ABSTRACT

LI, WUYUAN. Fundamental Limits of Estimation Using Arbitrary Compact Arrays.
(Under the direction of Dr. Brian L. Hughes.)

Antenna arrays play a central role in a wide variety of important estimation problems.
Most existing literatures on array signal processing focus on conventional arrays, where
antennas are separated by a relatively large distance so that they are uncoupled. While
such arrays usually have good estimation accuracy and are easy to design, they may
be too large for platforms with size limitations, such as cellular handsets and wireless
sensor nodes. Instead, deploying multiple antennas on such platforms requires placing
antennas close together, which can cause interactions among the elements. Such interac-
tions can profoundly impact received power and estimation error. Moreover, estimation
performance depends not only on the properties of the array, but also on aspects of the
receiver front-end, such as antenna impedance matching, amplifier properties, and the
dominant sources of noise. Although many prior works have studied the performance of
compact arrays from different perspectives, to the best of our knowledge, no one has yet
considered the impact of impedance matching on the performance of estimators using
physical models of observation noise. Besides studying the performance of any given ar-
rays, perhaps a more interesting yet challenging question to ask is how the properties of
the array itself changes the estimation accuracy, which very few papers have looked into.

In this dissertation, we investigate three aspects of multiple antennas receiver design.
Firstly, we consider a general class of Bayesian and non-Bayesian estimation problems, in
which the signal of interest is observed through a sensor front-end consisting of coupled
antennas, an impedance matching network, amplifiers, and physical noise sources. We

derive the Fisher information associated with each problem and prove that one kind of



matching network is universally optimal for all estimation problems in the class. Secondly,
we consider the general problem of estimating the parameters of an incident Gaussian
electromagnetic field using a sensor array that observes the field through the currents
in an arbitrary conductor. We characterize the maximum Fisher information that can
be achieved with this array and derive conditions under which the upper bound can be
attained. Lastly, we study properties of the antenna conductor itself and show how the
size and shape of the conductor impact the estimation accuracy. We apply our results to
square and spherical conductors to demonstrate how the Fisher information increases with
the antenna size. We further study the performance of several widely-studied compact
arrays and evaluate their efficiency in observing the information contained in the spaces

they occupy.
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Chapter 1

INTRODUCTION

For decades, antenna arrays have been used in a series of real-world estimation prob-
lems like radar, astronomy, seismology, and medical diagnosis and treatment [1,2]. The
radio signals collected by array elements are usually jointly considered to enable accu-
rate temporal or spatial parameter estimation. One typical example of early algorithms
used in array signal processing is beamforming, which performs spatial filtering to sep-
arate signals coming from different directions [3]. Later, more complex subspace-based
approaches such as MUSIC and its variations have been proposed to obtain information
about multiple targets or multipath channels [4,5].

Besides estimation applications, researches on wireless communications show that ar-
rays can also increase achievable data rates under multipath channels, especially when
both the transmitter and receiver are equipped with multiple antennas [6,7]. This is usu-
ally refereed as Multiple-Input, Multiple-Output (MIMO) techniques, and has become
part of many modern communication standards (e.g. LTE, 802.11n, WiMax). Most stud-
ies on MIMO assume perfect channel state information (CSI) is available at least to the

receiver. However, such information has to be estimated in practice, usually by sending



a sequence of known training symbols. Therefore, parameter estimation is also playing
an important role in multiple-antenna wireless communications.

In this dissertation, we study the performance of multiple-antenna receivers in general
parameter estimation applications. We firstly introduce circuit models for different RF
components in a receiver that incorporates potential antenna mutual coupling, then an-
alyze the impact of matching network for any given receiver. After deriving the optimal
matching network, we look at the properties of antenna array itself and propose a new
method to model antenna ports by the currents they excite on the antenna aperture.
Based on this model, we introduce a new quantity called Aperture Fisher information,
which is the upper bound on the Fisher information obtainable using any antenna arrays
built from an arbitrary conducting aperture. Finally, we check the antenna aperture it-
self, explore how its shape and conductivity affect the estimation accuracy, then use this

result as a benchmark to evaluate the performance of several widely-studied arrays.

1.1 Antenna Coupling

Conventionally, antenna elements in an array are separated by a relatively large distance
so that they do not interact with each other. While this kind of electrically large arrays
have advantages like easy to design and utilize, they can not be applied to many applica-
tions. For example, in low frequency bands like HF and UHF, a several wavelengths long
array can be too big for vehicle-mounted or person-born systems; even for applications at
a relatively high frequency, size-limited platforms such as cell-phones or wireless access
points may not support such arrays. Therefore, it is important to study the performance
of compact arrays, where antennas are placed close to each other.

Antennas in close proximity cannot be modeled as independent elements anymore.



Instead, they interact with each other in several aspects. Current flowing in one antenna
can induce voltages in other antennas, changing the array impedance and increasing
the difficulty of impedance matching, this is commonly known as the mutual coupling
effect. Radiation patterns of elements are distorted by the scattering effect. Furthermore,
the signal and noise may become spatially correlated. Without proper handling, the
system performance of a compact array may be much worse than arrays composed of
well-separated elements.

Early works on compact sensor arrays mostly consider mutual coupling effect only,
which is modeled to change the output voltage of the antenna array. Based on this model,
researchers proposed a simple “decoupling” method, which is to multiply the output sig-
nal by the inverse of mutual coupling matrix [8,9]. A large number of works have been
conducted on Direction-of-Arrival (DoA) estimation following this method. Yeh et al [10]
considered how antenna patterns are changed by known mutual coupling and showed
that DoA estimation accuracy can be improved by incorporating mutual coupling into
the corresponding search vector. Friedlander and Weiss [11] considered the problem of
jointly estimating the DoA, path gain, and mutual coupling, and proposed an algorithm
to estimate these parameters iteratively. Instead of evaluating the performance of specific
algorithms, Svantesson [12,13] calculated the Cramér-Rao Bound (CRB), the lower bound
on error covariance for any unbiased estimators, for DoA estimation in the presence of
mutual coupling. He reached the conclusion that mutual coupling does not significantly
impact the estimation accuracy. However, he mostly focused on Uniform Linear Array
with large inter-element spacing (half-wavelength), where the mutual coupling effect is
relatively weak. Lau and Bach-Anderson [14] explored similar problem with various ar-
ray size and showed that CRB increases significantly when the coupling is strong, but

this effect can be greatly canceled by using a well-designed multi-port impedance match-



ing network, which will be explained in further details in the next section. There are
many other publications on array pattern calibration or mutual coupling compensation
techniques for better DoA estimation accuracy, such as [15-18].

Unlike DoA estimation, relatively few studies have considered channel estimation
using compact antenna arrays directly. However, there are a significant amount of publi-
cations on a related problem, correlated MIMO channel estimation. Channel estimation
methods can be divided into three categories based on whether a training sequence (pilot
symbols) is used: training sequence based estimation, blind estimation, and semi-blind
estimation. The CRB for each case has been derived in [19]. For training sequence based
correlated channel estimation, Biguesh and Gershman [20] studied the performance of
four estimators including the popular least square estimator and minimum-mean-square-
error estimator, and derived the optimal training sequences for each estimator under
different channel correlation conditions. Blind estimation has been widely explored in
OFDM-related applications to enable the coherent signal detection, methods to perform
blind estimation for MIMO-OFDM channels include subspace-based estimator, precoding
method, noise subspace method, second-order statistics, and so on (e.g. [21] and refer-
ences therein). For compact arrays with coupling effect, training sequence based channel
estimation has been considered in [22,23] by Liu et al, where they investigated the perfor-
mance of several estimators. Their results show that coupling can significantly increase
the channel estimation error.

Although effects of mutual coupling on estimation problems are modeled in these
papers, people mostly consider spatially white noise with a fixed distribution, which is
independent of the antennas and matching network. A few papers on DoA estimation use
a physical model of antenna and amplifier noise instead and study how the noise varies

with coupling effect, but only for antennas with a fixed 50 load [24,25]. Existing works



on MIMO communication systems have shown that impedance matching network can
significantly cancel the coupling effect and increase the capacity of a compact array [27],
which makes it reasonable to expect the matching network would change the estimation
accuracy as well. It is therefore of interest to study how the mutual coupling effect and
matching network change the system performance of a compact array using practical
noise model. In the next section, we briefly introduce the matching network concept and

discuss the performance of different matching networks.

1.2 Matching Network

In circuit theory, it is well known that maximum power can be transfered from the
source to the load when the load impedance is matched to the source impedance. An-
tennas can be viewed as the power source in the sense that electromagnetic waves are
received by antennas then transfered into low-noise amplifiers (LNA) and following cir-
cuits. For Single-Input, Single-Output (SISO) systems, various matching methods have
been introduced in [35, Chap. 5]. For an uncoupled array, each antenna is independent
and can be matched individually using similar methods. However, with mutual coupling,
the entire antenna array should be viewed as one multiport system instead. Multiport
matching technique for maximum power transfer is discussed in [36], examples include
multiport conjugate match [37].

Instead of focusing on the signal power only, perhaps a better goal for matching
network is to consider the signal and noise jointly and try to maximize the Signal-to-Noise
Ratio (SNR). RF front-end usually induces a certain amount of noise, which decreases
the SNR by a ratio referred as the noise factor (or noise figure in dB). Studies have shown

that matching network can decrease the noise factor in a SISO system [35, Chap. 10.2].



We call any matching networks that minimize the noise factor minimum-noise-factor
(MNF) match. The multiport version of MNF match is derived in [27] and [38] under
independent noisy amplifiers assumption, the basic idea is to decouple the antenna array
impedance and match each output port to the optimal input impedance for the amplifier.

Although multiport matching networks like the multiport conjugate match and MNF
match have many advantages in theory, the actual implementation can be difficult. There-
fore, people also proposed a series of suboptimal yet easier to implement single port
matching methods, where the signal received by one antenna will only be transferred to
one amplifier. Single port matching can be seen as a special case of multiport matching,
where the cross-connection between antennas and amplifiers are set to be open. Examples
of single port matching are self-match, input-impedance match, 50€2 match, etc [40-42].
These matching networks have limited abilities in eliminating the mutual coupling effect,
therefore their performance is usually worse than multiport matching, especially when
the sensor array is compact.

The impact of different matching networks towards system performance has been
studied from various aspects. Based on network analysis, receiver noise in compact an-
tenna arrays is analyzed in [27,39,43,44], where the noise sources considered are exterior
environment (antenna noise) and LNAs. Gans studied both the antenna noise dominant
and amplifier noise dominant scenarios and showed that in the former case matching
network does not change the system performance [43], yet in the latter case the receiver
noise can be significantly reduced by matching, resulting in a much better system per-
formance [44]. A more general noise model is considered in [27], where formulas for noise
covariance and system capacity are derived. One important conclusion from [27] is that
assuming amplifiers are independent, the system capacity under various fading and CSI

conditions are all maximized by using the MNF match. It is also found that MNF match



can eliminate the mutual coupling to such a degree that the capacity of a compact MIMO
system is largely comparable to the ideal uncoupled system. While multi-port matching
like MNF match provides a theoretical upper bound for system performance, people also
studied the performance of single port matching such as self-match [27]. It is shown that
when the amplifier noise is non-negligible, there may be a significant performance gap
between self-match and MNF match under strong coupling conditions. The optimal single
port matching network has been derived for a coupled 2 x 2 MIMO system in high SNR
scenarios in [42], which is referred as input-impedance match. For circularly symmetric
arrays, Taluja and Hughes [45] considered a different approach, where they decouple the
antenna impedance first then apply single port match to the decoupled ports.

On estimation problems, although there are some efforts in designing “coupling com-
pensation” algorithm from signal processing perspective (e.g. [16]), not many works are
conducted based on circuit analysis under a physical noise model. As mentioned before,
Lau and Anderson [14] considered DoA estimation problem using a compact Uniform
Linear Array with different inter-element spacing, then compared the performance of
5082 match, self-match, and Multiport-conjugate match. Under the fixed spatially white
noise model, they concluded that matching network can significantly reduce estimation
error under strong coupling conditions.

While so many research results have shown that matching network can improve the
system performance of a compact array, so far we have not discussed how properties of
the array itself affect the estimation accuracy. In the next section, we summarize prior

works on this topic and discuss different antenna array structures.



1.3 Compact Antenna Arrays

As discussed before, many researches on compact arrays are focused on uniform ar-
rays consist of simple antenna elements like omni-directional dipoles [14-18]. Meanwhile,
people have also considered a series of more complicated structures, among which the
vector sensor and its variations (tripole, triloop, etc) are exemplary. A vector sensor is a
six-antenna array composed of three co-located orthogonal dipoles and three co-located
orthogonal loops. An ideal vector sensor is considered to be capable of observing all the
electromagnetic field components at one point while exhibiting almost no mutual cou-
pling between antennas. Many studies have been performed on DoA and polarization
estimation using ideal vector sensor(s) [46,47,51,53] and its variations [48-50,52,54]. A
structure similar to the triloop is Giselle or ground-symmetric loop (GSL) array, which
consists of three co-located orthogonal cross-connected twin-loops, built for DoA estima-
tion purpose on the 3 to 30 MHz HF band [57]. The reason for using cross-connected
Twin-loops is that the null in the radiation pattern is constant over the frequency of
interest, which simplifies the estimation algorithm in broadband application. Recently,
a few two-element arrays, inspired by the biological acoustic orienting mechanism, have
been proposed for DoA estimation purpose. Xin and Ding [55] put a lossy scatter between
two antennas to emulate the low-pass filtering function of the human head, and Behdad
et al. [56] use a coupling network between two monopole antennas to mimic the hear-
ing mechanism of Ormia ochracea. Other examples of electrically small antenna array
structures can be found in [58,59] and the references therein.

Although so many compact array structures have been explored already, it is still
difficult to draw a conclusion on which one is the optimal for parameter estimation ap-

plications. Perhaps a more systematic way to study a compact array is to use Theory of



Characteristic Modes [60-63]. Antennas can generally be divided into two parts - a con-
ducting structure whose (surface) current is excited by incoming electromagnetic waves,
and antenna ports through which such current can be indirectly observed. Instead of
analyzing the radiation and impedance of any particular array, the theory of charac-
teristic modes analyzes the entire underlying antenna structure. Based on this theory,
the current and radiation pattern of any structure can be represented as a combination
of a series of orthogonal “characteristic modes”. There are several examples of antenna
array design and analysis based on this theory, either on signal processing applications
or communication applications. Akers and Corbin [68] calculated the radiation pattern
of 16 characteristic modes of a cross-shaped patch, then studied its DoA estimation ac-
curacy when different combinations of these modes are used. Li et al. [69] designed an
array whose size fits a cellphone, where they use two ports to excite two resonant char-
acteristic modes of the antenna structure. Gustafsson et al. performed a series of studies
on communication and estimation using small antenna arrays based on spherical wave
expansion, which is equivalent to the characteristic modes of a sphere aperture [64-67].
Although the theory of characteristic modes gives us some insight into the underlying
antenna aperture, it is not clear which modes are preferable to perform estimation. More-
over, exciting certain modes in particular may require external matching network [70],
which can be difficult to implement.

Very recently, a new method of systematic antenna analysis for communication pur-
pose was proposed by Kundu and Hughes [79], where the current on the antenna is
divided into a set of eigen-modes according to how much ergodic capacity they contain.
The interaction between ports and the underlying structure are modeled by a coupling
network which works similarly to the impedance matching network. Their results show

that any lossy antenna array built on certain aperture has a fundamental limit on the



antenna ergodic capacity, which is determined by the shape and conductivity of the aper-
ture. For any given amount of antenna ports, there exists a coupling network which can
maximize the system capacity. It is possible that similar method can be developed for

estimation applications.

1.4 Outline

In this dissertation, we study general parameter estimation problems based on antenna
theory and circuit theory, look for performance bound for antenna arrays with size limi-
tation, and re-evaluate the performance of existing arrays. This dissertation is organized
as follows.

In chapter 2, we consider a general class of Bayesian and non-Bayesian estimation
problems, in which the signal of interest is observed through a sensor front-end consisting
of coupled antennas, an impedance matching network, amplifiers, and physical noise
sources. We derive the Cramér-Rao Bound (CRB) associated with each problem and
explore how it varies with impedance matching and the physical characteristics of the
signals and noise. We show that minimum-noise-factor matching is universally optimal in
the sense of minimizing the CRB for all estimation problems in the class. We then apply
these results to multi-antenna channel estimation and direction-of-arrival estimation.

In chapter 3, we consider the general problem of estimating the parameters of an inci-
dent Gaussian electromagnetic field using a sensor array that observes the field through
the currents in an arbitrary conductor V. We characterize the maximum Fisher infor-
mation that can be achieved with this array using a front-end consisting of a matching
network followed by a bank of noisy amplifiers. This Fisher information is always bounded

above by a quantity we call aperture Fisher information (AFI), which intuitively repre-
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sents all of the useful information contained in the currents of V. For a broad class of
estimation problems, we show that AFI can be associated with a system of unit-power
eigencurrents on V', which decompose the volume currents into a sequence of indepen-
dent scalar signal observations. We show the Fisher information of any M-port array is
bounded above by the information in the best M eigencurrents, and derive conditions un-
der which equality can be attained. Finally, we apply our results to estimation examples
involving wire arrays.

In chapter 4, using the framework we developed in previous chapters, we analyze how
the estimation accuracy changes with the aperture properties. We prove that under the
same radiation environment, the AFI of a structure is always greater than or equal to
the AFT of its substructures. For radiation intensity and DoA estimation applications,
we use square and spherical apertures as examples to study how the AFT increases with
the aperture size. We then consider several widely-studied antenna arrays, which are
substructures of squares and spheres, and evaluate their ability to observe the Fisher
information contained in the spaces they occupy.

