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Post buckling of structures upon the effects of inertia
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The computation of post buckling of structure is considered nowadays as a 
solved problems. At least in the case of elastic post-buckling. The object of 
this paper is mainly to discuss that point and to show, from the physical 
point of view, and also from numerical simulations that the inertial effects 
cannot be omitted when one wants to predict the post buckling behaviour 
of a structure.

1. INTRODUCTION

Let us consider a structure loaded slowly by a load A. We suppose that 
there is only one load parameter A. It buckles at the load level Ac. What 
is the post buckling behaviour of such a structure, just after the load A 
has reached the value Ac ?

2. QUASI STATIC POST BUCKLING METHODS

All methods for computing a static post-buckling behavior assume that the 
load F depends on a single parameter A, called the load factor. That hypo­
thesis can be written as :
(1) F = A FoOne has to add to the equilibrium equations a certain type of constraint.

2.1 Different types of constraints

The equilibrium equations written on the deformed configuration are for the 
load factor A.
(2) BT a = AFO

B being the divergence operator written on the present configuration 
a being the Cauchy stress tensor of this configuration

The incremental methods consists in computing the actual configuration C 
and the Cauchy stress tensor a by increasing the load factor A step by step 
[2]. All these methods fail to convergence near limit points or the bifurca­
tion points.
To overcome this problem the general method is to add to eq. (2) the 
constraints :
(3) f(U, A, Aa, Fo) = 0
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U being the displacement field
A the load factor
△a a control parameter
Fo the load vector

Constraints associated with the well known Rik’s method [3] are written 
as :
(4) f = A (A - A^ + U . Au - Aa = 0

A is the gradient of load factor, and Uis the gradient of displace­
ment vector.
The constraint associated with the method proposed by BATOZ and DHATT 
[5] can be written :
(5) f = AXU8+ AUN - Aa = 0
This is the well known imposed displacement method. It means that the 
component q of the total incremental displacement is controlled, U° being 
the elastic linear displacement, UNL being the non linear part of the displa­
cement.
STEIN [6] has imposed a constraint on the increment of external work.
(6) f = (AA Uo + AUNL) Fo - Aa = 0
CRISTFIELD [4] has proposed the same type of method which has been 
used in CASTEM codes [7].
(7) f = (AA Uo + AUNL) . Uj - Aa = 0 

or

(8) t f = (AAU0 + AUNL)1, . (AAU0 + AUNL) - Aa = 0

< (Uj, (AXU, + AUNL))
1 with -------------------------------  > - 1
I || Ui || || AAU0 + AUN

Eq (7) means that the projection of the increment of the total displace­
ment vector AU on some vector (for instance the previous total displace­
ment increment) is controlled in this form (eq. (7)) the method is a lineari­
sation of the Rik’s method.
In the form of eq. (30) the length of the displacement increment is 
controlled. The second condition avoids to return to the previous point of 
the load displacement curve.

3. DYNAMIC POST BUCKLING/

This consist in computing the post buckling into account the inertial effects.

4. EXAMPLES AND DISCUSSION

We shall now compare on examples the static and dynamic post buckling 
prediction and show that they are rather different.

4.1 Example of the cylinder under external pressure.

We consider a thin rather short cylinder whose perfect geometry is given 
on figure 1.
The Young’s modulus is E = 195 000 MPa. The Poisson’s ratio is v = 0.3. 
The stress strain curve is given on Table 1. It is loaded by a uniform 
external pressure. It is clamped at its base.

