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CHAPTER I

INTRODUCTION

Between 1944 and 1946 Abraham Wald published a series of papers
([181, [19], [20], [21], {22], [23]) which effectively brought Sequen-
tial Analysis into the main stream of statistical theory. Using the im-
portant Fundamental Lemma [18], Wald developed the properties of the Se-
quential Probability Ratio Test (SPRT) of a simple hypothesis against a
simple alternative, and evaluated approximations to the Operating Char-
acteristic (0.C.) Function and to the Average Sample Number (ASN) of the
procedure for a large class of sequences of independently and identi-
cally distributed (i.i.d.) random variables. He also calculated bounds
on the 0.C. function and on the ASN ([19]). Since these approximations
play a large part in subsequent chapters, a summary of the main results
is given in 1.2.

In 1.3., the optimum property of Wald's test ([25], [26]) is re-
lated to restrictions which are usually placed on the boundaries of the
continuation region of the test and is also related to the "risk" of the
procedure when the prior distribution of the unknown parameter 6 1is

given. The background of Chapter II is completed in 1.3.



A modification of Wald's SPRT is introduced and examined in
Chapter III, and in l.4. the background and main results of the rest of
this paper are set out. The modified SPRT is used in Chapter V, which
together with Chapter IV explores the problem of minimizing the risk
when the cost is unknown. A multivariate test discussed in Chapter VII

is also introduced in 1l.4.

1.2, The SPRT: Notation and Main Results.

1° X2, seses 1ig a sequence of i.i.d. random variables, and for

every J, Xj has a probability density function (p.d.f.) or likelihood

X

pe(xj). The likelihood of

Xoo= (X, Xpp eeeeny X))
is denoted by
n
p,(x) = T p,(x,) .
6 n jo1. 873

In the standard Wald SPRT, we wish to test the simple hypothesis
Ho: ©6 = 8¢
against the simple alternative
Hy: 6 =67 .
The test T is then.as follows:
given two constants A and B such that 0 < B < A, continue

sampling so long as

Pel(_z_in)
B < ————(—7 < A .
Py “En
0
Pel(g:n)
If ———5 2 A, stop and accept H; .
Py (%))

0



Pel(_zc_n)
If B——zzfy < B, stop and accept H0 .
6, —n
0
If a = log A,
b = log B,
Z, = 0,
pel,(zj)
ZJ logW s J =15 2, oua,
0
and .
zj = Zj - zjel s j= lf 2, ..03
then sampling is continued until
n
b < Z zj < a
j=1

is violated, and T may be rephrased in terms of the log-likelihood-
ratio; in many situations it can be discussed in terms of a particle
on a random walk between two absorbing barriers.

The 0.C. function is denoted by L(8), and

L(8) = Pr(accept Hole)

Let N denote the stopping variable. In this paper, the stopping
Yariableris synonymous with the sample size. The ASN of any sequential
;rocedure is denoted by E(Nle).

Wald's Fundamental Lemma [18], as applied to z,, states that

under certain conditions -] h = h(6) + 0 such that

E ehzl =1,
i.e Pe (xl) h
1
dF (X ) 13
J Py (%)) 6 "1



where the integral is a sum if X, 1is a discrete variable, and Fe is

the cumulative distribution funection of Xl . G. is a set; not de-

pending on- 6, such that

Pr(X, ¢ G = 1.

r|
o
[n3d
=
i
Q
]

L)

™
|

L(9;)
and let o, B be the nominal error probabilities when excess over the
boundaries is neglected. .
Further, we -introduce the constraint
0 <B<1l<A
or
- <b<0<ag<owo ,
This constraint is important in considering the optimum property of the

SPRT in the next section. When it holds, Wald showed that

a = log 1;8 < log 1;§'
b = log I%EV log 1E;v
a' +B' < a+B < 1
L(p) = explah(6)] - 1 h(6) 4 0.

exp[ah(8)] - exp[bh(8)] °*

If E(z1|8) # 0,

bL(6) + a{l - L(8)}

R

The above approximations are better when o' and R' are small, or
when E(N|e) is large. Page [15] and Kemp [13] improved Wald's approx-

imations to L(8) and.to E(Nle) for the case when Xj is a normal



r.v. with known variance and mean 6. Bhate [4] derived upper and lower
bounds for the cumulative distribution of N, and applied them to spe-

cial cases.

Wald's bounds on L(8) will be used in Chapter VI: -~

let
lim [z E(ehz|ehz S'%)] = n
— |
Tim [p E(e"?|eM? 2-%)] = 5,
o

where it is understood that n and & depend on 6. Then

ah ah

e -1 Se -1 .

“h oh < L{8) < "EET'_‘WEE if h>0
e - ne Se - e

and
ah ah

l-e l - ne .

bh an - (O < =f an W h<O0 .
Se - e e - ne

Wald calculated n and S for the case where Xi is normally distri-
buted r.v. having mean 6 and known variance. These values are used in

Section 6.2.

1.3. Optimum Property of the SPRIT.

Wald and Wolfowitz ([25], [26]) showed that in the class of all se-

quential tests between two simple hypotheses H, and H;, for which

Pr(accept H,|6 6,) < o

Pr(accept H0|6 6,) < B’

hold, the SPRT is "best'" in the sense that whenever 6 = 6, or 6 = 6,5
it requires on the average fewest observations. We denote this property

by P.



Burkholder and Wijsman [6] pointed out, however, that property P
had been shown valid only when

(1) B<1l<A

(i1) E]|8) < = .
They showed that condition (ii) is not necessary, but that condition (i)
is necessary. It is for this reason that (i) will be assumed to hold
thrpughout this paper.

Burkholder and Wijsman also showed that if attention is restricted
to the class of tests having at least one observation, then property .P
of the SPRT holds without condition (i), other than the obvious con-
dition B < A. Tests having no observations will, however, be considered
in Chapter II.

The optimum property may be regarded in anmother light [14]. Sup-

pose 6 to have a prior distribution in which

w = Pr(e = 60)
l1-w = Pr(-= el)
denoted by Aw = (w, 1-w).

Also let ¢ be the cost per observation, and L, L, the losses for
incorrectly rejecting H0 and H1 respectively. The risk function of

a test procedure J is
Rg(A,)) = Lgwa' + L;(1-w)B' + cE(|6)

where o' and B' are the exact error probabilities of 6. Then in
the class of tests & having o' and B' as error probabilities, the
SPRT minimizes Ra(kw). This is property P. If the class of tests is
not restricted by bounds on the error probabilities, then the optimum

test minimizing RS(XW) is either a SPRT or a decision made without



taking any observations. In Chapter II, this will be discussed in
detail, using an iterative procedure, in terms of Wald's nominal error
probabilities o and B8.

Chernoff - [7] suggested approximate error probabilities leading to
a nominal minimum risk, and although these error probabilities are not
always close to those obtained by iteration, we find that they often lead
to a risk which is close to that obtained by iteration. The special
case of testing a normal mean is discussed, and also the class of sym-
metric tests, as well as more general testing problems. When w =-%,
a symmetric test is frequently as nearly optimal as a nonsymmetric test.

Tables give results when Xi has-a variety of distributions.

l.4. Unknown Cost and the Partial Sequential Probability Ratio Test.

If the cost per observation c¢ dis unknown, and we wish to minimize
the risk, we can replace c¢ by an.estimator. The question of the most
sulitable estimator arises, and is touched on in Appendix IL. In the
main part of the thesis, we use Eﬁ, the mean observed cost based on
n observations. Chapter IV covers the case in which Eﬁ is observed
in a previous experiment. The risk is minimized as if the true cost were
EA, and the excess risk over that attainable for the case in which ¢
is known is calculated. If the observed cost has a Gamma distribution
with small variance, then the excess risk is averaged over the distri-
bution of Eﬁ. The analysis uses Chernoff's approximations [7], for
SPRT procedures having at least one observation.

For the case in which no previous estimate of ¢ is available, we

have adopted a two-stage procedure. In the first, n observations are



made; X and c, are observed. In the second stage, a Wald SPRT pro-~
cedure is followed, with boundaries An and Bn. n 1is determined in
advance, but the observed cost E; determines An and Bn if the risk
is to be minimized (Chapter V).

This procedure is termed the Partial Sequential Probability Ratio

Test (PSPRT), and is of interest in itself (Chapter III). A conditional

test T(gn) is first defined, given x;, X,, ..., X - Sampling contin-

ues if
(x X, x
) . P, ) n pel(J} peo( ) e
X = < < = X

where m > n.

In order that property P shall hold, i.e., for sampling to pro-
ceed beyond n observations,

Bi(x) s 1x< Alx) .

If BA(En) > 1, sampling stops with the first stage and H, is
accepted.

If A;(En) < 1, sampling stops with the first stage and H is
accepted.

The approximate OC function and ASN of T(gn) are averaged.
over the joint distribution of X, to give extensions of Wald's approx-
imations to the unconditional PSPRT. For an. exponential family, these
are obtained from the univariate distribution of a sufficient statistic
E;, and the cases in which Xj is a Gamma variable and a normal var-
iable are considered, with numerical analysis in the latter case. Wald's

bounds on L(6) and on E(Nle) are extended to the PSPRT in Chapter VI

for the same case.



The PSPRT does not appear to have been studied in the literature,
although Billard [5] recently developed modifications of procedures of
Sobel and Wald [16] and of Armitage [2] for testing three hypotheses
jointly. Her modifications are also analogs of . the PSPRT.

Tables show that Anderson's modified SPRT [1] is better than the
PSPRT, but it is not appropriate to the problem of unknown cost.

If h(8) = 0, a fixed sample-size test of equivalent power may re-
quire fewer observations than a Wald SPRT on the average (see, for
example, [12]). The PSPRT may then be better than either (see Tables
3.5.7 and 3.5.8).

If n =1, the PSPRT is a Wald SPRT. The approximations to L(8)
and E(Nle) derived in Chapter III seem to improve very slightly on
Wald's but not as substantially as Kemp's [13] (see Tables 3.5.4 and
3.5.5).

Approximations to the minimum risk, and the average excess risk
using the estimator E; are considered in Chapter V; Xj is assumed to
be normal with unit variance, L; =1L;, and w =-%. Numerical results
by the method of statistical differentials (shown to be reasonably
close when compared with quadrature for small values of ¢) demonstrate
an optimum value of =n which minimizes the average excess risk; tables
and diagrams are included.

Chapter VIII extends work by Baker [3] and Hall [9] for a two-stage
test of the mean of a normally distributed variable with unknown var-
iance. Hall suggested a modified SPRT, replacing the variance by an
estimator. The error probabilities have known bounds. This extends to

a test of the mean of a multinormally distributed population in which

the -covariance matrix is known except for a scalar multiplier.
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NOTATION.

denotes approximate equality throughout.

means "is distributed as ..."

in referring to random variables.
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CHAPTER II

MINIMIZING THE AVERAGE RISK IN A S.P.R.T.

2.1. Introduction.

Let X;, X,, ... be a sequence of independent identically distri-
buted random variables, indexed by a parameter 6. In this chapter, we
shall be interested in testing a simple hypothesis Hy: 6 = o against
a simple alternative H;: 6 = 6;, where the parameter has a prior dis-
tribution AW: Pr(e = 60) =w and Pr(e = 61) =1l-w. L; and L,
are losses relating to wrong rejection of H, and H; respectively; c
is the cost per observation.

In the sequel, we shall be considering SPRT's of H0 vs H,, but
the error probabilities considered will be the nominal error probabil-
ities when excess over the boundaries is neglected. To this extent, the
results will be approximafe, since we shall minimize the risk function
using these nominal error probabilities rather than the exact ones.

When the error probabilities are .small, however, the nominal error pro-
babilities come very close to the exact ones. In general, we shall find
Vthat if cost per observation is small compared to loss L, or Ll?

then the error probabilities appropriate to the minimum risk are small,

and in many practical applications this will be so.

J
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Let § be the SPRT for testing HO vs Hl’ having o and B as
(nominal) error probabilities, and constant cost c¢ per observation.
Let RS(AW) be the risk corresponding to ¢ when the distribution of

the prior on 6 is AW. Then
RS(AW) = Lowa' + Ll(l—w)B' + cE(N) , (2.1.1)

where N is the stopping variable, possibly equal to zero, and o', B'
the error probabilities.
Using Wald's approximation for E(N), and nominal error probabil-

ities 0,8,

. oW 1-8
RG(L) = Lgwo + Ly(1-w)8 + W[(lfa)log-l-_% + alog=P]

+-§§%§%%[Blogi%a-+ (l—B)logléé] . (2.1.2)

In (2.1.2), we suppose X, X to be a sequence of i.i.d. random

9y v

variables, each having a p.d.f. pe(-). If the respective observed val-

ues are X, Ko eees

pel(xl)
Peo(xl)

z; = log
and

E.(z) = E(z |6 = 0.)> i=0,1
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We shall consistently use the notation

K o= Sy - Sdow) (2.1.3)
0 E,(2)) 1 E,(Z)

It is a property of the likelihood ratio that

Py (%)
1
J log W peo(x) dx < O
S 0
and
Py (%)
1
J log P—e-—z;;)- pel(x) dx > O
S 0

where S 1is a set such that fS Py (x)dx = 1; i =0, 1, and such
i
that Pgy (x) = 0 at most on a set of measure zero in S.
i
Hence we have, if we also assume ¢ > 0, 0 <w < 1,
k; >0, kg <O

(2.1.4)
and k1 - kO >0 .

We now write RS(AW) in the form

~ ’ B 1-B
Ré(kw) = Lowo + Ll(l-W)B + {ko(l—a) + klﬁ}logi:a + {koa + kl(l—B)}log—a—

(2.1.5)

In problems in discriminant analysis, we may wish to minimize the
risk for a given prior AW. The experimenter is free to choose nominal
error probagbilities o and B if he uses a Wald SPRT procedure, by
appropriate choice of boundaries. We know that among the class C0 of
all sequential procedures (including those for which decisions are made

without making any observations at all), Wald's SPRT is a Bayes rule for



14

given AW, o and B [1l4]. In minimizing the risk for procedures in

C

0° therefore, it seems reasonable to restrict attention to the class

Cl of Wald SPRT's. Thus the (approximate) minimum risk in C1 for
given AW will be the (approximate) absolute minimum risk in CO for

given A, which will therefore be termed the 'mominal a.m. risk."

The problem will be analyzed in two special cases first; those of
testing a multinormal mean with known covariance matrix, and of certain
symmetric non-normal tests in which B = o. Then a procedure for simple
tests in the general case is discussed. The chapter concludes with some

comparisons.

2.2. The Absolute Minimum Risk for a Multinormal Discrimination Problem

with Equal Loss.

Let X;, X5, ... be a sequence of mutually independent px 1 ran-
dom vectors, each distributed multinormally with mean 6 and known var-

iance-covariance matrix I. We wish to test H,: 6 = 6, against

1’ 21
Then the 1log 1likelihood ratio is
1 s
zy = & -5@, +eN" L (€ -8y .
So
E(Z) = -E.(2,) = -2, -8)" 2 (8, - 6 (2.2.1)
0“1 1¥°1 2821 T =0/ = M T 2ol o

To minimize Rd(AW) by a suitable procedure &' ¢ C,, we have

3R _ B 1 1-8 _ _ 1
5 Lgw - kologi:a + {ko(l—a) + kls} i + kolOgTJ— {koa + kl(l R} =
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; = O - £
If we write n = g ° v = T-5 ° then
3R 1
Fyole 0 => Lgw - kylog(nv) - klcﬁ -v) =0
Similarly (2.2.2)
Bo0 = 1,(1-w) + klog(nw) + k& - n) =0
Y 1 1+oginy oy — N

Eqs. (2.2.2) apply to the general problem to be solved later. In the
meantime we note that (2.2.2) would be easier to deal with if the terms
in log(nv) could be eliminated.

An interesting approach is to solve the problem first with the re-

striction

wo + (l-w)B = (2.2.3)

so that the expected error rate 7 is fixed.

Putting y(a, B) = wo + (l-w)B, we can use Lagrange's method to

solve
oR 9 _ - _.l =
5a + hsg = WLO + kolog(nv) kl(n v) + hw 0
SR 19V _ - - _ L - =
38 + haB (1 W)L1 kllog(nv) + ko(v n) + h(l-w) 0.

Since wk, + (1—w)kO = 0, eliminating h gives an equation free
of log(nv), 1i.e.,

w(1-w) (L,-L,) + wko(—l—'s—“ - T2 - (WK (1—_3_0; -

1-8 =
—ErO = 0. (2.2.4)
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Special Case: Ly=L; =L

Solving (2.2.4) with (2.2.3) gives concise solutions when the

losses are equal. In this case, (2.2.4) reduces to

wkoa(l—a) + (l—w)le(l—B) = 0,

wlo(l-a) - (1-w)2B(1-B) = O . , (2.2.5)

Solving (2.2.5) with (2.2.3), we get the formal solutions

m(l - w - m)
w(l-27)

(2.2.6)
_ 7 (w=1)
8 = = (=20

leading to nominal error probabilities minimizing the risk subject to
(2.2.3), for tests having at least one observation.

These results can be incorporated into

THEOREM 2.1. X., X, °°° is a sequence of px1 random vectors,

12 =2

mutually independent and having the multinormal Np(§9 L) distribution.
If in testing 6 = 6, vs 8 = 8, the expected error rate
7 =wo + (1-w)B is fixed, and the losses LO = L1 = L, then
(i) T < max(w, l-w) Y § € Cl
(ii) 7 < min(w, 1-w) <—> in the class Cl, the procedure
minimizing RS(AW) subject to (2.2.3) is a SPRT given
by (2.2.6), having at least one observation.
(iii) min(w, 1-w) < 7 < max(w, l-w) <= in the class Cl’
the procedure minimizing RG(AW) subject to (2.2.3)

is a decision made without taking any observations.
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‘ Proof: (i) In any SPRT having at least one observation, we assume
a+B<1l. So 7=wo+ (I-w)B < max(w, 1-w) (o + B) < max(w, l-w).
Now suppose we have a randomized decision with no observations. If d

is the decision which accepts Hi’ i=0,1l, then

p = Pr(dy) = Pr(d,|e =9 = 1-a
= Pr(d;|8 = 8;) = B, so that for such a decision,
a+ B = 1.
_ T 1 =1 -1
Then (2.2.3) = = 15, if w =|= L and p 5 if w 2
i.e., p20 = m2w and w<-21-
or m<w and w> —%
1
17 £ 1-w and w-< 5 or
and psl = 1
mT2l-w and w > 3
. So for such a procedure, 7 lies between w and l-w; the risk is

Lm. This proves (i), and sufficiency in (iii).
(ii) We showed above that for SPRTs having one observation, com-

patable o and B are given by (2.2.6). Then

lew - 120 and 7r<%,or
a 20 in (2.2.6) = 1
l-w - 1< 0 and T > 5
1
w-m20 and 1T<E,or
B 20 in (2.2.6) = 1
w-7m7<0 and T > 5
m >% is not admissible, since then m > max(w, 1l-w). Hence
T < -!2'-, => 7 < min{w, 1-w). It can be checked that o <1, 8 £ 1,
o+ B <1 if 7 £ min(w, 1-w) in (2.2.6).

To prove necessity in (ii) and (iii), we need only show that if the

. minimizing procedure subject to (2.2.3) is not a SPRT having at least
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one observation, them 7 * min(w, l-w). But this must be so, since
such a procedure must then be based on no observations, implying what

we showed in (iii).

This completes the proof of the theorem, except that we need to
establish that the solution (2.2.6) in (ii) does give a minimum.

Expressing the risk in terms of B8 only,

- —C  _{(1-w)B - - (1- w8

+ {A-B AW - (1~ QB log I )

So

E.(Z2.)
— = B (- { = }+ (1-w-) { 1owen }

c 9B B {w-m+(1-w) B} (1-8) (v~ (1-w)B)
, oR
For B small and 7 < min(w, 1l-w), m <0,

For 1-8 small and 7 < min(w, 1-w), %% >0 .

Since there is only one turning value for R, this gives the re-

quired minimum when (2.2.6) holds. Q.E.D.

Situations in sequential analysis could arise in which the exper-
imenter would be more interested in fixing the expected error rate than
in fixing both error probabilities. Such an approach would only apply
if a prior distribution for H, and H, were known, but as shown in
the theorem for this problem of testing a multinormal mean, it leaves
scope for flexibility in choosing o and B8 to reduce the risk in-

volved.
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The nominal minimum risk Ra(kw, m), subject to (2.2.3), can be ex-

pressed in terms of 7. For when (2.2.6) holds,

(I-w)B - w(l-a) = = (w-m),
(1-w)(1-B) —wa = 1l-w-~-m,
B8 _ W . i
log 7 = l°g{(1-.w) (1-ﬂ)} ;
and
tog 38« og {qgiy - G50

Then we substitute in

1-
Rg(h,sm = 7L + E;%%:T[{(I—W)B-W(l-a)}logI%a + {(1-8) (1-w) =~ wallog™=L]
to get the solution

7L +-——-9-------{(1-21T)logl:-TL - (l—2w)logl:E} , T < min(w, 1l-w)
El(zl) T > W
Rs(A ,TM) =
W
7L lm =L < |w -3
1) 2 2 .

(2.2.7)

Now that the problem is solved for fixed expected error rate. T,
it remains to evaluate the nominal a.m. risk by minimizing RS(A, )
with respect to m. For the case |m —'%I < |w —-%], the risk 7L is
minimized with a greatest lower bound L xmin(w, l-w), at
T = min(w, 1-w).