Finally, we present conclusions and discuss potential future works in Chapter 5.
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Chapter 2

Matching Network for Compact

Sensor Arrays

We begin our study by building a framework to analyze the performance of arbitrary
MIMO system in estimation applications. In addition to introducing the system model
and performance metric, this chapter also studies what kind of matching network maxi-
mizes the estimation accuracy. Results in this chapter lay the foundation to explore other
interesting topics in following chapters.

Most literatures on array signal processing focus on well-separated antenna arrays,
where antenna elements are assumed to be independent. However, deploying arrays on
size-limited platforms like cellular handsets requires placing antennas close together. As
discussed in the previous chapter, this can cause interactions among the elements: an-
tennas exhibit mutual coupling, radiation patterns are distorted by scattering, and the
signal and noise fields detected by different elements may be spatially correlated. These
interactions can profoundly impact received power and estimation error. Moreover, esti-

mation performance depends not only on the properties of the array, but also on aspects

12



of the receiver front-end, such as antenna impedance matching, amplifier properties, and
the dominant sources of noise (both internal and external).

Several authors have considered the impact of antenna coupling on important es-
timation problems. Some have investigated the effect of coupling on receiver antenna
patterns [10, 11]. Svantesson [12] derived a Cramér-Rao Bound (CRB) for direction-of-
arrival (DoA) estimation in the presence of coupling. Using a similar approach, Lau and
Bach-Anderson [14] showed that strong coupling can significantly degrade this CRB, but
losses can be greatly reduced by using multi-port impedance matching between the array
and front end. In [22,23], Liu et al investigated the performance of certain MIMO channel
estimators in the presence of coupling and showed that strong coupling can significantly
increase estimation error. All of these papers model the effects of coupling on the received
signal, but none consider the impact of coupling and matching on physical noise sources.
Instead, observation noise is modeled as spatially white, with a fixed distribution that is
independent of the antennas and matching. Conversely, other studies of DoA estimation
with coupling have considered physical models of antenna and amplifier noise [24, 25],
but only for antennas with a fixed 50€2 termination. To the best of our knowledge, no one
has yet considered the impact of impedance matching on the performance of estimators
using physical models of observation noise.

In this chapter, we consider a general class of Bayesian and non-Bayesian estimation
problems, in which the parameters of interest are observed through a front-end consisting
of coupled antennas, an impedance matching network, amplifiers, and physical sources
of antenna and amplifier noise. To gain insight into the performance of the best estima-
tors, we derive the CRB associated with each problem and explore how it varies with
impedance matching and the physical characteristics of the signals and noise. We prove

that one type of matching network, minimum-noise factor (MNF) matching, is universally
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optimal in the sense of minimizing the CRB for all estimation problems in the class. MNF
matching was previously shown to maximize the capacity of MIMO channels [26,27]. We
then apply these results to MIMO channel estimation and DoA estimation for targets in
the plane. Numerical results suggest the CRB is generally sensitive to the physical com-
position of observation noise. However, optimal matching can eliminate this sensitivity
and significantly reduce estimation error, particularly when amplifier noise dominates.
The rest of the chapter is organized as follows. In Sec. 2.1, we present our system model
and the class of estimation problems considered. In Sec. 2.2, we derive the associated
Cramér-Rao Bound and prove it is universally minimized by MNF matching. We then
apply these results to MIMO channel estimation and DoA estimation in Sec. 2.3, and
consider specific numerical examples in Sec. 2.4. Finally, we summarize our conclusions

in Sec. 2.5.

2.1 System Model

Consider a compact sensor array that estimates a collection of parameters u € CP using
observations from M antennas. Since the antennas are closely spaced, they may expe-
rience mutual coupling and the signals detected by each may be correlated. Before the
signals are processed by the estimation algorithms, they traverse an analog front-end that
consists of an impedance matching network in series with a bank of noisy amplifiers. A
model for this system is illustrated in Fig. 2.1. Similar models have been used to study
capacity in MIMO communication systems [27]; however, here we consider more general

kinds of signals and noise. Each element of the model is described in detail below.
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Figure 2.1: Circuit model of a sensor array front-end

2.1.1 Sensor Array

Let v € CM denote the complex-baseband voltage across the terminals of the array and
let i € CM be the corresponding current flowing into the array. The relationship between
the two can be described by

v ="ZAi+ Vv, , (2.1)

where Zp € CM*M is the array impedance matrix and v, is the open-circuit voltage
induced by the incident field. Here, diagonal elements of Z, represent antenna self-
impedances, while off-diagonal elements represent mutual coupling between antennas.

We can always write

Zpn =Rp +5X4a , (22)

where Ry 2 3(Za+ZY), Xa 2 5:(Za —Z}), and (-)" denotes the conjugate-transpose.
We assume the antennas are reciprocal Za = Z%, so Ra = Re[Za] and X = Im[Z,]
are both real, symmetric matrices.

Consider the problem of estimating u based on indirect observations of the open-
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circuit voltage v, in (2.1). In general, we assume v, can be expressed as

Vo =S+ 1N, , (2.3)

where s € CM is the target signal and n, represents noise. Here we take s to be a
circularly-symmetric Gaussian random vector [74, Sec. 15.7] with mean p (u) and co-
variance Xg(u), which we denote by s ~ CN(ug(u),3s(u)). Two specific estimation
problems, with specific choices of pg(u) and 3g(u), will be considered in Sec. 2.3.

The term n, in (2.3) represents antenna noise induced in the sensor array by the
surrounding environment. Here we model the noise as n, ~ CN(0,X,), where 0 € CM is
the all-zero vector and X, is independent of u. For example, if the sensor array is lossless
and surrounded by an isotropic black-body enclosure of temperature T, Twiss [75] has

shown that the antenna noise covariance is given by

Yo = 4k, TyBRa (2.4)

where k, = 1.38 x 1072 J/K is Boltzmann’s constant, B is the system bandwidth in Hz,

and R is the array resistance matrix in (2.2).

2.1.2 Front-End

In Fig. 2.1, the signals observed by the estimation algorithms are the load voltages
vy = (vpa,. .. 7ULM)T. Prior to reaching the load, the signals pass through a front-end
consisting of a matching network followed by a bank of identical amplifiers. As in [27],
we represent the amplifiers using the standard Rothe-Dahlke equivalent network, where

Va ~ CN(0,4k, Ty Br,I) and iy ~ CN (0, 4k, Ty Bg,I) are independent random vectors that
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represent internal amplifier noise sources, and I is the identity matrix. For simplificity, we
call these circuits amplifiers, but any sequence of linear, noisy circuits can be represented
this way [27].

In this section, we first consider the case of no matching network in Fig. 2.1. Using

basic circuit analysis, we can show the load voltages in Fig. 2.1 are given by (e.g. [39,

eq. 14))
vi = K [Vo —Va — (Za + zeorD) 1a| (2.5)
-1
where K = ;;jr—z; (Z A+ zll(zL:f;j”“I) . Since optimal estimation performance

is not affected by an invertible transformation of the observation, we can define the

observation to be

y = KilVL = Vo — Vg — (ZA + ZcorI) ia

= S+ny, (2.6)

where ng £ ny—va—(Za + Zeorl) ia is the overall system noise. Intuitively, (2.6) expresses

all sources in (2.5) in terms of equivalent sources at the open-circuit array terminals.

2.1.3 Matching Networks

We have so far assumed no matching between the sensors and front-end in Fig. 2.1.
However, several studies have shown that impedance matching can significantly enhance
capacity in MIMO communication systems (e.g. [27] and references therein). In particu-
lar, for receivers that observe the antennas through a bank of noisy amplifiers, capacity is

maximized by a multi-port (coupled) matching network designed to minimize the ampli-
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fier noise factor, called the minimum-noise-factor match [26,27,44]. Tt seems reasonable

to expect that matching can also improve the performance of estimation algorithms.
For M = 1, the noise contributed by the amplifier in (2.6) is often measured by the

noise factor F' £ o2 /o | which depends on antenna impedance. The noise factor takes

its minimum value (e.g. [27, Appendix])

Fmin = 1+2 (garcor + \/gara + (garcor)2> 5 (27)

when the antenna impedance equals zopt = \/7a/Ga + 72, — jTcor, Where g,, 7, and
Zeor = Teor + JTcor are internal amplifier noise parameters.
For general M, the matching network in Fig. 2.1 is described by a block impedance

matrix

7 A Zniy oo (2.8)
M — ) .
ZM21 ZM22

CM*M Tdeally the network is designed with passive, reactive

where each submatrix lies in
elements so it is lossless, reciprocal and noiseless. The network is lossless and noiseless
if [39, eq. 30] Zn = —ZLL and reciprocal if Zyy = Z1; where [-]7 denotes the transpose.

When matching is applied, the noise in the observation model (2.6) is changed to

y = s+n, (2.9)

(1>

ne — M_l [Va + (ZA + ZcorI) ia] >

where M £ Zingo, (Za + ZM11)_1 and Za £ —MZniyy + Znioy. Since ng, v, and i, are

Gaussian and independent, the total observation noise is distributed as n ~ CN (0, X,,)
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where
S = Sot+ ATM ! 1+ o (Za + 2eod) (Za + 2e0]) | M (210)

For a given matching network, we conclude the relationship between the observation

y and parameter vector u is described by the Gaussian probability density function

(pdf) [74, pg. 524]

1

plylw) = 35 =, (u)]

exp |~ (v — (W) BN W) (v - pew)| L (211)

2.2 Fundamental Bounds on Estimation

The aim of this chapter is to explore the impact of matching and physical noise sources
on our ability to estimate the parameters u in the observation model (2.11). We are
interested in both Bayesian and non-Bayesian estimation, and both real and complex u.
To gain insight into the performance of the best estimators, we now derive Cramér-Rao
Lower Bounds for each scenario. We further show, for any given noise model, that all of

these bounds are minimized by one matching network: minimum-noise-factor matching.

2.2.1 Cramér-Rao Bound for Real Parameters

Consider first the non-Bayesian scenario, where u is fixed and real. For a given matching
network, let i = u(y) be any unbiased estimator of u € R” based on the observation of

Y, 50 Eyu[t] = u, where Ey|, denotes expectation with respect to the pdf (2.11). The
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Cramér-Rao Bound (CRB) provides a fundamental lower bound on error covariance of
u: [74, Sec. 15.7]
Ya(u) £ Eypla—uw)(@—u)’] >Z ' (u), (2.12)

where Z(u) is the Fisher information matrix. Here, we use the notation A > B for
Hermitian matrices A and B, to indicate A — B is positive semi-definite.
For complex Gaussian observations, the Fisher information is given by [74, Sec. 15.7]

opl
aui

0%, (u) .,y I5, (W)

G S W] (213)

[Z(v)],, = 2Re[ Egl(u)%]ﬂr [E;l(u)

616]‘
where tr, Re and (-) denote the trace, real part, and conjugate transpose, respectively.

The lower bound is achieved by any estimator t that satisfies

WO () faty) ). (2.14)

in which case the estimator is called efficient.

2.2.2 Optimal Matching

We now consider impedance matching networks that maximize the Fisher information
(and hence minimize the CRB) for all systems of the form described in Sec. 2.1. As noted
earlier, a matching network that maximizes the ergodic capacity of MIMO channels was
proposed in [26,44] and later proved optimal in [27]. Intuitively, it seems reasonable to
expect the same network to maximize Fisher information. However, the proof given in [27]
does not apply here, both because it relies on properties of capacity which are not shared
by Fisher information and because we consider arbitrary antenna noise, whereas [27]

assumed uniform black-body radiation.
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From (2.13), we see that Fisher information depends on the antenna noise, matching
and amplifiers only through the noise covariance ¥, in (2.10). We therefore write Z(u) =
Z(u;X,) to display this dependence explicitly. The following result is proved in the
Appendix A.1.

Theorem 2.1: Consider two receivers of the form illustrated in Fig. 2.1 that detect
the same signal s ~ CN (ug(u), Xs(u)), but which may differ in antenna noise, matching
and amplifiers. Denote the noise covariances (2.10) of these receivers by X, and X,y,
respectively. Then 3, < 3,/ implies Z(u; 3,) > Z(u; X,y). ©

We now investigate matching networks that maximize Fisher information. From The-
orem 1, this goal would be achieved by any network with the property the 3, is as small
as possible in each dimension. The following theorem generalizes the result of [27, eq. 40]
to an arbitrary antenna noise covariance.

Theorem 2.2: The system noise covariance in (2.10) is bounded by
Yo > 3o+ (Fnin — D)4kToRA (2.15)

with equality if and only if Z = ZoptI, where F,;, is the minimum amplifier noise factor
(2.7) calculated at temperature Tp, and z.p is the source impedance that achieves it. ¢
Proof: Consider the bracketed expression on the right side of (2.10). If we substitute

Zoor = —Zopt 1+ Teor + Tops and expand the product we obtain

7naI * Ya (ZA + ZcorI) (ZA + ZcorI)H = Ga (ZA - ZoptI) (ZA - ZoptI)H

+ (garcor + \/gara + (garcor)2> (ZA =+ ZK)

Z (me_l)RAa
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with equality if Za = zopI. Here the first step follows from

rq + Ga (rcor + 7"opt)Z - 29aropt (Tcor + ropt) =0 y

and the second from (2.7) and Ra = (1/2)(Za +Z). Substituting this bound into (2.10)
and observing Ra = M TRAM | we obtain (2.15). ¢

Theorems 2.1 and 2.2 imply that any matching network satisfying Za = Zopt] maxi-
mizes the Fisher information (and minimizes the CRB) associated with any estimation
problem of the form given in Sec. 2.1. Thus, one network is simultaneously optimal for all
estimation problems. We call any lossless network that achieves Za = zy,:I a minimum-
noise-factor (MNF) match. There are many ways to construct such networks. In principle,
it is desirable to implement such a network using passive, reactive elements [35, pg. 171].

One example of a lossless, reciprocal network that meets these requirements is [27, eq. 42]

Zyni Zano ) —Xa (ToptRA)1/2
Iy = =) . (2.16)

Zyor Lo (ToptRA)1/2 %ptI
While MNF matching minimizes the CRB, implementing multi-port matching net-
works can be complicated in practice. For comparison, we therefore also consider a sim-
pler, suboptimal single-port matching network. In minimum-noise factor self-matching
[82], we ignore coupling between the antennas, and apply a separate matching network
to each individual antenna that seeks to minimize the noise factor of that antenna in

isolation. This form of matching can be described by

Z Z —X4s ToptRoas)'/?
Zer — v bz _ (roptRas) 7 (2.17)

Zy2r Lo (ropt Roas) /2 ToptL

22



where R, s = diag(R4) and X5 = diag(X,4). Here diag(-) denotes an operation that
retains only the diagonal elements of the matrix, and sets all off-diagonal elements to

zero. We will compare the performance of these two matching networks in Sec. V.

2.2.3 Bayesian Cramér-Rao Bound

We have so far assumed u € RP is a fixed, unknown vector. When u is modeled as
random with prior pdf p(u), there is a similar lower bound on the estimation error
covariance, called the Bayesian Cramér-Rao Bound (BCRB). For p(y,u) = p(y|u)p(u),

Van Trees [28, pg. 72] showed!
a2 By [0—uw)(a—-uw)']>T", (2.18)
for any estimator 0 (unbiased or not), where Z is the Bayesian information,
<8lnp(y, u)) <8lnp(y,u)>T]
Ou Ou
(01%1191(11)) (311(191:1(11)>T] ’ (2.19)

and Z(u) is the Fisher information (2.13). The Bayesian information depends on antenna

N
[I>

E.

y?u

— B.[Z(w)]+E,

noise, matching networks and amplifiers only through the noise covariance %, in (2.10).
For a given p(u), we can therefore write Z = Z(X,,) to display this dependence explicity.

Theorem 2.3: Consider two receivers of the form illustrated in Fig. 2.1 that detect the
same signal s, where pgy ~ CN (pg(u), Xg(u)), but which may differ in antenna noise,

matching networks and amplifiers. Denote the noise covariances (2.10) of these receivers

Van Trees proved (2.19) for complex u; however, the real-parameter version is easily derived and
has already appeared in other publications (e.g., [29]).
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by 3, and X, respectively. Then, for any prior distribution p(u), ¥, < X, implies
(X, >Z(Zy). ¢

Proof of Theorem 2.3: In (2.19), the only term that depends on X,, is Z(u). For fixed
p(u), Theorem 3 thus follows immediately from Theorem 1 and (2.19). ¢

Theorems 2 and 3 demonstrate that MNF matching, Za = Zoptl, Maximizes the
Bayesian information, and hence minimizes the BCRB associated with any Bayesian
estimation problem. Thus, MNF matching is again simultaneously optimal for all esti-

mation problems.

