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ABSTFRACT
JOHN DEWEESE TAULBEE. A General Model for the Hazard Rate with
Covariables and Methcds tfor Sample Size Determination for

Cohort Studies. (Under the direction ot MICHAEL J. SYMONS
and REGINA C. ELANDT-JOHNSON.)

This research is concerned with developing improved methods for
analyzing survival data and determining appropriate sample sizes for
cohort studies.

The model proposed for the hazard function incorporating co-
variables is a polynomial with different functions of the covariables
as coefficients of the various powers of time. This model does not
require the assumption that the hazards for different individuals be
in constant ratio over time, and it allows for testing whether this
assumption is reasonable. The model is parametric, which allows for
easy specification of the survival curve and interpretation of results.
At the same time, it is general enough so that the form of the hazard
is not unduly restricted.

Methods for fitting the model to data, testing hypotheses about
model parameters, and testing the goodness of fit of the model are
presented. Use of the model and these methods is illustrated by
application to three different cohorts. Results obtained using other
methods are compared with those of the method proposed here for one of
the cohorts.

Methods for determination of required sample sizes for cohort

survival studies are developed and illustrated with examples. The



methods require that the hypothesis of interest be expressed in terms ‘

of the model parameters and that the desired test size and power re-
quired against a specific alternative be specified. A distribution of

follow-up times must also be specified.
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CHAPTER I

INTRODUCTION AND REVIEW OF THE LITERATURE

1.1 Introduction

The aim of this research is to provide useful methods for the
study of survival of cohorts, including techniques for more effective
analysis and for determination of appropriate sample sizes for such
studies. These methods would be applicable to morbidity and mortality
studies, clinical trials, and any area where the study of time until a
specific event is of interest.

Survival analysis is the area of statistical methods to which
this research is directed. A review of such methods which have already
been in use is presented beginning in Section 1.4. This is followed in
Section 1.8 by an outline of the material presented in subsequent
chapters.

A review of methods for sample size determination is included
in Chapter IV.

Of special interest for application are studies of occupational
cohort mortality. In view of this, we next discuss the purpose of these
investigations and the type of data which is usually available. A

review of methods currently used in the study of occupational mortality

is then provided.



1.2 Occupational Mortality Studies: Purpose and Data

Before discussing methods for analysis of studies of occupa-
tional mortality, we will first briefly mention some of the reasons for
these studies and the type of data which are generally used.

Many of the studies are undertaken with the objective of de-
termining whether the mortality patterns for peop.e who work in or
have retired from a particular industry or company are different from
those of another group or population of individuals. If differences
are noted, another investigation may be undertaken to determine if
particular jobs, job types or work areas within the industry or company
are associated with these differences. Most often, the latter is con-
ducted and analyzed in a manner similar to the former. That is, groups
of workers are formed on the basis of characteristics of their jobs
and the mortality of these groups is compared with that of all groups
considered together or with some other population.

The data used for analysis most often consists of information
about each member of a cohort of workers. The cohort usually consists
of a group of workers with some characteristics in common. For example,
one or more of the criteria in the following list are most often used
to identify a cohort:

1. all persons working in a particular plant or industry

as of a given date or period of time;

2. all retirees of a plant living as of a given date or

time period; or

3. all those entering a workforce in a certain time

period.




Other criteria may be used to form a cohort, but the three listed
above, in some combination, appear to be the most frequently used.
Indeed, virtually all of the studies discussed in the next section used
some combination of the above criteria for identification of the cohort
studied, the major exception being those using proportional mortality
analysis. For this type of study, only those workers and/or retirees
of a plant or industry who have died in a specified time period are
considered.

The data available on each member of the study population
usually include at least time of observation, (i.e., length of time
that the individual was in the study), age, sex, and for deaths, time
of death. Some or all of the following information may also be in-
cluded: race, date of hire, and, where appropriate date and type of
retirement, cause of death and some information about type of job(s)
held within the plant or industry.

The studies discussed in the next section are too numerous for
a description of the criteria used to identify the study group and the
data available to be given for each one, but the above description
provides an accurate picture of how the study populations are formed

and what data are used.

1.3 Currently Used Methods of Analysis of Occupational Cohort
Mortality Data

Methods currently used for analysis of occupational mortality
data might be called standard epidemiological methods for analysis of

mortality data. These are discussed next.



1.3.1 Proportional Mortality Analyses

Proportional mortality analysis is employed when it is difficult
or undesirable to obtain information concerning mortality and life
status (living or dead) for the population under study. Only deaths
from the population of interest are identified. Generally, for the
specific cause of interest, the proportion of all deaths due to that
cause in the standard population for a specific age, sex, race group is
multiplied by the total number of deaths in the corresponding age, sex,
race group in the population of interest, resulting in an expected
number of deaths. Of course, grouping can be done on other variables
as well as age, sex, and race. The standard population is usually the
population of the nation or some local governmental unit. Observed
and expected numbers of deaths are summed over the groups, and the
ratio of the sums (observed/expected) is called the standardized pro-
portional mortality ratio (SPMR).

Moss, Scott, and Atherley [1972] studied mortality from lung
cancer and bronchitis among newspaper workers by this method. Other
studies using this method include a study of oral and pharyngeal cancers
in textile workers by Moss and Lee [1974] and a study of causes of
death among construction machinery operators by Decoufle, Lloyd, and
Salvin [1977].

The main justification for using this method of analysis is
that if the population of interest and the standard population have
similar overall mortality, the SPMR generally relates the same infor-
mation regarding a specific cause of death as the standardized mortal-

ity ratio, which will be discussed later.




1.3.2 Computation of Death Rates

Some investigators have observed the mortality experience of
an occupational cohort, computed age - specific death rates for the
cause(s) of interest, and compared these age specific rates with those
from another industry or a national or local population. Enterline
[1974] used this method to compare cancer mortality among chromate
workers with that among o0il refinery workers as part of a broader study
of respiratory cancer among chromate workersq Mancuso, Ciocco, and
El-Attar [1968] also studied rubber worker mortality in this way. The
method appears useful only for making general comparisons and tests of
hypothesis are not usually applied.

The age specific death rate is the number of deaths occuring in
one year among those in a particular (usually five-year) age range
divided by the average population in that age range for a one-year
period. (The rate is usually expressed as some number per 1000 or per
100,000.)

The practice of comparing the direct age - adjusted death rates
(adr) of populations seems to have fallen into disuse, at least insofar
as occupational mortality studies are concerned. Suppose we have n
age groups indexed by i=1, 2, ..., n (or, more generally age-sex-
race groups and so on). A standard mid-year population is chosen with
Ki individuals in age group i. Let mji be the age specific death
rate for age group i for study population j (j=1, 2, for illustra-
tion). Then the age adjusted death rate for population j is
-1

K.

n
adrj = Z (mjiKi) i

i=1

i ~13

i=1



Instead of comparing separately the n pairs Onli, ng,

i=1, 2, ..., n, we would compare adr1 with adrzq Equality of adrl

with adr_, implies

i=1 i=1
or

n

L (myy -mp )K= 0.

i=]
Of course, this last equality can hold even if Lo >> m,. for some
i, and m,. << m,, for other i. In the absence of further assump-

1i 2i

tions, comparison of the adrj is not very informative about the
mortality patterns of the two groups. However, if we can assume that

the age specific rates are in the same ratio for all age groups, that

is, m,, =cm for all i then adr1 = adr2 implies

n n

A [mpy-empy 1K =0=(1-c)) J m Kol

i=1 i=1
whence c¢c=1 and m,. =m,. for all i. If we can assume a constant
difference between m s and My s then equality of the adjusted rates

will also imply equality of the age specific rates for all age groups.
Some such assumptions must be made, then, for useful comparison of
adjusted death rates. Often these assumptioﬁs may not hold, and this
may account for the disuse of the method.

The assumptions made are somewhat analogous to assuming a
constant ratio of hazards over time in survival analysis, which will

be discussed later.




1.3.3 Analysis Using the Standardized Mortality Ratio (SMR)

Computation of SMRs facilitates comparison of death rates in
much the same way that SPMR computation facilitates comparison of the
proportional mortality of two groups.

Generally, a cohort of workers is identified as of a point in
time and the mortality experience of the cohort i. observed. The
number of person years accumulated in each of several age-sex-race
groups by the cohort members is multiplied by the death rate for that
age-sex-race group in the standard population, resulting in an expected
number of deaths. Observed and expected numbers of deaths are summed
over the groups, and the ratio of the sums (observed/expected) is
called the standardized mortality ratio, or SMR.

Investigations using this method of analysis seem to be the
most freqﬁently done in studying occupational mortality. Many such
studies use the national population of a comparable time period as the
standard population, including the following: Fox, Lindars, and Owen's
[1974] study of cancer in the rubber and cablemaking industry, studies
of the mortality of asbestos workers by Enterline [1965] and Enterline,
Decoufle, and Henderson [1972], and other investigations by Enterline
and Henderson [1975}, Tabershaw and Gaffey [1974], Ingalls and Risquez-
Iribarren [1961], Case and Hosker [1954], Doll [1952], and Ortmeyer,
et.al. [1974].

Other studies producing SMRs have used state and local popula-
tions as the standard in the hope of gaining a more accurate picture of
the change in mortality associated with work in an industry. Among
these are the following: Dorn and Baum's [ 1955] study of mortality in

cigarette factory workers, Lloyd and Ciocco's [1969] study of mortality



among steelworkers, as well as studies by Henderson and Enterline .
[1973], Wagoner, et.al. [1964], Mancuso and Coulter [1959] and [1963],
and Monson and Nakano [1976a] and [1976b].

Because of problems in interpretation of SMRs computed using
national, state, and local populations as the standard arising from
the healthy worker effect, some authors have used the industrial pop-
ulation of interest as the standard in investigating the mortality of
subset(s) of that population. This was done in a study by Andjelkovich,
Taulbee, Symons, and Williams [1977] wherein the mortality of 28
mutually exclusive subgroups, based on within plant job experience,
was examined using the whole plant population as the standard. Other
studies using industrial populations as a standard include those by
Lloyd, Lundin, Redmond, and Geiser [1970], Reid and Buck [1956],

Doll, et.al. [1965], Pasternack and Ehrlich [1972] and Doll, et.al

[1972].

In studying mortality experience of uranium workers, Scott,
Bahler, Dela Garza, and Lincoln [1972] employed yet a different form
of standard population and a different method for obtaining the ex-
pected number of deaths. Instead of age-specific mortality rates, in-
formation on the Bureau of Vital Statistics standard population was
available in life-table form. Age at first observation, sex, race,
and length of observation for each individual in the study population
was used to obtain the probability of death in the observation period
for a person of the same age, race, and sex from the life-table. The
sum of these probabilities was considered to be the expected number of

deaths for the population of interest, and the ratio of observed to

expected deaths was given. Such a method would be useful when the



mortality experience of the desired standard population is embodied in
a life table rather than in the form of age-specific death rates.
Presentation of the data in terms of survival probabilities was
uncommon in these studies. Two studies presented empirical survival
curves in addition to SMR analyses. Elmes and Simpson‘[1971] presented
a comparison of empirical survival curves (percent surviving versus
age), for different ages of entry into industry and Taylor [1966]
presented empirical survival curves for various levels of cumulative
experience of chromate workers. In both cases, the information pre-
sented in the survival curves was discussed only briefly, and the SMR

analysis was the main thrust of the investigation.

1.3.4 Shortcomiggs of the SMR

Gaffey [1975] observed that when the results of a study of
occupational mortality are analyzed, the choice of a standard popula-
tion against which to compare the results and the choice of a method-
ology for carrying out the comparison are the two elements involved.

As can be seen from earlier discussion, several alternatives
are available for the standard population. However, as Gaffey further
notes and as we have observed, ''when the appropriate data are avail-
able, the Standardized Mortality Ratio (SMR) is almost universally
employed" for analysis of the data.

Gaffey goes on to illustrate three characteristics of the SMR
which may make it undesirable. First, '"there is essentially no re-
lationship between the value of the SMR and life expectancy'. Two
populations with the same number of person years in each group and the

same number cf deaths will have the same SMR regardless of whether the
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deaths aredistributed differently in the two populations. Gaffey con-

cludes that "within rather wide limits, populations with different life
expectancies may have the same SMR, and populations with the same life
expectancies may have different SMRs'. Gaffey's statements in regard
to life expectancies could be made about survival distributions, also.
Two other characteristics of the SMR, discussed a.d illustrated by
Gaffey, which may make it undersirable are 1) that the SMR and rela-
tive risk are not, in general, equal, with the size of the discrepancy
depending on the age of the study population and 2) that at older ages
the SMR is subject to limitations on its possible values, more or less
independently of any hazard to which the study population may be
exposed.

As a result of the first characteristic mentioned in the

preceding paragraph, we note that it is not useful to compare SMR's
of two different study populations even if the same standard popula-
tion has been used.

Gaffey concludes that the SMR '"has the advantage of being ex-
plainable, at least at a superficial level, to persons who are outside
the field, and the negative advantage that there are at present no
other generally accepted techniques'.

From the preceding discussion, the need to develop better

methods of analysis for study of occupational mortality seems clear.

1.4 Survival Analysis Methods

Methods for survival analysis have long been available. The

methods discussed in this section consider survival time only, Other

information about study subjects is not utilized. These methods are
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discussed and evaluated with consideration also given to their use-
fulness for the problem of analysis of occupational cohort mortality

data.

1.4.1 Actuarial Method

The actuarial method has been used to study the survival of
groups of individuals for a long time (see, e.g., Berkson and Gage
[1950]). The method generally entails division of the follow-up period
into intervals with the important data being number alive at the start
of each interval, number dying during the interval, and number with-
drawn alive during the interval. Estimates for conditional proba-
bilities of dying within an interval or surviving an interval, as well
as the unconditional probability of surviving to the start of an in-
terval are often calculated. Estimates of the hazard may also be

calculated for each interval.

1.4.2 Product-Limit Method

Kaplan and Meier [1958] describe a method, called the product
limit method, which produces a non-parametric maximum likelihood
estimate of the survival function. The survival function for a
specified time t 1is the product over all failure times less than or
equal to t of the number alive just after a particular failure time
divided by the number alive just before. This method calls for indivi-
dual observation with each response time recorded, rather than the

grouped data used with the actuarial method.
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1.4.3 Parametric Methods

There are many parametric forms proposed as useful in de-
scribing the survivorship of various populations. These can be charac-
terized by a hazard function, A(t), which uniquely specifies both the
survival curve, S(t), and the density £(t) through the following
relationships:

t
S(t) = exp -J)\(u)du ,» A(u) 20, u=20
0

£(t) = - 92?(-")—.

For the exponential distribution, A(t) 1is a constant. According to
Clark [1975] this distribution may be appropriate for human survival

if the observation time is short and if the individuals are middle-

aged, when the conditional probability of death from all causes is
relatively constant. Other possibilities are the linear hazard or
Rayleigh distribution (see Kodlin [1967]), which is actually a special
case of the generalized Rayleigh distribution employed by Krane [1963],
the Gompertz distribution discussed by Garg, et.al. [1970], and the
log-normal, Weibull, and gamma distributions (see, e.g., Gross and
Clark [1975]).

Considerable effort has been devoted to finding procedures for
distinguishing which of the parametric models best fit the data. Com-
parison of the exponential and log-normal distributions is found in an
article by Irwin [1942]. Antle and Klimko [1975] present a test for

distinguishing the normal from the log-normal distribution. Techniques

for discriminating among various groups of survival distributions are .
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also found in articles by Gehan and Siddiqui [1973], Parr and Webster
[1965], Dumonceaux and Antle [1973], and Farewell and Prentice [1977].

A considerable amount of work then, has been done in the area
of describing survival distributions depending on time only. Use of
these techniques for heterogeneous groups, such as an occupational
cohort, is not really satisfactory. Such groups vary widely with
respect to distribution of such variables as age, race, and sex, in
addition to measures of work exposure that are of interest as control-
lable determinants of survival. One approach might be to form small,
homogeneous groups from such a cohort, and analyze them separately.
However, analysis may not be reliable for the small sized groups and
interpretation of results would then become difficult.

