first step is to solve a geometric dual problem to get a dual
optimal solution. The second one is to solve the dual-to-primal transformation problem to obtain the

primal optimal solution.

By defining
bizAzi—AziH,i:O,...,n—Z, (41)
B = (bo,....bn2)", (4.2)
V40 -2
f @) =lal - Y5 (43)
and
1 1 )
9@y = glo—yl -1+ @+9’, (4.4)
the geometric dual problem is to solve
n—2
min > b8, = (B,f)
i =0
s.t. f (/80) S 0,
(D)
g(ﬁifly/gi) S 07 2_17' an_2u
f (671—2) < 0
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Figure 4.1: Feasible set Q and four sections of its boundary.

Once the dual optimal solution 8* is obtained, the primal optimal solution is given by solving

Jmin 35 lail
s.t. 0 = Az—n1(65),
@ = Az +nz(6),
™) ¢ = Azi—nl(ll,ﬂ), 1,...,n—2,
Gir1 = Azi—i—ng( 1,5), 1,....,n—2,
-1 = Azp1—n1 (6 2),
G = Azp- 1+n2( )7
Xispi > 0,i=0,...,n—1

All shape-preserving properties discussed in this chapter are true no matter what is the objective

function of the problem (T).

4.1.2 Notations

We begin with introducing some definitions and notations. Let {2 be the feasible set of a pair

of consecutive dual variables (6;_1,0;), i =1,...n— 2, i.e.,

Q@ = {@y" ey <0}

~ {ener

1 1
3|x—y§1—4(x+y)2}-
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Let (n1 (z,5),n2 (z,y))" be the normal vector of €2 at the point (,). According to the signs of ny (z,y)

and ns (x,y), the boundary of 2 is partitioned into four sections. The first section is defined by

Section I: {(x,y)T € R?

fléxég,fléyég, 9(51771/)0}-

In this way, for any (z,y) in section I, we have ny (x,y) > 0 and ng (x,y) > 0. The other three sections

are defined by

Section II: {(x,y)T € R?

1§$§2,—§§y§_179($7y)_0}’

5 5
Section III: {(x,y)T€R2 —gga:gL—géygl, g(z,y) = }

and

5
Section IV: {(m,y)T € R? —3 <zr<-1,1<y<

» 9(zy) = }

Similarly, if (z,y) is in section II, then n4 (z,y) > 0 and ng (z,y) < 0; if (x,y) is in section III, then
ny (x,y) <0 and ny (x,y) < 0; and if (z,y) is in section IV, then ny (z,y) < 0 and ng (z,y) > 0.

The feasible set 2 and the four sections of its boundary are illustrated in Figure 4.1.

4.2 Shape-preserving properties

4.2.1 Data dependency

Figure 4.2: Cubic L; and Ls splines of the same data set.
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Figure 4.3: Comparison of the data dependency of cubic L; and Ly splines.

For spline interpolation, the data set is given as {(z;, zi)}?zo. However, neither x; nor z; appears
in the geometric programming setting of the cubic Ly splines. The dual problem (D) and the dual-to-
primal transformation (T) are defined by using the divided difference {Azi}?:_ol only. This unique feature
cuts the data dependency on {(z;, )},

An example is illustrated in Figure 4.2. The data set {(z;, 2;)},—, is given as {(0,0), (1,0),
(2,0), (3,0), (4,0), (5,1), (6,1), (7,1), (8,1), (9,1)}. The solid curve is the cubic L; spline corresponding
to the given data set, while the dotted curve is the corresponding cubic Ly spline. After the data set is
changed to {(0,0), (1,0), (2,0), (3,0), (4,0), (14,10), (15, 10), (16,10), (17,10), (18,10)}, the divided
difference {Az;} keeps unchanged. The optimal solution to the L; spline problem remains the same,
while the Ly spline changes significantly. Figure 4.3 shows the details of these curves over [0,4]. The
solid curve represents the cubic L; spline, which keeps unchanged, while the dotted and dashed curves
of the cubic Ly splines for two data sets vary significantly.

Note that piecewise linear interpolating function is a perfect multi-scale shape-preserving in-
terpolator. The shape of a piecewise linear interpolation function is completely reflected by {Azi};:ol.
If we consider the curve as “grid independence”, i.e., the axis are free to rotate at any degree, then only
{Az; — AZi+1};L:_O2 affects the shape of piecewise linear function. As far as {Azi}?:_ol remains the same,
any change in data magnitude z; or knot spacing h; only scales the piecewise linear curve, but does not

change its shape.
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Figure 4.4: The cubic L; spline does not preserve monotonicity.

Cubic L; splines behave in a very similar way as piecewise linear interpolation functions. When
{Azi}?z_ol keeps the same, the first derivatives ¢;’s do not change. However, since cubic L splines are
smoother than piecewise linear functions, their shape-preserving capabilities are weaker. If there is a
change in the data magnitude z; or knot spacing h;, the shape of S; (z) will be changed. But this change
only has local effect. The piecewise cubic functions over other sub-intervals are not affected. Therefore,
cubic L splines achieve a compromise between piecewise linear interpolation and C''-smoothness. They
preserve shape very well for multi-scale data, including data with abrupt changes in magnitude and

spacing.

4.2.2 Monotonicity

Cubic L; splines do not preserve monotonicity in general. An example in shown in Figure 4.4,

where the data set {(x;,2;)},_, is given as {(0,0), (1,1), (2,2), (3,3), (4,3), (5,4), (6,5), (7,6)}.

4.2.3 Preserving linearity

We show in this section that if part of the given data set forms a straight line, then a cubic
L1 spline actually creates a linear function over this part. It is guaranteed that there is no nonphysical
oscillation. This property can also be used to decompose the original interpolating problem into several

small problems for parallel processing.
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(-5/3,1)

(513, -1)

Figure 4.5: Hlustration of the proof that Ly spline preserves linearity.

Proposition 4.1 If ( f_l,ﬁz’-*) is an interior point of 2, then ¢; = ¢iv1 = Az and S (z) is a linear

function over [x;, x;t1].

Proof. If ( f_l,ﬂi*) is an interior point of €2, then n; ( f_l,ﬁ;‘) = ngy ( Ek—pﬁz'*) = 0. From
model (T), ¢; = ¢i+1 = Az;. This implies that u; = 0 by (2.9), and v; = 0 by (2.10). Hence, the Ly

spline over interval [z;, x;y1] is a linear function

Si(x) =pi + Az (x — ;) .

Theorem 4.2 (Cubic L; splines preserve linearity over more than three consecutive sub-
intervals) If there are four points (z;, ), (Tit1, zi+1), (Tit2, 2iy2), and (Ti43, zi+3) in the given data
set lie on a straight line, then a cubic Ly spline S (x) preserves linearity over the intermediate subinterval
[it1, Tia]. Furthermore, S (z) preserves linearity over the first subinterval [x;, 41, if Bf_y # +3,

and over the last subinterval [x;y 2, i1 3], if 7o # :I:%.

Proof. For such a given data set, we know Az; = Az;11 = Az;1o. Hence, in the geometric
dual problem (D), b; = b;;1 = 0. Consequently, 3; and 3], ; can be any feasible values for a dual optimal
solution,.

Assume f;_; # +35 and 87, # £2. From the definition of €, as illustrated in Figure 4.5, it is

not difficult to find 3} such that (ﬁ*_l, Iox ) is an interior point of © and |G| < 1. Similarly, there exists

K2
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a (37, such that (8], 3;,,) is an interior point of Q and |3}, | < 1. Furthermore, for any |3;| < 1 and
|5;‘+1| < 1, it is clear that (ﬁ;‘“, BZ‘H) is an interior point of 2. Hence, we are able to find feasible 8} and
Biy1 such that ( ;‘_1,5;‘), (ﬁf,ﬁ;‘;ﬁ, and (ﬁi*+1,ﬁf+2) are all interior points of §2. By Proposition 4.1,
we have

4 = Gi+1 = Gi+2 = Gi+3 = Dz;.
Therefore, the cubic L; spline S (x) is a linear function over the three consecutive subintervals [x;, x;13].

If 8;_; = 2 and 3}, # 3, then the only feasible value of 3} is

Br = —1.

In this case, (ﬂz‘fl,ﬂj) is a boundary point of ), and n; (ﬂ;‘;l,ﬂ;‘) >0, no (ﬂ;ﬂl,ﬂ;‘) = 0. From the

dual-to-primal transformation model (T),
git+1 = Az +no (63_1,55‘) = Az;.
Furthermore, for any | B +1| <1, (—1, B +1) remains an interior point of 2. Therefore,
di+1 = Git2 = Gi+3 = Az;.

If 6F | = 7% and 37, , # :I:%, then the only feasible value of 3 is 3 = 1. The normal vector of Q2
at ( f_l,ﬂ;‘) satisfies nq (ﬁ;‘_hﬁ;‘) < 0 and no (ﬂj_l,ﬁf) = 0. The same conclusion of ¢;11 = ;42 =
qi+3 = AZZ holds.

The case of 8| # :l:% and 3}, = +2

3 can be proved following the same logic.

If 7, = 2 and Bf, = —32, then 37 = —1 and B}, = 1. It is easy to see that (8;,3},,) =
(=1,1) is an interior point of Q. By Proposition 4.1, S (z) is a straight line over the intermediate
sub-interval [x;41, ¥;42]. Same for the case of 8;_; = —2 and ff, = 5.

If 37y = 2 and B}, = 2, then (8;,8;,,) = (—1,—1) is a corner point. From model (T), we

have

Git1 = Az +n2 (B1,87) .
Git1 = Azip1 —ny (/6;76:+1) )

n2 ( ;Llaﬂ;) =0.
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Figure 4.6: An example of the situation when some 3} = :I:%.

Solving this linear system achieves ny (87, 3;,,) = 0, which further implies that ny (8;,5;,,) = 0.
Thus, ¢iy2 = Azi41 + no (B;‘,BZH) = Azi11 = gi+1, and S (z) is a straight line over the intermediate
sub-interval [;11,Z;+2]. Same logic applies when 8} ; = 7% and 3}, = fg. ]

For g/, = 27 the only feasible value of (ﬂ;‘_l,ﬂj) is (ﬂf_l,ﬂj) = (g,—l). So is the value
of (8;_y,3;_1) uniquely determined as (—1,5). The normal vector of Q at point (3;_,,0;_,) is

n1 (B;_s,8;_1) = 0 and na (8;_5, 8;_1) > 0. By model (T), we have

Gim1=Dzimy — 1 (85, 8_1) = Aziq, (4.5)

@ = Azim1+n2 (B, 81) > Aziy. (4.6)

Similarly, the normal vector of Q at point (3;_,, 3;) is given by ny (8;_1,3;) = 0 and ny (8;_,, 8;) = 0.

Therefore,

g =Dz —n (B1,5) < Az, (4.7)

Giv1 = Dz +n2 (81, 57) = Az (4.8)

Putting (4.5), (4.6), (4.7) and (4.8) together, it is clear to see that ¢; is free to be any value between

5 we can derive the similar

Az;—1 and Az;, and it is independent of other ¢’s. In the case of 8] | = —3,

5

result that g; can be any value between Az; and Az; ;. Therefore, for 87 | = +3,

we can always set

q; = Az; to preserve linearity.
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Figure 4.7: The cubic L; spline does not preserve linearity over less than three consecutive sub-intervals.

However, 8 | = j:g usually occurs when z; is at the intersection of two linear functions with

i
different slopes. If ¢; is set to be Az;_1, then the linearity on the left of x; is preserved, but the linearity
on the right is violated. The same problem occurs if we set ¢; = Az;. In fact, only piecewise linear
function is able to preserve the linearity of both sides of x; in this case. But cubic L; splines preserve
shape well in the sense that it fails to preserve linearity only over at most two sub-intervals around a
intersection point. Furthermore, the given data is local convex (or concave) under this circumstance,
and the properties discussed in the next section guarantee that any oscillation over the linear data will
be eliminated.

When gf | = j:%, from model (T), g; is determined by the following one-dimensional optimiza-
tion problem
min  |g;|
st. min{Az_1,Az} < ¢ <max{Az_1,Az}.
Clearly, the solution is ¢; = min{|Az;_1],|Az]}, if Az;—; and Az; have the same sign. Otherwise,
g; = 0.
In summary, Theorem 4.2 guarantees that cubic L; splines preserve linearity over more than
three consecutive sub-intervals. The only exception happens when x; is the intersection point of two linear
data sets. In this case, there does not exist any C'-smooth interpolater to preserve linearity. Therefore,

cubic L splines achieve a good balance between preserving linearity and having C'-smoothness.
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Figure 4.8: The cubic L; spline preserves shape better with a finer spacing.

An example is used to illustrate the conclusion of Theorem 4.2. As shown in Figure 4.6, the
data set {(x;, 7))}, is given by {(0,3), (1,2), (2,1), (3,0), (4,1), (5,2), (6,3), (7,3.1), (8,3.2), (9,3.3)}.
The dual optimal solution is 85 = g, B = f% and 7 = 0, for ¢ # 2,5. The data set is linear over
intervals [0, 3], [3, 6], and [6,9]. At point z = 3, we can set g3 = —1 to preserve linearity over [0, 3], or
set g3 = 1 to preserve linearity over [3,6]. After considering the regularization term, we have g5 = 0.
At point (6,3), the value of gg can be any number in [0.1,1]. The regularization term gives the optimal
value ¢ = 0.1. The resulting cubic L spline is the flattest one among infinite many possible L1 splines.

The minimum number of consecutive intervals for cubic L; splines to preserve linearity is three.
A counterexample is shown in Figure 4.7. The data set {(z;,2)};_ is given by {(0,3), (1,2), (2,1),
(3,0), (4,1), (5,2), (6,2.1), (7,2.2), (8,2.3)}. As we have proved, the L spline S (z) is a linear function
over [0,3] and [5,8]. However, over two consecutive sub-intervals [3,4] and [4,5], even the piecewise
linear interpolation function forms a straight line, S (z) does not.

