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STRONG APPROXIMATION OF THE QUANTILE PROCESSES AND
ITS APPLICATIONS UNDER STRONG MIXING PROPERTIES

S.B. Fotopoulos, S.K. Ahn, and S. Cho

Abstract. Given some regularity conditions on the distribution F(-) of a random sample
X,, ..., X, emanating from a strictly stationary sequence of random variables satisfying a
strong mixing condition, it is shown that the sequence of quantile processes
{n*f(F'(s))(F3'(s) - F'(s)); 0 < s < 1} behaves like a sequence of Brownian bridges
{B,(s); 0 < s < 1}. The latter is then utilized to construct (i) simultaneous confidence
bounds for the unknown quantile function F'(s), and (ii) a tolerance interval for

predicting a future observation. Some numerical investigation of the results are also

discussed.

Key Words and Phrases: Strong Mixing, Empirical Process, Quantile Process, Prediction

Interval.

Abb. title Prediction Interval for Strong Mixing Processes



1. Introduction

Let {X, : n € Z} be a real valued strictly stationary sequence of random

variables taking values in a space (9, & P) with common distribution F(x). The nth
empirical and quantile measures are given by F(x) = n™Y,, I__ (X) and
F '(s) = inf{X : F(X) > s} respectively, and their processes are defined as follows:
C,® =n*(F,(x) - F(x)), -0 < x < oo,

and  Qs) =n*(F'(s) - F'(s)) 0 <s < 1.
We will investigate how well C (x) and Q,(x) can be approximated by the

Gaussian Processes. The literature on the behavior of the strong approximation of C,(x)
and Q,(x) for independently and identically distributed sequences of random variables is
extensive, with prominent contributions from Csaki (1977), Csorgé and Révesz (1978,
1981), and Csorgd (1983), to name a few. For the dependence case, one needs to define
a mixing coefficient as follows. For any collection X of random variables, let B(X)

denote the Borel field generated by X. Thus, for -0 < m < n < o, define

F" = B(X;:m < k < n). Hence, for each n > 1, define

7) = sup{ PADB)PAP(B) . s ¢ 59 Be 7= and P(A)P(B) # 0} | 0,

(11) a,(n) = (& ¥
P(A)P(B)’

-cn?

where 0 < r,s < 1. Since the process is stationary, it yields o ,(n) = o (5!, #7) for
any integer j. Withr = s = Q, the process satisfying the (1.1) condition is called a strong

mixing process, and a(n) = a,(n) is called a strong mixing coefficient; with r = 1 and

s = 0, one obtains the uniform mixing process, and ¢(n) = a(n) is the uniform mixing
coefficient. For the sake of completeness, we also designate the absolute regular process
to be when the absolute regular coefficient A(n) = Efsup,.,.-|P(A|22) - PA)]} L 0.

Extensive information about conditions of type (1.1) and absolute regular processes can



be found in Bradley (1986). Philipp (1977), Berkes and Philipp (1977), and Yoshihara
(1979) have studied the large sample strong approximation properties for the empirical
process C,(x) for strictly stationary and strong mixing sequences of random variables with
a strong mixing coefficient decreasing at polynomial order.

We have two main objectives in this work. The first, is to establish strong
approximation results for the nth quantile process under a strictly stationary strong
mixing coefficient decaying at polynomial rate. The second, and more important, aim
will be to try to understand what these results represent; this is achieved by
demonstrating how to construct simultaneous confidence intervals for the quantile
function and to obtain one-step-ahead prediction intervals for future observations. In
addition to the fact that these results are of considerable intrinsic interest, they are
included here to show how much one can do from the understanding we shall develop.
The results are attained by relating empirical processes with those of the quantile. The
link between the empirical process and the quantile process is restricted to the strong
mixing case. It is not hard to see that most of the argument also extends to other types
of mixing cases, i.e., absolute regular and uniform mixing, although there are some non-
trivial technical problems to overcome on the way. (One needs to establish similar
lemmas to Lemma 1, 2, and 4 below, for absolute regular and uniform mixing.) The
important fact to know, however, is that although some details change, the same intuition
developed for the strong mixing case carries over qualitatively to uniform mixing and

absolute regular processes.



2. Background and Results

In this section, our focus is on introducing some further notations, to define two
types of Gaussian processes, which play an important role in our approximation, and to
present the main results of the study.

We commence with notations. The symbol « denotes that the left-hand side is

bounded by an unspecified constant times the right-hand side; it is used instead of 0(-)
notation. In exactly the same way as in the i.i.d.k case, we shall redefine the space for
which the sequence {X, : n € Z} was generated to a space which is rich enough in the
sense that a separable Gaussian process can be defined on it. Now, the separable
Gaussian process will be called Brownian bridge {B(s) : 0 < s < 1}, if

B(1) = B(0)

0, E(B(s)) = 0 and has a covariance function E(B(s) B(s’)) = I'(s, s'),
for 0 < s, s’ < 1. To define I'(s, s'), we write

(21) g(s) =Ty 4(U) -sn21,

where {U, : n € Z} is a uniform on [0, 1] strictly stationary strong mixing sequence of

random variables. Then, for 0 < s,s’ < 1,
(22) T(s, s") = E(g,(s)g,(s")) + X, {E(g,(S)g,(S')) + E(g,(S)g,(S’))},

such that the series on the right-hand side of I'(s, s’) is absolutely convergent.

The second separable Gaussian process which will be utilized here is a Kiefer
type process {K(s,t) : 0 < s < 1, t > 0} with K(s, 0) = K(1,t) = K(0, t) = 0,
E(K(s, t)) = 0 and covariance function I''(t, t', s, s’) = min (t, t') I'(s, '), for t, t’ = 0

and 0 < 5,8 < 1.



For convenient reference, the basic conditions on F(-), from which the various

results are obtained, are gathered together here.