Models which allow for forming homogeneous groups based on
values of covariates and then comparing survival across these groups

have been proposed, and are discussed in the following section.

1.5 Categorical Approaches

One approach to analyzing the effect of covariables on survival
and comparing the survival of different groups is to form categories of
individuals based on the values of the covariables of interest.

Mantel [1966] extends the earlier work of Mantel [1963] and
Mantel and Haenszel [1959] to compare survival of two groups of indivi-
duals and indicates that extension to comparison of more than two groups
is possible. The procedure, when covariates are involved, is to set up,
for each of several groups formed by categorization of covariate values

and simultaneously each of several study time intervals, a contingency
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table of the form

Died Survived
Group I Trs N1i “Ty
Group II Tos N2i - Ty

where i indicates the covariate category-time interval of the table.
Mantel [1966] suggests a statistic for testing the null hypothesis

that there is no difference in survival between the two groups I and II.
Mantel and Haenzel [1959] indicate that the test is useful against the
alternative where there is consistent association in the same direction
over the various covariate category-time interval subclassifications
between the disease and the study factors. Under the null hypothesis,

the test statistic
12
Ulry; - JEG | - %)%/ var(xy))
i i i

is approximately distributed as chi-square with one degree of freedom.
Formulas for E(rli) and Var(rli) are given by Mantel [1966].

Koch, Johnson, and Tolley [1972] use the Grizzle-Starmer-Koch
(GSK) method to allow for comparison of survival over t years of T

groups which may be formed on the basis of categorizing covariate

values. They visualize the following contingency table:

Alive at
Died during year Withdrew during year end t - Total in
Group 1 2 R 1 2 ... t year group
1 Mg Moo " Mreo Mz Moz *70 Mies me1 my-
2 May2 Moz 7" Mae2 Moz Mooz °° " M3 M1 M-
T M2 Mp22 777 Mre2 Mriz P23 M3 M1 Mo
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The GSK method may then be used to test hypotheses concerning differ-
ences in survival of the r groups,

The form of the survival distribution is not given much atten-
tion by these methods. This is not a problem if differences in survival
are}the only point of interest, but in some cases the form of the sur-
vival distribution is of considerable interest. Truett, Cornfield and
Kannel [1967] and Glasser [1967] both point out the fact that simulta-
neous categorization of a large number of covariables leads to such a
large number of groups that analysis would be difficult if not impossi-
ble with sample sizes most often met in practice. This points to the
need for analytical techniques to handle covariates, especially contin-
uous ones, in a more efficient manner than categorization. Regression
approaches to handling covariates would seem to be promising, and these
are discussed in the next sections. The first to be discussed is the
logistic model, which is apparently one of the first methods to in-

corporate covariates with a regression approach.

1.6 The Logistic Model

The logistic model has been used to determine the effects of
covariables on the probability of '"response', where response might be
development of disease, death, or some other event of interest.

. . - ‘ e T

With covariable vector Ei (zli’ Zyis oo Zkl) for indivi

dual i the model has been expressed as

Pr(response|zli, coes Zhg)

log
Pr(no response]zli, ceey zki)

=gz, B

where B 1is a vector of unknown parameters, B = (Bl, Bz, ceny Bk).
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Most often,

z., B) = q + B.z.. =a+Bz. .
gz, B jzl i%54 Bz

Truett, Cornfield, and Kannel [1967] used this model in an analysis of
the risk of coronary heart disease in Framingham. Myers, Hankey, and
Mantel [1973], Hankey and Mantel [1974], and Brow.: [1975] have done
some work in extending the model to allow for assessment of response
probability changes over intervals of time. Prentice [1976] extends

and applies the model to a case - control study. Although the work
extending the model to handle time interval data improves prospects for
its use in analysis of survival data when the form of the survival
function over time is of interest, the model seems best suited for sit-
uations where response probability is the main point of interest and

the time over which observations are made is chosen by the investigator

to suit the intent of his study. For example, a five-year period might
be chosen to study the effect of a cancer therapy, with the response
being remission, death, or some other event of interest.

Methods which simultaneously incorporate time and covariates
into the survival function would seem to be more appropriate for
analysis of cohort mortality data than use of the logistic model, since
changes in survival over time are of interest. Such methods are dis-

cussed in the following section.

1.7 Regression Approaches to Incorporation of Concomitant Information
(covariables) in Survival Models

1.7.1 Usual Form for the Hazard Function

Suppose we have information on the values of s covariables

for each individual in the population of interest.
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Let z; = Czil’ ziZ’ cees zis)' be the column vector of covariates
for individual i. Then a resonable approach might be to assume that
the hazard at time t for individual i 1is some function of t and
Z;s A(t, _z_i), say. There are, of course, a large number of possi-
bilities for the form of A(t, Ei)’ the major restriction being that
A, Ei) 20 at all points (t, Ei)'

Let B = (Bl, BZ’ cees Bs) be a row vector of unknown param-
eters and let Ao(t) be a function of time not depending on Z
or B such that Ao(t) 20 for 0st<wo , Also, let h(ii’ B) bea
function of Z and B in which h(-, °), Z and B may, but
usually do not depend upon time. With most regression-type models for

incorporation of covariables in the survival function, the hazard

function for individual i can be expressed in the following form:
A(t, 2,) = A(0)h(z;, B) (1.7.1)

where A(t, Ei) 20 for O0Ost<w ., The survival curve for individual
i 1is then given by

ot
S(t, Ei) = exp -fxcu, Ed)du s (1.7.2)

o)

with density function

in the continuous case.

In the models to be discussed in the remainder of Section 1.7,
Ao(t) is referred to as the '"underlying hazard", and for all these
models, h(g_i, B) = 1 when £i=9- so that A(t, 31) becomes )\o(t),

the underlying hazard, whenever all covariates are zero.
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1.7.2 Models Assuming a Parametric Form for AO(t)

The use of a survival model with a regression-type approach
toward inclusion of covariates specified by a hazard of the form of
equation (1.7.1) was apparently first suggested in 1965, when Feigl
and Zelen [1965] proposed that the hazard for individual i with one
covariate X could be given by (a-+bxi)_1. This corresponds to
equation (1.7.1) with Ao(t) = 1/a and h(Ei’ B) = (ldgggi)'l with
B =b/a and Zy =X They suggest the model for the case when no
censoring is observed, i.e., all survival times are known, and demon-
strate the maximum likelihood method for estimation of the parameters
and the variance - covariance matrix. An example is given concerning
survival from acute myelogenous leukemia with the covariate being the
log of the white blood count at time of diagnosis.

Axtell, et.al. [1972] extended this model to include three
covariates in studying survival times of patients with Hodgkins'
disease, in which the bxi of Feigl and Zelen's hazard is replaced by

B zli + B B

1 2%2i v Fatsic

Zippin and Armitage [1966] extend the}method by description of
a method for maximum likelihood estimation of parameters in the case of
censoring, illustrated with the same data used by Feigl and Zelen [1965]
with some survival times randomly selected to be censored. Campbell,
Reade, and Radden [1974] use the method of Zippin and Armitage to com-
pare survival of mice subjected to several treatment methods for trans-

planted malignant thymoma.

Feigl and Zelen suggest two possible alternatives for the

bxi)-l_

hazard: (a + bxi) and (ae The first corresponds to equation
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(1.7.1) with )\o(t) = a and h(ii, By=(1 +_§£i) where B=b/a and
Z‘-i=xi' The secorgdz corresponds to equation (1.7.1) with ko(t) =1/a
ar?d hz;, B) = e 1 where B=-b and gz, =x,. Byar et.al. [1974]
use an extended version of the former with bxi replaced by 'ZlBjxji
in analyzing survival from prostatic cancer. Glasser [1967] i;es the
latter to suggest a way to.study differences in survival among groups,
and suggests the extension to more than one covariable wherein B
and z become vectors, not just scalars. .
Whether h(z;, B) is taken to be et , (1+Bz.), or (1 +§__z__i)'1,
Ao(t) is taken to be a constant in this approach. This means that
survival time is assumed exponentially distributed for all individuals,
although the hazard can be different for different individuals. Feigl
and Zelen [1965] give the following justification for use of the ex-
ponential distribution in studying survival from chronic diseases such
as leukemia: often the diagnosis of such diseases is accidental, for
example, an individual involved in an auto accident or being examined
for a routine surgical procedure may be discovered to have the disease,
and survival time is measured from date of diagnosis until date of
death. Of course, such a situation is often not the case so some method
of allowing for the hazard to change with time should be found. One
way would be to allow Ao(t) to take on the parametric form of the
hazard for some distribution other than the exponential. Prentice
[1973] demonstrated this possibility using a Weibull hazard for Ao(t).
Another way would be to allow Ao(t) to be more general in a non-para-

metric approach, and this will be discussed in the next section.

Before investigating other techniques, however, it is worth-
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while to list two important advantages of these techniques, noted by
Feigl and Zelen [1965]: the techniques allow for comparison of surviv-
al curves for different groups after adjustment for concomitant infor-
mation thought to be important, and instead of obtaining a mean or
median survival time as many earlier techniques have provided for,

this method allows examination and assessment of the entire survival
distribution for each individual. This is much more informative in
that the life chances of an individual can be specified for any sub-

sequent point in time.

1.7.3 Models Assuming a Non-Parametric Form for Ao(t)

Cox [1972] suggests this form for the hazard function:

AT, 2;) = A (Dexp(Bz)

where Ao(t) is arbitrary. He then states that no information about
B can be obtained in time intervals during which no failures occur,
because Ao(t) might be zero in such intervals. So, Cox constructs

a likelihood conditional on the times at which failures occur, a factor
at each time of death being the ratio of the hazard for the individual
observed to have died divided by the sum of the hazards of those alive
just before the time of death being considered (if all individuals
have distinct times of death). Hence, Ao(t) cancels out of each
factor, and is not involved in the conditiomal likelihood. If there
is multiplicity at a time of death, the factor contributed to the like-
lihood at that time is the product of hazards for the m individuals

observed to have died divided by the sum of the products of hazards

for each possible combination of m individuals alive just before the



21

time of death being considered. Again, AO(t) does not appear in the
"conditional" likelihood. The likelihood is thus based on the proba-
bility of observing what was actually observed at each failure time
"conditional'" on a risk set for that failure time.

There has been discussion of exactly what Cox's 'conditional"
likelihood is by Kalbfleisch and Prentice [1972] and [1973]. In the
1972 discussion, criticism is given that Cox's likelihood forms a
reference set attaching positive probability to e?ents in which the
same individual fails several times. In the 1973 paper, they demon-
strate that if no ties exist in times of death and if only the order
of deaths, not the times of death are considered, and if no covariates
are time dependent, then the marginal likelihood for B has the same
form as Cox's likelihood. They note, however that the assumptions
imply that lengths of time between successive failures are irrelevant
to inference on B, and that apparently, the likelihood given by Cox
cannot be derived from a conditional argument. The marginal likelihood
for the case of tied death times derived by Kalbfleisch and Prentice
[1973] is somewhat different from that given by Cox for data with ties.
Again, it is emphasized that their results can be obtained only if
there are no time dependent covariables. Cox [1975] gives some justi-
fication for his likelihood by showing that it can be considered a
partial likelihood containing virtually all information in the sample
relevant to the estimation of B.

At any rate, Cox's method is relatively easy to apply if there
are no ties in the data, and he gives the necessary equations for
maximum likelihood estimation of B by iterative techniques and also

a test of the hypothesis B=0.
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Kalbfleisch [1974a] studied the relative efficiency for estima-
tion of B a scalar (i.e., only one covariable is used) of Cox's
method against the cases where Ao(t) is a constant and a Weibull
hazard assuming no censoring. At B=0, the relative efficiency in
both comparisons was good, being asymptotically o-e. The relative
efficiency was found to decrease as B moved away from zero.

Efron [1977] states that Cox's method has full asymptotic
efficiency in many realistic situations. He also states that if there
is no censoring, and if there is only one covariable so that B 1is a
scalar, then the Fisher information for B based on Cox's likelihood
has, asymptotically, the ratio of unity with that based on all thedata.
However, he warns that this conclusion may be seriously distorted if a
large proportion of items have the same fixed censoring time. Several
authors have used Cox's method in comparison of survival data for
different groups. Cangir, George, and Sullivan [1975] employed the
method as a way of determining which variables were most important in
survival duration. They then used a logistic regression model to order
pretreatment characteristics according to their predictive value for
response. Rubens, Knight, and Hayward [ 1975}, Berry and Wagner [1976],
and Enker and Jacobitz [1976] all used Cox's method to compare survival
of treatment groups, with the only covariates used being those identi-
fying which group a subject was in. Ramirez, et.al. [1975] compared
two treatments for breast cancer in a similar way, but also included
other covariables besides those indicating which treatment group the
patient was in.

For estimation of the survival function, Cox provides for a

step-function estimate by making the rather strong assumption that
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lo(t) is identically zero except at points where failures have
occurred. As Kalbfleisch and Prentice [1973] point out, a continuous
estimate of the survival function might be preferable, "especially for
suggesting a parametric form for Ao(t) or for communicating infor-

mation to non-statisticians".

1.7.4 Modifications of Cox's Method

Breslow [1972] modified Cox's model by allowing the hazard to

remain constant between failure times. That is, if

t(1)<'t(2)< ---<‘t(n) are the ordered failure times and t(0)= 0, he
would specify Ao(t), left arbitrary by Cox, as
}\O(t) = )\i for t(i-l) <t St(i) R

i=1, 2, ..., n. This provides for estimation of a continuous survival
distribution.
Holford [1976] proposed a hazard of the same form,

AT, z,) = A (Dexp(Bz,)

with the period of observation broken-up into intervals (tj, tj+1]
and Ao(t) given by

)\O(t) = )‘j for tj <t$t:j+1 ,

which implies that survival times within the interval are exponentially
distributed. He points out that if the intervals are fixed in advance,
this method is essentially an actuarial-type analysis with covariates.
Holford also notes that the method is equivalent to Glasser's
[1967] method if there is only one interval, to Breslow's [1972] method
if times of death form the end points of the intervals, and that if the

intervals become arbitrarily short, the likelihood function for esti-



24

mation of B is similar to that of Cox [1972].
The methods of Holford [1976] and Breslow [ 1972] avoid problems

of tied observations by making mild assumptions about Ao(t).

1.7.5 Advantages and Disadvantages of Current Regression-Type Methods

Regression-type methods for survival anal, sis can be advanta-
geous, recalling the benefits noted by Feigl and Zelen [1965] and cited
at the end of Section 1.7.2 regarding improvement of comparability of
groups and the ability for characterization of the survival curve of an
individual.

Further, Joysey, et.al. [1973] note that use of a regression
covariate to identify which group a subject is in assesses differences
in group survival over the whole time period, while actuarial methods
and logistic methods usually only examine specific points in time for
differences. The specific case they examined was difference in sur-
vival between recipients of kidneys from: 1) blood group 0 donors, and
2) other matched blood groups. Actuarial techniques did not indicate
a significant difference in survival at any point, but use of Cox's
model indicated a difference in overall survival.

There are, however, some questionable aspects of the methods as
they are now developed. The models, as they now stand with z; not
time dependent, require that the hazards for individuals having
different covariate values be in constant ratio over time regardless of
the form of the underlying hazard Ao(t).

To illustrate, let us consider the case where survival of two
groups is of interest, with only the covariable 1z, , =0 for those in

il

group I and 21 T 1 for all in group II. Assume the model
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Alt, Ei) = Ao(t)egzﬁ' Then regardless of Ao(t), the ratio of the

group II hazard to the group I hazard is a constant eB. To account

for possibly differing ratio over time, Cox [1972] proposes inclusion
of another covariate 2.5 F zilt, where t 1is time. Then with

B= (Bl’ BZ)’ the ratio of the group II hazard to the group I hazard

3 Bl+BZt
becomes e , which does depend on time. This may not, how-

ever be a desirable approach since, as we have seen, the good relative
efficiency of Cox's model for B estimation and perhaps even some of
the justification for his conditional or partial likelihood may be
predicated on none of the covariates depending on time, which, in this
case, zi2 does.