For 7 < min(w, 1l-w), the function in (2.2.7) is to be minimized.

j% Rd(AW, m = 0 gives

-1 -

¢(m) = p = - 2log A;E + (l—ZN)(—'% - E%F = 0

-1 - -

or o(m) = p = - 2log lﬂﬂ - i(l—i; = 0 (2.2.8)
c 2c
where = = . 2.2.9)
P LE,(Z) ~ 1a2 (
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The value of 7 required is a root of (2.2.8). The Newton-
Raphson iterative method can be used to solve for w, mnoting that o
is free of w, and that therefore the prior distribution appears only

in the boundary values for = in (2.2.7).

d _ 2,1, 2 1
dm T + ) + 1-7 + (1-m)<

1 2

[ﬂ(l—ﬂ)] . (2.2.10)
Thus -%% >0 for 0 <w<1l, and

: do =1

0 <1%f< 1 an 16 at T 5 .

Hence ¢ is monotonic increasing from - « to + ® for = in (0,1,

and the method will give a rapid convergence. Further, the function ¢
is skew-symméetric about the point 6%, p—l). If the cost ¢ is small
compared with L or El(zl)’ then p is small, and the single root of
(2.2.8) will be small. Figure 2.2.2 shows a graph of ¢, and Table 2.2.1
gives values of p_l which correspond to roots 7 of (2.2.8).

For values of p other than -53, the graph of ¢ din Figure I
'slides' up or down but is similar in shape. The linearity on log
paper suggests that p = Hr® for some H and r, and certainly when
7 1is small, m = p_l. A good first approximation to the solution of
(2.2.8) was given by Chernoff [7], who showed that

. (1w L. wc
T E @@L 8 E,(z)L,(1~w) (2.2.11)

give an approximate a.m. risk, using Wald's crude approximatioms, for

procedures in C1 having at least one observation. Here this gives a



21

250 1

100 -

50 -

254

-1 L
Values of p = y E(leel)
corresponding to values of = when

Rﬁ(Aw, 1) is minimized, and when

101
7 < min(w, 1-w).
-1
Y
5
2,51
.003 .005 .01 025 .05 .10 .25 .40
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FIGURE 2.2.2. - o(m) vs w, where %= 40
40 T (l _1)
Z,p
¢ (m)
30 1
¢
20 7
10
0 0.1 0.2 0.3 0.4 0.5
T
TABLE 2.2.1.
Values of 7  minimizing RG_(AW,N) for given op: 1 < min(w, l-w)
T .001 .0025 .005 .01 .05 101 .15 .20 .30 .40 )
=1
o 1012,81}409.98[209.58(108.18|24.84113.28{8.960{6.523]3.599|1.644(0,0
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first -approximate root

(A-w)c We c
E + = ————— = 2.2-12
" LE (Z2,) ' E(ZpL ~ E,zpL - ° ¢ )
The nominal risk arising from =, = p will be called the "Chernoff

1

a.m. risk." The risk arising from the solution 7% to (2.2.8) will be
called the "nominal a.m. risk."”
A second approximation, by Newton's method, is

¢(m;)
T, = W, - =7~

2 1 9T

1-p _ _1-2p }

o - {p(1-p)}? {%- 210g

"2 T o (1-0)
= o - p2(1-p)° {1—}?‘ 21og %p— }. (2.2.13)
If p 41is small, we can write
m, = p = p2(l+ 2logp) + 0(p3logp). (2.2.14)
If p 4is large, and ﬂ-ﬁ'%, it is conceivable that T, =p may be.a

poor first approximation to the root 7% of ¢(m) = 0, leading to

m, < 0. 1If T, < 0, we replace ™ by pe for O <p < 1, say

p = 0.25; then we start the iterative process again. But if T, > 0,

it can be shown (see Appendix, I) that 7% = T, + 0(p3logp) in the sense
that the n-th approximation L is of this form. Eventually, and
usually quickly, there is rapid convergence to any disired tolerance.

Having obtained %, the analysis leading to (2.2.7) is then ap-

plied. The nominal a.m. risk is then RG(AW,ﬂ*), with nominal error
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probabilities given by substituting 7* for = in (2.2.6), provided
that 7% < min(w, 1l-w). But if 7% lies between w and 1l-w, then

the minimum risk is
min{Lw, L{l-w)]
using a procedure having no observations, where
P = Pr(do) = 0 or 1.
We state the conclusions in

THEOREM 2.2. For the multinormal problem defined in Theorem 2.1., let

-m _ _1-2m 0. Then the nominal
ﬂ m(1-m)

a.m, risk among all procedures ¢ ¢ CO is defined by

-1
m* be the root.of ¢(mw) = p - 2log

o -
m*L + Er%%—y{(l—Zﬂ*)loglF%— - (1—2w)1og;;E}, m* < min(w,l-w)
Rg(l) - 171
v 1 1
L x min(w, 1l-w), |m% - 51 < |w - 54 .

(2.2.15)

It can be checked that when % = min(w, l-w), the two forms agree,
i.e. for the a.m. procedure, Wald's approximation to E(N) is zero at

% = min(w, l-w).

[T

‘Note: inf Rs(kw,ﬂ) in (2.2.7) is attained when w = %, since

A
w

o=

- (1—2w)1ogléz decreases as w increases from 0 to
d l-w., _
(&1 (1-2w)log=—] = ¢(w)).

Then &' is a SPRT with at least one observation, and from (2.2.6)

the minimizing nominal error probabilities are a¥* = g% = 7%,
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2.3. The Absolute Minimum Risk for Symmetric Nonnormal Tests.

We consider procedures §' e C,, not restricted to the multi-
normal case, in which the error probabilities o and B are equal, in
tests of a simple Hy: 6 = 6; against a simple alternative H;: 6 = 0.,
where the losses L, and L; may be unequal, and &' has at least one
observation.

(2.1.5) may be expressed
x - - - o
RG,(AW) = [LOW + Ll(l w) o + (k0 kl)(l 20)1og g ° (2.3.1)

To minimize, we have

oR 1-a 1-20

Sa - LOW + Ll(l—w) - Z(kl - ko)log 5 " EE) (kl - kO)'
oR .
So ryol 0 gives
I 1-0 -_1-2a
¢(a) = 35 - 2log — TG 0. (2.3.2)

This equation has the same . form as (2.2.8), with

k, -k,

*
k w + Ll(l-w)

(2.3.3)

Lo

instead of p. We note that k% > 0 by virtue of (2.1.4), and since
o > 0, the formal analysis for solving (2.3.2) is the same as discussed
previously.

A first approximation to o is required, and the argument used by
Chernoff [7] for general tests is applied. The error probability is

supposed small, and Wald's crude approximations are used, so that.

E(N/6y) = +-€;§EI7 log, E(N/6)) = "E;é?;i loga.  (2.3.4)
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Putting B = a, (2.1.2) gives

. _ oW _c(l-w)
Ra.(AW) = {Lgw + L, (I~w)}o + EE?EIT loga E:ZE:T'lOga
= {LOW + Ll(l-w)}a - (k1 - ko)log O (2.3.5)
Then
k.~k

SR _ 17%g
o L0W+Ll(l—w) -

= 0 at

k -k,

o, = Tw + Ll(l-w) k¥ . (2.3.6)

Since earlier T, = p gave (2.12.13) and (2.12.14), o, = k*

leads to the improved approximation o, to the root o of (2.3.2)

2.
= Rk — kH2(1-k#)Z [t 1k*
o, k k¥*< (1-k#*) {1-k* 2log T }
= k* - k*2(1-21logk*) + 0(k*3logk#) ' (2.3.7)
at+t B <l = uq <-%, and numerical results indicate that if
a, = k# >-%, it can be replaced by a; = 0.45 as a suitable first ap-
proximation.

Hence the method of solution is straightforward, and covers a wide
class of problems, including those with unequal loss. The risk (2.3.1)

arising from o  =.k* will be called the "Chernoff symmetric a.m. risk,"

1
and the risk (2.3.1) arising from the solution of (2.3.2) will be called
the '"nominal symmetric a.m. risk."

For the problem of testing a multinormal mean with equal loss, as
considered in 2.2, the case in.which w =-%' yields the above symmetric

solution, since (2.2.6) gives o =B when w = %-.
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Tables 2.3.1 to 2.3.4 show solutions o to (2.3.2), together with
the initial o, = k*, the Chernoff symmetric a.m. risk, the nominal
symmetric a.m. risk, and the nominal a.m. risk for B # o as discussed
in the next section. When ¢ is small, the Chernoff risk is close to
the iterated solution; and the iterated solution appears to come closest
to the non-symmetric nominal a.m., risk whenever w = 5

The question may be raised: does a non-symmetric test procedure
give a substantial improvement in the a.m. risk over a symmetric pro-
cedure? The computed results for Bernoulli and Gamma distributions with
equal loss indicate that a symmetric procedure is effectively as. good
when w = %3 but not necessarily otherwise. This statement appears to
hold whether the cost is large or small. Further discussion appears
later in 2.5.

If there is no prior information about 6, the experimenter might

well take © to be as equally likely a priori as © and the nu-

0 13

merical results suggest that one would do almost as well with a symmet-
ric test.

In the case of normality, EO(Z) = -E£,(2) = k; -k, = c/El(Z).
If L, =L, =1 in addition, then the risk (2.3.1) is free of Aw.

Hence in this case the nominal symmetric a.m. risk is invariant under

changes in AW, and is effectively the same as the non-symmetric nominal

a.m. risk for w =-% .



Tables 2.3, * means the 'no observations' rule is best. L0 = L1 =]

in all cases.,

TABLE 2.3.1
S S
PG = = 27T, o -1, 6 -2
210

o EN Symmetric a.m. Risk| Nominal
! © | Ghemnoff . Chernoff . Chernoff mnominal |a.m. risk

nominal nominal
.25}.1 .1715 .2190 3.024 1.226} .4739 .3416 . 2499
.5 1.1 .2191  .2609 3.327 1.092| .5518 .37002 .36947
.75].1 . 2667 .2935 3.525 .968| .6192 .3903 . 25%
.251.01" {.0172 .0194 6.974 6.465| .0869 .0841 .0798
.5 .01 [.0219 .0254 8.372 7.586| .1056 .10126 .09985
.751.01 |.0267 .0316 9.666 8.555) .1233 L1171 .0958
.25}.001 [.00172 .00175 |10.924  10.848] .0126 .0126 .0123
.5 |.001 [.0022 .0023 113,418 13.299| .0156 .01555 .01534
.75|.,001 [.0027 .0028 [15.808 15.636| .0185 .0184 .0160
+25(.0001}.00017 .00017 |14.873 14.863 .00166 .00166 .00163
.5 |.0001]|.00022 .00022 |18.463 18.447| .00207 .002065 .002043
.751.0001[.00027 .00027 |21.950 21.93 | .00246 .00246 .00222




TABLE 2.3.2
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For ¢ 2 .1, the 'no
_ L o=Bx . _ observations' pro-
Pe(x> = be » x>0, 8>0;56,=1, 6 =1.2 cedure is nominally
the best.
o EN a.m. Risk|Nominal
w c
Chernoff . Chernoff . Chernoff nominal {a.m. risk
nominal nominal
.251.01 .4019 4,842 * .4503
.5 .01 . 3991 4,977 * . 4488
.751.01 .3661 5.119 * L4473 ,
.25|.001 |.0621 .0810 172.49 126.30 .2345 .2073 .1719
.5 1.001 }.0602 .0784 169.21 125.17 . 2294 .20353 .20351
.751.001 |.0584 .0757 165.87 123.96 .2242 . 1997 .1691
.251.,0001|.0310 .0374 215.50 186.56 .1388 .1306 .1125
.5 |.0001!.0301 .0361 210.95 183.47 .1356 .12786 .12784
.7571.0001).0292 .0349 206.35 180.31 .1324 .1251 .1101




TABLE 2.3.3
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pe(x) = g2 Xe—ex, x>0, 6>0; 60 =1, 61 = 2
o EN Symmetric a.m. Risk|Nominal
! ¢ |Chernoft , Chernoff , Chernoff nominal |a.m. Risk
nominal nominal
.25(.1 .2349 .2726 3.403 1.049| .5752 .3775 *
.5 1.1 .2109 . 2544 3.282 1.114( .5392 . 36580 .36564
.757.1 . 1869 .2337 3.135 1.183| .5004 .3519 *
.25].01 1.0235 L0274 8.811 7.9221 .1116 .1067 .0905
.5 .01 |.0211 .0244 8.139 7.404| .1025 .09840 .09803
.751.01 [.0187 .0213 7.439 6.846) .0931 .0898 .0824
.25{.001 |.0024 .0024 [14.220 14.084 .0166 .0165 .0148
.5 1.001 [.0021 .0022 |12.995 12.884; .0151 .01504 .01499
.75{.001 |.00187 .00191 [11.743  11.654| .0136 .0136 .0129
.25{.0001{.00024 .00024 |19.628 19.610f .0022 .0022 .0020
.5 {.0001{.00021 .00021 |17.851 17.836| .0020 .001995 .001990
.75/.0001{.000187 .000187|16.047 16.035{ .00179 .00179 .00172
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TABLE 2.3.4
1 6
Pr(x=0)= , 0<6 <1 60=.5, 6, = .7
1-9

o EN Symmetric a.m, Risk|Nominal
) © [Chemnoft . Chexnoff . Chernoff nominal {a.m. Risk

nominal nominal
.25(.1 ® *
.5 L4475 0.262 * 47364 47364
.75].1 ® *
.251.01 |.1198 .1606 |25.42 13.456| .3740 .2951 .2287
.5 .01 |.1181 .1584 |25.23 13.480| .3704 .29318 .29318
.751.01 |.1164  .1562 |25.04 13.501| .3668 .2912 .2279
.25[/.001 |.0120 .0132 |53.02 50.35 | .0650 .0635 .0567
.5 1.001 (.0118 .0130 [52.43 49.83 | .0642 .06281 .06281
.75(.001 |.0116 .0128 |51.84 49.31 | .0635 .06209 .0559
.25{.0001}.00120 .00122 {80.61 80.22 | .0093 .0092 .0086
.5 1.0001{.00118 .00120 [79.63 79.25 | .0091 .00912 .00912
.75{.0001{.00116 .00118 |78.65 78.28 | .0090 .0090 .0084
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2.4, The General Case.

We now return to the problem of minimizing (2.1.5), viz.

Ro(A ) = Lowe +L, (1-w) 8 + {kg (1-0) +k 6} log—lf—a-+{kooz+kl(l-8)}logl+u6 i

We seek solutions of equations (2.2.2); if n = E%g, and v = 1§E3
R 1
these are ¢(n, v) = 3 = Lo¥ - kylog(nv) - klcﬁ -v) =0,
R 1
v, v) =7 =L, (1-w) + kylog(nv) + ke(G - n) = 0.

We note that if o + B < 1 for Wald's SPRT, then

0 <n<l1, 0 <v < 1, (2.4.1)
Also
n(1-v)
l-nv <
(2.4.2)
v(1l-n)
B “Tonv < V.

We apply the Newton-Raphson method for two unknowns to solve for n
and v. 1If (no, vo) is a first approximation to the roots of (2.2.2),
then we take as our second approximation in. (n, v, Z)-space the inter-
section with Z = 0 of the tangent planes to the surfaces Z = ¢(n, V)
at  (ng, vgs 9(ngsvy)) and Z = y(n, v) at (ng, vo, ¥ng,vy)).

So we solve

I
o

¢(ng, vo) + 8(%%90 + e'(ggﬁo
(2.4.3)

]
o

0 1,0
bgs V) + e e G

for € and €', where (ég) is the value of ki) at (n,,v,), etce
oan‘ g on 0*°0
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n, = ng + €
Then, gives a second approximation, provided

1
Vl Vo + €

]

0 < n, < 1, and 0 < v, < 1. In solving (2.4.3), we need that the de-

terminant D # 0, where

29 2
D = on’ g AV
& oH |
ain’y av7y
k k k
-2 oLk
_ 0o Mg Vo
- k k, k
1
- kO 4+ — - _E.+ _i.
o v2 Vo
i.e.,
D = (-k—l-—ko)(kl—ig-)( .. (2.4.4)
No Vo' MoV
Hence D > 0, since 0 < Ny < 1, 0 < vy < 1. from (2.4.1), and
k, >0, ko < 0 by (2.1.4); thus each factor in (2.4.4) is strictly
positive.

The second approximation to the set of minimizing error probabil-

ities is then derived from

3
- 8ngavg) 59
n = n, +
' T - vy B
D
o (2.4.5)
2
3;90 - ¢(n0’vo)
Vi T Vot i
T, = v(gavg)
D )
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‘ The Chernoff Approximation, [7].

Using Wald's cruder approximations to the ASN

. log B = _Jlog a
E(N{eo) E,(Z) ° E(|e)) E(Z) (2.4.6)
we have
Ré(xw) = Lowa + Ll(l—w)B + kolog B - kllog o .
Then
.B_R‘ o~ L —El— = kl
30, 0¥ o oLO - Low
Kk rs giving 4 Kk (2.4.7)
9B 1 R ) 0 Ll(l—w)

as first approximations, provided that. a, + By < 1. 1If a, + BO =21,
‘ we start again with o and BO replaced by po, and pBO, where
p < (ao + BO)_l. Unless w or l-w i1is small, however, in most prac-
tical situations the cost will be small compared to Ly or to L;,, and
will be of the same or smaller order than IEO(Zl)] or lEl(Zl)l;
then oy and B, will be small. Cases where w or l-w is small
are of less interest, and often lead to solutions for a* and B* with
a®* + B* > 1, and the minimum risk would then be taken by making a de-
cision without taking any observations at all.
in turn (2.4.5) and (2.4.2) give

a, and BO give n, and v

0 0 0
o, and B, as second approximations. As before, if o; <0, it is
necessary to start again with o replaced by Poys if Bl < 0,

replace By by pB,. Eventually the convergence process should com-

mence within the unit square 0 <n <1, 0 <v < 1.
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Before continuing further, we refer to Tables 2.4, which give the
minimizing error probabilities and nominal a.m. risks for a number of
hypothesis-testing problems with Ly=L, =L and for differing values
of ¢ and w. The Chernoff approximations o, and B, in (2.4.7) are
entered, as are the risks (2.1.5) based upon them; these risks turn out
to be close to the nominal a.m. risks evaluated by computer, and a dis-

cussion of this follows later. Originally, Chernoff approximated the

minimum risk by

RO(AW) cwEo(Nlao, BO) + c(l-w) El(N|u0, BO)

[}

1
(k1 - ko) log P

using (2.4.6). Computer results show this not to be a better approx-
imation to the a.m. risk. What we wish to make clear is that Chernoff's
approximations (2.4.7) to the minimizing error probabilities do give a
close value to the a.m. risk when entered into RG(AW) in (2.1.5). A
discussion on why this is so follows later in this section. For the
moment, we notice from the tables that although Chernoff's a.m. risk is
close to the computed value, the appropriate error probabilities are not

necessarily close.

To show that the stationary point (a*, B*) does give a minimum
92R 32R 12 92R  32R

i L -2 L, 22 % gR).
for Rs(kw), we examine a2 and [BGBB ) . Sa2 at (o*, B*);
we show that (a*, B%*) gives a minimum when o* and B%* are small.

=— = ¢(n, v); = Y, v).

ol
™
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Under the usual conditions of continuity, and existence of partial

derivatives,

3%R  _ B3¢ on . 3¢ v
Sal an da v da
e e O N NS N
n2 n’ 1-8 1y (1-0)2’
> 0 for small o and B (and so for small n
and v) since the first term dominates.
In a similar manner,
32R = ___L_(_lfi_.l_{_o_).l._i_(k _ﬁ)
2098 (1-8)2 "p2 n l-a 71 v
i o Ay et Gy
382 (1-g)2 "n 07 T dma tvo 27 Y
Hence
[_23542 - QEB . 333 = [- kl - kon - + klv - k°]2
3098 302  9B2 n 1-8 v(1l-o)
_ [kl - kon klv - kO][_ k1 - kon . klv - ko]
nZ(1-8) 1o 1-8 v2(1-a)
e -2 N2 o B -u + =
-5+ 3] [nz vil-u+ 51,
say, where
k. - kn kv -k
1 1
u = l—BO s v = 1o 0; u>0, v>0.
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When n and v (hence o and B) are small, this quantity is

dominated by terms in (nzvz)_l, (nzv)_1 and (nvz)_l, i.e., by

2 2
k k kO k1

since each term < O.

So, if a* + g% < 1, RS(AW) is approximately minimized at
(o*, B*). But, as mentioned earlier, o* + f* > 1 dimplies that a de-
cision should be made without taking any observations. It should be
noted that the Wald approximations are only good when o and B are
small, and when E£(N) is large, so that an investigation of whether
(a®, B*) 1s a minimizing point when o* and B% are not small is not
of very much interest.

The tables indicate that for L, = L;, the nominal a.m. risk is
greatest around w =-%, which is reasonable since we have the least
prior information about 6 when w =-%. We rémark that if the iter-

ated solution is greater than min(Low, Ll(l—w)), then the best rule is

a decision with no observations.

Closeness of Chernoff a.m. Risk to Nominal a.m. Risk RG*(AW):

The following argument is intended to account for the closeness of
RSO(AW) to Ra*(kw), when 60 is the SPRT defined by o, and B, in
(2.4.7). Since (a*, B%*) and (uo, By) mneed not be close, it appears

that the surface, R = g(u,B) say, is somewhat flat near the minimum.