Theorem 4.2 has important implications in practice. If it is known a priori that one interval of
the interpolated function is linear, then it is sufficient to pick only four knots in this interval. They are
the two end points of the interval and two arbitrary intermediate points. Collecting more data would not
improve the result and only raise the cost. On the other hand, for a general curve, introducing additional
knots will force the cubic L; spline move close to the piecewise linear interpolation. An example is

illustrated in Figure 4.8. For the left figure, the data set {(z;,2;)}.—, is given by {(0,0), (1,0), (2,0),
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(3,0), (3.2,1), (4.8,1), (5,0), (6,0), (7,0), (8,0)}. While an additional knot (4,1) is introduced, the L,
spline changes drastically as shown in the right figure. Therefore, the finer the spacing is, the better the

L1 spline may preserve the shape.

4.2.4 Convexity/concavity and nonphysical oscillation

If the underlying function of the given data set is convex, i.e., the piecewise linear interpolation
function is convex, then the cubic L; spline S (z) preserves the shape in certain sense. If the divided
difference {Azi}?:_OQ do not change too much, then S (z) is a convex function. Even when S (z) is not

convex, it still has some properties to guarantee that there is no nonphysical oscillation.
Theorem 4.3 If Az; < Azjp1 < Azjyo, then ¢i41 < Azip1 and gira > Aziqq.

Proof. Since ¢;41 = Az;+1 —n1 (ﬁ;‘, ﬁi*+1) and g0 = Azjy1 +no (ﬁ;‘, ﬁ;‘+1), the conclusion is
equivalent to

ny (ﬂ:a/BZ*JA) >0, mn2 (/Bja/g:+1) >0, (4'9)

for Az; < Azjy1 < Aziyo.

If Az; = Az;y1 = Az;o, then this is the case discussed in Theorem 4.2. We have ¢; 11 =
Gi+2 = Az;y1. In the following, we assume that Az; = Az; 11 and Az;11 = Az; 19 do not hold at the
same time.

If the respective dual optimal solution pair (ﬂ;‘, B +1) is an interior point of €2, then Proposi-
tion 4.1 implies that ¢;+1 = ¢;+2 = Az;+1. The conclusion follows.

If ( Z’-",ﬂfﬂ) is a boundary point of 2 and ( fﬁl,ﬂ;‘) is an interior point of {2, then Proposi-

tion 4.1 implies that g;+1 = Az;. From model (T), giy1 = Azip1 —m1 (ﬁi*, ﬁf—s—l) = Az;. Consequently,
ny (67, B51) = Aziy1 — Az > 0.

Next we need to show that under this circumstance, if ny (87, 8;,,) > 0 then ny (87, 87,) > 0. Assume

n1 (8;,6;,1) = 0 and ny (67, 8;7,1) < 0. Then (8, 5;,,) falls in section II of Q, i.e., =2 < g7, < —1.

[ 70

Consider the (87, , 3 ,) pair. Since —% < B7.1 < =1, (8711, B;,2) can be either an interior point of

69



15 15
1 1
0.5 0.5
¥ &
w0 w0
-0.5 -0.5
-1 -1 -1
-15 J -15
-5/3
-1 0 1 -1 0 1
Bi Bi+1

Figure 4.9: Ilustration of the proof.

Q, or a boundary point of €2 in section III or IV. In either case, n (52_17 52;2) < 0. The feasible set of

3

( f’ﬁfﬁrl) and (67‘+1,ﬁf+2) are shown in Figure 4.9. Again, from the model (T),

K2 K2

Git2 = Azip1 +ng (5;3 5;4-1) )

Git2 = Dziyo —n1 (B4, Biia) »

which implies that
Azipo — Azigr =y (67, Bi1) + 1 (811, 8742) <0.

This contradicts the assumption of Az;11 < Az;io. Therefore, we have no (8}, 87,) > 0.
If (8;,8;,1) is a boundary point of 2 and (37, 3{,,) is an interior point of €2, then the same

R 7

logic can show that (4.9) holds.
Next we assume that ( ;‘71,6;“), ( f,ﬂ;ﬁrl), and (ﬂ;ﬁrl,ﬂfﬁ) are all boundary points of 2. As

we have shown above, if one value of n; (51*7 5;‘+1) and no (ﬁ;ﬂ 52‘+1) is nonnegative, then the other one

must be nonnegative also. Hence, we only need to consider the case that

ni (ﬂfaﬂ:-‘,-l) S O and n2 (/8:76::,-1) S O

In this case, (8;,3;,,) falls in the section III of €, ie., =3 < gF < 1,-3 < g7, < 1. Consider the
(ﬁ;‘k+17ﬁ;jk+2) pair. Since Azj1o — Azjp1 = n2 (ﬁ:?ﬁz*-‘,—l) +m (B;k+17ﬁ;jk+2) > 0 and ng (ﬁ:)ﬁ:—‘,—l) <0,
we have ny (87,1, 8f,,) > 0. Combining with 7% < Bf1 < 1resultsin —1 < 37, < 1. Similarly, by

considering the (3;_,,3;) pair we have —1 < 87 < 1. Since (8,8}, ,) falls in the section III of €2, the

i R
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only possible value of (3}, 35, ) is
52* = 5;+1 =-1

However, this implies 3}, , = % or —1, and therefore, ny (ﬁj‘ﬂ,ﬂ;“w) < 0. Hence,

Azipo — Azip1 = na (B, 8541) + 11 (B, Biye) <0
Similarly, we can get Az;41 — Az; < 0. This is true only when
Azi = Azip1 = Aziyo,

and consequently,

ny (85, 6851) = n2 (67, 8511) = 0.
Therefore, if (851, 82), (57, 8201 ), and (82,1, B2,) are all boundary points of €, then ny (37, 8%,,) > 0
and ny (57, 67,,) > 0. m

Theorem 4.4 If Az; < Az;y1 < Az;ya, then the cubic Ly spline S () is convex over [x;41,x;y2] if and

only if giy1 = qiy2 = Azip1 or B = B, = 1.

Proof. If Az; < Aziy1 < Az;io, then ng (ﬁ;‘,ﬁfH) > 0 and nso (ﬁl’-*,ﬁfﬂ) > 0. For any
T € [Tit1, Tita],

S"(x) = wiv1 4+ vig1 (x — Tiq1)

is a linear function. Hence, S” (z) > 0 over [x;41,%;4o] if and only if

S ($i+1) = Uj41

= 2 (200 (B By) —ma (B Biy)] 2 0

hiva

and

i
S" (xi42) = wig1 + Vigr1hipa

_ 2 [—n1 (8], Bi11) + 2n2 (87, B541)] = 0.

hiy1

If ny (ﬂf,ﬂz‘ﬂ) = Ng ( i ;‘H) = 0, then all these requirements are satisfied and ¢;11 = ¢i+2 = Az;41.

Otherwise, the only value of (ﬂ:‘, ﬂ;‘H) satisfies all these requirements is 8] = 8;,; = 1. =
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25F

Figure 4.10: An example that the L; spline does not preserve convexity.

Figure 4.10 shows one example that the cubic L; spline S (z) does not preserve convexity. The
data set {(z;,2:)}i—, is given by {(0,2), (1,0.5), (2,0), (3,0.3), (4,1.6)}.

The dual optimal solution is 3 = 1 for the convex data only when the divided differences
Az; do not increase too rapidly. For example, assuming Az; < Az; 11 < Az;12, consider the extreme
case that both (3;_y,3;) and (B}, ;) are interior points of Q. Then we only need to consider the
convexity of cubic L spline S (x) over one sub-interval [x;11,2;12]. In this case, we have ¢;11 = Az

and g;y2 = Az;1o. From model (T), it is not difficult to derive that
n (B 651) = Azipr — Az,
ny (B, 6i1) = Azigz — Az

If the dual optimal solution is 8] = 3;,; = 1, then the normal vector at point (1,1) should satisfy

1 * * *
5”1 (ﬁl aﬁi.:,_l) < ng (ﬂjaﬂiu) < 2n, (ﬂ;:ﬁi.u) .
Putting them together, S (z) preserves convexity if and only if

2 1 1 2
gAZl + gAZiJ’_Q S Azi-i-l S gAZz + gAZiJ’_Q.

When there are more sub-intervals need to be considered together, the condition for preserving convexity
becomes highly complicated.
Even when S (z) is not convex, it is guaranteed that S (x) would never cross the piecewise

linear interpolation function. Hence, S (x) eliminates the possibility of nonphysical oscillation.
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Theorem 4.5 If Az; < Az;y1 < Azi1o, then cubic Ly spline S (x) is bounded from above by the linear

function pi11 + Azip1 (x — 2ig1) over [Tiy1, Tiyal].

Proof. If ny (87,67,1) = n2 (8;,871) = 0, then S(z) = piy1 + Aziy1 (¥ — x41) for any

T € [Tiy1, Tiya).

Assume that ny (8}, 8;,,) and ns (8}, 8;,,) are not zero at the same time. Let

W(z) =8 (x) = [pis1 + Azip1 (. — ig1)]

U; V;
= (gis1 — Dzig1) (T — 1)+~ (@ — 241)” + =t (2 — @i41)°
Then W (2;11) = W (z;42) =0, and
Vi
W (2) = (g1 — Dzip1) + tig1 (T — 2i41) + — (@ — 2i41)° .

Therefore,

W (@i41) = gip1 — Dzig1 = —nq (87, 841) <0

Ui+1 h

W' (xi42) = (qit1 — Dzipr) + —5 N+ +

Vi+1,92
2 1+1
= Qiv2 — Azip1

= N2 (ﬁjvﬁ:;l) 2 0
Since W' (z) is a non-constraint quadratic function, there must exist a unique root & € [z;41, Z;42] such
that, for any ;41 <2 < &, W' (z) <0 and for any & < x < z;49, W’ (z) > 0. Therefore, for any ;11 <
x < &, W (z) is a monotonically non-increasing function, which implies W (z) < W (x;41) = 0. Similarly,
for any 7 < z < z;42, W (z) is a monotonically non-decreasing function with W (z) < W (z,42) = 0.

Overall, for any = € [ 41, Tit2],

S (z) < pig1+Azip1 (v — ziq1)

Any enforcement of local convexity tends to violate the conclusion of Theorem 4.5 and intro-

duces non-physical oscillations.
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Similar results can be obtained if the underlying function of a given data set is concave. We

state these results as following without proofs.
Theorem 4.6 If Az; > Az;11 > Aziyo, then i1 > Azip1 and ¢ < Azjyq.

Theorem 4.7 If Az; > Az;y1 > Aziia, then cubic Ly spline S (x) is concave over [x;y1,Tit2] if and

only if giv1 = Qiya = Dziyq or B = f+1 =-1

Theorem 4.8 If Az; > Az;y1 > Azi1a, then cubic Ly spline S (x) is bounded from below by the linear

function piy1 + Aziy1 (¥ — xiy1) over [Tiy1, Tiya).

4.3 Conclusion

Geometric programming model provides a nice framework to perform theoretical analysis and
develop efficient algorithms. This model has an essential advantage that it establishes the relationship
between the coefficients of a cubic L; spline and an optimal solution of the geometric dual program.
Following this work, we analyze the properties of cubic Ly splines and explain why cubic L; splines are
shape-preserving multi-scale interpolators for arbitrary data.

The first derivatives of cubic Ly splines depend on the divided differences {Azi}?;ol only. As
far as {Azi}?z_ol remains unchanged, data magnitude and knot spacing only affect local scale but not
the shape of a spline. Hence, cubic Ly splines perform excellent for multi-scale data. This property is
analogous to piecewise linear interpolation functions.

Cubic L splines preserve linearity over more than three consecutive sub-intervals. The only
exception is at the intersection of two linear segments with different slopes. In that circumstance, there
does not exist any C'-smooth interpolating function to be able to preserve linearity. Cubic L; splines
are the best C''-smooth interpolators to preserve linearity in the sense that they fails to do so over at
most two sub-intervals around a intersection point. For any case, cubic Ly splines eliminate oscillations
over linear data.

When given data is convex/concave, cubic Ly splines would never cross piecewise linear function,

and therefore, eliminate any non-physical oscillation. However, they do not preserve convexity/concavity
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in general. The sufficient and necessary condition for preserving convexity/concavity is given in terms
of the dual optimal solution.

In summary, cubic L; splines achieve a good balance between piecewise linear interpolation and
C'-smoothness. They preserve shape very well, in particular, in eliminating extraneous non-physical

oscillation.
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Chapter 5

Continuum-based algorithm for

solving univariate cubic L splines

In this chapter, a continuum-based algorithm for calculating the coefficients of univariate cubic
L4 splines is developed within the geometric programming framework. Section 5.2 gives the optimality
theory and shows how to decompose the original problem. Section 5.3 develops the algorithm for solving
the geometric dual program. Section 5.4 shows how to obtain the primal optimal solution. Section 5.5

discusses the convergence and complexity of the algorithm. Section 5.6 summarizes this chapter.

5.1 Notation

First we introduce some definitions and notation that will be used in the rest of the chapter.

Define
) = o - Y02, 5.
and
_ 1 14l 2 5.2
g(zy)=gle—yl =1+ 7 (z+y) (5.2)
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Figure 5.1: The feasible set of 2 and different regions of 0f2.

Let Q be the feasible set of a consecutive pair of dual variables (5;,_1,0;),i=1,...n—2,

Q={@y" e Rg(a.y) <0} (53)

~{wnTer

1 1 )
Sle—yl<1-= :
gle—yl<1-7(z+y) }
Q) is a convex set enclosed by the two quadratic curves

Cr = {($7y)T € R?

1 1 2
@-n) =1+’ ],

3
and
T 21 1 2
Cr=14(2,9) €R g(ﬂ?—y)zl—i(ﬂﬂ‘y) -

The feasible set €2 is illustrated in Figure 5.1.

Let (nq (2,y),n2 (2,y))" be a normal vector of € at the point (z,y). A normal vector will be
defined not only by the point (z, y), but also by non-negative Lagrange multipliers A and . When depen-
dence on A and p is of concern, a normal vector of Q at the point (z,y) will be denoted
(ny (x,y; A, 1), ng (2,45 A, ,u))T. The notation ny (z,y) and ny (z,y; A, 1) will be used interchangeably.

