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The development of an information filing scheme deals not only
with the storage of data but also with the retrieval. The efficiency
of a filing scheme is measured not only in terms of the ease with which
it is possible to retrieve information pertinent to a given task but
also in terms of the retrieval time. In this research, combinatorial
methods are applied to obtain filing schemes that are efficient in
terms of retrieval time. In the beginning, a brief review of the
relevant basic combinatorial techniques along with applications to the
filing schemes is given. Then a few interesting properties, dealing
with the intersections of quadrics and flat spaces are obtained. Later,
these results are applied to obtain filing schemes. In the later parts
of the research, a mathematical (linear) model (representation) for
multiple-valued attributes is developed. The design of this (repre-
sentation model) depends on matrices, over a finite field, with a
certain property. A method, applying the theory of spreade, for cbtaining.
some of these matrices, is given. Finally, using this representation,

a filing scheme for multiple-valued attributes is obtained.
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SUMMARY

The development of high-speed computers has produced an "informa-
tion revolution" in its sources and as well as its types. Computers
have provided means to comprehend with large volumes of data. But the
question naturally arises as to how one may best file information in
computer storage for further use. The efficiency of such a filing
scheme can be evaluated in terms of the time it requires to satisfy a
query. In this research we apply combinatorial methods to obtain
efficient filing schemes.

Until recently, the best known type of filing scheme has been the
inverted filing scheme. It is characterized by a one-one correspondence
between the buckets and the levels of the attributes. These schemes
allow efficient retrieval of queries of size one. But for higher order
queries, it involves numerous cross comparisons.

We introduce the necessary terminology, along with the mathematical
formulation of the problem, which was motivated by Ray-~-Chaudhuri [31]+,
in Chapter I. Then a brief review of relevant combinatorial techniques
is given. Finally, a brief review of the basic filing schemes with
examples is given. Chapter II introduces the filing schemes that are
derived from orthogonal arrays and partially balanced arrays. Also,
some improved versions of existing filing schemes are given.

Chapter III deals mainly with quadrics and the filing schemes that
are derived from them. A few basic results about the intersections of

quadrics with (N-2)-flats are obtained. These results are later applied

1-'l‘he number in square brackets refer to references listed in the
bibliography at the end.



to obtain filing schemes for multiple-valued attributes.

Finally, in Chapter IV, we develop a linear representation for
multiple-valued attributes. This representation enables us to develop
filing schemes for multiple-valued attributes. These filing schemes
depend on matrices with property Rt(rl’rZ""’rﬂ)' For t=2, we
give a construction procedure for optimal matrices. For higher values

of t, it becomes a difficult problem.
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CHAPTER 1
INTRODUCTION

"It is unworthy of excellent men to lose hours like slaves in the
labor of calculations which could safely be relegated to anyone else if

machines were used."

Leibnitz 1671

With the advent and advancement of computer technology there has
been a proliferation in information collection - its sources as well as
its types. With the growing complexity and abundance of information we
are faced not just with the problem of storing and retrieving a few
words and facts but rather of storing and retrieving billions of words
and facts. In an attempt to retrieve information from such a file we
could go through these billions of facts - be they five or fifty
billions - serially. But a simple computation will show that if a
person spends his entire life from the day he turned twenty until the
day he died, he still could not read one billion words. In light of
this problem, the individual does not know where to begin to look. Our
job, then, is to structure the files to assist him. The question
naturally arises as to how one may best file information for further use.
The success of any filing scheme can be measured in terms of the ease
with which it is possible to retrieve information pertinent to a given
task., With the present high speed computer technology the memory
(storage) can be advantageously utilized to store well-organized files

which can be retrieved rapidly. This fact provides a basis for the



formulation of problems of designing filing schemes for efficient jn-
formation retrieval. The actual construction of suich files poses a
variety of questions some of which can be tackled by combinatorial
mathematics. This is the line of approach which we will follow in

this research.

1.1 Terminology

For the purpose of this dissertation, a file is a collection of
related records. A record, in turn, is comprised of two parts. The
first part consists of an identifier number, which is unique with
respect to a record. This identification is known as the primary key.
Sometimes the records are also assigned a second identifier known as the
secondary key. This is not unique. The second part consists of a
number of related data fields. These data fields correspond to the
values of a number of information variables, also known as attributes.
We will assume that each attribute can take only one of finitely many
different values. Hence the data field of a record consists of a
particular combination of levels of attributes associated with the re-
cord. There may be more than one record associated with the same data
field. Once the records are obtained, they can be stored in some
permanent location (memory). The identifier of this location is called
an gccession number. One aspect of the basic problem of file organiza-
tion is the definition of the correspondence between accession numbers
and primary keys. This process is called key transformation. This has
been discussed by a number of researchers in computer systems. For
additional details and bibliography, the reader is referred to
Buchholz [16]. We assume that the accession numbers have already been

assigned by some procedure. From now on we deal with accession numbers



alone, as they are smaller in size and easier to handle than the
records,

An address is usually a number compounded of two or more coordi-
nates that physically select the location. As an example, on a disk
file, various digit groups of an address might specify position of a
track, track,disk side, and module (group). A collection of addresses
is called a bucket. The buckets form a partition of the addresses
assigned for storage. The accession number of the records are stored
at the addresses. We assume that in a bucket, exactly one accession
number is stored at one address.

Finally, a query is a request to retrieve records containing
certain information. A query is represented by a vector. The number

of components of the vector indicate the size or order of the query.

1.2 Formulation of the problem

In this section, a mathematical model for filing schemes will be
formulated. The approach used is similar to that of Ray-Chaudhuri [31]
for the case in which retrieval pertains to only one level of £ attri-

butes.

Let Aij denote the j-th level of the i-th attribute, where

j = 0,1,2,...,ni-l; i=1,2,...,£4. Also let

A, ={A, .2 j = 0,1,2,...,ni-l} (1.2.1)
and

Q=1{A,.: j= 0,1,...,ni—1; i=1,2,...,4}. (1.2.2)

That is, Ai is the set of all levels of the i~th attribute and § 1is
the collection of all levels of all attributes.

A file F 1is denoted by a triplet, (A, @, f) where A is the



collection of all records; 2 the set of all attribute levels; and f

a mapping from A to @ such that for any record 1I € A, .

(1) = (Aij » A

) s vy Aﬂj ) (1.2.3)

2j 2

2
where 0 = jk < nk—l for all k. That is to say f(I) indicates the
attribute levels possessed by the Fth record. Since each record

contains exactly one level of each attribute we have
|£(1) n Al =1, for all i (1.2.4)

The storage rule S of the file F is a triplet (A, M, o)
where A is the collection of all records; M the set of all possible
integers corresponding to the set of possible addresses; o0 1is a
mapping from A vto subsets of M. The subset o(I) contains the
addresses, where the accession number of the I-th record is stored. We

implicitly assume that a single address is sufficient for storing any

accession number. The number of addresses in 6(I) dindicates the
number of repetitions of the accession number of the I-th record in the

storage. Define

c= 7 lom]|/|n] - (1.2.5)

Iel
¢ 1is called the redundancy of the file. It depends on the storage rule.
The retrieval rule R is a triplet (A, M, r) where A represents
a class of subsets of Q; M represents the set of addresses available

for storage; and r is a mapping from A to subsets of M such that
[o(I) n r(A)| =1 4f £(I) > A, where A e A. (1.2.6)

In other words, only one of the addresses, where the accession number
of I-th record is stored, is related to the retrieval of the query A.

A is called the set of queries. The filing system is said to be of




order t 1if for each A belonging to A the relation

|| <t

holds. The time required to retrieve the records pertaining to a

query A 1is denoted by 71(A). The average retrieval time is

=) t(A)/]|A] . (1.2.7)
AeA

T depends on the retrieval rule.

A filing scheme is completely specified by indicating F, S and
R. The scheme will be called optimal if ¢ and 1 are minimum. But
it is not always possible to obtain optimum filing schemes as ¢ and =
are somewhat inversely proportional to each other. So the best way to
tackle the problem will be by arbitrarilyfixing one and minimizing the
other. 1In this research, though we do not specify the values of ¢ and
T we aimed at minimizing 1T for reasonable values of .

As an example let us consider a simple filing scheme, known as the
inverted filing system. This scheme is characterized by a one-one cor-
respondence between buckets and levels of the attributes Following the

_1;

same notation as above , Corresponding to each Aij (j = 0,1,...,ni

i=1,2,...,£) a bucket Mij (a set of addresses in the memory) is
assigned. Let wij be the Zdentification number of Mij' wij can be
taken as the first address in Mij if all the addresses are in a
sequence or we can define the identifijer Wij of M as

ij

i-1
Wij = kZo n, + j, where n, = 0. (1.2.8)

A record I is stored in the bucket Mij if the record contains the
level Aij' Since a record contains £ levels - one level of each

attribute - it will be stored in £ buckets. That is



o(I) n Mij # P 4if £(1) o Aij (1.2.9)

and
|c(I)| =L . (1.2.10)

The retrieval rule for queries of size one is very simple. As an

example, suppose we want to retrieve all records containing A Then

22°

first, the identification number of the bucket corresponding to A22 is

calculated from (1.2.8),

W22 = nl + 2.

By matching W22 with the identification numbers of the buckets, the
bucket M22 is determined. M22 gives all the accession numbers of
records containing the level A22. So, this retrieval rule involves a
simple arithmatic calculation and a simple matching. The dominant
factor, in terms of time is the matching of identification numbers.
When the queries Aij are equally likely, we can show that the average

retrieval time, 1, using serial comparison is

(b+l)Tb
T = —————— (1.2.11)
2
£
where b = 2 n, and T, Trepresents the time required for each com-
i=1

parison. If we use binary search technique (for matching) instead of

serial comparison, then

T = [logzb]+ 2N (1.2.12)

where [u] is the smallest integer greater than u.

+
Though the filing scheme appears simple for queries of size one, in
terms of retrieval procedure, it becomes complicated when higher order

queries are involved. For example the retrieval of records containing

two levels A11 and A22 involves three steps - i) identify the buckets

6



M11 and M22 ii) extract all records contained in the buckets and

iii) find the records common to both M and M22 by making cross

11
comparisons. So the dominant factor in retrieval time will be the time
required to make cross comparisons. This will depend on the sizes of
the buckets. This fact represents the most striking disadvantage of

the inverted filing system for retrieving records pertinent to two-fold
queries. For higher order queries, this problem becomes progressively
more and more serious.

The inverted filing system has been generalized to accommodate
higher order queries. This scheme is also characterized by a one-one
correspondence between queries and buckets. But it has enormously large
redundancy. Further the retrieval time depends on the number of buckets.
These considerations suggest the need to look for new filing schemes.

In the remaining sections we shall consider the problem of construction

of filing schemes by using various methods of combinatorial mathematics.

1.3 Finite Geometries

Abraham, Ghosh, and Ray~Chaudhuri [1] and Ghosh and Abraham [23]
have applied combinatorial methods to the construction of some efficient
filing schemes. To obtain these results, properties of finite geometries
are extensively used. We also use these properties in the following
chapters. So, we shall briefly summarize the properties of the two
types of finite geometries: the finite projective geometry, denoted by
PG(N,q) and the finite Euclidean geometry, denoted by EG(N,q) where

q is a prime power.

Projective geometry:
In a finite projective geometry PG(N,q) of dimension N based on

a Galois field GF(q), where q is a prime power, the points can be



taken as (N+l)-tuples X = (xo,xl,...,xN) where XysXpseeesXy  are
elements of GF(q). The (N+1)-tuple § x = (Gxo, 6xl, ceey GXN) is
regarded as the same point as x for any non-zero element § of
GF(q). The (N+1l)-tuple (0,0,...,0) is not regarded as a point of
PG(N,q). So a point P is uniquely determined by a non-null vector x
and conversely a point P uniquely determines a vector X up to an
arbitrary non-zero multiple § of GF(q). An m dimensional flat
space in PG(N,q) is defined by the set of points which satisfy (N-m)

independent linear homogeneous equations

alOXO + allx1 + ... + aleN =0

a20x0 + alel + ... + aZNXN =0

. . (1.3.1)

N-m0™0 F ANemi¥p ooty = 0
or
Ax =0 (1.3.2)
where A is a (N-m)xN matrix with the elements aij from GF(q) and

5? is the transpose of X, Thus the points which satisfy one linear

homogeneous equation define an (N-1)-flat in PG(N,q). A point in

PG(N,q) satisfies N independent linear homogeneous equations. Hence

a point is called a O-flat, a line a 1-flat, a plane a 2-flat and so on.
Let ¢(N,m,q) denote the number of m-flats in PG(N,q), then

(@21 (- ... (qN-mH—l)

(qm+51)(qm—1) eoo (q=1)

¢(N,m,q) = (1.3.3)

The function ¢ satisfies the following property



¢(N,m,Q) = ¢(N,N—m_1’q) (1.3.4)
¢(N,~-1,q)= 1 (by convention).

If

A xT = 0

(N-m) x(N+1) (N+1)x1 (N-m)x1

represents an m-flat then all points whose corresponding row vectors

lie in the vector space generated by.the rows of A constitute an
(N-m~1)-flat which is called the dual of the m-flat. Using the property
of duality it can be shown that the number of m-flats containing
(passing through) a given t-flat (N2m2t) is equal to the number of
(N-m-1)-flats contained in a given (N~t-1)-flat, i.e. o¢(N-t-1,N-m-1,q)

Let v Xy be k (N+l)-tuples. They are said to be

Xis Xy -

dependent if there exists elements Cys Cys eees C in GF(q), not

k

all simultaneously zero, such that

Ci¥p t eXy t ot ox =0 (1.3.5)

Otherwise they are said to be independent. A set of points of the pro-
jective geometry are said to be dependent or independent according as
the corresponding row vectors are dependent or independent.

Let x be a set of (mFl) independent solutions of

}—(0’ _}_(ls ey
the equations in (1.3.1). Then any solution of (1.3.1) can be expressed
as a linear combination of the vectors Xg> Xp5 eees X Hence any

point of zm an m—dimensional flat, can be expressed as a linear combi-
nation of the points Pb, Pl’ cens %m corresponding to Xgs Xps ey X

Finally by suitable linear transformation the row vectors of any (N+1)

independent points in PG(N,q) can be taken as

x, = (0, ..., 0, 1, 0, ..., 0) , i=0,1,...,N.
L —— e’ N ——
i N-i



Let zm and zn be any two flats of dimension m and n
respectively, in PG(N,q). The set of points common to both form a .

k-flat Xk’ where -1<k< min(m,n). That is

zk is called the intersection of Xm and Zn' Let zh be the
h-flat with lowest dimensions, containing both Zm and zn' zh is

unique and is called the join of zm and Zn. Then
max(m,n) £ h < N

and

m+n=%k+h.

Euclidean geometry:
A point in an N-dimensional finite Euclidean geometry EG(N,q)
based on the Galois field GF(q) is defined to be an ordered N-tuple .
(xl, Xps ees xN) where X, is an element of GF(q) for all 1i. The
N-tuple (0, 0, ..., 0) dis also a point of EG(N,q).
The m-flats (0 <m < N-1) of EG(N,q) are defined by non-homo-
geneous equations. The set of points which satisfy (N-m) independent

and consistent linear equations form an m-flat

alO + allxl + ...+ aleN =0

a5 + a21xl + ... + aZNXN =0

. . (1.3.6)

N-m, 01 8N-m, 1%¥1"* " A, n¥y = O
or

Ax =a (1.3.7)

10



where A is a (N-m)x(N+1l) matrix with elements from GF(q). The
number of points in a m-flat is qm.

The Euclidean geometry EG(N,q) can be obtained from the projective
geometry PG(N,q) by deleting the so-called (N-1)-flat at infinity
Xg = 0 and all points and flats contained in it. Hence the number of
m-flats in EG(N,q) is equal to the number of m-flats in PG(N,q)

less the number of m-flats contained in the (N-1)-flat X, = 0, i.e.,

N-m

¢(N,m,q) - ¢(N-1, m,q) = q ¢(N-1,m-1,q). (1.3.8)

The various m-flats can be partitioned into parallel bundles by allowing
the associated vectors 30 (in 1.3.7) to assume all possible values.
In this way, there are qN-m m-flats in each such parallel bundle and
$(N-1, m-1, q) distinct parallel bundles in all. Finally each point

in EG(N,q) 1lies in exactly one of the m-flats belonging to any

parallel bundle.

1.4 Balanced filing schemes

Abraham, Ghosh and Ray-Chaudhuri [1] were the first to use finite
geometries to construct combinatorial filing schemes. Their method was
developed for binary-valued attributes. It consisted of forming groups
of recrods in such a manner that the group containing records pertaining
to a given query could be determined algebraically, thus expediting the
search. Ray-Chaudhuri [31] discussed some further combinatorial pro-
perties of file organization schemes for binary-valued attributes.

Ghosh and Abraham [23] developed the theory for file organization
schemes for multiple valued attributes, where the attributes have an
equal number of possible values. However these schemes were limited to

queries involving two values from two different attributes.

11



As an example we consider a filing scheme obtained by Abraham,
Ghosh, and Ray-Chaudhuri [1]. Al’ A2, cees Aﬁ be £ attributes each
with two levels. Consider a PG(N,q) such that £ = ¢(N,0,q). Then
the points of the geometry are identified with the attributes, the
correspondence being one-one. We assume that the retrieval pertains to
only one level of each attribute. The buckets are identified with

the lines of the geometry. So the number of buckets is
b = ¢(Nsl’q)

and the size of the bucket is ¢(1,0,q) = q+l. Since any two points
will lie on exactly one line of the geometry, any pair of attributes
will belong to exactly one bucket. In any bucket there are EKE%Q

pairs. BSo each pair corresponds to exactly (gl queries.

Theorem (1.4.1). Given that the retrieval pertains to exactly one

level of each attribute, there exists a filing scheme for queries of
size two with £ = ¢(N,0,q) attributes each with two levels, (i.e.

ng =m0, =...=mn,= 2) and with b = ¢(N,1,q) blocks.

Example (1.4.1). Suppose there are £ = 7 attributes each with

two levels. Consider the projective geometry PG(2,2). The points of
this geometry are triplets. For convenience, we shall write them as

X ¥ %o The lines of the geometry are

xl+x2 = 0; and x0+xl+x2 = 0,

The attributes, and, together with the corresponding points of PG(2,2)

are

>
]

001, A = 100

010, A, = 011, A

2
= 101, A6 = 110, A
12

3 4

g
I

7 111 .



The buckets are constructed by storing in them the accession numbers

of records which have the following pairs of attributes.

Bucket No. Attribute pairs
1 AlAz; A1A3; A2A3
2 A1A4; AlAS; A4A5
3 A2A4; A2A6; A4A6
4 A1A6; A1A7; A6A7
5 AZAS; A2A7; A5A7
6 A3A4; A3A7; A4A7
7 A3A5; A3A6; A5A6

Identification

100

010

001

110

101

011

111

Each bucket has an identification number, which is taken to be the

triplet of the coefficient of the equation of the line corresponding to

the bucket. Within each bucket the accession numbers of records are

subdivided into subgroups called subbuckets corresponding to each pair

of attributes. The identification number of each subbucket is obtained

by concatenation of the binary representation of the two attributes

corresponding to it. Thus the subbuckets are represented as follows:

Bucket Id.

100

Subbucket Id.

001 010
001 011
010 011

001 100
001 101
100 101

Accession numbers

SO on.