F,:

F;:

F; :

F(x) is twice differentiable on (a, b), where -0 < a = sup{x : F(x) = 0)
and o > b = inf {x : F(x) =1},

F =f = 0on(ab),

SUPg<scs | £'(F'(s)) | < o,

SUPocs<r | £"(F'(s)) | < ¢, for some constant ¢ > 0,

F(x) is strictly increasing on [a, b},

f(x) is unimodal,

sup, . ,F()(1 ‘F(X))%@ < 9, for some v > 0,

®

A = lim sup, , .f(X) < o, B = lim sup, ; of(x) < oo,

F, : min (A, B) > 0,

Fyo:

if A = 0 (resp. B = 0), then f is non-decreasing (resp. non-increasing) on

an interval to the right of a (resp. to the left of b), and

: for sufficiently large n, f(F'(n™ £(n)) > ¢, where ¢ > 0, and £(n) is a slowly

varying function of n with ¢(n)'* < log n.

Theorem 1. Let {X,:1i € Z} be a strictly stationary real valued sequence of random

variables satisfying the strong mixing property with strong mixing coefficient

a(n) « n -a'

Suppose that F,, F, and F; are satisfied. Then, there exists a Brownian bridge

defined on the same probability space as the above sequence with covariance function

I'(s,s"), 0 <s,s' < 1, and a positive constant A such that with probability one



SUPo,< | fF '(6))Q,(5) - B,(s)| « (logn)™
If we replace F,; by milder conditions, then a Theorem 6 version of Csorgoé and

Révész (1978) can be formulated as follows.

Theorem 2. Let {X;:i € Z} be a strictly stationary real valued sequence of random

variables satisfying the strong mixing property with strong mixing coefficient
a(n) « 11-8

Suppose that F,, F, and F, are satisfied. Then there exists a Kiefer process defined on

the same probability space as the above sequence with covariance function

min(n, n')I'(s, s’), for 0 < n,n’ < o and 0 < s, s’ < 1, such that
SUD, 2,1 [ FF 7 (9))Q,(5) - K(s, m)/n* | « (logm)™,

for some 0 < p < da, d € (0, %) and ¢ € (0, 1/120) and \ = ﬁ

If, in addition to F,, F, and F,, we assume that F; and F, hold, then

Supo<-<l If(F -l(s))on(s) - K(S’ n)/n% I « (IOg n)-)‘.

Remark. If, in addition to F,, F, and F,, we assume that F;, F,;, and F,; hold, then
Supn"‘!(n)"<a<l-n"'l(n)" |f(F_l(S))Qn(S) - K(S’ n)/n * | « (k)g n)-X’
where A is as above.

The proof of this will be seen in the next section.



The next two theorems exploit the above results in showing how confidence
contours for the quantile measures are obtained. As they stand, Theorems 1 and 2 do
not provide immediate confidence bound for the quantile function; this is because they
depend on the unknown function 1/f(F'(s)). For this reason, an estimator of 1/f(F'(s))
is required. The estimator proposed in this study is shown to be strong consistent. But

first, two sets of assumptions are needed.
The proposed estimator is a Kernel-type, which is similar to that suggested for the

independence case by Csorgé and Révesz (1984).

1 l s-u -1
) 4.0 = [ K[ 3 ]dF, s)-

K(-) is a measurable Kernel-type function with the following assumptions
K,: K() is a density function, which is absolutely continuous on (-co, )

vanishing outside of the interval (-15, 1),

K,: f *K(X)dx = 0,

-4

A
K, : f x’K(x)dx < oo,and

73
K,: sup___ .. |K'®)] < oo.
For the sequence of constants {h, : n € N}, we assume the following:

/6
Hl . hn « M, and

176
n

hn* . . .
H, : (logn)* « 2" , where A\ is defined in Theorem 1.
loglogn

With this preparation in mind, the second result is now in order.




Theorem 3. Let {X,:1 € Z} be a strictly stationary real valued sequence of random
variables satisfying the strong mixing property with strong mixing coefficient

a(n) «

Suppose that F, - F,, K, - K, H, and H, are satisfied; then there exists a
Brownian bridge defined on the same probability space with E(B,(s)) = 0,
E(B,(s), B,(s")) = I'(s, s’), for 0 < s, s '< 1, and a positive constant \ such that with
probability one

1

5 Q,(s) - B(s)| « (logn)™, and

SUDypcy |
lim,, JPF,'(s) - n"6,()c < F'(5) < F'(s) + 0%4,(95 0 < s < 1) = K(9),
where K(c) = P(supy<,<; | Bu(S) | < ©). ||
The above result is an analog of Kolmogorov’s classical theorem on the Empirical
distribution function. It should be pointed out that one-sided intervals can also be
deduced from the above result. Theorems 1 and 2 may produce more direct and simpler
confidence intervals for the quantile measure F'(s) (the need of Kernel-type Estimator
of 1/f(F'(s)) is unnecessary), as can be seen below.
The following theorem is a Csérgé and Horvath (1989) analog for the stationary

case.

Theorem 4. Let {X;: i € Z} be a strictly stationary real valued sequence of random
variables satisfying the strong mixing property with mixing coefficient

a(n) « n?®,



Then, for the sequence {5, = n* u € (0, da), d € (0, %), « € (0, 1/120) and n € N}

of positive constants, the following statements

lim , P(F'(s -n"c) < F'(s); 6, < s < 1-6),

= lim__P(F'(s) < F'(s+n"c); §, < s <1 -§) = P(sup,,.,B(s) < ©),

and

lim__P(F'(s-n*c) < F'(s) < F'(s+n"c); §, < s € 1-6)) = P(sup,,.,IB@)| < ©),

where B(s) is a Gaussian process with covariance function I'(s, s’), 0 < s, s’ < 1, hold
true without assuming any further conditions on F. ||

The next result discussed here, which ties in with the proposed method, is the
randomly-located tolerance interval. The general theory of constructing prediction
intervals for future observations was developed and expounded in detail by Butler (1981).
To give a fully detailed, self-contained version of showing some weak convergence results
similar to lemmas found in Butler’s work (2.1, 2.3, etc.) under now dependence, we
would have to copy a few pages of detailed and essentially uninteresting calculations.
Also, Cho and Miller (1987) have produced some of these results under strictly
stationary uniform mixing sequences. Since this seems to be a somewhat unjustified
addition, we shall assume that the reader is familiar with the Butler (1981) and Cho and
Miller (1987) studies, and merely point out some results and ideas developed there and
omit the proofs.