We examine the behavior of -%% when B 1is fixed.
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BB | e ey (logg - 10gEBy iy (o) +k 8 7o + gtk (1-6) H=
= £(8) - kylog 1%3 + kch§5 —-lié)
where
£(8) = Lgw - kylog 15 -

Let o, = a* + §, where o, is the Chernoff minimizing error

probability. Then

3R a* + § R* 1-p*
—_— = %) - -
30 . £(B%) - kolog Toams + k1 (T0ws ~ owed)
(uo,B )
) 8 1-o*
= £(8%) - kyllog(l + —p) - log(l - g - log 3]
B 1, 1-px 1
+kl l—a* l_ ) kl OL* l+—6—-
1-o% o*
- _ Sy -8 ha 1 -
ko [log(l +—5) - log(l Tow ] Tk Tow¢ 3 1)
1 - ——
l-a%*
1-g%, 1
BRI S
l+—;
since o
R A
291 (o, 8%)

For small error probabilities, the dominating term is the last. We
assume ko and k1 to be small, which is so if ¢ < .001 in most

cases, or if ¢ < .0l in many cases. If ff;[ is small (i.e., if the

-%% is going to be small;

Chernoff a, is close to a*), then
(ao ,B*)
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k

1
or if Y is small (and this is the important criterion in cases where
$ 9R .
|a;4 may not be small), then e will be small.

(aosB*)
The same kind of argument holds about any point (a', B') for

which SR is small; i.e., it can be applied to aé =a' + 68",

Ele)
Similarly, if o is held fixed, -& is small if |-=| is
Bl & g#
(u ’80)
k
1
small, where By = B* + ¢, or if B is small.

These results do not prove the flatness of RS(AW) near (o%*, B%),
even if all the quantities involved are small, but they are indicative
of reasons why this flatness exists. The tables show that as ¢ de-
creases (and o%®, B* decrease), the percentage saving in using the it-
erative method, rather than the Chernoff approximation, becomes negli~
gible.

Tables 2.4.1 to 2.4.7 show values of the Chernoff a.m. risk and
nominal a.m. risk for a number of cases, including the univariate nor-
mal of Section 2.2. They are given on pp 43-49.

2.5, Comparison of a.m. risks: w =-%.

The tables also indicate that for L, =1L; = 1 and w =-%, the

nominal a.n. risk in the class of symmetric tests is very close to the

nominal a.m. risk in the class of general tests. We write Rmin for

the a.m. risk in the latter class, and R.sym for the former. We also

drop the star (%) notation. Thus, let (a, B) minimize Rd(kw) for gen-
eral tests, and o' for symmetric tests. In all cases in the tables,

min(a,B) < o' < max(a,B), and indeed o' seems to be very close to
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Let R" be the risk of the symmetric test in which the error prob-
ability is <y. Consider R" -R ., , and R" - R . The first of
min sym
these appears from computed results to be much larger numerically than
the second.
Consider first R" - Rmin' The following applies to any (a, B)
satisfying the conditions below, and not only to the minimizing values.

From (2.1.5) and (2.3.1),

1 1
R" - Rin = LoG-wa+LliG - (1-w)B + Jgky + Ik,
where
- _ _ 2=(atB) _ q_ B 1-8
Jy = [1 (a+6)]log,(a+6) (1-0)log i (ﬂogAa
, (2.5.1)
- _ 2=(atB) _ B - 1-8
3, = [1- (k8) Jlog = — glog— - (1-p)log E |
. . 1
(i) Hence, if w =3
R" - Rmin = Joko + Jlk1 (2.5.2)

and there is no contribution from the loss term. This factor could make

a substantial difference; for example, if w = .25 and Ly =L, =L,

1
no_ =
R Rmin EWL + Joko + Jlkl'

The first term '%"yL could be large enough to make the ratio
(R" - R . )/R . substantially greater than zero. The disappearance of
min’ ‘ “min
this term when w =-% may explain why R" and Rmin are close (when

w = %), but not necessarily close when w # %n A further reason arises

from



41

ii). Examining the terms in kO and kl’ let o=y -¢, B=vy+ ¢,
so that ¢ =‘%(B - a). Suppose further that vy and 5- are small, and

consider Jqe

1+=
J, = (1—2y)log—:":l - (y+a)[logJ— + log-—-—l- ]
1 Y 1-y 1+ £
1-y
1 - —E&—
1- 1-
- @ -y - e)og=h + Iog (—=0)]
l - —
Y
= 2elogiY - (1-2y) —rE— - 1e2 (1--9°+ 0(—5—3). (2.5.3)
Y y(1-y) 2 2 1-y y3
Since elogy ~ 0 as $-+ 0, it follows that whenever
- o- 8
Y o+ B
is small, then Jl’ and similarly JO, are small; and hence for

w =4+ that R" - R, is small.
2 min

(iii) An examination of the numerical results showed that the condi-
tions for (ii) to hold were often, but not always, present. The quan-
tity lgi%l rises to as much as .431. In such cases J; and J; are
not small, but neither will they be large, and hence whenever k, and

k, are small, (2.5.2) shows that R" - R.min will be small. This is so

1

whenever the cost ¢ 1is small enough.

(iv) Next, consider R" - R .
sym

Writing R" = £(y), and vy = o' + ¢', we get by Taylor expansion
1

"o - Tete ot - o 12gn 4 e
R Rsym + e'f'(a') + 7 € £f" (o)



42

But from (2.3.2), f'(a') = ¢(a') = 0, and with (2.2.10),

1
a'2(1-0')2

13
+ 0

"o — _]_-_12 -
RP-R = 3¢ 7k = k) XE

E'
log Bﬁd . (2,5.4)

\
This is small if k1 and ko are small, or if 57 is small. In

most of the numerical cases investigated, ¢' is very small, since a

1
is so close to -%(a+3), and (2.5.4) is negligible.
The above discussion throws some light on the remarkable agreement

in computed results between R , and R when w = ln The prob-
min sym 2
lem of whether such agreement holds under wider conditions might repay

further investigation.

Tables 2.4.1 - 2.4.7 follow. * means that the 'no observations'
procedure is best. L, = L; =1 in all cases. The Chernoff and nom-
inal values are both shown; the 7% Saving is also shown. This is

given by

Chernoff a.m. risk - nominal a.m. risk y
nominal a.m. risk

Percentage Saving = 100 .
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CHAPTER III

THE PARTIAL SPRT PROCEDURE

3.1. Definition, and Application to the Exponential Family.

In Chapter II, the problem of minimizing the risk for Wald SPRTs
was considered. We shall be concerned with the problem of minimum risk
when the cost is unknown in Chapters IV and V. The procedure to be dis-
cussed in Chapter V, when no estimate of the cost is available; is a
variant of the SPRT, in which n observations are taken initially, and
a SPRT procedure is introduced at stage n. This will be defined pres- _
ently, and will be called the Partial Sequential Probability Ratio Test,
or PSPRT.

Although no discussion of such a procedure has appeared in the lit-
erature, Billard [5] has recently derived properties of an analogous
type of test procedure for two-sided alternative hypotheses, deriving
the OC function and ASN for testing a normal mean with known variance,
and a binomial variable.

In this chapter, the properties of the PSPRT will be derived, and
compared with other procedures. In this section, general formulae for
the 0.C. function and the ASN will be derived when the r.v. under con-

sideration belongs to the exponential family. In Section 3.2., these
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formulae will be further developed when the r.v. X has a Gamma distri-
bution; in Sections 3.3. and 3.4., X will be a N(6, 1) wvariable.

It can be noted at this stage that when n = 1, the PSPRT is a
Wald SPRT. The results of Sections 3.3. and 3.4. will be compared in
this case numerically with exact results and approximations of Wald and
Kemp [13], in Section 3.5. A comparison with Anderson's modified SPRT

[1] is also made.

Definition of PSPRT:

X5 X,, ..., 1is a sequence of independently and identically dis-

1
tributed random variables indexed by a parameter 6. We want to test a
hypothesis Hy: 6 = 60 vs an alternative H;: 6 = 6,. A fixed num-
bers n of observations is taken, and further observations are taken

according to whether

p

1
B o< % < A, n'=2n
Ponl
or not, where Pigt = joint likelihood of the first n observations.

X = (xl, Kpy wees xn,) under Hi’ i=0, 1.

This is a GSPRT, and may be relevant to the problem of unknown cost
considered earlier, since the information from the first n  observa-
tions may be used to estimate the cost (or mean cost), and hence the
values of A and B chosen to minimize the risk.

Let T(§n) be the conditional test, given X and starting at
the close of stage n, in which the continuation region is
Pl(xn+l""’xn') P

p
On on '
B'(x) = B <. - < A = A'(x); n' 2 n. (3.1.0)
n=n Pig  Po(Epppseees®) TPy n'=n
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If the inequality
0 <B' <1< A (3.1.2)
n n

does not hold, then we decide at stage n. If A; <1, H1 is accepted;

if B; >1, H, 1is accepted.

o

Let b = logB, a = logA, b; = logB;, aé = 1ogA;, etc.

Let Tn be the unconditional test procedure with n fixed in ad-

vance, having OC function Ln(e), ASN En(N|e), and error probabilities

If Lx 9, Ex (N|e), a(gn) and B(zh) are the equivalent
=n =n
quantities for test T(zn), then

Ln(e) = ELX (8)
- (3.1.3)
E (N|e) = EE_(v]e),
=n

taking expectations over the joint distribution of X -

Exponential Family.

We confine attention to the case where

Po(x) = A(x)expl6 s(x) - 1(0)]. (3.1.4)

=1
n

n

[F]

If. s(xi), (3.1.5)

i e~g

i=1
then-vgn is a sufficient statistic for 6 up to n observations, and

hence expectations in (3.1.4) may be taken over the distribution of En.

We have

n(é

[
o]
(4}
|

L 60)5n - n(1(8,) - T(eo))

n(A§n - T), say. (3.1.6)



Dropping the subscript n on §n,

servations are continued beyond stage

b < n(As = T) <
or
1
=5 + T —a + T
p" = B <5 < = a"
n A n
where we assume 6, > 8, (i.e., A >0),

tion for the rest of the chapter.

0. C. Function.
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we have from (3.1.2) that ob-

n if and only if

a

(3.1.7)

and will retain this assump-

Using Wald's approximation, the 0.C. function in test T(En) is

l if g <bll
n
1 - exp{h(®)a'}
L (0 = exp{h(€)b'} - ex {E(e)a'} t
X P n P n
0 if -S- > a"
L n
where
p, (%)
1 h(e)
El{ — 6] = 1
[t P, (%) ' ) ’
So
1 if s <b!
n
ohn(ds - T) _ ha
_ 1] b
LX (6) = — — if bn < 8
=n e - e
i 0 if s >ay

b; <8 < a; (3.1.8)
h # 0.
a; . (3.1.8a)
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Hence
L (8) = EL_(8),
—n

and if s has c.d.f. F,

n

a
= " ____1___ n hn(AE - T) _ ha -
= Fe(bn) + 5 Ta [ {e e }dFe(s)
e -e b
n
hb "y _ ha " a"
) e Fe(bn) e Fe(an) .\ 1 n ehn(A§ _ T)dF -
hb ha hb ha 8 *
e -e e - e "
n
(3.1.9)
A.S.N.
p, (%)
Denote by 8g the quantity Ee(log EE?;;)
i.e.,
g, = ME(s(m)[e) - T. (3.1.10)
Then
n if s <b" or > a"
n n
E_(NJe) =
=n 1 Ve :
n + . {LX (e)bn + (1 LX (6))an} (3.1.11)
6 -n -n

otherwise,
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Hence
a" -
1 n ehn(-As -T) _ eha
= = v 1K -
En(N|6) = n+ 2 [%n (an bn) T e ]dFe(s)
9 b" e - e
n
a" -
1 n _ ehn(As—T) _ eha _
= n +-g— [é - n(As - T) - (a - b) o T ]dFe(s)
0 " e - e
n (3.1.12)
= n + i oT + M [F (a") - F (™ ]
g hb ha 6 %n 6 ' n
0 e - e
a; a;
_nA ~ a-b hn(A8-T) . =
s [ s dFe(s) b T e dFe(s).
6 n ge(e - e ) bY
n n (3.1.12a)

We shall consider two particular cases for study; those in which

X~ N(6, 1) and X is a Gamma variable with bm degrees of freedom.

3.2. Testing a Gamma Parameter.

Here
po(x) = ?ij-em S g5 05 6500 (3.2.1)
And
py(x) = K yen(6X - mlog 0) (3.2.2)
So
§ = - X
and

3
]

- m log(el/eo)
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X has a Gamma distribution where

( 6)mn mn-1 e-nex

P = , x>0, (3.2.3)

1
I'(mn)
Representing the distribution of x by G,

Fe(t) = 1 - Ge(-t) . (3.2.4)

Hence (3.1.9) gives

ehbG (-b") - ehaG (-a')
L () = 1- 0 n 0 n
n hb ha
e - e
_bll
+ 1 nog I e)nm nm—1 hnm 1og(—l)
hb ha T'(mn)
e - e "
-a
n
e-nh(el—eo)y e—ney dy
" 11
= 1 - (G (-b ) G ( a )+ 1 (Ei)hnm( 8 )nm
hb ha hb ha 60 6+h(9 -0 )
e - e e -e
—b"
n
1 [n(6 + (6,-0 )h]nm nm-1 e-n(e + h(61-6g)) g
T (nm)
—-a"

If we use the notation for the Incomplete Gamma Function ratio

P(a, x) =

X .
T(la) f £2 1 o7t g, (3.2.5)

0
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then this reduces to

e e
. 1 _ 1 hb 5, 1,y _ ha 6, 1
L (8) =1 ib_ha [e" P (mm,7( b+mnlog§;)) e P (mn, 7 ( a+mnlog§;))]

6 g
1 rLyhnm g ynm gt+ha 1
Fp_ma (G Gmp  POmTg (b malog 59)

S

+
- P(mn, 97?A (-a + mn log'El))}] (3.2.6)
0
or
1 hb ha
Ln(e) R ;EE—:—;E; [e P(mn, - neb;) - e P(mn, - nea;)]
1 e1 hnm, 6 .nm
- (= A - "y_ = "
+ ehb_eha (eo) (e+hA) {P(mn, n(e+hA)bn) P(mn, ,n(e+hA)%Q}
(3.2.7)
where
1 1 o
a' = —————— {=a - m log —1}
n (61 - 90) n 8
0
"o 1 1. L
by = CRCEN {n b -~ m log eo}.

For any value of 6, if h(8) is known, Ln(e) can be approximately

pl(X) 0,
evaluated. To determine h, since log —5— = -Ax + mlog — ,
Py (%) 8,
o %
1 m m-1l “lomn -(hd + 8)x -
??ET J 8 (e ) e dx 1
0 0
i.e.,
61 h.m hA m
] = G+ . (3.2.8)
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For the case m =1, this gives h as the non-zero solution of

1;h _ ha
('e—o“) = 5 *t1l. (3.2.9)

The solution of (3.2.9) will, by Wald's Lemma [18], satisfy (3.2.8),
so that for distributions of the form (3.2.1), h(6) is independent of

m, and given by (3.2.9).

The A.S.N.

Using the notation of (3.1.10), with one obvious modification,

p, (%)

P, (%)

E(log

g, | 8)

el
E(- AX) + m log 05—)
0

A e1
-=m+ m log Cg—) . (3.2.10)
0

6
From (3.1.12), (3.2.3) and (3.2.4), we get

aehb_beha
—F1 {6

0
o 1 - 1 Yy T
En(N|6) = n+ s [-om log + ( bn) Ge,mn( an)}

5 60 ehb-eha 6 ,mn
. _b "
n
+.Eé . 1 . ( e)mn an e—nex dx
g I' (mn)
e -a"
"'b 1" R
- n 1. -1 -
_ (ahb b% _ ehnmlog(eo) , 1 (ne)nmxmn le n(hA+e)xdx
(e"-e"? (mn)
&g -a;

A ey S et 3 ACe

T S PR P
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E (N|6) = n+ L ((com log <L + 2eombe™ 0 Ly
n = n 5, A nm 108 g hb ha ° ' 6,mn' °n
m(loggj - 3? 0 e -e

e (-a)} + nb -2 e

9,mn 6 e,mn+l( bn) ¢

6,mn+l(—a;)}

6
a-b , ,lhom , 6 \nm nny
w_ha G Gorw {Cg+na,mn (Pn) ~ ©

_an
6+Ah 6+hA,mn( 2.

We can relate Ge,mn+l to Ge,mn' For

j ymn e—ney dy = - ﬁ%_ymn e—ney + ﬁ%_J o ym.n—l e—nay dy.

Hence

' G (-b;) - Ge

8 ,mn+1

" 1 (ne)mn+l 1y I nbay
(—an) = '(mn+l) 8 [(—an) e 7

,mnt+1l

ebll
_ (_nmyn n n. _un
( bn) e 1+ {Ge,mn( bn)

- Ge,mn(_a;)}'

So

mn+l nea" nebll
+ A(nd) [(_a")mn e M _ (_b;)mn e Mp . 1

I‘(mn)e2 n m(lOggé "%)

En(N]e) »n

0 hb ha
1 ({-mnl 1 + nAm 4 2e -be He
81 A mmlogy B hb ha °'°6,mn
m(loge - _5) 0 e -e
0

+ (—b;)

Ge,mn( an)} hb ha 6 8+Ah
e =-e 0 .

(-a;)}) (3.2.11)

]
a->b i,hmm, 6 \mn "
© @) ( ) {G6+Ah,mn(_bn)

- G6+Ah,mn
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or
En(N|9) = n{l - Go,mn (-b2) + Gy (-al)}
mn pall ebl
F e G Ty (T T ™
m(loggl - =)
0 8
aehb—beha n n
* ke Co,mn P T Co,m !
e -e
_(a-Db) l,hmn, 6 .mn iy T
_hb__ha G-—) Gran Coran,mPn) = Coran,mn 2P
i.e.,

En(Nle) =~ n{l - P(mn, - neb;) + P(mn, - nea;)}

pa Gb"
1 .4_1.1. . (ne) {(- n)mn en an _ (—b;)mn en }

+ (
m(log%% __%) ) “T(mn)

aehb beha
- - "y - "
+ ehb_eha {P (mn, nebn) P(mn, nean)}

a b 0 l.hmn, 6 mn
__a=-b C“lhmn,_6 o
_hb__ha @, () (R (mm, - n(6+AR)DY)

P(mn, - n(e+Ah)a;)}). (3.2.12)
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3.3. Testing a Normal Mean with Known Variance: the 0.C. Function.

Suppose without loss of generality that

-L(x~6)2
e 5 (x~0) .

1
pe(x) = — (3.3.1)
Ya2n
Then in (3.1.4), s(x) = x and 1(9) = %02; T = %(e{ - eg).
Hence
ln
s = = I x, = X (3.3.2)
n ., i
i=1
n - &
aé = + %(e1 + 60)
and (3.3.3)
b
n _ D
bn - + %(61 + 60) .
In the case of the present problem,
01 + 6p - 206
h(8) 7 (3.3.4)

So for the 0.C. function, (3.1.8a) gives for the conditional test T(gnL

A8 - T = Ax - ¥A(0, + 0,)
= A(x - 8) - %ha? .
Hence
1
1 if X < b"
n
L (8) = exp[hnA{(x-8) - %hA}] - eha if " < ¥ < a" (3.3.5)
X hb ha n n’ o
- e - e
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So for the PSPRT Tn’ if ¢ is the e¢.d.f. of a N(0,1) wvariable,

(3.1.9) gives

hb ha
. & "_ __€e _ w_
e -e e -e
a"
1 L n )
—_—— L] - - — ;/ - __ .
+ 5 Ta ’2n exp[hnA(x - © EhA) 2(x 8)<1dx (3.3.6)
e -e b
n

and since hnA(xX-6-%nAh) - 4n(%-0)2 = -4n(x-6+hA)%, the last integral

a;—6+hA
- 2

B [ 2r © 7 4y

b''=8+hA

n
where
y=%x-6+hA.
Hence, since
J@®! - 8) = (= + %/ahs)

YA

2 - /mha),
vnh

,/E(b; - 8 + ha)

and similarly for terms in a;, (3.3.6) gives

ehb b . eha a .
L (e) o o ( + % nhA) - o( + % nhA)
n ehb-eha vnh ehb—eha Vnh
bt (o2 - /) - o2 - %/Fha)}. (3.3.7)

ehb—eha VoA VnA
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An alternative form is

ehb b ha a
L (8) = Tb_h o ( + %/H(el+eo-2e)) - o ( + %/E(eﬁeo-ze))

e
L ehb_gha

1 . a 5
¥ hb__ha {(D(/EA - F/n(0,+8(-20)) - @(_/5 - %vn(0,+6,-20)) 1.
(3.3.8)

We introduce the following notation, to be used here and in

Chapter V:

2, (a,8) = o(—2— + %/nha)
Vnb
(3.3.9)
? (a,0) = o(—3 - %/nha)

/oA

The derivatives will be required later; if @'(x) = ¢(x), write

0,(a,0) = ©l(a,0)
= L expl- 33 + H/mha)2] (3.3.10)
Y2 Vol

and similarly for ¢_(a,8); also expressions in b are similarly de-
fined. The dependence of ® and ¢ on n and A is to be under-

stood.
Then concisely, (3.3.7) gives

hb ha 1

P _ -— —_— -
L (8) = == 0,(b,6) et A C L) B {¢_(a,6) - ¢_(b,06)}
e -e e -e e =-e

(3.3.11)
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We note that as n ¥+ 0, stochastically; i.e., as a continuous

real number,

1 - eha

L® > Sp—g s
e -e

the approximate 0.C. function of a Wald SPRT. Further, as n -+ «,

Ln(e) > 1 or O according as 6 < or > %(8,+6,).

Error Probabilities.

Let o and Bn be the nominal error probabilities 1 - L(eo)
and L(el). Then, writing in terms of the boundaries A and B of the

PSPRT, at 6 = 0, h(e) = 1, and at 6 = 6;, h =-1. So

o = 1-1L(8)
- 15y @{/;A * /EA} = Q{JEA * VEA}
T lo—2- - fay @{7;2 - Jady,
B = L(o))
b= Q{/;A - JEA} = Q{/;A - /EA}
o+ j_BB [@{/;A + @A} - @{FZZ+LI2_‘—}].