13



In storing the accession numbers of the records in the subbuckets of any
bucket, it is likely that the same accession number is entitled to be
stored in more than one subbucket, but this is avoided by storing it in
the first subbucket it is entitled to. Suppose a record is represented
by (AP A2,A3,A4,K5,Zg;x7) (where Ai indicates the presence of A3
Ki indicates the absence of Ai) then the accession number of this
record is stored in the subbucket 001 010 and not in 001 011 or
010 011 wunder the bucket 100. This accession number, however, is
stored again in the subbucket 001 100 of the bucket 010; 010 100 of
001 and 011 100 of O011. Thus it is obvious that in this scheme any
accession number is stored more than once, and this is the price that
has to be paid for fast retrieval.

Suppose the following query was posed, "all records with A, and
A, are to be retrieved". Then the search procedure is as follows:
The attributes A2 and A4 are converted to points 010 and 100
respectively and the equation of the line containing these two points

in a PG(2,2) is determined by substituting the coordinates of these

two points in the general equation

%%+aﬁl+%%=0

a and a

and solving for 1

ags 9 in GF(2). On substitution, we have

a, = 0 and a; = 0, hence the related line is X, = 0 and the iden-
tification number of the corresponding bucket is 001. 1Inside this
bucket, the subbucket with identification number 010 100 is searched
and this happens to be the first subbucket number in the bucket 001.
Hence all the accession numbers in this subbucket are the required

accession numbers. If the query was to find all the accession numbers

of the records which have A2 and A6’ then the search procedure would

14



lead to the second subbucket, namely 010 110 in 00l. In that case,
all the accession numbers in this subbucket have to be retrieved and the
accession numbers in the previous subbucket have to be searched to find
A2 A6. This can be made an easy task by grouping before hand the
accession numbers in the subbucket 010 100 into two groups, namely,
the accession numbers of A2A4A6, and the remaining and then using the
chaining technique between subbucket 010 110 and the group of
accession numbers unaer A2A4A6 in the subbucket 010 100.

The retrieval time of the records pertaining to a query for the

above filing scheme can be split up into the following components:

1. T1 = time needed to solve the algebraic equation to determine
the bucket,
2. T2 = time needed for matching the bucket identification number,
3. T3 = time needed for matching the subbucket identification number,
4. ’l‘4 = time needed for chaining the subbuckets, if needed.

Hence the total retrieval time for any query A is

T(A) = Tl + T2 + T3 + T4 .

1.5 Combinatorial Configurations

A combinatorial configuration (,k,A,b) consists of a master set
Q (the set of all attribute levels), a class of subsets A (the set
of queries) and blocks (buckets) Bl’ B2, cens Bb (which are certain
subsets of ) such that

i) Bh < k, for all h,

ii) for every A € A, there exists an h 'such that A 1is

contained in Bh.

If |A| <t for all A in A, then the configuration is said to be of

15



order t, and is known as an (Q,k,t,b) configuration. The actual
construction of (9,k,t,b) configurations with minimum b 1is a very
difficult problem in combinatorial mathematics. For the case of ¢t = 2,
and 0y =Dy = ... =1, =q such configurations are essentially equi-
valent to certain group divisible (GD) designs used in statistics.
In most situations, optimal schemes are largely unknown and perhaps can
be found through systematic trial and error.

A combinatorial filing scheme may be based on a combinatorial con-
figuration. The blocks Bl, Bz, ooy Bb are arranged in serial order.
For each A in A, define y(A) =h if A 1is contained in B but

h

for h' < h. Hence B is the first block

is not contained in Bh" h

which contains A. Let Bh denote the collection of all subsets A

of & such that vy(A) = h. To each combination of A and h let
there correspond sufficiently large disjoint subsets Mh,A of M. The
accession number of the I-th record is stored in an element of Mh,A

if and only if the largest set which f£f(I) has in common with B is

h

the subset A in Bh; i.e,, if

f(I) n Bh = A,

Let
My = a¥e Mpa -
h
The sets Mh may be called the buckets of the filing scheme while the
subsets Mh may be called the subbuckets.
sA

The retrieval procedure for any query simply involves the determi-
nation of the appropriate bucket by identifying the first block which
contains the subset specified in the query. Then, all subbuckets cor-
responding to subsets which contain the query set are located and the
accession numbers obtained. Thus, the retrieval function may be
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formally written as

r(A) U Mh c

AcCeB,

where A e A, and v(A)

h. From the preceeding remarks, one can see
that once a combinatorial configuration has been constructed, a reason-
able filing scheme may be readily based on it. In particular, Bose,
Abraham and Ghosh [7] have used a procedure similar to this. Finally
the concepts of combinatorial configuration and combinatorial filing
schemes that are described here are equivalent to the ones considered
by Ray-Chaudhuri [31] for the situation in which only one level of any

attribute was of interest with respect to retrieval.

1.6 Second order combinatorial configurations

The problem of constructing second order combinatorial configura-
tions is essentially the same as that of constructing certain incomplete
block designs used in statistical research. Of special interest are
balanced incomplete block designs and group divisible designs. The
combinatorial properties of these designs have been studied by a number
of researchers. For further reference we refer to Bose [3], Bose [4],
Bose, Shrikhande and Bhattacharya [12], Rao [28], and Sprott [33].

A balanced incomplete block (BIB) design with parameters (V,b,r,k,A),
is an arrangement of V objects into b subsets, called blocks, such
that

i) each block contains exactly k objects,

ii) each object occurs in r distinct blocks,
and iii) each pair of objects occurs together in A distinct blocks.
Assuming that the retrieval pertains to only one level of an

attribute the problem of construction of a combinatorial configuration

17



(2,k,2,b) where Q = {Al’AZ""’AK} is exactly the same as the
construction of a BIB design with parameters (£,b,r,k,A=1). For any
given value of k the BIB design, if it exists, has the minimum number
of blocks. Hence the corresponding combinatorial configuration is
optimal. There may not exist BIB designs for all possible choices of

V, b, r, k and A. Some existing designs are, for A = 1.

v b T k

7 3 3

13 13 4 4

13 26 6 3

15 35 7 3

16 20 5 4

19 57 9 3

25 50 8 4

25 100 12 3

27 117 13 3

28 63 9 4

40 130 13 4

66 143 13 6

91 195 15 7

113 226 16 8
145 232 16 10
145 290 18 9

The above list is by no means complete. We shall delay the description

of GD designs until the next chapter.

Example (1.6.1). Suppose there are seven attributes each with two

levels. We shall assume that the retrieval pertains to only one level
of each attribute. Let Al’ A2, A3, A4, A5, A6 and A7 be the attri-
butes. The buckets are identified with the blocks of a BIB design with

parameters (7,7,3,3,1). So the buckets are

18



By = (A48 By = {A)AsAl), By = {Ag4,,AcL,
B, = (Apasagh By = {A5ALA1 L, By = {Ag,A,,4,],
B7 = {A7’A1’A3} o

The subbuckets are formed by considering all subsets in a bucket. That

is,

M, : {Al}; {A.}; {Aé}; {AlAz}; {AlAa}; {A2A4}; {A.A.A,},

1 2 17274
MZ: {A3}; {AS}; {A2A3}; {AZAS}; {A3A5}; {A2A3A5},
M3: {A6}; {A3A4}; {A3A6}; {A4A6}; {A3A4A6},
M

4 {4k {a,A.1; {a,A.}; A} {A4A5A7},
Mgz {AAl {AA L {AALL; {aAA L,
2 {AAch {AAh {a A, ); {A2A6A7},
M.: {AlAS}; {ajA.); {aA.1; {a,A.8-1.

The subset A2 in B2 is not considered as a subbucket in M2, for

v(4)) = 1.
That is, a subset A of Bi is taken as a subbucket in the corresponding

M, only if y(A) = i.

Let I be any record such that
£(1) = (Al, AZ’ A3’ A49 AS’ A6’ A7)

where Ai indicates the presence of the i~th attribute and A

1 indicates

the absence of it. Then
£(I) n B, {Al} > Y(Al) =1 ;

£(I) n B, = {A3A5}, Y(A3A5) = 2;
£(I) n By = a5 v =2 3
£(1) n B, = {AS} > v(Ag) =2
£(I) n By = {AjA5), v(4;A0) = 55
£(I) n Bg = {0}
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and

£(I) n B7 = {A1A3}, Y(A1A3) = 7.

Hence the I-th record accession number will be stored in the subbucket
{Al} of the 1lst bucket, in the subbucket {A3A5} of the second bucket,
in the subbucket {AlAS} of the fifth bucket and in the subbucket {A1A3}
of the seventh bucket. That is a record is stored in the subbucket re-
presenting the maximal subset common to the record and the bucket. So
when retrieving a query we may have to search in more than one subbucket.
This can be taken care by chaining the appropriate subbuckets. For
example in the first bucket, the subbucket {Al} will be chained to
{a,a,}, {a,A,} and {aa.8,1.

To retrieve the query {A3}, first we have to determine the bucket
that contains the set A3. Since y(A3) = 2, the bucket under consider-
ation is the second bucket. The subbuckets '{As}, {A2A3}, {A3A5} and
{A2A3A5} contain all the accession numbers that satisfy the query.
Similarly we can retrieve all records that satisfy queries of size one
and two.

Another type of combinatorial configuration is obtained by Ray-
Chaudhuri [31] using covers in finite projective spaces.

An m-flat Zm in PG(N,q) is said to cover a (t-1)-flat zt—l
if Zm.i Zt—l where N =2 m 2 t-1. A class of m~flats (nl,ﬂz,...,nb)
is defined to be a (b,t,m) cover if every (t-1)-flat in PG(N,q) is
contained in at least one of the m-flats nh belonging to the class. A
(b,t,m) cover is called a minimum (b,t,m) cover if it contains the

minimum number bO = bO(N,t,m,q) of m-flats required to cover every

(t-1)-flat.
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An important result in this connection is obtained by Ray-Chaudhuri

[31].

Theorem (1.6.1). There exists a (Q,k,t,b) combinatorial config-~

uration for the case

2= @1/, k= (™1 /-,

b

bo(N,t,m,q), where N 2 m 2 t-1,
and q 1is a prime power. The retrieval pertains to only one level of

each attribute.

Some additional methods for forming covers are obtained by Koch [25].
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CHAPTER I1I
MISCELLANEQOUS FILING SCHEMES

In this chapter we obtain miscellaneous combinatorial configurations.
Some of these configurations are improvements over the existing ones.
We give a simple construction procedure for these designs, beginning with

a description of the existing ones.

2.1 Orthogonal arrays and Partially balanced arrays

The problem of constructing combinatorial configurations with k = £
is equivalent to the problem of forming an array of ordered £-tuples (in
which each coordinate corresponds to a unique attribute) in such a way
that every possible ordered combination of t coordinates occurs at
least once. For the case in which § consists of £ attributes, each
with n(nl=n2=...=n£=n) levels, and in which all t-tuples occur exactly
once, such a construction is called an orthogonal array of strength t,
constraints £, and index unity. It is represented by (b,£,n,t). Such
arrays have been studied by Bose and Bush [9], Bush [17] and many others.
For large values of £, it becomes very difficult to construct orthogonal
arrays with index unity.

But for our purpose we do not need every t-tuple be covered exactly
once but at least once. This leads to the concept of partially balanced

array, as defined by Chakravarti [18], [19].

Definition (2.1.1) A partially balanced array of strength t in b

blocks, £ attributes with n levels each, is equivalent to a (bxf)

matrix in which among the rows of each t column submatrix, every



possible permutation of the values in the vector (ul,uz,...,ut) occurs

exactly A(ul,u ..,ut)—times, where the value of A(ul,uz,...,u ) does

2 t

not depend upon which t columns are chosen.

For our purpose we need those partially balanced arrays for which a
majority of A(ul,uz,...,ut) are unity. As with orthogonal arrays, the
problem of constructing partially balanced arrays for large £ with

A's near unity is another very difficult problem.

2.2 Composition

One way of tackling the problem for higher values of £ is to use
the method, composition as suggested by Koch [25]. This procedure
involves two steps - i) construct efficient partially balanced arrays
for small values of £ and then 1i) expand these arrays to obtain higher
values of £. The arrays so obtained for large £ may not be efficient.
That is we may have more blocks than are necessary. Koch [25] applied
this procedure to obtain configurations of order two, three, and four

when the attributes had q (a prime power) levels.

2.3 Configurations of order two with k = £

Let us assume that there are £ attributes each with two levels,
i.e. n = 2. A combinatorial configuration of order two, with k = £,
can be represented by a (bx{) matrix in which among the rows of each
two column submatrix, each of the four possible ordered 2-tuples (00),
(01), (10), (11) occurs at least once. In this section, a method for
constructing such matrices will be studied.

Consider the following (4x3) matrix

111
100
010
001

(2.3.1)
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This represents an efficient configuration of order two for three attri-
butes. Further A(00) = A(01) = A(10) = A(11) = 1. Similarly for four
attributes an efficient configuration of order two is given by

1111

1000

0100 (2.3.2)

0010

0001
It has b = 5; A(11) = A(10) = A(01) = 1 and A(00) = 2. 1In fact the
above design is a partially balanced array of strength two. The matrices
(2.3.1) and (2.3.2) have a systematic structure - namely, the first row

consists of ones and every column has exactly [%J+ ones. Generalizing

this idea, we have

Theorem (2.3.1). Given £ attributes each with two levels, there

exists a configuration of order two with b blocks of size 4£. Further
b <o,
where o is the least integer such that

o -1

[%] -1 2 L. (2.3.3)

Proof. Let G be a (axf) matrix such that
i) the first element in each column is "one",
ii) every column has exactly [%J - 1 "ones",
and iii) all columns are distinct.

Let C, and C

1 2 be any two columns of G,

b is the number of rows and [gﬂ denotes the integral part of-%.
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1 i - i
S =] i %1 %2 €= 1% Cp
c C,, ax2 Cyy €
021 . . 1 022 (2.3.@
Cy-1,1 Cy1,2 Ca-1,1 %-1,2
where Cij =0 or 1 for all i and j. Clearly (11) occurs at least
once in C. The ones in gl and c, do not coincide as 91 and g2

have exactly the same number of "ones" and are distinct. Hence (01) and
(10) will each occur at least once in C. Finally (00) occurs at least

once as

2[%]-2 < a - 2.

Hence G 1is a partially balanced array of strength two.

Example (2.3.1). Let £ =9.

6-1

3_1] =10 = 9.

If o =6 then (

The (6x9) matrix is,

111 111 111
111 100 000
100 011 100
010 010 011
001 001 010
000 100 101

Example (2.3.2). Let £ = 12.

7-1
3-1

So the design is

Then ( } = 15 > 12.
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111
111
100
010
001
000
000

111
110
001
001
000
100
010

111
000
111
000
100
010
001

The columns are in lexicographic

In particular, the following table indicates the relative sizes of b

and £ -
£ b £ b
3 4 12 7
4 5 18 8
6 6 27 8
9 6 36 9

In the special case, when £

2u +
u

Where as for the same case the

)

b

£ b
54
81 10
108 10
162 11
= 3% we have
2u - 1
= 3 u-~-1

111
000
000
111
100
010
001

order.

3u + 1.

a = 2u+ 2,

composition procedure gives

2.4 Configurations of order two, with k # £

for

Construction of configurations of order two with k # £,

valent to the construction of certain group divisible designs.

Definition (2.4.1). A grouwp divisible design is an arrangement of

V = fn objects, belonging to £ groups of n

blocks such that

i) each block contains

ii) each object occurs in

iii) each pair of objects, belonging to the same group, occurs

k

objects,

r distinct blocks,
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together in A blocks,

1

and iv) each pair of objects, belonging to different groups occurs

together in Az blocks.

So, a GD design with A, =0, A, = 1 represents a combinatorial con-

1 2

figuration of order two appropriate to the multi-level attribute case
with £ attributes, each with n levels. These configurations are
optimal in the sense that each pair of levels of different attributes

covered exactly once. Hence for a given value of k, b is minimum.

is

But GD designs may not always exist. One simple method of construction

of these designs is given by Bose, Shrikhande and Bhattacharya [12].

Theorem (2.4.1). By omitting a particular treatment 6 from a

BIB design with parameters v¥*, b*, r*, k¥, and A* = 1 together with

all the blocks containing 6, we get a GD design with parameters

v=vk -1, b=b%=-1r% r=1r*%-1, k = k%

£ =1r*% n=k* ~1, Ay = 0, X, = 1.

In particular if we start with a BIB design belonging to the series 051,

with parameters v = qz, b = q2+q, r =qg+tl, k=q, A =1 (q 1is a

prime power) we get a series of GD designs with

vV =b = qz—l, r=%k

"
fa]
S
"
£
+
&
=)
0
Nal
1
-

As an example, take q = 3. Then

1 2
29 31 4
3 4 Lo
% 1o 2

27



1 % 3

2y 3% %

31 % L

b 5 .
b 2y 3

In the rest of this section we develop a method for constructing

configurations of order two, when k # £.

Lemma (2.4.1). Given an integer m, there exists an (N x m)

zero-one matrix such that in any two columns taken together the pairs

(10), (01) occur at least once. Further

o

N € minimum { o: 0., | = m}.
[§1

Qo

a .
Proof. Choose any m of the possible ([g]] "ones". Since every .
2

column has exactly the same number of '"ones" and are all distinct, the -
pairs (10), (01) will occur at least once in any two columns taken

together.

Example (2.4.1)

b 2 3
h 2 4
3% 4
21 3% %
. 2 3 h
L, 25 4 .
h 31 %
20 31 %




This represents a configuration of four treatments each with two levels

in blocks of size three.

Lemma (2.4.2). Given 4m treatments each with two levels there

exists a configuration of order two with b blocks of size 3m, where

b<a+ [%]+ + 8. (2.4.1)

Proof. Define

Wi = [(i-1)m+l, (i-1)mt+2, ..., [m] i=1,2,3,4,

That is Wl is an m-tuple consisting of the first m treatments and

so on. Denote b w3 the j-th level of all the m treatments in .
y i J

Then the first eight blocks can be taken as

W wg wg
wg w; wi
WooW W,
Wy wg wg
wi w; wé
Wl wg wg
wg w% wg
W) wg wi

These eight blocks do not cover the pairs (01), (10) corresponding to the

treatments within a Wi (i =1,2,3,4). We need at most o blacks to

cover these pairs (within a Wi), where

a
([gq] 2 m. (from lemma 2.4.1)
2

29



Hence
b <8+

where [%]+

a.+

a + [3]

(the least integer greater than or equal to <) is the

3

number of extra blocks needed as the block size is 3m.

Example (2.4.2)

Then o

Theorem (2.4.3).

= 12,
= 3,
30 40
30 4l
3l 70
6l 70
3l 4l
3l 4O
30 7l
6 73
% 4
30 40
3l 70
6l 70
Given

10111112l
0 2o 10111112l

80 90 10011012

10 7189

10011012O

0

17 100110120

19 101111121

101110120

8, 9 10 11112

170 0
10011

0

012y

4m attributes each with two levels there

exists a combinatorial configuration of order two with b blocks of

size 3m.

If the configuration for v = 2m, k = %?

exists then

b < min{b*+3, o + [%J+ + 8},

otherwise

b

S a+ [

o.t

3] t+ 8,
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3m

where b¥* 1is the number of blocks required for v =2m and k = =

2

configuration of order two and o 1is an integer such that

( a ]
Q 2 .
(5] n

Proof.

v = 2m, %?

k = =— and b* blocks exists.

Suppose that the configuration C of order two with

Then m is clearly even.

We will extend this configuration C to a new configuration C* as

follows.
i.e. 1if i,

J
it is replaced by the pair

cover all 2-tuples except

ﬁj,2m+ i).

3

Replace every attribute C by a pair of attributes of C¥%;

denotes the j-th level of the i-th attribute in C then

The blocks so obtained will

{(igs 2wbi), (ip, 2mig), 1=1,2,...,2m}.