The class of 100a% tolerance intervals for X,,, is given by



24) {1() = [F'6).F'(¢ + a)]:0 < § < 1-a).

The one which supports the smallest trimmed variance, 0*(8), say, of (2.4), i.e., I(8"), is

the chosen interval for predicting the one-step-ahead, X, ,,, future observation. Since

F(-) is unknown, an estimator of §°, 8" say, is obtained by substituting F'(:) with F'().
The 100a% prediction interval for X, ., is then given by

@5) 16" = [F)'("), E1'G™ + a)).
The property, which can be verified by using Theorem 1 as in Cho and Miller (1987), is

expressed in the following corollary.

Corollary 1: Let {X,:1i € Z} be a strictly stationary strong mixing sequence of real-
valued random variables with strong mixing coefficient

a(n) « 7,
Suppose that F, - Fy are satisfied, then

i. 3" — " in probability, and

ii. P(a)=PE'GE") <X, <F'(¢" +a)— a in probability. n
Some numerical investigation of the coverage probability P (o) is discussed in the next
section.

The above corollary enables us to obtain nonparametric prediction intervals
without fitting parametric models. Therefore, we do not have to worry about
specification and estimation of the marginal distribution of the process X,,,; particularly
when we have non-Gaussian marginals such as exponential and Laplacian, we cannot
obtain the maximum likelihood estimator because of the boundary problem, see Smith
(1986). The use of prediction intervals instead of point prediction is advocated in
Keyfitz (1972), Butler (1982), and Cho and Miller (1987), among others.
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3. Numerical Investigation in Prediction
The class of strictly stationary processes is very broad. Obviously, the one-sided

linear processes expressed by the form
G X, = TheZ,

is included in this class, if £ | g; | < oo and the sequence {Z, i € Z} is an i.i.d. with EZ,
= 0 and EZ? < . Further, by Corollary 4 in Withers (1981), it can be shown that, if
the common density p(x), say, of an independently and identically distributed sequence

{Z, :i € Z} satisfies

a) I lp(x) - p(x+y)|dx < cly]|, where ¢ > 0,
b) EZ =0, EZ? =1,
c) Yo,gz"“#0, for |z| <1and g « k™, v > 3/2

then {X, : t € Z} is also a strong mixing sequence with a(n) « n*, where ¢ depends
upon the moment condition of Z;s and ». Similarly, if, in addition to the above

conditions, g, « e”* (instead of polynomial order), then the conclusion remains the

same, but now a(n) « €™ and A depends upon the moment conditions. However, if
some of the conditions stated above are violated, then there are counter examples that

even if the process {X, : t € Z} satisfies the one-sided linear form, it is not a strong
mixing sequence, i.e. X, = ¥2X,,+Z, = Y277, where P(Z, = 1) = P(Z, = -1) = ¥

(see e.g., Bradley, 1987), is not a strong mixing process. It is apparent that when the
innovative process {Z, : t € Z} is an i.i.d. Gaussian process satisfying the above
conditions, then one can show that the sequence {X, : t € Z} is strictly stationary strong
mixing. Obviously, the ARMA (p, q), p = 0, q = 0 is a particular case of (3.1).

To see how this confidence interval for the one-step-ahead new observation

works, we performed the simulation by generating observations from AR(2)
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X =0Xu+t X+ 72,
and ARMA(2,1)

X = 0iXuy + 6. Xy + Z, - 0Z,,,
respectively, where ¢,, ¢, and ¢ are the autoregressive and moving average parameters
and Z, is a Gaussian innovation with mean 0 and constant variance. The parameter
values are selected within the triangular region so that they satisfy the stationary
condition given in Box and Jenkins (1976).

Following the same procedure as in Cho and Miller (1987), we generated the 151
observations using the RNNOR routine of IMSL, and discarded the first 50 observations
to minimize the effect of starting values. Using the remaining 100 observations, we
constructed the 90% P.I. leaving the last observation to check the coverage. The
coverage percentages were obtained from 400 replications and reported in Table 1 and 2.
It is observed that most of the coverage percentages ranged from 87% to 92%, which is
similar to the result reported in Cho and Miller. Although we did the simulation only
for the AR(2) and ARMA(2,1) processes, considering that most of the time series data
can be approximated by the low order ARMA models, e.g., ARMA(p,q), p < 2 and
q < 2, we arrived at the same conclusions as did Cho and Miller for ARMA(1,q),

q=0.

4. Proofs
Since {U; = F(X,) : i € Z} forms a uniform on [0, 1] sequence of strictly
stationary random variables, and since the problem under uniformity can be handled

much more easily, the use of the following sequences are now adopted.
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{E(s) : 0<s<1, n € N} is the uniform empirical distribution function,
{E'(s) : 0<s<1, n € N} is the uniform quantile function,

{U(s) = n*(E(s)-s) : O<s<1, n € N} is the uniform empirical process,
{V.(s) = n"(E]'(s)-s) : O<s<1, n € N} is the uniform quantile process,

and {R"(s) = Ufs) + V(s) : 0<s<1, n € N} is the uniform Bahadur-Kiefer process.