2.2.4 Complex Parameters

When the parameters to be estimated are complex, say u = u, + ju; € CP, the bounds
above can always be applied as written to the problem of estimating the real vector
a 2 (ul',ulT € R%. However, the bounds can often be expressed in a more intuitive,

complex form. Define the complex gradient of the log-likelihood by [74, Sec. 15.7]

Olnp(y|u) s 1 8lnp(y|u)+ Olnp(y|u)
ou* 2 ou, J ou; '

For non-Bayesian estimation of a fixed vector u € C?, when the pseudo-information

vanishes,

E.

ylu

(81n§)l(lzf\u)) (alnggwu))T] _ o, (2.20)

we can express the CRB in (2.12) in the equivalent complex form

Sa(u) 2 By[(a - w)@ - w)¥] > T (), (2.21)
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where Z(u) is the (complex) Fisher Information

<8ln§l(lzf!u)> <8ln8pl§*y!11>>H] . (2.22)

Similarly, for Bayesian estimation of a complex u € CP with prior pdf p(u), if

(81n§1(1}:,u)) (alngg,u))T

holds, we can express the BCRB (2.19) for 1 £ (u?,u”)” in the equivalent complex

Z(n) £ E

ylu

= 0,y (2.23)

Ey’u

form:

Sa2 EyuJa—u)(a-wf] >z, (2.24)

where Z is the (complex) Bayesian information
H
ou* ou*

2.3 Two Spatial Estimation Problems

T £ B,y

We now apply the results of Sec. 2.2 to two important estimation problems that rely in an
essential way on the physical size of the sensor array. Our aim is to explore how coupling
and matching impacts spatial estimation problems in compact arrays. Each application

will be explored numerically in Sec. V.

2.3.1 MIMO Channel Estimation

Most studies of MIMO capacity assume that channel fading path gains are known at the

receiver [6,7]. In practice, these gains are estimated from the received signal, often from
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a known training sequence embedded in the transmitted data. Accurate estimation can
be challenging when the number of path gains is large, but is important because even
small estimation errors can significantly reduce capacity [30,31].

There is an extensive literature on MIMO channel estimation (e.g., [20,32] and ref-
erences therein); however, relatively few papers have considered the impact of coupling.
In [22,23], Liu et al investigated the performance of least-squares and minimum-mean-
squared error (MMSE) estimators for MIMO channel estimation in the presence of cou-
pling. Both papers suggest coupling can increase estimation error for arrays of dipoles
spaced 0.2A—0.4\ apart.

In this section, we consider the impact of coupling and matching on the Bayesian CRB
of training-based MIMO channel estimation. Our work differs from [22,23] in several ways.
First, we include physical models of antenna and amplifier noise which depend on the
antenna configuration, matching networks and amplifier characteristics, whereas a fixed
noise model that is independent of the antennas and front end is assumed in [22,23].
Second, we focus on the impact of matching and derive optimal matching networks that
minimize the BCRB, whereas matching is not considered in [22,23].

Suppose the transmitter sends a known training sequence xi,...,xr € CV from N
uncoupled antennas to the receiver. If the path gains and matching are fixed for the
duration of transmission, the corresponding observation at time ¢ is given by (2.9) with

s = Hxy, so

Yy = th—i—nt,t:l,...,T, (226)

where H € CM*V is the channel fading matrix, and n, is an independent sequence of

noise vectors with distribution CA (0, X,,), where X,, is given in (2.10). Since the transmit
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antennas are identical and uncoupled, we can assume the columns of H are independent,
identically-distributed (i.i.d.) zero-mean, circularly-symmetric complex random vectors.
If h; is the j-th column of H, we denote this distribution by h; ~ CN(0,Xg), where

Yu=F {hjh]H } is the column covariance of H, and E denotes the expectation.

Arranging the sequence into a matrix, X = [x;,Xy, -+ ,x7] € CV*T | we can write
Y = HX+ N, (2.27)
where Y 2 [y;,y2,---,yr] and N £ [n;,ny,--- ,ngp]. We convert this to vector form

using the identity vec(AXB) = (BT @ A)vec(X) [33]
vec(Y) = (X' @Iy )vec(H) + vec(N) , (2.28)

where vec(X) is the vectorization operator that stacks the columns of X into a single
vector and ® is the Kronecker product. Note vec(H) and vec(IN) are independent, zero-
mean complex Gaussian vectors with covariances Iy ® ¥y and Iy ® 3, respectively.
For a linear observation model y = Au+n where u and n are zero-mean and Gaussian,
the Bayesian information is given by Z = A3 1A + 3! Applying this to (2.28), with

u = vec(H) and n = vec(IN), we have

1 = (XT ® IM)HE\TelC(N) (XT ® IM) + Z)\jelc(H)
= X'oly)(IroS )X Ly) + (Ir® =g

= X*X'eZH+(Iyve 3y, (2.29)

which follows from the identities (A ® B)™ = A™' @ B™! and (A ® B)(C ® D) =
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(AC) ® (BD).

For MIMO channel estimation, the training sequences associated with different an-
tennas are often chosen to be equal-energy and orthogonal, XX = (PT/N)Iy. Here
(2.29) reduces to

PT
T = Iy® <W2nl + EHl) : (2.30)

The resulting Bayesian CRB on any estimator H is then

PT -
Sy > It = IN®(WEH1+EH1> : (2.31)

It follows the average per-symbol mean-squared estimation error (MSE) is bounded by

1 1 PT -

2.3.2 Direction-of-Arrival Estimation

Next we consider the problem of estimating the directions-of-arrival (DoA) of N narrow-
band signals incident on the array. The signals are modeled as deterministic, which is
often called the “conditional” model [76]. It is well known that many other important
problems in array processing take a similar form, such as estimating the parameters of a
superposition of exponentials in noise, or resolving overlapping multipaths.

As noted earlier, the impact of coupling on DoA estimation has been considered by
several authors. Svantesson [12] derived a CRB for DoA estimation in the presence of
coupling. Using similar models, Lau and Bach-Anderson [14] showed strong coupling can

significantly degrade the CRB, but losses can be significantly reduced by using multi-port
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conjugate matching between the array and front end. Both papers model the effects of
coupling on the received signal, but do not consider the impact of coupling and matching
on physical noise sources. Instead, observation noise is modeled as spatially white, with
a fixed distribution that is independent of the antennas and matching. In contrast, other
studies of DoA estimation with coupling have considered physical models of antenna and
amplifier noise [24,25], but do not consider matching.

The aim of this section is to investigate the impact of coupling and matching on the
CRB of DoA estimation using the physical noise models in (2.9), and to determine the
performance that can be achieved when the best possible matching network is used for
the given noise conditions. We assume the received signal at time ¢ is a superposition
of N signals z;(1),...,z;(N) that arrive from directions ¢y, ..., ¢y, respectively. If we
define x; = [z4(1),...,z:(N)]* € CV*!, the observation at time ¢ is given by (2.9) with

8= G(¢)Xt7 S0
Y = G(¢)Xt + n; , t = 1, Ce ,T, (233)

where ¢ = ((blv ey (bN)T S RN? G(¢) = [g(¢1)7 oo 7g(¢N)}T € CMXN? and g(¢) € (CMXI

denotes the steering vector of the array. As noted earlier, n; is an independent sequence of
noise vectors with distribution CA/ (0, X,,), where 3, is defined in (2.10). In general, g(¢)
depends on the structure and geometry of the array; specific examples will be considered
in Sec. V.

For the particular case of spatially white observation noise, ¥, = ~I, a closed-form

expression for the Fisher information in (2.13) was given in [76, eq. (2.11)]:

Z(¢p) = (g) Re [ Ho PT] | (2.34)
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where © is the Schur product,

H £ D"[I-G(G"G)'G"|D,

s [dglo)  dglon) s I
D & o da ] P 2 T;tht . (2.35)

We can extend this result to colored noise by observing that pre-whitening the obser-
vation, say y; = 3, /2y, does not change Fisher information provided ,, is non-singular
and independent of ¢. The whitened observation is given by (2.33) with g(¢) replaced
by g(¢) £ £.%g(¢), and X, replaced by X5 2 I. It follows from (2.34) that the CRB

for colored noise is
- = -1
CRB; £ I7'(¢) = (2TRe[HOP']) | (2.36)
where G = X2G, D = ¥,/?D, and so

H - D" [I-G(G"G)'G"]D

= D[ -2'G(G"E'G)'G"'E ' D. (2.37)

n

2.4 Numerical Results

We now present numerical examples to illustrate the results of Sec. IV. Consider a receive
array consisting of M parallel, half-wavelength dipoles with inter-element spacing d,
where 0.05A < d < A. In order to capture the effects of near-field scattering among
antennas, we numerically calculate the receive pattern g(¢) and the array impedance Za

in (2.1) using the Numerical Electromagnetics Code (NEC) [34], where each antenna has
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a thickness of 1073\ and is divided into 25 computational segments. For comparison, we

also consider an array of uncoupled dipoles with receive patterns [12, eq. 2.11]

A cos (mcos(6))

80.9)); = a(®) exp {=2mj(d/N)(i ~)sin(®) cos(9)} . alf) = =

(2.38)

where 6 € [0,7] and ¢ € [0,27) denote elevation and azimuth, respectively. For signals
that arrive in the azimuthal plane, § = /2, we take the pattern to be g(¢) = g(7/2, ¢).
The impedance matrix of the uncoupled array is diag{Za, Za,..., Za}, where Z4 is the
impedance of an isolated dipole.

For the amplifier, we consider the example of the SiGe low-noise amplifier (LNA)
in [83], designed for applications at 2.4GHz. At Ty = 298K and Rpras = 1.2 k2, this LNA
has noise parameters F),;, = 1.44,r, = 11.57 €, g, = 5.32 mS, and z,, = 43.90/—1.7° Q).
To gain insight into how the relative mix of antenna and amplifier noise affects results,
we will also vary F,,;, by considering the noise parameters r, = 11.57a €, g, = 5.32a
mS for different values of a > 0. Thus, o = 0 implies F,,;, = 1, which corresponds to
a system with only antenna noise, similar to the model considered in [43]. Increasing o
increases amplifier noise; for example, o = 20.7 gives F,,;, = 10, where 90% of the noise
arises in the amplifiers. More generally, for a perfectly-matched dipole in isolation with
signal-to-noise ratio SNR=P/4kyToBraF,,in, the fraction of system noise that arises in
the antennas is F !

min*

2.4.1 MIMO Channel Estimation

We now calculate the bounds on MIMO channel estimation derived in Sec. IV. Consider
a two-dimensional propagation model in which the received signal consists of a large

number of vertically-polarized plane waves that arrive uniformly from all directions in
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Figure 2.2: BCRB on mean-squared channel estimation error for a 4 x 4 MIMO channel

the plane orthogonal to the dipoles. We assume fading is quasi-static, so the channel
is constant over the duration of the training sequence. Under these assumptions, the

covariance (2.26) is given by [39, eq. 33|

1 2

DY mn — &
S = 5 |

gm(gb)g:(qs)ej%r(d/)\)(m—n) cos ¢d¢ ’ (239)

where g¢;(¢) is the open-circuit voltage induced in the i-th antenna by a zero-phase,
unit-amplitude plane wave arriving from azimuthal angle ¢. We omit the exponent
eI2r(d/A)(m=n)cos¢ i (2.39) when the g;(¢) share a common phase center. Here the patterns
were computed for 120 equally-spaced angles, and the results were used to numerically
integrate (2.39).

In Fig. 2.2a, we plot the lower bound (2.32) on average mean-squared channel esti-
mation error (MSE) versus dipole spacing d for a system with SNR=10 dB, 7' = 10, and
M = N = 4 antennas at the transmitter and receiver. We consider both self-matching

(2.17) and optimal MNF matching (2.16), and various values of the noise factor F,;,. We
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Figure 2.3: Ratio BCRB-SM/BCRB-MNF versus F,,;, for SNR=10 dB

also include the bound for an uncoupled array, calculated from (2.38). Note the BCRB
of optimal MNF matching is close (£3%) to that of an uncoupled array for all d in the
range of interest, and neither plot depends on F,,,;,. However, the BCRB of self-matching
is quite sensitive to F),;, and d, and diverges significantly from optimal for small d and
large F,,;,. Not surprisingly, the curves converge as d increases for all F},;,, since coupling
also vanishes. In Fig. 2.2b, we plot the same curves versus SNR for d = 0.1\. Again, MNF
matching is comparable to an uncoupled array and, for each F,,;,, the performance loss
(in dB) of self-matching relative to optimal matching appears similar at most SNRs. As
in [22,23], we conclude the estimation error of self-matching can degrade significantly
in the presence of strong coupling, although we consider very different signal and noise
models. In contrast to [22,23], however, we further conclude this degradation occurs only
when amplifier noise is significant, and can be entirely eliminated with optimal matching.

Now let BCRB-SM and BCRB-MNF denote the BCRB calculated with self-matching
and MNF matching, respectively. To explore how performance varies with the mix of

antenna and amplifier noise, in Fig. 2.3 we plot the ratio BCRB-SM/BCRB-MNF versus
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Fin for SNR = 10 dB, T' = 10 and different values of d. Note the performance loss
of self-matching relative to optimal increases monotonically with F,,;, to an asymptotic
value. When the noise arises exclusively in the antennas (F},;, = 1), self-matching yields
the same performance as MNF matching for all d. This is intuitively reasonable, since the
observation model (2.9) does not depend on matching when r, = g, = 0. When amplifier
noise dominates, however, self-matching increases the BCRB by 20% for the standard
spacing of d = 0.5\, and by 105% at d = 0.05). Even a small amount of amplifier noise
appears to significantly degrade the performance of self-matching: for the values of d in

Fig. 2.3, 50% of the degradation happens by F,.;, = 2, and 75% by Fy.:n = 4.

2.4.2 Direction-of-Arrival Estimation

We now consider the CRB (2.36), which bounds the error in estimating the directions-
of-arrival of target signals located in the azimuthal plane. We consider the same array,
matching networks and amplifier model as in the last section, and we adopt the same
definition of SNR.

For a single target, the CRB is scalar and depends on the signal only through the
product PT = Zle |z1(t)]?. We define the root-mean-squared angular estimation error
(RMSE) as (CRB,)"/? where CRBy is defined in (2.36). In Fig. 2.4a, we plot the RMSE
in degrees versus d for a target at broadside (¢ = 90°), for SNR = 10 dB, T" = 200
and various values of F,;,. Note the optimal MNF match is always better than no cou-
pling, and neither depends on F,,;,. However, the performance of no coupling degrades
much more as d decreases. Although our noise and matching models are different, these
curves appear qualitatively similar to the results for multiport-conjugate matching and

no coupling reported in [14, Fig. 3(a)]. However, the self-match behaves in a different
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Figure 2.4: CRB on RMS angular error for 4-element array with one target at ¢ = 90°
and T = 200

way, that depends on the composition of observation noise: When F},;, = 1, the self-
match coincides with the MNF match for all d. This is intuitive, since matching does not
affect performance when antenna noise dominates [27,43]. However, the addition of even
a small amount of amplifier noise significantly alters performance, as can seen by com-
paring results for F,,;, = 1,1.001. This occurs because the antenna noise covariance (2.4)
has some small eigenvalues for small d, and the directions associated with those eigen-
values provide very informative observations of the target. Thus, even a small increase
in amplifier noise can increase the noise in those directions by orders of magnitude.

To see this sensitivity to F),;, more clearly, Fig. 2.4b plots the ratio of the CRB for
the self-match and MNF matching versus F),;, — 1. In the presence of strong coupling,
note the performance of self-matching for d = 0.05\ is significantly degraded even when
F,in—1 ~ 107°. The curves also exhibit an odd staircase behavior, which can be explained
as follows. Recall we vary amplifier noise via the parameter o. Let ¥,(«) be the noise

covariance for a and note F,;, = 1+ 0.44c. It can be shown the first term in (2.37)
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dominates, so Z(¢) ~ 2PT 3™ |d;]>(1 + a\;)~" where ); are the eigenvalues of the
matrix S = 3,22, (1)2,;? — T and d = UX;?D, where S = U?AU denotes the
eigensystem of S. From this, it is clear CRBy =T (¢)~! increases most rapidly when «
is near 1/)\; for some i, as observed in the figure.

In Fig. 2.5, we plot the RMSE versus direction-of-arrival ¢ for a single target with
d = 0.1\, SNR= 10 dB and T = 200. Not surprisingly, all matching techniques generally
perform well near broadside (¢ = 90°) and poorly near end-fire (¢ = 0°,180°). As in
Fig. 2.4a, the performance of self-matching degrades with increasing Fj,;, for each ¢.
Interestingly, the performance gain of optimal matching depends strongly on target di-
rection as well as F),;,: ranging from a nearly 7-fold improvement for targets at £50° of
broadside when amplifier noise dominates, to no improvement for any ¢ when F,,;, = 1.
For any matching network and Fj,;,, define the beamwidth to be the range of ¢ for which
the CRB performs within a factor of 2 of its best performance. Note MNF matching has
a beamwidth of roughly 146° about the broadside for all F},;,, whereas self-matching has

a beamwidth that varies from 146° for F),;, = 1 down to 110° when F,,;, = 10. Thus,
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Figure 2.6: CRB on RMS angular error for targets at 90° and 120° with p = 0, SNR=10
dB.

when amplifier noise is significant, MNF matching also significantly expands the angular
range over which the CRB is close to its optimal value.
Next consider two equal-energy targets located at ¢ = 90° and 120°, respectively. If

we define p £ 327 a1 (t)x3(t)/PT, then the matrix P in (2.34) is given by

P=r . (2.40)

In Figs. 2.6a and 2.6b, we plot the RMSE of each target versus d for orthogonal signals
(p=10),SNR =10 dB and 7" = 200. Note the RMSEs of each target are qualitatively sim-
ilar. MNF matching performs significantly better than no coupling for both targets, and
neither depends on F},;,. Again, the performance of self-matching is sensitive to coupling
and Fj,;,. For F,,;, = 1, self-matching coincides with MNF matching for all d. However,
a small amount of amplifier noise causes a significant degradation that varies with d.

The RMSEs do not appear as sensitive to F},;, as in the single target case, presumably
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because interference from the other target reduces the information in directions where
the antenna noise covariance is small. When amplifier noise dominates, MNF matching
outperforms self-matching by a factor of 20 in the presence of strong coupling.