Kalbfleisch [ 1974b] takes the approach of considering only
covariates for which the constant hazard ratio holds as elements of
z;- Other variables are called factors and divided into s strata

with the hazard for the jth stratum given by

Bz,
Aj(t, Ei) = Aj(t)e , J=1, 2, ..., s.

This is a return to categorization discussed in Section 1.5 and does
not take full advantage of the features of a regression approach.
Neither of these approaches proposed for allowing non-constancy of the
ratio of hazards for subjects with different covariate values seems
very satisfactory.

Another question is what form is best for incorporation of
covariates. Thus far h(E-i’ B) has been given as e—B—E-, (1+Bz2),
or (l-rggg‘l. Kalbfleisch [1974b] recommends ééi since B can

take on any values with that function, whereas with the other two
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functions , B must be restricted so that A(t, Ei) 2 0. However, when
Breslow [1974] analyzed leukemia survival data using both eEZ_ and
(14355)-1 with Xo(t)= A, a constant, the agreement in terms of test
statistics between the two models was good. This question has not
received much attention.

In regard to choosing between non-parametric and parametric
forms for Ao(t), both methods have advantages. Allowing Xo(t) to
be quite general, as in the non-parametric approach, has the advantage
of providing reasonably good relative efficiency for the estimation of
B without having to make assumptions about ko(t). However, the good
relative efficiency of these methods is apparently dependent upon
certain assumptions. Efron [1977] states that if a large proportion of

items have the same fixed censoring time, the relative efficiency of

Cox's method may not be so good. Unfortunately, just such a situation
is very often the case in occupational cohort mortality studies. A
large group of individuals is typically identified as of a point in
time, followed over some period observing deaths, and at the end of the
period a large portion of the cohort still alive is censored by closing
the study. It is frequently impractical to follow the cohort for a
period long enough to avoid this circumstance. Also, in applying
analysis of survivorship to 6ccupational cohorts, it is virtually im-
perative that the method used be well suited to providing estimates of
the survival function, which aids in interpreting the results of the
study. It i$ felt that methods not meeting this criterion will not be

acceptable to non-statisticians interested in such studies. Non-para-

metric methods are not nearly as well suited for this as are parametric .

methods.
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The use of a parametric model for Xo(t), such as the ekponen—
tial, Weibull, gamma, lognormal, or any other distribution would
provide for ready estimation of the survival function. There exist
methods, discussed earlier in Section 1.4.3, for choosing among these
models when no covariates are involved. However, with the incorpora-
tion of covariates, there is little known about choosing among the
models.

Neither the non-parametric nor the parametric models for incor-
poration of covariates into a method for survival analysis seems es-
pecially well suited for analysis of cohort mortality data. An
approach incorporating the better features of both techniques would be

desirable.

1.8 Outline of Subsequent Chapters

In the following chapter, a general model for the hazard incor-
porating covariables is proposed. The model is parametric, allowing
for easy specification of the survival curve and interpretation of
results. However, the model does not unduly restrict the form of the
hazard. Further, it does not require the assumption that hazards for
different individuals be in constant ratio over time. Fitting the model
to data, testing goodness of fit, and testing hypotheses about model
parameters are also discussed. Three different cohorts are analyzed
in Chapter III to provide examples of the methods proposed in
Chapter II.

After a review of the appropriate literature in Chapter IV, the
model is used in constructing methods for determination of appropriate

sample sizes for survival studies. Examples of sample size determina-



tion are also provided.
Finally, in Chapter V, suggestions for further research on

related topics are made.




CHAPTER II

A MODEL FOR THE SURVIVAL DISTRIBUTION WITH
DISCUSSION OF HYPOTHESIS TESTING AND FITTING TO THE DATA

2.1 Introduction

From previous discussion of survival models with covariates, it
is apparent that both parametric and non-parametric formulations for
the underlying hazard have advantages. In searching for a new model,
an attempt should be made to incorporate the advantages of both formu-
lations into one insofar as it is possible to do so. A parametric
model is desirable because of the ease with which the survival curve
can then be specified, but in order to avoid unwarranted assumptions,
it should be general enough to be considered '"almost non-parametric'.

In coﬁsideration of survival analysis without covariables, the
generalized Rayleigh distribution might be thought of as being in this

category. The hazard for this model can be expressed as

Aktk
0

e 8

m
}\(t)-}\o+)\1t+---+)\mt = .

where m 1is some integer greater than or equal to zero, and AO is a
constant, not to be confused with Ao(t), the underlying hazard dis-
cussed earlier. As Krane [1963] states, the use of this distribution
is in some sense a non-parametric technique. He admits that the
assumption of a polynomial hazard is arbitrary and is made in the hope
that the '"true' but unknown hazard may be satisfactorily approximated

by a polynomial of reasonably low degree. Two hazard functions which
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are special cases of this one are the constant hazard leading to the ‘
exponential distribution and the linear hazard discussed by Kodlin
[1967], leading to the Rayleigh distribution. These two distributions
are quite often reasonable to use: the exponential, for example, is
suggested by Feigl and Zelen [1965] for studies of survival after diag-
nosis of cancer and the Rayleigh is suggested by Gioss and Clark [1975]
for studying the survival of middle aged groups. Further, as Clark
[1975] states, the Weibull hazard was proposed because the hazard can
be expressed as a polynomial in time under fairly general conditions.
In other cases, as Krane [1963] indicates, many parametric forms of the
hazard may be expanded in a converging power series. For example, con-

at

sider the Gompertz distribution with hazard A(t) = Re Let )\(n) (0)

be the n-th derivative of A(t) evaluated at t=0., Here )\(n) (0) = Ran,

so a Taylor series expansion of A(t) is given by ‘
© n_n
Ra't
Ae) = [
n=0 )

If a 1is sufficiently small and t not too large, eventually higher
order terms will contribute virtually nothing to the hazard, and it can
be expressed as a polynomial. In fitting a polynomial hazard to data,
this suggests that if higher order terms make significant additions to
the hazard, a Gompertz distribution may fit the data.

In general then, several advantages of the generalized Rayleigh
distribution in our situation are as follows: 1) two commonly used
distributions that apply in certain circumstances are special cases;

2) other distributions can be approximated quite well, especially if

the time interval is reasonably short; 3) the use of this distribution .

can be regarded as a non-parametric technique; and 4) at the same
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time, it provides the advantage of a parametric model that allows easy
specification of the survival curve.
If the approaches discussed previously for incorporation of

covariates were applied to this model, we would have

m
_ k
At, z,) = kzokkt h(z;, B) (2.1.1)

as the hazard for an individual with covariate vector z;- However,
this assumes a constant ratio of hazards for individuals with different
covariate values. To avoid this assumption, one might use Cox's [1972]
suggestion for inclusion of a time-dependent covariate or Kalbfleisch's
[1974b] suggestion of partitioning the data, but as discussed in
Chapter I, these methods have their drawbacks.

To assume a constant ratio of hazards over time for two indivi-
duals with different characteristics (i.e., different covariate values)
regardless of the form of the hazard function has major consequences.
The implication can be understood by considering the effect of this
assumption on the survival function. Let Si(t) be the survival func-
tion for two individuals, i=1 and 2. Assuming that the hazard func-
tions for the two individuals are in constant ratio over time implies
that for all values of t such that 0<t<e, one of the following
three relationships must hold:

1) §;(t) > 8,01,

2) 8,(t) = s,(1),
or 3) Sl(;) < SZCt).
Of course, Si(0)= 1 and Si(sﬂ =0 for i=1, 2. That is, by
assuming hazards in constant ratio, we imply that the survival curves

can never cross. A similar result would apply if a constant difference
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between hazards, rather than a constant ratio, were presumed. ‘
To illustrate, the first figure below shows the possibilities
for the relationship where a constant ratio (or difference) of two

hazards is assumed. If Sz(t) is the middle

1
5, (2) ’X 5, ()

0 t (time)

curve, the three curves shown are essentially the possibilities for
Sl(t). In particular, a relationship like the one in the next figure

below is not possible. Considering that

= _ 5, (t)
5; (t) — 5,(1)

>
0 t (time) ‘

this relationship may well occur in practice, a formulation which allows

for modelling it, and which will at the same time provide for testing
whether or not the assumptions discussed here are valid seems highly

desirable.

2.2 Consideration of a General Model for the Hazard Function
Incorporating Covariables

Suppose that instead of multiplying the underlying hazard by a
constant (in time) function of the covariables, we were to multiply it
by a function of the covariables and time wherein the covariables are
still not time dependent. Then, instead of Ao(t)c(gi), we would
have Ao(t)c(t,gi). Again, reasoning that functions of time can often

be expressed as a polynomial, suppose

c(t, z;) = cplzy) + ¢ (z)t + cz(_Z_i)t2 o
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where each Cj(Ei)’ j=0, 1, ... 1s a possibly different function of
z.. Now, if the underlying hazard is also a polynomial, the resultant

hazard,

At, zp) = A(t)elt, z)

would also be a polynomial in time, where the coefficient of each power
of t would be the product of constants from Ao(t) and various con-
stant (in time) functions of Z;s the cj(Ei)’ j=0,1, ... . We
can now express the hazard for an individual with covariate vector z,
as

Mt z) = gy(z;) + gzt s e v gzt
where m is some non-negative integer and the gk(Ei)’ k=0,1, ..., m

are possibly different functions of z;. However, we choose to let

gk(il) = Akh(‘z‘l, Ek): k=0: 1) e, M,

in order to facilitate testing the hypothesis that the hazards for
individuals with different covariate vectors are in constant ratio over

time. Also, we choose to let h(gi, gk) assume one of the three forms

B, 2.
. : . —k—i -1
discussed in Chapter I: e , (1-+§kgi), or (l-+§k5i) . Note that

for k>0, eEkE'i may not be a satisfactory choice for h(Ei’ Ek) in
certain cases. As an example, suppose that the hazard for an indivi-
dual with covariate vector 2z, is linearly increasing with time, while
the hazard for another individual with covariate vector 25 4 # 2,

is linearly decreasing with time. In such a case, we would require
that if A, >0, then h(g_l, _!_3_1)>O and h(_z_z, §_l)<0. Clearly, in

1

B.z.
such a case, h(gi, §1) could not be given by e"i_i, since this
quantity can never be negative. With this in mind, choosing one of

the suggested forms for h(gi, Ek) is left to the investigator.
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Thus, the new approach proposed here is to consider the hazard

function for individuals with covariate vector z; to be given by

m
Am(t, El) = thcil’ _B_O) + }\lh(il, El)t R Amh(-z—i’ Em)t
'i‘ k
= h(z., B, )t , (2.2.1)

k=0lk i’ —k
for m some integer greater than or equal to zero. Let
§k = (Bkl, BkZ’ e Bks) for k=0, 1, ..., m be a row vector of
unknown parameters, z. = (2..,, Z.,, ..., Z._)' be the column vector

—i il i2 is

of covariates for individual 1i, Xk be an unknown scalar parameter,
k=0, 1, ..., m, and h(gi, §k) be a function of z; and Ek with

none of these dependent on time. Then Am(t, Ei)dt may be interpreted
as the probability that an individual with covariate vector 2z

expires in the small time interval (t, t+dt) given that he has
survived up to time t.

The survival function is then given by

m A
_ k k+1
s,(t, z;) = expi- kZO o1 hiz Bt } , (2.2.2)

where Sm(t, Ei) is the probability that an individual with covariate
vector z; will survive at least until time ¢t.

The density function can be expressed as

£.(0, 2.0 = A (e, 2,)S (¢, z,) (2.2.3)

and fm(t, Ei)dt can be interpreted as the probability that a person
with covariate vector Ei dies in the short interval (t, t +dt).
Actually, it can be observed that we have a family of distributions,

with the particular distribution specified by the values of m, where
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m may be any non-negative integer, and of the Ek’ k=0, 1, ..., m.

This model has the capability of allowing non-constancy of

hazard ratio over time between individuals with different covariate
vectors. This is accomplished by allowing a different parameter vector
in the function h(’,’) for different powers of t. Essentially,
subject fo whatever limitations the form of h(",’) imposes, this
means that each coefficient of the powers of t 1in the model can be
different for each set of covariate values in vector z.. That is, if
we consider that Akh(gi, Ek), k=0, 1, ..., m could be regarded as
the parameters of the hazard function of equation (2.2.1), then each
parameter can depend in a different way upon z;- If and only if

EO = §1 = e = Em = B will the hazards for individuals be in constant
ratio over time. We note that if, indeed, EO = §1 = e.. = Em = B,

the hazard of equation (2.2.1) reduces toexactly that of equation (2.1.1),
the formulation of earlier methods for accounting for covariables.

The approach proposed here has several advantages over previ-

ously suggested methods:

1) It allows considerable flexibility in the form of the
hazard function and at the same time retains the para-
metric advantage of allowing easy specification of the
survival curve.

2) It allows for the hazard functions of individuals with
different covariate values to be in differing ratio over
time, and specifically it allows for the possibility that
their survival curves cross each other. This is accom-

plished without stratifying the population as Kalbfleisch

[1974b] suggested or constructing an artificial time



36

dependent covariate, as Cox [1972] suggested. ’
3) Fitting an appropriate member of this family of distri-

butions to the data and testing a variety of hypotheses

about it is reasonably straightforward, as we shall see

in the next sections.

2.3 Testing Hypotheses about the Model

In the manner of most other approaches, estimation of parameters
will be done by maximum likelihood estimation. The likelihood for a

cohort is given by

L = Tr A (t. T]— S (tj,

i e deaths "m(ti’ %) a11 j °m z.) (2.3.1)

—j'
where ti,tj are observed times of death for deaths and censoring
time for survivors. Only if m=0 and §O==9_ can explicit maximum

likelihood estimates be obtained. Otherwise, iterative methods must

be used. A description of an estimation procedure is found in section
2.5.
Hypothesis testing can be done by-taking into account two con-
siderations:
1) If Q 1is a parameter space and w 1is a subspace of {
to which p constraints have been applied, and if §Q

and 8 are maximum likelihood estimators of the parameter

d

vector § in @ and w, respectively, then
-2£n[L(8,)/L(8;)]
is asymptotically distributed as chi-square with p

degrees of freedom, where L(*) is the likelihood

and #n(+) denotes the natural logarithm.
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2) The maximum likelihood estimate is asymptotically normally
distributed with variance given by the appropriate element

of the inverse of the Fisher information matrix.

We note that the two results stated above hold, for the case where
there is no censoring, under certain regularity conditions (see Kendall
and Stuart [1973], sections 18.26 and 24.7). It seems that these
results have been assumed by several authors to hold, even if some
observations are censored. Cox [1972] states that "... to be rigorous
extension of the usual conditions for maximum - likelihood formulae and
theory would be involved to cover censoring, but there is little doubt
some such justification could be given." An indication that these two
results may indeed hold true under certain regularity conditions even
when censoring occurs is given in a paper by Sen [1976]. Also of
concern is the fact that although the random variables ti have dis-
tributions of the same form, the distributions are not identical be-
cause of differing values of the covariate vector, z,-

The question of whether the two above results will hold in
the presence of censoring and failure of the random variables to be
identically distributed, even though their distributions are of the
same form, is not straightforwardly resolved. It is assumed here that
the results will hold under these circumstances.

Verification that the necessary regularity conditions are met
assuming no censoring and identical distribution are given in Appendix
1 for the case m=0 with one covariate.

In choosing a member of the family of distributions proposed
to fit the data, a step-up or step-down procedure somewhat analogous

to those used by Krall, Uthoff, and Harley [1975] or Greenberg, Bayard,
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and Byar [1974] for selection of covariates can be used. Let L(m=n)
be the maximized likelihood, L, of equation (2.3.1) for m=n. Using
a step-up procedure, find L(m=0) and L(m=1) and compute
-28n[L(m=0)/L(m=1)], this quantity being asymptotically xi if the
likelihoods are not significantly different. If they are significantly
different, compute L(m=2) and -2fn[L(m=1)/L(n :2)] and ascertain
the significance. This procedure would be continued until no signifi-
cant difference is found between L(m=n) and L(m=n+l) for

n=0, 1, ... and the model chosen would be the member of the family
with m=n. Alternatively, or in addition, we could get maximum likeli-
hood estimates for parameters AO, Al’ cees An for m=n,

n=0, 1, 2, ..., and at each step test H An==0 using asymptotic

o
normality of the estimates. When for a particular n, we cannot re-
ject the null hypothesis, choose m=n-1 as the best fit. Using both
methods would give added security that the best fit has been found. To
provide further assurance that the best fit has been found, it would be
wise to require two consecutive non-significant results by either of
the above procedures, rather than just one, before deciding on an ap-
propriate value for m. Note that the first procedure could also be
used to test whether fitting r extra parameters is better. We would
evaluate -2Zn[L(m=n)/L(m=n+r)], asymptotically distributed xi, to
determine if the added parameters improved the likelihood.