These 2-tuples can be covered by the following three blocks.

{1, 0,...,3;110,31:&1 2mk2 5. 28,)
{1,,2,...,m éﬂflo,lz“#zo,.. 2m0,2m+10,...,3m0,LlLl-ll,...,4ml}
&, i-;‘+ 1 7+ 295 +e+s dmg)
Hence X
b < b* + 3.

But from lemma (2.4.2), we have

b <o+ [7]

where

Hence the result.
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parameters v = 4, k = 3, b = 8, So using this configuration we have

Hence

b £ 11.

2.5 Filing schemes based on finite geometries

Consider a projective geometry PG(N,2) of dimension N. Any (N+1)
points in PG(N,2) are either dependent or independent. If a set of
(N+1) points is dependent then there exists at least one (N-1)-flat in
PG(N,2) such that it contains all the (N+1) points. If they are
independent, then we shall show that there exists an (N-1)-flat in
PG(N,2) such that its complement contains these (N+1) independent
points.

Let PO’ Pys P2, vees PN be a set of (N+1) independent points in

PG(N,2). Let Ei denote the row vector of P i=20,1,...,N. We

i,
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can find a non-singular linear homogeneous transformation such that the

row vector of Pi is

31 = (0,0,...,0,1,0,...,0) i =1,2,...,N. (2.5.1)
—————
i N-1i
Consider the (N-1)-flat,
X, + Xy + ... + Xy = 0. (2.5.2)

None of the points Pi satisfy the equation (2.5.2). Hence they belong

to the complement with respect to PG(N,2) of the (N-1)-flat
X + 3 + ... + Xy = 0.

So,

Theorem (2.5.1). Any (M1) points in PG(N,2) are either

contained in a (N-1)-flat or contained in the complement of an (N-1)-

flat.

Theorem (2.5.2). Given that retrieval pertains to only one level
N+1

of any attribute, there exists a filing scheme with (2

which is oriented toward (N+1)~tuple queries. It has 2N+2—2 buckets.

2N+1—l attributes with the points of the

Proof. Identify the
geometry PG(N,2). The buckets are identified with (N-1)-flats and

their complements with respect to PG(N,2). The number of buckets is

b

2 x ¢(N: N-1, 2):

The size of a bucket is either 2N-1 or 2N. Clearly, this filing

scheme covers all (N+l1)-tuples.

33
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A bucket is subdivided into subbuckets by forming all possible
(NM+1)-tuples. Some of these subbuckets may be duplicated. Hence in any
N
bucket there are at most é;+l) subbuckets. A subbucket occurs exactly

once in the filing scheme if the corresponding (N+1)-tuple has at

least N independent points.

Example (2.5.1). Consider PG(2,2). Let

A, = 001, A, =100,

1 4
A2 = 010, A5 = 101,
A3 = 011, A6 = 110,
A7 = 111 .

The buckets and their corresponding attributes are

Bucket No. Identification Attributes Subbuckets
Bl 1000 AIAZ’AS A1A2A3

B2 1001 A4’A5’A6’A7 A4A5A6

A4A5A7

A4A6A7

Ashghy
B3 0100 Aphhg ALAA

AjAqh,

Ayhghy

Azheh,
0010 Bysh, A AL,

0011 Al,A3,A5,A7 A1A3A5

A1A3A7

AjAgA,

AzAqA,
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Bucket No. Identification Attributes Subbuckets
B7 1100 Al’A6’A7 A A A

17677
B8 1101 A2,A A, A A A A

3’74275 27374

A2A3A5

A2A4A5

A3A4A5
B9 1010 AZ’AS’A7 A2A5A7

B10 1011 Al’A3’A4’A6 A1A3A4

AAsAg

A1A4A6

A3A4A6
B11 0110 A3’A4,A7 A3A4A7

B12 0111 Al,A2 ’As’Ae A1A2A5

AiAohg

AAsAg

A2A5A6
B13 1110 A3’A5’A6 A3A5A6

B14 1111 Al’AZ’A4’A7 A1A2A4

AjA)hy

A1A4A7

A2A4A7

Notice that none of the subbuckets are duplicated. This is because any
two points are independent and we are considering only three points.
Suppose we are interested in retrieving records with attributes {A1A2A4}.

The corresponding points of the geometry are

Al = 001, A2 = 010 , A4 = 100.

The equation of the complement of any l-flat is

35X + a;x; + a X, = 1,

as we are dealing with PG(N,2). Hence the equation of any bucket is

of the form
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a.x. + a.x + a.x = a

070 1M 272 3°

So the bucket containing (001), (010), (100) is obtained by solving the '

following equations

0 3
a; = a,
a, = a,

Hence ag = l. So the bucket is 1111, Similarly we can find the

bucket corresponding to any query of size three.

2.6 Multiple level attributes

The filing schemes described in the previous sections deal mainly
with the case ny; =n, = ... = Np. In this section we shall consider
the unequal case.

Consider a partition of the points in EG(N,q) into flat spaces,

Then ‘

ninnj=¢, for all i and j

Say  Tys Moy +ees Mo

and the join of Tys Moy eens “ﬂ is the whole space. Also "l’ 1r2,...,
Tp are not necessarily of the same dimension. Notice that every
point of EG(N,q) belongs to exactly one flat space my (i=12,...,9.

These flat spaces are identified with the attributes. So the number of

levels of any attribute will be of the form

n, = q s 0 <h, <N, for all 4.
i i

If hl = h2 = ,.. = hL then Tis Tos eney Tp form a parallel bundle

in EG(N,q). This case is studied by Ghosh and Abraham [23].

Example (2.6.1). As an illustration, consider the case £ = 3

n, = 4, n, = ng = 2. The filing scheme for these attributes can be .
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constructed using an EG(3,2). The points of the geometry are triplets

and for simplicity we shall write their coordinates without commas 1i.e.

(x1x2x3). Thus the points are

000, 001, 010, O11
100, 101, 110, 111.
The three flats nl, n2 and n3 are
mio%X = 0 : 000, 001, 010, 011
Myt xl=l,x2=0 100, 101
Myt xl=1,x2=1: 110, 111.

These flat spaces are constructed as follows: first a parallel bundle

of order one is formed 1i.e. {xl=0}; {x1=l}; then a parallel bundle

of order one in {xl=l} is found 1i.e. {xl=1; x2=0}; {xl=1, x2=1}.

The correspondence between points and attribute levels is as follows:

A

A

A

1

2

3

m 80

A

1 11
A12

= n2 so A21
= ﬂ3 so A31

000, A

13

001, A

14

= 100, A

22

A3y

110,

010,

011.

101.

111.

The buckets are constructed by identifying them with planes, not con-

taining T or T, or
Bucket No.
1
2
3
4
5
6
7
8

m So

3°
Identification
0010
0011
1010
1011
0110
0111
1110
1111
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Equation

x3=0

x3=1

X.+x
X.+x

=0
=1

Attribute levels

A118i380185

22732
2232

[N

>
"
>

12714
11713
12714721731
11714721732
12713722731
11714722731
1271372132

L
i e
>

5>
b

> > > > >
ST 4

> b

> b

o>
B



The identification number attached to each bucket is the 1- tuple of

the coefficients of the equation AO + klxl + Azxz + A3x3= 0 (where

Ai € GF(2)) of the plane corresponding to the bucket. Within each
bucket, the accession numbers of the records are divided into subsets
called subbuckets, corresponding to each relevant triplet of values. The

subbuckets may be identified by concatenating the codes of the triplet

of values they represent. As an example,

Bucket Identification Subbucket Identification Accession nos.
0010 000 100 110
010 100 110
0011 001 100 110
011 100 110 ‘e
1010 000 101 111
010 101 111
1011 001 100 110
011 100 110
0110 000 100 111
011 100 111
0111 001 101 110
010 101 110
1110 000 101 110
011 101 110
1111 001 100 111 . o
010 100 111

The buckets corresponding to x2 = 03 x2 = 13 1%, = H 1%, =

are deleted from the filing scheme, as they do not contain any relevant

triplets. The remaining eight flats intersect all the three flats,

m by and

"2 3
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Suppose the query request is to retrieve all records pertaining to
All’ A21 and A31' Then All’ A21 and A31 are first converted into
the points of the geometry. These points are (000), (100), (110). The

plane passing through these three points is determined by solving the

equation

AO + Alxl + Azxz + A3x3 =0

in GF(2). On substituting these points in the equation,we have

and

Hence the equation is Xy = 0. So the bucket containing these three
values is 0010. The accession numbers corresponding to the query are
obtained from the subbucket 000 100 110 of the bucket 0010,

The retrieval time for a query A 1is the sum of three components:

T(A) = T1 + T2 + T3

where Tl = the time needed to solve the algebraic equation,
T2 = the time required for matching identification,
numbers of the buckets
T3 = the time required for identifying the subbuckets.
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CHAPTER III
QUADRICS AND SOME RELATED FILING SCHEMES

In this chapter we shall describe a method for obtaining filing
schemes based on the properties of a homogeneous, non-degenerate quadric
in a finite projective geometry. Before describing these procedures we

shall describe some important properties of quadrics.

3.1 Quadrics

The following remarks are based on the work of Primrose {27], Ray-
Chaudhuri [30] and Bose [6]. Our introductory comments are those of
Dowling [21].

Let Z denote a projective geometry of order N over GF(q). Let
B be an (N+1) x (N+1) matrix with elements from GF(q) and consider
the equation

X B §T =0 (3.1.1)

where x = (xo,...,xN) is a row vector with elements X, € GF(q),
i=20,1,2,...,N and §T is the transpose of X. The set of points in
PG(N,q) whose coordinate vectors satisfy (3.1.1) is said to constitute
a quadricin PG(N,q). Without loss of generality we can take B to

be an upper triangular matrix, i.e.

P00 Po1 Po2 t++ Py
0 by by, ... by
B = 0 0 b22 e b2N (3.1.2)
0 0 o by

-



for if B is an arbitrary (N+1) x (N+1) matrix with elements from

‘ GF(q), then clearly the matrix D defined by

b ‘30, i>j’

i}
byy = dy40
bij = dij + dj2 i< j,

is upper triangular, and

xDx = ) ] 4. xx

As both the equations x B §T =0 and x D.ET = 0 represent the same

quadric, we take the equation

. £EBx =0

(i.e. (3.1.1)) to represent the quadric.
Now let

Qy* §B§T=O

be a quadric in PG(N,q), and let D be a non-singular (N+1) x (N+1)
matrix with elements from GF(q). The non-singular linear transformation

-1 .7
X

E*T':D

carries the point P with row vector x into the point P* with row

vector x¥* and the quadric Qq into the quadric
T
QN*: _}E* B* E* =0,

where B¥* is the triangular matrix obtained from C = DBD-r in the

. manner described above. This transformation is incidence preserving,
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i.e. P* ¢ QN* if and only if P ¢ QN. The quadrics Q. and QN*

N
are called equivalent. 1If t 1s the largest integer for which there
exists a non-singular matrix D such that the last t columns of the
corresponding B#* are null, then the rank of QN and all equivalent
quadrics is defined to be N f 1-t. If t=0, then QN is said
to be non-degenerate; otherwise QN is degenerate.

Thus if the rank of QN is N+ 1-t where t 2 1, then by an

appropriate linear transformation x* = we can find an

T D—l ET
equivalent quadric

oy ] b* oxtaxr o= 0. (3.1.3)

Notice that in equation (3.1.3), the variables x§~t+l,x§_t+2,...,x§

are missing. Define the (N~t)-flat

*
ZN‘t: K el = gy = e = XE =0 (3.1.4)

Then since the rank of Qﬁ is N+1-t, the quadric
Q* : Y b¥, x* x* =0, x*  =0,...,x¥ =0 (3.1.5)
N-t 0<i<j<N-t 1 i 75 S (T XN
*
is clearly non-degenerate in ZN—t' We can write

* % z*
Wt = W " ly-g -

*
1f ZN—t is the inverse image of Z N-t under the transformation

x* =D gT, then the quadric
-t = zN—t; N Qg

is non-degenerate in 2 .
N-t
The equivalent quadrics QN and Qﬁ are called cones of order t

in PG(N,q). If PS is a point of the (t-1)-flat
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and Pi is a point of Qﬁ_t, then clearly any point P* on the line
% Pk i i * i * * * % Pk
(P0 Pl) lies in QN‘ Conversely, if P* ¢ QN’ P* ¢ (P0 Pl) for
* *
* % * -1)-
some PY¥e ] ,, P¥eQf . The (t-1)-flat ] ., 1is called the

vertex of the cone Qﬁ, and the non-degenerate quadric is

%
QN—t
called the base (of course the base is not unique). If Et—l is the
; : * . T -17
inverse image of zt-l under the transformation x* =D "x then
zt-l is the vertex and QN—t is the base of the cone QN' Unless
otherwise stated, we shall employ the term cone to refer to a cone of
order one. In this case, the vertex consists of a single point and
the base in a non-degenerate quadric in (N-1) dimensions.

If QN is a non-degenerate quadric in PG(N,q), where N = 2k
is even then QN contains flat spaces of dimension k - 1 but not
of any higher dimension. But if N = 2K+l (i.e. odd), the non-
degenerate quadrics are of two types. An elliptic quadric in
PG(2k+1l, q) contains flat spaces of dimension k - 1 but none of
any higher dimension. A hyperbolic quadric in PG(2k+l, q) contains
flat spaces of dimension k but none of any higher dimension.

Let us denote by ¢y(N,0) the number of points in a non-degenerate

quadric QN in PG(N,q). Primrose [27] showed that

£,(k,0) if N = 2k,
v(N,0) = {£,(k,0) if N = 2k+l & Qg is elliptic,
f2(k,0) if N = 2k+l & QN is hyperbolic,
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where

£,,0) = (@71 /(a-1) , (3.1.6)
£,0,0) = (@M1 (-1 /Ga-D) (3.1.7)
£,(k,0) = (¢-1) (¢®1)/(q-1) . (3.1.8)

Ray-Chaudhuri [30] generalized this result by finding the number,
y(N,r), of r-flats contained in a non-degenerate quadric QN of

PG(N,q). He showed that

fo(k,r) if N = 2k,

VN, r)={£, (k1) if N = 2ktl & Qg elliptic,

=z
]

fz(k,r) if 2k+1 & QN hyperbolic,

where

r
TT (qzk"zm—l)/(qr'm+l—1) if r < k-1
£olk,T) = { ™0

0 if r > k-1
(3.1.9)

r
k-m+1 - -
@™ (1) /(5™ if r o< kel
0

m=

fl(k,r) =
0 if r > k-1
(3.1.10)

r
TT @™ (™) /(™)) i v o<

fz(k,r) =
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1f Q; 1is a cone in PG(N,q), where N is even, then Q, is said
to be an elliptic or a hyperbolic cone according as its base QN_l
is elliptic or hyperbolic. If N is odd, then QN will simply be
called a cone. In general if r is the dimension of the highest-
dimensional~flat space contained in the base QN—l of a cone QN’
then QN contains (r+l)-flats but none of any higher dimension.
Thus when N = 2k, an elliptic cone contains (k-1)~flats and a
hyperbolic cone contains k-flats,. If N = 2k+l, a cone contains
k-flats also. If ¢(N-1, 0) is the number of points contained in

the base QN—l of a cone QN’ then the number of points in QN is
1+ qy(N-1, 0). (3.1.12)

By a suitable choice of the system of reference, the equation of
any non-degenerate quadric QN in PG(N,q) can be expressed in a
relatively simple form. If QN is a non-degenerate quadric in
PG(N,q), where N = 2k, then the equation of QN can be expressed

in the canonical form

2
QN' X5%, + XyXq +...+ Xy-2%91-1 + Xop = 0. (3.1.13)

The equation of a non-degenerate hyperbolic quadric QN in PG(N,q),

where N = 2k+1, can be written as

QN: Xy%p + X)Xy +..04+ X X041 = 0. (3.1.14)

If ¢ = pn where p a prime number not equal to two, and n is an
integer, then the equation of a non-degenerate elliptic quadric QN
in PG(N,q), (N=2k+1l), can be written as

2 2
Qi Xg¥p T XpXg teeet X5 X, o+ Xg + BX5 1 1=0s (3.1.15)
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where "-8" 1is a non-square element of GF(q). If p =2, the

equation of the elliptic quadric QN’ (N=2k+1), can be written as '
Q.: x.X, + XX, +e..+ x x + )\(x2 + x2 )
N 071 273 2k-2"2k-1 2k 2k+1
+ x2kx2k+l =0, (3.1.16)

2 2
where )\(x2k + X2k+l) + X1 X911 is irreducible over GF(2").

Earlier we defined the rank of a quadric QN in PG(N,q). If ¢
is odd (i.e. p # 2) then the rank of QN is the same as the rank
of the symmetric matrix B + BT, and the equation of QN may be

taken as

x(B+B') x' = 0.

However, this is not generally true for fields of characteristic two
(2). 1If QN is a non-degenerate quadric in PG(N,Zn), then the rank of
B+ B is N+ 1 (i.e. B + BT is non-singular as in the case p # 2) .
if N is odd, but B + B is singular of rank N when N is even. ‘
Conversely, if at least one of N and q is odd, QN is non-degenerate N
if B + BT is non-singular. If both N and q are even, QN is
non-degenerate if the rank of B + BT is N.

The matrix B + B' defines a polarity with respect to the non-
and P, with

0 1

are said to be conjugate if and only if

degenerate quadric Q according to which the points P
q N p

coordinate vectors P and P

—0 1

Ty .T
gO(B+B)gl-o.

The relation of conjugacy is obviously symmetrical. If q 1is even,
then every point of PG(N,q) is self conjugate. If q is odd then
the only self conjugate points are those of QN.

A point P with row vector P is said to be a regular point with

respect to QN if .
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P(B+ B') #0;

otherwise P 1is said to be an <rregular point. Since B + B is
non-singular when at least one of N and q 1is odd, every point is
regualr in these cases. If both N and q are even, then B + BT
is singular of rank N and there exists a unique point C with row

vector C such that
C(B+B') = 0.

The irregular point C is called the nucleus of polarity of the
quadric QN’ All other points of PG(N,q) are regular.
The polar space T(P) of a point P 1is defined to be the set of

all points conjugate to P, that is
T(P): P(B+ B)x =0 (3.1.17)

where P 1is the row vector corresponding to the point P. If P is a
regular point, then (3.1.17) is the equation of an (N-1)-flat. If P
is the nucleus of polarity, however, then every point is conjugate to P
and hence T(P) is the entire space. Since the relation of conjugacy

is symmetrical, for any two points PO’ Pl we have P0 € T(Pl) if and

only if Pl € T(PO). It follows that the polar space of every point

PG(2k, 2™ passes through the nucleus of polarity C. If P0 is a

is any other point on the line (P_.C )

point distinct from C and P 0

1

then the row vector 21 for P1 has the form

where A # 0 and P is the row vector of P.. Then

—0 0

T,\_T T,_T
P (B+B)x = (C+ AP )(B+B)x

T, T
= A Py(B+B)x .
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So it follows that

P,(B+B)x =

L
o

if and only if

I
(@]

T, T
EO(B + B )x

So

T(Pl) = T(PO).

1f, however, at least one of N and q is odd, then every point
is regular and hence there is a one-one correspondence between points
and their polar spaces.

The polar space T(zt) of a t-flat, ) is the set of all

t’

points conjugate to every point of Et' If Py,P P, are (t + 1)

120 0P,
independent points of zt’ then T(zt) is the (N-t-1)-flat

T(J): B,B+BDx =0 i=0,1,2,...,t,

where Ei is the row vector of Pi' T(Zt) is clearly the inter-
section of the (N-1)-flats T(Pi), i=20,1,2,...,t. If Et and
zr are any two flat spaces, then Xt c T(Er) if and only if

zr c T(Zt). A t-flat )  is contained in Qg 1f and only if the points

t
PysPysPy,...,P  are pairwise conjugate. Thus if Ztc > then ZtCT(XT).