To see how performance depends on the source of observation noise, in Fig. 2.7a we
plot ratio of the RMSE for self-matching and MNF matching versus F,,;, — 1. Again,
the performance of self-matching degrades as the fraction of amplifier noise increases.
However, the degradation is much greater for two targets than it was for one; thus,
optimal matching appears to be more important in multiple target environments. Finally,
in Fig. 2.7b, we plot the RMSE of a target at 90° versus target signal correlation p in
the presence of a second target located at 90° + A¢ for different values of A¢ with
Fin = 1.44, SNR=10 dB and T = 200. Note performance varies significantly with the
angle of the second target, and degrades monotonically with correlation p, and the worst

performance occurs when the same signal arrives from both directions (p = 1).
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2.5 Conclusions

In this chapter, we have considered a general class of Bayesian and non-Bayesian esti-
mation problems that observe the signal through a compact array front-end consisting
of coupled antennas, impedance matching, amplifiers, and physical sources of antenna
and amplifier noise. We derived the Cramér-Rao bounds associated with these problems,
and showed that minimum-noise-factor matching is universally optimal in the sense of
minimizing the CRB for all problems in the class. We then considered two applications:
MIMO channel estimation and direction-of-arrival estimation. For both applications, nu-
merical results suggest the performance of conventional antenna self-matching is highly
sensitive to amplifier noise factor F,;, in the presence of strong coupling. However, MNF
matching eliminates this sensitivity, and significantly outperforms self-matching when
amplifier noise is non-negligible. Further, in DoA estimation, optimal matching can also
significantly increase the beamwidth, or range of target angles that can be accurately es-
timated. These improvements can be traded for other important benefits, such as reduced

SNR requirements, faster estimation times, or increased coverage area.
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Chapter 3

Performance Limits of Arbitrary

Compact Arrays

In the last chapter, we considered a general class of Bayesian and non-Bayesian estimation
problems, in which the signal of interest is observed through a sensor front-end consisting
of coupled antennas, an impedance matching network, amplifiers, and physical noise
sources. We derived the Cramer-Rao Bound (CRB) of such system and showed that
minimum-noise-factor matching is universally optimal in the sense of minimizing the
CRB for all estimation problems in the class. These results provide a way to calculate
the CRB for any sensor array in terms of the signal and noise properties, and the array
radiation pattern and impedance. Thus, if we are given a particular sensor array, these
results show how antenna matching and estimation algorithms can be jointly optimized
to make the best use of that array, in the sense of minimizing the CRB. On a more
fundamental level, it is natural to ask whether estimation theory can provide guidance on
the design of the sensor array itself. All arrays detect information by indirectly observing

the currents induced by incident signal and noise fields in some volume of conducting
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material, say V. How much information is contained in the currents on VV? How does the
information vary with the shape and material of V', and with the number and placement
of antenna ports? Most importantly, how can we use this knowledge to design sensor
arrays that efficiently capture all of the useful information within a given volume?

In this chapter, we consider the problem of estimating a collection of real parameters
u from an incident electromagnetic field. Our goal is to quantify the amount of useful
information about u that can be extracted from the currents induced in an arbitrary
conducting volume V', and to determine the best possible estimation error that can be
achieved by any M-port array that observes the field through V. Several authors have
studied the information contained in electromagnetic fields within a volume, often to
determine degrees-of-freedom [71,72] or decompose information among incident spherical
waves [64-67,73]. In [67], the authors calculate the maximum Fisher information for DoA
and polarization estimation that can be achieved by any lossless array that fits within a
spherical volume. Our work differs from [67] in several ways: (1) we consider arrays of
arbitrary shape and conductivity; (2) we consider the general problem of estimating the
parameters of an incident Gaussian field; (3) we consider the impact of physical sources of
noise, such as sky and amplifier noise; (/) we focus only narrowband estimation problems,
whereas [67] considers broadband signals; and (5) we consider optimal design of the
number and placement of array ports, whereas [67] only compares the Fisher information
of the sphere with two conventional arrays. In [79], the author determines the maximum
MIMO capacity attainable by any M-port array that observes an incident field through
an arbitrary volume V. This chapter considers signal and front-end models similar to
ours, but considers capacity rather than signal estimation, and so employs different tools
and metrics from those considered here.

The rest of the chapter is organized as follows. In Sec. 3.1, we present our system
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model and introduce the CRB for an arbitrary M-port array with Gaussian observa-
tions. In Sec. 3.2, we consider an array formed from an arbitrary conductor V', and
derive formulas relating the Fisher information of the array to the properties of V' and
the incident electromagnetic field. In Sec. 3.3, we define the concept of aperture Fisher
information, decompose the information in V' among a collection of unit-power eigencur-
rents, and derive bounds on the Fisher information of any M-port array that observes
the signal through V. Finally, we present numerical examples in Sec. 3.4 and summarize

our conclusions in Sec. 3.5.

3.1 System Model

Consider a receiver that estimates a collection of real parameters u € R” using ob-
servations from M antennas. The antennas may experience a certain degree of mutual
coupling, so the signals and noise observed by each antenna may be correlated. Before the
signals are processed, they pass through an analog front-end consisting of an impedance
matching network followed by a bank of noisy amplifiers, as illustrated in Fig. 3.1. In
Chapter 2, we derived a formula for the Cramér-Rao Bound for the estimation of u for
lossless arrays with arbitrary impedance matching and amplifiers. In this section, we
extend these results to arrays with loss. In Sec. 3.2, we will use these results to study

arbitrary arrays formed from a common conductor.

3.1.1 Sensor Array

Let v € CM denote the complex-baseband voltage across the terminals of the array and

let i € CM be the corresponding current flowing into the array. The relationship between
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Figure 3.1: Circuit model of a sensor array front-end
the two can be described by
V="7Al+ v, 3.1
)

where Zp € CM*M is the array impedance matrix and v, is the open-circuit voltage
induced by the incident field. Here, diagonal elements of Z, represent antenna self-
impedances, while off-diagonal elements represent mutual coupling between antennas.
We can always write

Zan =Rp + XA, (32)

where Ry 2 3(Za+ZY), Xa 2 5:(Za —Z}), and (-)" denotes the conjugate-transpose.
If the antennas are reciprocal Za = Z% , then Ra = Re[Za] and X = Im[Z4] are both
real, symmetric matrices.

In Chapter 2, we considered only lossless arrays. In this work, we explore the impact
of internal losses on estimation accuracy. Thus, the array resistance matrix is modeled

as a sum of a radiation resistance Rag and loss resistance Ray [87]:

Ra = Rag + Rar - (3.3)
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The radiation resistance is closely related to the antenna radiation patterns. Let the
pattern E,, (0, ¢) be defined by the far-field approximation of field produced by antenna

m at (1,0, ¢) when the antenna is driven by current i,,,
E(r,0,¢) = (1/r)e %, E.(0, ¢) , (3.4)

where k& = 27/X\ and A is the wavelength. If all patterns are expressed relative to a

common phase center, then for any lossless array in free space, we have [87, eq. 38|

1 T *
Ras]n — 5#% ET (6, )" (6, 6) dS (3.5)

where n = 1207 ) is the impedance of free space, and #Sl(-) dS denotes the surface

integral over the surface of the unit sphere S;. Note that (3.5) can be applied to both

lossless and lossy antennas, since Rp and Rag have the same antenna patterns.
Consider the problem of estimating u based on indirect observations of the open-

circuit voltage v, in (3.1). In general, we assume v, can be expressed as
Vo =SA + 1, , (3.6)

where sp € CM is the target signal and n, represents noise. Here we take sa to be
a circularly-symmetric Gaussian random vector [74, Sec. 15.7] with mean p, (u) and
covariance X, (u), which we denote by sa ~ CN(pg, (1), X, (1)). Specific examples of
estimation problem of this form will be considered in Sec. 3.4.

The term n, in (3.6) represents antenna noise due to thermal noise from the loss

resistance Ray as well as exterior noise from the environment. The noise contributed by

R 1 can be modeled as Johnson-Nyquist noise. Twiss [75] has shown that a resistance Rag
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at temperature Ty in Kelvin will produce an open-circuit noise voltage with distribution
CN(0,4kyTyBRag), where 0 € CM is the all-zero vector, k, = 1.38 x 10723 J/K is
Boltzmann’s constant and B is the system bandwidth in Hz. We assume the exterior
noise has a known distribution CN (0, X.), where X, is independent of u. Thus antenna

noise can be modeled as n, ~ CN(0,%,), where

Yo = 4k, Ty BRa1 + Se . (3.7)

As an example, if the sensor array with radiation resistance Rag is surrounded by an
isotropic black-body of temperature T4, Twiss has also shown that the corresponding
exterior noise covariance is given by Y. = 4k, TyBRag. If T4 = Tj, the combined

antenna noise from both sources is distributed as n, ~ CN(0,4k,ToBR ) in this case.

3.1.2 Front-End

In Fig. 3.1, the signals observed by the estimation algorithms are the load voltages
v = (vp1,...,vpa)". Prior to reaching the load, the signals pass through a front-end
consisting of a matching network followed by a bank of independent and identical ampli-
fiers. As in [27], we represent the amplifiers using the standard Rothe-Dahlke equivalent
network, where v, ~ CN(0,4k,TyBr,I) and i, ~ CN (0, 4k, Ty Bg,I) are independent ran-
dom vectors that represent internal amplifier noise sources, and I is the identity matrix.
For simplicity, we call these circuits amplifiers, but any sequence of linear, noisy circuits
can be represented this way [27].

In this section, we first consider the case of no matching network in Fig. 3.1. Using

basic circuit analysis, we can show the load voltages in Fig. 3.1 are given by (e.g. [39,
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eq. 14))

Vi = K|Vo— Va— (Za+ zeol)ial (3.8)
—1
where K = 221 (Z A+ le(zL:f;;“”“I) . Since optimal estimation performance

is not affected by an invertible transformation of the observation, we can define the

observation to be

ya = Kile = Vo = Va— (ZA + ZcorI) ia

— SA+nA, (39)

where ng £ ny—va—(Za + Zeorl) ia is the overall system noise. Intuitively, (3.9) expresses

all sources in (3.8) in terms of equivalent sources at the open-circuit array terminals.

3.1.3 Cramér-Rao Bound

Consider u to be fixed and real. For a given receiver, let 1 = t(ya) be any unbiased
estimator of u € R” based on the observation of ya, so Ey,ju[G] = u, where Ey, 4

denotes expectation with respect to the conditional pdf of y given u. The Cramér-Rao

Bound (CRB) provides a fundamental lower bound on error covariance of a: [74, Sec. 15.7]

Sa(u) £ Byypul(@ - w)(@ - w)] > I3\ (w), (3.10)

where Z 4 (u) is the Fisher information matrix (FIM). Here, we use the notation A > B

for Hermitian matrices A and B, to indicate A — B is positive semi-definite.
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For complex Gaussian observation model (3.9), the FIM is given by [74, Sec. 15.7]

ap’sh; ERPRNC/ TN -1 0%y, (1) (4 0%y, (u)
aui EyA(U)a—uj] +tr {ZYA(U>8—WZYA(U)T%( 11)

[Za(w)l;; = 2Re

where tr, Re and (-) denote the trace, real part, and conjugate transpose, respectively.

Hereafter, we write this formula compactly as

TZa(u) = F(py, Sya) - (3.12)

The lower bound is achieved by any estimator u that satisfies

Ip(yalu)

AR — Za(wli(ya) - v, (3.13)

in which case the estimator is called efficient.

3.1.4 CRB Optimal Matching

We have so far assumed no matching between the sensors and front-end in Fig. 3.1.
However, several studies have shown that impedance matching can significantly enhance
capacity for similar MIMO communication systems (e.g. [27] and references therein).
In Chapter 2, we also showed that impedance matching can significantly improve the
performance of estimation algorithms, especially when antenna coupling and amplifier
noise are significant.

For M = 1, the noise contributed by the amplifier in (3.9) is often measured by the

. A . . .
noise factor F = aflA / 01210, which depends on antenna impedance. The noise factor takes

47



its minimum value (e.g. [27, Appendix])

Fmin = 1+2 <ga7"cor + \/gara + (garcor)2> 5 (314)

when the antenna impedance equals zopy = \/7a/9a + 72, — jTcor, Where g,, 7, and

Zeor = Teor + JTeor are internal amplifier noise parameters.
For general M, the matching network in Fig. 3.1 is described by a block impedance

matrix

Z Z
Tong 2 M1t 4Mi2 ’ (3.15)

ZM21 ZM22

where each submatrix lies in CM*¥ | Ideally the network is designed with passive, reactive
elements so it is lossless, reciprocal and noiseless. The network is lossless and noiseless
if (39, eq. 30] Zn = —Z& and reciprocal if Zyy = Z1; where [-]7 denotes the transpose.

When matching is applied, the noise in the observation model (3.9) is changed to

ya = Sa+tDha, (3.16)

lI>

na ne — M_l [Va + (ZA + ZcorI) ia} )

where M £ Zingoy (Za + ZMH)_1 and Za = —MZniys + Znioy. Since ng, v, and i, are
Gaussian and independent, the total observation noise is distributed as na ~ CN(0,%,,)

where
Sy = So + dkyTyBM ! [raI + 00 (Za + 2ear) (Za + zcorI)H} M~H.(3.17)

In our model (3.17), note that impedance matching only changes the noise covariance

3, For any array and matching network, we write Za (u) = Za (u; £, ) to display the
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dependence of the FIM on the noise covariance. In Chapter 2, we showed that X,,, > 3, R
implies Za (u; Xy, ) < Za(u; X, ). For the system model of Fig. 3.1, we also showed that

the noise covariance satisfies

San > S+ (Fpin — )4k, ToBR4 | (3.18)

with equality if and only if Za = z,:I. We call any lossless network that achieves
Za = zZopl a minimum-noise-factor (MNF) match. Taken together, these two results
imply that MNF matching is optimal in the sense of maximizing the FIM (or equivalently
minimizing the CRB) for all estimation problems involving Gaussian signals.

One example of matching network that meets these requirements is [27, eq. 42]

Zog = Zy Zane _ —Xa (ToptRA)1/2 ' (3'19)

Zyar Lo (ToptRA)1/2 xoptI

Note that (3.19) is a reciprocal network only if Za # Za”, Ra ¢ RM*M,

3.2 Arrays from Arbitrary Conductors

A sensor array collects signal information by indirectly observing the currents induced
in some conducting body by the incident electromagnetic fields. In the last section, we
expressed the Fisher information associated with a sensor array in terms of the array
impedance, and the signal and noise components of the open-circuit voltage (3.6). In
this section, we adopt a more general perspective, and consider an array formed from an
arbitrary conductor of shape V. This conductor could be a single, contiguous structure

such as a patch, or a collection of structures, such as an array of dipoles. We assume
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the currents and fields on V' are observed through a collection of M ports that couple to
V. The aim of this section is to relate the Fisher information observed at these ports to
the properties of the underlying conductor V' and incident signal and noise fields. In Sec.
3.3, we use this relationship to determine the maximum Fisher information that can be
achieved by any array formed from V', and to gain insight into how to design ports that

achieve this maximum.

3.2.1 Fields and Currents on Lossy Conductors

We first review the equations relating the fields and currents in a lossy conductor, follow-
ing [87]. Consider an arbitrary region V filled with a homogeneous material of conduc-
tivity 0 < +o00. The fields in V' can be decomposed into the sum of an incident field due
to external sources E,, and a scattered field E, induced by the volume! current J. The

relationship between these quantities is given by the constitutive equation [87, eq. 50]

J =o0(E,+E,) . (3.20)

Note the total field is a linear function of the current that depends only on conductivity,
Z1(J) = 071J. Using the Green’s function, the scattered field can also be expressed as a

linear function of current that depends only on the aperture V,

E, = —Zg(J). (3.21)

n a strong conductor, the fields and currents are largely confined to the surface of V and (3.22)
could be viewed as surface fields and currents.
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Thus, we can rewrite (3.20) as a linear equation that relates the incident field to the
volume currents

ZJ) & Ze())+Z:(J) =E, . (3.22)

For calculations, it is more convenient to work with discretized fields and currents,
rather than the continuous quantities in (3.22). Using the Method of Moments, for ex-
ample, we can express all of the fields and currents in terms of a common set of basis

functions, say
J=J(s) = /T1Wy(s)+ ... + JxWk(s) foralls eV . (3.23)

Here we assume the basis is normalized in a way that preserves power calculations, so

1 1
\4

A detailed procedure to discretize these equations is discussed in [88]. This process is also
automated in the software tool FEKO [81]. Once (3.22) is discretized, we can interpret

J and E, as vectors in C¥, and Z, Zg and Zy as matrices in CF*X,

3.2.2 Embedded Ports

We normally observe the fields and currents on V' through one or more ports that couple
to the conductor. In this section, we consider ports that are embedded in V', in the
sense that they are completely contained in V' and require no additional structures to
be attached, except a shielded cable with negligible scattering. Suppose V' is used as an
antenna array with M embedded ports, as illustrated in Fig. 3.2. Let v,, and 7,, denote the

voltage and current into the m-th port, respectively. To calculate the Fisher information
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VM

Figure 3.2: An array formed from an arbitrary conductor V'

(3.11) of this array, we must find the array impedance Z and the open-circuit voltage v,
in (3.1). We now derive these quantities from the properties of the underlying conductor
V' and the incident field E,.