The points (2,—-1), (1,—3), (=3,1) and (—1,32) are called axis points. They divide the
boundary of Q into four sections. In each section, n; (z,y) maintains the same sign, as does ns (x,y).
These four axis points are indicated by ‘*’ in Figure 5.1.

The two points of intersection of Cy, and Cg, namely, the points (1,1) and (-1, —1) are called

corner points. At these two points, the two quadratic constraints of 2 are both active. The corner points
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are indicated by ‘o’ in Figure 5.1.

The boundary of Q is denoted by 012, i.e.,

o0 = {(x,y)T € R?|g(z,y) :O}.

By the axis points and the corner points, 92 is divided into six “regions,” namely,

region 1: {(m,y)T669’1§x§2,—1§y§1}, (5.4)
. T 5 b
region 2: {(ac ) E@Q‘lgmgg,—3§y§—1}7 (5.5)
. T 5
region 3: {(x,y) 689‘—1§m§1,—3 Syg—l}, (5.6)
. 5
region 4: (z,y)" €900 ~3 <zr<-1,-1<y<1;, (5.7)
. ) 5
region 5: {(x Y) E@Q‘—3§x§—1,1§y§3}7 (5.8)
and
region 6: {(x,y)TG(‘?Q’—1<x<l,1<y<5}. (5.9)
Two dual variables 8' and 32 are said to be in the same region if, for any i = 1,...,n — 2, (B1,8})

and ( 2, ﬂf) are either all interior points of Q or are in the same region.

A normal vector for any point (z,y) in regions 1, 2, and 3 except the corner points is calculated

— )\ . A>0. (5.10)

nQ(xay;)‘wu’) x"_y_%

A normal vector for any point (z,y) in regions 4, 5, and 6 except the corner points is calculated by

ni (z,y; A, ) r4+y—2
Y . A>0. (5.11)

The normal vectors at the corner point (1,1) form the cone

ny (1, 1; A, p) 1 2
-\ +pu . A pu>0. (5.12)

78



Similarly, the normal vectors at the corner point (—1, —1) form the cone

ni (_L_l;AaM) -1 -2
= +u , Apu>0. (5.13)
n2 (71771a>‘nu’) -2 -1

A general normal vector is a linear combination of two basic normal vectors
ny (x7y1Aa:u):)‘nl (xaya170)+:unl (%%071)7 l:1a2 (514)

with coefficients A and pu.

The assignment operation is denoted by “«—.” that is, “r < y” means “assign the value of y

b2

to x.” The statement “x = y” means “interchange the values of x and y.” Logical equality is denoted

5.2 Optimality theory and partition of the problem

5.2.1 Optimality theory

The dual problem is to minimize a linear function over a bounded closed convex set. It is well

known that
Theorem 5.1 (Existence) The optimal solution of the dual problem (D) exists.

An optimality condition for the dual optimal solution can be derived from the definition of the normal

cone.

Theorem 5.2 A dual feasible solution 3% is optimal if and only if (B,3" — 3) < 0 for any feasible

solution B, i.e., 3" is a dual optimal solution if and only if —B is in the normal cone of the feasible set

at B3*.
The normal cone of the feasible set can be constructed by applying the following theorem

Theorem 5.3 ([24] Corollary 23.8.1) Let C1,...,Cy, be conver sets in R"™ whose relative interiors
have a point in common. Then the normal cone to C1N---NChy, at any given point x is K1+ -+ K,

where K; is the normal cone to C; at x.
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Consider the dual problem (D). Obviously the zero vector is an interior point of the feasible

set. For : =1,...,n — 2, the set

{BeR" |g(Bi-1,8) <0}

is a convex set. As can easily be verified, its normal vector at any 3 is

07"'707”1(ﬂi—hﬁi)7n2(6i—15/61)a07"'a0 )
N—— N——

i—2 n—i—1

where ny (8;—1, 8;) and ns (B;—1, B;) are defined by (5.10)-(5.13). For i = 0, the set
{BeR""[f(B) <0}
is convex. A normal vector of this set is
20,0,...,0 |,
——

n—2

with A\g > 0 and Ag - f (Bo) = 0. For the last constraint, the set
{BeR"™|f(Bu2)=<0}
is convex. A normal vector of this set is
0,...,0, 1],
——

with )\n,1 Z 0 and )\n,1 . f (ﬁn,2> =0.

The following optimality condition is a direct conclusion of the statements above.

Theorem 5.4 A dual feasible solution 3" is optimal if and only if there exist vectors X and p such that

1)_b0:A0+nl(ﬂgaﬁT;Al7M1)a )‘Of(ﬁg)zoa

2) - bi = N2 (/62*717ﬁ:<7)‘17/i1) + ni (/6:76;(+1;)\i+17ui+1) 3 1= 17' ..

3) - bn72 = )\nfl + no (6:17& :;72; )‘n72vun72) 5 >\n71 ' f (6:;72) = 07

4) )\1207 ,uiZO, i:07...,n—1.

The vectors A and p are called Lagrange multipliers.
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5.2.2 Segmentation and data perturbation

Consider two consecutive dual variables ;_1 and ;. In the dual problem (D), these two
variables are related by the constraint g (8;—1,8;) < 0, ¢ = 1,...,n — 2. If g(Bi—1,8;) = 0, then
(Bi—1, Bi) is a boundary point of 2. Otherwise, (8;-1, ;) is an interior point of 2.

Let us think of the dual variable vector 3 as a sequence of real numbers Jy,...,B,_2. This
sequence of numbers can be partitioned into subsequences in the following manner. Two consecutive
variables §;,_1 and §; will be in the same subsequence if and only if (5;_1, 5;) is a boundary point of €,
ie, g(Bi—1,0:;) = 0. Let the total number of subsequences be denoted by M. The mth subsequence,
1 <m < M, is a sequence of numbers B, ..., Bk, +1,,, where l,, > 0; [, is the “length” of this
subsequence. If §;_; and [; are in the same subsequence, i.e., k,, + 1 < ¢ < kp, + I, for some 1 <
m < M, then ¢g(B8;—1,8;) = 0. If 8;_1 and (; are not in the same subsequence, i.e., i = k,, or
i1—1=kp, 41, for some 1 < m < M, then g (8;—1,5;) < 0. We call subsequences defined in this manner
“segments of the dual variable B.” Let o,, denote the mth segment, i.e., o = {Bk,.,- - Bk, +i }s
1 <m < M. The decomposition of dual variables into segments is called a segmentation and is denoted
by ¥ ={o1,...,0Mm}.

Let B be an arbitrary dual feasible solution. It is possible that there is a §; such that both
(Bi—1,01) and (B, B1+1) are interior points of Q. Hence, §; does not belong to any segment of 3. In
this case, we say that the segmentation of 3 is invalid. A segmentation ¥ = {o1,...,0,} of B is said
to be valid if only if each 3;, ¢ = 0,...,n — 2, belongs to one and only one o,,, 1 < m < M. The
following corollary of Theorem 5.4 guarantees that there exists at least one dual optimal solution, the

segmentation of which is valid.

Corollary 5.5 There exists an optimal solution 3" such that at least one of any two consecutive pairs
(63‘_1,5;‘) and (ﬁj,ﬁiﬁ_l) must be a boundary point of Q. Consequently, 3" always has a valid segmen-

tation.

7

Proof. Assume that there exist (3;_,,;) and (8;,3;,,) that are both interior points of .
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Then

1 (B4, B7) = n2 (81, 57) =0
and

1 (87, Bi1) =2 (B, B841) = 0.
Hence, by Theorem 5.4,

b; = —ns (5;‘_1,[3;‘) - (ﬂ;ﬁyﬁ;-l) =0.

Since the coefficient of 3; in the objective function is zero, 3; can take any feasible value without changing
the objective function value. Therefore, 3 can be increased or decreased until either (6;*_1, ﬁj) or
(Br, B;,1) reaches Q. m
In the rest of this chapter, we consider only dual feasible solutions with valid segmentations.
Segments in which some (8;_1, ;) is a corner point or an axis point have a special property.
Let (8;-1,0;) be a corner or axis point. If §;_1 = 1, then, by definition (5.2), the feasible value of §;
can only be 1 or —2. If Bj—1 = —g, then 3; can only be 1. We observe similar results for other axis

3

points and corner points. In summary, we have

Theorem 5.6 Let B be a dual feasible solution with a valid segmentation. If, in a segment, there exists
a variable pair that s an axis point, then every variable pair in this segment is either an axis point or a
corner point. If, in a segment, there exists a corner point but no azis points, then every variable in this

segment must have the same value and this value can be only 1 or —1.

Let 8" be a dual optimal solution. We will decompose the dual problem (D) into separate

subproblems (DS) for the variables o,,, = {ﬂzm, . ,ﬂ2m+lm}, within each segment:
kmA4lm
min Z biﬁi
(DS) i ik

s.t. g(ﬂi—laﬁi) SO, Z:km+1,,k’m+lm
For the first segment o1, the boundary condition f (5y) < 0 needs to be added to subproblem (DS). For
the last segment o/, the boundary condition f (8,-2) < 0 needs to be added to (DS). The following

result is a direct consequence of Theorem 5.4.
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Corollary 5.7 If 8" is a dual optimal solution with segmentation ¥ = {o1,...,05}, then (ﬂzm e
BZmHm)T is an optimal solution of subproblem (DS) for any m = 1,...,M. Let B be a dual feasible
solution with valid segmentation ¥ = {o1,...,o0}. If. for each segment o, (Br, - B, +1, )" is an

optimal solution of subproblem (DS), then B is an optimal solution of the original dual problem (D).

The primal solution can be segmented in the same manner. Let 8% be a dual optimal solution
with segmentation ¥ = {o1,...,0p}. If, in one segment g ,...,5; ., , the pair (ﬂ;m_l,ﬁ;m) is an

interior point of , then n; (ﬁzm_l,ﬁzm) =0 and no (ﬁ,jm_l,ﬁ,’;m) = 0. Therefore, from model (T), we

know that
Gk, +1 = Azg, + no (ﬂ;m,l,ﬁzm) = Az, .
Similarly,
D+l +1 = D2k, 41, +1-
Hence, the corresponding segment of the primal optimal solution ¢;, ,q,...,q; .; ., is an optimal

solution to the subproblem

. km+lm+1
min > lail
Qi s Nisfbi i=kpy,+1
s.t. Qkpp+1 = Azkm,
(TS) q = Azz_nl (67-175?7)\17/141)7 Z:km+177km+lm7
qi+1 - AZl—i—TLQ (@*7176:7)\“/%)7 Z:km+1a7k’m+lma
Qo+l = DZptipt1
Aisps = 0.

Cubic L; splines thus have the advantage of enabling parallel computation by decomposing
the dual problem into several independent small-scale subproblems (DS) to be solved in parallel. Then
the primal optimal solution can be achieved by solving small-scale problems (TS), also in parallel.
Perturbations of a function value z; that do not change the segmentation affect the dual and primal
solutions only in the segment containing the perturbed point. The optimal solutions in other segments
remain unchanged. Thus, to update a cubic L; spline, it is sufficient to solve small-scale problems (DS)

and (TS).
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5.3 Algorithm for solving the dual problem

5.3.1 Outline of the algorithm

A general convex program can be formulated as

i o)
st.  hi(x)<0, i=1,...k

where h; (x),7=0,1,...k, is a convex function. Define the active constraint set to be
Pr={ie{l,...k}|hi(x)=0}.

Let p; be the Lagrange multiplier corresponding to the constraint h; (x) < 0.

The so called active set algorithm for solving the convex program is as follows.

Algorithm 5.1 (Active set algorithm [11])

Step 1: Choose the initial point x(°) and the initial active set T'(©). k «— 0.

Step 2: Find the optimal solution x(*+1) and Lagrange multipliers p**1) under the condition

that all constraints in the set I'®) are active.

Step 3: TH+D « TR If j ¢ T*+D and h; (X(k+1)) == 0, then T*++D)  TE+HD L 51 If

j € DD and p+D < 0, then D0+  TH+D _ (5},

Step 4: If T*+1) == T'*®) then stop. Otherwise, k < k + 1 and go to Step 2.

The special structure of (D) suggests that there are several advantages in applying this algo-

rithm to solve the dual problem (D). First, for the dual problem, the active constraint set of a feasible

solution 3 is defined by the segmentation of 3. By the definition of segmentation, two consecutive vari-

ables 3;_1 and ; are in the same segment if and only if g (5;—1, 8;) = 0, i.e., the constraint g (5;_1,5;) <0

is active. Second, by Corollary 5.7, computation of Step 1 in Algorithm 5.1 can be decomposed into

several independent small-scale subproblems. The optimal solution in one segment is not affected by the

optimal solutions in other segments. Third, when the active set changes, i.e., when the segmentation

changes, only the solutions of the subproblems in the changed segments need to be recalculated. In

Algorithm 5.1, after obtaining a new solution x(*+1), one constraint may become active, in which case
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its index needs to be added to the active set I*+1)_ In the dual problem (D), this happens only when
Bi(ﬁ)l and ﬂi(k) belong to two different segments and g (Bi(ﬁ'l), @UCH)) = 0. Hence, these two segments
need to be merged into one. Another kind of change is the splitting of one segment. That happens when
two variables ﬁz‘(ﬂ and @UC) belong to the same segment and, after one iteration, the Lagrange multiplier

corresponding to the active constraint g (57@1, ﬂfk)) = 0 is negative. Assume ng) € Uy(,lf). Then Uy(,lfﬂ)

(k

and the new Ule) consists of ﬁi(kﬂ), e ,ﬂ,ikﬂ)

(k+1)
1 m+lm

contains only from ﬁ,g:rl) up to G, . There may

be some segments that neither merge with another segment nor split into two. The optimal solution of
such a segment remains unchanged and need not be calculated again.
We now apply the general active set algorithm to our problem and modify it to make best use

of these advantages.

Algorithm 5.2 (Cubic L; spline active set algorithm)

Step 1: Choose the initial dual feasible solution 3 and get its segmentation ¥ = {oy,...,00p}.

m «— 1.

Step 2: Find the optimal solution for segment o,.