A possible drawback of the method suggested above for selection
of the appropriate value of m is that the number of significance
tests to be performed is not known in advance. Therefore, the overall

level of significance for all tests together cannot be specified in

advance. To avoid this problem, it is suggested that some positive




integer, my say, be selected as the highest value of m to be
tested. Then, to assure that the overall significance level will be
no greater than o, each hypothesis in the stepwise procedure could
be tested with level of significance a/mo. We are then left with the
problem of choosing an appropriate value for my- In general, three
will be a sufficiently large value for my-

After a particular appropfiate value for m has been chosen,
i.e., a member of the family of distributions has been selected, hy-
potheses of interest about the model can be tested.

To test whether there is a time - constant ratio between

hazards of individuals with different covariate vectors,

L(with

L{with Ek

-B_0=El=--.=§m=§_)
's not restricted to be equal)

-24n

could be computed and compared against a chi-square distribution with
m x s degrees of freedom, where s is the number of covariates. To
test other hypotheses about the parameters, it is suggested that either
a likelihood ratio test or a different test assuming asymptotic nor-

mality of the maximum likelihood estimates be used.

2.4 A Test of Goodness of Fit

Once a model has been chosen, the question of its goodness of
fit to the data arises. A test for goodness of fit at a particular
point in time can be devised. Let Gi(t) be a random variable such
that

0 if individual i has died by time t

5i(t) =
1 if individual i 1is alive at time t.
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Let Sm(t, Ei) be the value of the survival function chosen at

time t. If the fit is good, we should have Pr{éi(t)= 1} = Sm(t, Ei)
and this can be regarded as the null hypothesis, under which

E(Gi(t)) = Sm(t, Ei) and Var(Gi(t)) = Sm(t, Ei) [1-—Sm(t, Ei)]' If

the number of individuals is large enough, the quantity

§.(t) - ] S (t, z.)
%i 1 all i ™ 71

al
/Z {smct, z) [1-5 (¢, 5i)]}

all i

= (2.4.1)

is distributed approximately normally with mean zero and variance one
under the null hypothesis. Also, then, the square of x 1in equation
{(2.4.1) isdistributed as x2 with one degree of freedom. However, the

sum of squared X of equation (2.4.1) for times tl’ t2, cees tn is

not necessarily x2 with n degrees of freedom, since Gi(tj) is
not independent of Gi(tj,). Nonetheless, if separate evaluation of

equation (2.4.1) at eachof several values of t, say t.,, t t

l’ 2) AR ] n)

does not produce any significant differences, this could be taken to
imply that the model fits well. Appropriate values of the

tj’ j=1, 2, ..., n should be well spaced throughout the period of
observation. Beyond that, values of tj to be used must be chosen by

the investigator to suit the particular study at hand.

2.5 Fitting the Model to Data

As previously mentioned, unless m=0 and §0:=QJ some
iterative technique must be used to obtain maximum likelihood estimates.
The subroutine MAXLIK by Kaplan and Elston [1972] has been used here.

A requirement of this program and most other iterative procedures is
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that initial estimates of the parameters be supplied. For small data
sets, the accuracy of these initial estimates is not of great concern.
However, with large data sets, each iteration can be quite expensive.
So, for these data sets, having initial estimates which are reasonably
close to the maximum likelihood estimates can save considerable amounts
of computer time by requiring fewer iterations of w.atever routine 1is
used. A method of obtaining good initial estimates is presented next.

We first categorize the covariate vector into n categories,
letting z; be a representative value for the vector in category i
for i=1, 2, ..., n. Then choose p values of t so that the
tj, j=1, 2, ..., p, are somewhat evenly distributed over the time
of observation for the cohort. We emphasize that here, n is the
number of categories of the covariate vector and p is the number of
specific values of t chosen.

A life table is then formed for those in the cohort with co-
variates in the i-th category, from which values of §L(tj, Ei)
for j=1, 2, ..., p may be obtained. We let §L(tj, Ei) denote the
empirical survival probability at time tj for the i-th covariate
category. This is done for each of the n categories of the covariate
vector, so that we have values of §L(tj, Ei) for j=1, 2, ..., P
and i=1, 2, ..., n.

For most of our work, the model with h(gi, Ek) chosen to be
B, z.

e—k_'1 will be used, at least in the early stages of investigation.

So, the survival function is given by

m A B, z
_ k k=i _k+l
Sm(tj, gi) = exp -kzo T ¢ tj
Assuming B, = B for k=0, 1, ..., m and noting that

L=
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—0—i
shown to imply the following:

l’.n[—i’.ns (t. z.):l = {n ril bt Al §B Z., .
m*j’ =i koo K1 7] 221 0L"1L

This requires that Sm(tj, Ei) can be neither zero nor one,

s
B.z. = gélsoﬂziﬂ , the previous expression for Sm(tj’ Ei) can be

j=1,2, ..., p, i=1, 2, ..., n.
Now, taking gL(tj’ Ei) to be the life table values mentioned

earlier, if SL(tj, Ei) % 0 and SL(tj, Ei) + 1, we let

= _’na
yji = In[ LnSL(tj, Ei)] . (2.5.1)
Also, let
m A
k Lk+l
a. = £n e T, . 2.5.2
J kzo kel 53 (2:5:2

If our hypothesized model is reasonable, we should have
| S
Yip =85t zZ1BO£ZiZ * e (2.5.3)

j, 13 S (tj, Ei) #0orl

j=1, 2, ..., p, i=1, 2, ..., n,
where Eji is an error term. Equation (2.5.3) canberegarded as a sort
of multiple regression equation. Although the yji are not mutually
independent and their distribution is not known, the usual closed-form
least squares solutions provide appropriate initial estimates for the
BO£’ £=1, 2, ..., s and estimates for the aj, which can be used to
obtain initial estimates for the Ak’ k=0, 1, ..., m in the manner

described below.

If we let Qj be the estimate obtained as described for aj,
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and let

and (2.5.4)

k
X = tj/(k+1) »

we find that a reasonable multiple regression-type -quation for obtain-

ing initial estimates for the Ak is given by

m
Y. = AMX .+ ., 2.5.5
3 kzokkJ i C )
where ej is an error term. Since XOj= 1 for all j, -equation
(2.5.5) can be written as
YJ = Ao + Xlxlj + + Amxmj + eJ s

j=1, 2, ..., p such that

§L(tj, z,)#0orl.
The usual closed-form least squares solution for equation (2.5.5)
provides reasonable initial estimates for the Ak’ k=0, 1, ..., m.

We note that because of the number of parameters being esti-

mated, the following should be true: the number of time points (p)
chosen should exceed the degree of the polynomial fit (m) by at
least two; and the number of ;ovariate categories (n) chosen should
exceed the number of covariates (s). The time point zero should not be
chosen, and values of (j, i) for which gL(tj’ Ei) is zero or one
cannot be used, since #&n(0) =£Zn[-£n(1)] 1is not bounded. It is felt
that more refined methods of obtaining solutions to the multiple re-
gression-type equations (2.5.3) and (2.5.5), such as weighted least

sauares, are not necessary since our aim is to obtain reasonable initial
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estimates. The distributions or other properties of these initial ’

estimates are not of importance here. However, this method does

provide reasonable initial estimates for Ak’ k=0,1, ..., m and
EO = (BOI’ BOZ’ ey BOS). The initial estimates for the Ek’
k=1, 2, ..., m are the same as those for B

By

Using initial estimates obtained as suggested above or by other
methods in ;n jterative subroutine, such as MAXLIK by Kaplan and Elston
[1972], will furnish maximum likelihood estimates of the model param-
eters, an estimated variance-covariance matrix, and the logarithm of
the likelihood. These results then provide the information necessary
for the hypothesis tests described in section 2.3.

Use of the method described here for obtaining initial esti-

mates is justified because it can provide a substantial saving of

computer time and money in the analysis of large cohorts.




CHAPTER III

ANALYSIS OF COHORT SURVIVAL DATA USING THE GENERAL MODEL

3.1 Introduction

In this chapter, three cohorts are studied using the methods
described in the previous chapter. The first to be discussed is a
clinical trial involving leukemia patients. This particular trial has
been analyzed using several different methods. Results obtained by
the other methods are presented for comparison with results using our
method. The second cohort to be discussed involves a group of heart
patients undergoing two different treatments. It is discussed to
illustrate a case where the proportional hazard assumption does not
hold. Finally, a cohort of industrial workers is analyzed to illus-
trate the use of our model in a case where the covariate is a contin-
uous variable, rather than a dichotomous one identifying treatment
groups only.

Analysis of each of the three cohorts is intended only to
illustrate use of the model proposed. In additiom, comparison of
results with those obtained by other methods is presented for the
leukemia clinical trial.

Unless otherwise specified, all tests of hypothesis are per-
formed using the statistic

-2en (LB /L]

which, by our assumptions and description in Section 2.3, is approx-
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imately distributed as chi-square with the appropriate degrees of

freedom under the null hypothesis.

3.2 Analysis of a Clinical Trial Involving Leukemia Patients

Clinical trial data reported by Freireich, et.al. [1963] and
used by Gehan [1965] and Cox t1972] are analyzed here. The data are
remission times, in weeks, of leukemia patients under two different
treatments. The remission times for each of the two treatment groups
are shown in Table 3.1. There are a total of 42 patients in the
trial, 21 in each of the two groups.

Using the methods of Chapter II, we first choose an appropri-
ate value for m., the largest value of m to be considered, where

0

m is the degree of the polynomial chosen for the hazard of equation

(2.2.1).
TABLE 3.1
Times of Remission in Weeks of Leukemia Patients
(Gehan, 1965, from Freireich, et.al., 1963)
Treatment Group Remission Times

Drug 6-MP 6*, 6, 6, 6, 7, 9%, 10*, 10, 11*, 13, 16,
17*, 19*, 20*, 22, 23, 25*, 32*,
32%, 34*, 35*

Control i, 1, 2,2,3, 4,4,5,5,38,8,8,38,

11, 11, 12, 12, 15, 17, 22, 23

*
censored

B, z. ,
With h(Ei’ Ek) taken to be e'k—'1 and one covariate, this hazard

function is
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SCRERE Y Ae o Tt (3.2.1)

We take m, to be two. In the analysis, we use a single covariate
with those receiving the drug 6-MP having z, = 0, while those in the
control group have z, = 1. Fitting the various me nbers of our family
of distributions to the data, we obtain the log-likelihoods shown in
Table 3.2.

Using the information in Table 3.2, we can test several hypoth-
eses. Specifically, we wish to choose the appropriate member of

the family of distributions for the data and to examine whether the

hazard rates for the two treatment groups are significantly different.

TABLE 3.2

Log Likelihoods for Selected Members of
the Family of Distributions for the 42 Patient Clinical Trial

Value Restrictions . .
of m on the Bk's Log Likelihood (£nL)
2 none 2nl = -106.2566
1 none fnL = -107.1443
0 none £nlL = -108.5240
0 BO= 0 £nlL = -116.7666

The hypotheses of interest, along with appropriate test statistics and
p-values are given in Table 3.3. In choosing the appropriate member
of the family of distributions we choose the overall level of signif-
icance, a, to be 0.05. Thus, each of the two tests involved for
m. =2 would be carried out with level of significance a/2=0.025.

0
As discussed in Chapter II, this assures that the overall level of
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significance for the L tests to be performed is no greater than o

regardless of whether the tests are independent.

TABLE 3.3

Test Statistics and p-values for Hypotheses
of Interest for the 42 Patient Clin’cal Trial

*Null Alternative Chi-Square Degrees of

Hypothesis Hypothesis Value Freedom p-value
m=20 m=1 2.759%4 1 p = 0.09668
m=1 m= 2 1.7754 ‘ 1 p = 0.18272

for m=0 for m=0 16.4852 1 p = 0.00005

B0 =0 BO #0

Examination of the first two rows of Table 3.3 reveals that we would
choose m=0. Hence, the hazard rate for individual i is given by

Bozi
A(t, zi) = Xoe . (3.2.2)
Maximum likelihood estimates for the parameters of equation (3.2.2)

along with estimated standard errors are given in Table 3.4.

TABLE 3.4

Estimates and Estimated Standard Errors
for the Parameters of Equation (3.2.2),
the Hazard Function Chosen for the
42 Patient Clinical Trial

Parameter Maximum Likelihood Estimated Standard Error
Estimate of Parameter of Estimator
Ao 0.02507 0.00836
B 1.52664 0.39841
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To test whether the hazard rates are different for the two groups, we
would perform the test shown in the last row of Table 3.3. We conclude
that BO is significantly different from zero, that is, there is a
significant difference between the hazard rates of the two groups.

Several other methods have been used by other investigators to
test whether the hazard rates or survival curves of these two groups
are significantly different. Gross and Clark [1975] (see pages
241-249) present the Cox F-test and Gehan's modified Wilcoxon test for
analysis of these data. The p-values for testing differences in
survival between the two groups for these two tests are, respectively,
0.00002 and 0.00031. In analyzing the same data, Cox [1972] provides
two tests for the null hypothesis of equal hazard rates for the two
groups against the general alternative, with resulting p-values
0.00004 and 0.00012. Our p-value, 0.00005, for the hypothesis of equal
hazard rates is similar to these other values.

Since we have concluded that the hazard rates for the two
treatment groups are constant in time, we also conclude that the hazard
rates for the two groups are in constant ratio over time. Similarly,
Cox [1972] states that "... any marked departure from the proportional
hazard model is not likely to be a smooth monotonic change with t.", |
where t is survival time.

Using the results of our model fitting and hypothesis testing
to interpret the data, we conclude that both groups have a constant
hazard rate, with the hazard rate being significantly lower for the
group treated with the drug 6-MP than for the control group.

It is felt that the proposed model has provided for straight-



50
forward analysis and interpretation of these data. Results were also

shown to be similar to those of other methods.

3.3 Analysis of QObservational Data for Heart Patients

We now analyze survival data for individuals treated with one
of two treatments for coronary artery disease. Assignment of patients
to a treatment was not randomized, so that factors other than treat-
ment could be responsible for any differences observed. However, for
purposes of illustration, it will be assumed that the patients were
randomly assigned to treatment from a fairly homogeneous group. These
data were obtained from the Coronary Artery Disease Data Bank at Duke
University Medical Center through the courtesy of Dr. Kerry Lee, with
whose permission they are used here.

A total of 2187 patients were catheterized and found to have
at least one coronary artery which was at least seventy percent oc-
cluded. The time of catheterization was takeﬁ to be the origin for
survival time in this study. Of the 2187 patients, 929 were treated
surgically and 1258 were treated with medication only. Here, we com-
pare survival over the first six months after catheterization for the
surgically treated group with that for the group treated with medica-
tion only. Of the 1258 patients treated with medication only, 69 were
censored in the first month due to not having yet reached the six-month
follow-up anniversary, and 100 died during the six-month observation
period. Of the 929 surgically treated patients, 61 were censored in
the first month and 99 died during the six-month period.

We use one covariate, Z2:s for each individual with z5 =0

if individual i was treated with medication only and z, = 1 if




51

. individual i was treated surgically. We choose M to be three,
Fitting the various members of our family of distributions to the data,

we obtain the log likelihoods shown in Table 3.5.

TABLE 3.5

Log Likelihoods for Selected Member: of the
Family of Distributions for the Heart Patient Data

Value Restrictions . L
of m on the Bk's Log Likelihood (£nL)
3 none 2nl = -406.9672
2 none ZnL = -407.5407
1 none £nL = -454.3360
0 none £nlL = -508.0759
2 BO= 1 = B2 £nL = -420.2572
2 B.=B,=B.=0 £ZnL = -423.5308

Using the information in Table 3.5 we can do the following:
choose the appropriate member of the family of distributions for the
data; test whether the proportional hazard model is suitable; and test
whether the hazard rates for the two treatment groups are the same.