When the array is driven by port currents i, the (complex) power supplied to V
is [89, eq. 9.3.3]

1
P, = —§(v1i’{+"'UMi7w) = —3V i (3.25)

Note each port current produces a proportional volume current on V', so the volume

current produced by all of the ports can be written as
J=Cu+---+Cyiy = Ci,

where C,, € C¥ is the current on V generated by a 1A current into port m when all

(CKXM

other ports are open-circuit, and C &€ is the matrix whose m-th column is C,,.

52



Using (3.24) and [89, eq. 7.3.23], the power supplied by J to V' can also be expressed as

1
P, = —§ETJ*, (3.26)

where E is the sum of the scattered field due to J and the incident field,

E=ZJ+E,. (3.27)

Equating the two power expressions, it follows

1 1 1 1
—§vTi* = —5[Zai+ Vo]l i = —5[2Ci+ E,|" C* = -3 [CZCi+ CYE,]" i
(3.28)
Since these equations agree for all i, we conclude
Zn = C"ZC, v, = CE, . (3.29)
The incident field can be decomposed into two parts,
E, = sv +ng, (3.30)

where sy € C¥ and n., € C¥ are the signal and noise fields on V', respectively. Similar
to Vo in (3.6), we assume the signal field is Gaussian with a known mean and covariance,
sy ~ CN(pg, (1), X, (1)). Analogous to n, in (3.6), we assume the noise field is dis-
tributed as n, ~ CN(0, 2, ), where X, = 4k, Ty BR1+X, v where Ry = (1/2)(Z1+Z1").
Here 4kyToBR; represents noise due to internal losses, and 3¢y represents external

noise. In particular, if the aperture is surrounded by an isotropic black-body of temper-
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ature Tp, the combined noise from both sources has covariance X, = 4k,ToBR, where
R = (1/2)(Z + Z").

From (3.29), we can relate the properties of sa and n, in (3.6) to the incident field
(3.30). From (3.6) and (3.29), we can infer s, = CHsy is Gaussian with mean and

covariance
oy () = Cprg (w) | By (0) = G5, ()C (3.31)
Similarly, n, = C”n, and so
¥, = C¥%,.C = C"[4kT,BR; +Z.v]C . (3.32)

From (3.29), we have Ra1 = C”R;C, so the first term in the brackets produces the first
term on the right in (3.7). It follows the second term in the brackets produces the other

term in (3.7),
. = C'x%.,C. (3.33)

We can now use these equations to calculate Fisher information for any incident Gaus-
sian signal and noise fields, any aperture V', any collection of M embedded ports, and any
matching network. The incident signal field is defined by its mean (1) and covariance
35y (1); the incident noise field is defined by the covariance ¥y . The aperture V' is de-
scribed by the radiation and loss impedances, Zg and Zy, and the noise temperature 7j.
The ports are specified by the current matrix C. Given these quantities, we can calculate
the mean and covariances of the signal and noise components in (3.6) from (3.31) and

(3.32), respectively. We can then calculate radiation and loss impedances of the array

54



from (3.29). For any matching network, with matching matrix M in (3.17), we can then
calculate the total observation noise in the array from (3.17), and the resulting Fisher
information from (3.11).

As noted in Sec. 3.1, the array FIM is always maximized when MNF matching (3.19)

is used. In this case, the array observation (3.17) reduces to
YA = SaA +1ha, (334)

where np ~ CN(0,%,,) and X, = X+ (Fnin — 1)4k,ToBRA From (3.31)—(3.33), note

we can also write this equation as ya = C”yvy where yv is defined by
yv £ sv+ny, (3.35)
and ny ~ CN(0,%,,) and

Sy 2 So 4 (Fin — D4k ToBR. . (3.36)

\4

Comparing with (3.30), we can view yy as a noisy observation of the incident field
E,, where the last term in 3,,,, represents amplifier noise referred to the volume V. This
equation shows the array observation yo = CHyv provides a partial view of the aperture
observation yv, and the relationship between the distributions of these observations is
given by

Hy (W) = Cpy (1), By, (1) = CT8y, ()C . (3.37)

When optimal matching is used, we conclude the array FIM (3.11) can be expressed in
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terms of the incident field as
Ta() = F (i, (0), By, (W) = F (Chpy, (0),C¥ Sy, (W)C) . (3.39)

where F is given in (3.12).

3.3 Aperture Fisher Information

In this section, we investigate the maximum Fisher information that can be extracted
from an arbitrary conducting structure V. As in Sec. 3.2, consider any array that observes
the fields and currents on V' through M embedded ports. We show the maximum Fisher
information obtainable with any such array is given by a quantity called the aperture
Fisher information, that represents all of the useful information contained in the currents
and fields induced in the conducting structure. For a broad class of estimation problems,
we also show how arrays can be designed, at least in principle, to achieve the aperture
Fisher information or minimize diagonal elements of the CRB.

We define aperture Fisher information by way of a thought experiment: Suppose an
array could be constructed from V' in such a way that each port corresponds to a basis
function in (3.23), in the sense that applying a 1A current to port m produces a volume
current equal to the m-th basis function in (3.23). It follows this virtual array has M = K
ports and the current matrix is C = I. If optimal matching is used with this array, (3.38)

implies the resulting Fisher information would be

To(w) 2 F (1, (), 5y (0) . (3.39)

We call this quantity the aperture Fisher information matriz (AFI). From (3.39), the AFI
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appears to depend on the basis (3.23) used to describe the fields and currents on V. In
general, adding basis functions increases the number of observations and could increase
Zy(u). Presumably, one could bound the AFI above by an analogous quantity involving
the continuous fields on V. However, in this chapter, we assume the continuous fields are
discretized in a way that captures all of the relevant signal and noise information in the
aperture; more precisely, yy is a sufficient statistic for estimating u on the basis of the
continuous fields on V. With this assumption, AFI will not depend on the basis selected.
In fact, if adding basis functions increases AFI, then the original basis was clearly not

sufficient to capture all of the useful information in the aperture.

3.3.1 Bounds on Arbitrary Arrays

Intuitively, it seems reasonable to expect that the Fisher information contained in the
fields and currents of V' is an upper bound to the Fisher information of any array con-
structed from V. The following theorem makes this intuition precise, and is the main
result of this chapter. Here the notation A < B for Hermitian matrices A and B means

B — A is positive semi-definite.

Theorem 3.1: Let V be any conductor excited by the incident Gaussian signal and
noise fields (3.30), and let Zy (u) denote the corresponding aperture Fisher information
(3.39). Let Za (u) denote the Fisher information (3.38) of any array formed by embedding

M ports in V. Then Za(u) < Zy(u). ¢

Before proving the theorem, a few remarks are in order. First, Theorem 1 suggests
that Zy (u) is an upper bound on the Fisher information of any array that observes the

signal through V', in the sense of the matrix partial ordering. Intuitively, Zy (u) can be

57



viewed as the maximum Fisher information that any array can extract from V. Second,
we are usually more interested in the Cramér-Rao bound, CRB4(u) = Z,'(u), rather
than Fisher information. From [86, Cor. 7.7.4(a)], if both matrices are invertible, Theorem
1 implies

CRBy(u) £ Z,'(u) < I '(u) = CRBa(u). (3.40)

In this sense, CRBy (u) is the minimum CRB that any array formed from V' can achieve.
Finally, note the diagonal element [CRBA(u)];; is a lower bound on the error of any
unbiased estimator of parameter ;. Note (3.40) implies CRBa (u) — CRBy (u) is positive
semi-definite. It follows that each diagonal element of this matrix is non-negative [86,

Cor. 7.7.4(b)]; hence for each ¢
[CRBy(u)];; < [CRBa(u)];; - (3.41)

For any array formed from V', the diagonal elements of I‘_/l(u) are therefore a lower
bound on the error of any unbiased estimator of the corresponding parameter of u.
Proof of Theorem 3.1: Since MNF matching maximizes Z 4 (u), it is enough to prove
the theorem for optimal matching. For Hermitian matrices A and B, note A < B holds
if and only if w# Aw < wH#Bw for all w € C? [86, pg. 402]. From (3.38) and (3.39), to

prove the theorem it therefore suffices to show for all u, C and w that
wi F (CHuyV, CHEYVC) w < wilF ('“’yv’ Eyv) W, (3.42)

Here we suppress the dependence of p, (u) and 3y, (u) on u for compactness.
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From (3.11), we observe

. opl o opll _ op, \
WIF (yy Byw) w = D, wj{ By = Gy +< Buy = oy

0¥ 0¥
-1 y -1 y
+ tr {Eyv anV 3o auj‘/} }
= 2"S e+ 2"z +tr [B, ATSTA] (3.43)
where
on ou 0
A Yv A * yv Ay yv
Ty, o 2w, A B u;

Similarly, we find

wiF (Cp,,,C"s,,C)w = zC(C'x,,C) Cz+z"C(C's,,C) C'z
+ir |(C'x,,0) 7 CATC (CPR,,C) 7 CPAC]

= 'S 'z 4+ 2" e+ [ETTAYSTIA] 0 (3.44)
where the last step follows from the trace identity tr [BC| = tr [CB] and
»'2c(c’xs,,C)Ch. (3.45)

Consider the matrix U £ E;,{?C (CH ZyVC)fl/ 2, where E;é/ 2 denotes the Hermi-
tian square root [86, Thrm. 7.2.6] of Xy,,. Note that U#U = I, so the rows of U are

orthonormal. Since U#U and UU# must have the same eigenvalues, it follows that all
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of the non-zero eigenvalues of UU¥ are one. Hence,

1 > uu” = zY%2c(cx,,C) Cclisl?, (3.46)

or equivalently ¥ < E;& From this, it follows immediately that
x"C (CHE},VC)f1 C'z < 2"z, (3.47)
z'c (Cx,,C) ' Cz < 2"z, (3.48)

For any complex matrix D with M columns, 7! < 2;‘1 also implies each diagonal

element of D¥[X7) — XD is positive, so
tr [DY2,!D] > tr [ D"E7'D] . (3.49)
We can use this to bound the right-most term in (A.1):
—1 A Hy—1 172\ g1 A 12
tr[SlATSIA] = | (AX)?) mplAT }

H
> tr <A2‘1/2> E‘lAE‘l/Q]
yv
— tr (AH2—1/2)H2;1AH2—1/2}
\%
> tr (

AH2—1/2)H 2—1AH2—1/2:|

~ ur(C"%,,C) " CPAC (M, C) T CPAC] | (350)

where each inequality follows from (A.3), and each equality from tr [BC] = tr[CB].
Combining (A.1), (3.44), (A.2) and (A.4), we have proved (3.42). Thus we conclude
Za(u) <Zy(u). o
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3.3.2 Optimal Array Design: 3, Independent of Parameters

For any array constructed from V', the error covariance of any unbiased estimator of wu;
is bounded below in the Cramér-Rao bound by [I;I (u)]” This raises several natural
questions: What is the minimum value of [IKI(U)LZ- over all possible M-port arrays
constructed from V? What is the minimum value of tr [I;f(u)} ? How do the answers to
these questions vary with M7 Can we characterize the current matrices C of arrays that
achieve these minima?

In this chapter, we investigate these questions for a broad class of estimation problems
in which either the mean p,  or the covariance 3y, of the incident field do not depend
on u. In this section, we first suppose 3, does not depend on u. Note this includes as
a special case the conditional model of direction-of-arrival estimation considered in [76],
where the signal is considered to be nonrandom (3, = 0 and X5, = 0). Suppose Z(u)

is the FIM of an M-port array constructed from V with current matrix C. As noted after

Theorem 3.1, the diagonal elements of the CRB are bounded by the AFI,

ZA ()], > [T/ ()], (3.51)

with equality when each of the K basis functions is a port. However, the number ports
in an array is usually far less than the number of basis functions needed to adequately
describe the fields and currents on V. For a given u and M < K, under what conditions
on C can we achieve equality in (3.51)?7 A partial answer is provided by the following

theorem.

61



Theorem 3.2: Suppose Xy, is non-singular and independent of u, and define

0
Y 2 Y = 2;;/2%. (3.52)

If M > rank[Y] for u € CP, there exists an M-port current matrix, C € CX* such

that Za(u) = Zy(u). Equality is achieved by any current matrix C that satisfies
UuUfY = Y. (3.53)

where U £ 2;(/2(] (cHxy, C)_l/Q. In particular, equality is achieved for C = E;‘i/QV,

where V is any matrix whose columns are an orthonormal basis for the columns of Y. ¢

Before proving the theorem, we make several observations: (a) Since Y(u) is a K x p
matrix, it follows rank[Y] < p for all u. Thus, we can achieve equality in (3.51) for any u
whenever the number of ports is greater than or equal to the number of parameters to be
estimated. (b) Note equality in Theorem 2 is guaranteed only for one specific u; Theorem
2 does not guarantee existence of a C that achieves equality for all u simultaneously.
For example, if u represents a direction-of-arrival, Theorem 2 provides conditions under
which we can achieve the best possible sensitivity in one particular direction, u, but
we cannot necessarily optimize sensitivity simultaneously in all directions. (¢) We can
optimize sensitivity in multiple directions by choosing the columns of U to satisfy (3.53)
for multiple values of u. For example, to optimize performance in two directions, say u;
and uy, we can choose the columns of U to be a basis for the columns of both Y (u;)
and Y (uy). (d) When the observation noise is standard thermal noise, the observation
covariance Xy, is proportional to the resistance matrix, say Xy, = aR, where R =

(1/2)[Z + Z*]. In this case, the current matrix C = E;é/QV has a simple, intuitive
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interpretation. Here C#¥X, C = al. Recalling that the columns of C represent the
currents generated by each port, this condition implies that the ports are uncoupled and

the array observation noise is spatially white, 3, = al.

Proof of Theorem 2: If ¥, is independent of u, then 8?;’1_" = 0 for each . From

(3.52), the AFI (3.39) can be written as

H
a“’)’v 2—1 8'U’YV

Iv<u) = 2Re ou Y ou

= 2Re [Y?Y] | (3.54)

where U is defined in (3.53). Similarly, the array Fisher information can be written as

aM)I;IA 271 a'u’)'A

IA(U) = 2Re Ju YA Hu

I G,
— 2Re ﬁcH(czyvcH)—lc%

. | = 2Re [YPUU"Y] . (3.55)

Note U € CE*M gatisfies UPU = I, and so has orthonormal columns. From (3.55), it
is clear that UUTY =Y implies Z5(u) = Zy(u). Moreover, (3.53) is achieved by any
U whose columns are an orthonormal basis for the columns of Y, which is possible for
all M > rank[Y]. Finally, it is easy to verify C = E;é/ 2V satisfies (3.53) whenever the

columns of V are an orthonormal basis for the columns of Y. o

3.3.3 Optimal Array Design: pu, Independent of Parameters

We now reconsider the questions raised in the last section for estimation problems in
which the mean of the incident field, p, ., does not depend on u. For example, this
includes as a special case the unconditional model of direction-of-arrival estimation con-

sidered in [76], where the signal is considered to be random.
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Suppose Za(u) is the FIM of an M-port array with current matrix C constructed
from V. As noted earlier, the diagonal entries of the CRB are bounded below by the

aperture FI

ZX' (0], > [Ty (w)], . (3.56)

with equality when each of the K basis functions is a port. For a given u and M < K,
what is the minimum value of [I;}(u)}u, and what current matrices C achieve it? A

partial answer is provided by the following theorem.

Theorem 3.3: Suppose Xy, is non-singular and ., . is independent of u. For any
u e Cr let
_1/20%

. 3.57
Y o yeees D ( )

Let A; denote the orthogonal projection of A; onto the subspace spanned by the other
matrices in the inner product (A, B) £ tr[A”B]. For any array with M < K ports, we

have
[I;l(u)]ii > (Uii ++ U?W)_l , (3.58)

where 01, > 09; > - -+ > 0k, are the singular values of the Hermitian matrix A; — AZ in
decreasing order. Let V € CK*M be the matrix with columns equal to the M orthonormal

singular vectors which correspond to the singular values in (3.58). Then equality holds

in (3.58) for any C € CK*M such that U £ X1/°C (CHEWC)_I/2 satisfies

Uufv = v.
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In particular, the current matrix C = E;‘i/ >V satisfies this condition. o

Before proving the theorem, let us make several observations: (a¢) An immediate con-

sequence of Theorem 3 for M = K is

where || A ||? = (A, A) is the Frobenius norm. It follows we can achieve equality in (3.56)
whenever M > rank[A; — A;]. (b) The conditions for minimizing [I;l(u)]m. apply to one
specific u and 7; the theorem does not guarantee the existence of a C that achieves equality
simultaneously for all u and 7. In general, there will be a tradeoff between minimizing
[le (u)] ,; for different values of u and . We conjecture that the best tradeoff between the
error covariances [Z,'(u)] .; and [Igl(u)}jj is related to the solutions of the generalized

eigenvalue problem

A A x = A - A x (3.60)

Proof of Theorem 3:If py, . does not depend on u, then agﬁ‘/ = 0 and the AFI (3.39)

is

00X 0X 0X 0X
Z o= g |1y 1 TEYY L g (/22 1 Y )2
Ev(wl; LYY 0w T ou, } r[ Yo dup YV Ouy YV

where A; is given in (3.57) and (A,B) = tr [A”B] is the inner product on C¥*¥. Here

the second step follows from tr[AB] = tr[BA], and the last by observing A; is Hermitian.
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Proceeding in a similar way, we have

Za(m)], = t {c (©075,,0) " Ere g (o5, ) CHaaszyy}
! J
= tr [(CHEyVC)l/2 CHGEJC (CHZyVC)fl CHaEyVC (CHEyVC)l/Q}
aui 8Uj
= tr [UTAJ'UU"A U] | (3.62)

where U is defined in the theorem. Note U”U = I, so the rows of U are orthonormal.
Further note P £ UU¥ is Hermitian and idempotent, P> = P, and so is a projection

matrix of rank M. Using the trace identity, we can write
[Za(w)],; = tr[AJUUTA;UU"] = tr [A['P?A;P?] = (PA,P,PA,P) (3.63)

It suffices to prove (3.58) for i = 1. To calculate [Z;'(u)];;, partition the AFI into

block form:

Vi, Vi
Zyv(u) = R (3.64)
V21 V22

where Vj; € C, Vo, € CP~DX1 Vo, € CP~D*?P=1 From the matrix inversion lemma [86,

pg. 18], we have

1

[IX;l(u)]ll = (Vll _ngz_zlvm)il = (Vn _WHVZQW)i (3.65)
where W 2 (wy, ..., w,) = Voy V. Since Voow = Vo, (3.61) implies
P
ST(ALA)w; = (ALA), i=2,...p. (3.66)
=2
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These can be recognized as the normal equations [90, Thrm. 7.4.6] that define the pro-

(CKXK

jection of the matrix A; onto the subspace L£; of spanned by A,,...,A,. In

particular,
P
A1 é Z’ijj
j=2

is the orthogonal projection of A; onto £; and

<A1—A1,Aj> = O,ZZQ,,p (367)
From these last two equations, it follows w#Vyw =|| A; || and
Ty (W = [ Ar— Ay |72 (3.68)

where || A ||?= (A, A) is the Frobenius norm. When A, ..., A, are linearly independent,

A, can also be expressed directly in terms of A; in vectorized form as
vec[A)] = B(B”B) ™ Bvec[Ay] (3.69)

where vec[A;] is the vectorization operator [33] that stacks the columns of A; into a
single column vector of dimension K2 and B € CEK**P is the matrix whose j-th column
is vec[A,].