3.2 (N-1)-flat spaces and quadrics

Theorem (3.2.])T Let Q. be a non-degenerate quadric in

N
PG(N,q) and let Po be a point on QN. Then the quadric

QN_1 = QN n T(PO) is a cone in T(PO) with vertex PO.

This is a well known result. The proof given here, is that of

Dowling [21].
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Proof. Let PysPas.e. Py be (N-1) independent points of an

(N-2)-flat ZN—Z’ where ZN—Z c T(Po) and ZN—Z does not contain

P,. Further let P, ¢ T(Py). Since P, € Qu, P

0 e T(P

0 O)' Hence the
points Pi(i=0,l,2,...,N) are independent, and we can take them, with-

out loss of generality, to be unit points. So the row vector of the

point Pi is

gi = (0,0,...,0,1,0,...,0), 1i=0,1,2,...,N. (3.2.1)
R_'“f—_d

— ——t
i N-i
We can then write
Inoo? % =0s % =0 (3.2.2)
T(PO): X, = 0 (3.2.3)
But, if x B ET is the equation of the quadric QN then
T(P.): P.(B+B)x =0 (3.2.4)
0¢ By X . .2,
Comparing (3.2.4) and (3.2.3) we have
Boo = Poz = B3 = +rr = By =0
and
b
o1 7 ©
Hence, we have
Q' xl(b01x0 + bllxl + b12x2 +...+ bleN)
+ Q(x,y5.0.5%) =0, (3.2.5)
where
Q(x,)3X s eees ) = Z b..X.X,
2273 W T ey LS

It follows from (3.2.3) and (3.2.5) that
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QN 1 = QN n T(PO): Xl =0 N Q(x23-~'a}&\]) =0 (3-206)

Now since QN is non-degenerate it is clear from equation (3.2.5)

that the quadric

Qqop = ZN—Z nQu: %, =0, x;, =0, Q(XZ’X3""’XN) =0 (3.2.7)

is non-degenerate in ZN—Z' Hence T(PO) n QN is a cone in T(PO).

Clearly the vertex of the cone is PO.

Lemma (3.2.2). Let Q2k be a non-degenerate quadric in PG(Zk,Zn),
n an integer. Let C be the nucleus of polarity. Then corresponding
to each P ¢ QN’ there exists a (2k-1)-flat, the polar space of P,
T(P), such that C 1is a point of T(P). Further the polar spaces

corresponding to the points of QN are all distinct.

Proof. Let C be the row vector corresponding to C, the nucleus
of polarity. Since Q2k is non-degenerate and q - 2n, we can take

without loss of generality Q2k as

2
XX t XX toot Xop2¥op_1 * X5 = 0 (3.2.8)
i.e.
xBx =0
where _ _
01000...000
00000...000
B = 00010...000
00000...000
(2k+1) x(2k+1) . . . (3.2.9)
00000 010
00000 000
00000 001
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Hence, € = (0,0,0,...,0,0,1). Let P be any point in QN. Then its

polar space T(P) is
P(B+ B )x =0, (3.2.10)

where P 1is the row vector of P. Since C is the nucleus of

polarity, we have

Cc(B + B") = 0. (3.2.11)

Hence,
C e T(P).
Let Pl and P2 be any two distinct points in QN. Then their polar

spaces are

P. = (B+B)x =

[
(=]

(3.2.12)

P, = (B+B)x

]
o

(3.2.13)

If T(Pl) = T(Pz) then the solution spaces of the equatiomns (3.2.12)

and (3.2.13) are equivalent. Hence

Py = 2By

where A 1is a scalar belonging to GF(Zn). That is 21 and 22

represent the same point, i.e. Pl = P,. But this is a contradiction

as P, and P, are two distinct points. Hence T(Pl) # T(PZ)' So

1 2
the result.

Lemma (3.2.3). 1f § is any (2k-1)-flat in PG(2k,2") such

2k-1
that it is not the polar space of any point in the geometry, then the

nucleus of polarity does not belong to sz-l’
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Proof. Without loss of generality we can take Q,, as
2
Xy%; + X Xq +...+ Xy1-2%o1 -1 + Xy = 0.

Then € is (0,0,0,0,...,0,1). Now it is easy to notice that a (2k-1)-
flat will not contain the nucleus of polarity, C if and only if the
linear equation representing the (2k-1)-flat does not involve the vari-

able x,. . Further, any equation with x cannot be written as

2k 2k’

P(B + B)x' =0,

for some point P in PG(2k,2n). Hence the result.

So we can conclude that there exists a one-one correspondence
between points of Q2k and (2k-1)-flats containing the nucleus of
polarity. Further the rest of the (2k-1)-flats, not containing the
nucleus of polarity cannot be expressed as polar spaces of points in

PG(2k,2").

Theorem (3.2.4)1'. If 221{_1 is any (2k-1)-flat in PG(2k,2™)

not containing the nucleus of polarity C, then QZk-l = sz-l n Q2k
is non-degenerate.

Proof. As before, let us take Qq as

X X.+x,.X.t+ 2

0% XX e Xy oK 1% = 05

and so the row vector of the nucleus of polarity C is (0,0,0,...,0.1).

By lemma (3.2.3) we have the equation of sz—l as

L(xo,xl,...,x2k_l) + Xy = 0 (3.2.14)
where L(XO’X1’°"’x2k—l) is a linear form in XysXpseeesXgy o So
the quadric Q2k—l can be written as

2
xoxl+x2x3+...+x2k_2x2k_l+{L(xo,xl,...,x2k_1)} =0,
(3.2.15)

"Dowling [22] has shown that, in PG(2k,2),

is non-degen-
erate if and only if C % 2k-1"

k-1
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Since our base field is GF(2n), we will not have any cross products

2

in the expansion of {L(xo )}7. So the (2k x 2k) matrix

sXyseeesXyy g
G of Q2k-l will be

g 1 0 0O 0 0
0 g, 00 ... 0 0
G =
2k x 2k (3.2.15)
0 0 0 0 . g2k—2,2k—2 1
0 0 00 ... 0 8ok-1, 21

where 85 is either 1 or O according as x, occurs in the linear

form L(xo’xl""’XZk—l) or not. - It is easy to notice that
rank (G + GT) = rank(B + BT) = 2k,

where B 1is the matrix of Q2k' Hence QZk-l is non-degenerate in

sz—l'

Theorem (3.2.5)+. Let Qm  be a non-degenerate quadric in

_on . _ ; -1)-
PG(2k,q=2"), Define Q2k—1 = Q2k n sz—l’ where ZZk-l is a (2k-1)

flat. Then there are Nl’ (2k-1)-flats such that Q2k—l is a cone of

order onej; NZ’ (2k-1)-flats such that Q2k—1 is a non-degenerate

hyperbolic quadric and N (2k-1)-flats such that Q2k—1 is a non-

3’
degenerate elliptic quadric; where

N, = (@21 /(a-D),
2k

N

, = @+ a2,

This result when n = 1, is obtained by Dowling [22].
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and

2k k
N3=(q -q)/2 s 9 =2,

Proof. To determine Nt (t = 1,2,3) we count the number of
pairs (P, sz—l) where P is a point of Q2k and sz—l is a
hyperplane containing P. Since, each point is contained in (q2k-l)%

(qg-1) hyperplanes and there are (q2k—l)/(q—l) points in Q2k’ the

2k
number of pairs is (HE:%l)z_ Counting these pairs in another way,
2k 2k 2k~-1 2k-1
-1,2 _ -1 -1 k-1 -1 k-1
QoD = MGTD PN T F gt - Y
(3.2.16)
i.e
4k 2k 2k~1
q =29 +1 _ (N +N_4N.) x (_(l__"l) - (N_-N )qk_l'
2 17273 q-1 372
(¢ - D
But
2k+l_l
N1+N2+N3=9~———q_l . (3.2.17)
From theorem (3.2.4)
2k_l
Nl = (g_:_I) . (3.2.18)
So
2k
N3 + N2 =q . (3.2.19)
From (3.2.17) and (3.2.16) we have
N, - N, = ¢5 (3.2.20)
2 354 - 2.
Hence
2k k
and
2k k
Ny = (" -q)/2
. _ oD
Nl’ N2 and N3 are integers as g 2.

54




Theorem (3.2.6). Let Q, be a non-degenerate quadric in

PG(N,q), N = 2, where at least one of N and q is odd. Then

if P0 4 QN the quadric Q = T(Po) n QN is non-degenerate in

N-1
T(PO).

This result is obtained by Dowling [21]. We will not give the

proof of this theorem.

Theorem (3.2.7).

be a non-degenerate hyperbolic

k
2L

Let Q41

2k-flat spaces that
k+1
(q

quadric in PG(2k+1l, q). Then there are (q

intersect Q2k+l in a non-degenerate quadric and —1)(qk+1)/(q-1)

2k-flat spaces that intersect in hyperbolic cones of order one.

Proof. From theorem (3.2.1) and theorem (3.2.6), as there is one-

one correspondence between (2k-1)-flat spaces and polar spaces with

2k+l k
q -q

respect to we have ( )} 2k-flat spaces intersecting

Vi+1?
, . k+1 k
in a non-degenerate quadric and (q ~-1)(q +1)/(q-1) 2k-flat

QU1
spaces that intersect in a cone of order one. These cones can be
elliptic cones or hyperbolic cones.
Suppose one of these cones is an elliptic cone. Let us denote it
* % * i -
by Q2k' Then the base of Q2k’ say Q2k-l’ is non-degenerate in a
(2k-1)-flat space and is elliptic. Hence ng—l contains (k-2)-flat
spaces but no higher flat spaces. That is, Q2k+1 will contain only

(k-1)-flat spaces but no higher. But this is a contradiction as Q2k+1

is a hyperbolic cone. Hence all cones are hyperbolic cones.

Theorem (3.2.8). Let sl be an elliptic quadric in

q2k+l + qk) 2k—-flat spaces that

+
intersect Q2k+1 in a non-degenerate quadric and (qk l+1)(qk—1)/(q—l)

PG(2k+1l, q). Then there are (

2k-flat spaces that intersect in an elliptic cone of order one.
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Proof. The first part of the theorem follows from theorem (3.2.6)

M) (5-1)/(a-1) cones

and theorem (3.2.1). That is, there are (q
of order one. Suppose one of these cones is hyperbolic. Then the base
of this cone will contain (k~1)-flat spaces but no higher. Hence

Q2k+l will contain k-flat spaces. But is elliptic and

Ui+l
hence it will not contain k-flat spaces. This is a contradiction.

Hence all cones are elliptic cones.

3.3 (N-2)-flat spaces and quadrics

Lemma (§,3.])+. The number of points in a degenerate quadric of

order r in PG(n,q), is

r
q -1 r
i R L WO (3.3.1)

Proof. Since Qg 1is a cone of order r, there exists a unique
(r-1)-flat Er—l’ called the vertex of QN’ such that the points of
QN are those of the lines joining, points of zr—l to the points of
QN—r; where QN—r is a non-degenerate quadric in (N-r)-dimensions

obtained by intersecting QN with any (N-r)-flat, z which is

N-r?

skew to zr—l'

Hence

ol = 1T, 31+ @DIL ] * o | + [og__|
r r
-9-1 _ (q -1)
g o1t D Ty < o |+ oy
o1 r
LN LM

TThis is a well known result. Reference Bose [6].
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Theorem (3.3.2). Let Qy be a cone of order r in PG(N,q=2n),

where (N-r) is even. Let zr be the nucleus of polarity of QN and

Er—l = Zr N Qy the vertex. Let zN—l be a hyperplane and define
Quop = Q M Ly_q- Them if ], ¢ Jo

1. QN_l is a cone of o?der r-1;
£ 1 c gy

2. QN—l is a cone of order r+l;

if Zr—l c zN—l but Zr ¢ XN—l’ then either

3. is an hyperbolic cone of order r,

QN—l
or

4, QN—l is an elliptic cone of order r.

The number Nt’ t =1,2,3,4 of hyperplanes ZN-l for which QN_l
is of type t is
N-r+1
Ny =a (-1 /(e-D)
N~
N, = (g -1)/(g-1) ,
N- -
R VI
and
N- N- 2
N, = (q T ®-1/2y )5 (3.3.2)

Brggff. 1f Zr—l ¢ zN—l’ then zN—l contains (N-r)-flat
zN-r skew to zr—l’ The quadric QN-r = QN n ZN-r is non-degenerate
in zN-r’ and QN—l clearly consists of all points on the lines
joining points of QN—r to points of zr—Z = zr—l n zN—l' Hence,

QN—l is a cone of order r-1 with vertex zr—Z'

Suppose now zr—l c ZN—l' Let zN—r be fixed (N-r)-flat skew

to Er-l and let QN_r = QN n zN~r° There is one-one correspondence

+This proof is given by Dowling [21].
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between hyperplanes ZN—l containing - zr—l and (N~-r-1)-flats zN—r—l’
of EN—r’ such that zN-r—l ~ zN—l if and only if ZN—r—l=zN-lnzN—r‘
Since QN_r is non-degenerate we can apply Theorem (3.2.5) to obtain the
numbers N2,N3,...,N4 of (N-r-1)-flats zN—r—l in zN—r for which

QN-r-l=QN~rn2N—r—l is a cone of order one, a non-degenerate hyperbolic

quadric, and a non-degenerate elliptic quadric, respectively. But if
ZN—1~ZN-r-1’ and-QN_r_l is a cone of order s in zN—r’ then QN-l is a ome

of order r+s in ZN—l' The vertex zr+s—l of QN—l is the join of

zr and Zs’ where zs is the vertex of QN—r—l' The proof is

completed by noting that if C is the nucleus of polarity of QN—r—l’

then C = Zr n XN-r’ and hence C € zN—r— if and only if Zr = EN—l'

1

Theorem (3.3.3). Let Qq be a cone of order r in PG(N,q)

where at least one of N-r and q 1is odd. Let Zr—l be the vertex
of QN‘ Let zN—l be any (N-1)-flat and define QN_1 = QN n ZN—I'

Then if Xr—l # XN—l ’

1. Q is a cone of order 1r-1;
: N-1
otherwise

2, QN-l is a cone of order r or r+l.

Proof. 1If zr—l ¢ zN—l then EN—l contains an (N-r)-flat,
zN—r skew to Zr—l' The quadric QN_r = QN n zN—r is non-degenerate
in

and consists of all points on the lines joining points

zN—r; Q-1

of QN-r to the points of Zr—Z = ZN-l n zr—l' Hence QN_l is a cone
of order (r-1) with vertex zr—Z'

The number of (N-1)-flats not containing Er—l is

= ¢(N9N"1,Q) - ¢(N"I‘,N"r-l,q)
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_a =1 _ g -1
T q-1 q-1
N+1 N-r+1
= (q -q )/ (q-1). (3.3.3)

Suppose now zr—l c ZN—l' Let zN—r be a fixed (N-r)-flat skew
to zr—l and let Quy = Q¢ N ZN—r' Then there is one-one corres-
pondence between hyperplanes zN—l containing zr—l and (N-r-1)-
flats zN—r—l of zN—r’ such that ZN-r—l ~ zN—l if and only if

Since is non-degenerate we can apply

INer-1 = Iyc1 " Iyops -

theorem (3.2.1) and theorem (3.2.6) to show that

QN—r-l = QN—r n zN—r—l

is either a cone of order one or non-degenerate, as there is one-one
correspondence between (N-r-1)-flats and polar spaces with respect to
QN—r' Hence we have |QN—rl (N-r-1)-flats for which QN—r—l is a

cone of order one and ¢(N-r, N-r-1, q) - |Q, | (N-r-1)-flats for

N-r

which QN—r— is a non-degenerate cone.

1
But if ZN—l ~ XN—r—l and Q. __, 1is a cone of order s in

ZN—r then QN—l is a cone of order r+s in XN-l' Therefore, we have

|QN—r| (N-1)-flats that intersect QN in a cone of order (r+l); and

¢ (N-r,N-r-1,q) - EQN—r| (N-1)-flats that intersect QN in a cone of

order r.

Corollary 1. In theorem (3.3.3) if N~r = 25 and q is an odd
prime power then there are (q23_1)/(q_1) (N-1)-flat spaces that inter-
sect QN in a cone of order (r+l); (qzs—qs)/z (N-1)-flat spaces in
an elliptic cone of order r; and -(q23+qs)/2 (N-1)-flats in an

hyperbolic cone of order r.
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Proof. From theorem (3.3.3), the number of (N-1)-flats that

intersect QN in a cone of order (rtl) is IQN—r . Since N-r = 2s,

we have
2s
log_ | = @*°-1)/¢a-D).

So the number of (N-1)-flats that intersect QN in a cone of order r

is

1]

d’(N—r-:N_r_l’q) - |QN—rI

) q28+l—l _ qzs—l
q-1 q-1
2s

= q R

But out of the q28 polar spaces with respect to Qu_ ., qs(qsfl)/Z
polar spaces will intersect QN—r in a non-degenerate hyperbolic

quadric and the remaining qs(qs—l)/Z polar spaces will intersect
QN—r in a non~degenerate elliptic quadricT. Hence there are qs(qs+1)/2
polar spaces with respect to QN that intersect QN in a hyperbolic

cone of order r and qs(qs—l)/z polar spaces that intersect QN in

a elliptic cone of order r.

Corollary 2. In theorem (3.3.3), if N-r = 2stl and QN is an
elliptic cone of order r, then there are (qs+l+l)(qs—l)/(q—l) (N-1)-
flat spaces that intersect QN in a elliptic cone of order (r+l); and

q25+l+qS (N-1)-flat spaces that intersect in a cone of order r.

Proof. From theorem (3.2.8), as N-r = 2st+l,

Qp M lyeror = Qep-1

TDowling [21].

60



is either an elliptic cone of order one or a non-degenerate quadric.

Now the result follows from theorem (3.3.3).

Corollary 3. In theorem (3.3.3), if N-r = 2s+1 and QN is an
hyperbolic cone of order r, then there are (qs+l—l)(qs+l)/(q—l)
(N-1)-flat spaces that intersect QN in an Hyperbolic cone of order

2s+l s
-q)

(r+l1) and (q (N-1)-flat spaces that intersect in a cone of

order r.
Proof. From theorem (3.2.7), as N-r = 2s+l,

Quor M INopel = Oer-1

is either an hyperbolic cone of order one or a non-degenerate quadric.
Now the result follows from theorem (3.3.3).
Using these corollaries we obtain the following lemmas. These are

nothing but summaries of the preceeding results.

Lemma (3.3.4). Let Qrq be a cone of order one in PG(2k+l,q),

q any prime power. Define Q2k = Q2k+1 n sz’ where 22k is a 2k-
flat space. Then we can partition the 2k-flat spaces into four groups,

according to the order and nature of the quadric Q2k'

grder of Q2k number of 2k-flat spaces in the
corresponding group
Non-degenerate q2k+1
. 2k, k
Hyperbolic cone of order one (g~ +q )/2
Elliptic cone of order ome (q2k-qk)/2
cone of order two (q2k—1)/(q-1).

Proof. 1f q is an odd prime power, then the result follows from

theorem (3.3.3) and corollary 1. If q 1is an even prime power, then
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the result follows from theorem (3.3.2).