The hypotheses of interest, along with appropriate test statistics and
p-values are found in Table 3.6. In choosing the appropriate member

of the family of distributions we use overall level of significance

o =0.05. Each of the three tests involved for my = 3 is carried out
at level of significance o/3, which is approximately 0.017.
Examination of the first three rows of Table 3.6 reveals that the proper

model is that with m=2, From the fourth row of Table 3.6, it can be

. seen that the null hypothesis BO = Bl = 82 is rejected. Equivalently,
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we can say that the hazard rates for the two treatment groups are not
in constant ratio over time, that is, the proportional hazard model is
not appropriate. The last row of Table 3.6 reveals that the hazard

rates for the two groups are significantly different.

TABLE 3.6

Test Statistics and p-values for Hypotheses
of Interest for the Heart Patient Data

Null Alternative Chi-Square Degrees of —value
Hypothesis Hypothesis Value Freedom P “
m=0 m=1 107.4798 1 p < 0.000005
m=1 m=2 93.5906 1 p < 0.000005
m= 2 m=3 1.1470 1 p = 0.28418
for m=2 for m=2, B 's 25.4330 2 p < 0.000005
B.=B. =B not all equal,
0 12 k=0,1,2
for m=2 for m=2, B, 's 31.9802 3 p < 0.000005
BO= 1° 2=0 not all zero,
k=0,1,2

The hazard rate for individual i at time t 1is given by

B.z. B.z. B,z

= i 271 2
A(t, zi) = Aoe + Ale t o+ }\ze t, (3.3.1)

where the t are in units of years. Maximum likelihood estimates for
the parameters of equation (3.3.1) along with estimated standard

errors are given in Table 3.7.




53

TABLE 3.7

Estimates and Estimated Standard Errors
for the Parameters of Equation (3.3.1),
the Hazard Function Chosen for the
Heart Patient Data

Parameter ngimum Likelihood Estimated Stapdard Error
Estimate of Parameter of Estimator
AO 0.42337 0.08258
Al -2.10076 0.64921
Az 3.29571 1.14954
B0 1.00080 0.18671
B1 1.22914 0.27319
B, 1.22820 0.30641

We conclude that the hazard rate functions for the two groups
are significantly different. Further, the proportional hazard model
does not apply. Although the hazard rate for surgical patients is
initially higher, probably because of the initial surgical mortality,
it decreases more rapidly with time than does the hazard rate for
patients treated with medication only. By the third month, the hazard
rate for surgical patients is lower than that for patients treated with
medication only, by examination of the hazard function using the max-
imum likelihood estimates.

This analysis is intended only to illustrate the use of the
general model. Differences between the two treatment groups with
respect to risk factors not included in the analysis could be responsi-

ble for the differences observed in the hazard rates.
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3.4 Analysis of an Occupational Cohort Study

We now examine a retrospective cohort study of industrial
workers. The data analyzed here were obtained from the Occupational
Health Studies Group at the School of Public Health, University of
North Carolina at Chapel Hill through the courtesv of the Group's
Director, Dr. Robert L. Harris, Jr., with whose permission they are
used. The cohort consists of 7942 white males actively employed in an

industrial plant as of January 1, 1964. This cohort was observed

through December 31, 1971. During the eight years of observation, 313

individuals died. For this analysis, only active work experience was
observed. That is, an individual was considered to be censored at the
time of retirement or leaving the work force for other reasons. We
note that the cohort observed can therefore be expected to experience
considerably lower mortality than a general adult population.

Time is measured in years beginning at the time of first obser-
vation, January 1, 1964. The covariable for each individual 1, Zi’
is age in years as of January 1, 1964. For this study we choose my
to be one, because the starting time of the study is completely
arbitrary and the hazard rate should be fairly stable in this healthy
population. This situation is quite different from that of the heart
patient study, where the cohort members were in poorer health and
events strongly influencing survival, such as catheterization, new
medical treatment, or surgery occurred at the beginning of the trial.

For this large cohort, we use the regression-type method
described in Section 2.5 of Chapter II to obtain initial estimates of

the model parameters. To obtain initial estimates, eight time points
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were chosen (p=8) as follows: tj =j=1, 2, ..., 8. Nine categories
of the age at first observation (the covariate) were chosen (n=9) as
follows: less than 25, 25-29, 30-34, 35-39, 40-44, 45-49, 50-54,
55-59, and 60-64. The representative value of the covariate was chosen
to be 22.5 for the first category, and the midpoint of the interval for
all other categories. The initial estimates obtained are as follows:
for m=0, A,=0.00021; for m=1, Ay=0.00016, X, =0.00002; and,
in each case, §0= 0.06871, with the ~ indicating that the value is
an initial estimate. Comparison of the initial estimates for thechosen
model with m=1 with the maximum likelihood estimates given in
Table 3.10 shows that, for these data, the initial estimates are quite
good. In fact, comparison of the log likelihood of the initial esti-
mates, -1815.8742, wifh that of the maximum likelihood estimates,
-1815.7560, reveals that the initial estimates are vnot significantly
different from the maximum likelihood estimates.

The log likelihoods obtained by fitting the various members of
our family of distributions to the data are found in Table 3.8. Using

the information in Table 3.8 we can choose the appropriate member of

the family of distributions for the data.

TABLE 3.8

Log Likelihoods for Selected Members of the
Family of Distributions for the Occupational Cohort

Value Restrictions . R
of m on the Bk's Log Likelihood (&nL)
none ~ 4nL = -1815.3719
0 none fnl = -1824.2188
1 B.= fnL = -1815.7560
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By examining the maximum likelihood estimates of the parameters for

the ghosen model and their estimated standard errors, we can test
whether the covariate, age at first observation, has a significant effect
on the hazard rate. The hypotheses of interest, along with appropriate
test statistics and p-values, are found in Table 3.9. Examining the
p-values in Table 3.9, we would clearly choose the model with m=1

and BO= Bl' Also, we conclude that the covariate, age at first obser-

vation, has a definite effect on the hazard rate.

TABLE 3.9

Test Statistics and p-values for
Hypotheses of Interest for the Occupational Cohort

Null Alternative Chi-Square Degrees of

Hypothesis Hypothesis Value Freedom p-value
m=20 m=1 17.6938 1 p = 0.00003

for m=1 for m=1 0.7682 1 p = 0.38077

BO=B1 BO#BI

for m=1 for m=1 104.227* 1 p < 0.000005

BO=Bl=O BO=BI?‘-0

* . . . 3 ""1/22
Test Statistic is [B/(Var B)'‘]

The hazard rate for an individual with covariate zi at time
t 1is given by

Bz.
A, z3) = (A + Ajt)e o (3.4.1)

since we have chosen m=1 and BO= Bl= B as the particular version
of equation (3.2.1) for these data. Maximum likelihood estimates for
the parameters of equation (3.4.1) along with estimated standard

errors are given in Table 3.10.
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TABLE 3.10

Estimates and Estimated Standard Errors
for the Parameters of Equation (3.4.1),
the Hazard Function Chosen for the Occupational Cohort

parameter Maximum Likelihood Estimated Standard Error
Estimate of Parameter of Estimator
AO 0.00016 0.00006
Al 0.00003 0.00001
B 0.06687 0.00655

We conclude that age at first observation has a significant
effect on the hazard rate, as would be expected. Further, the hazard
rate increases approximately linearly with time and the proportional
hazard model applies. This is what would be expected for a reasonably
healthy middle-aged population observed for a fairly short time period
according to Gross and Clark [1975] (see page 152).

We now examine the question of éoodness of fit using the method
of Section 2.4 of Chapter II. Goodness of fit is examined for one,
two, three, ..., and eight years of follow-up. Test statistics and
p-values for each follow-up time tj =j=1, 2, ..., 8 are given in
Table 3.11, using the maximum likelihood estimates of the parameters
of the chosen model with m=1 and B0= Bl= B (see Table 3.10).

Also given are the observed and expected numbers of survivors for each
time of follow-up. Note that Zdi(tj) is the observed number of
survivors at time tj and Esm(ij, zi) is the expected number of

survivors at time tj, j=1, 2, ..., 8, while x2 is the square of

X, these quantities being as in equation (2.4.1).
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TABLE 3.11

Observed and Expected Numbers of Survivors, Test
Statistics and p-values for Testing Goodness of Fit for
the Occupational Cohort of the Chosen Model with m=1 and BO= Bl

2

j= tj zéi(tj) ZSm(tj, zi) X p-value
i i
1 7902 7894.11 1.5854 0.20798
2 7856 7853.54 0.0764 0.78224
3 7820 7811.77 0.5669 0.45149
4 7775 7769.01 0.2245 0.63563
5 7726 7728.95 0.0439 0.83404
6 7692 7690.46 0.0102 0.91955
7 7660 7653.46 0.1605 0.68870
8 7629 7618.70 0.3565 0.55046

If we desire an overall level of significance no greater than
a, we could evaluate the test at each time point with level of signif-
icance /8. Suppose we choose a=0.05. Then «/8=0.00625.
Clearly, the fit of the model chosen is adequate. For comparison, let
us examine the goodness of fit of the model with m=0. The maximum

~

likelihood estimates of the parameters are X0= 0.00030 and

§o= 0.06430. Using the same procedure as before, the results are given
in Table 3.12. The p-values for tj= 1, 2, and 3 are all lower than
0.00625, so we would conclude that the model with m=0 does not
fit well.

Comparisons of occupational cohort survival data such as those
used here are often made with an external population, such as the

United States general population. Here, we examine such a comparison

by obtaining estimates for the modei parameters from the 1969-1971
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. U.S. life table for white males. These estimates are obtained by the

regression-type method of Section 2.5 of Chapter IT.

TABLE 3.12

Observed and Expected Numbers of Survivors, Test
Statistics and p-values for Testing Goodiess of Fit
for the Occupational Cohort of the Model withm =0

2

j = tj géi(tj) gsm(‘tj’ zi) X p-value

1 7902 7875.55 12.1089 0.00050

2 7856 7824.46 9.2623 0.00234

3 7820 7779.19 11.0603 0.00088

4 7775 7738.18 7.1736 0.00740

5 7726 7703.66 2.2574 0.13298

6 7692 7673.47 1.3793 0.24022

. 7 7660 7646.76 0.6420 0.42299
8 7629 7623.68 0.0965 0.75607

values of gL(tj’ zi) are the life table probabilities of

surviving to at least age tj tzg given survival to age Z; - This

is done for tj=j =1, 2, ..., 8 for zi=20, 21, ..., 64. Vvalues of
tj and Z; for which tj *z is greater than 65 are not used since
in the occupational cohort mandatory retirement occurs at age 65 where-
upon the individual is censored in our study of mortality among active
workers. Estimates obtained in this manner for the U.S. white male
population, 1969-1971, for )\0, >‘1 and BO=Bl=B are, respectively,
0.00010, 0.00002, and 0.09286. The log likelihood for these

estimates in the occupational cohort is -1942.9013. Since the maxi-

' mized log likelihood for the cohort is -1815.7560, we compute the
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test statistic as -2[-1942,9013 + 1815.7560], or 254.,2906. Under

the null hypothesis that the parameter values for the occupational
cohort are not significantly different from those obtained for the life
table population, this test statistic is asymptotically distributed as
chi-square with three degrees of freedom. We thus obtain a p-value of
less than 0.000005 for this null hypothesis. Therefore, we conclude
that the hazard rate in the occupational cohort is significantly
different from that in the 1969-1971 U.S. white male life table popu-
lation for the comparable age range. Further examination of the hazard
rates reveals that the hazard rate estimated for the occupational cohort
is lower than that estimated for the life table population for all
points in time and for all values of the covariate, age at first obser-
vation, which are of interest (20 s z, < 64).

One final comment is in order about the method of obtaining
estimates of the model parameters for a comparison population which has
its survival information in life table form. The methods of Section
2.5, Chapter II were suitable in the present situation since the pro-
portional hazard assumption seems valid. However, this may not always
be true. If this assumption is not considered valid, we suggest the
method described below for obtaining parameter estimates from life
table data.

After obtaining the values of éL(tj’ Ei) as described in
Section 2.5, Chapter LI, choose as parameter estimates those values

which minimize the following quantity:

2
3 -z'l) - Sm(tj’ _z_'_)] ’

] 1

Z[éL(t.
j

where Sm(tj, Ed) is a function of the parameters given by equation
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(2.2.2). Estimates so obtained could be considered, in some sense,
least squares estimates of the model parameters. While use of this
method does not require that the proportional hazard assumption hold,
it does, in general, require iterative procedures for obtaining the
estimates. Such procedures are not required with the other technique,
If it is not known whether the proportional hazard model holds, perhaps
some goodness of fit criterion could be used to determine which method
produces better estimates.

A point of interest with regard to the length of follow-up for
studies such as this one is the question of length of time required
for changes in the hazard rate to be detectable. To examine this
question, the models with m=0 and m=1 were fit to the data with
observation times 1, 2, ..., and 8 years. Testing at the 0.05 level
of significance in each case, we find that for follow-up times of
three years or less, the model with m=0 1is chosen. For follow-up
times of four or more years, the model with m=1 is preferred. For
data such as those used here then, it appears that a follow-up period
of at least four years is required if one desires to detect changes in

the hazard with time.



CHAPTER IV

DETERMINATION OF APPROPRIATE SAMPLE SIZE FOR COHORT STUDIES

4.1 Introduction

Most of the work in determining length of follow-up and sample
size for cohort studies has been done in regard to controlled clinical
trials. In fact, Feinstein [1975] claims the "favorite indoor sport"
of statistical theoreticians is contriving new ways to gauge sample
size for controlled clinical trials.

Virtually all this work has assumed a control and experimental
group of equal size to be compared. Schlesselman [1974a] gives the

well known formula for sample size of each of two groups

' 2
N=-—L—Zv’2f>i+2»pr(l—p)+p(l—p) ,
2 %o g"P1v* ™R 24+ 7P2

where P, is probability of event given no exposure, P, is proba-
bility of event given exposure, T 1is the average of P; and Py>
and g=1-Pp, and o and B are probabilities of type I and II
errors, respectively. In another paper, Schlesselman [1974b] gives
tables of required sample size for various values of Py p2/p1’ and
type I and II errors.

pasternack [1972] assumes a constant hazard for both case and
control groups, and an independent constant hazard for loss to follow-

up and produces tables which yield sample size for each group given
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five-year survival rate for control, hypothesized increase in survival
rate for cases, and type I and II errors of interest.

In regard to length of follow-up, Pasternack and Gilbert [1971]
make similar assumptions to those of Pasternack [1972] above, and give
tables of required duration of study based on anticipated median
survival time for cases and controls, total number of subjects to be
entered each year, and type I and II errors desired.

Schork and Remington [1967] allow for the possibility that
individuals may move back and forth between treatment and control groups
during the study period. For a study L time units long, they let
P denote the probability of event in a single time unit given no
exposure (control); p2==kpl denote the probability of event in a
single time unit given exposure (treatment); and Rt and Ré denote
the proportions shifting from the control and treatment groups to the
other group, respectively, in time unit t, t=1, 2, ..., L. They
then provide a formula for determining sample size for the desired
values of L, P> Py» the Rt and Ré, t=1, 2, ..., L and type
I and II errors.

George and Desu [1974] assume a constant hazard kc for the
control group, a possibly different hazard XE for the experimental
(treatment) group, and a fixed duration for the trial. They then
provide a formula for the approximate sample size required, given
values of trial duration, Xc, AE, and type I and II errors.

Halperin, Rogot, Gurian, and Ederer [1968] assume a constant
hazard rate and no drop-out for the control group. For the treatment

group, they assume a hazard which declines linearly over f years to

a constant rate and also a constant drop-out rate. They then produce
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tables of required sample size for specified values of trial duration,
f, type I and II errors, and the three rates mentioned above.