(3.3.12)
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I1f we use the notation

¢ (a) = o(—2— + %/nh)
VoA
and (3.3.13)
® (a) = o(-2 - 3V/ah)
VnA

with similar notation for expressions in b, and for ¢+(a), ¢_(a),

etc., then

oy = 14 op 0,0) - 555 0,.(a) + 25 {0_(a) - ¢_(B)
By = g 0.(0) - pop o_(@) + ph{e (a) - ¢ ()} . (3.3.14)

We next investigate some properties of the error probabilities.
For a Wald SPRT, o + B < 1 whenever 0 < B < 1 < A. The same holds

for the PSPRT considered in this section.

LEMMA 3.1. o + Bn <1 whenever 0 <B <1«<A.

Proof:
AB-A+4+1-B B AB + A -1

o, T B, < 1+ A-B 9, (a) + A - B ¢, ()

since
o_(a) < o,.(a).
i.e.,
_ (a-1)(1-B) _
o +8 < 1--=me—s {0 (a) - 0 (b))

< l,

since A-1 < A-B and B < 1l; and ¢+(a) - ©+(b) < 1l. Q.E.D.
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It is easy to show that the conditional and nominal conditional

error probabilities a; s B; s and o BX satisfy
“n “n “n *n

a! + B! < o <+ B . (3.3.15)
X x ps X
“n =n -n “n

But one cannot deduce that aé + B; <o + Bn’ since integration

is performed w.r.t. two different measures.

Behavior of Error Probabilities.

THEOREM 3.2. For given boundaries A and B, o, decreases as n

increases, whenever a < %4nA2, or whenever a > 4nA% and
a- lb] < nA?. Otherwise o increases as n increases.
B_ decreases as n increases, whenever |b| < %¥nA2, or whenever

|b| > 4nA2 and |b| - a < nA2. Otherwise B, increases.

Proof: We consider the procedure as a continuous time process, and
write t dinstead of n, with t > O.

From Egs. (3.3.12),

- A 2 2
aaoét - A?B [ 3]‘/32 ] exp[- %(_b—z + % + bl
2t 4e2 Von tA

1 b A 1 b2 | tA?

- [ - ] exp[- %( + —— - b)]
AB 5 Y2 uF o 6z o4
A ~-a A 1 a tA

- A Pl L el 535+ BT )
AB V2, 4 B tA2 4
- 2

T 2 2 expl- (2= + B2 . 5]
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-%
and since e 2 = L , etc., we get
/B
1o
t VB A b2 | tA?
5t~ AB : expl=3Cpz + 3]
2/t V2m t
VA A 2 A2
- T o = exel- 3G + )]
2/t V2n tA
1 A b VA VthA
- 5= exp[- ¥(—— - 59)2] - expl- H(—— - 521}
2/t V27 tA en
< 0 if
b Vth Vth
exp[~ ¥(2= - 592] < expl- > - 52
tA Ve
i.e. (_E_ - 1%é92 > (2= - 1%&)2
VtA Ve
i.e. - —B—-+ lgé- > I.EL._.Z%A ,
VeA /A
since b <0, t >0,
o0 2 2
. t . tA tA
i.e. a5 © 0 if -b + 5= > |a - -

If a <% tA?, this gives a > b, which is so.

H
H
o
v
(Sl

tA2, it gives

a+b = a- lbl < tA2,
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Similarly
iit = AﬁB {Zt;ZZA - 4§E} o exp[- %ngg + E%i -b)]
- A}EB {2,:-3'/2 A zjz} /;_n' exp[- %(f%+£2—2 - a)l
ﬁ-]i {Zt;aZA + :ft-} mexp[" ;z’(taTzz+Eﬁ—2+ a)]
B Afi {2t;2 n T 43E} /;F exp[~ %(ézz +-E%E + )]

VA -B 5 1

2 2
texpl- 525 + 591

AR ok Vo
A« /B A 1 b2 | tA2
- R {exp[- 55 + =1}
2/t Vo ta
= AL L el 5+ L2y gy 4 L2y,
2/t /21 Vta Vta
< 0 if
|_<'=1__+_@ l_b_+ﬁé|
VA 2 Ve 2
2 2
i.e. a+f= > b+, t>0, a>o0

If |b| > %ta2, this gives

a + 4ta? >
i.e. a+b >

or (-b) - a <

- b - %tA?
- tA?

tA2

If |b| < %tA2, we get a >b (true).

Q‘EID.
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COROLLARY 3.3. For all symmetric procedures, with b = -a, o, and

Bn decrease as n. increases, for all n.

The case h(e) = 0: i.e. g = %(eo + el).

(3.3.11) gives ‘% if h(B) = 0, and hence we use d'Hépital's Rule;
6 +6
Ly ( O2 ) = a}b [a0(-29) - bo(-2) + vab (62) - ¢(2)}].  (3.3.16)
VnA /nA VoA Vol

Monotonicity of the 0.C. Function.

This can be easily established, using the sufficient conditions for
the exponential family. We know that the procedure terminates with

probability 1;

a

= ! o X —_— % ’
Pr{accept Hl[N n'} # 1 = X0 < T CREY + k(0 +6,)
n' a
i.e. Zl X, < 58 + n. %(61+60)
170
< nkK for K= %(61+60), where 8, > 8y

t

Similarly Pr{accept HllN =n'} 4 0 = Z? x; > nK.

Hence Ln(e) is non-increasing, in 6.

If 6, < 8), Ln(e) is non-decreasing in 6.

3.4. Testing a Normal Mean with Known Variance: the Average Sample
Number.
This again is constructed using Wald's approximation to the ASN of
the conditional test T(gn), and integrating over the distribution of

x for test T_.
n



From (3,1.10), and (3.3.4),

8y = AD - %A(61+60)
= - %hAZ,
So (3.1.12) gives
all
2 o - 5
E (N[e) = n- Vel [a - n(A(x-8) - %hA?)
b"
n
Jn(a(x-0) - $ha%)_ ha _
- (ab) - hh ha 1 dF ()
e - e
2 2 aehb beha
= -t L - "n_ - "_
n- = {%hA2 + o _ha }{<I>(/E(an 8)) @(/H(bn )}

1"

22 . }gs-b})la n 21 exp[hnA(x -6 - ¥hA) - _;.1.(}'2_9)2] dx
hA P e

+

n

n

n - n %x-8 2
2“[ B oze e 200 &

Yy 27 .
bll
n
Since

a”

n =il
- - 1 -%ny2.Y 6
Goar,(® = [-—2= e

b" V21mn y= 1‘1_e
n
= [exp{- %( b + %/E(el + 60 - 20)2}

2™ nA

- exp{- 52—+ /6, + o, - 20)2}1,

VaA 0
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. and using the result of (3.3.6), in which
/a(a" - 8) = —= + %/mhA, etc.,
VnA
we get

E |6) = af[l - e2 + %/aha) + o(—— + %/nha)]
n VoA Vol

2 aehb—beha a b
- == e S e + %/nhA) - ¢(—— + %v/nhA)}
hA e -e /EA /r_lA

+ 2 ._ab [6(—2— - Z/mha) - o(—— - %vVahA))

ha% - Ghb_gha Tt Vol
¥ |2 fexp - %(J;A + %/tha)2} - expl- ;(7:‘_; + /ahs2}]
. (3.4.1)
= n[l - 2,(a,0) + 2 (b,0)]
- hZ2 . a::z::fl:a {0, (a,6) - ¢,(b,0))
+ hzz . eh]"::zha {¢_(a,8) - ¢_(b,8)}
+ 20 (4 (b,0) - 4,(2,0)] - (3.4.2)

An alternative form can be obtained using the concise form (3.3.11) for

the 0.C. function.
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~ ______l —
En(N]e) ENO) {bL_(8) + a(l - L _(8))}

+ n[l - ®+(a,6) + ®+(b,6)]

- %eizy (b0, (0,6) + a(1 - ¢,(2,0)) + /{9, (b,0) - ¢,(a,0)}]

(3.4.3)

where the first term is the Wald form of the approximation to E(N]e)
for a SPRT procedure. It can be seen from (3.4.3) that as n increases,

the terms in n and vn begin to dominate the right-hand side.

The A.S.N. when h =0 (i.e. g = %(60+61))

Since we cannot apply Wald's equation
N .
E(Cr z,) = EMN E(Zl)

when E(Zl) = 0, the case h =0 leads to a different approximation to

the ASN in a SPRT. We use the result [10]

) N
E{( =z z;)z}

= E(N) Var(Zi), where E(Zi) = 0. (3.4.4)
i=1
Here Zi = (el—eo)xi - %(ef—eg)
p, (X))
= log —=< .
po(Xi)
- 2 = 2
So Var(Zi) = (el—eo) = A4,

For the conditional test T(En), suppose (3.1.2) holds, so that a SPRT

procedure begins with the (nt+l)th observation.
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Then

N
1y 2 = 12 12
E{(i—i+1 Zi) } bn Pr(accept HO) +a Pr(accept H,) ,

neglecting excess over the conditional boundaries a; and bé,

- n 2 2 2 60+el
= (b - n(el—eo)xn +-E(61—90)) LX ( 7 )
x
0.,+0
- -0 )% + 2(p%-62))2 {1 - 1 0
+ (a - n(6, -0 )x +5(87-6,)) 1-1_ =%
4
When- (3.1.2) holds and h = 0,
al bl
= n _ = _ n . v 1 = _ .
Lx (9) ST SO 1 LX (9) PUSE and a’ bn a-b;
n n n -n n n
therefore
N a' b!
E{ © z!}2 = pr2—2 - g2 1=
{=ntl n a-»ob n a-»o
= — a'h!
anbn (3.4.5)
and so if (3.1.2) holds,
0.+0
= - 1 = —i- L
Ezn(Nle 5 n - abl
i.e.
' p
n if Blg <B or =2 A
9,%% > - 1
E. (N|e = ) = {n-{b-nA(x-0)}a - nA(%-0)} * .
X 2 AZ
—n
pln
if B < < A
\ pOn




Hence unconditionally,

61+60) } n__];J
2 A2 b"<}_{< a"
n n

En(Nle = [ab - nA(atb)(x-6)

+ n?A2(%-0)2]dF(x)

n -2 10,(2,0) - 0, (5,0)]

(at+b) /n
+ === {9, (b,0) - ¢,(a,0)}

a" )
n
- n? J le; (%-6)2 exp(- %(i—e)z)d}—c .

b"
n

The last term

a
a _a
_a_ =) )
= - 2 {{—ye_%yz} Vnh + e_;?/}7 dy}
am b J b
vnA VnA

at o = %(6 +eO)
So the last term 2 b2
- 1.8 -y =
_ _n a_ . nA2 _ b " na?
V2 | /nb Vnh

- n{<I>+(a,6) - <I>+(b,6)}

E-A@ ¢, (a,0) - -b—A[I}- ¢,(b,0) - nie, (a,0)

74

(3.4.6)

- <I>+(b,e)} .
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Hence (3.4.6) gives concisely

el+90 ab a b
E_(N| ) = n-(n+=){e() - ¢(—)1}
o 2 A2 /nA
+ av/rT d)( b ) _ bl/I_l q)( a ) . (3.4.7)
& =y ;

An alternative form can be obtained in terms of Ln(e). In the
case of a SPRT, with OC function L(6), the approximation to the ASN
is given by

6,+6
E(N| %

g % [b% L(8) + a2(1l - L(6))]

Here, (3.3.16) and (3.4.7) lead to the form

6 +6

E(NI O+ a - o) + o))
VnA VnA
6 +6 91+6
+—A—[b2L( )+a2(l-—L( 91
2
S22 el -2 Ry + B Ry by,
A Vnd A2 7z V/nA ; /nl

3.5. Numerical Results and Comparisons.

In this section, the results obtained for testing a normal mean will
be used to present some interesting and useful numerical results and
comparisons.

Tables 3.5.1 and 3.5.2 give the OC function and ASN of the PSPRT

when A = .50, n=1, 5, 15 and 30, for the two cases a = -b = 3
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‘ and a =-b =5, In this last case, when the boundaries are farther
apart, the ASN shows virtually no increase from n =1 to n = 5, and
only begins to increase substantially with n for n > 15,

TABLES 3.5.
OC function and ASN for PSPRT; test of normal mean.
A = 6, - 8p; n 1, 5, 15, 30.
Table 3.5.1. A = ,50 a=-b=3
O0C Function
6-0\n 1 5 15 30
.50 0474 .0472 .0398 .0251
.375 .1824 ,1822 .,1734 .1510
.25 .5000 .5000 .5000 .5000
,,!% ASN
0\m | 5 15 30
.50 21.724 21,787 24.758 34.811
«375 30.487 30.550 33.386 42,784
.25 36.000 36.066 39.036 48.751
Table 3.5.2. A= .50 a=-b=2>5
OC Function
9-6o\ n| 5 15 30
.50 .00669 ,00669 .00653 .00522
«375 .0759 .0759 .0755 .0718
.25 .5000 . 5000 . 5000 . 5000
ASN
-%\n | 3 5 15 30
.50 39.465 39.465 39.826 44,214
.375 67.863 67.863 68.112 71.197
.25 100.00  100.00 100.27 103.50
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Comparison with Wald SPRT.

The following table compares the ASN of a PSPRT with a Wald SPRT:
having the same error probabilities o, and a fixed sample-size test:
Pr{wrong decision|Hi} =qg; 1=0,1. o0, B and E(N) are

nominal.

Table 3.5.3. A = 6, - 6y,=1, n=15, a=-b =35, o =8 = .002356

6 - 0, E(N) (Wald) E(Nln = 15) (PSPRT) |Fixed sample size n'
0.5 36.554 29.748 31.945
0.0 12.035 16,164 31.945

The PSPRT procedure does better than the fixed sample size pro-
cedure, and improves the SPRT af h=0 (6 - 8y = %). The difference
in observations required at 6, or 6y 1is 4,

However, for a = -b = 5.0, the nominal SPRT error probabilities
are .0067, so that fixing =n = 15 with these boundaries reduces the
error probabilities here by about 3/5.

Tables 3.5.1 and 3.5.2 demonstrate what intuitjon would suggest,
namely that separating the boundaries a and b means that a larger
value of n may be allowed before E(N) begins to increase sub-
stantially, or Ln(e) to change substantially. Separating the

boundaries results of course in decreased error probagbilities.

Comparison with Other Methods and Exact Results.

As noted earlier, the approximations given above for Ln(e) and

En(NIB) apply to a Wald SPRT when n = 1. Effectively they give exact
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probabilities of stopping at the first observation, and are approximate
thereafter. We give some numerical results below. It will be seen
that the differences from Wald's approximations are small, but that they
are nevertheless an improvement.

Using a method of Page [15], Kemp [13] developed in 1958 formulae
for calculating other approximations to L(8) and E(N|6) in the SPRT

procedure. The following tables are partially based upon his paper.

Table 3.5.4. ASN: 6, =-%, 8. =%, h = -26. a=7.5, b =-2,5;

n =1 din PSPRT

e Wald PSPRT | Kemp| Exact

-.50| 4.990| 5.007| 7.0} 6.4
-.25| 9.324) 9.341) 13.0| 12.0
0 18.750| 18.771| 27.7| 25.2
.25| 18.733| 18.751| 24.8] 23.2
.50| 13.359| 13.369| 16.2| 15.4

The improvement in approximating to the ASN using the PSPRT ap—:
proach is less than 1.2% over Wald's formulae. Kemp appears to have
some errors in computing the Wald ASN: for 6 = -.25, .25 and .50, he
gets ASN values of 8.7, 15.8 and 12.3 respectively.

The next table gives a similar comparison for the 0.C. function.
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Table 3.5.5. OC Function: 6, = -%, 6, = %, h=-20. a=17.5,

b=-2.5, n=1 in PSPRT,

3] Wald |PSPRT | Kemp |[Exact

-0.25 .9831] .9831| .9872| .9861
-0.125| .9223| .9223| .9254| .9241
0 +7500( .7498| .7155| .7239
0.125] .4942| .4939| .4058| .4276
0.25 .2817| .2811| .1896| .2113

Kemp also makes a comparison for a = 5.0 = -b. (3.3.11) gives
the same results as Wald's approximation, since the c.d.f. terms are
®(5£6) or &(-5x8), which are nearly 1 or O in the range of 6
compared. In the above table, however, terms in ®(-2.5%8) and
©(7.5t0) appear, allowing small improvements over Wald's results.

It appears therefore that the PSPRT, which is a SPRT when n = 1,
only shows small improvements in the approximations to L(8) and
E(N[e), and these become negligible when the boundaries of the test
procedure are further apart.

Although exact values are not available, we give a second example,
with closer boundaries, giving approximate error probabilities .022

and .,097.

Table 3.5.6. 6, - 6, =1; a= 3.2, b=-2.3. n=1 for PSPRT data.

Wald OC{PSPRT OC||Wald ASN|PSPRT ASN

0 .96317 | .96316 4.1949 | 4.2233
.25 ].85261 | .85244 5.9574 | 5.9830
.50 |.58182 | .58119 7.3600 | 7.3836
.75 |.26997 | .26891 6.8607 | 6.8790

1.00 |.09657 | .09552 5.3378 | 5.3499
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Comparison with Anderson's Modified SPRT [1].

It was noted earlier that at h = 0, the procedure we are con-
sidering can do better than either the SPRT or fixed sample-size pro-
cedures (the latter may indeed do better than the SPRT at h = 0).
Anderson [1] developed approximations to the OC function and ASN for a
sequential test having boundaries which are linear functions of n',
the number of observations. He obtained ASN values which are close to
the lower bound at h = 0, but which are only slightly greater than the
optimum values of the SPRT at h = *1. He obtained his results for
symmetric tests having o =8 = 0.05 and 0.01, with 61 - 60 = ,25,

In the PSPRT procedure, it was found that by varying both n and
a(= -b), and keeping the error probabilities constant, the ASNs at all

values of 6 would vary, increasing with n as shown below.

Tables 3.5.7./8. Comparison of PSPRT with Anderson's Modified SPRT for

given Error Probabilities.

Table 3.5.7. a=8= .05 A = 6, - 8y = 0.25 (n =0 gives SPRT data)

a = -b|Initial fixed n|ASN (approx: h = %1)|ASN (approx: h = 0)
2.944 0 132.50 216.70
2.7 96 143.88 208.59
2.6 111 149.86 207.44
2.5 124 155.96 206.96
2.4 136 162.40 207.33
2.2 158 176.04 210.34
Lower Bound 132.5 187.0
Anderson Modified SPRT | . 139.2 192.2

Fixed Sample-size 270.6 270.6
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0 at n = 125,

The ASN of the PSPRT reaches a minimum for h

but the ASN for h = #1 is increasing with a.

Table 3.5.8. a=8= .01 A = 6, - 6, = 0.25 (n =0 gives SPRT data)

a = -b{Initial fixed n|ASN (approx: h = 1) [ASN (approx: h = Q)
4.59 0 225.20 527.90
4.3 173 244.79 492.03
4.0 228 271.20 468.35
3.7 272 299.43 453.61
3.5 298 318.50 447.87
3.4 310 327.78 445,86
3.3 323 338.29 445.69
3.0 357 - 366.88 446.41

Lower Bound 225.2 388.3

Anderson Modified SPRT 249 .4 402.2

Fixed Sample-size 541.2 541.2

It can be seen that Anderson's procedure is better than the PSPRT
in general. The ASN of the PSPRT does réach a minimum for h =0 at
n = 320, but the ASNrfor h = *1 shows consistent changes as this
occurs., The optimum combination for a PSPRT thus depends on the cir-
cumstances, but we might take a = -b = 3.5, n = 298, lsince the extra
20 observations (on average) at h = *1 might not make the 2.18
improvement at h = 0 worthwhile. |

In Table 3.5.7, the partial procedure does produce an ASN at

h = 0 which is a substantial gain; an optimum procedure might be for
a=-b=2,7, n=96. The results indicate that in order to improve
on the SPRT at h = 0, the error probabilities should be fairly small.

Anderson's results are much better. The PSPRT procedure could be

used, however, when some results are already available, or if the cost
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is unknown, a situation which will be considered in Chapter V. Com—
putationally, the PSPRT may be easier to work with than Anderson's pro-
cedure, although there seems no analytical method of finding optimum
values of a, b and n corresponding to given error probabilities in
the case of the PSPRT. The combinations of a, b and n in the above

examples were obtained by trial and error.



CHAPTER IV

ON MINIMIZING THE EXCESS RISK WHEN THE COST PER OBSERVATION IS UNKNOWN.

4.1, Introduction.

In this chapter, we shall consider the problem of obtaining opti-
mum procedures when the cost per observation is unknown. The criterion
for an 'optimum' procedure in a class C( of tests will be that such a
procedure minimizes the excess risk over the Chernoff a.m. risk, or
that it minimizes the average excess risk when the cost of an obser-
vationis arandom variable having a known distribution. Throughout the
discussion, the varigbility in cost will be assumed to be independent
of the observations.

In Section 4.2, expressions will be derived for the nominal excess
risk when the true cost ¢ is erroneously assumed to be some quantity
¢' # ¢. These will be derived both for symmetric SPRTs and general
SPRTs, using results in Chapter 2. In Section 4.3, the approximate
average excess risk will be derived when a previous estimate En of
the cost is available, for symmetric SPRTs and general SPRIs, and when
the cost c; per observation is assumed to have a certain Gamma distri-

bution.
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Throughout the chapter, it will be assumed that the appropriate
a.m. risks are based on SPRIs having at least one observation, and that
the nominal error probabilities which minimize the risk also satisfy

o+ B < 1.

4,2. Excess Risk due to Use of Incorrect Cost.

Symmetric SPRTS.