Step 3.1: If 0, merges with o,,_1, then m «— m — 1, M «— M — 1 and go to Step 2.
Step 3.2: If o,,, merges with 0,41, then M «— M — 1 and go to Step 2.

Step 4: Calculate Lagrange multipliers \; and p; within o,,. If there is a A;;, < 0 or p;, < 0,
then split 0., at (8i,—-1,05:,), make the assignment M «— M + 1 and go to Step 2.

Step 5: m «— m + 1. If m < M, then go to Step 2. Otherwise, stop.

Return 3.

The details of Step 2 are discussed in Section 5.3.2. Section 5.3.3 is dedicated to the details of Step 4.

Finally, Section 5.3.4 presents a method for choosing the starting point 3.

5.3.2 Optimization in one segment

In this section we discuss how to find the optimal solution in one segment. For convenience of

notation, assume that the current segment consists of k + 1 variables g, ..., 8x. Then, we need to solve
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the problem

k
min Z b,ﬂz
(DE) P =0

st. g(Bic1,0:) =0, i=1,... k.

Its feasible set is
©={BeR""g(Bi-1,8)=0, i=1,....k}.

For any B € O, g(Bi-1,0:) = 0, i.e., (Bi—1,05:) is an interior point of Q. Hence, for any i,
1=1,2,...,k, (Bi—1,3;) must be located in one of the six regions of 9. Once it is known which region
(Bi—1, Bi) is in, one can write [; as a function of §;_1 using (5.2). Specifically, if (6;-1, ;) is a point in
region 1, then
2 —\/m; (5.19)

Bi (Bic1) = —PBic1 + 3 + 3

if (8;—1,8;) is a point in region 2 or 3, then

Bi (Biz1) = —Bi—1 + 2 \/4032%;

. (5.20)

if (Bi—1, Bi) is a point in region 4, then

Bi (Bi—1) = —Bi—1 — 2 40Lﬁlﬁi_l; (5.21)

3 3
if (Bi—1, Bi) is a point in region 5 or 6, then

Bi (Bi—1) = —Bi—1 — 2 + M (5.22)

3 3
As a consequence, once we known which region (8;_1,0;) is in, ¢ = 1,2,...,k, the values of f;, i =
1,2,...,k, can be recursively calculated based on the value of 3y. Hence, a feasible solution 3 has only

one degree of freedom, which can be taken to be (. Since all functions defined by (5.19)-(5.22) are
strictly monotone, one could express all of the the 3;, ¢ = 0,1,...,k, as functions of any one of the j;.

In summary, we have the following theorem

Theorem 5.8 Given a priori knowledge of the regions of (Bi—1,0:), i = 1,2,...,k, a feasible solution

B is uniquely determined by the value of any one variable B;, i € {0,...,k}.
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In what follows, we use By to develop the algorithm. In practice, it would be more efficient

for parallel computation to choose the middle point ﬂ[ ] and calculate backward from /6[ ] to By and

k k
2 2

forward from ﬁ[ ] to B simultaneously.

k
2

Let region [1..k] be an integer-valued array where the value of the ith element, region[i], indi-
cates which region the point (5;—1,5;) is in. Let 8 = (B, ... ,ﬂk)T be a feasible solution generated from

a given value of By and the array region[l..k]. As a consequence of Theorem 5.8, the objective function

of problem (DE) is actually a one-dimensional function of 3y, which we denote as
k
®(Bo) = Y bifBi (o) - (5.23)
i=0

Let B = (Bg, ceey Bk)T be a feasible solution calculated using Bo = (o + 6, where 0 is a small
real number. In order to determine whether 3 is a local minimizer of (DE), we need to compare the
values of ® (BO) and @ (). The vector B is a local minimizer only if there exists a positive number
0o > 0 such that

P (Bo) <@ (Bo+0), V|6] < do. (5.24)
If the current solution 3 is not optimal, we need to know in which direction to move §y in order to
decrease ® (p). There are three different cases to be considered.
Case 1: 8 contains no corner points and no axis points

Since every (08;—1, i), i = 1,....k, is neither a corner point nor an axis point, there exists a
small §p > 0, such that for any || < o, (Bi,l,@) is in the same region as (8;_1, 3;). From (5.19)-
(5.22), each f; is a differentiable function of 3;_1 and, therefore, is a differentiable function of Gy. As a

consequence, @ (§y) is a differentiable function and ® (5y + d) can be approximated by the differential

D (Bo+0) = @ (Bo) + ' (Bo) - 9.

If ' (6y) > 0, then decreasing By will decrease the value of ®(fy). Similarly, if &' (Fy) < 0, then

increasing [y will decrease the value of ® (8y). Therefore, 3 is a local minimizer of (DE) only if

3’ (By) = 0. (5.25)
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The derivative ®' (5y) is given by
k
o' (Bo) = > biB; (Bo)
i=0

k
=bg + szﬂ; (Bi-1) Bi_1 (Bo)

i=1
k

— . _nl (ﬂi—hﬁi;Aiv,u’i) /

“ht ;bl ( nz (Bi-1, Bi; Aiaﬂi)) B (o). (5.26)

The normal vector (ny (Bi—1, 5i) , n2 (Bi—1, Bi))T is easily calculated using (5.10) and (5.11). Furthermore,
since any nonzero normal vector results in the same derivative 3. (5;—1) in (5.26), we specially choose
A; =1 and p; =01n (5.10) and (5.11). Formula (5.26) can be implemented using the following recursive

algorithm.

Algorithm 5.3 (Calculate ¢’ (5;) when no corner points and no axis points)
Let 3 and region[l..k] be given.
Step 0: @' (By) « bo, d — 1,4 « 1.
Fori=1..k

Step1: d = —LERGEG ¢
Step 2: ' (By) «— @' (By) + b; - d.

end For

Case 2: (3 contains corner points but no axis points

Assume that at least one of (8;—1,0;) is a corner point and no (5;_1, 5;) is an axis point. In
this case, for a small §, the feasible solution B = (Bo, ceey Bk) is uniquely determined by the value of
Bg = By +9d. However, unlike the previous case, there are two possible regions in which each corner point
locates.

For example, assume By = 1 = 2 = 1. The corner point (5y,81) can be considered to be in
either region 1 or region 6. If § is a small positive number, then (50, Bl) is in region 1 and 51 is calculated
by (5.4). This is illustrated in the left of Figure 5.2, where the corner point (8y, 51) is indicated by ‘o’

and (Bo, Bl) is indicated by ‘4. If (By, 31) is considered to be in region 1, the same region as (Bo, 51)7
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Figure 5.2: Example of the case with corner points.

then the right-hand derivative of (81 () exists. Since Gy < 1, (ﬁl,@) must be in region 6 and [ is
calculated by (5.9). The points (81, 82) and (31, Bg) are indicated in the right side of Figure 5.2 by ‘o’
and ‘+’, respectively. If (81, 82) is considered to be in region 6, then the left-hand derivative of B2 (81)
exists. On the other hand, if § is a small negative number rather than a small positive number, then we
conclude by analogous reasoning that (g, 51) must be in region 6 and the left-hand derivative of 31 (5o)
exists; and (81, f2) must be in region 1 and the right-hand derivative of f5 (51) exists.

When any one of the (8;,-1,0;) is a corner point, ® (5p) is no longer differentiable. A corner
point (8;—1, ;) can be in either one of two regions of 9. If we consider the points of these two regions
together, then §; is a well-defined continuous function of 3;_;. Hence, given a small value of §, regardless
of whether § is positive or negative, 3 is uniquely determined by Gy = o + 8. If 8 and B are in the
same region, then the array region[l..k] of B is uniquely determined and both one-sided derivatives of
Bi (Bi—1) exist. Consequently, even though ® (5y) is not differentiable, its two one-sided derivatives exist.

Let @ (Bp) and @', () be the left-hand and right-hand derivative, respectively. When

§ = By — By > 0, we have

® (Bo +0) = P (Bo + sign (9) - |d])
~ @ (Bo) + @ (Bo) -0

— @ (B0) + ¥, (Bo) - sign (9) - o], 6> 0.
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When 6 = By — By < 0, then

D (Bo +0) = @ (B + sign (9) - 10])
~ @ (fo) + @ (Bo) - &

= @ (Bo) + @_ (Bo) - sign () - 18], 4 <0.
Define a variable A to indicate the sign of § = 8y — (o by
1, if Bo—Bo>0
A= . (5.27)
—1, if fo—fo <0
Let

L B (Bo+A-S])— D (Bo)
D(A) = \(HTO ] . (5.28)

Obviously, D (1) = ®'_ (3), D (1) = —®"_ (f), and
@ (Bo +0) = ®(Bo) + D (sign (9)) - 9] .

The current solution 3 is locally optimal only if (5.24) is satisfied. Condition (5.24) is equivalent to
D(1)>0and D(-1) > 0.

If D(1) > 0 and D (-1) < 0, then ®, (8p) > 0 and ®’ (5y) > 0. In this situation, By needs
to be decreased to reduce the value of ® (fy). On the other hand, if D (1) < 0 and D (—1) > 0, then
', (Bp) <0 and @’ () < 0. In this situation, we should increase Fy to find the optimal solution.

In summary, if one defines

D* = AEI?_HllJ} D(A) (5.29)
and
A* = arg Aer?—lrll,l} D(A), (5.30)

then the current solution 3 is locally optimal only if
D* >0. (5.31)

If D* < 0, we should move [y along the direction indicated by A* to reduce the objective function value.
To calculate D (A) is essentially to calculate the one-sided derivatives ®_ (3y) and @/, (/o).

Algorithm 5.3 can be modified to do the work. In Step 1, the derivative 3. (8;—1) = —%
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Table 5.1: T_Mowvel[0..1,1..6]
’ region of (3;_1, 3;) H 1 \ 2 \ 3 \ 4 \ 5 \ 6 ‘
O(BF4,<1%,1> 1tlof1]1]o]1
1Qi_1>>ﬂp4) of1lolof1]o

needs to be replaced by the one-sided derivatives of 3; (8i—1). If (8i—1,0:) = (1, 1), then the left-hand
derivative of 3; (8;—1) is —%, and the right-hand derivative is —2. If (8;-1,0;) = (—1,—1), then the
left-hand and right-hand derivatives of 3; (§;—1) are —2 and f%, respectively.

Furthermore, we need to compare the values of 3; and Bi to decide the correct value of regionli],
and therefore, to decide which one-sided derivative of §; (8;—1) is the correct one to use. In order to be
able to do that, it is necessary to keep track of the sign of 3; — 3; for all i = 0,...,k. Define a variable

iMove by

0, if B; < B

iMove =

1, if B; > B;
The iMove value of §3; is uniquely determined by region[i] and the iMove value of 3;_1. Their relation-
ship is summarized in the table T_Move[0..1,1..6].

The first column of T_M ove is read as follows: If (3;_1, §;) is a point in region 1 and Bi—1 < Bi_1,

then 3; > ;. If (Bi—1, B;) is a point in region 1 and Bi—1 > Bi_1, then B; < B;. This conclusion is easy
to verify since region 1 is defined by a monotonically decreasing function (5.19). The other columns

correspond to the other 5 regions and can be explained in a similar manner. Hence, once the comparison

of BO and [y is given, the comparison of Bl and (; is obtained recursively by
iMove «— T_Move[iMove, regionli]].
The following algorithm summarizes the calculation of D (A) given a value of A,

Algorithm 5.4 (Calculate D (A))
Let 8, A and region[l..k] be given.

Step 0: D (A) «— by- A and d «— A.

Fori=1..k
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Step 1: iMove «— T _Move[iMove, regionli]].
Step 2: If (Bi—1,8:;) == (1,1) then

If iMove == 0, then region[i] — 1, d — —2-d.
Otherwise, region[i] «+ 6, d «— f% - d.

end If

end If

If (Bi—1,Bi) == (—1,—1) then
If iMove == 0, then region[i] « 3,d — —1 -d.
Otherwise region[i| — 4, d — —2 - d.
end If
Otherwise, d «— —% -d.
end If
Step 3: D (A) «— D (A) +b; - d.

end For

return D (A), region[l..k], and d.

Case 3: 3 contains axis points

This is the case that there is at least one point (8;_1, ;) that is an axis point. In this case, for
a small §, the feasible solution B = (BO, ceey Bk) corresponding to BO = By + ¢ has multiple values.

An example is illustrated in Figure 5.3. In this example, both (5y, 81) = (1, —g) and (51, 32) =
(—%, 1) are axis points. They are indicated by ‘*’ in Figure 5.3. For small § > 0, (ﬁo,ﬁl) is a point
in region 2 and is indicated by ‘+’ in the left graph. For this Bl, the value of 52 has two choices. The
point (Bl, Bg) indicated in the right graph by ‘+’ can be a point in either region 4 or region 5. Hence,
the value of B is not determined by Bo alone, but also depends on the region of (ﬁl, ,5’2) or depends on

the sign of By — fy. If (/3’1,32> is a point in region 5 , then from (5.20) and (5.22), B, is an identity
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Figure 5.3: Example of the case with axis points.

function of fFo:

Hence,
B2 — B2 = o — Po.
If (31,52) is a point in region 4 , then from (5.20) and (5.21), B> can be expressed as the following

function of fFo:

5 3) 1 (3 (3)) - s 2L

=t 3 3

Hence,
dﬁo ﬁo:1

and, therefore,
Bz—ﬁ2%—<ﬁo—ﬁo)-
It is always true that, at the axis point (8o, 1) = (1, —%),

dp

— =0.
dfo

Hence, for small § = 3y — Bo, the change By — (3 is infinitesimal and can be ignored. The above results

together with results for the other similar situations can be summarized as follows.
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Theorem 5.9 If §; = :I:%, then, for small 6,

Brs1 — By = sign (BHI - ﬁz+1> - sign (3171 - 5171) : (5171 - @71) (5.32)
and
k 3 k 3

> b (ﬁi - ﬁi) ~> b (Bi - ﬁi) . (5.33)

i=0 i=0

i#l
Assume that there are N variables (;,, ... ,0;, that take on the value j:g. These N variables cut
the current segment into NV 4 1 parts. For convenience of notation, let l[p = —1 and Ix4+1 = k+ 1. Then

part j contains variables 3, y1,...,0,,,, J = 0,...,N. From Theorem 5.9, the variables 3, ...,0y
can be neglected in the objective function. Hence, for each part j, we only need consider variables
Bi;+15-++5B1;,,,—1. Since there is no axis point in part j, once the value of ,@le is given, all values
f}ljJrh ceey Blj ,1—1 are, as previously discussed, uniquely determined. However, the value of ﬁlﬁl depends

on the sign of Ble — Bi;+1 and is not be determined by Bo alone. For j=0,...,N, let

1a if Blj"l‘l - ﬁlj"rl >0
A, = ,

—1, if B —B+1 <0

A=(Ag,..., AT

and

lj+1—-1

i (Bya) = D biBi (Bi41)

7.l+1

Analogous to what we did previously, define a function D of A by

Z;—VZO {(I)j (5zj+1 +A;- ‘BljJrl - ﬁlj+1D -9, (5zj+1)}

D (A) = lim 5.34
(&) 16]—0 0] (5:34)
The objective function at B can be approximated as follows:
N N
S5 (Byer) = Y205 (Bya) + D (sign (B~ fo) - sign (Biy — iy ) ) - 161
j=0 7=0
Define
D* = i D (A 5.35
act SR v (A) (5.35)
and
A*=arg min D(A). (5.36)

Ac{—1,1}N+!
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If we move the current solution 3 along the direction indicated by A*, then the objective function
Z;V:O D, (/8lj+1) = Zf:o b;B; decreases most rapidly, that is, at the rate D*. The current solution 3 is

locally optimal only if

D* > 0. (5.37)

If D* < 0, then, to reduce the objective function value, we need to move 5y, Bi,,... ,01y along the
direction indicated by A*.