None of these methods is appropriate for the study of occupa-
tional cohort mortality. Often, one group is first identified and
studied, only later to be compared with another.

Sample size and duration of these frequently retrospective
studies have often been chosen to be the maximum number studied for the
longest time that seems acceptably convenient to the investigator based
on length of time needed to gather and prepare the data for analysis.
Consideration is frequently given to the size and length of other
studies previously published. In none of the studies of occupational
cohorts reviewed in Chapter I was there any evidence that sample size
and length of follow-up were chosen using criteria more objective than
those just mentioned.

The method for sample size determination proposed in the
following sections is suitable for occupational cohort mortality
studies. It should also be useful for other cohort studies of time

until a specified event, including clinical trials.

4.2 Asymptotic Distribution of the Estimators of the Model Parameters

The approach here is to use the model and the asymptotic distri-
bution of the maximum likelihéod estimators of model parameters dis-
cussed in Chapter II to obtain sample size requirements for testing
specific hypotheses about the model parameters, both individually and
jointly. This approach requires the following assumptions: 1) the
maximum likelihood estimators of the model parameters are asymptoti-

cally unbiased and normally distributed, with the variance-covariance
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matrix given by the inverse of the Fisher information matrix, as dis-
cussed in Section 2.3 of Chapter II; 2) in the cohort to be studied,
the covariate vector has a known distribution, with 2z denoting the
covariate vector for individual 1i; 3) the censoring times have a
known distribution, possibly conditional on the z;5 with T de-
noting the censoring time for individual 1i; 4) an indicator variable
denoted by Ii’ with Ii= 1 if individual 1 failed while under
observation and Ii= 0 otherwise, has a known distribution conditional
on the z; and Ty and 5) the observation times have a known dis-
tribution conditional on the Ei’ Ti, and Ii, with ti denoting
the observation time for individual i. To reflect these assumptions,
we express the conditional cumulative distribution function (c.d.f.)
of t, as FO(tiIEi’ T, I;); the conditional c.d.f. of I, as
Fl(IilEi’ T;); the conditional c.d.f. of T, as FZ(TiIEi); and,
the c.d.f. of z; as FS(Ei)'

We will use the model of Chapter II with m chosen to be zero

and one covariate, so that the hazard for an individual with covariate

B.z.
Z; is given by Aoe 0 1, where AO and BO are scalar parameters.

Extension of the method to the model with more than two parameters is
straightforward.

The logarithm of the likelihood for the model, denoted by

£nL , 1is then

{nl =
i

i~

[Ii(inlo + Bozi) - Aoe ti] , (4.2.1)

1
where for individuwal i, i=1, 2, ..., N, C is the covariate value,

ti is the censoring time for survivors, for whom Ii= 0, and ti is
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. the time of death for failures, for whom Ii =1,

We find that

N B .z
anL _ -1 071
3, - .Z [leo - © t1] ’
1=
N B.z
3lnlL _ 0”1
BB, Z [T;25 - Ap® t231
0 i=1
BzﬂnL N -2
- o = ) LA,
8)\0 i=1
2 N B.z
-aEnL=Ze01tz. , and
BAOBBO i=1 i'i
2 N B.z
‘ _ ] KIZIL = Z )\Oe 0 lt 2
aBO i=1

(4.2.2)

N : N .
Telltz ZAeOlt.zi

where the expectation is with respect to the random variables t.,
i=1,2, ..., N, and N is the number of individuals in the cohort,
or, for our purposes, the sample size.

Now, let

A= ”IIidFl(Iilzi’Ti)dFZCTilzi)dFs(zi): (4.2.3)
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B.z
0°i
c:””e tizidFo(ti]zi,Ti,Ii)dFl(Iilzi,Ti)sz(Ti]zi)dFS(zi), (4.2.4)

and

B.z
. 0%i, 2
p= “”e t;23dF (s |z, T)AF (T ]2,,7,)dF, (1, 2;)dF5(2), (4.2.5)

where the integrals are Riemann-Stieltjes integra’s over the appropriate

region. We may now express the Fisher information matrix as

vV =N . (4.2.6)

Now, if we wish to test a hypothesis about AO assuming B0

fixed, the Fisher information is just NABZA. Hence, if XO is the
maximum likelihood estimator of AO’ then io is asymptotically nor-

mally distributed with mean A_ and variance (NABZA)-I, that is

0
(NAZ2A) l/zci -A.) VNGO, 1) . (4.2.7)
0 0 "0 ? T
Similarly, if we wish to test a hypothesis about BO assuming AO
fixed, the Fisher information is NAOD. So, if 30 is the maximum
likelihood estimator of BO’ we have
NAD)2 (B -B) v NCO, 1) (4.2.8)
0 0 0 ! ' e

These results can be used to determine approximately the required
sample size for a test of size a (0<®<1l) requiring power of at
least 1-B (0<B<1) against a specific alternative.

In order to show the result necessary to obtain sample sizes

required for joint hypotheses about AO and BO’

al notation. Let § = (AO, BO)', 6 = (AO, BO)', and let 90 and

91 be the null hypothesis and alternate hypothesis values of the

we require addition-




parameter vector, respectively. Then, under our assumptions,
(§;—90)'V'1(§3-§0) is asymptotically distributed as chi-square with
two degrees of freedom, with non-centrality parameter zero if §f=§0,
and with non-centrality parameter 0 = (9_1 -%)'V-l(gl —QO) if g:gl
(see, e.g., Section 24.7 of Kendall and Stuart [19,3]). This infor-
mation will permit us to obtain approximate sample sizes Aecessary'for
testing joint hypotheses about xo and BO, as we shall see in the
next section. We note that the approximation is not good unless

(_Q_1 -QO) is small. That is, the parameter values under the null and
alternative hypotheses should be close to each other in order for the
approximation to be good. Choice of values of QO and 91 which
are sufficiently close to each other can be made by the investigator

considering the meaning of the parameters in the model under considera-

tion.

4.3 Methods for Determining Sample Size

In this section, explicit formulas for required sample sizes
are given where possible. However, for some hypotheses, it is possible
only to produce a formula which can be used iteratively, or by trial
and error with different values of N, to determine appropriate
sample size. First, however, we must state our assumptions about the
distributions of Ii’ ti’ Ti, and Z:s and use this information to

evaluate A, C, and D of equations (4.2.3), (4.2.4), and (4.2.5),

respectively.
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4.3,1 Distributional Assumptions for Z55 Tss Ii’ and ti and

Evaluation of the Fisher Information Matrix

If the covariables z; and censoring times TS have known
continuous distributions, then these can be used in equations (4.2.3),
(4.2.4), and (4.2.5) for evaluation of A, C, and D.

Suppose, however, that z, and T, are ¢. screte random

variables. Let z, assume a finite number of values denoted by

Z.,j=1,2, ..., J. We take Pr(z,=2)=p., j=1, 2, ..., J and
] J 1 ] ]
note that the condition ) pj =1 must hold. Also, let T, assume
j=1
a finite number of values denoted by Tk’ k=1, 2, ..., K. Take
Pr(Ti=Tk|zi=Zj)=pjk, I3(=1, 2, ..., J and k=1, 2, ..., K, and
note that we must have Z pjk= 1 for j=1, 2, ..., J. Of course,
k=1

if the z, or T, are discrete but can attain a countably infinite
number of values, the above would be true with J or K infinite.
Also, if zi or Ti is a continuous variable but the true distri-
bution is not known, the variable could be categorized into intervals
(J intervals for zi, K intervals for Ti) and a representative
value of z, in the j-th interval taken to be Zj’ i=1, 2, ..., J;
vand a representative value of TS in the k-th interval taken to be
T k=1, 2, ..., K. Values for pj and pjk for j=1, 2, ..., J,
k=1, 2, ..., K would have to be chosen based on whatever information
is available in this situation.

We choose to regard zi and Ti as discrete variables, each

with a finite number of possible values for purposes of this dis-

BAZ.

07

cussion. Since the hazard is then Aoe for an individual with

covariate Zj’ we find that




k A.e 0 jexp[—koe 0 jt:]dt

= Pr(Ii=1|ZJ., T) = 0

T B.Z B Z
Pjk1 J
0

or
B

0Z.
=1 - exp[—)\oe IT

Pik1 k)

is the probability that an individual with covariate Zj and censoring
time 'I‘k is observed to fail, that is, has Ii= 1. Therefore the
probability that an individual with covariate Zj and censoring time

Tk is not observed to fail, that is, has Ii= 0 is given by

ByZ,;
Pixo = eXP[-Age = Tyl

Now, let us examine the observation time ti for individual 1i. For
an individual with covariate Zj and censoring time Tk’ if Ii= 0,

that is, the individual has not failed, we find

1 for t=Tk
Pr(ti=t|Zj, Tk, I.=0) = (4.3.1)

i
0 t# Tk
If an individual with covariate Zj and censoring time Tk has
Ii= 1, that is, the individual has failed, then the probability density
"~ function of ti is given by
( BOZ. B Z.
j . 07j
Aoe exp| Aoe ti]
BOZ.
1- exp[—)\oe I

i
0st, <T
1

(4.3.2)

L]
AL

f(tile, T L= 1)
k

0 elsewhere .

\

In the evaluation of C and D of equations (4.2.4) and (4.2.5),

it is necessary to evaluate the following quantity:
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thidFO(ti|zi, T Ii)dFl(Ii|zi, T,)
This quantity is given by the following expression:

Ty
pjkOTk + pjkl[ t f(;|zj, T» I, =1)dt .
0

Evaluating the integral in the above expression by parts, we find that

JJtdFo(t]Zj, T Ii)dFl(Ii[Zj, TJ) =

-1 ~ByZ; BoZs BoZ;
AO e [1- (1+A0e Tk)exp(-koe Tk)]

PikoTk * Pjk1 B2,
1 —exp(—xoe JTk)

Upon substitution of the values for pjkO and pjkl’ the above

expression becomes

fjtdFo(tIZj, Ty Ii)dFl(Iile, T) =

B Z Z

BoZ; -1 “Bo?y 0% BoZ;
Tkexp(—loe Tk) + AO e [1- (1+A0e Tk)exp(—koe Tk)]. (4.3.3)

We can now evaluate A, C, and D of equations (4.2.3), (4.2.4),

and (4.2.5), respectively. We find that

J K ByZ.
A= Tp Ipgll-em(-Ape” JT)], (4.3.4)
j=1 7 k=1
% BoZ; g ByZ;
C = p.2.e p:.T,exp(-A e T.)
j=1 1] k=1 jk 'k 0 k
103 K BOZj BOZj

+ A ) p.Z. ) Poll= (Iedge =~ “T)exp(-Aje ~ °T)I , (4.3.5)

j=1 7 ) k=1

and
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% 9 BOZj g BOZj
D = p.Z.e p.. T exp(-A.e T.)
j=1 i) k=1 jk 'k 0 k
19 , K BOZj BOZj
"o J'lejzj kzlpjk[l - (L+xge © “Texp(-Age Tl (4.3.6)

Using the above information, we can now produce formulas for
determination of sample size. In all of the deter-inations, AO, BO’
A, C, D, V, and V-1 will be subscripted with a zero (0) or one (1)
to denote that the value is that under the null or specific alternative

hypothesis of interest, respectively.

4.3.2 Formulas for Determination of Sample Size for Tests of
Hypothesis about One Parameter

Before specifically examining hypotheses about ko or BO,
we will give the sample size requirement for a somewhat more general
case. Suppose we have a random variable x which is distributed nor-
mally with mean u and variance [Nf(u)]—l, where £(°¢) 1is some un-
specified non-negative valued function. Further, suppose that we wish
to test the hypothesis
H.: ;J=uo VS, le ;J>u0
and that we require a test of size o with power of at least 1- B
against the specific alternative L1=ul, u1>~u0. Now under HO’ the

random variable

1
xq = INE(u) 172 x - 1) (4.3.7)

is normally distributed with mean zero, variance one. We now define
zY to be such that for Q<y<l1,

Pr(zsz =
(Y)Y

where z is a standard normal variate. Hence, we reject HO if



and the power requirement is given as
Pr[x0>z1_q|u=u1] >1-8.

If we let

1
x, = INEw )12 (x- ) (4.3.8)

then it can be shown that

implies that
x, >z, [f(u )]'l/z[f(k1 )]1/2 + [Nf(u )]1/2 (Hy ~Hy) (4.3.9)
1 1-a 0 1 1 0o "1°° U

Since for u==u1, x1 has the standard normal distribution, the power

requirement is given by requiring the right-hand side of inequality

(4.3.9) to be less than 2z It can then be shown that the power

g

requirement is satisfied if

-2 Yy Ak
N> (uy - ) ey (W17 ez GlE )] : (4.3.10)

If we wish to test a hypothesis similar to the one above except

that we have HI: u<<u0 with specific alternative u:=u1, u1<<u0 s

the sample size requirement is still given by inequality (4.3.10).
Now, suppose that we wish to test the hypothesis
HO: M=}, VER HI: 1J#u0
and that we require a test of size & with power of at least 1-8

against the specific alternative M=u . With X, as given in equation

(4.3.7), we reject Ho if

X0<Zq2  °T %07 %12
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The power requirement is then

Prix, <z lu=1l + Prix)>2z; o/plu=ml 21-8.

If we let

=z ,,[£( )]1/2 [£( )]'1/2 +[Nf( )]1/2 - 4,) 4.3.11
X =242 My Hy ¥y (uo M) o (4.3.11)
and

x Ew ) w1 ¢ W2 (ug - uy) 4.3.12)
2 1 0 1 0 17 e

u z1-c>L/

then the power requirement can be shown to be that N must be of

sufficient size so that
Pr[z<xL] + Pr[z>xu] 21-8 (4.3.13)

where Xy is given by equatioﬁ (4.3.11), X, by (4.3.12), and 2z 1is
a standard normal variate.

Note that an explicit solution of expression (4.3.13) for N
is not given. The proper value of N 1is the smallest positive integer
resulting in values of Xy and X, which satisfy (4.3.13), and this
value must be found by trial and error in the general case. However,
we will frequently find in practice that either Pr[z'<xL] or
Pr[z:>xu] will be virtually zero, as we shall see in Section 4.4, in
which case an explicit solution for N can be found.

Using the above results, we can now easily state sample size
requirements for hypotheses about XO assuming B0 fixed and about
B0 assuming AO fixed. All hypothesis tests discussed will be pre-
sumed to be of size o requiring power of at least 1 - B against
the specific alternative of interest.

~

Note that for B fixed, under our assumptions A

0 the

0’
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maximum likelihood estimator of )‘O’ is asymptotically normally dis-
tributed with mean }\O and variance [N?\E)ZA]_1 . Hence, in the more

general development of sample size, )‘O assumes the role of u and

)\azA assumes the role of f(u). So, for a test of the hypothesis

HO: )\0=>\00 Vs. le >\0>>\00

with specific alternative of interest )‘O=>‘01’ )\01 >)\00, the sample

size requirement is given by

-t ) /2] (4.3.14)

+

(A

-2
N> gy =000 [21.4¢ ovo)

8011

If we desire to have Hl: >\0< )\00 with specific alternative of inter-

est A =A Any <A the sample size requirement is still given

0 "“o1’ "o1" “o00’
by (4.3.14).

Suppose now that we want to test the hypothesis

HO: )\0=>\00 vs. le )\0#)\00
with specific alternative of interest >\ = )\01 . We let
x, 02a ) 22 2 e aac2a, 1% (g - Aop) (4.3.15)
Za/2 ooo 01 01 017 3
and
X =12 02ay o e Za02 00 oA ). (4.3.16)
u = 21-a7200 %0 o1 4 ISV IOV WS PR U}

The sample size requirement is that N be the smallest positive

integer such that
Pr{z <xL] + Pr[z>xu] 21-8. (4.3.17)
Now, for >‘O fixed, under our assumptions go, the maximum

likelihood estimatcr of B is asymptotically normally distributed

O,

with mean B0 and variance [N}\OD]'I. Hence, in the more general
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development of sample size, BO assumes the role of u, and XOD

assumes the role of f(u). Note that D can be regarded as a function

of BO’ and, hence, so can XOD. So, for a test of the hypothesis

HO: BO=B00 vVs. le BO>B00

with specific alternative of interest B0= BOl’ BOl >BOO’ the sample

size requirement is given by

N> (B,, -B )‘Z[z (A D )‘1/2 +z. (AD )‘1/2]2 (4.3.18)
01 700 1-0>"070 1-87071 ) e

If we desire to have Hl: BO< BOO with specific alternative of

interest B, =B B.. <B the sample size requirement is still

0 o1’ 01 00’
given by (4.3.18).