Proceeding in the same way, we can show
Zx' (Wl = || PAP - AL |72 (3.70)

where A’l is the projection of PAP onto the subspace £y spanned by PA,P, ... PA,P.

Since the basis vectors of Ly are projections of those of Ly, it follows Lo C L. Hence,
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A’l can be calculated by first projecting A; onto £, to obtain A4, and then projecting
A, onto Lo, which yields A = PA,P. 1t follows that

[Zx'(w)i = | P(A1—A)P |72 . (3.711)
Recalling that P? = P < I, we can write

| P(A;— AP 2 = tr[U(A; - A)"UU"(A; - A))U|

< tr [UH(A1 “A)T(A, - AI)U] . (3.72)

The last trace equals the sum of the M eigenvalues of U¥(A; — A;)# (A, — A;)U. From
the Poincaré Separation Theorem [86, Cor. 4.3.16], these eigenvalues are less than or

equal to the M largest eigenvalues of (A; — A1) (A; — A)), or equivalently
IPA = AP [P < ofy 4+ +0iy, (3.73)

where 011 > 031 > ... > o are the first M singular values of A4 —A,. From (3.72), we
see that equality is achieved when the columns of U are the corresponding unit singular

vectors. Thus, we conclude that
_ ~1
Za (Wi = (o, + - +oty) (3.74)

thereby proving the theorem. o
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3.4 Numerical Examples

In this section, we illustrate our results for three different estimation problems. For each
problem, we consider the three arrays depicted in Fig. 3.3, which are formed from the
same underlying conductor V. Here V is a copper wire of conductivity o = 5.96 x 107
S/m with length L = 0.5m and radius » = 0.5mm operating at a frequency of f = 300
MHz. The three arrays differ only in the number and locations of ports: M = 1 is a
dipole with one port in the center; M = 2 consists of two ports located 0.125m from
each end; M = 3 contains all three ports. For this V', the impedance Z and radiation
and loss resistances, Rg and Ry, were obtained numerically for K = 99 triangular basis
functions using FEKO [81], a method-of-moments electromagnetic solver. As in [91], we
model each port as a “delta-gap” — a gap so small it does not alter the impedance of V.
With this assumption, we can calculate the coupling matrix C of each array in Fig. 3.3
via Cf =Y YT . Here Y = Z™! is the admittance matrix of V', Y. is the submatrix
of Y containing only columns corresponding to port locations, and Y, is a submatrix of
Y. containing only rows corresponding to port locations. We further assume that each
array is connected to a bank of M amplifiers with noise factor F,;, using the optimal
MNF matching network (3.19).

In the sections that follow, each estimation example can be specified in terms of the

incident signal and noise field models and the parameters to be estimated.

3.4.1 Estimating the Temperature of Black-Body Radiation

First consider the example of an array surrounded by a black-body enclosure, where
the goal is to estimate the temperature of the enclosure. Let Rg and Ry denote the

radiation and loss resistances of V', respectively. The “signal” component of the incident
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Figure 3.3: Three arrays formed from the wire V.

field (3.30) is induced by the enclosure, and is distributed as sy ~ CN (0, 4k, Ts BRE),
where k;, is Boltzmann’s constant, B is the bandwidth in Hz, and T is the temperature
of the enclosure. There is no external noise, so the noise ny in (3.36) is due entirely to

the loss resistance and amplifiers, and so

Sn, = 4kyToBRy + (Foin — 1)4k,ToBR | (3.75)

Vv

where T is the temperature of V. If the parameter to be estimated is u = 1 4 (T —
15)/(ToFnin), the aperture observation (3.35) has mean py, = 0 and covariance Xy, =
4k To Frnin B(uRE + Ry).

Since py,, is independent of u, the results of Theorem 3 apply: For any M-port array
formed from V', the error covariance of any unbiased estimator of u is bounded by the

scalar CRB (3.58)

Iy (u) > (o4 +0a.) (3.76)
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where 011 > 021 > --- > 0k1 are the ordered singular values of

Al —A; = A, = (uRg +Ry) V?*Rg(uRg +Ry) V2. (3.77)

Here Aq, Al are defined in Theorem 3, and Al vanishes because there is only one pa-
rameter. In particular, when M = K (3.76) reduces to the aperture CRB (3.59).
This bound has a simple physical interpretation in terms of the efficiencies of certain

eigencurrents on V. Consider the generalized eigenvalue problem

n [RE + RI] J = REJ . (378)

If Rg + Ry is positive definite, there exist K eigencurrents of this equation such that

J'Re+Ri) I = o, I'ReJy = midy . (3.79)

Intuitively, Jq, - - - , Jx are unit-power eigencurrents that jointly diagonalize the radiation

and loss resistance matrices. Note, the eigenvalue 7, can be written as

IRy,
_ . 3.80
= IR, + IR, (3.80)

If we drive V with current J, note JZRgJ}, is the power radiated and JZR;J} is the
power dissipated in internal losses. Thus the eigenvalue 0 < 7, < 1 represents the fraction
of power that is radiated, which can be recognized as the radiation efficiency of eigen-

current Jy [92, pg. 872]. From (3.79), we can show J is also an eigenvector of uRg + Rx
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with corresponding eigenvalue uni + 1 — 7%, and an eigenvector of A; with eigenvalue

Mk
o = - 3.81
= ung + 1 — g (3:81)

Since A is semi-definite and Hermitian, the singular values coincide with the eigenvalues.

For any M-port array formed from V', we conclude (3.76) can also be expressed as

I > [fj (’7—)] | (3.82)

= \une + 1=

where 7, ...,ny are the radiation efficiencies of the M most-efficient eigencurrents of
(3.78).

This example illustrates that our results can lead to trivial results for certain esti-
mation problems involving perfect conductors (6 = 4+00). To see this, note Ry vanishes
when V' is a perfect conductor. If Rg has full rank, then every J is a solution of (3.78)
with n = 1,80 ;; = -+ = ng = 1. The aperture CRB is given by (3.76) with M = K,

which yields

Ty (u) 2 (3.83)

=S

where K is the dimension of Rg. Here the AFI grows with the number of basis functions
in (3.23) for any V, invalidating our assumption that the basis (3.23) captures all of
the useful information contained in the continuous fields and currents on V. For this
problem, the aperture CRB based on the continuous fields is zero, a trivial result. A
similar phenomenon was observed for a different information measure in [79], which
showed that MIMO aperture capacity can be infinite for lossless conductors.

Now consider an example with finite conductivity: the three arrays in Fig. 3.3 are
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Figure 3.4: Eigencurrent efficiencies and CRBs for temperature estimation example.

formed from a copper wire of conductivity o = 5.96 x 10" S/m. The eigencurrent effi-
ciencies 7 of this wire were calculated by solving (3.79) in MATLAB and are plotted in
Fig. 3.4a. Note the efficiencies fall off rapidly with k&, and all but the first three eigencur-
rents are quite lossy. Thus, in this example, introducing a small loss reduces the number
of efficient eigencurrents from K = 99 to three. In Fig. 3.4b, we plot the ratio of square-
root of the aperture CRB to u, i.e. uill"—,lﬂ(u), which provides a lower bound on the
root-mean-square (RMS) relative estimation error of u. For comparison, we also plot the
array CRBs for the three arrays depicted in Fig. 3.3. Note the CRB of the M = 1 dipole
is 31-70% larger than the aperture CRB, so the dipole fails to capture much of the useful
information about u that is contained in the fields and currents on V. Similarly, the CRB
for two ports is 6-20% above the aperture bound, and the CRB for three ports is 3-8%
above. Here we see that additional ports can significantly reduce the CRB, and M = 3
ports performs close to the aperture CRB. This is intuitively reasonable, since Fig. 3.4a

shows most of the information is contained in the first three eigencurrents.
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The examples above illustrate that even small internal losses can significantly increase
aperture CRB. When ¢ < +o00, the higher-order eigenmodes of Theorem 3 typically
become increasingly lossy, and most of the Fisher information resides in the first few
eigenmodes. These eigenmodes can usually be well modeled by a sufficiently fine MoM
basis. For this reason, we will include internal losses in all of the remaining examples in

this chapter.

3.4.2 Estimating Direction-of-arrival of a Known Signal

Suppose the wire V' in the previous example is now used to estimate direction-of-arrival
(DoA) of an incident plane wave. We consider a scenario similar to [84], where a far-field
source transmits a signal with known polarization to the receiver. Let 6 and ¢ denote
spherical coordinates centered at the midpoint of the wire, as illustrated in Fig. 3.5. The
incident signal field is a sequence of N plane waves arriving from direction #, ¢ of the
form

E CoS
S L (3.84)

E4y sin yel?

)

where s; is the signal, * = z, + jx; is a complex path gain that encodes the signal
amplitude and phase, and polarization is determined by the Johnson vector [85, eq. 8]
on the right, where tany and v are the magnitude and angle of the polarization ratio
E,i/Ep;. Here we assume s;, v and ¢ are known and we want to estimate z, 6, ¢. Let
P;(0,0) = [poi(0,0),psi(0,¢)]" denote the radiation pattern of the i-th basis function in

(3.23). The field sy in (3.30) induced on V' at time ¢ by the incident field (3.85) can now

74



AN
>N

Figure 3.5: Spherical coordinates

be written as

sy(t) = zs48(0,0) , t=1,...,N | (3.85)

where g(6, ¢) € CE*! is defined by

6(0.0) 2 Pl |
sin yel?

We model the antenna noise in (3.30) by the Twiss model, so ne(t) ~ CN(0,4k, Ty BR),

t=1,2,...,N. With these assumptions, the aperture observation model (3.37) has mean

Hyy ) = r5,8(0, ¢) and covariance X, = 4k, Fpyin BR.

Assuming perfect time synchronization, we consider the problem of using the arrays
in Fig. 3.3 to estimate the parameters u = [z,, z;, 6, ¢]. Since Xy, does not depend on wu,
the aperture and array Fisher information are given by (3.54) and (3.55), respectively.
As in (A.2) and (A.3) of [84], the sum of the AFT for all N symbols can be expressed in
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block matrix form as

Tyex ZLiy,
I, = |7 Ve (3.86)

Lyyx Lyyy

where x = [z,, x;] and ¥ = [0, ¢|. Assuming the observation noise is temporally white,

each sub-matrix is given by

Tvx = 2PNg(0,0)"5] g(6, 0)1 (3.87)
Tyyx = 2PNRe{ [1,i] ® a;*w;:;g(e, ¢)} (3.88)
Ty = 2PN|x|2Re{ ag(g;;b)ff =2 ag(;fp’ ?) } (3.89)

where 3y, = 4k TyF,inBR and P = (1/N) SV, |s(t)|? is the average power of the
signal.

First we consider a simple one-dimensional DoA estimation problem. Suppose a known
sequence of N = 100 symbols si,..., sy is transmitted with a path gain of x =1 in a
right-hand circularly-polarized wave, so v = w/4 and ¥ = —7/2 in (3.85). This signal is
sensed using the arrays in Fig. 3.3, where each is centered at the origin of the coordinate
system in Fig. 3.5 and oriented along the z-axis. Since each array is symmetric about the
z-axis, the radiation pattern (3.85) does not depend on ¢ and the unknown parameters
are u = [z,, z;,0]. The Fisher information is calculated using (3.86) by setting ¥ = [0].

In Fig. 3.6, we plot ([Z;']g¢)"/?, the aperture bound on the RMS estimation error of
0, versus 0 for a signal-to-noise ratio of SNR £ P/(4k,TyF,,;, B) = 10. Also shown are
the corresponding bounds for the M = 2 and 3 arrays in Fig. 3.3. The M = 1 case is

omitted, because the FIM is singular, implying that there is no meaningful lower bound

76



M=2 Array CRB
M=3 Array CRB
Aperture CRB

I I I I I I I I
0 20 40 60 80 100 120 140 160 180

Figure 3.6: CRB on RMSE versus target angle 6 using half-wavelength wire.

on the estimation error [80]. Note all of the CRBs are lowest near broadside (6 = 90°)
and grow rapidly near endfire (§ = 0° or 180°). As expected, the aperture CRB of V is
a lower bound on the CRB of each array formed from V. Note the CRB of the M = 2
array coincides with the aperture bound near broadside, and so achieves the best possible
performance of any array formed from the wire V'; however, the RMS error of this array is
more than 3.7 times larger than the aperture bound for § < 30° and € > 60°. Interestingly,
the M = 3 array is relatively close to the aperture bound for nearly all #, which suggests
that most of the information contained in the fields and currents of V' can be observed
with only three ports. If we define the beamwidth of an array to be the range of 6 for
which the CRB performs within a factor of 2 of its best performance, then both the
aperture bound and M = 3 array have beamwidths of roughly 100°, whereas the M = 2
array has a beamwidth of only about 60°. Thus, using three ports not only lowers the
CRB, but also increases the angular range over which the CRB is close to its optimal

value.
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Figure 3.7: CRB on RMSE versus arrival angle ¢ for signal arriving in 8 = 90° plane.

3.4.3 Two-dimensional DoA Estimation using Tripoles

Next consider the problem of estimating both 6 and ¢ using three, mutually-orthogonal
wire antennas. A conventional tripole array [85] is formed from three M = 1 dipoles, each
centered at the origin and aligned with the z,y, and 2z axes in Fig. 3.5. Here we call this
an M =1 tripole, although it actually has three ports. Similarly, the M = 2 and M = 3
tripoles are defined by replacing each dipole with the M = 2 and M = 3 arrays in Fig. 3.3,
respectively. Thus, the M = 2 and M = 3 tripoles have six and nine ports, respectively.
In this section, we take the incident signal to be the same N = 100, circularly-polarized
wave considered in Fig. 3.6, except now we estimate both angles-of-arrival, § and ¢.
First suppose the incident signal arrives in the plane § = 90°. We plot the aperture
bound ([Z;']5,6)/? on the RMS estimation error of § versus the signal angle-of-arrival ¢ in
Fig. 3.7a for SNR= 10 dB. Also shown are the corresponding array CRBs for the M = 1,2
and 3 tripoles. For all three arrays, note the RMS error of # is relatively constant over

the angle-of-arrival ¢. Interestingly, the CRB of the conventional M = 1 tripole array is
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3.3 to 5.3 times worse than the aperture CRB. However, the M = 2 and M = 3 arrays
perform close to the aperture bound for all ¢. Thus, in this example, adding extra ports
to conventional tripoles can significantly improve the performance of DoA estimation.

1/2 versus ¢ under the same conditions in Fig. 3.7b. Note the

Similarly, we plot ([Zy']4.4)
estimation error of ¢ varies more with angle-of-arrival. The conventional M = 1 tripole
performs 2.8 to 5.3 times worse than the aperture bound for all ¢. Adding a second port
to each wire can significantly reduce the error, but the improvement varies widely with
¢. We note the M = 3 array performs close to the aperture bound for all ¢.

Finally, Figs. 3.8a and 3.8b plot the same quantities as Figs. 3.7a and 3.7b for a
target signal arriving in the § = 60° conical plane. Once again, we find the conventional
M =1 tripole lies significantly above the aperture bound, and fails to capture all of the
useful information in V. Adding an extra port can significantly reduce the error, but the
improvement depends on the arrival angle ¢. Once again, the M = 3 tripole performs
close to the aperture bound for all ¢.

All of the results above suggest that tripole antennas formed from conventional center-
fed dipoles fail to capture all of the useful information contained in the fields and currents
on these wires. Performance can often be significantly improved by introducing additional
ports on each of the dipoles. Our results further suggest that array and aperture CRBs
can be used as design criteria to guide the choice of the number and placement of ports
for any conductor V. Although we have considered only simple wire antennas in this

section, the concepts presented here are general and can be applied to other conductors

of interest, such as patch antennas.
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Figure 3.8: CRB on RMSE versus arrival angle ¢ for signal arriving in 8 = 60° plane.