Proof of Theorem 1. In establishing Theorems 1-4, we were aided by some ideas found
in Berkes and Philipp (1977), Csorgo (1983), Csorgé and Révesz (1979), Philipp (1977)
and Philipp and Pinzur (1980), but first we shall start with some standard results. From

the mean value theorem, it is obvious that under F, the following result is in order:

(41) Q) = n*E©-F(s), s € (O 1)
= 0% FES) - F(5)
= 0 *(EN) - 9/EEFE,)

f(F™,.)
V. (8)(s - 8, ) (F7(5,))
£(F (6, ) (6, )EEF ' (5)
= (V.(9) + €(&)/EF(s),

= V. (s)/EF () + vn(s){_m - 1}/f(F"(s))

= V,()/KE(5)) +

where 4, € (E;'(s) As,E]' vs),6,,€6,vs8,vs and

€(s) = V,(5)(s-0, ) (F™'(5, ))/f(F'(6, Z)E(F'(6,)). Here, the conventions A and V used

above meana A b = min(a, b) and a V b = max(a, b), respectively.
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From the definition of R (s), it then follows that

(42) f(F(s)Q,() = V,(s) + &) _
= -U,6) + R +€09)

which, in turn, yields

(43) sup,.,., |f(F7()Q,s) - B.(s)| = sup,,,.,|U() - B,(s)]
+ sup,.,, l€.)| + sup,.,, IR,

where B.(s) = -B(s) is a Brownian Bridge.

It remains to show that under the condition stated in Theorem 1, each of the
terms in the right-hand side of (4.3) is, at most, of order (log n)™, for some A > 0.
For the first term, the result by Philipp and Pinzur (1980) (d = 1) is needed. It is

stated as follows.

Lemma 1: Let {U,:1i € Z} be a uniform on [0, 1] strictly stationary sequence of

random variables satisfying the strong mixing condition with mixing coefficient

o(n) « n’,

for some ¢ € (0, ¥%]. Let T (s, s’) be the covariance function. Then, without changing
its distribution, we redefine the empirical process {U.(s) : s€[0, 1], k = 0} of {U,:

n € Z} on a richer probability space on which there exists a Kiefer Process

{K(s, k) : s€[0, 1],k = 0} with a covariance function I''(s, s’, t, t') = min (t, t') T'(s, s')

and a constant A > 0 depending only on ¢, such that with probability one

SUP, .. SUP,c (0.1 |k*U (s) -K(s,k) | « n*(logn)™. [ |



-14-

For the latter result, it follows that
K(s,n) Y
(44) sup,, ,,lU.(S) - _.;;-l = sup,, sx|U.(5) - Bu(s)l« (logn)™ as.,
n

where B,(s) = n™*K(s,n) is a Brownian Bridge.
This completes the proof of the first term being bounded above by (logn)™.

For the following result, we first define f : R® - R to be measurable, with
Y, = f(U,U,,, .. ), n = 1. Then, by defining U"(s) to be the uniform Empirical
Process formed by the sequence {Y, : n € N}, similar to U,(s), Berkes and Philipp

(1977) have shown the following result.

Lemma 2. Under a(j) « j?, the sequence {(2loglogn)™*U{’(s), n = 1} of functions on
[0, 1] x [0, 1] is with probability one, relative compact, in the supremum norm, and has
the unit ball B in the reproducing Kernel Hilbert space H(T") as its set of limits, where
(s, s', t, t') = min(t, t')['(s, s’), for 0 < 5,8’ < landt t' = 0.

An implication of Lemma 2 is the fact that

(4.5) lim sup,_ sup, lU®(s)| /(2loglogn)* < ¢ as.
at O0<sx<1 n

for some constant ¢ > 0.

For f(U,U,, ... ) = U,, (4.5) is deduced to
(4.6) limsup,,, sup,.,., [Un(s) | /(2loglogn)* < ¢, as.

The following Lemma is due to Babu and Singh (1978).
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Lemma 3: If (4.6) holds, then
limsup,, _ sup,, ., | V.(s)|/(2loglogn)* < ¢, as,

for the same constant ¢ defined in (4.6). | |

Now, under F1, F2 and F3, there exists ¢, > 0 such that

@7) sup,,.,le.(8) | =sup,, ., IV.(5) | Is-8, | 1E/ (B () | /6CF (8, DEE ' 6,))

<cn™sup ., V.9 ]* .

Thus, using Lemma 3, it yields

(48) sup,.,.,|e,(s)|« n~* loglogn as.

It remains to evaluate how R(s) behaves. We observe that

R(9) = U9 + V60
- U(9) - U(E'S) + n"(E,(E]'() - 9).

Hence, from the definition of E]'(s) and Lemma 3, it follows that

(4'9) sup0<|<l ‘Rn. (S)l < S“Pos-sl IUn(S) = Un(En.l(S))l + S“Pos.sln * IEn(En.l(s)) - S’

S Supos.slsupll-cl Sd.|Un(s) - Un(t)l + n-% a.s.

where A = n™(log logn)*.

For the coming Lemmas, the following definitions, notations and results are
required.
Set n_ = [27logk], for some 0 < ¢ < YaandletN, = {n:n =n,n, + 1, .., 0.,

L,k =12, ..}. Itisclear that X' = n,*/(log logn,)* « 2™ Set
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$9 = {Ej‘: 1j=0,1,2 .,2" - ;n> [k“/z]}, for any k € N. Now, for k € N sufficiently

large, there exists n € N,, such thatn, < n < n,,,. For

|t-s| < ¢\, it follows that [t -s| < 27 there exists s, € S5, such
that |t -s] < 2™ and |[s - 5| < 2™

By setting x(s, t) = g(t) - g(s) = I,,(U) - (t - s), it is clear that

(410) n*|USs) - UM < n*[U(s) - Us)| + n*|U,®) - Ugs)| and
@11) n*|Us) - U] = [5.x69]

< Tieax@&) |+ T ek @9 ] + |2, cicax05)

In conjunction with (4.10) and (4.11), it can be shown that

(4'12) nusupos-slsuph—ﬂ <c)._|Un(s) = Un(t)l < zmaxlsjscz"'*'“sup-,s.<-],I 'Zisqxi(sj’ S)l

* 4max“-“<k..supu-sl |2\<isnx.(07 s) I

The following Lemma is the key result in determining the order of R "(s). This is due

to Philipp (1977). In this work, the function f will be used in the restrictive form

f(U,, Uy, ... ) = U,

Lemma 4. Let H = 0, N > 1 be integers and let R > 1. Suppose that

£ = ts = N2 and that «(n) « n® Then,as N t o, for0 <s <t < 1,

P(| S, x(s, ) |2 AREY(N loglog N)*) « exp(-6R¢™loglog N) + R*N'*?,
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where A(=>1), and o and 8 are positive constants (a = Elﬁ g = .03). |

The next two Lemmas are similar to Lemmas 5.1 and 5.2 in Berkes and Philipp

(1977).