Suppose now that we want to test the hypothesis

HO: BO=B00 VvS. Hl: BO#B00

with specific alternative of interest BO= BOl' We let

s
[

=z (XD)-I/ZC)\D)I/Z + [N)\D]I/Z(B -B..) (4.3.19)
L “a/2°70°0 01 01 00~ "o1’ "o

and

X (A.D )'I/Z(A D )1/2+ [NA.D ]1/2 (B. -B..) (4.3.20)
00 01 01 00~ "01’° o

u Z1—u/2
The sample size requirement is that N be the smallest positive

integer such that

Pr[z<xL] + Pr[z>xu] >21-8 . (4.3.21)

4.3.3 Formulas for Determination of Sample Size for Tests of
Hypothesis about Both Parameters

We can use the information about the joint asymptotic distri-
bution of the maximum likelihood estimators of >\0 and B0 mentioned

at the end of Section 4.2 to obtain a useful procedure for finding
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required sample size for a test of size o of the hypothesis:

H,: (A B

0 = (A

0’ O) 00’ BOO)

requiring power of at least 1-8 against the specific alternative

hypothesis (AO, BO) = (AOI, BOl)'

Under the null hypothesis the quantity

-2 o
A X A"2A C N
x.=NQO.-A.., B -B )| 000 0 0 00 (4.3.22)
0 0~ %00 B0~ %00 | v o |l ls _s
o 00% | |30 ~ Boo

is asymptotically distributed as chi-square with two degrees of free-

dom. If a random variable x is distributed as chi-square with v

degrees of freedom and non-centrality parameter n, let xi - be
such that
2
Prx s = .
[x<Xy,y,nd =Y

If n=0, it is dropped as a subscript. We reject HO if
x0:>x§ 1-a° So, the power requirement can be stated as

2 - \
Pr[xo:>x2, l_alcxo, By) = (Rgy» Byl 21-8 . (4.3.23)

Simplifying the expression (4.3.22) for Xys We find
x =N[ -a )2+ 28 <A )(B.-B IC, + (B -B, )\ D]

0 0 007 000 0 0070 T00°°0 0 ~00° 0070 °

(4.3.24)

The distribution of xo with (AO, BO) = (AOI, BOI) is not known.
So, in order to find required sample size, we must be able to express
the probability statement (4.3.23) as an equivalent probability state-
ment about a random variable with known distribution.

For (Ao, BO) = (A the random variable

o1’ Bo1l»
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i 2.2 - A 2
x; =NL Ry = Ag0) Ag1Ap + 20 = Ago) (Bg - Boo)C1 * By - Bgg)

AorPyl
(4.3.25)
is asymptotically distributed chi-square with two degrees of freedom
and non-centrality parameter
N= N[ Oy = A )RR+ 200y = Agg) (Byy = BpgdCy * gy - B 322 D1,
01 00" "011 “01 700 ~01 00771 ‘7017 T00° Tol71
(4.3.26)
So, if we can obtain a probability statement about Xy which is

equivalent to expression (4.3.23), we can obtain the sample size

requirement.
We now attempt to find a relationship between Xy and Xy of
equations (4.3.24) and (4.3.25), respectively. We let

-2

- %A C AnD

) i S N R T (4.3.27)
17 =2, 2 % T, 33D
S0 00”0

If r,=r,=T,=T, then we have x, =rx, and the power requirement

1 3 1 0
of expression (4.3.23) is equivalent to the following:

Pr[x1>rx§, ]=21-8, or

2
PT[XIerz, 1 ] < 8. (4.3.28)

-a
Since, under the specific alternative of interest, 3 is asymptoti-
cally distributed chi-square with two degrees of freedom and non-

centrality parameter n, Wwe must have

2 2
rxz’ 1—a<X2,E,n s (4.3.29)

where n is given by expression (4.3.26). So, the sample size
required is the smallest positive integer N which results in the non-

centrality parameter, n, being such that inequality (4.3.29) is
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satisfied.
17 Ty and Tg of equations

(4.3.27) are equal is not, in general, true. If they are not equal, a

However, the assumption that r

result known about quadratic forms (see, e.g., Rao [1965], pages 37-38)
can be used to determine an adequate sample size requirement. With
xo and X, as given by equations (4.3.24) and (4.3.25), respectively,

we have that stochastically

ole < Xy < plxl s (4.3.30)

where pl and p2 are, respectively, the largest and smallest roots

of the matrix valvl, where

-2 -2 -1
o ‘ooto Co ]l oM S
vilv, = . (4.3.31)
01 Co  Aoooll 1 *oily

The roots of Valv1 of equation (4.3.31) are

-1 2. -1{ . -2 -2
p = [2(3;;A)D) - Cp)] {(*ovoXle * A1t 00P0 - 2CC)
-2 2 2 -2 2
* [ Qgofo01P1 = 201t 200P0)  * 4 QoA 201015

) 2 -2 -2 Y
+ AOOAOAOODOCI - AOOAOAOIDICOCI - AOIAIAOODOCOCI)] } . (4.3.32)

Note that P> the largest root, is found by using the plus (+) sign
from the plus or minus (+) sign in equation (4.3.32), while pz, the
smallest root, is found by using the minus (-) sign.

Now, using expression (4.3.30), we find

2 2
Pr[x02>K2’ l-a] 3 Pr[p2x1:>x2, l—a] . (4.3.33)
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So, the power requirement is satisfied if for p,>0,

2

-1 2
Pr[x1> 0, Xz, 1-a] 21-8. (4.3.34)

Inequality (4.3.34) implies that for pz:-O,

oglxg’ l-g < Xg,B,n , (4.3.35)
where 1n is given by equation (4.3.26). So, the sample size required
is the smallest positive integer N which fesults in the non-centrality
parameter, n, being such that inequality (4.3.35) is satisfied. It
can be seen from examination of inequalities (4.3.33) and (4.3.34)

that this procedure is conservative. That is, the sample size obtained

may result in a power greater than 1-8. However, if Ty, Ty, and
Ty of equations (4.3.27) are all equal to r, then equation (4.3.32)
has only one solution, pl= p2=:r'1. In this case, inequality (4.3.35)

is equivalent to (4.3.29), the result already derived for the special

case I‘1=1‘2=1’3=1‘.

4.4 Examples of Sample Size Determination

In this section we will use the results of the previous section
to determine sample size requirements for hypotheses which would be of
interest in studying a cohort. The parameter values and distribution
of a single covariable will be chosen to be similar to those which
would arise from an occupational cohort like the one studied in
Chapter III.

In all tests, a will be taken to be 0.05 and B8 will be
0.10. The notation used will be that of Section 4.3. The covariable

is age, and, although continuous, it will be grouped into intervals
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and considered discrete. The distribution of the covariable is given
in Table 4.1. We will have a censoring time of one year for all indi-
viduals, so that if T1=1, we have pj1=1 for j=1, 2, 3, 4,5
and pjk=0 for k#1, j=1, 2, 3, 4, 5. Values of >‘O and B0 of
interest as null orvalternative hypotheses will be A = 0.0002 or

0

AO = 0.0003 and BO = 0.07 or BO = 0.09.

TABLE 4.1

Distribution of the Covariable
Age, Grouped with J = 5

Range of z5 j Value of Zj pj
15 - 24 1 20 0.1852
25 - 34 2 30 0.1759
35 - 44 3 40 0.2222
45 - 54 4 50 0.2315
55 - 64 5 60 0.1852

In order that the differences in survival probabilities arising from
changes in AO and BO can be seen, one year survival probabilities
for each of the five values of Zj in Table 4.1 are given in Table 4.2
for each of the four possible combipations of xo and BO to be
considered.

We now have all the information necessary to calculate A, C,
and D of equations (4.3.4), (4.3.5), and (4.3.6€), respectively, for
various combinations of values of XO and B0 by substitution of the
quantities given above into the formulas. These calculations have
been done and the results are found in Table 4.3. Using this informa-

tion, we will now give sample size requirements for tests of one-
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sided and two-sided alternatives for XO with B0 fixed and for

B0 with XO fixed.

TABLE 4.2

One Year Survival Probabilities for Five
values of Z. and Four values of the

Parameter Vector (Ao, BO)

Value
of Zj value of (AO, BO)
(0.0002, 0.07) (0.0002, 0.09) (0.0003, 0.07) (0.0003, 0.09)
20 0.9992 0.9988 0.9988 0.9982
30 0.9984 0.9970 0.9976 0.9955
40 0.9967 0.9927 0.9951 0.9891
50 0.9934 0.9822 0.9901 0.9734
60 0.9868 0.9567 0.9802 0.9357

Also, the required sample size for a test of a joint hypothesis will

be given.

TABLE 4.3

values of A, C, and D for Two

values Each of Ao and B0 with Zj Distributed as in

Table 4.1 and Censoring Time One Year for All Individuals

AO B0 A C D
0.0002 0.07 0.00514863 1322.1360 70697.005
0.0002 0.09 0.01451959 3874.1116 211790.62
0.0003 0.07 0.00770583 1318.9203 70513.429

0.0003 0.09 0.02161528 3832.5837 209958.99
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Suppose that the hypothesis of interest is

. = . 2

HO. AO 0.0002 vs Hl' AO > 0.0002
with A01==0.0003 the specific alternative and B0 fixed at 0.07.
The first and third rows of Table 4.3 provide the necessary informa-

tion under the null and alternative hypotheses, res,ectively. Using

expression (4.3.14), we find

N > (0.0001)-2[1.645(0.00278730) + 1.282(0.00341752)]2

or
N > 8039.57 .

So the sample size required would be
N 2 8040 .
Now, suppose that the hypothesis we wish to test is identical to the

one above, except that we change H1 to be

le AO # AOO .

We use expression (4.3.17) with X and x, as given in (4.3.15) and

(4.3.16), respectively. We find

-1.96(0.00278730) (0.00341752) "+

tal
1]

L
9& -1
+ N2 (0.00341752) "~ (-0.0001)

Y.
or X, = -1.599 - N’? (0.02926)
and, so

1

x = 1.599 - N/2 (0.02926) .

Notice that for large N, Pr[z<<xL] will be very small. So let the

first value of N we examine be such that

Pr[z>xu] 21-8,




84

which implies that

or
N > [1.599 + 1.282]%(0.02926) %

which becomes

N > 9694.77
or

N 2 9695.
To assure that this N is not larger than necessary, we examine the
value of expression (4.3.17) for N=9695. For this value of N, X

is -4.4800 and X, is -1.2820, so

0 < Pr[z < -4.4800] < 0.001
and

Pr[z > -1.2820] = 0.90 ,
so that the power for N=9695 is just slightly over the required
0.90, and N 2 9695 is an adequate sample size requirement.

To ascertain sample size requirement for a test of
HO: BO=0.07 vs. Hl: BO>0.07
with B01 the specific alternative of interest being 0.09 and AO
fixed at 0.0002, we would use inequality (4.3.18). The first and
second rows of Table 4.3 provide the necessary information and we find
N >-(0.02)'2[1.645(0.26594051) + 1.282(0.15364967)]2
or
N > 1006.32,

so that the sample size is required to be

N z 1007 .
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Now, suppose the hypothesis we wish to test is identical to the one .

above, except that we change Hl to be le B0 # BOO‘ We use

expression (4.3.21) with Xy and X, as given in equations (4.3.19)

and (4.3.20), respectively. We find

X, = -1.96(,0.26594051)(_0.15364967)“l

1
+ N2 (0.15364967) 1 (-0.02) .
or
1
x. = -3.3924 - 0.13017N’?
and

1
X, = 3.3924 - 0.13.0171\1/2

Temporarily assume Pr[z<x ] < 0.001. Then we must have x,<zg oT

1]
N > (3.3924 + 1.282)%(0.13017) 7%,

B

N > 1289.53.

Let us now evaluate expression (4.3.21) with N=1290. We find that
x, = -8.068 and x = -1.283, and so
L u

0 < Pr[z < -8.068] < 0.001
and

Pr{z > -1.283] = 0.90,

so that for N=1290, the power is just slightly over the required
0.90 and N 2 1290 is an adequate sample size requirement.

Finally, we use the method of Section 4.3.3 to determine

required sample size for the joint hypothesis

H.: (A,, B

0 0’ O) = (0.0002, 0,07) vs. Hio: (A

1 BO) # (0.0002, 0.07),

0’

with the specific alternative of interest being (AO, BO) = (0.0003, 0.09).
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The first and fourth rows of Table 4.3 provide the necessary informa-
tion under the null and alternative hypotheses, respectively. First,

T and r, of equations (4.3.27),

let us evaluate r 27 3

1!

As2a -2
0171 _ (0.0003) °(0.02161528) _ 240169.78

r. = - - 1.8658927 ,
boagia, (0.0002) " (0.00514863)  128715.75

1 3832.5837
r, =t = 3323837 _ 5 sos7m17 and

0

_R01P1 _ 62.987697

3 AOODO 14.139401

= 4.4547642 .

r

Clearly, the three values are not equal, although they are of the same
order of magnitude. We first evaluate pz, the lesser value of
equation (4.3.32), and find pz=0.053452. We find the proper value
of n given by equation (4.3.26) by iteration using inequality
(4.3.35). We note that if x is distributed as chi-square with two
degrees of freedom and non-centrality parameter n, then (4.3.35) is
equivalent to requiring

2
lxz, loqd < B (4.4.1)

Pr(x < p,
A computerized version of the chi-square distribution may be used
iteratively to find the smallest n satisfying expression (4.4.1).
Since a=0.05, xg’ g =5-991 and p;lxg, 1. = 112.08. So, we
evaluate Pr[x<112.08] for various values of n. We find that for
n=140, Pr[x<112.08] =0.0985 and for n=139, Pr[x<112.08] =0.1061, so
we know 139<n<140. Further iteration shows that for n=139.798,
Pr{x<112.08) =0.1000. We may now evaluate equation (4.3.26) with
n=139.798 and solve for N. We find n = N(0.04292711), so that

N = 3256.64. So, we would choose N = 3257 as an adequate sample
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size.

4.5 Discussion of the Method for Determination of Sample Size

The key assumption underlying this method of sample size deter-
mination is that the maximum likelihood estimators of the parameters of
the survival time distribution are asymptotically uibiased and normally
distributed with the variance-covariance matrix given by the inverse
of the Fisher information matrix. Using four distribution functions
and expressing the Fisher information matrix as a multiple of cohort
size, N, the required sample size for a given test size and power
requirement can be determined for the types of hypotheses discussed
here. The four distribution functions, which can be chosen by the in-
vestigator to reflect properties of the cohort being studied, are as
follows: 1) the distribution of observation times, conditional on
whether the observation was an event of interest or censored, censoring
time and the covariate(s); 2) the distributicn of the variable indi-
cating whether the observation was an event or censored, conditional on
censoring time and the covariate(s); 3) the distribution of censoring
time conditional on the covariate(s); and 4) the distribution of the
covariate(s).

Provision for the distribution of censoring times to be condi-
tional on the covariates is made because censoring time may be quite
different for different covariate values in some cases. For instance,
suppose that the covariate indicates whether the subject in a clinical
trial is in the experimental or control group. If the experimental
treatment is much more rigorous than the control treatment, one might

reasonably expect considerably earlier censoring times in the experi-
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mental group. However, it is not required that censoring time depend
on covariate values, as was demonstrated in the example in Section 4.4,

The method does not depend on choosing the particular form used
here for the four distributions; it can be used with whatever forms of
the distributions the investigator feels are appropriate. We emphasize
that the number of parameters to be estimated for the survival time
distribution is not restricted. Two parameters were used in this case,
but the method can be extended to any number. However, it must be
emphasized that the distributions chosen should reflect the conditions
in the cohort to be studied insofar as possible. If the actual distri-
butions in the cohort differ greatly from those assumed, then it is
possible that the sample size chosen will not produce the desired power
for the hypothesis test of interest.