All functions defined by (5.19)-(5.22) are continuous. Hence, any finite composition of them is

also a continuous function. As a consequence, ‘Bo — 50‘ going to zero implies that Bi — B;| goes to zero.
Equation (5.34) can be simplified in the following manner:
D(A)
. iv: {(I)j (5lj+1 AV ’BZJ—H - 5lj+1D —®; (5lj+1)}
= lim
15]—0 <= 0]
]_
D (ﬁo +Ap - ‘Bo - ﬁoD — @0 (o)
= lim
|5]—0 0]
N ®; (5lj+1 FAVE ’Bljﬂ - ﬁl_,»+1’> —®; (B1,41)
+Z ~ lim -
Jj=1 |ﬁlj+17ﬂlj+l|*>0 ‘Blj'i‘l - ﬂlj"rl’
‘szﬂ - ﬁlj+1‘ ‘szq - ﬁzjq)
- lim — - lim
181=0 ’517—1 - 517.—1’ 1910 191
N ‘Bl~+1 —ﬂz,v+1‘ ‘Bz,-—l = Bi;—1
= Do (Do) + > Dj(A)- lim — Ll qim Y : L
J=1 1810 ’ﬁljfl _/Bljfl‘ 1610 9]

where D; (A;) is (5.28) applied to (11, . - ., 81,,, -1 and can be calculated by Algorithm 5.4. By Theorem

|ﬁlj—1*5lj—1‘

1B 1=01 ] is always 1. The term lim5_¢ I is the absolute value of

5.9, the term lims|_q E——
i~ i~

one-sided derivative of 3, 1 (fo). Its value depends on By and Ao, ..., A; ;. If we denote the one-sided
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derivative of By, 1 (o) by 5, (Bos Ai,_y,---,Ag), then

1. ‘Blj*l _ﬁlJfl‘
im ——
6|0 |6

B, -1 (B3 Doy Ay )|

ﬁllj—l (ﬂlj—l“rl; Ajfl)‘ ’

By (Bos Doy, Ay )|

18,1 (B3 85 1)| 81 (B s m2)| -+ 18,21 (Bos o))

Problem (5.35) is a discrete optimization problem over all possible combinations of A. In
the worst situation, there are corner points in every part. Consequently, D (A) may have up to 2V+!
different values. It is impractical to calculate all these values. Dynamic programming [5, 18] is applied
to solve the problem.

Let stage 7 be the subproblem of (5.35) and (5.36) containing only variables from part j to

part N. Let R; (A;) be the return of stage j under the condition that the value of A; is given. Then

R; (4))

= min D(Aj,Aj+1,...,AN)

Ajt1,--AN

N
=, ming 1 Di(A)+ r;HDT (A) 18], -1 (B3 A4, Area)|

= A,.ffl.iflAN {Dj (Aj) +Dji1 (Ajyr) - ’ﬂl/j-}—l—l (5lj+1;Aj)‘

N
30 DA 1B (B Ay A B (G5 A5)

r=j42 }

= D;(Aj)+  min {Dj+1(Aj+1)

Ajt1,AN

N
+ Z D’f' (AT) : |ﬂllrfl (/Blj,1+1;Aj+17 ceey A7“71)| } ’ Bl/j+1*1 (/Blj+1; A])‘

r=j+2

= 0y +min { Ry (1) Ry () | [ (i)

Therefore, all values of R; (A;) can be calculated from stage N backward to stage 0. Obviously,

D* = min {R() (1) 7R0 (—1)} .
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The procedure of calculating (5.35) and (5.36) is summarized in the following algorithm. In
the algorithm, an intermediate array R[0..1,0..N] is used to store the return of each stage. The value
of R[A;, j] is assigned to D;(A;) first and then is changed to be R;(A;). The variable D* always keeps
the value of min R;(A;) and A7 is assigned the value of argmin R;(A;).

Another intermediate array region_t[0..1,0..k] is used to keep the region of each variable pair

temporarily. At the end of the algorithm, the correct region is assigned according to the value of A*.

Algorithm 5.5 (Calculate D*)
Let B8 and region|[l..k] be given.
Step 1: Find 3, .. .,0i,y that divide 8 into N + 1 parts. D* < 0.
Step 2: j «— N.

Step 3: Aj « —1. Apply Algorithm 5.4 to part j to get R0, j], d, and region_t[0, By, +1.-51, ., —1]-
R[0,j] < R[0, j] + D* - |d|. Determine region_t[0, 5;,] by f3,,, and d.

Step 4: Let A; « 1. Apply Algorithm 5.4 to part j to get R[1, j], d, and region_t[1, By, 11..061,, —1]-
R[1,j] < R[1,j] + D* - |d|. Determine region_t[1, 3] by ., and d.

Step 5: If R[0,j] < RI1,j], then D* «— RJ0,j] and A*[j] < 0. Otherwise, D* «— RJ[1,j] and
A — 1.

Step 6: j «— 57— 1. If 5 > 0, go to Step 3.

Step 7: 7 < 0.

Step 8: region[fy,+1..01,., —1] < regiont[A[j], Bi, 4151, 1]
Step 9: j «— j+ 1. If < N. Go to Step 8.

Return D*, region[l..k] and A*.

In Steps 3 and 4, the region of (ﬁljﬂ,l, 5l].+1) has two possible values since 3;.,, = j:g. The

i+
region of (ﬁlﬁl,l,ﬁlﬁl) is determined by 3, ., and d. If 3, , = g, then (Bljﬂ,l,ﬁlj“) is in region 6
if d > 0 and in region 5 otherwise. When 3, , = fg, then (Blj+1_1, ﬂlj“) is in region 2 if d > 0 and in

region 3 otherwise.
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Algorithm for solving problem (DE)

Assume 3 is an optimal solution for the problem (DE). Once it is known which region each
( jﬁl,ﬂ;‘) is in, 4 = 1,...,k, the original problem (DE) is reduced to a one-dimensional nonlinear
optimization problem. There are many one-dimensional search (called linear search) techniques [10] for
solving such a problem. Let region|[1..k] indicate the region of 3*. Due to the character of the problem
(DE), we assume that there is a given interval [a, b] such that 35 € [a,b]. Let the solution determined
by 8o = a and region[1..k] be B and let the solution determined by By = b and region[1..k] be 8.
If the interval [a,b] is appropriately set, both B and B® are feasible solutions. Hence, ® (Bo) is a
one-dimensional function with continuous derivative defined over [a, b]. Furthermore, 3 € [a,b] implies

' (a) <0, ' (b) > 0, and &’ (35) = 0. Therefore, minimizing the problem (DE) is reduced to solving
®' (c)=0, cé€la,b], (5.38)
that is, finding the root of a nonlinear function. One algorithm for this kind of root-finding problem is

Algorithm 5.6 (Find a root of a nonlinear function)
Given [a, b] such that @' (a) < 0 and @' (b) > 0.
Step 1: Get a point ¢ € (a, b).
Step 2: Calculate @’ (c).
Step 3: If | (¢)| < €1 or b — a < €3, stop.

Step 4: If ®' (¢) > 0 then let b «— c¢. Otherwise, let a < ¢. Go to Step 1.

We propose two methods to obtain point ¢ in Step 1. The first one is linear interpolation, that
is, to approximate ®’ () by a linear function passing through (a, ®’ (a)) and (b, ®’ (b)), and let ¢ be the
root

a®’ (b) — bP’ (a)

T (5.39)

of this linear function. The second approach is cubic interpolation. It is to approximate ® (8y) by a one-
dimensional cubic function determined by triples (a, ® (a),®’ (a)) and (b, ® (b), P’ (b)) and to minimize

this cubic function. Numerical experiments indicate that these two approaches require almost the same
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number of iterations before stopping. However, the cubic interpolation approach needs to calculate the
function values ® (a) and ® (b), which costs more operations. As a consequence, we use formula (5.39)
to get point ¢ in Step 1 of Algorithm 5.6.

The next task is to find the interval [a,b] and to determine the region of each ( :7176;)7
i=1,...,k, i.e, to determine the array region[l..k] of 3*. These two issues are closely related to each
other.

On the one hand, once a specified value of region[l..k] is given, the maximum interval [a, b]
of By is determined by region[1] through the definition of the different regions (5.19)-(5.22). They are

summarized in Table T _interval[0..1,1..6]. The maximum value of interval [a, ] is
a = T_interval [0,region[1]], b= T_interval [1,region[1]].

On the other hand, suppose that the interval [a,b] and region[l..k] are given, and, therefore,
that B(a) and ﬁ(b) can be obtained. For ﬁ(“), we can apply Algorithm 5.5 to obtain its corresponding
region![1..k], D*(®) and A*(@,  If D*(®) > 0, then B is a local minimizer. Otherwise, a better
solution can be obtained if we consider 3'®) as a feasible solution with region(® [1..k]. That is to say, the
current region|1..k] should be updated to region(®[1..k] in order to reduce the objective function value.
Hence, the current region[l..k] could induce the optimal solution only if region(®[1..k] = region[1..k]
and region®[1..k] = region[1..k], which implies region(®[1..k] = region® [1..k].

If region(®[1..k] # region®[1..k], we get a new value of array region[l..k] and then a new
interval [a,b]. Checking the solutions corresponding to the endpoints a and b again indicates whether
the current region[l..k| gives the right region of 3*. This process stops when we finally obtain the right
interval [a, b] as required in (5.38). The process must stop in a finite number of iterations since the array

region[1..k] may have no more than 65! possible values.

Table 5.2: T_interval[0..1,1..6]: the maximum feasible interval of /3y

’ region of (8y, 51) H 1 \ 2 \ 3 \ 4 \ 5 \ 6 ‘
a T[1]-1]-2]-2]-1
b Sl [1]-1]1
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The validation of segmentation must be considered also. For convenience of notation, let the
variable previous to By be S_;. By the definition of segmentation, (5_1,p) must be an interior point
of Q. Then from the value of S_;, we can calculate the range of 5y to guarantee that (6_-1,0p) is an

interior point of Q. Let that range be [lp, ug]. The possible value of 5y can only be
Bo € [a,b] N [lo, uo] -

Assume a < ly. If, at the feasible solution 3 related to By = lg, we get A*[0] = —1 after applying
Algorithm 5.5, then 3y should be decreased to get a better solution. However, 5y = lg can not be further
decreased without changing the value of 5_;. Hence, the current segment should be merged with the
previous one. Similarly, a bound () € [li, u] is determined by the first variable Sy of the following
segment.

We have the following complete algorithm for solving problem (DE)

Algorithm 5.7 (Complete algorithm for solving (DE))

Let B and region|[l..k| be given.

Step 1: 8% — B and code — 0. Apply Algorithm 5.5 to get region[1..k], D*(®) and A*(®),
If D*(®) >0, code — 1 and go to Step 12. Otherwise, G «— ﬂ,(ca), calculate lg, ug, lx, ug, and

continue.

Step 2: a « T_interval [0, region'@[1]] and b « T_interval [1,region(@[1]]. If A*(@ [0] > 0
then a « ﬁéa), otherwise b «+ ﬂ(()a). If ﬂ(()a) ==1b, then a = b. b« min{b,up}. b < max{b,lp}.

Step 3: Calculate 8) using b and region(®[1..k].

Step 4: Apply Algorithm 5.5 to get region®[1..k], D*®) and A*®) . Let b — ﬁ,(cb).

Step 5.1: If I, + €1 < b< u, — €1 then go to Step 6.1. Otherwise, continue.

Step 5.2: b «— min {I;, uk} b — max {37 lk}. Calculate ,B(b) backwards using b and region(® [1..K].
Step 5.3: Apply the backward version of Algorithm 5.5 to get region®[1..k], D*®) and A*(®),

Step 5.4: If (l; - d) -A*®) 0] > 0, then code « 3, B « B, region[1..k] < region®[1..k], and
go to Step 12. Otherwise, b « ﬁ(()b) and go to Step 7.

Step 6.1: If D*® > 0, then code — 1, B — B, region[1..k] < region®[1..k], and go to Step
12.
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Step 6.2: If (b == lg or b == ug) and (b—a) - A*® [0] > 0, let code «— 2, B « B and
region[1..k] < region®[1..k], go to Step 12. Otherwise, go to Step 7.

Step 6.3: If (b — a)-A*®) [0] < 0 and region @ [1..k] == region®[1..k], go to Step 7. Otherwise,
a—b, BY —BY region[1.k] — region®[1..k], D*@ — D*® A*@ — A*®) 4 b and
go to Step 2.