Lemma 5. For a(j) « j* and for any k sufficiently large, there exists n € N,

and s €S such that

P(maxlsjsczu"ﬂsup.,s.s.m‘Zisn,xi(sj’ 9| > n*?) « exp(-k*),

where \ is a strictly positive constant depending only on e. ||

Proof: For the most part, the analysis of the proof is based on arguments similar to
those presented in Lemma 5.1 of Berkes and Philipp (1977). We thus prefer to proceed
with the same notation.

For0) <s <s’ < landintegersP = 0,Q = 1, call

F(P, Q, s s') = |32 x(ss')|. Clearly,

(4.13) F(P,Q, s,s")<F(P,Q, s,5') +F(P,Q, s’,s"), for 0<s<s’ <s” <1.

Put m = [k'“(% + 7)] for some 4 € (0,4]. Then, for any s € [s;, s;,,), we have that

s = 5,-*%{2“.,.1 t,2"+02"“}, for r=[k'~/2],

where t =0, 0or 1 and 6 € [0, 1).

Since x(ss’) < x(ss”) + s” -s), foranyh = 0, 1, ..., 2%-1,

h+42™

@4.14) F,Q22", ) < Fp,Q, 270 D27y | -
C (o C
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By repeating (4.13), it follows that

(415) F(P,Q,s,s) < Yo\ F(P,Qss, ,.5,.,,) + Q27/c

forany s_,s,.,, €S3andv = v+l ., m
In exactly the same way as Berkes and Philipp (1977), define

©(n) =2A(nloglogn)*, and define the events

E(v,a) = {F(O,nk,su' Sautn) 2 2""(p(nk)}

and Ek = Ur<r$m*l U0<a<2 Ek(y’ a)‘

Hence, with H = 0, N = n,, R = 2c and ¢ = 2°’, according to Lemma 4,

(4.16) P(E(v,2)) « exp(-6+2" loglogn,) + n **?
« exp(-3+2" logk) + n".

This implies that

(4.17) P(E) « ¥, n2exp(-32"logk) + 27n"
« ¥, exp(-2~logk) + n %7

« 2°k“(%-1) .

Thus, on the complement of E,, it follows that with probability one

F(0,n,;5,,8) < 2Ap(n,) --:lol 2¥ +n2™
« ‘p(nk)z-ar + nk%-y

W,
« n*7,

This completes the proof of the Lemma.
For the proceeding result, define
S, = {% :k=0,.,2-1,v>1}

Next, we have the following result.
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Lemma 6: For «() « j* and for any k sufficiently large, there exists n € N,, such that

P(maxgsn<nmsup0$ssl IZ\<i$mxi(0’ S)I Z nk%(lognk)- )) « k-z;

where \ is a strictly positive constant depending only on e. |

Proof. The proof of this lemma is also highly dependent upon similar arguments to
those in (5.2) in Berkes and Philipp (1977). So, for these reasons, we proceed with the

same notation.

As before, we can express any n : n, < n < 1., in dyadic form as follows:
LR SED ISR ¥ A N DIEN X R

where 4 € [0,1), p, =0 or 1, p = [(2-7)k'™] and q = [log(n,,, -n,)/log2].

For any P>0, 0 < Q < R (integers) and s, s’ : 0 <s < s’ < 1, the following

subadditive property is satisfied.
(4.18) F(PRys,;s’) < F(P,Q;s,s') + F(P+Q,R-Q;5,5").
Hence, for 0 < s,s’ < 1 and n such that n, < n < n,,,. Applying (4.18), it follows that
F(n,n-n,ss’) < Y .. Flo +h2"2ss") + 2%,
where h; = 0, 1, .., 2%-1, for j = p+1, .., q. Since
s=Ymt27 =Y _t27 + 627" 8 € [0,1),

where m is similar to that in Lemma S, but now is related to j (for exact definition, see

below). As in Lemma 5,

(4.19) F(P,Q,o0,s) < Y= F(P,Q, Su Seu,) + Q27

vul
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where s_,s._,, €S,V = 1,2,..,m+1 and Osa<2".

a+l,»

Define the following events

Hv,ajh) = [Flo,+h292s, s, ) 2 272927

and
H" = Ul"j“l U-S('/wv)j U0$a<2' U05h<2--l HR(V,a,j,h).
By Lemma 4, with R = 2:2%*@-%8 H = n_ + h2*, N = 2 and ¢
P(Hk(u,aj,h) « exp(_6,2ar2%(q-j)(l-uﬁ)logi) +2'(q~j)(l—KB)-j(].g)-
Moreover,

(420) P(H) « Y i)y cohom 228 exp(~6e2* ¥4 501y

rmyq=jny=(q=i1-%B)~j(1+B)
+ Z;<qusz(%ﬂ)jzz ’2 v
~p(he S8+
« exp(-Slogp) +2 ¥ 7
« k72,

Hence, on HS, we have that with probability one

F(nk+hj25‘l,2i,0,s) < Z.s(%.y)jF(nk"'hjzj.l)2‘.,5“‘,,5‘”!") + 2H(%‘1)
car-l@pg
« p(z‘l)zvs(%‘ﬂiz 3 + 2}(/:-7)
R
« @(2")2 !(‘l J)ﬁ,
which yields

- @8 . .
(421) F(n,n-n0,s) « ep(z“)zﬁjsqz S stqf(/x—,) +
« P29 + 27 + 7

« n(logn))™,

because (2% = 2%logq « n_,, - n_« nk™ « n(logn)™
This completes the proof of Lemma 6.
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In connection with (4.9), (4.12) and Lemmas 5 and 6, it is shown that

(422) sup,.,.,IR"(s)| « (logn)™ for X > 0.