Lemma (3.3.5). Let Q,, be ahyperbolic cone of order one in

PG(2k,q). Then we can partition the (2k-1)-flat spaces into three

groups according to the nature and order of the quadric Q2k— =

1
Qp "N sz—l' Further
order of Q2k number of (2k-1)-flats in the
corresponding group
non-degenerate q2k
2k-1 k-1
cone of order one q -q

hyperbolic cone of order two (qk—l)(qk_1+l)/(q—1)

The result follows from theorem (3.3.3) and corollary 3.

Lemma (3.3.6). Let Q2k be an elliptic cone of order one in

PG(2k,q). Then we can partition the (2k-1)-flat spaces into three

groups according to the nature and order of Q2k—1 = Q2k n sz—l’
where 22k—1 is a (2k-1)-flat space. Further
order of Q2k number of (2k-1)-flat spaces in the
corresponding group
non-degenerate q2k
cone of order one qZk—1 + qk—1
, k k-1
elliptic cone of order two (¢ +1) (¢ "-1)/(q~1).

The result follows from theorem (3.3.3) and corollary 2.

Theorem (3.3.7). Let Qq be a non-degenerate quadric in PG(N,q).
Let ZN_m be any (N-m)-flat. Then QN_m = QN n zN—m is a cone of
order at most m, where in particular a non-degenerate quadric is

considered as a cone of order zero.
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Proof. For (N-1)-flat spaces, the result follows from theorem
(3.2.1), theorem (3.2.4) and theorem (3.2.6). Suppose the result is
true up to (N-mtl)-flat spaces. Let zN-m be any (N-m)-flat space.
There exists at least one (N-mtl)-flat space containing ZN_m. Let

be one such (N-mtl)-flat space. Define, Q Then

NI NG
by induction QN—m+1-iS a cone of order at most (m-1). That is

ZN—m+1
et
is a cone of order at most (m-1) in zN—m+1 and ZN—m is a (N-mt+l-1)-flat

space in ) Hence from theorem (3.3.2) or from theorem (3.3.3)

N-mt1"

we have that QN—m is a cone. of order at most m.

Lemma (3.3.8). Let

Q.: z b,.x,x, =0
N 0<i<j<N 13717]

be a non-degenerate quadric in PG(N,q), where at least one of N and

q 1is odd. If A is a non-null element of GF(q), the quadric

2
Q : Z b, x.x, + 2 =0
ML Sy BT N1

is non-degenerate in PG(N+l,q).

Proof*. Let B_. be the matrix of QN and BN+ be the matrix

N 1

of QN+1' Then

N+ 1"

where 0 1is a row vector of (N+1) zeros.
Assume first that q 1is odd. Then QN+1 is non-degenerate if

the matrix

+Dow1ing [21].
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BN + B 0
-
Byl t By T
0 2
is non-singular. Since QN is non-degenerate and q is odd, BN + B;
. L T . ;
is non-singular and 2)X # 0. Hence BN+l + BN+1 is non-singular.
Next suppose that q is even. Then N is odd and BN + B; is

non-singular. But q = 2" implies 2X = 0, so that the rank of

T . . .
BN+1 + BN+1 is N+1. Since N+1 is even, however, the rank of QN+1
T
is one more than the rank of BN+1 + BN+1' Hence QN+1 has rank N+2

and therefore is non-degenerate.

Theorem (3.3.9). Let Qy be a non-degenerate quadric in PG(N,q).

Let PO and Pl be any two points on QN' Define

Iyy = T(Bg) 0 T(P)).
Then

i) if Pl 4 T(PO) then ZN—Z n QN = QN_2 is non-degenerate in

.

Iz ¥

ii) if Pl € T(PO) then ZN-Z n QN = is a cone of order

two in ZN-Z'

Proof. 1If at least one of N and q is odd then T(P and

0)
T(Pl) are well defined. Also if both are even then T(PO) and T(Pl)

are well defined as PO’ Pl € QN.

Part i): Suppose P, ¢ T(Py) => By ¢ T(P)).

Also, Pl € T(Pl)

and P0 € T(PO).
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Now choose P2,P3,...,PN as the (N-1) independent points of ZN—Z'

Without loss of generality we can take the row vectors of P, as
i

gi = (0,0,...,0,1,0,...,0) , i=20,1,2,...,N.
i N-i
So,
T, T

T(Po). £O(B+B )x =0
or

2b00x0 + blel +...+ b,ONxN = (0
Since,

PO’PZ’PB""’PN € T(PO)

= - ==b=

h00 b02 b03 s ON 0

i.e. T(PO): x) = 0

Similarly, T(Pl) is

b b =
x. + 2 X, + X, +...+ bleN 0

0170 1171 12%2
Since
P sPyseeesPy € T(B))
we have T(Pl): Xy = 0
So,
ZN—Z = T(B)) n TR ): %, =0, x,=0
Therefore
.
Qu¢ xXBx = 0
or
f ) 1 =
(g2 seeeo%y) {0 by, 0 0 ee. O ( X, 0
00 0 0 . X;
0 22 Pa1 v+ Poyl| %
{o 0 0 0 bmk X9 J
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i.e. bleOxl + Q(XZ’X3’...’XN) =0
Hence
O M lygt %p = 05 Xy = 0, Qlxyaenum) = 0

That is QN_2 = QN n ZN—Z is non—~degenerate in ZN—2'

Part ii): Suppose P. € T(PO)

1
Then PO € T(Pl)
Also, P1 € T(Pl) and P0 € T(PO) as PO,P1 € QN .
So, Por Py € Iy -
Let P, be a point in Ty - ). .,
and PB be a point in T(Pl) - ZN—Z'

Without loss of generality we can take the row vector of Pi as

P, = (0,0,0,...,0,1,0,...,0), i=20,1,2,...,N.
OV N ——
i N-i

Hence

T,_T
T(P,): P, (B+B)x = 0.

can be written as

2b00xO + bOle +...+ bONxN = 0.

Since P,,P, ,P,,P ,P. are N independent points in T(PO) we have

0’1 427N
b00 = bOl = b02 = b04 = b05 = ... 0= bON =0.
Hence T(PO): Xy = (U
Similarly we can show that
T(Pl): X, = 0.
that is
b01 = b11 = b13 = b14 = ... = blN =0,

Hence the quadric QN can be written as
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x2(b12x1 + b22x2 + b23x3 +...+ bZNXN)

+ x3(b03xo + b33x3 + b34x4 +...+ bBNXN)

+ Q(x4,x5,...,xN) = 0
Hence
Qp = 1 Iyop

can be written as

x, = 0, Xy = 0, Q(xé’XS""’XN) = 0.

That is is a cone of order two. For QN_2 equation has only

-2
(N-1) wvariables and by theorem (3.3.8) QN—Z can be at most a cone

of order two.

Theorem (3.3.10). Let Q, be a non-degenerate quadric in PG(N,q),
N

where at least one of N and q is odd. Let PO be any point on QN

and Pl be any point not on QN' Define ZN—Z = T(PO) n T(Pl)' Then

1. if Pl 4 T(PO) then ZN-Z n QN = QN-Z is non-degenerate in
ZN—z ?

2. if P1 € T(PO) then ZN—Z n QN = QN_2 is a cone of order one.

Proof. Since at least one of N and q 1is odd, there is a one-

one correspondence between polar spaces and (N-1)-flat spaces. Hence

T(PO) and T(Pl) are unique.
Part 1.
Py ¢ T(P)) as Py e Q
Also,
P, 4 T(R)) => Po 4 TR
Case a): q # 2n, n integer.
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Then
P, ¢ T(R)) as P, ¢ Q.
Let Pi be a point in T(Pl) - ZN—Z' We can choose P2,P3,...,P

N

(N-1) points in such that PO’PT’PZ""’P form a set of

Iy-2 N

independent points. With out loss of generality, we can choose the

vectors corresponding to these points as unit vectors, i.e.

P,

B, = (0,0,...,0,1,0,...,0), i=0,2,3,...,N

P¥ = (0,1,0,...,0).

T, T
T(Py): By(BtB)x =0

i.e. 2b00x0 + blel +...+ bONxN =0
PO’PZ’PB""’PN € T(PO)
T(PO): X, = 0
Also,

T\ T
T(P): P (B+B)x =0

- . = = *
ZN_Z T(®,) n T(Py): x; =0, x; = 0, as Pg»P¥ € ZN_Z.
T
QN. xBx =0
i.e. xl(b01xO + bllxl +...+ bleN) + Q(xz,x3,...,xN) = 0.

It is easy to see that in ZN—Z’ Q(xz,x3,...,xN) is non-degenerate.

Case b) q = 2n, n integer.
Then P, € T(P;) but P, ¢ Qe

So, let PO’Pl’P2""’P be (N+1) independent points such that

N
P2,P3,...,PN belong to ZN—Z' Without loss of gemerality, we can

take

R, = ,...,0,1,0,...,0), i=20,1,2,...,N.
Hence T(PO): X = 0
and T(Pl): El(B+BT)§T =0

68



or

bleO + 2bllxl + b12x2 +...t+ bleN =0

Since P P € T(Pl) we have

l,P2,..

N
xO =0
But b, #0 as P, ¢ Q-
Qy: X B ET =0
i b +bx2 + Q( ) =0
i.e. leOxl 11xl Q x2,x3,...,xN = 0.
Therefore

QN n ZN-Z: Xy = 0, X = 0, Q(xz,...

Hence the result.

Part 2: P1 € T(PO) => P0 € T(Pl).
Also, P0 € T(PO) as PO € QN.
Case a): q ¥ 2%, n an integer

Pl 4 T(Pl) as P1 4 QN'

Let P, be a point in T(Pl) - Z

2 Let P,.,P

N-2° 0’

independent points in ZN—Z'

st)=0

3’P4""’PN be (N-1)

Without loss of generality we can take

P, = (0,0,...,0,1,0,...,0), 1i=0,1,2,...,N.

Then
T(PO): Zboox0 + blel +...+ bONxN =0
But
boo = Po1 = Pg3 = Py =+c+=bgy = 0 as PP ,PoPy, .. Py e T(R).
That is T(PO): x, = 0.
Similarly T(Pl): X = 0.
Therefore XN—Z' X = 0, X, = 0
T
Q¢ xBx =40



or

2
b02x0x2 + bllxl + xz(b22x2+b23x3+...+b2NxN) + Q(x3,x4,...,xN) =0

That is
Q 0 lygt %y = 0s Xy = 0h Qxgxyseensx) = 0
But Q(x3,x4,...,xN) is non-degenerate in x, =0, x, = 0, x, = 0

(N-3)-flat space. Therefore
Q(x3,x4,...,xN) = 0, X, = 0, X, = 0

is a cone of order one with vertex P

0
Case b) q= 2n, n integer

So, Pl € T(Pl).

Also P1 € QN (Hypothesis)

That is by # 0

Also, PO € T(PO) & P0 € QN => b00 = 0.

Let Py e T(B)) = Lo

and Pye T(R)) - Ly o

Choose points P,,P ,...,By in ZN_Z such that PsP1sPysPasP s un, By

are independent. Without loss of generality we can take

B, = (0,0,...,0,1,0,...,0), i=0,1,2,...,N.

Then T(PO): blel + b02x2 +...+ bONxN = 0.
But PO’Pl’PZ’PA’PS""’PN € QN
So, b01 = b02 = b04 = b05 =...= boN = 0, but bo3 # 0.
So T(PO): Xq = 0
Similarly T(Pl): X, = 0
or
b13 = b14 =...= blN =0 but b12 # 0.
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That is

: X, = o, x3 = 0.

In-2

2
QN. bllxl + x2(b12x1+b22x2+...+b2NxN)

+ x3(bo3xb+b33x3+...+b3NxN)

+ Q(x4’x59’--’xN) =0

Hence
z nQg.: x,=0, x,=0,b x2 + Q(x,,x ) =0
N-2 RNt X T U X3 = U D%y 4 %502y '
It is easy to see that

0, x

"
L
el

xo 1 2 =0, X3 = 0, Q(x49---9xN) =0

is non-degenerate in {x0 =0, x, =0, X, = 0, Xy = 0} flat.

Hence, by lemma (3.3.8),
x. =0, x, =0, x,=0, b x2 + Q( ) =0
0= % X7 0 X320y bygxy + Qx,sXgs e x) =
is non-degenerate in {xo = 0, X, = 0, x, = 0} flat as N is odd.

3

Therefore
- — 2 —
x, = 0, Xg = 0, bllxl + Q(x4,x5,...,xN) =0

=0, x4 = 0}.

is a cone of order one in {x2

Theorem (3.3.]1)+. Let Qg be a non-degenerate quadric in

PG(N,q), where q 1is odd, and let P0 and Pl be two points not

on Q. Define ZN—Z = T(Py) n T(Pl) and let ) be the (N-1)-

N-1

flat containing P, and ZN—Z' Then

0

1) if P1 € zN—l’ ZN—Z n QN is a cone of order one in ZN—Z with

vertex at the point P2 where the line (POPl) meets QN;

1LDowling [21]
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2) if P, ¢ ZN—l’ ZN-Z N Qg 1s non-degenerate in ZN—Z'

Theorem (3.3.12)7. Let

be a non-~degenerate quadric in *

V1

PG(2k+1, q), where q 1is even, and let P0 and Pl be two points

not on Q2k+1' Define sz—l = T(PO) n T(Pl)' Then
1) if P1 € T(PO), ZZk—l n Q2k+l is a cone in ZZk-l with
vertex at the point where the line ,(POPl) meets Q2k+1’

2) if P1 % T(PO), then sz-l n Q2k+l is non-degenerate in

sz—l'

Theorem (3.3.13). Let Q,, be a non-degenerate quadric in

PG(Zk,Zn), n an integer. Let P0 and Pl be any two points not on

Qy .+ Define J, , = T(Py) n T(P)). Then

1) if P, € T(PO), is a cone of order one in

1 Iokea ™ Uy

Lok’
2) if Pl 4 T(PO), ZZk—Z n Q2k is non-degenerate in 22k—2'

Proof. From lemma (3.2.2) and from lemma (3.2.3) we have that,

T(P and T(Pl) can be expressed as the polar spaces of some

0)

particular points on the quadric QZk' That is there exists points

* *
PO and P1 on Q2k such that

T(P%) = T(P,)

and

T(P{) T(Pl).

Now, the result follows from theorem (3.3.9).

+Dowling [21]
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Lemma (3.3.14). Let Q; be a non-degenerate quadric in

PG(N,q). Let P0 and Pl be any two points (not on the same line)

in PG(N,q). Define = T(P)) n T(Ry. If P, ¢ T(P,), then

Iy-
ZN—Z n QN is non-degenerate in ZN—Z'

Proof. The result follows from theorems (3.3.9), (3.3.10),

(3.3.11), (3.3.12) and (3.3.13).

Theorem (3.3.15). Let Q41 be a non-degenerate hyperbolic

quadric in PG(2k+1l, q). Let sz—l be any (2k-1)-flat space.
Define Q2k—l = sz—l n Q2k+l' Then we can partition the (2k-1)-flat
spaces into four groups according to the nature and order of Q2k—1°
Further

order of Q2k—l number of (2k-1)-flats in the

corresponding group.

hyperbolic 2k( fetl -1)(q K41y /2 (q-1)

elliptic 2k( k+1—1)(q -1)/2 (qt+1)

cone of order one k l( 2k-l)(q —l)/(q-l)

k+1

hyperbolic cone of order two (q -l)(q - +1)(q2k—1)/(q—1)2(q+l).

Proof. For any (2k-1)-flat space, ), s
Qi1 = Qprr " Lowen

)s where

= Q1 " Qo ® Loy sz > Loe-1

= Qpp4y " L) 0 Lopeq -

Since any (2k-1)-flat intersects the quadric Q2k+1 in a unique

section it does not make any difference what, sz’ 2k-flat is

Qyp-12

considered, as long as sz contains ZZk-l' Define
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QU = U1 ° 22k

for any 2k-flat space, From theorem (3.2.7) it follows that we

Lox:
can partition the 2k-~flat spaces into two groups - Cl: the class of

2k-flat spaces for which Q is non-degenerate; C,: the class of
p 2k 2

2k-flat spaces for which Q2k is a hyperbolic cone of order one. Also

2k+1 k
el = @ =)
and
k+1 k
lc,] = (¢ -1 (g +D/(e-D).
Case 1): Let Zk be any 2k-flat in Cl' Define

(o] o]
Qe = Qi1 N Loy -

Let sz—l be any (2k-1)-flat in ng. Define

o) o)
Q-1 = Qi " Log-1-
0 . . o .
Q2k is non-degenerate in ZZk and sz—l is a (2k-1)-flat space in
ng. Then we can apply theorem (3.2.5) for the case q 1is even.

2k+1
q

Thus, the ( -1)/(q-1) (2k-1)-flat spaces in zgk can be parti-

tioned into three groups according to the nature and order of ng—l'

That is
order of Q;k—l with number of (2k-1)-flats in the
o corresponding group
respect to ],
2k
cone of order omne (¢ -1)/(q-1)
hyperbolic (q2k+qk)/2
elliptic (qZk-qk)/Z .

When q is odd, we can apply theorem (3.2.1) and theorem (3.2.6).

Then, we obtain that there are (qZk—l)/(q—l) (2k-1)-flat spaces in
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Case 2): Let

;k that intersect Q;k in a cone of order one and the remaining
q2k (2k-1)~flat spaces in a non-degenerate quadric. Further, out of

these qZk (2k-1)~flat spaces qk(qk-l)/Z (2k-1)-flat spaces intersect
in an elliptic quadric and qk(qk+1)/2 (2k-1)-flat spaces in a

hyperbolic quadricf. This completes the proof for case 1.

1
sz be any 2k-flat in CZ' Define,

1 1
Ui = Yppr " Lok -

1
Let XZk—l be any (2k-1)-flat space in sz' Then define
1 1
Q-1 = Bi " Lower
1 i erbolic cone of order one in Zl and z i
Q2k is a hyp o on 2k ok-1 18 @
(2k-1)~flat space in 22k' Hence by theorem (3.3.5), we can partition
the (q2k+1—1)/(q-l) (2k-1)-flat spacesof zék into three distinct

groups according to the nature and order of Q;k—l; i.e.

order of Q%k—l number of (2k-1)-flats in the
corresponding group

hyperbolic q2k

cone of order one (q2k_l-qk—l)

hyperbolic cone of order two (qk-l)(qk-l+l)/(q-1) .

Now, we shall count the number of (2k-1)-flat spaces for which

Q2k—l = Q2k n EZk—l is a cone of order one. Firstly, in class Cl’

in each 2k-flat there are (qZk-l)/(q-l) (2k-1)-flat spaces for which

Q2k—l is a cone of order one. Also, in CZ’ there are (qZk—l-qk_l)

(2k-1)-flats. Hence there are

+Dowling [21]
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2
&8 el x @

SR sy

(2k-1)-flats for which Q2k—l is a cone of order one. But each

|
(2k-1)-flat occurs in exactly (q+l) 2k-flat spaces. Hence the
number of (2k-1)-flat spaces for which Q2k—1 is a cone of order one

is

3 (q 2k+l_qk) ( -1) . (qk+l—l)(gk+l)x(q2k—l—qk—l) /(q+1)
(q - 1) (¢ - 1)
= ¢ 1% (1) /gD .

Similarly we can obtain the remaining values. The number of (2k-1)-

flat spaces, for which Q2k—l is  hyperbolic, is

2k, k
oyl x L8290 o] x g}/ (@rD)
2

R S « Zk( k+l_l)( +1).

2(q-1)

The number of (2k-1)-flat spaces, for which Q-7 1s elliptic, is

2(q+1)

K1) (%-1) 72(qH1).

Finally, the number of (2k-1)-flats, for which Qp_q 1s hyperbolic

cone of order two, is

IONCRE DY Claia®Y
2 (q-1) (qt+1)

lc

k+1

]

(@1 (1) (@FK-1) /(g-1) 2 (gr1).
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Theorem (3.3.16).