Step 7: region[l..k] — region®[1..k]. If a > b, then a = b, (%) = B®) and D*® = D*®),
@' (a) «— D*@ and &' (b) « —D*®),

Step 8: ¢ «— %. Calculate 8'°) using ¢ and region[l..k].

Step 9: Apply Algorithm 5.3 to 8') and region[1..k]) to get ' (c).

Step 10: If | (¢)| < €3 or b — a < €3, then code «+— 1, B — B, and go to Step 12.

Step 11: If ®'(¢) > 0 then b — ¢, B — B and ' (b) — @ (c). Otherwise, a — ¢,
B — B9 @ (a) — &' (c), and go to Step 8.

Step 12: Return B, region|[l..k] and code. Stop.

In Algorithm 5.7, the variable code indicates the status of returned variables. If code = 1, then
the returned B is an optimal solution of problem (DE) and the region of each variable pair is indicated
by the returned region[l..k]. If code = 2, then the current segment merges with the previous segment.
If code = 3, then the current segment merges with the following segment.

Steps 1 — 6 of Algorithm 5.7 form the first iteration, which determines the region of 3* and
the interval [a, b]. Step 1 initializes information related to one endpoint a. In the first iteration, the first
variable 3y is always moved from a towards b. The last variable () takes on values in [d, B] and [ is
always moved from a towards b. Step 5 handles the last variable (5. Once the endpoint b takes on the
value of [, or wug, the first iteration terminates in Step 5.4. There are two possible cases. The first one
is that [y needs to be moved away from a, which means that the current segment must merge with the
following segment and the algorithm stops here. The second case is that 85 needs to be moved towards
d. Then we obtain the region of 3% and the interval including 8*. The algorithm jumps to the second
iteration to actually find 3*. Step 6 handles the first variable 8y. The same logic as in Step 5 applies
here. Steps 7 — 11 form the second iteration to calculate 3*. This iteration is actually a specific version

of Algorithm 5.6.
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5.3.3 Calculate Lagrange multipliers

In this section, we only consider one segment. For convenience of notation, we assume that the
optimal solution of problem (DE) obtained in the previous section is 8 = (0o, . .., Bk). By Theorem 5.4,

3 satisfies

—b; = na (Bi—1, Bis Niy i) + 11 (Biy Bik1; Nig1s phiv1), 1=0,...,k, (5.40)

where the \; and u; are Lagrange multipliers corresponding to the constraint g (8;—1,5;) < 0. The
Lagrange multipliers A; and p; can be either positive or negative.

If (5.40) can be satisfied only when one of \; and p; is negative, then the constraint g (3;_1, 3;) <0
can not be active at the dual optimal solution. Hence, the current segment should be split at the variable
pair (8;—1, ;) to form a new segmentation.

Assume that there is at least one axis point in 8. For example, assume [§; = % Then we
must have 3,1 = —1 and B41 = —1. Both (5i-1,0:) and (5, B1+1) are axis points. The point

(Gi—1,061) = (—1, %) is in either region 5 or region 6. Applying formula (5.11), we obtain

o

n1 (Bi—1, Bis i, ) Bio1+ B — 2
= )\l = >\l

na (Bi—1, Bi; A, i) Bi—1+ B+ 2

Qs

By changing the value of A; to %)\h this formula can be restated as

n1 (Bi—1, Bis M, ) 0

ny (Bi—1, Bis M, ju) Al

Similarly, applying formula (5.10) to the point (5, Bi4+1) = (%, —1), one obtains

n1 (81 B A1y thit1) A1
n2 (B, Bis1s N1y fhit1) 0

Therefore, the conditions of (5.40) that are related to 1, §; and [;+1 are

—bi_1 =n2 (Bi—2, Bi—1; Ni—1, ti—1) ,
—by = XN+ Ay,

—bir1 = n1 (Big1, Biras Mg, Hig) -
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Clearly the values of A; and A;11 are independent of all other Lagrange multipliers and vice versa. If
by < 0, then there exist non-negative A; and A1 that satisfy (5.40). If b; > 0, then, no matter what
the value of A\; > 0 is, we must have \;11 = —b; — A; < 0. A similar result holds when §; = —%: There
are non-negative A; and A;y; satisfying (5.40) if and only if b; > 0. In summary, we have the following

theorem.

Theorem 5.10 If 5, = :I:%, then the constraints g (Bi-1,01) < 0 and g (B, Bi+1) < 0 are active at the

dual optimal solution if and only if

by - sign (G;) < 0. (5.41)

In the rest of this subsection, we assume that there are no axis points in 3.
Assume that each (8;_1,5;) is neither a corner point nor an axis point. The normal cone of

each variable pair (5,1, 0;), i = 1,...,k, is defined by (5.10) or (5.11). Both (5.10) and (5.11) yield

n1 (Bi-1, Bi; Ais i) \ n1 (Bi-1,0i;1,0)
na (Bi—1, Bi; Nis i) na (Bi—1,5:;1,0)
Consequently, (5.40) defines a linear system of k4 1 equations and k unknown variables A1, ..., Ag. The

coefficient matrix of this linear system is

n1 (Bo, 51;1,0)
n2 (Bo, £151,0) n1 (61, P2;1,0)
n2 (ﬂ17ﬁ2;170) ni (52763;170)

n2 (Br—2,Pr-1;1,0) n1(Br—1,0k;1,0)

n2 (Br—1,0k; 1,0)

J Ex(k+1)

(Bi—1, Bi) not being an axis point ensures that both n; (8;—1, 8:;1,0) and ng (8;—1, 5i; 1,0) are not zero.

Such a linear system is easily solved by the following algorithm

Algorithm 5.8 (Calculation of Lagrange multipliers when there are no corner points or axis points)
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Let 8, region[l..k] and B = (by,...,bx) be given.

Step 0: 7 «— 0, 7 « 1.

Step 1: u < ny (Bi—1, 8:;1,0), and v « ng (Bi—1, 5i; 1,0).
Step 2: A[i] «— (=b[i — 1] — 1) /u.

Step 3: 7 «— Ai] - v.

Step 4: i — 1+ 1. If i < k, go to Step 1.

Return A [1..k].

Next we consider the situation when at least one (3;_1,5;) is a corner point and there are no
axis points. By Theorem 5.6, this situation will occur when all of the 3; are 1 or —1. Without loss of

generality, assume that §; =1, for all ¢ =0, ..., k. From (5.12),

n1 (Bi—1, Bis As 1) 1 2 1 2 i
=\ + = ) (5.43)
n2 (Bi-1, Bi; A, 1) 2 1 2 1 1
Hence, a normal vector of each (8;_1, ;) is determined by two Lagrange multipliers A; and p;.
Condition (5.40) defines a linear system with k + 1 equations, 2k unknown Lagrange multipliers and
k — 1 degrees of freedom.
If we consider the normal vectors at (8;_1, ;) as variables and denote them by nq (8;—1, 5;)

and ns (81, 0:), then formula (5.43) defines a one-to-one onto transformation between n1 (5,1, 5;),

na (Bi—1,Bi) and A;, ;. The reverse transformation is

Ai -1 3 n1 (Bi-1, Bi)
- v : (5.44)
Hi % _% na (Bi-1, Bi)
From (5.43) and (5.44), we can show that A; > 0 and p; > 0 if and only if
ny (Bi—1,8:) >0,
nz (Bi-1, i) 2 0, (5.45)

iny (Bi—1,8) < no (Bi—1,Bi) < 2n1 (Bi1, B;) -
The set defined by (5.45) is the shaded area in Figure 5.4. Hence, checking the sign of the Lagrange

multipliers is equivalent to checking if condition (5.45) holds. If there exist ny (8;—1, 8;) and na (G;—1, 5;)
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LXCI)

Figure 5.4: Feasible set of normal vectors when all g; = 1.

such that all conditions (5.40) and (5.45) are satisfied, then 3 is an optimal solution of the current
segment and, therefore, 3 is a part of the dual optimal solution. Otherwise, at least one of the Lagrange
multipliers is negative and the current segment should be split.

When i = 0, condition (5.40) becomes

—bg =n1 (Bo, B1) - (5.46)

Hence, the value of ny (8o, 51) is uniquely determined. If by > 0, then the constraint g (Gy, 31) < 0 can
not be active at the dual optimal solution and we need to split the current segment at (5p, 31) to get a
new segmentation.

For given ny (8o, 31) > 0, the value of ns (8o, 81) satisfying condition (5.45) is in the interval

%nl (607 ﬂl) ,2711 (60’ ﬁl):| = |:;b07 2b0:| . (547)

Furthermore, the value of ns (8o, 81) should satisfy condition (5.40). When ¢ = 1, condition (5.40)

becomes
—by = n2 (Bo, B1) + n1 (61, f2) - (5.48)
If nqy (B1, B2) > 0, then (5.48) implies

n2 (Bo, 51) € [0, —b1]. (5.49)

Hence, any feasible ng (8o, £1) must be inside the intersection of the two intervals in (5.47) and (5.49).

If —by < —1bg, then there does not exist an ny (81, F2) that satisfies both (5.40) and (5.45) and we need
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to split the current segment at (01, 82) to get a better dual solution. If —b; > —%bo7 then the value of

na (Bo, /1) is inside the interval
1 1 .
|:—2b07 —2b0:| n [0, —bl] = [—2bo,mm{—2b07 —bl}:| .
Let [I;,u;] denote the feasible interval of ng (8;-1, 8;), i = 1,...,k — 1. We have just shown that
1 .
[l1,u1] = [—2b0,m1n{—2b0, —bl}} . (5.50)

In general, once the feasible interval [l;_1, u;—1] of n2 (Bi—2, Bi—1) is known, we are able to get the feasible

interval of n; (8;—1,8;) to be [=b;—1 — u;—1, —b;—1 — l;—1] by condition (5.40), i.e.,

—bi—1 =n2 (Bi—2, Bi—1) + 1 (Bi—1, ) -

Further applying condition (5.45), the feasible interval of ny (8;_1, 3;) is obtained to be

1 1
_ibiil - iui,l,min{—Qbi,l — 211',1, —bl} .

[liv uz] =
If —b; < I;, then the current segment should be split at (3;, 8;+1). This process is continued until all

[liyu;], t=1,...,k — 1, are obtained.

If we perform the process one more step, we find that the feasible interval of ny (8x—_1, Ok) is

1 1
n2 (Be—1,0k) € _ibk—l — QUk—1, —2b—1 — 2lp—1| . (5.51)

Then we consider the condition (5.40) when ¢ = k + 1, which yields

—br, = n2 (Br—1,0k) - (5.52)

However, in general [_%bk—l - %uk_l, —2bp_1 — 2lk_1] is a real interval containing more than one point.
That means the interval [l;, u;] for each ng (5;_1,3;) is not tight. We need to run the above procedure
backwards from k to 1.

In this backward process, after ng (3;, Bix1) € [lit+1,ui+1] is obtained, the feasible interval of
ny (Bi, Bi+1) is, by condition (5.45), [%li+172ui+1]. Therefore, by condition (5.40), a new interval for
na (Bi—1,Bi) is

1
ng (Bi—1,0i) € |max {—b; — 2u;y1,0}, —b; — §Ii+1
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Now take the intersection of this interval with the interval obtained by the forward process to obtain a

tight feasible interval for ny (6,1, 0;), namely,
1
[lz,ul] — [li, ui] n [max{—bi — 2UH_1,O} 5 —bi — 2li+1:| .
Since I; > 0 is guaranteed by the forward process, the above operation can be simplified:
1
[li, ui] — [li,ui] N |:—bl — 2Uj41,—b; — 2li+1:| .

Furthermore, the condition
—=bi =na (Bi—1,8:) +n1 (Bi, Biy1)
implies
ng (Bi—1, i) = —bi —n1 (B, Bit1) -
Hence, if —b; < minn; (G;, Bi+1) = %li+1, then there does not exist a non-negative ny (5;—-1, 5;) satisfying
condition (5.40). The current segment should be split at the variable pair (5;-1, 3;).

In summary, we have the following algorithm to check if the current segment should be split.

If not, the feasible value of ny (8;—1, ;) is in the interval [I;, u,].

Algorithm 5.9 (Calculate Lagrange multipliers when all §; = 1)

Let b[0..k] be given.
Step 0: bSplit — false, I «— 0.

Step 1: If b[0] > O then bSplit «— true, I «— 1 and go to Step 7. Otherwise, [[0] < 0 and

u[0] < 0.

Fori=1..k-1
Step 2: L[i] — =3 -(b[i—1+uli—1]) and u[i] < min{-2- (b[i — 1] + 1 [i — 1]), —b[i]}.
Step 3: If —b[i] < 1[i] then bSplit — true, I «— i+ 1 and go to Step 7.

end For

Step 4: If b[k] > 0 then bSplit — true, I « k and go to Step 7. Otherwise, [ [k] < —b[k] and
u[k] < —bk].

Fori=%k—-1.1
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Step 5: 1[i] — max {l[i], —b[i] — 2u[i + 1]} and u[i] < min {u[i], —b[i] — §1[i + 1] }.
Step 6: If —b[i] < 11[i + 1] then bSplit «— true, I «— i and go to Step 7.
end For

Step 7: Return bSplit and I. Stop.

At the end of the algorithm, if the boolean variable bSplit is true, then we need to split the

current segment at the variable pair (87-1, 8r).

Example 5.11 For a segment with 3 variables, assume that the coefficients of the objective function are
bg = —1, by = =2, by = —1. The solution obtained from the previous section is By = 1 = P2 = 1.

For this example, the linear system defined by (5.40) is

1=mn1(Bo, A1),
2 =n2 (Bo, f1) +n1 (Br, B2)
1=ny (Br,52) -
Since n1 (B1, Ba) can be eapressed as
n1 (B, B2) = 2 —nz (Bo, B1)
there is one free variable n (8o, B1). Condition (5.45) is

S n2 (50751) S 23

DN | =

OSQ*TLQ(BOvﬁl)?

1— %m (Bo, B1) <1< 4—2n;3 (6o, B1) ,

which after simplification yields

| W

< ng (Bo, B1) <

DO =

Therefore, = (1,1, 1)T is the dual optimal solution. The free variable ns (8o, 31) can be any number in

[5:5)-

win
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Figure 5.5: Feasible set Fj.