We use the notation introduced in Chapter II. It will be recalled
that for a minimizing error probability o, the corresponding nominal
risk is

Ry (h) = [Low + Ly(1-w)Jo + (k;-kg) (1-20) log % . (4.2.1)

We shall express (4.2.1) in terms of Chernoff's approximation to

the minimizing error probability, i.e., from (2.3.6)

k1 - ko k. -k
T Lwrr,Qwe T Y T TV O (4.2.2)

where the notation y and V is introduced for convenience.

Then
2(kl-ko) vV - (kl—ko)
Rer () = (ky=kp) [1 + (1 - —F—) log {=p——7—/]
= Vye[l + (1-2yc) log (l—;gﬁ)] . (4.2.3)

If vye = o 1is supposed small,

Vye[l + (1-2ye) {-yc - logyel}] + 0(y3c3)

R

R, ()

Vye(l - logye + 2yc logye - ye) + 0(y3c3d). (4.2.4)
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1

Now suppose that the value c¢' is assumed for the cost per obser-

vation, while the true cost is c¢. Then the risk will be "minimized"
| 1

by the error probability o' = yc', and the actual risk is approx-

imately

' ' 1-0'
Va' + (ky-ky) (1~2a') log =

- )
= Vyle' + c(1-2yc') log (!?%giﬁ]. (4.2.5)

Since the wrong value has been assigned to cost, this risk will be
larger than the desired minimum. Hence if we define excess risk to be
that amount by which it exceeds the a.m. risk, and using Chernoff's

approximation,

f

' —
Excess risk Vy[(e'-¢) + clog-lQlE— - clog l;%g

ye'

_ ' 1-ye' l-ve
2yc{c'log o clog 7o iy

jrd

Vy[(e' - ¢ + clog i%& + cy(c-c')

- 2yc(clogye - c'logyc')] + 0(y3c3),

where c¢' is assumed to be of the same order of smallness as e¢. So
Excess risk = Vy(e' - ¢ + clog i%) + Vy2e[-(1-21ogy) (c'-¢)

- 2(clogec - c'loge')] + 0(y3c3). (4.2.6)

In (4.2.6), the expression Vy(e' - ¢ + clog ﬁ%& plays the dominant

part, under the assumption that c¢' and ¢ are both small. It will be
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seen presently that a similar expression dominates the Chernoff excess

risk for more general SPRT's; later it will be studied more closely.

General SPRTs.

We return to Chernoff's approximating error probabilities (2.4.7),

i.e.,
kL oo (4.2.7)
%y = LOW’ Bo - Ll(l—W) ’ ol
where, if c¢ dis the true cost,
_ 2cw _ 2c(l-w)
kg = - A2 ? ky = A2 2
from (2.1.3). The Chernoff a.m. risk is Kk
0
k1 ko L (1-w)
RO ) = k- ko + {k(1- —Low) + k, (- ——————Ll(l_w))} log [————kl ]
1l - i
ov
L0
kokl ko Ll(l—w)
+ {LOW + k(1 +m)} log [T—]
Low
Let ko = Ypc and k, = y,c; write
1 1
A = Tow + NG (4.2.8)

We temporarily introduce the notation
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k Y
0 0
L, (1-w) Ll(l—w)
U(c) = =
L 1.0
LOW c LOW
. (4.2.9)
k Y
0 1l 0
YT et
1 1
W(c) = n =
1 RN
w L.w
0 0 ]
Then
Rd(kw) = (Yl-Yo)c + c{YO-Yoych}log(U(c)) + c{y1+Y1Y0cA}log(W(c)).
(4.2.10)

If c¢' is supposed - wrongly - to be the value of the cost, the
'supposed’' a.m. risk will be based on c¢'. The actual nominal risk is

then
A (v;=vgde' + clyg=vyyve'Atlog(U(e")) + cly,+vpy e'Atlog(W(e')). (4.2.11)

The excess risk is defined:

Excess risk = (y;-vg)(c'-c) + ey, log (U( ))) * ovy log (3§c)))
+ vov Acle’ log(Ug ';) UE ;
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(1=1g) (c'=<) + cyollogE - ) = Log(h - —1y]
Y;~Yg) (e -c cyyilog c LOW og o' LOW
1 Yo 1 Yo
+ ey, [Llog(y +m) = log(3 +m)]
. VoY1
- Ae'—- _——
YoY1© (e'-c) log( LoLlw(l—W))
+ Me'logl (G + —2 oy (L - Ly,
YoY,chle LogiCs L, (1 w)’ ‘¢! Low
1 0 1 N
- clog{(c + 12?1:;5963 - E;;D}]
' c Yl '
(yl-yo)(c - ¢ + clog —c-,-) + Yo T (e'-0)
0
Yo Yo¥y

+oery L, (1-w) (c'-e) = vy ehle’~c) log( LOLlw(l-w))
+ ' L i 3
ylyocA(Zc log or - 2clog c) + 0(c”)

(Yl—yo) (¢' - ¢ + clog é%)

YY1

+ c(e'-e)y,yy, M1 - log(- EBEE;RE:ET)}

+ 2cYOY1A(clogc - c¢'loge') + 0(c3). (4.2.12)

In (4.2.10), as in (4.2.6), the leading term dominates, i.e.,

(Y1 =Y (¢' = ¢+ ¢ log ;%0
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The coefficients vy, - vy and Vy represent the same quantity,
1 0 y

; k. -k
i.e. 1 0

c

1 1
v £ - c  _ - L
c c+ ¢ log = C(c 1l - log P )

= 0,
since x -1 - log x2 0 for every x > 0, and we assume ¢ > O,
c' > 0.
So the dominant term is non-negative. This is of course desirable,
since here we are dealing with approximations to the a.m. risk and to
the excess risk, and it is important that non-negativeness of excess in

the true risks should be reflected in the approximations.

4.3. Average -Excess with Variable Cost.

Suppose that the cost per observation, cgs is a random variable,
independent of X. In this section, we shall derive the Chernoff excess
risk, averaged over the distribution of ¢ when the mean observed

cost

from a previous experiment is used to estimate the true mean cost c.
Thus E(En) = ¢, and if ¢ were known, the a.m. risk could be at-
tained as shown in Chapter II.

We suppose that cy has a Gamma distribution, i.e.,

P(Ci) = ?%%3'(%)m Cim-l e T T 0. (4.3.1)
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,

c
Then E(ci) = ¢, and Var(ci) ==

Notationally, write

m

c; T'(m, C) .
Then

mn
c ~ F(mn’ _E_)

n.

Symmetric SPRTs.

In (4.2.6), if ¢' 4is replaced by En’ we get the Chernoff excess
risk when the estimate En is used for cost instead of c. Hence if

the average excess is defined as the expectation of the excess risk,
Average excess = VyE(En - ¢ + clogc - clogEn)
+ VyzcE[—(l—Zlogy)(En-c) - 2(cloge - EnlogEn)]
+ 0(y3c3)
= Vyc(loge - ElogEn) - 2Vy2c(cloge - E(cnlogEn))
+ 0(y3ced).
Since En is a Gamma variable,

Elog ¢ = = log =+ y(mn), (4.3.2)

where Y(*) dis the Digamma Function 'ﬁ% {log T(Z)}; and if

X~T(m', 8),
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!

E(XlogX) = J F%EFS-(logx)x(m +1)-1 e ox dx
0
1
= ~%r E(logY) where Y ~ I'(m'+1l, 8)
m'
= 5 (- logh + Y(m'+1))
1
= %r~(— logb + y(m') + ﬁ%&
Hence
< loes ) = - mn iy,
E(cnlogcn) = clog - + c(y(mn) + mn) (4.3.3)

(4.3.2) and (4.3.3) give above,

R

Average excess Vye(log(mn) - ¢(mn))

- 2Vy2c2{log(mn) - ¥(mn) --é;} + 0(y3c?)

2
Vyc(1-2yc){log(mn) - y(mn)} + 2vy2 ﬁ; + 0(y3¢®)

(4.3.4)

In many problems, the variance of ¢ will be small, even when
E(ci) is not necessarily small. Hence m may be large. Alternatively,
n may be large, and the Gamma-type distribution of Zn will be close
to normality. The asymptotic form of the Diagamma Function can then be

used, i.e.,

© B _,
vw(zZ) ~ log Z ~ L by —21_

T s (4.3.5)
22 4=1 23273
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where B2 are Bernoulli numbers. Then

3
V@) ~ logl ~ - —t-a—2__ 1 1 __ .. (36

22 " 172 120z% 25226 24078

Thus, if mn is reasonably large, (4.3.4) and (4.3.6) give

1 1

Vye(l+2vye) _
2m?n2 120m*n"

2mn

+ ...) o
(4.3.7)

Average excess ~ + VYc(l-ZYC)(l

In (4.3.7), it can be seen that if mn > 10, and if ¢ is small,

the average excess, given that the true cost is ¢, 1is of the order of

k, -k
1 0 _ _¢ { 1-w % }
2mn 2un E(Z,[6)) T E(Z,Je)" °

(4.3.8)

General SPRTs.

We now replace c' by En in (4.2.10) and take expectations, to

obtain
Average excess = (yl—yo)E(En - ¢ + clogec - clogEn)
Yo¥a -
+ CYOYlA{l - log(- W)} E(cn—c)

+ 2cy0y1A{clogc - E(Enlogzﬁ)} + 0(cd)

(v;=v,y) e(log(mn) ~ y(mn))

+ ZCZYOYIA(log(mn) - Y(mn) - i;) + 0(cd)

2
2¢c YoYlA

cel(y;=vy) + 2vyv,Ac}(log(mn) - y(mn)) - ——

+ 0(c3). (4.3.9)



93

Asymptotically, if mn is large, we may use (4.3.6), obtaining

clly,=vy) - 2v,y,hel

Average excess ~ G + C{(Yl‘Yo)

1 1
12mn?  120mMn*

+ zYoYlAC} ( 4 ees) . (4,3.10)

If mn = 10, say, and if ¢ dis small, then as in (4.3.7), the
average excess is of the order of (k1 - ko)/2m.ne

Since Yo < 0 and Y, > 0, there is no inconsistency in the op-
posite signs which appear in the first terms of (4.3.7) and (4.3.10),
i.e. in the quantity vy(l+2yc) of (4.3.7) and in the quantity
(yl—yo) - 2y0y1Ac of (4.3.10).

The smallness of the approximate average excess is derived from
(4.3.7) and (4.3.10), i.e. (k1 - ko)/Zmn, may more appropriately be.
studied in its ratio to the Chernoff a.m. risks in (4.2.3) and (4.2.10).

To terms in c¢ log ¢, the leading quantity in (4.2.3) is
Vye(l - logyc)

which dominates the risk Ré,(kw) for symmetric SPRIs. The ratio of

the approximate average excess to this risk is of the order

Vye 1 1

2mn * Vyc(l-logye) ’ 2mn(i-logyc) (4.3.11)
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For general SPRTs, the equivalent ratio, from (4.2.10), is

ey, =vy) . 1
2mn ko k1
kl - ko + kolog(— m) - kllOg(i—O;)
(vy=vg)

B Yo© Y€

2mnly, = vy + volog(- T—m5)— v los(T )]
1 0

- 1

omnll - 1 Yo 1 Yo 15! Yy
- + - - log (——

mn | oge + T og Ll(l_w)) = og(LOW)]

(4.3.12)

Hence under circumstances in which the expansions above could be
used, i.e., when
i) ¢ is small
ii) mn dis large,
the Chernoff average excess risk is small in proportion to the Chernoff

a.m. risk, as evidenced by (4.3.11) and (4.3.12).

The situation considered in this chapter, when some estimate of the
cost is available, is likely to be more frequent than one in which no
estimate is available at all. However, the latter situation, to be con-
sidered in the next chapter, is one in which the Partial Sequential
Probability Ratio Test procedure, whose properties were studied in

Chapter IIL, is a suitable one to use.



CHAPTER V

ON MINIMIZING THE RISK WHEN THE COST IS UNKNOWN: A SPECIAL CASE.

5.1. Introduction.

When no estimate of the mean cost per observation in a sequential
testing procedure is available, the analysis of Chapter IV does not
Vapply.

A procedure which has some appeal in this situation is the PSPRT of
Chapter III. . The first n observations are used to estimate the cost,

and we shall use the observed mean cost
- 1 B
e = = I e, . (5.1.1)

where c, is the observed cost of the i-th observation. Using the no-
tation of Chapter III, the conditional test T(gn) is constructed as an
SPRT on the basis of the observed x = (Xl’ Koy sees X ) and c .
- n n

To minimize the conditional risk, given X and En’ the test
boundaries An and Bn of T(§n) will generally be functions of
szn) and of - Zn' In one special case, however, if Chernoff's a.m.
risk is used, A_and B are free of w(x ) and depend on c_, on

n n ~n n

6, - 63, and on the expected error rate. This is the case in which

L, = L,=L, X is a normal r.v. with known variance, and E(X) = 9.
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This leads to a PSPRT procedure, in the sense that boundaries A
and B are to be chosen which depend on the first n observations only
through--Eﬁ, but which are free of the posterior probabilities w(gn)

and 1-w(x ) of 8, and 0, after x_ has been observed. If ¢
—n 0 1 -1 n
were the true cost, these boundaries would lead to an approximately
minimum conditional risk for T(§n), and since they would do so for
all X the procedure would approximately minimize the unconditional
risk for T_.
n
In Section 5.2, the boundaries A and B are obtained, and the
procedure is developed. 1In Section 5.3, the average excess is inves-
tigated when the cost ¢, has the Gamma distribution of Chapter IV,
and for the special case w =%, In Sections 5.4 and 5.5, the average
excess is espressed in explicit but approximate forms using the methods
of statistical differentials and of quadrature respectively. Section
5.5 gives numerical results and graphs which show
"i) the existence of an optimum'value of n minimizing the
average excess.

ii) that the method of statistical differentials geves rea-

sonably accurate results when compared with quadrature.

5.2. Extension of the Chernoff a.m. Risk to the PSPRT of a Normal Mean.

In this section, the boundaries A and B are explicitly obtained
and the procedure is justified. Later, the lack of information on cost
is considered, but in developing the procedure we shall denote by En

the estimator of the true cost.
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The posterior probabilities of 6, and 6, are w(§n) and

l-w(gn) where

wp(x_|6))
wp(§n|90) + (l—w)p(§n|91)

= w . (5.2.1)

w + (l—w)exp{nA;{n - %n(@%-eg)}

The a.m. Conditional Risk at Stage n.

Let r(gn) be the nominal a.m. risk, given that at least one more
observation is taken, and that beyond stage n the procedure is that

of a SPRT. In Theorem 2.2, it was shown that the nominal a.m. risk is

l—w(x )
) A

TH*L + {(1-2m* )1og - (1—2w(x N log(——=

E (Z)

W(

where 7% is the root of (2.2.8). 7* 1is a function of s but

Chernoff's approximation (2.2.12), viz.

c 2c
* - n - n
1 £, (@)L %0°L

m

gives a good approximation to the a.m. risk, and is free of X Thus

% does not depend on X very much, and approximately

1-w(x )
- (1-2u(x))) log — 7 y-]
-n

1-7*

rQ§n) = w*L[1 + (1-27%*)log

(5.2.2)
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If
minlw(x ), L(1-w(x))] < rx), (5.2.3)

we stop and decide at stage n.

In this case,

]
[<>)

w(§n) <% => accept Hi: ® 1

L]
D
.

W(En) > % == accept HO: 6

From Theorem 2.2, it can be seen that we accept H, at stage n

if
w(§n) <% and a* > w(§n) .
The second inequality gives
w < m*[w + (1-w) exp{nAin - n(ei—eg)}] .
So
%é%%%%% < exp{nA;cn - %n(@%—eg)},

i.e., on taking logs and rearranging,

(5.2.4)

- 1
x> ¥(0,+0,) + o log(z— * ——

This is the condition for stopping at stage n. and accepting H, .
I1f we assume that the expected error rate 7% is less than %, then

the condition w(gn) < % gives

- 1 \
% — L
*n~ 2(81%60) + nh 108 T
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-
and follows from (5.2.4), since ﬁz log 1ﬂ1 >0 if 7% < %,

Similarly, from Theorem 2.2, we stop and accept H,; at stage n

if
ngn) > % and % > 1 - w(§n)

The second inequality leads, analogously to (4.1.4), to

- 1 W Nk
z + W, _Tr
X < 2(el+eo) + = log Tow 1_ﬂ*) . (5.2.5)

Then 7% < % = w(§n) > %,

Consider now the PSPRT procedure of Chapter III. (5.2.4) and
(5.2.5) can be compared with Eqs. (3.3.3) of that chapter, and it is
clear that a PSPRT procedure which approximately minimizes the uncon-

ditional risk (since it does so for every in) is given by boundaries

\
1-m#
1- *
v - (5.2.6)
%
b = 1o Gii_ o )
8w l-q#"
or
- W, l-m*
A = 1-w T+
b, (5.2.7)
w T
B 1-w 1-n%
J
Further, 0 < B < 1 < A if
% < min(w, 1-w) (5.2.8)

as for the SPRT in Chapter II,
2cn
< %
AL

Inequality (5.2.8) ensures that 7% =
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It is understood that A, B, a and b are functionally dependent
upon - En, through 7%,

With these parameter values, the approximate a.m. risk is given by
R(w,n,Enlc) = L(wan + (l—w)Bn) + c{wEn(Nleo) + (1‘W)En(N|91)}’

(5.2.9)

where o and B are given by (3.3.12) of Chapter III and En(N]e)
by (3.4.1).

We note from (5.2.7) that if w = %, the best procedure is a

symmetric one, with B = 1/A, b = -a.

Numerical Results = Chernoff a.m. Risks for PSPRT Procedures.

Tables 5.2 following show the approximate a.m. risks when w =%
and 6,76y = % and %, for costs in the neighborhood of .01 and
.001, and for unit loss L. The a.m. risks are calculated for pro-
cedures having n dinitial observations. If the cost ¢ is known,
then of course the optimum rule will be for n = 1, or not to take any
observations at all. HO or H1 is accepted in the latter case,

according as w > or < %,

The "no observations' rule would apply for the case A = .25,

w= .25, ¢= .01, since risk > Lw for n=1 (and a = -.345,
b = ~-1.852, so that 0 < B <1 < A does not hold).

For A = 0.5, the a.m. risk more than doubles from n =1 to
n=100 (and n=1 to n=50 for c¢ = .01), while for A = 0.25

the increase is less, particularly for smaller cost.



Tables 5.2, Chernoff a.m. Risks for PSPRT Procedures with Known Cost.
Test of HO: 0 = 90 vs HI: 6 = el, where 6 is mean of
N(6, 1) distribution. A = 61—90o

TABLE 5.2.1
A=0;5, w= .5, L=1 w= .25
n\c} .0075{ .009 .01 011 .0125 .01
1} .2053] .2296| .2441) .2576| .2758 .2229
5| .2056] .2303] .2452| .2590| .2781 «2233
10| .2105| .2377] .2547| .2708| .2937 .2368
15| .2219| .2535| .2736| .2931 .3214 .2597
25} .2599] .3029| .3309| .3586| .3995 .3222
50( 4026 .4794 .5304] .5813| .6574 .5274
TABLE 5.2.2
A=20.5, w= .5, L=1 w = .25
n\c{ .00075 .001 .00125¢1)..001
1] .03629 .04595 .05503 .04197
5| .03629 04595 .05503 04197
25| .03737 .04775 .05770 04481
50| .04569 .05980 .07371 .05846
100| .07652 .10178 .12701 10154
TABLE 5.2.3
A=0,5, w= .5, L=1
n\c .0001 .00001 .000001
1 006495 .000835 .0001019
50 .007064 .000853 .0001023
100 010443 .001093 .0001172
200 .020018 .002004 .0002010
500] .050000 |

101
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TABLE 5.2.4
A=0.25, w=,5, L=1 w= .25
n\c| .0075 .01 -0125 .01

1| .3839 .4068  .4319 .2726
5| 3847  .4106  .4373]| .3288
10| .3909 4256 .4608|| .3693
15| .4024 4476 4934 .4047
25| .4359 .5040 .5725|| .4750
50} .5531 .6814  .8099 .6658

TABLE 5.2.5
A=20.25, w=.5,L=1 w = .25
n\c; .00075 .001 .00125 .001

1{ 10866  .13412  .15695 12136
5/ .10866  .13412 .15695 .12136
25| .10870 13423  .15720 .12160
50| .10990 .13656  .16104;| .12564
100} .12069 - 15359 <18513|| .14667

TABLE 5.2.6

A =0.25, w= .5, L=1

n\c| 0001 .00001 .000001

1] .02146  .002893  .0003632
100; .02180 .002897 .0003632
200| .02544 .003043 .0003675
300 .003515 .0003937
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Tables 5.2.3 and 5.2.6 show how the Chernoff a.m. risk for the
SPRT procedure behaves when the cost becomes small. As the cost - 0,
the value of n, at which the increase of the risk ceases to be slow,
becomes larger. |

It can be noted that the steepest increase in the risk for larger
n results_from the growing domination of the term cn, due to the cost
of the first n observations. For very large n, the other terms
appear, in fact, to become negligible, as evidenced in Table 5.2.3 for
n = 500.

When A is smaller, the risks are larger, but the proportional

increases in risk are smaller over the same change in n.