Let Q2k+l be an 1liptic quadric in

PG(2k+1l, q) and Z be any (2k-1)-flat space. Define

2k-1 k-1 =

Q2k+l n sz—l' Then we can partition the (2k-1)-flat spaces into

four groups according to the nature and order of Q2k-1' Further

order of Q number of (2k-1)-flat spaces in
2k-1 s
the corresponding group.
yperbolic a?* (1) (¢*+1) 72(q+D)
s 2k , k+1
lliptic q” (@ +D)(q —l)/Z(Q‘l)
cone of order one qk_l(qk+l+1)(q2k—1)/(q—l)

lliptic cone of order two (qk—l—l)(qk+1+l)(qzk-l)/(q—l)z(q+1).

Proof. The proof of this result is exactly the same as that of

theorem (3.3.15).

Theorem (3.3.17). Let Q, bea non-degenerate quadric in

PG(2k, q). Let be any (2k-2)-flat space. Define Q2k-2 =

sz—Z

sz—Z n Q2k' Then the (2k-2)-flat spaces can be partitioned into four

distinct groups according to the nature and order of the quadric

QZk-Z' Further

order and nature of Q2k-2 mumber of (2k-2)-flat spaces in
the corresponding group

non-degenerate 2k( 2k-l)/(qz—l)
hyperbolic cone of order qk 1( 2k—1)(q +1) /2(q-1)
one
elliptic cone of order one k l( k-1 1)(q 1)72(q—1)‘
cone of order two (q2 —1)(q2k_2—1)/(q2—1)(q—1) .

Proof. The proof of this result is exactly the same as that of

theorem (3.3.15).
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Let Qy be a non-degenerate quadric in PG(N,q). Let XN-m

be any (N-m)-flat space. Define QN—m = zN—m n QN. Let n(N,N-m,r,q) '
be the number of (N-m)-flats in PG(N,q) that intersect QN in a

cone of order zero. In particular, by a cone of order zero we mean a

non-degenerate quadric, and by a cone of order "-1" we mean that the

intersection is empty. That is r =z -1, Also

n(N,N,r,q) = {g :

H Hh
sor
[
- O

From theorem (3.3.7) we have

n(N,N-m,r,q) =0 if r > m.

Hence 1< r<m

Let Z;_m+l be any (N-m+l)-flat space in PG(N,q). Define
(o] _ fo) o .
QN—m+1 - QN n zN—nﬁ-l' Let QN-m-i-l be a cone of order r. Then for '

any (N-m)-flat space in z;-—m-i-l’ QN—m be either a cone of order r-1

or ¥ or r+l. Let OLi(N—m, r) denote the number of (N-m)-flats

in such that QN—m = QI?I—nrl-l n ZN—m is a cone of order

zo
N-mt1
r-2+i (1i=1,2,3).

Theorem (3.3.18).

3 .
n(N,N-m,r,q) = z n{N,N-mt+l,r~-2+i,q) x o, . (N-m, r-2+1) x -1
i=1 —t qm—l

Proof. Assume the result up to m-1. Now we shall prove the -

0 )

result for m. Let zN-—m-i-l be any (N-mtl)-flat and Qopt1 =

Q, N zo Suppose Q0 be a cone of order r in zo ‘
N N-mtl® N-mt+l ° N-mt1’

where -1 < r £ (m-1). If r = -1, then QN—m is clearly empty. .
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From the assumption, there are exactly n(N,N-mtl,r,q) (N-m)-flat

spaces that intersect QN in a cone of order r.

o]

Consider any (N-m)-flat zN—m’ in ZN-m+l'

By theorem (2.3.2)
and theorem (3.3.3) QN—m is either a cone of order r-1 or r or

r+l. In z there are ai(N—m,r) (N-m)-flat spaces that intersect

0
Nemt1
QN—m+l in a cone of order r-2+i, (i = 1,2,3). Therefore the total

number of (N-m)-flat spaces that intersect QN in a cone of order r,

T = n(N,N-m+1,r-1,q) X a3(N—m,r—l)

+ rl(N:N"'m'"l:r’Q) x a,@-m,r)

2
+ n(N,N-m+1,r+l,q) x al(N-m,l')

If a (N-mtl)-flat intersects QN in a cone of order greater than r+l or
less than r-1l, then the (N-m)-flats, in these (N-mt+l)-flat spaces, do
not intersect QN in a cone of order r. In T each (N-m)-flat is
counted (qm—l)/(q—l) times. Hence the number of (N-m)-flats in
PG(N,q) that intersect QN in a cone of order r is

n(N,N-m,r,q) = T x -1
q-1

The values of ai(N—m,r), i=1,2,3 are given by theorem (3.3.2) and
theorem (3.3.3). The result for m = 1,2 is obtained in sections (3.2)

and (3.3).

3.4. Retrieval schemes based on quadrics

Let A,, A,, A,y «.) AK be 4L attributes each with two levels.

l’ 2’ 3’

Denote the buckets by B., B B Let ki be the size of i-th

1> Bos ---s By

bucket B..
i
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Theorem (3.4.1). Given that the retrieval pertains to only one

level of each attribute, there exists a filing scheme based on a non-
degenerate quadric in PG(2s, q=2n) which is oriented toward 2s-fold

23+l_

queries. It involves A& = (qzs—l)/(q—l) attributes and b = (q 1)+

(q-1) buckets.

Proof. Consider a non-degenerate quadric st in PG(23,q=2n).

The quadric has exactly (qzs-l)/(q—l) points. Identify the points of

the quadric with the attributes. Further correspond the intersections

of the quadric with (2s-1)-flats to the buckets. Hence corresponding
. 2st+1

to each (2s-1)-flat we have a bucket, that is b = (q ~1)/(q-1).

Since QZs—l = QZS n 225—1 is not necessarily of the same order and
nature for each (2s-1)-flat, the block sizes are unequal. From theorem
(3.2.5) we have the block sizes.

Consider any 2s points in QZs' Then there exists a (2s-1)-flat,
zZs—l’ containing the 2s points. If all the 2s points are independent
then there exists exactly one (2s-1)-flat; otherwise there exists more
than one (2s-1)-flats. Hence the filing scheme satisfies all queries
of size 2s.

Now we shall describe a storing rule and retrieval rule for the
above filing scheme. Storing rule: Each bucket is identified with
st_l = 225—1 n QZS’ where 225—1 is (2s-1)-flat space. Hence there
is a one-one correspondence between (2s-1)-flats and buckets. So, the
coefficients of the equation of a (2s-1)-flat are taken as the identi-
fication number of the corresponding bucket.

Suppose a bucket‘contains k attribuEes Al’AZ""’Ak' A record

will be stored in the bucket if it has 2s attributes in common with

Al’AZ""’Ak (k 2 2s). A further refinement in the storage can be
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made by subdividing the buckets into subbuckets such that corresponding
to each 2s-fold query associated with a bucket there corresponds a
subbucket. Accession numbers can be assigned to the subbuckets such
that there is no duplication within a bucket. In this case more than
one subbucket will have to be searched to retrieve records pertaining
to a particular query.

Retrieval rule: Retrieval of records pertaining to a given 2s-
fold query is performed in two stages. First the attributes are
identified with the corresponding points of geometry. Than a (2s-1)-
flat containing these points is obtained. Once the (2s-1)-flat is
determined, the bucket can be located by matching the identification
numbers. Finally, the subbucket is determined and all the accession
numbers in the subbucket give the required records. Some additional
subbuckets may have to be searched if a record is stored exactly once

in a bucket.

Example (3.4.1). Let s =2 and q = 2. Then £ = 241 = 15,

Let the attributes correspond to the points of the quadric

2
xox1 + xzx3 + x4 =0

in PG(4,2). That is

Al = 10000, A6 = 10010, A12 = 11011,
A2 = 01000, A7 = 01100, A12 = 00111,
A3 = 00100, A8 = 01010, A13 = 01111, (3.4.1)
A4 = 00010, A9 = 11001, A14 = 10111,
A5 = 10100, A10= 11001, A15 = 11110 .

Hence the blocks and the attributes assoclated with them are,
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Identification Linear equation Attributes

B, 10000 x, =0 BysAgsh A Ag A o LA
2 oo Ll et
3 2 1892858585580, A, 7
B, 00010 Xy = 0 Apshyuhg Ag,A LA LA
B, 10100 Xg+x, = 0 AprhypAguhg,A (AL LA
B, 01010 X ¥x, = 0 ApAyAg A A LA LA
Dome i SRS
B 01100 ot = 0 AZ’A3’A6’A7’A10,A13,A15
5 00110 ot = 0 Al,Aa’Aé,Ar io, 13’ e
10 - ) +xz+x3 . Al’ 2289281208308 49815
11 ot*1t%, 42 AR5 R Ags A 158,554,
B, 11010 xgHE Ry = 0 Ayrhc,Ag,Ag AL LA LA,
B, 10110 xgFE, g = 0 ByrAgsBgA Al LA LA
PR S et
s - ot *1t%, S L AS’A6’A7’i8’A9’A12’A15
16 4 128028308 A5 Ags A5 Ags Ay
217 ;(1)321 :0:4 i g 22’iB’Aé’A7’A8’A9’A10’A11’Al4 o
18 - x1+x4 - X Al’AB’A4’A5’A6’A9’A10’A11’A13
19 - x2+x4 ] 0 Az’A3’24’A7’A8’A9’A10’A11’A14
Bzo - ) +x3+x4 . Al’Az’A3’A5’A7’A11’A12’A13’A14
21 . Xo+x2+X4 , Az'Aa’ 528g38gs81758,9s87354)5
22 o X0+X3+x4 L, Az’A3’A6’A7’A9’A10’A12’A13’A15
23 . X1+X2+X4 C, Al’A4’26’A7’A9’A11’A12’A14’A15
24 . I 52AgrAgshnshronhy shg
25 07F1 X, TV A A Ags g A, Ar 054,554, 5400
226 ;;‘l)(l)i :O:::l:il} : g Agshyshygehy shg
B27 11101 X -l-x2+x3+x4 =0 Al,Az,AlO,All,AlS
28 otx PR tx, Bprhsrhyshighy
Byg 11011 xgtx FE bR, = 0 AyshgsAgsh 1AL
woomsomoe 2D
31 PHE Ryt = 0 Aphyshgslgshy g .

There are 31 blocks - 15 buckets are of size 7, 10 of size 9 and 6

of size 15. The identification numbers of the buckets are the coeffic- .
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ients of the general equation

cox0 + clx1 + c2x2 + c3x3 + c4x4 = 0

where c; € GF(2). The subbuckets in a bucket are formed by con-

sidering all possible 4-plets in that bucket. The identification of a

subbucket is formed by concatenation of binary representation of the

4 attributes corresponding to it. For example,

No. Bucket Id. Subbucket Accession number

B26 11001 A3A4A13A14 et aeas
A3A4A13A15 cese  eees
A3A4A14A15 ceve  eans
A3A13A14A15 cere e
A4A13A14A15 cane  eses

B27 00111 A1A2A10A11 . .
A1A2A10A15 ceee  esee
A1A2A11A15 ceee  eees
A1A10A11A15 cere e
A2A10A11A15 et eses

of records

¢ o0 0

And so on. A record is stored in a bucket if it contains at least one

point of the bucket. For example a record with

f(I) = (Al’A23A33A4sA5’A6 9K

B,

(where Ai indicates the presence of i-th attribute and A

the absence of i~th attribute) is stored in the bucket
since
>
|326 n £(1)| = 4.
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grhgrA100A1 10879081358 454 5)

indicates

i.e.
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This record is also stored in the buckets 10001(B17), 00001(Bl6)’
10010(B8), and 10100(B5). Further, if the record has more than
four points in common with a bucket, then it will be stored in more
than one subbucket. This duplication, in a bucket, is avoided by
ordering the subbuckets. The record is stored in the first subbucket
that comes across. But a four tuple may occur in more than one bucket.

That is the same subbucket will occur in more than one bucket. This is
avoided by using the chaining procedure between subbuckets. For example,

A

the buckets B16 and Bl?’ have five points in common i.e. A2,A

3, 4’

A7 and A8. Hence the subbuckets

A2A3A4A7

A2A3A4A8

Ayhshshg

A2A4A7A8

A38487%

occur in both these buckets. So instead of storing the accession
numbers of the records which have these attributes, the addresses of
these subbuckets in Bl6 are stored in Bl7' This avoides a lot of
repetitions of the accession numbers.

Given any query of order four the attributes of this query are
converted into the points of the geometry. Then a 3-flat containing
these points is determined. The rest of procedure consists of identifying

the buckets and subbuckets. As an example, suppose the query is

{A1A3A4AS}. The corresponding points, from (3.4.1), are

A

1 10000 A4

3 00100 A5

00010

A

10100
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These points are not independent. Hence there is more than one 3-flat

containing these four points. Suppose the equation of the 3~flat is

0% + e X + ¢, X%, + CyXg + X, = 0] (3.4.2)
Then,
¢y = 0, c, = o, ¢y = 0
Hence,
¢ Xy + X,X, = 0.

The 3-flats containing the points are

x, = 03 X, = 0; and xl+x4 =0 .,

Without loss of generality we can consider the 3-flat, x.+x, = 0.

174

Hence the bucket containing these points is 01001 i.e. B The sub-

18°

bucket is obtained by matching A1A3A4A5 with subbucket identification

numbers. As the records are stored in the first subbucket that comes
across, we have to search all the preceeding subbuckets in the bucket
to obtain all the records satisfying the query. But in B18’

{A1A3A4A5} subbucket is the first subbucket. Hence we do not have to
search any other subbuckets to obtain all the accession numbers

satisfying the query.

Theorem (3.4.2). Given that the retrieval pertains to only one

level of each attribute, there exists a filing scheme based on a

hyperbolic quadric in PG(2s+l, q) which is oriented toward (2s+1)-

2stl; 2642
fold queries. It involves £ =-%—:—I + q° attributes, b = (q -1)+
(g-1) buckets such that (q2$+l—qs) buckets have size (qzs—l)/(q—l)

(-1 (1)

(¢ - 1)

2s
and the remaining buckets have size (%—::%) + qs.
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Proof.

———————

the previous result.

Example (3.4.2). Let s =
Q3: X%, + Xy Xg = 0.
Then, £ =9, b= 15.
Al = 1000, A4 = 1010,
A2 = 0100, A5 = 1001,
A3 = 0010, A6 = 0110,

1 and q = 2.

g
i

=g
[

s
[}

0101,
0001,

1111 .

The buckets and the corresponding attributes are:

Bucket no. Identificati
Bl 1000
B2 0100
B3 0010
B4 0001
B5 1010
B6 1001
B7 0110
B8 0101
B9 1111
B10 1100
Bll 0011
B12 1110
B13 1101
B14 1011
B15 0111

Each of the first nine buckets have each ten subbuckets.

96 subbuckets. But there are only (ﬁ =

on

>

> l—? r—-*"> N.’> ND> f-':> '_E> |_?>

i

Attributes

“

Ll i e
£ N
Ll
N o oo

g
o>

b

(o2 U, BN
-
(=)}
-
O

> >
bt
e
%
> > >
O WO W

(o)}
> B> b

Ll I i
BELE
o o P

N Y B ¢ - I (= ¥ o R ]

-
-
(o)}
-
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triplets.

The proof of this result is exactly the same as that of

Consider the quadric,

Subbuckets
all triplets
all triplets

Ayhghy

A1A2A9

A Behg

AjhgA,

A2A4A5

AjBghy

So there are

The storing and

retrieval rules are exactly the same as in example (3.4.2).

86



Theorem (3.4.3). Given that the retrieval pertains to only one

level of each attribute, there exists a filing scheme based on a non~

degenerate elliptic quadric in PG(2s+l, q), oriented toward (2s+1)-

Zs+l_1 2s+2_1

fold queries. It involves £ = - qS attributes, b = (

= a1 )
2s5+1

q-1
buckets such that (q + qS) buckets have sgize (qzs—l)/(q-l) and
the remaining have size ((qzs—l)/(q-l)) - q°.

When q = 2 and s = 1, there are five buckets which have size one.
These buckets are redundant, when only the queries of size three are
considered. So the number of buckets will be less than the value

specified by the theorem. This will not arise for higher values of ¢

and s.

Example (3.4.3). q=2, s = 1.

2 2
Let Q3. X, + X% + Xy + X)Xy = 0.

It has £ =5 and b £ 15,
Al = 0001, A3 = 0111, A5 = 1111 ,
A, = 0010, A, = 1011,

The buckets and their corresponding attributes are:

Bucket no. Identification Attributes
Bl 1000 A1A2A3
B2 0100 A1A2A4
B3 1100 A1A2A5
B4 0011 A3A4A5
B5 1010 A1A4A5
B6 1001 A2A4A5
B7 0110 A1A3AS
B8 0101 A2A3A5
B9 1110 A1A3A4
B10 1101 A2A3A4



Bucket no. Identification Attributes
0010 A

1
0001 A2
0011 A3
0111 A4
1111 A5 .

In fact we can delete all those buckets whose size is less than query
size. The above filing scheme is optimum. In the sense, each triplet

occurs exactly once.

Theorem (3.4.4). Given that the retrieval pertains to only one

level of each attribute, there exists a filing scheme based on non-
degenerate hyperbolic quadric in PG(2s+l, q) which is oriented toward

2s-fold queries. It involves '{(qs+l—l)/(q—l)} + qS attributes, and

2s+2 2s+1 2s, s+1
q - q -

b= ( 1) (q —l)/(qz—l)(q—l) buckets such that

(q

(qS+l)/2(q—1) buckets have size {(qzs-l-l)/(q-l)} - qs_l; qZS(qS+l_1)

257l ) 1= 3-a*"1; * (@ ®E-n (5T ¢

1) x

(¢°-1)/2(q+1) have size {(q

s—l--l)/(q-l)”an;i finaliy the remaining buckets have

- q°-1)/(q-D).
Proof. The attributes are identified with the points of a non-

(q-1) have size (q2
s-1 s+1
+ q

size (q2
degenerate hyperbolic quadric in PG(2s+l, q). The intersections of
the quadric with (2s-1)-flat spaces are considered as buckets. So, the
number of buckets is equal to the number of (2s-1)-flat spaces in
PG(2s+l, q). The actual sizes of these buckets are given by theorem

(3.3.15). The storage and retrieval rules can be taken as before.

Example (3.4.4). let s

1 and q =2. Then £ =9, b < 35.

Q3: XX, + X,X

%1 2%3 0 (as in example 3.4.2)

We can neglect 11 buckets, as their sizes are less than or equal to one.
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Hence there will be only 24 buckets. These satisfy queries of size two.

The buckets and their corresponding attributes are:

Bucket no. Identification Attributes Subbuckets
B, 1000 0100 ApAg
B, 1000 0110 Aphg
By 1000 0101 ApA,
B, 1000 0111 Aph,
B, 0100 1010 Aphg
B 0100 1001 ApAg
B, 0100 1011 ApAs
Bg 0010 0001 ApA,
By 0010 1001 AZ,A5
B.o 0010 0101 Al,A4
B.q 0010 1101 AS,A7
B, 0001 1010 Aph,
Big 0001 0110 Al,A6
By, 0001 1110 A Ag
B« 1100 1010 A8,A9
B.g 1100 1001 A3,A9
B, 0110 0101 Al,A9
Big 1010 1001 Ayl
Blg 1000 0010 A2,A7,A8 A2A7;A2A8; AsAg
Bso 1000 0001 Ayshgshg AjAgsALAL AA
B, 0100 0010 Al,AS,AS AlAS;AlAS;A5A8
B,, 0100 0001 Al,A:3,A4 AlAS;AlA[‘;A3A4
Byy 0110 1001 Agshg sl AgAgsAcA A A
By 1010 0101 Aphghg AAgiA A SAA

The total number of subbuckets is 36 and the total number of queries is
36. Hence corresponding to each query there is exactly one subbucket.
The storage scheme can be further simplified by forming super-buckets.
For example, we can group all the buckets with "1000" as the first four
symbols of its identification in one super-bucket. Also "1000" can be

taken as its identification. So, we have
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Super-bucket  bucket  Subbucket Id. Record
Accession nos.