Now we apply Algorithm 5.9. First consider the forward process, which consists of steps 1 — 3.

Fori=1, bg = =1 > 0 is not true, the interval [l1,u1] is given by
1 1
lh=—=bo =~
1 2 0 2)

Uy = min{—bl, —2b0} = 2,

and —by =2< 11 = % is not true.
Next consider the backward process, which consists of the steps 4 — 6. Fori=1,bs = -1 >0

is not satisfied. The new interval for na (Bo, 51) is
1 3
2tk - o] - o]
Therefore, the tight feasible interval for ny (8o, 1) is

Llnp3-f3)

The condition —b; = 2 < %12 = —%bg = % is not satisfied. Algorithm 5.9 gives the same result as that

(L1, w1

obtained by solving for the Lagrange multipliers directly.

If the value of bSplit returned by Algorithm 5.9 is true, i.e., if there exist n; (8;—1,0;) and
ng (Bi—1, Bi), i = 1,..., k, that satisfy all conditions (5.40) and (5.45), then the feasible set for ny (6;-1, 5;)

and ngy (B;—1, Bi) can be expressed explicitly as follows. A vector (ny (8o, 51) , na (Bo, Bl))T satisfies con-
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(B, 8)

Figure 5.6: Feasible set F;,i =2,...,k.

ditions (5.40) and (5.45) if and only if it is in the set

Ey = { n1(Bo, B1) = —bo, n2 (Bo, B1) € [l1,u1] }. (5.53)

This set E; is the solid vertical black line segment in Figure 5.5.
Fori=2,...k—1,avector (n (Bi_1,05;),n2 (Bi—1,5:))" satisfies conditions (5.40) and (5.45)
if and only if it is in the set
Ei ={n1(Bi-1,0:) € [~bi1 — wi—1,—bi—1 — li_1],
n2 (Bi—1, Bi) € [li, ui (5.54)

311 (Bic1, Bi) < n2 (Bi1,3i) < 2n1 (Bi—1,8i) }-

This set is the shaded area in Figure 5.6.
A vector (ny (Br—1,Bk) s n2 (Be—1, Br))” satisfies conditions (5.40) and (5.45) if and only if it is

in the set

Er ={ n1 (Br-1,0k) € [=br—1 — wp—1, —bp—1 — le—1], n2 (Be—1,0k) = —brt1 }. (5.55)

The requirements ny (G;-1,0;) > 0 and ng (8;—1, ;) > 0 are not explicit in the definition of E;.
They are incorporated in the calculation of [I;, u;].

When g; = —1, for all : = 0,..., k, the following similar algorithm can be used.

Algorithm 5.10 (Calculate Lagrange multipliers when all 3, = —1)
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Let b[0..k] be given.
Step 0: bSplit — false, I «+ 0.

Step 1: If b[0] < O then bSplit «— true, I « 1 and go to Step 7. Otherwise, I [0] « 0 and

u[0] « 0.

Fori=1.k—-1
Step 2: U[i) — max{—2-(b[i — 1]+ uli—1]),—b[i]} and w[i] — —% - (b[i — 1] + 1 [i — 1]).
Step 3: If —b[i] > w[i] then bSplit «— true, I «— i+ 1 and go to Step 7.

end For

Step 4: If b[k] < 0 then bSplit — true, I «— k and go to Step 7. Otherwise, [ [k] «— —b[k] and

ulk] — —blk].

Fori=k—-1..1
Step 5: U[i] «— max {l[i],—b[i] — tu[i + 1]} and w[i] « min{u[i],—b[i] — 20 [i + 1]}.
Step 6: If —b[i] > %u [ + 1], then bSplit < true, I «+ ¢ and go to Step 7.

end For

Step 7: Return bSplit and I. Stop.

5.3.4 Initialization

Let the initial dual solution 8 = (S, ..., Bn—2) be given by
1, if b <0,

Bi =
1, if b > 0.

It is easy to show that such a dual solution is feasible. However, this solution may not create a valid

segmentation, since there may be more than two consecutive dual variable pairs that are interior points

of Q.

The points (1,1) and (—1,—1) are corner points of Q. Hence, (5;—1,5;) is an interior point

only when (5;,-1,0;) = (1,—1) or (—1,1). Without loss of generality, assume that (8;_1, ;) = (1, —1).

Also assume that the pair immediately preceding (8;—1, 5;) is part of a valid segment. That happens

only when i =0 or 3;_o = 1.
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Figure 5.7: Both (%, —%) and (—%, %) are boundary points of €.

Ifi=n—2or Bi41 = —1, then both (8;—2,5i—1) = (1,1) and (5;, Bi+1) = (=1, —1) are corner
points of Q. Therefore, (8;-1,0;) = (1, —1) results in a valid segmentation. In this case, nothing need

be done.

If B;41 = 1, then there are at least two consecutive pairs (8;_1,03;) and (5;, B;+1) that are
interior points of 2. Assume that 3;_1, 5;, ..., i+k 1S a subsequence such that each consecutive pair of
this subsequence is an interior point of © and that both (8;—2, 8;—1) and (Bi+k, Bi+k+1) are boundary
points of 2. This subsequence must be 1 and —1 alternatively. There are two different cases of such a

subsequence.

The first case is k = 1. This results in the four consecutive pairs

(Bi—2,Bi—1) = (1,1),
(Bi-1,8:) = (1,-1),
(Bis Biv1) = (—1,1),

(Bix1, Bit2) = (—1,-1).

In this case, it is easy to make the segmentation valid by assigning
5
fi=-3.

The second case is £ > 2. In this case, we can make the segmentation valid by multiplying
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every variable in the subsequence by %, ie.,

3

ﬁi+l<—ﬁi+l-§, l=0,...,k—1

It is easy to prove that both (2,—2) and (-2, 2) are boundary points of 2 by (5.20) and (5.22). These
two points are indicated by “*’ in Figure 5.7.
The region of each pair (8;—1,0;) is determined at the same time the value of each §; is

determined.

5.4 Algorithm to obtain primal optimal solution

In this section, we introduce an algorithm for solving the dual-to-primal problem (T) to obtain
the primal optimal solution. This algorithm is closely related to the method of calculating the Lagrange
multipliers discussed in Section 5.3.3.

It is sufficient to develop the algorithm for one segment only. Let the dual optimal solution
corresponding to the current segment be 3* = (53, ..., ;). We need to solve the following dual-to-primal

transformation subproblem

k+1

min > gl
QisNisii j—1
s.t. q = Az,
(TS) qi = Azz_nl( j—laﬂ;;AMMi)v i:]-v"'akv
qi+1 = Azi+n2 (6:-17ﬁZ;Ai7Mi)a izl,"'akv
G+1 = Dz,
Ai i > 0,1=1,... k.

Assume there is at least one axis point in 8*. Without loss of generality, assume ;' = % Then

we must have 8 ; = —1 and 3/ ; = —1. Both (ﬂl*_l,ﬂl*) and (ﬁl*,ﬂl*H) are axis points. The normal
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vectors at (37_,,3;) and (67,57, ,) are
ni (ﬂl*—laﬁl*7 Ai,/,éi) = 07
na (57717577 )"h/’[/i) Z 07
ni (ﬁl*7ﬁl*+17 )"hﬂ/i) Z 0)

ng (61*76111? Amm) =0.

As a consequence, by the model (TS), we know that

q = Az, (5.56)
Qi1 = Az + 1o (871, B Ny 1s) = Dzier — na (85, Brns Ais i) (5.57)
and
Q2 = A2y (5.58)
Formula (5.56) implies that there is a small-size problem (TS) with variables ¢, ..., q. Its solution is

independent of the other ¢;. Formula (5.58) implies that we can solve another small-size problem (TS)
with variables q;42,...,qx+1. From (5.57), the value of ¢;41 can be any value between Az and Aziq.
Furthermore, the value of ¢;41 is independent of all of the other g;. Therefore, the value of ¢;41 is

determined by
min g1
st Az < g1 <Az

If gf = :I:%7 then the value of g,y is determined by the one-dimensional optimization problem

min - [q41]
st. min{Az, Az} < g1 < max {Az;, Az}
the solution of which is g;41 = min {|Az|,|Az41|}, if Az; and Az have the same sign. Otherwise,
qi+1 = 0.
In the rest of this section, we assume that none of the ( 1 ﬂ;‘), i=1,...,k is an axis point.
Assume that each (ﬂf_l, ﬁ:‘), 1 =1,...,k, is neither a corner point nor an axis point. In Sec-

tion 5.3.3, we developed Algorithm 5.8 for calculating the Lagrange multipliers for this situation. Among
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those Lagrange multipliers, the A; are uniquely determined and p; = 0. Hence, all ny (3;_1, 875 A, 1)
and ngy (5;‘_1, B A, ui) are uniquely determined. There is only one feasible solution q of the problem
(TS). Algorithm 5.8 have given the value of n4 (ﬁ;‘_h B85 Ay ,ui) and nsg (ﬁi*—p B Ais ,ui). We need only
k — 1 more addition operations to obtain the value of g;.

Next assume that there are no axis points but that at least one (5;_1,5;) is a corner point.
By Theorem 5.6, this is the situation when all of the 3; are 1 or —1. Without loss of generality,
assume that g; = 1, for all ¢ = 0,...,k. As discussed in Section 5.3.3, in this situation, every pair

(m (ﬁ;‘_l,ﬁ;‘) , Mo (ﬁ;‘_l,ﬁf)) is defined over the feasible set E;, i = 1,..., k.

Since ny (8;_1,5;) = 0 and no (3;_1,87) > 0, we have, from the formulation of problem (TS),

@ =Dz —ny (B, 5) < Az
and
@i =Azi1+n2 (85, 81) = Azi_a.

Consequently, we have the following lemma.

Lemma 5.12 If 5; =1 for anyi =0,...,k, then the sequence {qi}fjll is monotonically nondecreasing.

If Az; +11 > 0, then g2 = Az +n2 (85, 07) > Az + 11 > 0. On the other hand, in order
to guarantee that go = Azy 4+ na (85, 57) > 0, we take the minimum values of both sides, which gives

Az +1; > 0. Hence, g2 > 0 if and only if Az +1; > 0. If g2 > 0, then, by Lemma 5.12, we have
qG >q2>0.

for any ¢ = 2,..., k. Similarly, since qx = Azg_1 + no (ﬁz_Q,ﬁ,’;_l) < Azp_1 + ug_1, it is not difficult
to prove that ¢ < 0 if and only if Azg_1 + urp—1 < 0. These results are summarized in the following

lemma.

Lemma 5.13 Assume that 5; =1 fori=0,...,k. Allq; >0,i=2,...,k, if and only if Az; + 11 > 0.

All q; <0,i=2,...,k, if and only if Azy_1 +ur_1 < 0.
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Assume that all ¢; > 0,47 =2,..., k. The objective function of problem (TS) becomes

k1
> lail
i=1
k-1
= |Az| + Z (Azi +n2 (B_1,67)) + Azpga

i=1

k—1 k—1
= |Az0|+ZAzi+A2k+1 +Zn2 (ﬁ:—lvﬂz*)
=1 1=1

Therefore, solving the problem (TS) is equivalent to solving the following linear program

k—1
min Y n2( 311,@*)
=1
(TS1) st (m (B0, 85)me (B0, 8)) € By i=1,... .k,
nl(;‘,ﬁf+1)+n2(ﬂ;‘71,ﬂ;‘)=—bi, i=1,...,k—1.

Consider ngy (,6’[1, ﬂj), i=1,...,k—1, as free variables. Let Ry (¢) be the minimal objective

K2

function value of problem (TS1) with the additional constraint

n2 (85, B1) > t. (5.59)
The solution of (TS1) is given in the following theorem.

Theorem 5.14 Assume that 3; = 1 for i = 0,...,k. If all ¢ > 0, i = 2,...,k, then the solution of

(TS1) is
ns (65, 1) = l, (5.60)
na (ﬂ;—pﬂ;) = max {li; % (*bz‘—l — N2 (55—275?—1))} . (5.61)
Furthermore,
Ry (t) = apt + Cy (5.62)

is a continuous increasing function, where ay and Cy are real numbers that depend on the l; and u; but

not on t, and

IN
S
ol
IN
—_

(5.63)

DN | =

Proof. We prove this theorem by induction.
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When k = 2, there is only one free variable ny (G5, 57). The linear program (TS1) becomes

min  ng (63, 67)
st. U <ng (85, 57) <up.
Obviously, Ry (t) = t, and the optimal solution is ng (35, 57) = 1.
When k = 3, there are two free variables ns (G, 87) and ns (85, 85). For any fixed ny (85, 57) = t,
where t € [l1, u1], the corresponding value of n; (57, 5;5) is —b; — t by (T'S1). From the definition of F;,

we know that

ny (67, 4;) = max {ZQ, —5bi Qt} .

Let tg be the real number such that I, = —%bl — tg, l.e.,

to = —by — 2ls. (5.64)
If t > tg, then [y > —%bl - %t and minng (87, 53) = la, which is independent of t. Hence,

Ry (t) = min {ng (f, 57) +na (A1, 03)}

n2 (85,87 ) >t

= min_ ny (6, 07) +minng (57, 55)
n2 (85,87 ) >t

:t+127

which is a continuous increasing function over [tg, u1]. The minimum is achieved at ng (57,55) = lo =
1 1
max {lg, —35b1 — §t}.

If t < tg, then Iy < f%bl - %t and minns (67, 05) = f%bl - %t. Hence,

Ry (t) =  min  {ny (G, 07) +n2 (61, 03)}

n2 (83,687 ) >t

min{1t< (min {n2 (B, 61) +n2 (67,62)},  min ) {nz(ﬁ&ﬂik)Jrnz(ﬂf,ﬁ%‘)}}

B3 .81 ) <to n2(85.87)>

=min{t< (min {n2 (85, B7) + n2 (ﬂiﬂ;)},toﬂz},

B3.81 ) <to
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where

min {n2 (Bg, BT) +n2 (57, 63)}

t<na(83.87 ) <to

1 1
= min {n2 (85, 67)} — §b1 - 5’5

t<na (83,87 )<to

1 1
= —t—=0by.
2 2

Note that %t — %bl is a continuous increasing function of ¢ over [l1, o] and that

Therefore, when ¢ < t,

1 1
R3 (t) = min{t— ibl’to +12}

2
1 1
= —t— by
20 2!
The minimum is achieved at ny (67, 55) = —%bl - %t = max {lg, —%bl — %t}
In summary,
t+ Iy, it > to,

R (1) =
it—1by, if t<t.