5.3. Average Excess.

For the special case in which w =% and loss L =1, we next
investigate the effect of lack of information on cost. In the previous
section, the apparent a.m. risk is based upon a supposed cost En’
although En is an estimator. If the true cost is ¢, boundaries for

the same test procedure would be determined by

W 1-7 .
logéf:; '~7r0 , with w = %; b = -a

[
]

and

Using the notation of (5.2.9), we are interested in
ER(%: n, Enlc)

over the distribution of En, As in Section 4.3, suppose that



m
¢, ~ P(m,-z), 80

Then

- C

n

that
W %
- 1 m™T mi c
c2
E(ci) = ¢, Var(ci) = -

mn
~ (mn, 7;9,

Evaluating (5.2.9), we get from (3.3.12)

Now put

&t

B(A-1)
1-—=a%
VnA
-B -1
+ —-—i_B o (=2 - 3/oA) + —-i_B
VnA
a
—= + %/na, and -
VoA

If we also write

and since

-2+ %/nA) = o(g,)
Vad +
o2 - H/ma) = a(g)
VnA
—a = 0(2— + &/mp)
VaA
o(—2— - H/mn)

YnA

Ec Ty = &
c =c = =
n ’ Var(cn) mn

o2 + g/nn) - AUB) 4

A-B

b

o(—— - %V/nA) .

VoA

i
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(2 + z/nb)

[t

%

(5.3.1)

(5.3.2)

(5.3.3)
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and since, further,

2c
___1-27m% _ 1-2m* g o l-2m* % = D
A-B = () A-1 = & » LB g% » end, w* = VR
we have
o + Bn = 1 - ﬂ*(l—@_) - (l—ﬂ*)¢+ + 1%+ (l—ﬂ*)(l-¢+)
= Z[W*Q_ + (l—ﬂ*)(l—®+)] . (5.3.4)

Next, we require En(NleO) and En(Nlel). From (3.4.1), by putting

=1 and ~1 we get

bA-aB

oy }{¢ +9 -1}

= 2 2
En(N|60) + En(Nlel) = 0+t [{-%na2 +

a-b
+§——A {(I)_ + <I>+ -1}

b
5 Tam + HVab)? _e—;fg-;g + /)2

n

t [5- b le }
2 , bB-aa

- L [{ZnA2

+n - -5 [l e+ e, -1}
a-b
tog le, te -1}
b a
H(— - ¥/na)2 % (—— - %/npr)?2

+ -%L A {e /il ~e VOO 1.

i

(5.3.5)
Now
bA-aB _  a(A%+1) bB-aA _ _ a(A®+1) a-b _ _2aA

B-A A2-1 A-B A2-1 ° A-B A2-1
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‘ Hence

E,(Ne) + E (NJo)) = -2n(e,(T) + °_(c) - 2)
4a(A-1) - -
22 (AFD) (¢ (e ) + 2o (c) - 1)
—io? —lal
+% _2_n_ {e 28 -e 2g+}. (5.3.6)
m

Hence (5.2.9) gives

R(%¥,m,c lc) %o +8 ) + c[E(N[6,) + E(N[6))]

= 7% + (l-7%) (1—®+) + nc

b eln - 22 (ear) (meme) + 22 (4(g) - p(eP )

. (5.3.7)

2En
o' (t) and * = VR

where o (t)

If, for given n, the apparent risk is (5.3.7), then the excess

over the (approx.) a.m. risk when c¢ is known, is

Excess = R(%, n, Enlc) - R(%, n, clo). (5.3.8)

Over the distribution of En’ the average excess is
ER(%, n, c_lc) - R(¥, n, clo).
The exact evaluation of this quantity presents analytical difficulties,

but when c¢ is small, and m is large, the coefficient of variation of

c, i.e., » 1s small, and we can apply the statistical differential

-1
1 van

. method to approximate the average excess. This method has the advantage
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that if we only take the expansion to the variance term, then the dis-

tributional formof - h doesn't matter beyond knowing the first two

moments. Thus

- 2 -
ER(%,0,8 1) = R(¥,n,cle) + 57 Var(rh) =27 [RG4,n,3_|c)]

21 -
c_=c
n
(5.3.9)
Evaluating the required terms separately,
4 c? )
%) = - . S
Var(n#) % mn
) 1 l—q
g; T an [ 1 ﬂ: + %VEA]
Vnh
= - l . 1
JoA TR (1-7%)
= g!(m¥) ' . (5.3.10)
k) = =2 [g! (1))
&y arx L&y
= 1, _(1-27%)
/HA ”T*Z(l—ﬂ*)z
= gz(”*) J

5 [0,GD1 = gl o, (1)

d2
dn*2

[e,(c)] e (%) - g, (7%) g 2(m%)} ¢(g (%))



Abbreviating the notation, write

g, g (1%)s gy = gl(m®), gy = gl(m¥),

¢+ ¢(g+(ﬂ*)), and ®+ = @(g+(ﬂ*)) as before.

g s ¢_, etc., are similarly defined.

Then
d2 - 1] 12
i = - '
ar (89 = - eep0,
a2 (6.) = - ( 12 4 nwo_ .2 12)¢
qnx2 Py B T ByBL T ERELTNy
_d_ (0, » %) = 0o, + 7% '¢
dr* ‘%4 + 8494
= ' "o_ 12
anez (T 280, T (gL - B8 )0,
d l-m*., (1-2n%) 1-m%
G L2 Lo Sd = - ooy — 2o ()
a2 1-m 1-2m%* 2 2
-2 = -
P {(1-27%) log —) 2 (1mi)E T (Lor®)? + TG

1-4q#2
%2 (1-m%) 2

Also, for an arbitrary twice-differentiable function £(m%),

E%; {f(ﬂ*)¢+} f'(ﬂ*)©+ + f(ﬂ*)g;¢+, where ¢+ = @(g+(ﬂ*))

d2
dr*2

{£(n*)e } £' (%), + [£'(n¥)g] + £(m%) {g! P2 e,

+ T BBy

108
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Hence
d2 _ 1-47% 2 o l-2m%
Tz (- gy s T bl ooy

+ 21og }g+

+ (1-2m%) log () (g} - g,8]2)14, -

Finally, in order to evaluate (5.3.9), we substitute the above

quantities, and evaluate them at 7% = 1 = f% , il.e., at En = EEn = c.
This gives
ER(¥,n,c_|lc) - R(¥,n,cle) = 2¢> "- g gD+ 2814
50,5 C 750, At - _B_7J9%_ + P4
o g2y 4 28, _l-4m? - 1) - 28 L=2m
+ ﬂ(g+ g+g+ )¢+ 2 2(1_ )2 (® + @ l) 2 {ﬂ(l-ﬂ)
St——— —— -— A —— L] — 2
+ 2log }(g+¢+ +glo) + = (1-2m) log < {(g} - g,8.7)¢,

+ (g" - g_g!M¢_} - nel(g] - 5,810, + (8" - 58! }

2/n '
+ S5 {(g)% + g8 - 828,00, - (812 + 88" - 8%8!D)0_}]
- 2C2 l—4ﬂ2 1 []
= Aqmn ﬂ(l—ﬂ)z (®+ + Q_ - l) + (g+¢+ + g_¢_)
1
1_—1_[ - 2nlog "'_') +{(g+ - g+g+ )¢+ + (g'_' = g_g_'_z)(b_}'
/_ 12 1" 2,12
. {1T - Nnc + Tr(l-Z'lT) 10g _—} + {( g+g+ - g+g+ )¢+
- (g'% + g g" - g28'P¢_}]
2c
evaluated at 7% = 71 = — , (5.3.11)
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For the sake of a better comparison, it might be desirable to
measure the average excess over the a.m. risk in the class C of SPRT
procedures, including those in which no observations are made. The
boundaries of such an SPRT, leading through Chernoff's approximations to
a risk very close to the a.m. risk, are the same as above, with error

probability o =71 = 2¢

ZE— under both hypotheses.

Using the notation of Chapter 2, when at least one observation is

taken,
R(F,m,cle) - Rg(A [e) = mo_ + (1-m)(1-8,) + nc

+ {nc - nlog T (1-2m3(1 - ¢, - o))

2Vnc

T

. l-m
(6_ = ¢ - 7ll + (1-2m) log =—]
1=7
= [ne - w{1 + (1-2u) log-f;—}](Z -0, - ¢ )
+1-9 + VoAm(¢_ - ¢, (5.3.12)
So ER(%, n, Enlc) - RG(AWIC) is approximately given by summing

(5.3.11) and (5.3.12).

5.4. Method of Quadrature.

A more accurate measurement of the average excess is given by

evaluating

j R(%, n, Enlc)dF(En) (5.4.1)
in the form

b ma - | = mo-1 -
T (mm) @%5 Z R(%¥, n, cn|C)cnmn exp(—-%? cn) (5.4.2)
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summed at intervals of length h and truncated at suitable points to
be set out presently.

- c
The s.d. of the distribution of ¢ is ——— , and a suitable
n ymmn

degree of accuracy to the above integral seems to be given if

h = ——0 (5.4.3)
10vmn
- 6c 6c
summed from c, = max(0, ¢ = —) to ¢+ —.
Vmn Ymn

The choice of h, as one-tenth of the standard deviation of En’
is chosen because, for bell-shaped distributions whose density functions
are not too far removed from normality, it can give a very close approx-

imation to the area under the curve, i.e., for this value of h

b
T'(mn)

mn, M0 - mn-1 mn -
(c) z c exp( - cn)

is very close to 1 when mn is not small. Since R(%, n, Enlc) is
generally smaller than 1, and decreases overall as c¢ decreases, it
would seem reasonable that (5.4.2) and (5.4.3) give a close fit to
(5.4.1). This is a heuristic argument, but the probability integral was
computed by the method, in a few cases, and found to be extremely close
to 1.

We use the refined form of Stirling's approximation [8]

mnrtk 1 1
exp(~ mn + 12mn 360m3n3)

@) ! ~ (2m)F (mn) (5.4.4)

The supplementary factors in (5.4.4) are required in order that the
average excess computed by quadrature gives a sufficiently accurate

result. It turns out that without these factors, the approximation to
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average excess using statistical differentials gives a more accurate
result in many cases; but using (5.4.4), the statistical differential
approach still gives results agreeing with those obtained by quadrature
to within 3.5Z.

(5.4.2), (5.4.3) and (5.4.4) now give (replacing _—T(;n) by

mn

Ik
mn _—
f R(¥,m,c_le)dr(c ) = (m)+ —_ . hm | ZR(C_) (Zymo=igmmn
n /Eg(mn)mn e ™
- (&) 1 1

©expl- 12mn * 360m3n3
Py mn /=
1 1 - -CE mn-1 - T(Cn—c)
exp(- o=+ 360m3n3) 2 R(e ) (D) e

10v/2m
(5.4.5)
The summation is as described above.

Although the analytical presentation here of the quadrature method
is considerably briefer and more concise than that of 5.3 by statistical
differentials, the computation of (5.4.5) involves a substantially
greater amount of time on the computer than do (5.3.11) and (5.3.12),
and this is a disadvantage. The only reason, therefore, to use quad-
rature in preference to statistical differentials would be a gain in
accuracy. Numerical comparisons, to be presented in 5.5, showed, how-
ever, that for smaller values of ¢, the method of 5.3 is adequate,
both in evaluating the average excess based on Chernoff's a.m. risk,
and in evaluating the optimum value of n in PSPRT procedures leading

to an overall minimum average excess.
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5.5. Numerical Results.

Tables 5.5.1 to 5.5.4 show the approximate average excess as eval-
uated using the method of statistical differentials for cases in which
A and ¢ are fixed. It will be seen from these, and from the diagrams
in Figs. 5.5.1 to 5.5.4 that although m varies, the optimum value of
n, minimizing the average excess, does not change very much under these
conditions.

The value of the Chernoff a.m. risk for a Wald SPRT, given that
the corresponding cost ¢ is known, is stated with each table, and it
should be noted that throughout the entire range of =n displayed in
each table, the ratio (average excess risk)/(Chernoff a.m. risk) is
small. Examples might arise where this would not necessarily be so —-
for instance, if the variance of c; were larger.

The curves in each figure lie inside one another as m decreases,
and the (approximate) minimum average excess is greater when m is
smaller. This last feature is what one would expect, since

Var(ci) = ¢?/m is greater when m is smaller.

Tables 5.5. Approximate Average Excess of PSPRT procedures for tests

of normal mean; o2 = 1.



TABLE 5.5.1

0 = .25, ¢ = .001, Chernoff a.m. risk =
n\m 3 10 17 25
1| .005668| .001701| .0010003| .0006802
3] .001889 .000567| .0003334| .0002267
5| .001134| .000340| .0002001| .0001360
8| .000708| .000213| .0001250| .0000850
10| .000566| .000170| .0001000| .0000680
12| .000470| .000141}| .0000834| .0000569
13| .000433| .000131] .0000774| .0000530
14| .000402| .000122| .0000726| .0000500
15| .000374| .000115] .0000691| .0000482
16| .000351| .000110| .0000671; .0000476
17| .000332| .000106{ .0000666| .0000484
18| .000316| .000105{ .0000678| .0000507
19| .000304| .000106| .0000710| .0000550
20| .000296| .000109| .0000764| .0000614
22| .000290| .000124{ .0000951| .0000818
25| .000312| .000172| .0001470| .0001357
30{ .000443] .000334| .0003152| .0003064
TABLE 5.5.2
.50, ¢ = .001, Chernoff a.m. risk = .04595
n\m 3 10 17 25
1| .001355| .0004064| .0002390| .0001625
3| .000452| .0001355| .0000797| .0000542
5{ .000271| .0000812| .0000478, .0000325
6| .000225| .0000677| .0000400| .0000273
7| .000192| .0000587| .0000351] .0000243
8| .000169| .0000536| .0000332| .0000239
10| .000148| .0000585| .0000428| .0000356
11 .000150] .0000712} .0000572| .0000508
12| .000164| .0000930| .0000805| .0000748
15| .000282| .0002300| .0002209{ .0002167
20| .000812; .0007787| .0007729| .0007702




TABLE 5.5.3

A= .25, ¢ = .00001, Chernoff a.m. risk = .002893

n\m 3 10 17 25
35 .000001524| .000000457| .000000268| .000000183
40 .000001334| .000000401| .000000235| .000000160
45 .000001187| .000000356| .000000211| .000000144
48 | .000001113] .000000337; .000000199] .000000136
50 .000001071| .000000324| .000000193| .000000133
52 .000001032| .000000316| .000000189| .000000131
53 .000001015| .000000312{ .000000188| .000000131
54 | .000000999| .000000309| .000000187| .000000131
55 .000000983| .000000306| .000000187 .000000132
56 .000000969| .000000304; .000000186| .000000133
57 .000000957| .000000303| .000000189} .000000136
58 .000000946| .000000304| .000000190; .000000138
60 .000000927; .000000307| .000000198| .000000147
65 .000000909| .000000338| .000000238| .000000192
70 .000000945| .000000418; .000000325| .000000282
75 .000001059; .000000570] .000000483| .000000444
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TABLE 5.5.4

= .50, ¢ = .00001, Chernoff a.m. risk = .0008346
nm 3 10 17 25

1 | .000013335; .000003999| .000002353} .000001600
3 .000004444| .000001332| .000000784) .000000533
5 .000002665| .000000799| .000000469| .000000319

8 | .000001666| .000000500| .000000293| .000000200
10 .000001333} .000000400} .000000236| .000000159
12 .000001111| .000000334| .000000196| .000000133
15 | .000000888} .000000266| .000000156| .000000106
17 | .000000786| .000000238] .000000141| .000000097
18 | .000000744| .000000227| .000000136| .000000094
19 .000000709| .000000220| .000000133| .000000094
20 .000000681| .000000217| .000000135] .000000097
21 | .000000661| .000000220| .000000141| .000000106
23 | .000000648! .000000247| .000000176| .000000144
25 | .000000686| .000000320| .000000256| .000000226
28 | .000000888| .000000567] .000000510] .000000484
30 { .000001163| .000000867| .000000815) .000000792
33 | .000001875| .000001613| .000001566| .000001546
37 | .000003579| .000003356f .000003317( .000003299

116
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From computed results, the method of statistical differentials is
undesirable for larger values of ¢, yielding as it does for ¢ = .01,
A = .25, a negative excess. (However, the a.m. risk for an SPRT pro-
cedure with ¢ = .01 and A = .25 comes close to that obtained if a
decision is made with no observations; see Table 2.2.2.) A comparison
with the results obtained by quadrature follows in 5.6, but here it
can be noted that for cases such as c¢ = .01, A = .25, quadrature does
give valid results.

If ¢ and m are fixed, the optimum value of n appears to in-
crease as A decreases (see Figs. 5.5.5 and 5.5.6), as does the approx-
imate average excess. This is what intuition would suggest.

It is of interest to give an example illustrating how the average
excess splits into two non-negative components. If we denote the approx-

imate average excess by E, then

E = E, +E,,
where
E, = average risk of PSPRT using estimator - En for cost
-~ (risk of PSPRT when true cost ¢ is known)
E2 = Risk of PSPRT when true cost. ¢ 1is known

- (risk of Wald SPRT when ¢ is known).
The risks in E; and E, are Chernoff a.m. risks for given n. As one
would expect, E, dominates E for smaller values of n, but as =n

increases and En » ¢ in probability, E, becomes dominant.
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TABLE 5.5.5

Components of approximate average excess.

m = 25, el—e = ,25, ¢ = ,001l, Chernoff a.m. risk = .13412

0
n E1 E2 E = approx. Av. Excess
1} .00068022 0 .00068022
10| .00006792| .00000008 .00006800
15| .00004449| .00000372 .00004821
18| .00003622| .00001453 .00005075
25| .00002403| .00011163 .00013566

The next comparison shows the effect of changes in cost when m
and A are fixed. Table 5.5.6 and Fig. 5.5.7 are compiled to show the
correspondence between the optimum value of n and the cost. On a
log-scale for cost, the graph indicates that the increase in optimum n
is linear with log (decrease in cost). For each combination of m and
A, the ratio

Approx. Average Excess
Cost

appears to remain in the same order of magnitude as the cost varies.
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Figs. 5.5. Graphs of Average Excess Risk E against n for tests of

normal means by PSPRT procedures.
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Fig. 5.5.1. E x 10° against n. c¢ = .00l, A = .25.
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Fig. 5.5.3. E x 10% against n.
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Fig. 5.5.4. E x 10° against n. c = .00001, A = .50.
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Fig. 5.5.6. E x 10° against n. c = .00001, m = 17.
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TABLE 5.5.6
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Minimum (approx.) average excess and Optimum values of n in PSPRT
procedures for given values of m and A.
m = 10, m = 25, m = 10, m = 25,
A= ,25 A= .25 A= .5 A= .5
True | Opt. Min. Av.| Opt. Min. Av.] Opt. Min. Av.| Opt. Min. Av.
Cost n Excess n Excess n Excess n Excess
.01 .001282 .000630
.001 |18  .00010507[16 107° x 4.76| 8 107° x 5.36| 8 107> x 2.39
,0001 |37 107° x 4.87{33 107% x 2.13(14 107° x 3.14[13 107% x 1.38
.00001{57 1077 x 3.04[53 1077 x 1.31]{20 1077 x 2.17{19 1077 x 0.94

Comparison with Quadrature.

Returning to the discussion at the end of 5.4, a comparison was

made for similar values of m, A
approximated by statistical differentials and by quadrature.

5.5.7 shows the results.

and

Cc

of the average excess as

Table




TABLE 5.5.7
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Comparison of Approximations to Average Excess in PSPRT Procedures:

Test of Normal Mean

R = Chernoff Av. Excess by Av. Excess by
a.m. Risk n Quadrature Stat. Diffls. Ratio
in Wald SPRT - B - Ey/Eyp
m = 25 1 207% % 6.443 | 107° x 6.404 | 1.006
A= .25 35 | 1077 x  1.872 | 1077 x  1.827 | 1.025
¢ = .00001 50 | 1077 x  1.385 | 1077 x  1.333 | 1.039
52 | 1077 % 1.367 | 1077 x  1.311 | 1.043
R = .002893 53] 2077 x 1.351 | 1077 x  1.308 | 1.033
54 | 1077 % 1.365 | 1077 x 1.308 | 1.044
60 | 1077 x  1.528 | 1077 x  1.474 | 1.037
1] 107° x  1.624 | 107° x  1.601 | 1.014
m = 10 30 | 1077 x 5.362 | 1077 x  5.339 | 1,004
A= .25 4 | 1077 x  4.027 | 107 x  4.005 | 1.006
c = .00001 50 | 1077 x 3.285 | 1077 x  3.242 | 1.013
56 | 1077 x  3.076 | 1077 x  3.035 | 1.014
R = .002893 | 57 | 1077 x 3.068 | 107/ x  3.032 | 1.012
58 | 1077 x  3.070 | 1077 x  3.038 | 1.01L
60 | 1077 x 3.111 | 1077 x  3.067 | 1.014
70 | 1077 x  4.232 | 1077 x  4.182 | 1.012
80 | 107" x  8.312 | 1077 x  8.232 | 1.010
1] 107%x 1.610 | 107° x  1.600 | 1.006
m = 25 15 ] 1077« 1.082 | 1077 x  1.058 | 1.023
A= .50 18 | 1077 x  0.954 | 1077 x  0.943 | 1.012
¢ = .00001 19| 1077 x 0.955 | 1077 x  0.942 | 1.014
20 | 1077 x  0.991 | 1077 x  0.969 | 1.023
R = .0008346 | 25 | 1077 x 2.274 | 1077 x  2.257 | 1.008
30 | 1007 x 7.943 | 1077 x  7.915 | 1.004




Table 5.5.7 (continued)
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1| 107° x 43.417 | 107 x  43.011 | 1.009
n = 17 107° x  6.166 | 107° x  6.141 | 1.004
A = .375 10 | 107° x  4.531 | 107° x  4.459 | 1.016
¢ = .001 11 | 107° x  4.395 | 107° x  4.298 | 1.023
12 | 107° x  4.508 | 107° x  4.385 | 1.028
R = .07279 13 | 107° x  4.928 | 107° x  4.779 | 1.031
14 | 107° x  5.723 | 107° x  5.549 | 1.031
15 | 107> x  6.968 | 107> x  6.771 | 1.029
1] 107" x 18.991 | 107" x 18.416 | 1.031
m = 25 2| 107% x 9.540 | 107% x  9.005 | 1.059
A=.5 3] 107" x 7.217 | 107F x 6.298 | 1.146
¢ = .01 4 107" x  8.662 | 107 x  7.515 | 1.153
51 107" x 14.110 | 107F x 12.916 | 1.093
R = .244126 10 | 107% x 107.003 | 107" x 106.248 | 1.007
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The results shown by quadrature can be considered more accurate,
and they give an approximate average excess which is consistently a
little greater than that given by statistical differentials (and if
¢ £ .001 only very slightly so), as shown in the last column of Table
5.5.7. This indicates that the statistical differential method gives
reasonably accurate results for the average excess based on the Chernoff
a.m. risk, whenever the true value ¢ of the cost is small enough.
Since the results by the latter method seem to lag behind the corre-
sponding results by quadrature, it may be that the contribution from the
third-order term in the differential expansion is sizeable enough to

correct the lag, viz.,

33
am*3

éL Eln* - m)3]

[RG, n, S l0)] :

c =c
n

What is important, however, is that the optimum value of n in
all examples studied never varies by more than 1, even when ¢ = .01
and the average excess approximations differ by as much as 15%7. This
perhaps is a more important point to be noted than the comparison of

average excess values.