1000 0100 A3A8

0110 A6A8

0101 A3A7

0111 A6A7

0010 A2A7; A2A8; A7A8

0001 A2A3; A2A6; A3A6
0100 1010 A4A8

1001 A3A5

1011 A4A5

0010 AlAS; A1A8; A5A8

0001 A1A3; A1A4; A3A4
0010 0001 A1A2

1001 AZAS

0101 A1A4

1101 A5A7
0001 1010 A2A4

0110 A1A6

1110 A4A6
1100 1010 A8A9

1001 A3A9
1010 1001 A2A9

0101 A4A9; A4A7, A7A9
0110 0101 A1A9

1001 A5A6; A5A9, A6A9
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Theorem (3.4.5). Given that the retrieval pertains to only one

level of each attribute, there exists a filing scheme based on a non-

degenerate elliptic quadric in PG(2s+l, q) which is oriented toward

2s+1
2s~fold queries. It involves £ = ga—:—il - qS attributes,
b = (q28+2—1)(qzs+l—l)/(q-l)2(q+l) buckets.

Proof. The proof of this result is similar to that of theorem

(3.4.4). The bucket sizes are given by theorem (3.3.16).

Theorem (3.4.6). Given that the retrieval pertains to only one

level of each attribute, there exists a filing scheme based on a non-
degenerate quadric in PG(2s, q) which is oriented toward (2s-1)-fold

queries. It involves £ = (qzs—l)/(q-l) attributes, and
2s+1 2
N Cadias VT C s )
2
(q"-1) (¢-1)

The bucket sizes are obtained from theorem (3.3.17).

buckets.

Theorem (3.4.7). Given that the retrieval pertains to only one

level of each attribute, there exists a filing scheme based on a non-

degenerate quadric in PG(2s, q) which is oriented toward 2s-fold

queries. It involves £ = qZS attributes and b = (qzs+l

-1)/(q-1)

buckets. Of these b buckets, (qzs-l)/(q-l) have size q2$_1;
2 2s-1 s-1
(q -q

(%% Leq

S+qs)/2 have size (q ):; and (q2s_qs)/2 have size

s-1
. ).

Proof. Consider a non-degenerate quadric Q2s in PG(2s, q).

Let 225 denote the whole space, PG(2s, q). Define,

RZS = z23 - QZS ‘

RZS denotes the set of points not on the quadric QZS' The attributes

are identified with the points on st. st has exactly q28 points.
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The buckets are identified with the intersections of st with
(2s-1)-flat spaces. Define .

=R2

2s-1 s ° Z2s-1

Log-1 = Qg 0 Log )

The properties of st n zZs—l are given by theorem (3.2.5). Hence

is known. Hence the result.
2s-1

Example (3.4.5). §=2 and q =2

Then =2 =16,

2
Q&' X9%q + X,Xq + X,

The points and the corresponding attributes are

A, = 11000, A = 10101, A, = 10110,
A, = 11010, A, = 01101, A,, = 00011, ' -
A, = 11100, Ag = 00001, A , = 00101,
A, = 11001, Ag = 00110,  A,, = 10011,
Ay = 01001, Ajo= 01110, A, = 01011,
A = 11111 .

There are 31 blocks - 15 have size 8, 10 have size 6 and the remaining
6 blocks have size 10. The same design can be obtained from EG(4,2).
It has exactly 30 blocks each of size 8. The design obtained will be
more useful, 1f some 4~tuples are retrieved more frequently than others,

than the design obtained from EG(4,2).

3.5 Multiple Jevel attributes

Consider a non-degenerate quadric QN in PG(N,q). Let TysTosesns

nq+l be (q+l) (N-1)-flat spaces containing the same (N-2)-flat space,

o .
N-2" Define,

92



QN_l = QN n Trl ’ 1= 1’2)""q+l (3.5.1)
(o] zo
Qi , = Q, N (3.5.2)
2 N N-2
also,
Ry = & Q§_2 (3.5.3)
and
R[::—l = Q;—l Q;_zs i=12,...,q9+1 (3.5.4)
or,
Ry_y = 7y 0 Ry (3.5.5)
or
i 0
Ry 1= Qgnm)-(Qn] ) (3.5.6)
N-2

From the results of section (3.3) and section (3.4) the cardinalities

i .
of RN—l (i=1,2,...,q+1) are known. Let

By = lR;—l

The ni's are not necessarily equal.

(3.5.7)

Let Et—l be any (t-1)-flat space in PG(N,q). Define

Roo1 =Ry " zt—l

(3.5.8)

Consider any t points Po,Pl,...,Pt_1 from RN such that no two

points are contained in the same (N-1)-flat, "

(i =1,2,...,(q+l)).

There exists at least one (t-1)~flat containing these t points. Let

zt-l be one such (t-1)-flat space.

contains these t points, where

Re17 zt-l N Rye
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Hence, given any t points, there exists a R containing them.

t-1

That is, there exists a filing scheme for (qt+l) attributes with

levels NysNpsee. such that it satisfies queries of size t.

’nq+l
The buckets of this filing scheme are the intersections of RN with

(t-1)~-flat spaces.

Example (3.5.1). Let q=2,N=3, & t = 2.

Q3: X%, + XXy = 0

It has exactly 9 points;

1000 0100 0010
0001 0110 0101
1010 1001 1111 .

Let
ORI + X = 0
Tyl X, + Xy = 0
and LETIE + X, + X, + Xy = 0
Further
m N Q3: 0010, 0001, 1111
T, N Q3: 1000, 0100, 1111
LEWL Q3: 1010, 1001, 0110, 0101, 1111 .
So
R;: 0010, 0001
R%: 1000, 0100
and Rg: 1010, 1001, 0110, 0101

So the levels of the attributes can be taken as

n, = 2, A11 = 0010; A12 = 0001
n, = 2, A21 = 1000; A22 = 0100
ng = 4, A31 = 1010; A32 = 1001; A33 = 0110; A34 = 0101.
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The buckets are formed by considering lines that intersect in at least

two R>'s. There are ten such lines.

2

buckets are grouped into super-buckets.

Super~-buckets
(id)

1000

0100

0100

0010

0001

buckets
(id)

0001

0010

0101
0110
0001

0010

1010
1001
1001
0101
1010
0110

i.e.

subbuckets

>

11422
11433
Ayohs3
12422
12834
Aoy,
A1l
12833
11421
1131
21431
12421
12432
21432
12431
11432
228432
A1tz
Ayl
Ay1433

A
A

> o >

A
A

B

> >

A
A
A

-

A
A
A

> >

>

A
A
A
A

> o> > P

For storage convenience the

accession nos.

There are exactly five super-buckets and at most four buckets in any

super-bucket. This arrangement greatly reduces the retrieval time (in

terms of matching).

A record is stored in a bucket exactly once. This requires chaining

between subbuckets.

The record is stored in the first subbucket that

comes across in a bucket.
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Suppose we are interested interested in retrieving all records

containing the levels A21 and A32. The corresponding points of

these levels in PG(3,2) are A2l = 1000, A32 = 1001. The line

satisfying these points is

co¥o + ¢ % + X, + CyX,y = o,

dOXO + dlx1 + d2x2 + c3x3 = 0
or

¢y = d0 =0

¢y = d3 =0 .

The super-bucket identification number is 0100; and that of the bucket

is 0010.

The retrieval time for any query A, involves three components,

T(A) =T, + T, + Ty,

where Tl is the time required to solve the linear equations; T2 is
the time required to locate the super-bucket, bucket and the subbucket

by matching the identification numbers; and T3 is the time required

to retrieve the actual records. T and T are dependent, mainly, on

1 3
the computer system. Let T and Ty be the maximum possible values of
Tl and T3 for any query. T2 depends on the distribution of records.

Suppose the records are uniformly distributed. Then the average number
of comparisons required is

(Ix1x1 + 1x1x2 +...+ 4x2x1)/20 = 4.8,

So the average retrieval time

T S T + T, + 4.8¢ ,
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where € is the machine time required for each single comparison.
When we use simple inverted filing scheme, we need on the average

10.5 comparisons.

Example (3.5.2). N =4, q=2, £=3

2 _
Q4. X%y + Xy X4 + X, = 0

It has exactly 15 points. The three 3-flat spaces can be taken as

Mt Xy = 0 ; Tyt Xq = 0; ﬂ3: x0+x1 =0 .
Further,

Ri: 01000; 01100; 01010; 01111

Rgz 10000; 10100; 10010; 10111

R3: 11001; 11101; 11011; 11110

n, = 4; All = 01000 A12 = 01100; A13 = 01010; A14 = 01111
n, = 4; A21 = 10000 A22 = 10100; A23 = 10010; A24 = 10111
n, = 43 A31 = 11001 A32 = 11101; A33 = 11011; A34 = 11110 .

The buckets can be identified with 1-flat spaces, which intersect at
least two R;'s. The storage and retrieval rule can be as that of the

previous example (3.5.1).
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CHAPTER 1V

A GENERALIZED FILING SCHEME FOR
MULTIPLE LEVEL ATTRIBUTES

In this chapter we obtain filing schemes for multiple valued

attributes, using linear representation of the attributes.

4.1 Linear representation of attributes

Let A A2,A3,...,AZ be £ attributes with D oMy Rg,eae,ny

1’

levels respectively. We shall assume,throughout this chapter, that
n, =q i=1,2,...,4,

where q 1is a prime power and r, some positive integer. Since
r,
n, =gq * for the i-th attribute Ai’ we can represent the n, levels

by r,-tuples over GF(q); i.e.

i i i i i
Ay = Yy = (le’ij’“"eri)’ Vip € GF(@

where Aij is the j-th level of i-~th attribute and y§ is the q - ary

representation of the number j. The above representation is

unambiguous and unique. As an example, when q = 2, £ = 2, n, = 4,

n, = 8, we have r, = 2 and = 3. Further

1 )

]
n
L[]
|

A (00), A (01, A, = (10), A5 = (11),

10 11
A20 = (000), A21 = (001), A22 = (010), A23 = (011),
A24 = (100), A25 = (101), A26 = (110), A27 = (111).

From now on, in this chapter we use, mainly the g-ary representation of

the levels of the attributes. Let
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and

o
]

1

max(r, + r, +...+
i i

2

r, )
1,

where the maximum is taken over all possible t-tuples , (il,...,it).

There are exactly (f] such t-tup

Let

i

be a (Nxm) matrix with elements
j-1
m. Let r, = T where r
je kgo k 0
hr. +1,1 h
hrj.+2,1 h
H = .
h|
r, xm
J
h h
Tip1e0d

les.

"y

for j = 1,2,...,4.

That is, Hl’HZ’”
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"HZ are submatriees of H.

(4.1.1)

Also, the rank of H is

of GF(q).
= 0.
r, +1,2 T hr,+l,m
[ Jo
r, +2,2 * hr, +2,m
Js J°
9 e h
T340 Ti41.00

(4.1.2)

So we can write,



oooooo

H = (4.1.3)

Definition (4.1.1). The matrix H 1is said to have the property

Rt(rl’rZ"°"r£) if for any t of the submatrices Hi SH, ,...,H

) t
of H the matrix
-y
|
e | oeeeees
Hy
t 2
Lor w2 I (4.1.4)
=1 73 .
H
it

t
has rank 2 r, .

If H has the property Rt(rl""’rl) then m 2 p, We shall use
the notation Rt(l’_x.-n) for Rt(rl""’rl’_.) when r)=r,=...=r) =n.
If r; =T, =...= 1) =1, then the property Rt(KX1) is called the
Pt property. The matrices with property Pt were first considered by
Bose (1947) in connection with the problem of confounding symmetrical
factorial designs. Later these matrices were used in constructing error

correcting codes. (Bose and Ray-Chaudhuri [10] & [11] and Peterson

[26].) 1In later parts of this chapter, a method for obtaining matrices
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with property Rt(rl’rZ""’rl) will be described.
The i-th attribute Ai’ (i = 1,2,...,£) will be represented by a

set of linear forms

T
T
Hox o= 1t (4.1.5)
(rpm) (@x1)  (x,x1)
or in full
h x, + h x, + + h X = Li
r, +1,1 71 r, +1,2 72 ot r, +1,m ‘m 1
i- ie ie
_ .1
hri.+2,l X + hri.+2,2 X, + ... + hri.+2,m x = L2 (4.1.6)
hr . 1 xl +h 2 % + ... +h ) . X = ii
i+le? Tit1.? Fiyp®>® ™ Ty

where Hi is the i-th submatrix of H in (4.1.3) with property
Rt(rl’rz, L) o’rt) »
To any query,

A A, vae A

11 12 i
Q{ i i i (4.1.7)
vl v? v,
31 Jo “jg

where g < t, we shall associate the set of equations,

LY=v" , w=1,2,...,8.

That is
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W
h Xx. + h x, + .+ h =V,
ry L1 71T Ty 41,2 72 Ty Lmm Ty '
w W W
iw
h x, +h X, + ... +h v
ri 42,171 r, 2,2 72 ri A42,m Tm jw,2
w w w
. . . (4.1.8)
iw
h x, +h X, + . +h x =YV
T4l LTy 40202 Ty 41e0®™ ™ 3Ty
W w w w
for w= 1,2, '8
or
i i
1 7 1
H X = V
i, 1 1
H"x =¥
D) (4.1.9)
i T i
HEx = v, 8
o o
Let
i i
H 1 .Y.jl
y S
G = H X = iz (4.1.10)
v |
: 32
i
)
- N i
ng
- g _
So, we can rewrite (4.1.9) as
T
Gx =V (4.1.11)
where G 1is ( f r, )X m matrix and V 1is ( E r, )x 1 column.
j=1 73 =1 73
)
rank G = r, =r (say) (4.1.12)
j=1 ij .



as H has property Rt(rl""’rﬂ) and g < t. There exists at least
one (rxr) submatrix in G with rank r. Let al,az,...,ar be the
columns in this submatrix. 1In the equation (4.1.8) we can take the
values of all the variables xa, o + al,az,...,ar equal to zero and

solve the resulting equations for x ,x ,...,x . Let
1 % %y

X =u i=12,...,T.

We then get a solution

u = (ul,uz,...,um)

of (4.1.8), in which all the coordinates other'ﬂuuxqrth,az-th,...,ar—th
are equal to zero.

Let BO be the set of m-vectors over GF(q) for which not more
than p of the coordinates are non-null. The number of vectors in
is

8o

- _ _1y2 _1\P
by = 1+ (q-1) G] + (g-1) {‘;‘] +o.oot (g-1) (‘;] (4.1.13)
We have shown that there exists at least one solution for (4.1.8) in

B as r < p. By using the "Echelon method - canonical solution" we

0’
can find an unique solution in BO. So, without loss of generality, we
take u to be the unique solution for (4.1.8). For any m-vector u,

the linear forms _L} » given by (4.1.6) may be said to attain the value

i T
u

f(g) =H u (4.1.14)

at u. Further,

So, we have,

Theorem (4.1.1). To any query,
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A, Ai Ai
1 2 w
Q vil V12 Viw
1 )

we can make correspond an unique m-vector u of Bo, namely the

canonical solution of the equations associated to the query, such that
i i i i i i

the linear forms L l, L_Z, ceas L'g attain the values V l, ij,...,V g
2

-3 g
The number of queries of size less than or equal to t, is

t ril+r12+...+rik
q (4.1.15)
k=1 (il,iz,...,ik)

where z denotes summation over all possible kwtuples.
(i, ... 1

1 k)
In general, the same vector u may correspond to more than one
query, though it is possible that there are vectors in BO not cor-

responding to any query. Let B be the subset of Bo, such that to

any vector of { there corresponds at least one query. Let b = |8

Example (4.1.1)

v=2t=2; £=5n,=2,1i=1,2,3,4,5.

So, r, = 2 for all 1i.

0001
0010
0100
1000

H = 0110 (4.1.16)
10x4 1011
0101
1010
0111
| 1110
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i - 00017 f, - 0100 | - 0110
0010 | } 1000 |3 1011

To0101 o111

H, =1 1010 |3 B5 =] 1110

The (10x4) matrix H has the property R2(5><2), but it does not

have the property P, - i.e. any four rows of H are not independent.

4

The linear forms and their corresponding attributes are,

attribute set linear form
Li x4
L; x3
Li X,
L% X
3
L; 27 (4.1.17)
L2 X + Xq + X,
Li X, + X,
Lg X + x3
Li X, + x3 + x4
LZ xl + x2 + x3

1). Consider the query of size two,
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The associated equations are,

x, + x, = V4 ‘l'

2 4 21
-t
xl + x3 = V22
5 (4.1.18)

x2 + x3 + x4 = V31

5
1Fx P x3 =7V,

Since H has rank 4, we have a unique solution

4 4 5
X = Vo ¥ ¥y, ¥ V5

- 5
Xy = Vyp t V3
(4.1.19)
-t 5
X3 = Vo ¥ V3
- 4 5
X, = Vo1 T Vpp + V3
4 5
But 22 = (01) and 23 = (10), so the actual solution for (4.1.17) is
u= (0,1,1,1).
ii) Consider the query
A, ]
Q V3
—4
Then the corresponding equations are
3
x, + x3 = V41
X, +x, +x, = V3
1 3 4 42
So
X, +x, +x, = V3
1 3 4 42
3 o
X, + x3 = V41
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Put

Then the solution vector is

3 3

u= (V42’ V41’ 0, 0)

or
u=(1,1,0,0) as VS = (1,1)
=3 s s Uy Y4 N .

The value of the linear forms for the solution vector (1,1,0,0) in

(4.1.17) is

L (]-_1_) = (0,0,1,1,1,1,1,1,1,0).

4.2 Generalized multiple valued filing scheme

Let u be any solution vector in B. To each u there corres-
pond an N-vector

B(_‘_-l_) = (_tll,_l_)_z, cee shz)

where .Q} is a (eri) vector, (i = 1,2,...,£) over GF(q) such
that

hi = Li(E) s i= 1,2,...,18.

B(u) 1is called the block corresponding to u. Corresponding to each

query there exists a vector u, and hence there exists a block, B(g).
We shall show that the correspondence between the block B(u) and the
vector u is unique. Let u, and u, be any two distinct m-vectors

in B such that

B(gl) = B(y,) >

i i ) ..
Lj(Ei) = Lj(Ez)’ for all i and j
Hence
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i _ .
Lj(gleQ) =0, for all i and j. (4.2.1)

Since the rank of H 1is m, we can choose m rows of H such that

they are independent. Without loss of generality, let

h, 4 1y e Tk
L1 s L2 s oo Lj s eses L1 s seey L,
1 Ik
k
where 2 ji = m, be a set of m independent rows in H. Then
i=1

1
o

i
1
L (uy-uy) =
i

l —
L2 (ul—u2 =0
(4.2.2)

i
k
ij(

I
o

~u

1™

Since (4.2.2) is a set of m independent homogeneous linear equations
in m variables, we must have
u,-4, = Y

oY

This is a contradiction, since u, and u, are two distinct vectors.

Hence, the correspondence between m-vectors of B and the blocks is

one-one. We can now obtain a correspondence between queries and blocks.