3.5 Conclusion

In this chapter, we have considered antenna arrays built from an arbitrary conductor V,
and showed how array properties are changed by V and antenna ports. For Gaussian
incident electromagnetic field, we derived the Fisher information for any array based on
physical models of antenna and amplifier noise. We further proved this Fisher information
is always bounded above by the aperture Fisher information, which represents all the
information contained in the currents of V. For general estimation problems, we showed
how the currents on V' can be decomposed into a series of unit-power eigencurrents, and
derived what antenna ports can observe theses eigencurrents and capture the most Fisher
information. We then considered two applications, radiation temperature estimation and
direction-of-arrival estimation, using several arrays built from wire structures. For both
applications, our results suggest that conventional dipole and tripole antennas do not take
full use of their underlying structures, and the system performance can be significantly

improved by using more antenna ports. Further, in temperature estimation, we showed
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that even a small material loss in V' may have a large impact on the aperture Fisher

information.
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Chapter 4

Impact of Antenna Aperture on

Fisher Information

In previous chapters, we studied the general problem of estimating the parameters of
an incident Gaussian electromagnetic field using a sensor array that observes the field
through the currents in an arbitrary conductor V. We characterized the maximum Fisher
information that can be achieved with this array using a front-end of the form described
in Chapter 2. We proved this Fisher information is always bounded above by a quantity
we call aperture Fisher information (AFI), which intuitively represents all of the useful
information contained in the currents of V. In this chapter, we study how the proper-
ties of V itself changes the AFI, and use these results as a benchmark to evaluate the
performance of several widely-used antenna arrays.

The rest of this chapter is organized as follows. In Sec. 4.1, we derive the relationship
between the AFI of an aperture and its substructures, and give numerical examples
to illustrate how AFI varies with the size and shape of the aperture. In Sec. 4.2, we

study the performance of several conventional antenna arrays, and examine how well
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each array captures the information contained in the physical space it occupies. Finally,

we summarize the main contribution of this chapter in Sec. 4.3.

4.1 Antenna Shape

In this section, we study how the aperture Fisher information changes with antenna
shape. Several authors have considered optimizing the shape of a multi-port antenna
system, usually in order to enhance directivity or improve impedance matching and
cross-polarization between ports [77,78]. Most of these studies involve a computationally-
intensive search among the substructures of some parent structure V. When one of the
design objectives of shape optimization is to minimize the error incurred in estimating
the parameters of an incident Gaussian field, the tools developed in this dissertation
can be used to focus a search on the most promising substructures. In [79], Kundu
showed that the aperture ergodic capacity of any structure V' is an upper bound on
the aperture capacity of any substructure. In a similar way, we now show the aperture
Fisher information of any structure V' is an upper bound on the AFI of any substructure.
Thus, the AFI provides a way to quantify the loss of information associated with each
substructure in a way that is independent of the number and placement of ports. This
may lead to more efficient searches, since we can then focus attention on substructures
that preserve most of the aperture Fisher information contained in the initial structure
V.

Suppose the parent structure V' has aperture impedance Z and induced current J as

in (3.22), where both are represented relative to the basis W;(s), j = 1, ... K. Similarly,
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the substructure V' € V can be described by a similar equation
E=ZJ)+E,. (4.1)

where E,J € CK represent fields and currents on V.

In general, we may choose to represent E and J with different basis functions, say
Wj(s), j =1, ... K, where s € V. Since V is a substructure of V', however, each basis
function of V' can also be expressed in terms of the basis functions of V as W;(s) =
> WiiWi(s) for all s in V. It follows that J on V represents the same current as
J = WJ on V, and similarly E = WE, where W = {,;} represents a simple change of
basis.

Since (complex) power calculations will produce the same results in both bases, we

have

J7ZJ = JYE =J"E =J"WHZWJ] (4.2)

J'E, = J'E,=J"W"E, . (4.3)

Since the equalities hold for all J, it follows Z = WHZW, E, = WHE,.

In Chapter 3, we showed that the AFI of an aperture V can be calculated from
an equivalent observation model yv, given in (3.39). Let yy denote the corresponding
observation model for V in V. Taken together, the equations above imply yv has the
same distribution as Wy Following the derivation in (3.35)-(3.37) with C replaced

by W, we find y is a Gaussian observation with

Pyo = WHuyV , Yo = WIS, W (4.4)
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and the corresponding Fisher information is given by
Ig(u) = F (uy\_,(u), . (u)) = F (W, (u), WIS, ()W) . (45)

Thus, the relationship between the aperture observation yy and the substructure
observation yv is similar to the relationship between the aperture and an embedded
array (3.37). It follows that we can prove a result analogous to Theorem 3.1 here.

Theorem 4.1: Under the same radiation environment, suppose structure V has
aperture Fisher information Zy (u), and structure V' C V has aperture Fisher information
Zy(u). Then Zy(u) < Zy(u) for any VC V. o

Proof of Theorem 4.1: For any W, observe (4.5) is a special case of (3.38) correspond-
ing to C = W. From Theorem 3.1, we know that Zv (u) > Zy(u) always holds.

The theorem above has two immediate, intuitive implications: first, it implies that
removing metal from any conducting structure cannot increase Fisher information. Thus,
aperture Fisher information cannot decrease as the physical dimensions of an antenna
increase. It follows that longer, thicker wires typically capture more information than
shorter, thinner ones; and, bigger patches are more informative than smaller ones. Sec-
ond, the theorem provides a convenient way to evaluate how well an array samples the
information contained within the space it occupies. Antenna systems for wireless applica-
tions are often designed to fit within a given form factor. For example, a cellular antenna
must fit within the form factor of a cellular handset, and the physical dimensions of
base station arrays are often limited by concerns about wind shear. The theorem above
suggests that the AFI of a conductor with the physical dimensions of the handset is an
upper bound to the AFI of any antenna that fits within the handset. Thus, we can use

the handset AFT as a benchmark to measure how efficiently any cellular antenna samples
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the information in the interior of the handset.

In the remainder of this section, we present several numerical examples to illustrate
how AFI depends on the size and shape of the aperture for two different estimation
problems: noise temperature estimation and direction-of-arrival estimation. We focus
first on simple apertures, such as planar squares and spheres. In Sec. 4.2, we will further
use these apertures to study the information contained in the space occupied by certain

conventional arrays, such as uniform linear arrays and vector sensors.

4.1.1 Black-Body Radiation Temperature Estimation

To explore how estimation performance scales with aperture size, we again consider the
radiation temperature problem described earlier. As shown in Sec. 3.4.1, the aperture
observation yv is a zero-mean Gaussian vector with covariance 3., = 4k, 7o B(uRg+Ru),
and the goal is to estimate the parameter u. For the aperture V', we consider an [ x [ x 1
cm copper patch (conductivity o = 5.96 x 107 S/m), where the side length [ varies from
0.05X to 0.5A. Here A is the wavelength of 30 MHz. In this example, Rg and Ry were
calculated using FEKO with 380 RWG basis functions.

As noted ealier, the CRB (3.82) for this problem depends only on the eigencurrent
efficiencies. The efficiencies were calculated by solving (3.80) in MATLAB. In Fig. 4.1a
and 4.1b, we plot the efficiencies of the first 100 eigencurrents for square patches with
side length [ = 0.1\ and 0.25), respectively. The number of efficient modes (7 > 0.1) is
relatively large: 10 for [ = 0.1\ and 16 for [ = 0.25\. This suggests that a large number
of ports may be required to capture all of the information in this aperture. Note that
when the radiation temperature equals the receiver temperature (Tgy = T, and u = 1), the

aperture Fisher information equals the summation of the squared eigencurrent efficiencies,

86



o

~
o
3

Radiation efficiency ( nk)
o o o o o
N w  » o o
Radiation efficiency ( nk)
o o o o o
IN) w ES wn o

o

[
o
=

o
o

10 20 30 40 50 60 70 80 90 100 30 40 50 60 70 80 90 100
Eigencurrent index (k) Eigencurrent index (k)

(a) 1 =0.1A (b) 1 =0.25)

o

Figure 4.1: Eigencurrent efficiencies of a Square

25

I I I I I I I I
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 045 05
DN

Figure 4.2: Zy (1) versus side length [ for a square aperture

Zy(1) = 32552 We plot this value in Fig. 4.2, which appears to be increasing with
linearly within the range of [ we considered, Zy (1) ~ 2.22+439.27]/\. In Fig. 4.3, we next
plot the lower bound on the relative error implied by the aperture CRB, i.e. u_ll‘;l/ 2(u),
for square patches with side length ranging from 0.05\ to 0.5\. The estimation error

decreases quickly as the size of the square grows. For example, increasing the size of the
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square from [ = 0.05\ to [ = 0.5\ changes the estimation error from 0.489 to 0.213 in

the u = 1 case, which is a factor of 2.33 decrease.

Next, we recalculate the quantities in Fig. 4.1, Fig. 4.2, and Fig. 4.3 for a spherical

copper conductor with radius ranging from r = 0.05\ to r = 0.5\, where X\ is the wave-

length of 30 MHz. Rg and Ry were calculated in FEKO again, using 1263 basis functions.
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Figure 4.6: Aperture CRB on Temperature Estimation using a sphere

In Fig. 4.4a and 4.4b, we plot the radiation efficiencies of the first 100 eigencurrents for
r = 0.1\ and 0.25, respectively. Again, note the large number of efficient modes (39 for
r = 0.1\ and 83 for r = 0.25)), which implies a large number of ports would be needed to
capture all of the available information. Interestingly, several groups of eigencurrents have
exactly the same efficiency - we conjecture this is caused by the high degree of symmetry

in Rg and Ry, which is expected for a spherical structure. We plot the summation of the
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squared eigencurent efficiencies, Zy (1) = ZzK n?, corresponding to different 7 values in
Fig. 4.5. Note that Zy (1) now grows with r faster than linearly, possibly because we are
now considering a 3-dimensional structure, rather than a 2-dimensional one. In Fig. 4.6,

we plot the CRB on relative error, u‘ll"—,l/Z(u), where Zy (u) is given in (3.82).

4.1.2 One-dimensional DoA Estimation

Next, we consider the one-dimensional DoA estimation problem illustrated in Sec. 3.4.2.
As mentioned before, this problem has been studied in numerous papers, where the re-
ceiver array is usually a ULA of dipoles (e.g. [76] and [14]). For conventional ULAs with
dipoles spaced at least 0.5\ apart, the performance usually increases with the number
of elements. However, our results in Sec. 2.4.2 show that, when the optimal matching
network is applied, DoA estimation accuracy of an array remains constant as the neigh-
boring distance decreases. This raises an interesting question: if the overall size of a dipole
ULA is fixed, will estimation accuracy continue to increase as we pack more antennas
into this region, or does performance saturate at some point past which additional gains
are marginal? According to Theorem 4.1, the performance of the dipole array is bounded
above by the AFI of the planar square that encloses the array. In a sense, the ULA sam-
ples the electromagnetic field over this square region, and we can increase the “spatial
sampling frequency” by adding more dipoles.

Consider an array of N = 2 to 5 half-wavelength copper dipoles with radius 0.5 cm,
that occupy a vertical square 0.5\ x 0.5\ aperture, as illustrated in Fig. 4.7. For a ULA
of N dipoles, the inter-element distance is then d = 0.5\/(NN —1). The enclosing aperture
is a 0.5\ x 0.5\ copper square of thickness 1em. For this problem, we calculate Rg, Ry

and the antenna pattern g(6,¢) in (3.85) in FEKO, using 380 RWG basis functions to
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Figure 4.7: A uniform linear array of 2 to 5 dipoles

0.2

ULA2 Aperture
ULA3 Aperture
ULA4 Aperture
016 1 ULAS Aperture
Square Aperture

0.18 -

014 .
012

01 3

RMSE

0081 |
006 Y

0.04 -

0.02 -

Figure 4.8: Aperture CRB on ¢ estimation using a ULA

model the square, and 99 basis functions to model each dipole, and we model sky noise
using the Twiss model, so ¥ = 4k Ty BRag in (3.7). Suppose a target located on the
plane 8 = 90° emits a vertically-polarized signal at 30 MHz that consists of N = 100
symbols with a path gain of x = 1, so the received observation is given by (3.85) with
v = 0. We assume the receiver knows that the target is located on the horizontal plane
(0 =90°), and only estimates the ¢ angle.

The aperture Fisher information for these estimation problems is calculated from
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(3.87) to (3.89), where ¥ = ¢. In Fig. 4.8, we plot aperture CRBs on the RMS estimation
error of ¢, ([Zy']4.4)"/?, for signals coming from different ¢ directions for a signal-to-noise
ratio SNR £ P/(4kyTyFyninB) of 10 dB. The figure shows that all CRBs are relatively low
near the broadside (¢ = 90°) and grow rapidly near the end-fire direction (¢ = 0° or 180°).
Note that using more dipoles reduces the aperture CRB, but the improvement appears to
saturate at 4 dipoles; since 5 dipoles yields nearly the same bound to within the thickness
of the plot lines. The minimum RMSE is 0.070° for the two-dipole array, 0.048° for the
three-dipole array, 0.037° for the four-dipole array, and 0.036° for the five-dipole array.
There is a relatively small performance gap (0.011° or less over ¢ = 30° to ¢ = 150°)
between the five-dipole array and the square structure. One possible explanation is that
the radiation/receiving efficiency of dipole apertures are relatively low compared with
the aperture, since dipoles have small cross sectional area therefore their loss impedance

is large.

4.1.3 Two-dimensional DoA Estimation

Over the past few decades, many authors have considered two-dimensional DoA esti-
mation using a variety of antenna structures, such as dipole arrays and vector sensors
consisting of co-located loops and dipoles. The tools developed in this paper provide a
way to study how well these antennas collect the information contained in the physi-
cal spaces they occupy. For example, a tripole antenna [85] consists of three mutually-
orthogonal dipoles; a 6-element vector sensor [58] adds three mutually orthogonal loops
to the tripole. Both of these antenna systems can be viewed as sampling the incident
field within a physical space that could be approximated by an enclosing sphere.

Theorem 4.1 implies that using a tripole array rather than the sphere will generally
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entail a loss of Fisher information. Intuitively, part of this loss is due to the size and
shape of the tripole (i.e., the aperture) and part of the loss is due to the number and
placement of ports on this aperture. In this section, we study how much information is
lost due to the aperture. In the next section, we study how much information is lost due
to the number and placement of ports.

We study three apertures: 1) a copper sphere with radius r; 2) a copper tripole
consisting of three wires of length 2r, each centered at the origin and aligned with the
x,y, and z-axes, respectively; and 3) a copper vector sensor consisting of three, mutually-
orthogonal wires with length 2r and three, mutually orthogonal loops with radius r,
where each loop is centered at the origin and orthogonal to one of the wires. For all
three apertures, we vary r from 0.05\ to 0.5\ to study how their performance varies with
size. Note that the tripole is a substructure of the vector sensor; therefore, according to
Theorem 4.1, the AFI of a tripole cannot be greater than the AFI of a vector sensor of
the same size.

We calculate Rg, Ry, and g(0, ¢) of these structures in FEKO. We use 1263 RWG
basis functions to model the sphere, 297 basis functions to model the tripole, and 633 basis
functions to model the vector sensor. We also model sky noise using the Twiss model.
Suppose a target located in the (,¢) direction emits right-hand circularly-polarized
signals at 30 MHz that consists of N = 100 symbols with a path gain of x = 1, so the
received observation is given by (3.85) with v = 7/4 and ¢ = —m/2. The SNR is set to
be 10 dB. We assume the receiver knows the transmitted waveform and estimates both
the 6 and ¢ angles.

The aperture Fisher information for these estimation problems is calculated from
(3.87) to (3.89), where ¥ = [0, ¢]. For a target located on the horizontal plane (6 = 90°),

we plot the aperture CRBs on the RMS estimation error of § and ¢, ([Z;']s.)"/? and
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Figure 4.9: Aperture CRB on DoA estimation

([T 6.6) "2, averaged over all ¢ angles, in Fig. 4.9a and Fig. 4.9b, respectively. Consistent
with Theorem 4.1, note that the aperture bounds decrease monotonically with size, and
the sphere performs better than its substructure, the vector sensor. Similarly, the vector
sensor outperforms its substructure, the tripole. For example, at size r = 0.05)\, the
aperture bound on 6 estimation is 0.0288° for a tripole, 0.0117° for a vector sensor, and
0.0047° for a sphere. Over the range of r we consider, the performance gap between a
tripole and its enclosing sphere is significant in general; however, the ratio between the
RMSE of a vector sensor and a sphere can be as small as 1.5 when r = 0.05\. The
aperture bound of a sphere decreases the most as its size increases: when the aperture
size increases from r = 0.05\ to » = 0.5, the average RMSE on 6 estimation is reduced
by a factor of 3.10 for a tripole, 5.21 for a vector sensor and 8.79 for a sphere; for ¢
estimation, these values are 4.25, 4.91 and 8.98, respectively.

These results suggest that tripoles and vector sensors do not capture most of the

useful information contained in the physical spaces they occupy, except possibly for 6-
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element vector sensors that are extremely small (r < 0.1A). This loss is entirely due to

size and shape of the metal conductors, and not the number and placement of ports.

4.2 Conventional Sensor Arrays

In the last section, we studied the information lost by using tripoles and vector sensors
relative to an enclosing sphere, in the context of 2-dimensional DoA estimation. These
results illustrate how estimation performance is limited by the size and shape of the
conductors. In this section, we now consider how much additional information is lost due
to the number and placement of ports on these conductors. In particular, we consider
several conventional arrays studied in Sec 4.1 and explore how the estimation accuracy

changes with combinations of antenna ports.