CHAPTER VI

ACCURACY OF APPROXIMATIONS TO THE A.M. RISK OF A P.S.P.R.T.

6.1. Introduction.

In this chapter, some attempt is made to study how close the approx-
imations used in the last three chapters are to their true values. Two
different kinds of approximations have been used. The first is the set
of Wald approximations to the 0.C. function and ASN of a SPRT procedure{
based on nominal error probabilities [24]. These were used for the con-
ditional test Tan) of Chapter III to evaluate approximations to the
0.C. function and ASN of a PSPRT procedure. Wald's bounds on L(6) and
on E(N]e) for a SPRT are generally closer if 6 < 6, or 6 2 0,
than 1f 6, < 6 < 0, and since the main interest in these chapters is
the risk function for the two-point parameter space (60, el>, the
analysis should not lead to bounds which are too far apart to be of in-
terest in the case of the PSPRT. In Sections 6.2 and 6.3, these bounds
are obtained for the OC function and ASN respectively, and in Section
6.4 some numerical results are given for the problem of testing a normal
mean when the variance is known. In Section 6.5, bounds for the

Chernoff a.m. risk are given, and further numerical results are tabled.
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The second kind of approximation which has been used is Chernoff's
approximation to the nominal a.m. risk, based upon nominal error prob-
abilities [7]. We noted at the end of 2.4 that when the cost is small
the Chernoff a.m. risk in the computed results is close to the nominal
a.m. risk. Analytically, the determination of general bounds on the
true a.m. risk would repay consideration, but has not been successfully

considered here.

6.2. Bounds on the 0.C. function. (based on Wald)

If
61+60 60+61
1- (- o - 2] e(le - ==
b = RN > = 6 +6 (6.2.1)
1-e(le - —5=D o( - o - 1)
and
1
g = 5 (6.2.2)
G
then for h(8) =h > 0, and when (3.1.2) holds,
1
hay 8 ehan -1
e -1 ) : .
e T S Lx (8) < T TeT using the notation of
n -n n n
e — Nge éee - e
Wald [22] and of 3.1, i.e.,
- -k (82-p2
_ha _ _hn(a%-%(62-62)) 5 e - e (ax=F (0100
3 = <L (8) < Ta o . (6.2.3)
e - n,e —n S e - e



Ln(e): -— For the lower bound, we replace
For the upper bound, we replace

Then, as in (3.3.9), let

a

+ %vn

132

by neehb in (3.3.11).

by seeha in (3.3.11).

o (a,0) = of n (8,+6,-26)}
- (6.2.4)
°_(a,0) = of—2—— - /n (6,+6,-20)}
/n(6,-0,) J
Similarly, defining ®+(b,e), ¢ (b,8), we get
”eehb 2 1
wb ha +(P08) T Ty % (88 7 (0 (a,0) - 2_(b,0)}
n.e -e n.e -e n.e -e
: 0 0
Ghb aeeha 1
S a0 s g %0 - g 08,0 F e iy 10.(2,0)
e =-0.e e -0 e : e -0 e
9 6 6
- @_(b’e)} ’
i.e.,
B aeeha 5
b ha w0 T g %80 5 19 (3,0 - 0 (b,0))
e ~0_ e e =§.e e -3¢ e
o 0 0
b seeha 1
< L0 = 55 2, (5,0) — g7 ¢, (8,0) + =57 {¢_(a,0)
e —Gee e —Gee e —Gee

- ¢ (b,0)} .
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The accuracy of these bounds is measured by their difference, viz.,

Seel
S5 - Ta. {¢_(a,0) - @_(b,G}} (6.2.6)
Ie -5 e |
e !
66—1
as compared with for the SPRT procedure.
hb ha
]e —Gee ]

Clearly, closer bounds are given in the PSPRT procedure, since
0 <¢ (a,8) - ¢ (b,8) < 1.

Further, ¢ (a,6) - ¢ (b,6) is decreasing in =n for all a, b, 6 and

6.+6
170
6,6, > 0, where h >0 = 6 < 5 Hence the bounds on Ln(e)
become closer as n . increases.
ha' 1 han
ho<0: - —=—8 <L () < Z_ e . (6.2.7)
hby haj ~ “x © hb] ha! ter
566 -e -n e —nee

So, for the lower bound of Ln(e), replace ehb by Geehb in (3.3.11),

and for the upper bound of Ln(e), replace eha by neeha in (3.3.11).

This leads to

hb
Gee eha 1
— b Ta ®+(b,9) -~ Ta ¢+(a,6) T {¢_(a,8) - ¢ _(b,0)}
§ e ~e § e -e § e -e
0 g 6
Seehb eha 69
$L(0) < g5 % (0.0) - T (80 g (0.(2,0)
Gee -e . Gee -e Gee -e

- ¢ (b,8) . . (6.2.8)
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The accuracy is again measured by the difference

Ge—l

hb ha
1P eh?|

{‘I’_(a,e) - @_(b,e)},
|8,

again decreasing as n increases.

Since we shall be largely concerned with the risk when (w, 1-w)
is the prior distribution on © = (60, el), the above bounds are of
interest when 6 = 60 or 61, when

} __oGh)
S, 5. e (6.2.9)

6.3. Bounds on the Average Sample Number.

Again, using Wald's bounds, and writing E, L for upper and lower

bounds of the 0.C. function, let

-t

_am L 9B
Ee Ale + ——=——¢(e)]
(6.3.1)
toe o~ - g 4+ 98)
Ee Al- 8 + @(—5)]
where B = 0 - %(6,+0,) .
Py (X)
Then if h < 0, and Z = log 572727’ with the notation of 3.1,
%
L, 0k + (L, (0))a L, (b + (L, (0))(arty)
E,(@ < E@lx,,0) - n< £ (D

(6.3.2)

whenever sampling is continued beyond stage n. (h < 0 = Ee(Z) > 0).
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So for the conditional test T(x ), if N >mn and h <0,
2. .

v T 1_ 1t 1 _ ' i
a, Pzn(e)(an bn Ee) I a, + EG LG(e)(aﬁ+€e bn)
< & (N|g) = .
Ee(Z) % Ee(Z)
Ee(Z) = - %hn2, so if N > n,
lower bound for
h t
Se—e ®n
. v o_ Wt o gt
E, (N]|8) x Ee(Z) is a/ T na' (a - b Eg) +m,
n §e D B

Geexp{nA(§n—6)+%nhA2}—eha
hb ha
e -e

= a- nA(En—e) + %nhp2 -

%

« (a-b - Eé) +n (6.3.3)

from (6.2.7).
Hence, integrating, the lower bound for En(Nle) is given by

an
eha
- 2 . ez ? =
n %hAz [J {a + %nhA< + s hb_ —ha (a-b Ee)}dF(Xn)
b" ee -
n
all
n
- nd J -(Xn - e)dF(xn)
b"
n
all
§ . (a=b-g') , ("
S ¢ Jrohd exp{nd(k_ - 0)}F(x)| , (6.3.4)
66e -e Y _
n -

where a;, b; are defined in (3.3.3).
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The integrals in (6.3.4) have been already evaluated in 3.3 and 3.4. Ve

get for h < 0

ha
2 : e
£ = £ ZnhA2 + ——e——— (a-b-£' -
E,W]6) = n+ l-la + Fuha® 4~ (ab )Mo, (2,0) - ¢, (b,0)}
0
Ge(a-b-ié)
+ %5 ta {¢_(a,0) - ¢ (b,6)}
Gee -e

+ jg% e A {eXP(—%(/E +-% Ynh)?2) - eXp(-%(/i +.% vnA)2)}]

nA nA
' (6.3.5)
Using a similar procedure, we get for h < 0, when N > n,
Ee(Z) x (upper bound for Egn(N|e)) is given by
ha'
al 4 -—2 " (a-b+E) (6.3.6)
n 0 hb! ha'l 0
s.e e B
8
and
- 2 eha
= < [~ LnhA2 + —————— (a-
En(Nle) n + e [-{a + £, + 4mha? + T (a-b+g ) He, (a,0)
8&
a—b+£e
Gee -e

B a fexp(B (B + B va)2) - exp(-H(E-+ X /a2y
Jﬁ;; : Jon 2 Jan 2

(6.3.7)

The accuracy of the approximation to En(Nle) in 3.4 when h(8) <0

can be measured by the difference
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ha
2 e :
En(Nle) - En(Nle) =7 [-{Ee + E—;FB:;EE (€e+€é)}{¢+(a,6) - 9, (b,0)}
6
(a-b)(1-6_) + £, + S ¢!
) ) 6°0
+ ] hb  ha {@_(a,e) - @_(b,e)}] °
g e
(6.3.8)

However, for comparison, a better measure of accuracy might be the

ratio

2{En(N|6) -E)

E (N|e)}

E (n|e) + E (x]6)
n -

If h > 0, we get for the conditional test T(x_)
X

1 _ ' T 1yt -1 Nt
LG(e)bn + (1 ;En(e))(an+€e) I an(e)(bnfﬁe) + (1 Pgn(e))an
- < E (N|9) <
Ey(2) X E,(2)
(6.3.9)

therefore

1 hay

~-e
Ee(z) x lower bound = a;k+ Eq = T et (a-b + ge) . (6.3.10)

ne %-e DI

)

So, for test Tn’ we get when h > 0

ha

E (NJe) = n+ ?27 [-{a+ g, + ¥nba2 + ;t%—_}; (a-b+g ) He, (a,0)
:

(a-b+E,)

- ®+(b,e)} +‘-—_Tﬁ;_7;; {¢_(a,8) - ¢_(b,8)}
n,e -e

:

¥R fexp(HR- + B AN - exp(-3(E-+ 3 /AT
" /o /b

(6.3.11)
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Similarly, for T(En)

!
. _ehan
= gl e @ (g -b - ¢
Ee(Z) x upper bound a T et (a-D ,Ee) (6.3.12)
n.e BPee o
)
and for test T , when h > O,
n
_ 2 eha
= — - L 2 4 =  (a-b-E! -
E (N[0) = n+ =55 [-la + 4mhs? + — g (a-b-£) He, (a,0) ¢, (b,6)}
nee -e
ng(a-b-£y)
+-ﬂ— {@_(a,e) - (P_(b,e)}
nge  -e

bR e r + 5 AN - exprE 4§ DY
V/nA %) (6.3.13)

The accuracy for h > 0 1is again measured by En(NIe) - En(Nle)

in a result similar to (6.3.8)

6.4, Numerical Results.

As one would expect, the bounds on Ln(e) and on En(Nle) narrow
as n increases, a reflection on the increasing probability of stopping
observations at stage n, as n increases, and since this event has a
probability whose value is known exactly, the information we have on the
0.C. function and on the ASN is correspondingly more complete.

The following tables show some of the results of numerical analysis.
One interesting case, when n = 1, gives bounds for a Wald SPRT pro-
cedure, and (6.2.6) shows that they are closer than those given by Wald.

However, the factor ¢ (a,6) - ¢_(b,6) is generally too close to 1 to
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be at all substantial. Only if a dis not too large, say a < 2, and
A not too small, say A = .5, 1is any noticeable improvement observed,
and Table 6.4.1 shows this for a =-b =2, A = 1. (The factor here,

for n=1, is
a b
o_(a,0) - 0_(b,6) = 0(F - &) - 07 - H) )

Comparing the difference in bounds in Table 6.4.1, the following

is of interest.

When 6 = 6, or 6 =28 f(e) - L(8) dimproves by .0055 in .07
and E(N|e) - E(N|6) dimproves by .196 in 2.485.

When ©

6, + (-)*A; i=0, 1, L(6) - L(B) improves by .0073 in
,143

and E(N|6) - E(N|e) dimproves by .450 in 8.823.



TABLE 6.4.1.

Bounds for 0.C. function and A.S.N.

a

_b=2’

in PSPRT and SPRT
61—90 =1
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n 6-04|L _(6) in(e) Difference En(Nle) En(Nle) Difference
SPRT: Wald's
Approximations| 1 |.0526 .1282 .0756 2.810 5.491 2.681
1 1 {.0550 .1251 .0701 2,902 5,387 2.485
5 1 1.0426 .0720 .0294 5.652 6.696 1.044
10 1 [.0217 .0337 .0120 [10.255 10.679 424
SPRT: Wald's
Approximations |.667(.2399 .3903 .1504 .900 10.173 9.273
1 .667.2434 .3865 .1431 1.122 9.945 8.823
5 .6671.2456 .3354 .0898 4,827 10.359 5.532
10 .,6671.2236 .2866 .0630 9.851 13.735 3.884
The difference in bounds drops noticeably as n increases.
TABLE 6.4.2.
Bounds in PSPRT; a = 4, b = -2.5, 6,-65 = .25

n |6-8y|L _(8) "L (8) Difference §n(N|e) En(N]e) Difference
1 .9829  .9862 .0033 76.34  83.80 7.46
50 .9834 .9864 .0030 87.12  92.49 5.37
1].083].8248 .8438 .0190 [127.39 159.00 31.61
50|.083].8233 .8410 L0177 |137.42 165.54 28.12
1].167|.3354 .3667 .0313 |148.28 187.68 39.40
50{.167|.3251 .3521 .0270 [157.03 192.38 35.35
1].25 |.0661 .0810 .0149 {110.67 120.57 9.90
50|.25 |.0569 .0673 .0104 |115.63 123.94 8.31




141

TABLE 6.4.3.

Bounds in PSPRT; a =4, b =-2.5, 6.-8 .50

n|6-6,|L (8) L (8) Diff.|E (N[e) E_(N|e) Diff.
1] 0 |.9827 .9887 .0060[19.05  22.96 3.91
15/ 0 ].9838 .9890 .0052/23.11  25.63 2.52

30/ 0 .9884 .9915 .,0031}33.99 35.31 1.32
1].167].8185 .8550 .0365[30.01 45,88 15.87
15/.167.8181 .8511 .0330|34.00 47.57 13.57

301.167|.8229 .8505 .0276(44.21 55,13 10.92
1).3331.3114 .3716 .0602{34.61 54.27 19.66
151.3337.3012 .3508 .0496(38.24 55.28 17.04
307.333(.2753 .3143 .0390}47.72 61.56 13.84
1;.500|.0541 .0812 .0271{27.55 32.58 5.03

15|.500|.0455 ,0625 .0170/29.61" 33.57 3.96
30{.500|.0284 .0371 .0107(37.69 40.03 2.34

With the same test boundaries a and b, but A double its value
in Table 6.4.2, Table 6.4.3 shows a more spectacular decrease in the
difference in bounds (proportionally) as n increases. For the 0.C.

function, the factor
®_(a,0) - 2_(b,0)
would suggest this to be so; for given a and n,

o(—2 - %/np)
VA

decreases as A increases.
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A final example illustrates how the upper bound - ?n(Nle) may de-
crease initially as n increases, before beginning to increase with n.

Also, the lower bound for the error probabilities may increase initially.

TABLE 6.4.4a.

Behavior of - En(Nle) as n increases. a=-b =3, 6,-06; = .50
’ n 1 5 15 30
6-6, =0 25.945| 25.935| 27.77| 36.44
6-6, = .333) 46.395| 46.350| 47.50| 54.64

TABLE 6.4.4b.

Upper bounds - an of error probabilities as n increases;

a=-=-b =3, 91—60 = ,50

l n 1 ] 5 15 30

la = En ,03176l .03180| .02857| .01909
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6.5. Bounds on the Risk of a P.S.P.R.T.

The bounds calculated earlier for the 0.C. function and ASN of a
PSPRT can be used to calculate bounds for the risk. Suppose C and

6, have prior probabilities w and 1-w; then for cost ¢ and unit

1

loss, the true risk lies between

w(l =L (8))) + (=L (8)) + ow E_(N[0y) + c(l-w) E (8]e,)
and

w(l - L (8,)) + (I-L_(8)) + cw E_(M|6)) + c(l-w) E_(¥]e,).

Of particular interest are bounds for the a.m. risk. The procedure
used earlier to yield the Chernoff nominal a.m. risk and the bounds
developed here will not give bounds for the true a.m. risk. All that is
known is that the Chernoff nominal a.m. risk is usually close to the
nominal a.m. risk produced by the iterative methods of Chapter II. The
tables below, therefore, give bounds for the risk when the boundaries

of the test procedure are those of (5.2.6), viz.,

o
]
'—l
(o]
ae
.
N
(o]
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so that a and b are given by

2¢
A2
2c
A2

1 -

log (iga) + log . (6.5.1)

These boundaries arise from the Chernoff nominal error probabil-
ities, and yield the Chernoff a.m. risk. The optimum value of n,
minimizing the approximate average excess is also shown for the case in

which (using the notation of Chapter V),

mn _
c I'(mn, c) and m = 25.
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TABLE 6.5.1.

~ T(mn,-%?), m= 25

Bounds on the Chernoff a.m. risk; w = %, c

n (Lower bound|Chernoff a.m. risk|Upper bound
A= ,5 1f .006231 .006495 .006856
c = .0001 25 .006269 .006518 .006860
a=-b=7.1301; 50 .006906 .007064 .007281
Optimum n = 13 | 100 .010406 .010443 .010494
A= .5 1] .04328 .04595 .04973
c = .001 15 .04366 .04615 .04970
g = -b = 4.8203] 25 .04575 04775 .05059
Optimum n = 8 50 .05889 .05980 .06109
100 .10162 .10178 .10202
A= .5 1} .2144 . 2441 .2907
¢ = .01 5 .2170 . 2452 .2892
a=-b = 2.4423} 10 .2319 . 2547 .2903
Optimum n = 3 15 . 2557 .2736 .3017
25 .3196 .3309 .3486
A= ,25 1y .02087 .02146 .02215
c = .0001 100 .02130 .02180 .02239
a=-b = 5,74141 200 .02519 .02544 .02575
Optimum n = 33 | 300 .03651 .03659 .03668
A= ,25 1 .1281 .1341 1422
c = .001 25 .1283 .1342 L1421
a =-b = 3.4095; 50 .1314 .1366 L1434
Optimum n = 16 | 150 .1814 .1834 .1861
250 . 2626 .2634 . 2644
A= .25 1p .2990 . 4068 .5247
¢c = .01 10 .3582 .4256 .4992
a=-b.= ,7538 15 .3922 <4476 .5082
Optimum rn = 3 25 . 4628 .5040 .5491
50 .6566 .6814 .7084
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The above data show:

i) The bounds are proportionally closer when n is larger,
for any given cost.

ii) The difference narrows considerably as n increases,
and becomes very narrow as the risk - cn. ' This is to be expected,
because as the contribution from the term cn begins to dominate, the
information on the ASN becomes correspondingly more complete.

iii) The upper bound for the risk again decreases initially
as n increases, in many instances; this is reflected in similar
behavior noted earlier in upper bounds for the ASN.

iv) The (approximate) optimal values of n minimizing the
average excess risk for unknown cost generally are such that the bounds
above have not altered substantially beyond their values for n = 1;

a slight sharpening of bounds is all that seems possible to claim.

This last point is perhaps important. The approximate optimal
values of n for minimizing average excess are those found earlier in
Chapter V using approximate methods, for m = 25, where the cost has a
Gamma distribution. Since the optimal n values did not appear to vary
much with m, the choice of m is not too crucial. It seems intuitive,
however, that the optimal n would lie in the range of n for which
the risk function does not begin to increase markedly. Consequently,
the PSPRT bounds for the true risk when the cost is unknown are not
going to be much narrower than for a Wald SPRT with the same test

boundaries, except in cases noted earlier (i.e., a =-b <2, A 2.5,

say) .



CHAPTER VII

A MULTIVARIATE EXTENSION OF A SEQUENTIAL DISCRIMINATION PROCEDURE

7.1. Introduction.

In this chapter, we shall extend a procedure developed by Baker [3]
and Hall [9] as a sequential analog of Stein's two-stage test [17] of
hypotheses about the mean of a normal population with unknown variance
and given bounds on the error probabilities. The notation is based on
Hall's, and hence differs from that used in earlier chapters.

Let p and o2 be the mean and variance of the population re-

spectively, both unknown. We wish to test the composite hypotheses

v
>
\Y4
'CD
Q
\'

(]

vs H : u

with error probabilities bounded above by o and B. When no bound on
o 1is known, a fixed sample-size test does not exist, and the sequential
t-test may be unsatisfactory because Hl has to be stated in s.d. units,
u = é8o.

In Hall's test procedure T, a first stage estimates o2 as in

Stein's two-stage test, but sampling then proceeds one observation at a

time. The procedure relates closely to that of Baker [3]; compared with
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results by Stein's procedure, savings are possible in the ASN of T.
Hall obtained a sequence of upper and lower bounds on both the 0.C.
function and the ASN of T.