R; (t) is a continuous increasing function over [l1,u;]. The coefficient as is either 1 or % The minimum
is achieved at ns (87, 85) = max {lo, —3b; — +t}.

From the definition of Rs (t), it is clear that the minimum objective function value of (TS1)
when k& = 3 is just R3(ly), and that the optimal solution is ng (G5, 57) = 1 and ng (67,05;) =
max {lg7 —%bl — %t} The theorem holds when k& = 3.

Assume that the conclusions of the theorem are true when k = j. Consider the case k = j + 1.

For an arbitrary no (43, 87) = t such that ¢ € [l1, u1], the lowest value of ng (57, 53) is given by
na (67, 53) > max {ZQ, _§b1 _ Qt} .
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If t > tg, then Iy > —%bl - %t and minns (85, 85) = lo. Applying the induction assumption to the last

j variables ng (67,03),...,n9 (5;_2, ﬁ;_l) results in
k—1
donma (B 0.5) = t+  min  R;(n2(5.53))
i=1 n2(B1.83)>la
= t+R,;(la)

= t+(ljl2—|—0j, tzt().

Consequently,

R (t)=t+ajlo+Cy, t>to

This is a continuous increasing function of ¢ over [tg, u1]. The minimum is achieved at ns (85, 05) = la =
max {l27 7%1)1 — %t}

If t < tg, then Is < —%bl — %t and minns (67, 05) = —%bl — %t. In analogy to what is above,

k—1
Y ona (B B) =t min R; (n2 (61, 62))
i=1

n2(B5.85)2—3b1— 5t

1 1

= (1—%)t—b10j, t <t.

The minimum is achieved at ny (67, 85) = —5b1 — 5t = max {12, f%bl — %t} The induction assumption

< a; <1 assures that % <1- %” < 1. Hence, (1 — %J) t — b1C} is a piecewise increasing function of ¢

N

over [l1,to]. The other induction assumption that R; (-) is continuous guarantees that (1 — %)t — b,C;
is a continuous function over [l1,%p]. Therefore, it must be a continuous increasing function over [l1, o).

Furthermore, from (5.64) we know that at point to

a
Rjt1 () = (1 - —J) t—b0Cj, t <t

Finally, the optimal objective function value of (TS1) is obviously R;4+1 (I1). This minimal

value is achieved at ny (85, 57) = l1. The theorem holds for k=j+1. m
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Assume that g; <0 for all i = 2,... k. The objective function of problem (TS) becomes

k+1 k
D lail = =Bz =Y (Azi —na (871, 87)) + | Az
i=1 1=2

k k
= |[—Azg — Z Az + |A2k+1| + an (ﬂ:—l’ﬂz*) .
=2 1=2

In the definition of F;, i =2,...,k, ny (ﬂ*_l, ﬁ:‘) and no ( 1, ﬁz*) occur symmetrically. If we denote

K2

li==bi—1 —ui—1, U;=—=bi—1—li—1, 1=2,...k,
then E;, 1 =2,...,k — 1, can be restated in the form

Bi={ i (B, 5) € [
na (B4, 8;) € {—bz;l — Ujq1, —bi—1 — l~i+1] ; (5.65)
sna (Br_1, B7) <ma (B7_1.87) < 2n1 (B7_1,5]) }-

Therefore, solving the problem (TS) is equivalent to solving the following linear program

min 222 ny (871, 6;)
(TS2) st (m (Bp,B7)me (B, B € B i=1,... .k
ny (87, 851) +n2 (871, 87) = =bi, i=2,...,k
where nq (ﬁ;_l, ﬂ;) ,-..,n1 (07, 05) are considered free variables.
Let Ry (t) be the minimal objective function value of problem (TS2) under the additional
constraint

n1 (Bio1: Bk) >t (5.66)

By the logic used in the proof of Theorem 5.14, it is not difficult to prove the following theorem.

Theorem 5.15 Assume that B; = 1 fori=0,...,k. If all ¢; <0, i = 2,...,k, then the solution of

(TS2) is
m (Bio1,85) = Ik =—be1—uk_1, (5.67)
m (30,50) = max{lg (<b—m (57.60.))
= max {_bi—l — Ui—1, % (=bi—m (ﬁf,ﬂfﬂ))} . (5.68)
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Furthermore,

Ry (t) = axt + Ci (5.69)

is a continuous increasing function, where ay and Cy, are real numbers depending on the l; and w; but

not on t, and

<a <1 (5.70)

N |

If the ¢; have different signs, then by Lemma 5.12 there must exist an i¢ such that
Az, +1li, <0 and Az, +u;, > 0.

For all i > ig, gi+1 > 0 and, for all i < ip, ¢;+1 < 0. Then solving problem (TS) is equivalent to solving

the linear program

min 3% (B0, 8) +lgort| - X ma (80, 5)
i=2 i=ig+1
(TS3) ste (ny (B, B) e (B0 B)) € B i=1,... k.
ny (85, B51) +ne (Br_1,B) = —bi, i=2,....k
For the non-negative ¢;+1, no (ﬂ;‘ll, ﬁ:‘) is considered free variable, ¢ = ig + 1,...,k — 1. For the non-
positive g;, ng (ﬂ;‘_l, ﬂ;‘) is considered free variable, ¢ = 2,...,7g. There is still one degree of freedom.
Depending on the sign of ¢;,4+1, we can consider either n; (ﬁ;‘o,ﬁj‘oﬂ) or ng (ﬂfofl,ﬁfo) to be a free

variable as described in what follows.

For any fixed value nsy (B;‘O_l, 1*0) =t with

we know that gi,11 = Az, +n2 (8 _1,6;,) = 0. Consequently, |giy+1| = Az, +n2 (8], _1, 65, ). Consid-
ering no (6;‘0_1, 6;‘0) to be a free variable and applying the conclusions of Theorem 5.14 to ¢;,+1, - - -, gk,

we find that the minimum value of Zf:_i) ng (B7_1, B;) is
Ri—ig+1 (t) = ap—ig+1t + Cr—igt1- (5.72)
For no (ﬂfﬁ_l, ﬂ;‘o) = t, the value of nq (ﬂ;‘o_l, ﬁ;‘o) is bounded below by
n1 (65,1, 6;,) > max {Zim ;t} .
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Applying the conclusions of Theorem 5.15 to g;,,. .., ¢z, the minimum value of 22”:2 ni (ﬂ;‘fl,ﬁ;‘) is

either

Rio (Zio) = dkiio + ék (5.73)
or

. 1 1. ~

All functions defined by (5.72), (5.73), and (5.74) are continuous increasing functions of t. Hence, the

optimal value of (TS3) when ¢;,4+1 > 0 is given by

. 1 R l R 1
Azio + ,Azglgtlﬁum {Rk_io_‘—l (t) i {Rio (lio) ,Rio <2t> }} ’

which is again a continuous increasing function of ¢. Therefore, the optimal value of ¢ is —Az;, and
hence |¢;,+1] = 0.

For any fixed value ns (6;*071, ﬁ;‘o) = ¢ such that
li <t< —AZiO, (575)

the value of ¢;,+1 is negative. We consider n; (,6;‘0, Bi, +1) to be a free variable. Then the value of
ny (65,85 11) 18 —big41 — t and the lower bound of ny (85, B 11) is max {liy41,3 (—biy+1 —t)}. The

107

conclusions of Theorem 5.14 can be applied to ¢;,+1,- .., g2 to obtain

Rig 1 (=big+1 — 1) = ag (=big+1 — 1) + Cy.
The conclusions of Theorem 5.15 can be applied to g;,+2, ..., gk to obtain either
Ry —iy (lig+1) = ar—iolig+1 + Cr—i,

or

1 1
Ry —i, (2 (=big+1 — t)> = 50— (=big+1 — 1) + Cr—iy-

These are all continuous decreasing functions of t. As a consequence, when ¢;,+1 < 0, the optimal
objective function value of (TS3) is achieved at t = —Az;,, i.e., at |gi,+1] = 0. This result is summarized

in the following theorem.
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Theorem 5.16 Assume that 8; = 1 for some i, i =0,... k. If there exists ig such that
Az +1;, <0, and Az +u;, >0,
then the optimal primal solution is achieved at

|¢ig+1| = 0. (5.76)

When §; = —1 for i = 0,...,k, similar results can be developed without difficulty. We state

the results in this situation without proof.

Lemma 5.17 Assume that 3; = —1 for i =0,...,k. Then q; >0 for alli, i = 2,...,k, if and only if
Az 14+1l_1>0. ¢ <0 foralli, i =2,...,k, if and only if Az +uqp <O0.

k=1
Let Py (t) be the optimal value of max > no (,6{1, ﬂf) over all feasible nq ( 1 Bj) under the
i=1

K2
7=

additional constraint

na (B, 87) < t. (5.77)

Theorem 5.18 Assume that B; = —1 fori =0,....k. Ifall ¢; < 0,7 =2,...,k, then, at the primal

optimal solution, we have

n2 (685, B7) = ua, (5.78)

N | =

o] (ﬁ;—h ﬁz*) = min {U,i, (_bi—l — N2 (ﬁ;_% ﬁz*—l))} . (579)

Furthermore,

P (t) =qipt + C}

is a continuous increasing function, where ai and Cy are real numbers that depend on the l; and u; but
not on t, and

<ap <1

N | =

_ k
Let Py (t) be the optimal value of max Y ny (8;_, 8;) over all feasible ny (8;_, 8;) under the
i=2
additional constraint

ni (B5_g, B5_1) <t (5.80)
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Theorem 5.19 Assume that 3; = —1 for i = 0,...,k. Ifall ¢ > 0,3 =2,...,k, then, at the primal
optimal solution, we have

1 (Bri—2s Bri1) = k-1, (5.81)

(=bi —ma (87, ﬁ;"H))} : (5.82)

DO | =

ni (ﬁq*—hﬂz*) = min {a“

Furthermore,

Py (t) = apt + Cy,

is a continuous increasing function, where ai and C). are real numbers that depend on the l; and u; but

not on t, and

DN =
IN
=X
ES
IN
—

Theorem 5.20 Assume that §; = —1 fori=0,..., k. If there exists ig such that
Aziy + 1, >0 and Az, +u;, <0,
then the optimal primal solution is achieved at

|Gip+1] = 0.

5.5 Convergence and complexity

In the algorithm for solving the dual problem, each feasible solution strictly decreases the
objective function value. Hence, once a segmentation is checked, it will never appear again. There are
a total of 22 possible segmentations. Therefore, the algorithm must stop in a finite number of steps.

In summary, we have the following theorem.

Theorem 5.21 (Convergence of Algorithm 5.2) Algorithm 5.2 stops in a finite number of itera-

tions.

In our empirical experience, the segmentation changes only a few times. For each segment, it

takes no more than five iterations to find the local minimizer. Every subalgorithm needs only simple
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algebraic operations and the number of operations is about the order of the number of knots in the
segment. A thorough complexity analysis will be conducted in the future.

All of examples in this thesis are calculated by the algorithm described in this chapter.

5.6 Conclusions

An algorithm based on the geometric programming formulation of univariate cubic L; splines
is developed in this chapter.

Compared with the widely used discretization approach, this algorithm has several advantages.
First, the result obtained by the algorithm developed here is a true optimal solution, while that obtained
by the discretization approach is generically only an approximation. Second, this algorithm requires only
simple algebraic operations; there is no need to do any matrix operations. Third, this algorithm enables
highly parallel processing. At last, it is expected that this algorithm is numerically more stable since it

does not require calculation of the inverse of a matrix.
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Chapter 6

Conclusion and future research

Cubic L; splines have been shown by empirical experience to be promising for shape-preserving
multi-scale C'-smooth interpolating and smoothing. However, theoretical support and efficient algo-
rithms for finding exact solutions have been lacking. This dissertation is directed to correct these
deficiencies.

Our approach is to formulate the cubic Ly splines as a geometric programming problem. The
mathematical framework includes a geometric dual program and a linear program for dual-to-primal
transformation. The coefficients of a cubic Ly spline are implicitly determined by a dual optimal solution.
We are able to take advantage of this relationship to show some shape-preserving properties of cubic Lq
splines for multi-scale data. It also becomes clear when a regularization function is required to make a
cubic L; spline unique. In particular, we have shown that cubic Ly splines preserve linearity over more
than three consecutive sub-intervals, and a cubic L; spline will never cross the curve of the piecewise
linear function for given convex data. Therefore, cubic Ly splines eliminate oscillations for both linear
and convex data.

We have also developed a continuum-based algorithm for obtaining an exact solution for cubic
L4 splines. We take advantage of the special structure of the geometric programming model to decompose
the problem into several independent small-sized sub-problems. Then a specialized active set algorithm

is developed to solve the sub-problems. The algorithm requires only simple algebraic operations. It is
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numerically stable and highly parallelizable.

In the future, current research can be extended in the following directions:

(i) The algorithm developed in Chapter 5 appears to take only a few iterations to obtain an
optimal solution. We conjecture that its average performance is in order of n, where n is the number
of knots. A computational complexity analysis of the number of algebraic operations is needed. An
implementation for real applications and a head-to-head comparison with the discretization method
would also be extremely interesting.

(ii) This dissertation has proven some shape-preserving properties of univariate cubic L splines
and developed a continuum-based algorithm for finding them. We would like to establish a geometric
programming model for bi-variate cubic Ly splines for theoretical analysis and algorithm development.

(iii) We have established a geometric programming model for univariate cubic L; smoothing
splines in Chapter 3. Parallel to Chapter 5, we would like to develop a continuum-based algorithm and

extend the model and algorithm for bi-variate cubic L; smoothing splines.
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