4.2.1 Dipole ULA

One of the most common antenna arrays is the center-fed dipole ULA, where each dipole
is one half-wavelength long, and has only one port in the center. The results of Sec. 3.4
show that using multiple ports on one dipole can significantly improve its performance
in some estimation applications. For the one-dimensional DoA estimation problem we
considered in Sec. 4.1.2, can we significantly increase the estimation accuracy by using
more ports on the same wire?

We consider the same dipole ULA apertures illustrated in Fig. 4.7. For each dipole,
we consider the three sets of delta-gap ports shown in Fig. 3.3: one port in the center,

two ports located 0.125\ from each end, and all three ports. As discussed in Sec. 3.4,

T

c

the current matrix for delta-gap ports is C# = Y Y7, where Y. is the submatrix of

Y = Z~! containing only columns corresponding to port locations, and Y, is a submatrix
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of Y. containing only rows corresponding to port locations. We model this array in FEKO
using the same basis functions as in Sec. 4.1.2, and calculate the corresponding array FIM
by substituting Rg, Ry, g(#, ¢), and C into (3.38).

As in Sec 4.1.2, we consider estimation of the azimuth ¢ for a target located on the
horizontal plane (# = 90°), which sends N = 100 known symbols that are vertically-
polarized with a path gain of = 1. The signal SNR is chosen to be 10 dB. Again, we
use the CRB on the RMSE of ¢ estimation, ([Z}']4.)!/?, as the performance metric. In
Fig. 4.10, we compare the aperture CRB and the array CRB for these ULAs when each
dipole has only one port in the center. We can see that these two bounds are generally
close: for example, on the ¢ = 90° direction, the array bound is only 26.5 4+ 0.5% higher
than the aperture bound for all ULAs we considered. This indicates that the conventional
center-fed dipole arrays are actually observing most of the AFI of the wire conductors.
A comparison of the array and aperture CRBs for 2 and 3 ports per wire is plotted in
Fig. 4.11a and Fig. 4.11b, respectively. We can see that two ports give virtually the same
array CRB as one port placed between them, and yet using three ports on each dipole

essentially achieves the aperture bound (less than 10% higher RMSE for all ULAs).

4.2.2 'Tripole

Next, we study the array CRB of a tripole for the two-dimensional DoA estimation
application. We consider the same three sets of delta-gap ports on each wire: one port on
the center of each wire, two ports located 0.25 from each end (where [ = 2r is the length
of each wire), and all three ports. The total number of antenna ports for the three cases
are 3, 6, and 9, respectively. We use the same set of basis functions as in Sec. 4.1.3 and

calculate Rg, Ry, g(0,¢), and C for the array FIM calculation using (3.38).
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Figure 4.11: Array CRB versus Aperture CRB for ¢ estimation

We consider the same scenario as in Sec. 4.1.3, where a target sends N = 100 right-
hand circularly-polarized symbols with a path gain of x =1 at SNR = 10 dB from the
direction (6, ¢). The receiver estimates both 6 and ¢ angles of the target. In Fig. 4.12a
and Fig. 4.12b, we plot the CRBs on the RMS estimation error of 8§ and ¢ for a target

located in the horizontal plane (6 = 90°), using a r = 0.1\ tripole with different port

97



combinations. For the estimation of 8, we can see the estimation accuracy does not vary
significantly with ¢: over all ¢ directions, using 1 port on each wire gives an RMSE of
about 0.195°, yet using 2 or 3 ports reduces it to around 0.075°, which essentially achieves
the aperture bound. The RMSE on ¢ estimation is different: using 1 port on each wire
gives an RMSE around 0.190° over all ¢ directions, yet the CRB varies significantly with
¢ when more ports are used. For example, with 3 ports on each wire, the array CRB
ranges from 0.171° on ¢ = 45° to 0.072° on ¢ = 90°.

In Fig. 4.12a and Fig. 4.12b, we plot the array CRB using different port combinations
on ar = 0.25) tripole. The results are similar to » = 0.1\ tripole in general: all CRBs on
0 estimation are relatively constant over all ¢ directions, yet the CRB on ¢ estimation
varies significantly over ¢. One port on each wire does not exploit this aperture fully;
using two or more ports can reduce the estimation error by up to a factor of 3 in certain
directions.

We have shown that every aperture has lower aperture CRB than its substructures;
however, the results above show that this is not generally true of arrays with fixed port
locations. For example, we note the r = 0.25\ tripole with one port per wire contains
the corresponding r = 0.1\ array as a substructure. However, from Fig. 4.12 and 4.13,
note the CRB of the r = 0.25)\ array is 0.236° on ¢ = 90° whereas the r = 0.1\ tripole is
0.197°. Of course, this does not violate Theorem 4.1, which applies only to the aperture

Fisher information and not to array Fisher information.

4.2.3 Vector Sensor

Finally, we consider a vector sensor that consists of three mutually-orthogonal dipoles

and three mutually-orthogonal loops. For this aperture, we consider four combinations of
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Figure 4.13: Array CRB for a tripole, r = 0.25\

antenna ports as examples: 1) 1 port on each dipole and 1 port on each loop (6 ports in
total); 2) 2 ports on each dipole and 2 ports on each loop (12 ports in total); 3) 3 ports
on each dipole and 4 ports on each loop (21 ports in total); 4) 3 ports on each dipole and
8 ports on each loop (33 ports in total). The ports on dipoles have same locations as in

the last subsection, and the ports on loops are uniformly distributed. If we consider one
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dipole and one loop as a basic composing unit for a vector sensor, then the positions of
the ports on each unit are illustrated by red dots Fig. 4.14. Note that when assigning loop
ports, we avoid locations where the loop connects with other loops or dipoles. Rg, Ry, g,
and C are calculated in FEKO using the same basis functions considered in Sec. 4.1.3.

For a vector sensor whose three wires are aligned along the x, y, and z axes, the
port locations are not circularly symmetric for the 6 and 12 ports cases in Fig. 4.14,
which causes the DoA estimation accuracy to vary significantly over ¢. To remove this
asymmetry, we firstly rotate the structure along the z-axis by 45° clockwise, then rotate
it along the y-axis by 54.74° counter-clockwise.

We consider the two-dimensional DoA estimation problem under the same scenario
as in Sec. 4.2.2, where a target sends N = 100 right-hand circularly-polarized symbols
with a path gain of x = 1 at SNR = 10 dB from direction (6, ¢). The receiver estimates
both # and ¢ of the target. In Fig. 4.15a and Fig. 4.15b, we plot the array bound on the
RMS estimation error of 6 and ¢ for a target located in the horizontal plane (6 = 90°),
using a r = 0.1\ vector sensor with all four port combinations. The estimation accuracy
of both # and ¢ are almost constant over all ¢ directions. We can see that when the most
conventional feeding method (1 port on each dipole and 1 port on each loop) is used,
the RMSE is 0.150° on 6 estimation and 0.137° on ¢ estimation. However, if we increase
the total number of ports to 12, these two values can be decreased significantly to 0.080°
and 0.109°, respectively. Using more modes can further decrease the array bound, and
almost all of the AFI can be observed using 33 ports.

Under the same radiation environment, the corresponding array bound of a r = 0.25\
vector sensor on # and ¢ estimation is plotted in Fig. 4.16. For each combination of ports,
the estimation accuracy of # and ¢ are similar over all ¢ directions: the RMSE error is

around 0.10° for 6 ports, 0.057° for 12 ports, 0.047° for 21 ports, and 0.025° for 33 ports.
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Figure 4.15: Array CRB for a vector sensor, r = 0.1\

Similarly, using only 6 ports leads to a relatively high estimation error, and the aperture
bound can be achieved when 33 ports are used.

From Figs. 4.15 and 4.16, we see that the conventional placement of ports on a vector
sensor (6 ports in total) does not capture all of the information contained in the structure.
In particular, more accurate DoA estimates may be obtained by adding more antenna
ports. Furthermore, note that a large number of ports may be required to achieve the

aperture bound of a vector sensor, even if it is electrically small.
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4.3 Conclusion

In this chapter, we evaluated the aperture Fisher information and array Fisher informa-
tion of several antenna structures for three different estimation applications. We proved
that the AFT of a structure is always greater than or equal to the AFT of its substructures.
Using square and spherical apertures as examples, we calculated how the AFI increases
with the aperture size for radiation intensity and DoA estimation applications. We then
studied the performance of several substructures of squares and spheres, which have been
considered in the literature, and evaluated their ability to observe the information con-
tained in the spaces they occupy. For one-dimensional DoA estimation and a fixed square
aperture, we showed that placing dipoles closer than A/2 apart can significantly increase
AFI. However, performance tends to saturate at about A/6 spacing. Furthermore, we
demonstrated that in this application, most of the AFI can be observed by using only
one port on each dipole, which is the most conventional way of using a dipole ULA.

We also studied the DoA estimation ability of tripoles and vector sensors. Our results
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show that the conductors used in them do not capture most of the AFI contained in the
physical spaces they occupy, as evidenced by comparing these structures to an enclosing
sphere. Moreover, the conventional placement of ports on tripoles and vector sensors in-
duces additional loss in Fisher information, which can be significantly reduced by adding

more antenna ports.
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Chapter 5

Conclusion and Future Work

In this concluding chapter, we summarize the main contributions of this dissertation and

suggest topics for future work.

5.1 Summary of Dissertation

In Chapter 1, we briefly reviewed existing literature on array signal processing, especially
those who consider compact arrays. In conventional arrays, antennas are separated by
a relatively large distance. However, deploying arrays on platforms with size limitation
requires placing antennas close together. This causes antennas to interact with each other
and can profoundly change the array properties. To improve the performance of compact
arrays, impedance matching network can be applied to decouple antennas, increase power
transfer, and so on. Although several authors have analyzed compact arrays from differ-
ent perspectives, no one has yet considered the impact of impedance matching on the
performance of estimators based on physical noise models. The lack of a comprehensive

study on the performance of compact arrays in estimation applications has motivated
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our work in Chapter 2.

In Chapter 2, we studied a general class of Bayesian and non-Bayesian estimation
problems, in which the signal of interest is observed through a sensor front-end consisting
of coupled antennas, an impedance matching network, and a bank of uncoupled amplifiers.
Considering physical noise sources, we derived the CRB associated with each problem and
explored how it varies with impedance matching and the physical characteristics of the
signals and noise. We showed that MNF matching is universally optimal in the sense of
minimizing the CRB for all estimation problems in the class. To demonstrate our results,
we studied MIMO channel estimation and DoA estimation problems using a 4-dipole
ULA with various antenna separating distance, and calculated the CRB corresponding
to different matching networks and amplifier noise levels. Our results suggest that the
CRB is generally sensitive to the physical sources of observation noise. However, optimal
matching can eliminate this sensitivity and significantly reduce estimation error in the
presence of strong coupling.

While the result of Chapter 2 allows us to calculate the performance bound of any
antenna arrays, it is still unclear how to design the optimal array for estimation prob-
lems. In Chapter 3, instead of studying any array in particular, we considered the general
problem of estimating the parameters of an incident Gaussian electromagnetic field using
sensor arrays built from an arbitrary conductor. We characterized the maximum Fisher
information that can be observed by such arrays when a front-end consisting of a match-
ing network followed by a bank of amplifiers are used. We proved this Fisher information
is always bounded above by a quantity we call aperture Fisher information, which intu-
itively represents all of the useful information contained in the currents of this conductor.
For a broad class of estimation problems, we showed that aperture Fisher information

can be associated with a system of unit-power eigencurrents on this conductor, which
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decompose the volume currents into a sequence of independent, scalar signal observa-
tions. We showed the Fisher information of any M-port array is bounded above by the
information in the best M eigencurrents, and derived conditions under which equality
can be attained. Through numerical examples involving wire arrays, we found that cer-
tain conventional arrays miss most of the useful information contained in their volume
currents, and illustrated how arrays can be modified to capture this missing information.

After analyzing all components in a receiver of the form in Chapter 3, we studied
the conductor which the array is built from in Chapter 4. We proved that the AFI of a
structure is always greater than or equal to the AFI of its substructures. Using squares and
spheres as examples, we studied how the AFI increases with aperture size for radiation
intensity and DoA estimation problems. We then used the results as benchmarks to
evaluate the performance of several substructures of squares and spheres, which have been
studied in the literature. For example, our results on one-dimensional DoA estimation
problem using an ULA of half-wavelength dipoles showed that placing dipoles at less than
A/2 spacing can significantly reduce the estimation error. However, the performance tends
to saturate at about A/6 neighboring distance. Furthermore, we showed that using only
one port on each dipole, which is the most conventional way of using such arrays, observes
most of the AFI. We also studied the DoA estimation ability of three-dimensional antenna
arrays including tripoles, vector sensors, and their enclosing spheres. We concluded that
most AFI contained in the electromagnetic field within the sphere cannot be observed
by tripoles and vector sensors. Moreover, the conventional ports placements on tripoles
and vector sensors induced additional loss in Fisher information. Adding more antenna

ports can significantly improve their estimation accuracy.
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5.2 Future Work

During the development of this work, we encountered several interesting questions that
are yet to be answered. In this section, we highlight some of these questions that may

serve as future research directions.

Optimal Single-port Matching Network

In Chapter 2, we derived the properties of the optimal matching network for estimation
applications. However, the actual implementation of a multi-port matching network can
be difficult, especially under strong antenna coupling conditions. On the contrary, single-
port matching networks are sub-optimal yet easy to build. In this dissertation, we studied
one type of single port matching technique called self match, which ignores the coupling
effect and seeks to minimize the noise factor of each antenna in isolation. However, it is
unclear if other single port matching networks can significantly outperform self match.
It is therefore of practical interest to look for the optimal single port matching network.

Similar questions have been considered by researchers for wireless communication
applications. [42] shows that for a MIMO system whose receive antennas are coupled,
applying different single port matching networks can change the channel capacity sig-
nificantly. Furthermore, they derived conditions for optimal single port matching for a
receiving array consists of 2 half-wavelength dipoles with small neighboring distance. It
seems possible to derive the optimal single port matching network for estimation appli-

cations as well, especially for arrays with certain geometric symmetries.
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Limits of Estimation in Broadband Applications

This dissertation systematically studied the performance of a compact array under nar-
rowband conditions. However, radio systems usually work at non-zero bandwidth in prac-
tical applications. As frequency varies, nearly all properties of the sensor array may
change, including antenna impedance, radiation pattern, noise covariance, etc.

Nearly all chapters of this dissertation can be extended to incorporate broadband anal-
ysis. For the matching network discussed in Chapter 2, studies including [93] and [94]
have shown that perfect impedance match may be impossible to achieve over a positive
bandwidth using passive networks. According to our derivation, an effective matching
network should take the frequency-dependent antenna impedance into consideration to
achieve the possibly “Minimum-Noise-Factor Broadband Match”, or even jointly con-
sider the antenna impedance and Fisher Information on different frequency to achieve a
“Maximum-Fisher-Information Broadband Match”.

Similarly, our studies in Chapter 3 and 4 can also include broadband conditions. Fre-
quency variation of the antenna impedance and signal and noise characteristics are likely
to change the aperture Fisher information over certain bandwidth. Consequently, the cur-
rent matrix of ports and Fisher information eigencurrents may be frequency dependent,

which adds new challenges to ports and aperture design.
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Appendix A

Proof of theorem 2.1

First observe Z(u; X,,) > Z(u; X,y) only if Z(u; X,,) —Z(u; X,y) is positive semi-definite.
It thus suffices [86, pg. 402] to show w# [Z(u;2,) — Z(u;Z,)]w > 0 for all w € CP.

From (2.13), we observe

8Uj auz an

ol 0 opl 0 -
WHI(U, En)W = wawj{ a’z: 2;1(11) I‘Ls+< Mg 2;1(11) l’l’s)

ou;
= a:HE;,l(u)az + EHE;,l(u):E + tr [E;l(u)AHZ}’,l(u)A} , (A1)

where the first step follows from X, (u) = ¥s(u) + X,,, and the second from

as = *as 825()
x 2D wgy X EX g A SY T

J J

and observing 034(u)/0u; is Hermitian and :Z'HE;l(u)a_: is real. Note x, X, and A do not

depend on X,.
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Defining 2,/(u) £ X4 (u) + X,, we note X, < X,/ implies X (u) < X,/(u) and

hence X' (u) > 2;,1(u). It follows

'S (e > 'S (v, 7S (wz > 275 (uw)z . (A.2)

- y

For any complex matrix D with M columns, 3 Y(n) > E;,l(u) also implies each diagonal

element of D[ " (u) — 2;/1(u)]D is positive, so

tr [D7% ! (w)D] > tr [D"X}(u)D] . (A.3)

Let E;I/Q(u) denote the Hermitian square root [86, Thrm. 7.2.6] of X (u). We can bound

the right-most term in (A.1) by

y

tr [Efl(u)AHE;I(u)A} = tr -

> tr

<
(

— tr _(AHE,1/2(u)>HE;I(u)AHEy,l/z(u)]
(

_— AT )) 2;,1(u)AH2y,1/2(u)]
= tr[Z, (wATS H(wA] (A.4)

where each inequality follows from (A.3), and each equality from the identity tr [BC] =
tr [CB]. Combining (A.1), (A.2) and (A.4), we have proved w [Z(u; 2,) — Z(u; X)) w >

0. Since w € C? was arbitrary, conclude Z(u; 2,) > Z(u; Xy ). ©
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