The extension discussed in this chapter is to the case of a multi-
normal population in which the covariance matrix V is known except
for a scalar multiplier. When V is generally unknown, the sequential
T2-test can be used, but no approximations to the OC function or to the
ASN exist. (See Jackson and Bradley, 1961 [10].)

Suppose X +«. are independent p x 1 random vectors,

Ny o
multinormally distributed with common mean p and variance-covariance
matrix V, and it is known that either u = By or y=u,. If V is

known, then Wald's SPRT can be applied as follows:

Let z, = X - %(_lf_o) , then
N -1
if log B = b < (ifl 2)'V " (u-u)) <a = log A,

take a further observation;

N -1

if (z 2)'V (u=ny) <b,
i=1

assign to population with mean Hgs
N -1

if (2 2)'V -y > a2,
, i
i=1

assign to population with mean b o

Frequently the elements of V are not known in full, and here we
consider the case in which it is known that V= AXO, where XO is
known, but the positive scalar A is replaced by an estimator Q
based on m observations. These m observations come either from the

first stage of the procedure or from a previous experiment.
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The above SPRT procedure is then carried out with V replaced by
xzo. a and b are replaced by quantaties such that the error proba-
bilities are bounded by required values,

The properties of this test, as well as the procedure itself, are
almost identical with those of Hall's in the univariate case, in which
the variance 02 is replaced by an estimator s2. The 0.C. function
has the same form, provided u = 6u, + (1~8)p,, and for the multi-
normal problem, h(u) = - 2(6-%). The approximations to the 0.C.
function and to the A.S.N. function are then notationally the same as
those demonstrated by Hall and Baker, except that we have pv (or pf)
degrees of freedom instead of v (or f£f), & being based on v (or
f) degrees of freedom. Baker's and Hall's tables can be used with this
modification.

In 7.2, the test procedure is presented, and in 7.3 and 7.4 the
0.C. function and ASN approximations are discussed.

It should be stated that Hall's and Baker's procedures apply
whether the estimate s2 of the variance o2 is based upon a previous
experiment or upon the first m observations of a two-stage test. In
the latter case, however, it should be pointed out that not all the in-
formation is used, since Hall's approximations assume that the test dies
not terminate with the first stage. If it does so terminate after m
observations, it would seem appropriate to study an analog of the PSPRT
procedure of Chapter III, replacing o2 by s2. A discussion of this
possibility is presented in 7.35.

In the sequel, some familiarity with the notation and content of

Sections 1-5 of Hall's paper will be assumed.
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7.2. The Test Procedure,

With the above notation, the maximum likelihood estimator of A

based on m observations is

A 1 0 =\ ol
= - vy --F

A RS- i O e i OF (7.2.1)

i=1
1 ®
where X = = ¢ X, .

2 m oL Ry

i=1
Now

m m
IV & = 2 @DV E D+ @ 'Y Ew

i=1 i=1
i.e., in terms of distributions, Xép = X;(m—l) + Xg R (7.2.2)
with the components on the right independent, so that %? ﬁ ~ X;(m—l) .
A -1 ‘
Hence E) = =y,
m
We shall use the unbiased estimator
A m §
A = E:— (7.2-3)
10 1
p(m-1) .Z « (—}Si X) _Yo Q(_i X) (7.2.4)
i=1

which is distributed as a -% x% variable, with

v = pm-1) . (7.2.5)

(In the univariate case, v = m-1l, as used by Hall.)
Using Hall's notation, let T be the test based on the SPRT for

known V described in 7.1, but with V = AV, replaced by QZO
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So, if
n n n
Zz = I z, = I x -3@+L), (7.2.6)
—n 4=1 * 1=1 =i 2 } 0
let
N T
r (A) = ﬁ gn'y Qil-Eo)’ (7.2.7)

A

Then T is: stop and accept H, (decision do) if rn(ﬁ) bm = 1ogBm
. A
stop and accept H; (deeision dl) if rn(A) 2 a = 1ogAm
otherwise continue sampling.
Analogous to Hall's T(s, o), define T(Q, A) as the conditional
SPRT of My Vs u,, given ﬁ and A, with bpoundaries
a = logA = b = log Bm = bm-x ;

- 0 am'x , n (7.2.8)

then it is seen that we decide according as

b > 3 ¢ >
rn(A) < bm or rn(A) za; nzm,

A
A A

and since rn(A) =-% rn(A), decisions based on T(A, A) and on T are

the same if ﬁ is computed from the first m observations and n = m.

Hence

E Pr{di from test T(ﬁ,k)[ﬁ, A, ul = Pr{di from test T]A, u} .

(7.2.9)

But using Wald's bounds on the error probabilities,

1

Pf{dl from test T(&,A)Iﬁ, As 4 = M exp (-~ am-x)

(7.2.10)

A - A
Pr{d0 from test T(A,A)IQ, Ay 4= Hd} < Bm = exp(bm-x ).
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. -
Hence, since E(exﬁ(tx%)) = (1-2t) 2v,

we get
A A
E Pr{d, from test TN A, Ay u = EO} < E exp(- a Q/A)
2a
f.e. < (L4 D7V
v
< a
if a = %v(a_z/v -1
(7.2.11)
= (- log w1+ 14 o) .
Similarly
E Pr{d, from T A, u = n <8
i€ b= vl - g2V
(7.2.12)

= - (- log B)[1 + =22 4 o]

We shall demonstrate shortly that the bounds o and 8 above also

hold for the composite hypotheses

IN
(@]

.
HO' u

1., -
Hl‘ u =0y, + (1 e)go, ]

by, + (1-8)py, ©

v
=

7.3. The 0.C. Function.

We first point out that, in this multivariate problem, the form of

the 0.C. Function, neglecting excess over the boundaries, is given by
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L(e)

Pr{d0 from T(&,A)|ﬁ, Ay ul}

Km—l
& (h ¥ 0) (7.3.1)

A
m m

fi2

for the conditional test, given ﬁ and X; and for = QHO + (1—6)31,
there exists h = h(u) = - 2(6-%) such that (7.3.1) is satisfied. We
also remark that L(8) 1is monotonic decreasing in 6, so that bounds
o and B hold on error probabilities for Hé and Hi respectively,

as stated earlier. So

Pr{d, from T|A, u} <o for all 6 <0, u = Bu, + (1—6)34‘

(7.3.2)
QBO + (1—6151

Pr{d0 from T|A, u} <8 for all & 1,

Successive upper and lower bounds on the 0.C. function Pr{dolkzu} of

test T follow as in Hall's paper. Taking expectations in (7.3.1),

1 - exp(—aﬁP ﬁ/k)

Pr{dOJA, u} = Ef ] if h >0, i.e., if 0 < %

1 - exp{- (am—bm)h Q/A}

oo

EL(L- exp(- a_ M) {2 exp(- r(a -b ) 8/x )}

n

r=0
2a 2(a_-b )
= 1- (l+—v—mh)_%"+ (1 + —B Ty~
2(2a_-b_) 2(2a ~2b_)
_(l+____'___E‘_m_h>_2\)+(l+ m m h);g’\)_““
v v
(7.3.3)
= 1 - (-btho 2R & (leonrng 2+ ngm2 V)RV ’
(7.3.4)

using (7.2.11) and (7.2.12).
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These results are notationally Hall's, with h and v appropriate
to the multivariate problem being considered (his equations (9)). If
h < 0, Hall's equations (10) apply, and if B = o, partial sums again
give successive upper and lower bounds in the result (Hall's (11))

(o]

™~

Prid [, 3} - DT 1+ efn]a Y - 17, (7.3.5)

r=0

where j =0 if 6 <%, and j =1 1if 0 > %.

Case h =0, (i.e., 6 =%). For this case, p=%5W +p). We

evaluate in (7.3.1)

exp(amh Q/A) -1

1im Prid |}, 2, w lim . :
b0 0 h > o exp(ah AN exp(b_h X/N)

a exp(a h Q/k)
= lim = I ’
h > 0 aexp(ah Ay - bmexp(bmh AN

using L'H6pital's rule,

= — 0 (7.3.6)

These results are independent of ﬁ, and hold therefore for the 0.C.
function of T., i.e., for Pr{dy|Ar, u} .

Hall illustrates the rapid convergence of the series (7.3.5) when
a =8 = .05 and m= 16, 31. His remarks apply here, as does the

table, modified in terms of 6.
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7.4. The A.S.N.

Again, we follow Hall's method. Under certain conditions, Wald's

Equation

N
ECZ Y) = E(¥) EW)

holds for a sequence Yl’ Y ‘e of i.i.d. random variables. A

2’
simple extension gives the same result for multivariate variables, where

each ''observation'" covers p characters.

Z ces is a sequence of independent p x 1 ran-

LEMMA 7.1. a) 2, Z,,

13

dom vectors.

1 = Fos)
b) If z!=1[2,,2,, ... zpl], then E|zil| < o,

¢) N is a positive integer-valued r.v. and

i) the event {N < j} and Z, are independent if

%
j <k,
ii) E(N) < «,
N
Then E( = Zk) = E(N) E(gl) .
k=1

Following Johnson's method [11], the proof consists in applying the

univariate result to each component of 2Z;.

n
Then from (7.2.6), where 7Z = I =z, ,
“n =
i=1
-1
Ern()\) = (ﬁl_}i)'go EZ
A
-1
= _ '
= @r)'Y E(@) EW

(um) 'Y - F Q) EQD

- B EN) - () 'V () (7.4.1)



Again, using conditional expectations, and following Hall's

approach,

E rN(A)

E(rNIA)

[t

R

R

ELE(e, () [ D]

[

El T ElnW |8, 43 pree, |
i=0 N

Ela, /2 Pra [ +b_ A Pr(d D7 ,

]

A -
since E[rN(A)IA,dl] = g a Q/A

m

Y

b
m

and  E[ry()|%,4,] b A/,
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neglecting excess over the boundaries. Hence if

h >0,

a, = (a,-b DELAR/MPr(e DT,

a - (a-b )E[A/A {1 - exp(- a A/A )}

) {rEO exp(- r(a_-b ) Y mi,

using Wald's approximation

exp(amh Q/A) -1

A
Pr(dy|x, A, w = - - .
exp(amh A/K)—exp(bmh Q/A)

(7.4.2)
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. Hence

E(ryln) = & - (a-b)[E /A - E(A/A exp(- a_ A/2 n))
+ E{3/ exp(-(a _-b_) A2 n)Y - E(XA exp(~(2a_-b ) 82 m)}
+ E{A/n exp(- 2(a_-b_) Yamy - ...,

-1-%
(1+2t) " 2V,

1

and since E[(x%/v) exp(- tx%/v)]

-1-%
E(rgld) = a - (a-b)lv/v - (1+2-2977 4 142 —n_m,
(2a -b )h
S (L2 —R W R

ah (a_-b )h
. - _m -1k _m w1y
= b+ (a-b)[(1+2-) (1+ 2 =)
(2a_-b )h (a -b )h
FL 2 — BT gy g BT

. ' (7.4.3)

Combining with (7.3.1), we obtain for h > 0,

E(N) - (ﬁl‘lo)'y_"l(ul-uo) % AT "}v{ 02V 4 g2/ _ 2.
S [(L + h(u'Z/V _ l))—l-%v
L A
+ (1 +n(20 2V 4 TRV gy
(7.4.4)

which on the right is Hall's (16), and gives successive upper and lower
bounds on the ASN of T. For h < 0, interchange a and bm in

. (7.4.3) and put -h for h; in (7.4.4) interchange o and B. With
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the same notation as in (7.3.5), a =8 in (7.4.4) leads to

o

EW) - (Eltgo)'Yfl(giigo) S qiir W2V -2 o0

r=1

+ a2 - YT, ndo. (7.4.5)

These approximations involve the unknown A. At pu = My and u = By

(i.e., 6=0 and 6 = 1), we can use bounds

pr{d, from TR, (%, A, u) <=

Ap

exp (- a Q/A)

Pr{d, from T(Q,A)IQ, A,_El} < Em exp(b_ 2N

Since

Exg) = b+ (a-b)E[A/N) prid, from (A, [%, 2, p 11,

(7.4.1) gives for h =1 at PR

E) ¢ (upmwg) 'V () > -2b - 2(a b IE[GR/Mexp(- 2 8/0)1]

f.e., s BTV 1 -+ 872V2IV L 9421y,

(7.4.6)

2/v 2/v

and > vla -1-2a(1l~0a“"")] 4if B = q.

(7.4.7)

If u=y,, then 6 =1 and h = -1; then we get (7.4.6) with o and

8 dinterchanged.
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There remains the special case E_=,%(Elfgo), where h = 0. We

consider

E E{[rN(A)]ZIN = n}

(L/ADE E(2! V'

where E Zn =0 4if u =%, +u,). Now

_1 n -1 n n -1
{z)v, (uy-n) 2 = I {2V, (uy-up) 3% + T I oz Vo (uymug)e
i=1 =1 j=1
it]

-1
. ' —
EJ —Y-OA (il_l Eo)‘

Given N =n, the second sum has zero expectation, by the inde-

pendence of 2z, and z
2 z

j’
. . . . 1y~ L -
for given n, the distribution of Eizo QEl-EO) is

and since h = 0 dimplies EEi = 0. Also,

-1
N(O, ACu,-py) 'Y, (4,714)). Hence
n -1 -1
2 1{Ei10 (23000 12 ~ M(uy-mg) "V ()]
1= )

with expected value nk(glfgo)'ygl(glﬁgo). Hence

E[{r () }2[h = 0] = EM|h = 0)(1/A) (=) 'V (uymitg)- (7.4.8)



Again,

E[{rN(A)}ZIh

E[{rN(A)}2|h

Hence

E(N|h = 0) -

=0]

= 0]

El
3

I ™=

R

1]

a? E
m

R

-1
- |
(u=pe) 'V (u

E[E{rN(A)}2|h =0, A]

0
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A

El{r,()12]4, 4,1Pr(d, from 0%, 0l

if h = 0; and since

2
=a]
g~

]

E[xZO0 (4, 4] ®_3/12,

[
]

A
(am }\/)\)2,

4
mi

Ex200 |4, 4]

a2 E(2/)) - (a2 -b2)EMR/22 Pr(d; from T, 0[A0]

a
m

(xg/v?) = (a2-b2) —Z—— E(x}/v?),
m m

using (7.3.6) at h = 0; so that

- ambm(l + 2/v). (7.4.9)

?

RIS N CRACIEN AR W VDR
(7.4.10)

and if B = o,

o2 2 C 12 @ 2. (7.4010)

14
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7.5. Suggestions for Further Research.

We return to the univariate problem of Hall's paper, where the in-

=R T
™M

formation arising from the statistic im = X, at the m—-th observa-

i=1

tion is not fully taken into consideration.
Suppose that the PSPRT procedure of Chapter III (in which n is
here replaced by m) is modified when the variance is unknown, so that

o2 is replaced by s?. The test procedure Tm is now as follows:

e~

if rn(s) = A (xi -%\)/s?2 , nzm, (7.5.1)

i=1

i <
H i . 2

continue sampling if bm < rn(s) < a .

Let Tm(sz, im) be the conditional test given the first m obser-
vations. This will depend on (Xl’ Koy eony xm) only through the
sufficient statistics §m and s2. Then (cf. (3.1.1), (3.1.7), (3.3.3)

T (s?2, x ) is as follows:
m m

mAx 2
) o _ m , mA
if am am -2 + :;—
\ (7.5.2)
mAX 2
_— _ mA
b bIn ") + —;5
J
% = - *
rn(s) rn(s) rm(s), (7.5.3)

- . & 1
stop and accept Hy if rn(s) < bm’
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stop and accept H, if rg(s) = aé,
continue sampling if b% < rg(s) < aé .
If the inequality
b% <0 < a&
does not hold then we decide on the m observations of the first stage.

If a% <0, H; is accepted; if b% >0, H, is accepted.

This analog of the PSPRT seems appropriate, since the probability,
given 02, that observations terminate with the first stage, can be
exactly determined, and we have thus more information on the 0.C. func-
tion and ASN.

Let T (82, X , 62) be the SPRT based upon the first stage, with
m m

known o, defined by:

if a' = a' s2/02
m m
(7.5.4)
B' = b' s2/g2
m m
. ]
stop and accept Hy if rg(c) < bm
[ i * > a'
stop and accept H, if rn(0)>_ a -

1f E& <0 < 5& does not hold, stop and decide at the end of the
first stage as in Tm(sz, Em); otherwise continue sampling.
It can be noted that T (s2, X, 02) dis the same as T(x ) of
m m —m

3.3., with boundaries amsz/o2 and bmszlc2 for the unconditional test.
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Further, since t*(0) = r*(s) + s2/0%, T (s?, X, 02) has the
n n m m
same decision rule at each stage as does Tm(sz, Em).

The 0.C. function of Tm is given by

L(u|0) = € EPr{accept H0 from Tm(sz, §m, 02)|52, §m’ o2, ul} ,

(7.5.5)

where expectations are taken w.r.t. the distributions of the independent

statistics - im and s2.

I.e., L(u|o) E E L(uls?, §m’ o), say, where

(
1 if r*(o) < b
m m

J 1- exp(haé)

R

L(u|s?, §m, o) — if Em < rﬁ(o) < 5% .
_ ]
exp(hbm) exp(ham) (7.5.6)

0 otherwise

\
Then in (3.3.7), we replace a by as?/c?, b by bs2/02, and n by

m/c? to get

1 bs?2 /ahA
- hbs?/02)o(—=— + — =
Luo) [exp(hbsz/cz) - exp(has?/0?) texp(hbs /OV)Q(/EbA 20 )
2 Jmha as?  YmhA
- exp(has?/02)0(-B— + 222 ) + o " T35
2
_pebst _ Ymhay (7.5.7)

moA 2o

where expectations are taken over the distribution of s,
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In this form (7.5.7) is unlikely to lead to an infinite series of
the form of Hall's equations (9), but further research on this approach
using bounds on the normal c.d.f. might yield results extending Hall's
procedure to the case in which the test terminateé with the first stage.

The same approach may well be applied to the ASN.
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APPENDIX I

LEMMA A.l. Let Tis T ... be a sequence of approximations to the

2,
root m% of the equation

1 1-7 1-27

¢(m) = p— - 2 log T T(1=1) = 0,

such that
] _ . ¢(m )
= -
nt+l n ¢ (ﬂn)

If, for some k 2 1,

T =0 = 02(1 + 2 log p) + 0(p3 log p) > 0

where p 1is small, then for every n > Kk, ™ has the same form

as m .
k

PROOF: [7ys m,5 ... are obtained by the Newton-Raphson process of
iteration. The condition e > 0 follows from monotonicity of
¢ from -~ to -+~ for 7 in (0,1), and as shown in 2.2, if

m, < 0, a new first approximation T would be chosen. If LIS 0,

however, rapid convergence follows (see Fig. 2.2.2).]
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By induction, assume true for ™
Then

1-7 1-27
n

= - ]
ﬂn(l-ﬂn)

— f2(1om Y211 _
L ™ {ﬂn(l ﬂn) }[p 2 log

p - p2(1+21logp) - {p - p2(1+21ogp) }2{1 - p + p2(1+2logp)}2

- 2
l—p+p2(1+210gp) ) 1 - 20 + 2p4(1 + 2 log p)

p—p2 (142 log o) {p—p2(1+210gp)}{l~p+p2(l+210gp)}]

1
e [==21
[p og(
+ O(p3 log p)

= p = p2(L+ 2 log p) - {p2 + 0(p3)}1 - 2p + 0(p2)}

2
l+f:;(l+210gp)

(2=02(1+210gp) p2-p+202+0(p®) ]
1-p (1+21logp)

02 + 0(pd)

- 210g{(l;p)

+ 0(p3 log p)

o - p?(1+2logp) - p?(-2logp+2logp+2p-20+0(p)) + 0(p3logp)

p - p2(L + 2 log p) + 0(p3 log p) ,

which is of the same form.

Q.E.D.
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APPENDIX II

ON CHOOSING A SUITABLE ESTIMATOR OF COST

The choice of a PSPRT procedure in Chapter V is based largely on
mathematical convenience, as 1s the choice of En as a suitable esti-
mator. Research into the choice of a "best" estimator, in some sense,
has not been done, to the writer's knowledge. The following approach
may be useful.

We consider a class of test procedures between two simple hypoth-
eses H,; and H; about the parameter 6, where the i.i.d. sequence of
r.v's X, X5, . 1s indexed by 6. To distinguish the present prob-

lem from that of the tests based on X5 X we refer to "cost -

03t

loss" and "cost-risk'.

The cost-loss refers to incorrect use of an estimator cn of the
cost per observation ¢, where c is a function of the observed cost

~

on the first =n individuals, i.e., c is a function of
Cys Cps +ees C o
Using the notation of 5.2, let R(w, n, c]c) be the a.m. risk in

a class of test procedures, each procedure being well~defined when w,

n and c¢ are given. Define the cost loss to be

L(Enlc) = R(w, n, Enlc) - R(w, n, cle) . (A.2.1)
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Thus the cost-loss is the exéess, as for example, in (5.3.8).
Ideally, the estimator Zn should be chosen to minimize EL(anc),
averaged over the distribution of En; but ¢ dis unknown.

However, if we can postulate a prior distribution £ for ¢, then

~

we try to choose ¢, to minimize the cost~risk

r(a)(gn) =/ J L(c le) dF (e ) dE(c)

where the integrals are assumed to exist, and the conditions for Fubini's
theorem are assumed to apply. Then, effectively, we try to minimize the
posterior cost-risk of ¢ over the posterior distribution of ¢,

~

given Zn' This may lead to a Bayes estimator . of the true cost.
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