Combining (4.4), (4.8) and (4.22), the proof of Theorem 1 is now completed.

Proof of Theorem 2. The following preliminary discussion is necessary for achieving the
establishment of the theorem. First, some strong law behavior of the weighted uniform -
[0, 1] empirical process under stationary and strong mixing is required. Let y denote a
preassigned non-negative function on [0, 1]. The functional form considered here is

¥(s) = (s(1 - s))™. The weighted empirical process is then defined by
U,() = n*¥(G)E(S) - 9), s € [0, 1],

In Lemma 2 of Berkes and Philipp (1977) it is established that for y(s) = 1, on a set of
probability one, the sequence {(2 log log n)*U,(s)} is relatively compact in the topology
of uniform convergence on [0, 1] with limit set the unit ball B in the reproducing kernel
Hilbert space H(I'"), where I'’(s, s, n, n’) = min (n, n’) I'(s, s’). If y(:) is bounded on
[0, 1], then the result remains unchanged.‘ On the other hand, if y is not bounded, we
should expect that relative compactness may occur only for those y’s which are bounded
on every interior interval of [0, 1]. We, therefore, have to focus our attention on the

behavior of ¢ near 0 and 1. We consider the weight y; defined by

bs) = {(s(g - s)™ if s €[5, 1-5]

otherwise
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Since y, is bounded, the sequence {(2 log log n)*U,(s), n = 3} is relative
compact in the topology of uniform convergence on [, 1 - §]. We then ask to know what
happens if § is replaced by {§,, n = 1} with §, ¢+ 0 as n * o. The following proposition

is then in order.

Proposition. Under a(j) « j® the sequence {(2 log log n)"\&n.,.(s) U,(s), n = 3}, for
some 0 < u < da, d € (0, %) and & € (0, 1/120), of random functions on [0, 1]* is with

probability one relative compact, in the supremum norm. ||

Remark: The Proposition implies the following

(423) limsup,, _sup,c, ,¥,.(s)(loglogn)™|U (s)|
= lim sup,, _sup, . _,.,..[s(1-s)loglogn]™|U (s)| < ¢ as.

ntoe

for some p € (0, 1/480).

Discussion. Choose an increasing sequence {n,; k = 1} of positive integers such that
n, ? o almost exponentially. Next, for fixed k, we partition the unit interval s € [0, 1]
into d, intervals [s, s;,,) (1 < j < d,), each of length 1/d,, where d, = n; for some

positive small r. Then,

ZGk) = 059,50, (5) - 05U, ()
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may be considered as the component Z(j, k) of random vector Z, € R%*. The sequence
{Z, k = 1} is the skeleton process of y,(s)U,(s), where §, = n™*,

We shall show as in Berkes and Philipp (1977), that oscillation of ¥,(s)U,(s) over
the rectangles {(s, n): s; < s < s;,,, n, < n < n,,,} is with probability one « (log n)*
(A = 1/3840), uniformly for all j, with 1 < j < d,. The latter statement shows that in
order to prove (4.23) we should investigate the behavior of the skeleton process of

¥,(s)U,(s), since it contains all the needed information about the process.
Set D(s, n) = n"\}an(s)Un(s) = ¢5n(s)2isnxi(0, s). We choose n, as follows:
n, = [2¢7] for some small ¢ > 0.

Putr, = [dk'*], d € (0, %) and define s; = (j - 1)2Tc for j = 1, 2, ... 2%,

It can be seen that for s € [s;, 5;,;) and n, < n < n,,,

ID(S’ n) - D(Sj,n\_)l 3 ’ﬁ;n.(s) |Zis|&xi(sj’ S)I + "l’;”.(s) IZ‘.\qs..xa(O, s) I
R AORE A IPRICEN]

We need to show that

G(k) = max

8 <nsa,,

max, ... SUP'IS."M ID(S’n) - D(Sj7nk) I

is bounded above a.s. by n{(log n,)™ for some A > 0.
We choose § in y,(s) such that
8 = 2 for some B < «a.
It is required that s; € [§, 1 - 8]; this implies that j € [¢,, u,] N Z, where ¢ = 20"

and u_ = 2%(1-27").
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Lemma 7. Under a(n) « n*, and for k sufficiently large,
P(maxjeu,,u,msup.e[.l,ﬂ_,)(s(l"5)%) |Zisqxx(sj’s)| 2 n‘:ﬁ(lognk)'x) « k7,
for some A > 0, independent of k.

Proof. For sufficiently large k, set m = [(V2 + vk, ¥ € (0, %]; then, in conjunction
with 4.13 and 4.14, we observe that fora, € [{,,u] N Z, v =1+ 1,..,m+ 1,P =20

and Q > 1

F(P, Q, s, 5) < Y= F(P, Q, 227, (@,+1)2”) + Q2™
Define as before,
e(m) = 2A(n log log n)*

E(s, a) = {F(0, nya2”, (a + 1)27) > 2B¥2# 40y

N

{(FO, 0, 27, (o« + 1)27) > 27Bit By ()}

E.(v, a), where 8, + B = a, the same as in Lemma 4,

and
Er = Uscrzan Ut <acs ity @) € Ei
Now, as in Berkes and Philipp (1977), forP = O, N = n, R =2 and 8 = 27,
P(E. (v, @)) « exp(-3-2*log k) + n]'2"
and P(E) « Lo cnei27exp(-3-2*log k) + n*

for m = [(*2+ Yk
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Hence, by Borel-Cantelli’s Lemma

¥, O Taax sy 91 < 280(@) [T2,, 27 + 0,27 as.
« n’(logn)’. as.