We note that the method developed here can be used to select
required follow-up time for a given sample size. This can be done by
fixing N and allowing the distribution of censoring times to vary
upward until the power requirement is satisfied. Of course, if N is
too small, then no censoring time, even infinity, will be adequate.

Finally, since our results depend on the distribution of maxi-
mum likelihood estimates being known asymptotically, the question of
when N 1is big enough so that asymptotic results can be appropriately
used must be considered. If N 1is less than 30 or 40, then there are
serious doubts about the appropriateness of the method. Since cen-
soring may occur before all survival times are observed, the expected
number of uncensored observations for a given choice of N and the

four distribuzions required should be considered. Depending on
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the distributions chosen, even a very large N may be expected to
produce only a very few uncensored observations. This is especially

true if the hazard is small and the censoring times are short. To

understand the importance of the expected number of uncensored observa
tions, note that for B, fixed, Var(io) = [NABZA]—l, which is just
the inverse of Aaz times the expected number of uncensored observa-
tions. So, even with large N, Var(io) may be quite large if A is
small. For instance, if AO = 0.0002 as in the example for sample
size determination, and we have BO fixed at 0.07, the expected
number of uncensored observations in one year with a sample size of

"~

9695 is 9695(0.00514863) = 49.92, and the standard deviation of ko

is 0.00003. Based on experience and intuition, it is felt that the

number of uncensored observations expected should be at least 10 to 20.




CHAPTER V

SUGGESTIONS FOR FUTURE RESEARCH

5.1 Forms for the Hazard Function

The approach in this dissertation has been to model the hazard
function for an individual with covariate vector Ei as one of a

family of functions given by equation (2.2.1), repeated below:

m
} k
A (s z,) = kgoxkh(_z_i, BIt . (5.1.1)

Three forms for h(z, B) have been given here, as follows: e—B--z—,

(1+Bz), and (14g§g)-1 . Each of these three forms, with one co-
variable, is presented by Feigl and Zelen [1965], using somewhat dif-
ferent notation (see Section 1.7.2, Chapter I).

Breslow [1974] used both eEE- and (1-#53)-1 in analyzing
the same data. He found good agreement of test statistics from the
two models. Apparently little other work has been done in choosing a
form for h(z, B). So, it is felt that methods for choosing among
these and possibly other forms for h(z, B) should be developed. A
possible criterion for selection is comparison of goodness of fit.

Development of other models for the hazard function incor-
porating covariables would be useful. For example, the Burr distri-
bution with cumulative distribution function

F(t) = 1-(1+t97K 20, ¢, k>0 (5.1.2)
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might be adapted for use with covariates. This function is quite
general in that different values of ¢ and k result in a wide range
of distributions.

Further comparisons of results obtained by using the hazard

function (5.1.1) with those obtained by other methods are of interest.

5.2 Incorporation of Events Important to Survival

A study of industrial workers by Andjelkovic, Taulbee, and
Symons [1976] indicates that mortality patterns are changed by retire-
ment, in a different way for each of three types of retirement: early,
disability, and normal. Methods for allowing a change in the hazard
function at the time of non-fatal events important to survival are

needed.

Tallis, Sarfaty, and Leppard suppose that the hazard is changed .
at the time of development of breast cancer by addition of a time
dependent function to the existing hazard. Lagakos [1976] assumes that
an event called "progression' alters the hazard for death from lung
cancer and proposes a stochastic approach to analysis. These methods
or others might be used with the model proposed here to account for

changes in the hazard related to non-fatal events.

5.3 Distributional Assumptions

In the present paper, the maximum likelihood estimates of the
parameters of the proposed model are assumed to be asymptotically un-
biased and normally distributed, with variance-covariance matrix given

by the inverse of the Fisher information matrix. It is felt that the

discussion and results in Appendix 1 provide justification for this .
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assumption. However, some further theoretical justification would be
of interest.

The suggestions regarding number of subjects and failures
required for good approximation using the asymptotic theory are based
on intuition and experience with apﬁlications to data. Simulation

techniques might be used to provide further information on this point.



APPENDIX 1
REGULARITY CONDITIONS

We want to be able to use the two statements listed below in

hypothesis testing:

1) If Q 1is a parameter space and w is a subspace of
2 to which p constraints have been applied, and if
QQ and Qw

the parameter vector 8 in @ and w, respectively,

are maximum likelihood estimators of

then, -Zﬂn[L(ﬁw)/L(ég)] is asymptotically distri-
buted as chi-square with p degrees of freedom,

where L(°) 1is the likelihood and 4£n(*) denotes the
natural logarithm.

2) The maximum likelihood estimate is asymptotically
normally distributed with variance given by the
appropriate element of the inverse of the Fisher in-
formation matrix.

The above statements are true for independent random variables

Xy identically distributed with probability density function

(p.d.£.)

f(x; 61, ...,ek) is, according to Gross and Clark [1975]

(see page 229), the following four conditions hold:

i) It is possible to interchange the operations of
integration with respect to x and differentiation

with respect to ej, j=1,2, ..., k.
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ii) The term azf/aeiaej has finite variance, where
f = £(x; el,..., ek).
iii) The likelihood function L(Q) has bounded deri-
vatives of the third order with respect to 61, ...,ek.
iv) The derivative of L(R) with respect to 81, ...,ek

vanishes at its maximum.

It should be pointed out that the general conditions required
for our results 1) and 2) are less restrictive than the four mentioned
above. However, since the density function is bounded, it is suffi-
cient to verify these conditionms. Of course, in our case, the random
variables are not identically distributed because the distribution
depends upon one Or more covariables and we are allowing for censoring.
Inagaki [1973] has produced results dealing with the non-identically
distributed case, and Sen [1976] has examined the case where censoring
occurs. Since the derivatives of the likelihood are bounded in our
case, it is felt that verification of the four conditions listed will,
in light of the results of Sen [1976] and Inagaki [1973], be sufficient
to indicate that the desired results hold.

So, we now verify that the four conditions stated previously
hold for the model with hazard AOeBOZi, where AO and B0 are

parameters and z, is the covariate for individual i. We have

Bozi Bozi
f = £(x; Ao, BO) = Xoe exp[—Aoe x] ,

x20, A.>0, (1)




Lettihg 61=)\0, 62= Bo, condition i) above is that

b b
2 jfdx =J Hlax, j=1,2
a a

98 . a8 .
] J

We first find the partial derivatives of f with respect to

0’
B.z B.z B.z
of _ 01 01 01
5 ; = e exp[-koe x] (1 ‘Aoe x)
B.z. B.z. B.z.
of 07i 07i 071
-8—8—5 = Aozle exp[-koe x}(1- Aoe x) .
Integrating by parts, we find that
b
B.z. B.z. b
J é%\f—dx = e 0 Ix e,xp[-)\oe ¢ 1x] , OT
0 a
a
b B.z B.z.
of 0°i 071
J 3_% dx = be exp[-koe b]
a
B z. B.z.
-ae 0 1exp[-)\oe 0 1a] R
and b 3f Boz. Bozi b
== ldx = A.z.e © ‘xexp[-A.e x] , OT
oB 0 0
0 a
a
b B.z. B .z
of - 071 071
j BBO dx = b)\ozie exp[-)\oe b]
a
B.z. B z.
0°i 0°1
-akozie exp[—)\oe a)
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Now we evaluate the left hand side of equation (2), and find

b Bozi Bozi
J fdx = -exp[-koe b] + exp[—xoe a]
a
So,
b B .z. B.z.
3 - 01 071
sxa Ifdx = be exp[—xoe b]
a
B.Z. B.z.
—ae 0 1exp[-loe 01,3, (%)
and
b B.z. B .z,
9 071 0°i
553 dex = bkozie exp[—koe b]
a
B.z. B.z.
01 0°1
-akozie exp[-koe a) . (6)

We see that equations (3) and (5) are equivalent as are equations (4)

and (6). Hence, condition i) is satisfied.
To verify condition ii), we evaluate the second partials and

the squares of the second partials. We find

2 2B z. B.z, B.z.
8f. e 0 1exp[-hoe 0 1x](-2x-+l0x2e 0 1) R

2
0

[s ¥

2 B.z B Boz. 2 ZBozi

z
_ i 071 ~ i 2
=z exp[-xoe x](l-—akoxe + xox e )

and

B.z B

. 0z. B .z, 2Bz
—5 = AyZ;@ lexp[-koe 1x](l-—3>\0xe

0L, ngZe 0 1). 7

After finding the expected values of the squares of these partial

derivatives and the squares of their expected values, we find the .

following values for their variances:
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. 2Bz,
Var(azf/a}\g) = (a7e 1)/(129&5),
2B .z
2 2 2Bz
Var (o f/axoaso) = llzie /81 ,
2B z.
and var(a’£/380) = 1Alzle O T/a1 8)

For finite values of the covariable Z55 the variances of equation
(8) are non-negative, finite-valued quantities since we have k0:>0
and -®o< BO<°°. Hence, condition ii) is satisfied.

In verifying conditions iii) and iv) we will use ti as the
random variable instead of x since we will be working with the like-

lihood function rather than the p.d.f. The likelihood function is

N Bozi Boz
L) =T Aoe exp[-Aoe

b, (9)
i=1 1

where N 1is the number of individuals, ti and zi are, respectively,
the failure time and covariate value for individual i, i=1,2, ..., N.
Denoting L(Q) simply by L, the likelihood function of equation (9)

can be expressed as

B Lz, B.z.
L = Ag e 0 1exp[-Z)\Oe 0 1ti] s (10)

where I will always be the sum over index i, i=1, 2, ..., N.
The first, second, and third order partial derivatives of L

with respect to XO and B, are given below:

0

B.lz B z B.z

oL _ ,N-1_°0*%i 0°i 0°i

515-- AO e exp[-ZAOe ti] N'-Zkoe ti s (11)
B Zz. B.z. B.z.

oL i 071 071 -

3 " AO e exp[-zkoe ti] Zzi - EAOe tizi s (12)



2 B Iz, B.z.
AL _ 3N-2 0T o my e O 1t J{NN-1) - 2NEA e
7 = A 0 i 0
M
0
2 B.Zz B.z

B.z

01
- (N+1)(Zkoe tizi) + (Zkoe

2 B.Lz, B.z.
3L N 0771 071 2
;;7 = XO e exp[-zxoe ti] (Zzi) - Z(Zzi)(ZAOe
0
' B.z
071
- Zxoe
3 B Iz, B .z,
EL. NS e Texpl-Iage 071y J{N(N-1) (N-2) - 3N(N-1)ZA.e
3Ao i 0

B.z
+ SN(ZAOe

071
ti)(ZAOe

071
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(13)

(14)

(15)

(16)
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3 B.lz. B.z. B.z.
zl‘ = kg_z e 0 1exp[-ZAOe 0 lt.] N(N-1)Zz. - N(N+1)ZX_.e 0 t.z.
i i 0 i1
BAOBB
0
Bozi Bozi Bozi
- 2N(Zzi)(Zkoe ti) + 2(N+1)(Zkoe ti)(ZAOe tizi)
B.z B.z B .z
0°i, 2 0°i,_ .2 071
+ (Zzi)(zkoe ti) - (Zxoe ti) (Zxoe tizi) s (17
3 B.Zz. B.z B.z.
"L _ |N-1 0771 071 2 0°1
5 = AO e exp[-ZAoe ti] N(Zzi) - 2(N+1)(Zzi)(ZAoe tizi)
3AOBB
0
B.z. B.z B.z
2 071 071, .2 071 2
- (Zzi) (Zkoe ti) - (N+l)ZA0e tizi + (N+2)(Zkoe tizi)
B.z. B .z, B.z B .z
071 07i, _2 071 071
+ (Zkoe ti)(ZAoe tizi) + Z(Szi)(Zloe tiXZAOe tizi)
B.z. B.z.
071 071 2
- (Zloe ti)(ZAOe tizi) s (18)
and
3 B Iz, B.z. B.z.
3L _ N 0771 071 3 2 071, _
;Eg = lo e exp[-ZAOe t.] (Zzi) - S(Zzi) (Zkoe tihl)
0
B.z B.z B .z
071, .2 07i, .3 071 2
- 3(Zzi)(210e tizi) - Zkoe tizi + S(Zzi)(ZAoe tizi)
B.z B.z. B.z
071 01, _2 071 3
+ S(Zloe tizi)(ZAOe tizi) - (ZAOe tizi) (19)
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Inspection of equations (16) through (19) reveals that for
Ay >0, -®<By<=, N<®, and for 0st, <= and -w<z, <@,
i=1, 2, ..., N, the right hand side of each equation is bounded, so
that condition iii) is satisfied.
If we can show that setting BL/BAO = BL/BBO = 0 results in
solutions %. and §0 which maximize L, then ccndition iv) is

0
satisfied. Let XO and ﬁo be solutions to the equations 8L/8A0= 0,

BL/BBO==0. Also, let A, B, and C, respectively, be BZL/BAg s

3%L/3) 3B, and 321/382 evaluated at the point (X,, By).
0°"0 0 0> °0
2 A

AC-B° > 0, the pcint (A results in L being maximized, so

Then, if
OJ BO)
that condition iv) is satisfied.

Setting 8L/8A0 equal to zero implies that

N . By
N= J Xe" 't , (20)

L L
z, = ALe t.z. . (21)
=1 1 =10 11
Under these conditions,
n B Iz,
A=AN2e? texp[-NI{-N} (22)
B.Iz. B .z
_8N-1 0771 ¢ 071
B = Ao e exp[-N] -Zkoe tizi , 23)
B Iz, N Bz,
and C= Ag e 0 1exp[-N] -zxoe 0 1tizi . (24)
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So, we have

28 %z, B z. B z
2 _ 22N-2 0771 & 071, 2 & 071 2
AC-B" = AO e exp [-2N] NZAOe tozy - (Zkoe tizi) . (25)
B z. B 2
Now, AC-B2 > 0 implies that NZA e O it.z2> (iR e O t¢,z.)%.
0 S | 0 il
Using equation (20), we express the inequality as
N Bz N B N B z N . B z
) Xye 0 lt1 ) Age 03¢ 2% » L Age 0 1tizl L Age 03¢ 2.0,
i=1 j=1 ) i=1 j=1 3]
or
N N B.(z.+z.) N NA(z+z)
JoTeld 1 3% > 7 Te Ve,
i=1 j=1 %57 i=1 j=1 tir
or -
N N (z.+z2.)
I e 0 1) t. t (z 2,2, ) >0 . (26)
i=1 j=1
§0(zi+z.)
Now let w.. = e et So, we must show that
1] 1)
N N
S = zZ, —z z >0 .
5 Ly egey

Note that wij W for all i, j so that

S = Z z W, (z -2;25)
i=1 j=1 1]

Then we have

N

Z 2 W, (z —2z Z.+2, )

28
i=1l j=1 1] j
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or
N N 2
2§ = izl jleij(zi—zj) .
Therefore, unless ti= 0 or 2, =1 for all i=1, 2, ..., N, where
2z is some constant, we have that S>0 and the desired result obtains,
so condition iv) is satisfied.
Of course, t, = 0 for all i implies that all subjects die
at the exact time of first observation, so we would have to conclude

that the hazard approaches infinity at t. = 0, and this case is of no

importance.
If 2. =2 for all i, the covariate does not vary at all,
so there is no sense in attempting to estimate BO. If z; =2 for

all i, setting equations (11) and (12) equal to zero results in one

solution,

09>

~ B,z N
Aoe =N/(. ti) ,

i=1

which is just the maximum likelihood estimate of the hazard under the
assumptions of a constant hazard and no covariates, as would be expected.

We have demonstrated that the conditions required for two use-
ful properties of maximum likelihood estimators to hold are met for a
model with hazard koeBozi, assuming no censoring and identical dis-
tributions of the random variables t.. The form of the distributions
is the same. However, differing covariate values result in differing
distributions for the ti. Nonetheless, it is felt that the results
obtained here considered together with those of Sen [1976] and Inagaki

(1973] indicate that the desired properties of the maximum likekihood

estimators hold true for the cases of interest in this paper.
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