576



The elastic bifurcation pressure is 0.04 MPa. The associated Fourier mode is 
14. We choose two initial non axisymmetric imperfections which are on 
Fourier mode 14 but whose amplitude 80 are either one tenth of the thick­
ness or one time the thickness. It is meshed with eleven COMU element 
with response mode 0, 14, 28, 42 and 56. The imperfect structure is shown 
on figure 2.
The second imperfect structure (with the large imperfection) has a stable 
post-buckling behaviour and static and dynamic analysis give the same dis­
placement pressure curve as can be observed from figure 3 which shows the 
displacement of two points A and B at an altitude of 0.5 m and at an 
angle of 0 and 11/14 (see figure 4).
We observe that the imperfect structure has a relatively large increase in 
the displacement at a pression of 0.02 MPa because of appearance of plas­
tic hinges and finally collapses at a pressure of 0.06 MPa.
The imperfect structure with a small imperfection is analysed with Riks 
method. It has an unstable behaviour at an external pressure of about 
0.034 MPa and a final collapse at a pressure of 0.06 MPa. The first insta­
bility is still in the elastic domain and plasticity occurs in the post-buck­
ling path. Figure 5 gives the displacement of points A and B (experimental 
buckling pressure : 0.032 MPa).
The same analysis is performed taking into account the inertial effects and 
making the hypothesis that the external pressure is maintained constant 
during the post-buckling we obtain for the displacement of point A and B 
the curve on figure 6. By comparing these two curves we can deduce that 
the final shape associated with the dynamic analysis with maintained loads 
is much more deformed that the shape obtained with the static analysis. 
The buckling pressure is the same (0.034 MPa) but small vibrations just 
before buckling can be observed in the computation as it has been observed 
in experimental recording with a high speed camera.
In fact each of these two analyses correspond to the following extreme ex­
ternal loading situation : the first (static analysis) corresponds to a displa­
cement controlled post-buckling whereas the second (dynamic) correspond to 
a load controlled post-buckling. The two loading systems are shematised on 
figure 7. An experimental system is somewhere in between and the obser­
ved experimental shapes are also somewhere in between.

4.2 Examples of the cylinder under axial compression. Axisymmetric post 
buckling (for more details see [8])

The cylinder has a radius of 75 10-3 m, an eight of 150 10"3 m, and a 
thickness of 595 10-6 m. It is clamped at its base and submitted to an 
imposed displacement at its top. The mesh consist of 100 regular axisym­
metric shell elements. The conventional yield stress is 142 MPa. The densi­
ty is 7.8103 Kg/m3. The Young’s modulus is 82000 MPa, the Poisson’s ratio 
0.3. The figure 8 shows the comparison between the static and the dynamic 
post-buckling load deflection curve. The maximum load is the same in the 
dynamic and in the static case. The dynamic and static post buckling beha­
viour are rather different. The difference is also well represented on figure 
9 where are drawn the deformed post buckled shape. The main point is 
that the static post buckled shape has two buckles when the dynamic one 
has only one buckle. The comparison with the experimental evidence shows 
that the dynamic simulation gives a better agreement. Figure 10 gives the 
post buckling shape.
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4.3 Hemi-sphere under external pressure [9]

An hemi-sphere under external pressure has been computed with different 
types of constraints and also compared with dynamic analysis.
The sphere has a radius of 0.5 m and a mean thickness of 0.8 10-3 m. The 
material has the- following properties :
Youngs’ modulus is 227 000 MPa, the Poisson’s ratio is 0.3, the density is 
7800 kg/m3. The proportional yield stresses is Y = 284 MPa. Figure 11 
shows the comparison between two methods of post buckling and dynamic 
post buckling. There is a discripency between these three results. On this 
curve is drown the vertical deflection of the sphere in function of the 
external pressure.

5. CONCLUSION

It has been shown that the inertial effects have a great influence on the 
post buckled shape. The prediction of the final shape has to take into 
account the inertial effects.
They also have to take into account a good model of the system of appli­
cation of the loads (imposed loads or imposed displacement type of loading). 
The classical post buckling strategies are to be used with care because of 
the inertial effects, that are always present if there is an unstable post 
buckling.
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Figure 2 : Imperfect initial shapes

579



Figure 3 : Static and dynamic post buckling 
Large initial imperfection So/e = 1.
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Figure 4 : Location of points A and B
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Figure 5 : Small imperfection So/e = 0.1. Static post buckling
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Figure 6 : Small imperfection So/e = 0.1. Dynamic post buckling
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Figure 8 Comparison of global load deflection curve
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Figure 11 : Load deflection curve at the top of the hemisphere
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