Lemma 8. Under a(n) « n?, and for sufficiently large k,
P(maxn‘“‘%sup.e[o' ,,¢,_.(S)|Z~<,.X.(0,S)| > n;ﬁ(lognk)'*) « k7
for some A\ independent of k.

Proof. For p = [(*2 - v)k"*] and q =[log,(n., - n,)], and in exactly the same way as

5.15 - 5.17 in Berkes and Philipp (1977), we may write that for fixed k
s = XR027 = Yigea02 + 27

form = [(*2 + y)k'],and for P > 0,Q > 1and 0 < B < %
$,OF®, Q, 0, 9) < ¥, F®, Q, a27, (@, + 127) + Q2™)

where o, € [{,,u,] N Z.

As before, we define the following events

1.
H/(v, @, j, b) = {F(n, + 27, 2, a2”, (@ + 1)27) > 252 27 " p(29}

. ! G-on
C {F(n, + 2™, 2, a2, (a + 1)27) > 27™2% (29}
=H(@, a, j, h)
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and H; = Uicpynz Uretosomiinz Userr, 10z Usenzranz Hi@:23:)
CH, ’

which is exactly as in Lemma 6. This completes the proof of the lemma. ||

Lemma 9. Under a(n) « n?, and for sufficiently large n,

P(max;euk.n,‘nzS“p-Gr-,---,-.xl|'/’6..(5) - 'l’,_.(si)| IZ;,,“ x(0, s)| 2 n” (logn)™) « k7,
for some A > 0, independent of k. n

Proof. It is clear that m = [(¥2 + v)k"].

[, - ¥, )| [Zex© )| < 28, (5)FO, 1, 0, 5)
< 21#,_.(61‘){Z"‘;‘“‘,d.l F(0, n, a27, (2 +1)27) + n2™,

where r = [dk"].
The rest of the proof follows from Lemma 7. ||
Combining Lemmas 7 - 9, the proof of 4.23, or Proposition, is now in order. An
implication of 4.23 is the following result. The proof of this can be done using similar

arguments to Lemma 2.3 in Babu and Singh (1978).
Corollary 2. If (4.23) holds, then

limsupnfa-supn"<n<l-n“(s(l - S)log log D)-% Ivu(s) | < c as,



for some 0 < u < do, d € (0, %) and o € (0, 1/120). ||
With this preparation in mind, the proof of Theorem 2 follows. As in Csérgé and

Révesz (1978),

4.24) [|f(F'(s))Q,(s) - V,(s)| < ¥n ""V:(s)f(F"(S))M as,
£(F'(8))

for £ € (s A (s + T*V,(s)),s V (s + n™V,(s))) and s € [5,, 1 - §,] where §, = o™

In view of Corollary 2, (4.24) can be majorized by

25y |fE-! i} van “log | s(1-s) B ET O ETO) |,
429 |(EZDQE - V)] = ¥n™log °g“[e(“1-e)} [6(1 Ve | ey |

Arguing as in Csorgd and Révesz (1978), all the bracketed terms are bounded
above by a constant.

Since

(426) SUP,.qyeyae [FFT'(8))Q,(8) + K(s, m)/n*|
< SUP,., o, 1o | EE())Q,(8) - V,(5)]
+ Supn"<|<l-n" |R:(S) l
+ sup ,IUn(s) - K(s, n)/n*| as.,

n*<s<l-n"
and since the second and third term in (4.26) are bounded above by (log n)™ (see e.g.
(4.22) and (4.4), respectively), the result follows immediately.

For the second part of the Theorem, it is sufficient to show that

(427) sup,¢unan | EE " ©)Q,() - V()| « (logn)™ ass.
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We shall show the result only for s € [0, §,]; similar arguments are applied for the other
tail.

As in 3.2.14 in Csorgo (1983),

(4.28) |fF'(s)Q,s) - V.5)| = [V (9] |1 - f(E7E) |
e s £(F~(6))

wheres € [0, 6] and |s-£§| < n* |V, (s)].

Obviously, |1 - if_((ll:-_‘l((i%l is bounded because of the additional conditions. As
(3
far as V,(s) is concerned, we have that

(4'29) sup0<l<8_ ' Vn(s) | < sup0<l<8_ |R:(S) | + sup0<|<lsup |s—t] <8, |Un(s) - Un(t) I’

for §, = n™.

Applying Lemmas 5 and 6 by replacing A, with §,, the result shows that

(430) sup,., <‘,-lvn(s)| « (logn)™ as.

This completes the proof of Theorem 2.

Proof of the Remark. As in the second part of the proof of Theorem 2, we need to show

that

Sup0<.<s_ l f(F -l(s))on(s) = Vn(S) | « (log n) > a.s.
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It is clear that

(431) f(F'(s))Q,(s) ~ V,(s) = n* f U”AV [’ff(%'l((—‘s,)); - 1] du,

where U, is the kth order statistic of the uniform variates U,, ..., U,
se XL Xl s]ande, = n™en).
n n
If s < Ui, then the right-hand side of (4.30) is bounded above, for s € [0, §,], by

n% [ % , KF () d v « (logm)™
I. [1 f(F"(u))] # < 2V« dogn™

since f is nondecreasing to the right of «, and (4.30).

On the other hand, if s = U,,, then the right-hand side of (4.31) is bounded by

n-'/»J‘ L [f(F-l(S)) + 1] du < n'%f n o™ [f(F_"(S))__ + 1] du as.
0 £(F ™ (u)) 0 £(F (s -u))

Substituting u = n*(log n)™, and since f is now decreasing to the right of a, the result

follows at once.

Proof of Theorem 3. The sketch of the proof of this Theorem is based on three simple
Lemmas. Lemma 1 shows that the law of iterated logarithms is satisfied for the quantile

process; this, in turn, will play an auxiliary role in showing a strong consistency of the

Kernel-type estimator of 1/f(F™'(s)), which is shown in Lemma 3. Lemma 2 indicates

how fast the bias of this estimator approaches zero. We proceed as follows:
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Calling upon Lemma 3, (4.8) and (4.2), the following Lemma is easily formed.

Lemma 10: Under the same provisos of Lemma 2, there exists ¢ > 0, such that

GROIXOI I
(loglogn)*

limsup ,,sup,.,., a.s.

The next result is a modified version of Csorgé and Réveész (1984). Since the
proof of the following Lemma does not differ much from Lemma 3 in Cs6rgé and

Révesz (1984), it is omitted.

Lemma 11: Under K, - K,, H,, and F, - F,, the following result holds:

1 I <
f(F'(s))

atoe n

1
. - 1 - -
limsup_, _h 2sup‘,<,<l|E- ‘[ K(-Sh—u)an‘(u) -

for some constant ¢ > 0.

Next, we have the following.

Lemma 12: Under K, - K,, H,, H, and F, - F,, it follows that

. hnn “ 1
hmsupn’o'_—.—ésupo<.<1 |¢H(S) - | <cC a.s.,

(loglogn) f(F™(s))

1
where 4 (s) = hi [ K( Sl:“)an"(s) > 0, and c is a positive constant.

a
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Proof. Via the triangle inequality, it follows that

1 1
1 s-u -t 1 1
su — | K <su —
p0<|<l l hn{ hn n f(F -1(5)) ' p0<|<l|

s-u l‘-1 F-l(S))I

+sup_, | — '[ K(;“)dF"(s) - f(F"(S)) .

o

1
Invoking the fact that h_« [M] ¢ and Lemma 11, the second term on the R.H.S. of
the latter inequality tends to zero for sufficiently large n. It remains to show that the
other term is approaching zero with probability one.

In connection with Lemma 10, it follows that for sufficiently large n,

CHE @)W sou

supy.,., |+ [ KCEBHES) - F@)] = (‘°g‘°g“) sup,...,|
hll hﬂ

CHFTw)
< (‘°g‘°g,f)%wpo<.<l il (S))Q".fs) SUPy,<; |K’(8) | /ink, , . £(F'(s))
hn (loglogn)
« Qoglogn)*
hnn""
This completes the proof of Lemma 12. n

The rest of Theorem 2 follows from the triangle inequality.

HF~(s) '(s)
-B + ¢ e |
() O+ Sy 160 f(F"(»l

This completes the proof of the Theorem.

(432) |f(F™(s)Q,() - B,s)| =

Proof of Theorem 4. The steps required to show this Theorem is exactly the same as in

Cso6rgé and Horvath (1989). The additional information needed here is to show that

Squ.s_]un-c,,ulB(S)l lO0asnt oo,
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where B(s) is a Gaussian Process with covariance function I'(s, s). This will be .
accomplished below, but first some discussion.

Forany 0 < n, < n, < ... define

B,(s) = (K(s, n,.) - K(s, ))(m,., - )", kEN.

The sequence {B,(s), k € N and s € [0, 1]} is a Gaussian process with
independent increments and covariance function I'(s, s’) (see, e.g., Lemma 6.1 in Berkes
and Philipp, 1977).
We need to show that, for s € [0, §,] U [1 - §,, 1], and for §, = n* (u introduced
above), the process K(s, n)/n* is bounded above almost surely by a sequence of o
constants and tending to zero uniformly ins as n t .

We may write that forn, < n < n.,;ands € [0, §,] U [1- 4, 1],

(433) K(s n) = 290, - )" B + (@ - )" B(),

where B (s) = (K(s, n) - K(s, n))(n - n)™.

Lemma 13. For sufficiently large n,

sup_em,uu[l_a._”ll((s, n)|/n* « (logn)™ as. |
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Proof. We shall show the validity of this result only for s € [0, §,]; the same is applied

for s € [1-4, 1]. Itis easy to check that for0 < s <s’ < 1,

[(s,s) = Egl(s) + 2Y o, Eg,(s)g,(s)
+ Eg/(s) + 2Y.7,Eg(sD8,(s)
- Eglz(s,s’) - 2y~ Eg (s5)8,(s5)
= 0*(0,5) + 0*(0,s) - A*(s,s),

where g, (s, s') = I (U - (5" - s).

In conjunction with @ « n® and Lemma 6 in Davydov (1970) for 0 < s <s’ < 1

Ps8) < (F-)1-(9) + 107200 (G-I (A-E-9)" ™

« ( S' - 5)3/4'

The last statement follows by assuming that r; = 4 and 1/r; + 1/r, = 3/4.
Let {n, = [2¢7], k € N, 0 < ¢ < 1/8} be a sequence of integers and

{S = 85;:8 = i7l for r, = dak™}. It is clear that
2%
D - -
{B(s) : 0 < s <6} = {X(u) =B (u) - B"(0), for u € [0,1]},
where B'(u) = B(s + u(s’ -s)) and for s’ -s = 4.
By setting in the process, X(u), s; and s;,, instead of s and s’, it follows that for

0<uyu =1,

E[(X,(0) - X, ()] « |u - w[™27,

Now, applying the same arguments as in Lemma 6.2 in Berkes and Philipp, it follows

that
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(434) P(sup,.,.,~|B(s)| > (logn)™)
= P(SUP.,S.,.,,,IB(S) - B(s)| > (logn)™
= P(supo‘“‘,lX(u)l > logn)™) « k™.

Thus

(435) P(CY (m., - m)sup, .., |BG) - BGsp| > (logn)™) « k™

Next, applying Lemma 6.3 in Berkes and Philipp, for s € [0, §,], we have that

(436) P(sup, , ‘Msup'e[o'uh((s,n) - K(S,DJI > n,(log nk)-k) « k2

Hence, using Borel-Cantelli’s theorem for both (4.35) and (4.36), the proof of the

Lemma follows immediately. This proves Theorem 4.
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