If, to the query Q there corresponds an m-vector u of B, then we
say that B(u) is the bucket corresponding to Q. Hence corresponding
to any query Q of size less than or equal to t there exists a block,

but to each block there corresponds, in general, many queries.
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Theorem (4.2.1). If the block (31, 22,
the query
A A A, )
i, 12 ig
Q i i i
vl v? ... uB
Iy Jo Jg
then
i i
bl= vt
J1
i i
b2-y.2
J2
i i
b&=y?58
g
Proof. From theorem
an m-vector, corresponding to Q. Also,
i i
L 1(u) = V.l
u, ~i,
i i
L 2(u) = V.2
u =i,
.i ........ ;.
L 8 = _ng
g
Since,
i i
P.k -1 k(E)’ Kk =
we have
i i
b_ k = V.k s k =
ke

In the example (4.1.1) when the query

4L<w w

109

, where Xz = (1,1)

. bH

1,2,...

1,2,...

8

g

corresponds to

(4.2.3)

(4.2.4)

(4.1.1) there exists a unique solution u

(4.2.5)



then

B(E_) = (0,0,1,1,1,1,1, 1,1,0).

Let M be the set of addresses reserved for storing the accession
numbers of records. M can be partitioned into b subsets, corres-
ponding to the block B(u) being denoted by M(u). These subsets of

M are called buckets. The vector u will be called the identification
of the bucket M(u). Consider the block B(u) corresponding to the
bucket M(u).

Bw =052, ...,05

where h; is a r -vector. In fact b} represents some level of the

i-th attribute. M(u) is subdivided into 2241 subsets, corresponding

to the 2£—l nonempty subsets of {9},92,...,9@}.- These subsets of

M(u) are called subbuckets. The subbucket of M(u) which corresponds

to the subset A* of {g},g?,...,g@} may be denoted by M(u,A*). Let

£f(1) = (Vl . V2 s eees Vz ) be the attribute vector of I-th record.
SER y)

Define
B(u) n £(I) = A (4.2.5)
where
A=l plt=vly.
2 b 4,

That is, b} € A, if and only if the level of i=th attribute for I—th

record is the same as the value attained by the linear forms Li at u.
Our storage rule can now be stated as follows. The accession
number of the I-th record is stored in the bucket M(u) 1if M(u) n £(I)
is non-empty. If M(u) n £(I) = A* then the accession number of the

I-th record will be stored in the subbucket M(u,A*) of M(u). By

this rule a record will be stored exactly once in a bucket.
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We have noted earlier that the redundancy, ¢ in general depends
on the distribution of the attribute records. We shall calculate the
value of ¢ wunder the hypothesis of uniform distribution, and corres-
ponding to the storage rule described in the previous paragraph.

There are qN possible distinct N-vectors over GF(q). Each is a
possible attribute vector. Suppose the number of records having any
given attribute vector is §, and is independent of the vector. Then
the total number of records is GqN. If f(I) is the attribute vector
of the I-th record, then the accession number of this record does not
appear in the bucket M(u) if and only if B(u) n £(I) is empty.

B(u) being given there are

r r T
(q'l-l) (q 2-l) X ...%(q Z-l)

ways of choosing £(I) such that B(u) n £(I) = @. Hence there are

records whose accession numbers do not occur in the bucket M(u). The

number of records whose accession numbers occur in the bucket is,

therefore
N £ r,
8¢ -8 T ] (g 3-1) .
j=1
Since there are b = |B| buckets the total number of the accession

numbers stored in the storage is

N L rj
bx8x[qg - [T (q3-1)]
j=1

Hence,
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L r
bch'X[qN—T—r(qJ—l)] .
i=1

(4.2.6)

!
o
—
[
1
7~
-
}
HI}—'
N

as

Example (4.2.1.). Continuing the example (4.1.1) consider the

block, B(u) = (0,0,1,1,1,1,1,3,1,0). We can rewrite as, B(u) =

(0,3,3,3,2). Also, B(u) = (AlO,A23,A33,A43,A52). So the bucket M(u)
corresponding to the block B(u) has the identification number u =

(1,1,0,0). The subbuckets of the bucket are

334 o

A 52

1034233843334,
A10%233410%335 2108433410852

AyghyqiA

23843542345,

Ayah, 3383345,

A38s25

A10823R3358 10823843381 023852
A108338433 4108338523 81084385
A3hazhy3ihy3hyahs)ify gl shs,
AA, A

337435523
A108238338433 8082383385258 A 338,285 :
A. A A A .3A . .A.. A, _A

1042384385234, 58438 440

Let the attribute vector corresponding to the I-th vector be

(1) = sy ly 4y =
(1) = (0,3,1,2,2) = (A,A)3,851,4,,,A,,) o
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So, B(w 0 £(1) = (A 5sAyg0As,)

Hence, the accession number of the I-th record is stored in the sub-

22;Fet (A10A23A52).
A, A ee. A,
i iz 1g
vV vS....v8

be any query of size less than or equal to t. Let u be the unique
solution of (4.1.8) corresponding to the query Q(A), and let
B(u) = (EI,E?,...,Eg) be the corresponding block. Then the bucket

M(u) corresponding to B(u) is defined to be the bucket corresponding

to the query. From theorem (4.2.1)

p¥=v", w=1,2,...,8 .
Jw
If the I-th record satisfies the query, then the il—th, iz—th,...,ig—th

components of the attribute vector £f(I) of I are

i i i
2

v.l, w2, ..., u8 .
Jl 2 Jg
That is,
B(u) n £(I) > Q(A) . (4.2.7)

Hence, there exists a subset A* in M(u) that contains the accession

number of I-th record where
B(u) n £(I) = A%,

Conversely let A* be any subset such that A%* > Q(A), the query.
It is clear from our storage rule that all accession numbers of records
that are stored in the subbucket M(u,A*) also satisfy the query Q(A).
Hence to find all accession numbers of records satisfying the query we

have to search all the subbuckets M(u,A*), where A* > Q(A). That is
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M(Q) = u M(u,A*) - (4.2.8)

where the union is taken over all subsets A* that contain the query
set Q(A). There are exactly 22-g subsets A* that contain Q(A).
5o, the retrieval rule may be stated as follows: let Q be any
query relating to the attributes of the subset Q(A) of A. Determine
the bucket B(u) corresponding to Q. Then the accession numbers of
all records satisfying Q are found in M(Q) given by (4.2.8). Con-
versely any record whose accession number is in M(Q) satisfies the
query Q. Once the accession numbers have been found we can retrieve

the complete records.

Example (4.2.2). Continuing the example (4.1.1)

Consider the query

A A
Q
1 2
Y Y5
From (4.1.17) we have
u= (1,1,0,0)
So,
B(B_) = (0,0’131:1:1913191,0)
or
B(u) = (0,3,3,3,2).
So there are 25"2 = 8 subsets containing (A10’A23) in B(u). These

eight subbuckets are located by searching within the bucket M(u).
The time required for retrieving the records satisfying a given

query will be made up of a number of components:
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T.,: time required for coding physical attributes into linear
forms and the values of the attributes into vectors over

GF(q).

time required for reducing the query equations into Echelon
form and determining the Canonical solution u, which gives

the bucket identification number.
T,: time needed for identifying the bucket M(u).

T,: time required for computing the labels of the subbuckets

entering in M(Q).
T.: time required for identifying the subbuckets.

T,: time required for actual retrieval of the records.
Thus the total time required for a query Q(A) is

(A) = T1+T2+T3+T4+TS+T6.

The components T T2,T and T, will depend on the parameters of the

4 6

computer system used. By using an ordering among bucket labels and

1’

among subbuckets within a bucket, the components T3 and T5 can be
reduced.

The filing scheme for the case n,=n,=...=n, was obtained by
Bose [7]. In his method the levels are not represented by vectors.

We shall now describe a method of obtaining (Nxm) matrices with
elements from GF(q), which have rank m and property Rt(rl,rz,...,a}

Before describing the method we shall study briefly some properties of

spreads.

4.3 Correspondence between Galois fields, vector spaces and projective

spaces

Let q be a prime power. Let (NM1) = 6(wmtl) for some positive

integers m, N, 6(>1). Consider the Galois field GF(qN+l). It has

N+1

exactly qN+l elements. Let a be a primitive root of GF(q ~). Then
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o = 1. (4.3.1)

All the elements of GF(qN+l) can be expressed in the form

1 2 N
b0+b1a +b2a +...+bNa

where bi € GF(q) for all i. Similarly any element of GF(qm+l)

can be written as

1 2 m
c0+c1n +c2n +...+cmn

where c; € GF(q) for all i and

N+1 mt+l
N S i VI

mtl

n is a primitive element of GF(q ). Since the representation of

elements of a Galois field with respect to a primitive element is

unique, the correspondence

N
b0+bla+...+bNa > (bo,bl,...,bN) (4.3.2)

between the elements of GF(qN+l) and (N+1) - vectors over GF(q) is

one-one. Similarly we can obtain one-one correspondence between the

elements of GF(qm+l) and (mtl)-vectors over GF(q):

1 2 m
c +cln +c2n +...+cmn = (co,cl,...,cm)- (4.3.3)

0

The Galois field GF(qN+l) can be viewed as an extension of

GF(qm+l), as (N+1) = 6(mrl). So the element of GF(qN+1) can be

uniquely expressed as

1 2 6-1
a0+a16 +a26 +...+ae_16 (4.3.4)

1

where aysdqsee- belong to GF(qm+ ) and § 1is a primitive

2891

element of GF(qN+1). Now the correspondence,
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(ad+a161+a262+...+ae_lée-l) ~— (ao,al,...,ae_l) (4.3.5)

N+1 mtl

between the elements of GF(q ~) and 6-vectors over GF(q ) is

one-one. By (4.3.3) each a; can be expressed as an (mtl)-vector
over GF(q). So we can correspond 8-vectors of (4.3.5) and (N+1)-

vectors of (4.3.2). That is
(ao,al,...,ae_l) R (90’31""*39—1) (4.3.6)

where a, is the (mtl)-vector representation of a, over GF(q).
Conversely an (N+1l)-vector can be made to correspond to a f-vector

as follows;

(bO’bl""’bN) —_— (ao,al,...,ae_l) (4.3.7)
where

3y = (bo,bl,...,bm)

2y = (b sbppgreosPonyg)

a =

251 = ®(om1) (mr1)> P(e-1) (me1y+17 "D

N

That is, there is a one-one correspondence between the 6-vectors over
m+l
GF(q ~) and the N-vectors over GF(q).

Let VN+1 be the (N+1)-dimensional vector space over GF(q).

Let VN+l = (bo,bl,...,bN) be any non-zero (N+l)-vector in VN+1‘

Then VN+l represents a point P in PG(N,q). Also the (N+1l)-vectors

(¢ b,,c bl,...,c bN) where c¢ 1is any non-zero element in GF(q),

0
represent the same point P. Hence there is a one-one correspondence
between the points of PG(N,q) and the one dimensional subspaces of

VN+1' A basis of the one dimensional subspace is taken as a representa-

tive of the point P as a subspace is completely specified by a basis.
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The null vector (0,0,...,0) may be regarded as corresponding to the
(-1)-flat (the empty space) of PG(N,q), where the empty space is a
subspace of every k-flat of PG(N,q), k = -1,0,1,...,N. There is a
one-one correspondence between k-flats of PG(N,q) and (k+1)-

dimensional subspaces of VN+1'

Lemtma (4.3.1). There is a one-one correspondence between k-flat

spaces of PG(N,q) and (kt+l)-dimensional subspaces of VN+1’ the
(N+1) - dimensional space over GF(q), where O < k < N.

Let s = (sl,sz,...,se) be any 6-vector in 6-dimensional vector
space Ve over GF(qm+1). Let

mtl

Wo(8) = {cs: ceGF(qg NI (4.3.8)

Then,

over GF(q) corres-

Lemma (4.3.2)+. The (N+1)-vectors of VN

ponding to qm+1

+1

6-vectors of W (s) are the elements of an (mt+l)-
dimensional subspace of VN+1' The null element of the subspace

corresponds to the null element of VN+1°

Proof. Let Ugslpseeest o be any (m+2) non-zero elements of
GF(qm+l). Since each u, can be uniquely expressed as an (mtl)-vector
over GF(q) there exist CoaCyrereaCrig in GF(q), not all zero,
such that

c0u0+c1u1+...+cm+lum+l =0, (4.3.9)

Hence

coupste uysteeete Lu 05 =0 . (4.3.10)

THefr [24].
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This implies that the (N+1)-vectors corresponding to U18,U,8,...5u

1 m+12

are dependent. (The zero vector of Ve corresponds to the zero vector

of V

N+l.) Hence there are at most (mt+l) independent (N+1)-vectors

corresponding to We(g).
Consider the set of (N+1)-vectors corresponding to the 6-vectors
8, 1N g,...,nég of We(g), where n is a primitive element of

mtl
q

GF( ). If these (N+1)-vectors are dependent, then there exist

co,cl,...,cm in GF(q), not all zero, such that
m
costein stoote ns = 0 . (4.3.11)

This implies that n satisfies a polynomial of degree less than (mtl).

But this is impossible.

m+1

Hence the ¢ (N+1)-vectors of VN+1 corresponding to qm+1

vectors of We(§), all belong to the same (mt+l)-dimensional subspace
of VN+1'

Lemma (4.3.3)+. The (N+1)-vectors of V

N1 OVer GF(q) corres-

ponding to all the 6-vectors of Ve over GF(qm+l) belonging to the
k-dimensional subspace of Ve are the elements of a k(mt+l)-dimensional
subspace .of VN+1’ 1<k <6. Also if 813855:++58, are k independent

8-vectors of Ve then the (N+1)-vectors corresponding to
m m
"S-l’ n —S'l’.'.’ n El’f_z',n __5_2"°',n Ek

are k(mtl) independent (N+1)-vectors of V. where n is a

N+1°
primitive element of GF(qm+l).

Proof. Suppose the (N+1)-vectors of VN+1 corresponding to 8;
n s, n2§1,...,n?§k are dependent. Then, without loss of generality,
suppose the (N+1)-vector corresponding to ne§h is dependent on the

—‘.

Heft [24]
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remaining {k(mtl)-1} (N+1)-vectors corresponding to nigj, idfe

and j # h. Hence there exist aij in GF(q), not all zero, such

that
e ° € i
ns = ) Y a5 "8y (4.3.12)
0 1
ife j#h
or,
e i v i
(n~ - ) a, N8, = ) a;n)s, - (4.3.13)
ife j#h i=0 *J J
But §1’§2’°"’§k are independent. So we have
<] i _
(n” - .z a,4n )§h =0 . (4.3.14)
i#e

That is, n satisfies a non-zero polynomial of degree less than (mtl),
which is impossible. Hence the k(mtl) (N+l)-vectors corresponding

to n%gj, i=0,1,2,...,m; j=1,2,...,k are independent.

mtl

Let Wk be a k-dimensional subspace in V. over GF(q 7).

6

Let 81s8yse 58y be k independent 6-vectors in Wk. Then any 6~
vector s of Wk can be expressed as

k
s= ] ws, , (4.3.15)
i=1

where UgsUyyeeeyuy  are elements of GF(qm+l). There exist , for any

u, elements 35098412 285, in GF(q) such that

m .
u, = ) a,.nd, i=1,2,...,k. (4.3.16)
i \ ij
j=0
e m+l
n 1is a primitive element of GF(q ). So, from (4.3.15), we have
L1
s = a,.n” s, . (4.3.17)
i=1 j=0 i T
That is, every (N+1)-vector in VN+1 corresponding to a 6-vector in Wk

is dependent on the (N+1)-vectors in VN+1 corresponding to n%gj,
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i=0,1,2,...,m3 j =1,2,...,k. The number of such (N+1)~vectors is

qk(m+l). But this is

equal to the number of 6-vectors in Wk; i.e.
the number of (N+1)-vectors in a k(m+1)~dimensional subspace. Hence

the result,

4.4 Spreads.

A spread Sm of m~flat spaces in PG(N,q) is a set of m~flat spaces
such that every point in PG(N,q) is contained in exactly one element
of S .

m

Spreads have been studied by various authors - Bose and Barlotti [8],
Bruck [13], Bruck and Bose [14] and [15], Rao [29], Dembowski [20], and
Segré [32].

One of the fundamental results for the existence of spreads is

Theorem (4.4.1). A necessary and sufficient condition for the

existence of a spread of m~-flat spaces in PG(N,q) is that (m+1)

divides (N+1).

Proof. Suppose there exists a spread Sp, of m-flat spaces. Then

(qm+l—l)/(q—l) divides (qN+l-l)/(q—l). But the necessary and sufficient

condition for (qm+l—l)/(Q'l) to divide (qN+1—l)/(q-l) is that (m+l)

divides (N+1).
We shall prove the sufficient condition by constructing a spread

Sm‘ Let (N+1) = 6(m+l), where N, m, 6(>1) are positive integers.

1

Consider any point P in PG(6-1, qm+ ). Then P corresponds to a 1-

dimensional subspace Wl,of a 0—dimensional vector space over

]

GF(qm+l). Let s be a basis of W,. Then

W. ={cs: ce GF(qm+l

. )},
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By lemma (4.3.2), the (N+1)-vectors over GF(q) corresponding to Wl form
a (mt+l)-dimensional subspace of VN+1' But, by lemma (4.3.1), there
isaone-one correspondence between m-flat spaces of PG(N,q) and the
(m+l)~-dimensional subspaces of VN+1' So P 1is represented by an m-flat

space in PG(N,q). But P is an arbitrary point. Hence every point of

PG(G—l,qm+l) is represented by an m-flat space of PG(N,q).

Let EN and s, be any two points in PG(G-l,qm+l). Then let
- . o1
Wolsy) = {e sy ce GF(qg )}
and
_ . m+1
We(§2) = {c‘§2. c € GF(q )}

be the corresponding l1-dimensional subspaces in Ve. Let Si (i =1,2)

be the corresponding (m+l)-dimensional subspace of We(gi) (i =1,2) in

1 2

VN+1' Let zm and Zm be the m~-flat PG(N,q). That is,

s, +— W_(s.) > S < > Zl

=1 8 —1 1 m °’
and

2
— > S« >
5 Wy (sy) 2 In

Suppose Zi and Zi have a common point, say x. That is
Zl n 22 = {x} .
m m

Then the l-dimensional vector space corresponding to x, say D(x),
belongs to both (mt+1)-dimensional subspaces 31 and 32 of VN+1'
That is,

Si > D(x), i=1,2.

But there is one-one correspondence between the points of Ve over
GF(qm+1) and the points of VN+1 over GF(q). So the q #8-vectors

corresponding to the q (N+1)-vectors of D(x) can be written as either
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O, cju38ys €U8ys s Co_1%8ps

or
9s cupSys CpUpSps +evs Co_1Ur8ys

where u, and u, are non-zero élements of GF(qm+1); and c

1

(i =1,2,...,q-1) are non-zero elements of GF(q). Then

i

u u,s

151 T U5 .

or

515 % Y28

-1

So, 54 and 5, Trepresent the same point in PG(6-1, qm+l). Hence
the m-flats corresponding to these points are equal, Zi = Xi .

Therefore the m-flat spaces of PG(N,q) representing the points of

PG(6-1, qm+l) are disjoint. The number of points in PG(6-1, qm+l) is
6 (mrt+1 +
P S C S
m+1l mtl ’
qg -1 (¢ 7-1)

and the number of points in an m-flat space is
mt+1
(¢ -1 /(q-1).

So all the (qN+l—1)/(q-l) points of PG(N,q) are accounted for. That
is, Sm is the set of m-flat spaces corresponding to the points of

PG(o-1, ™).

Example (4.4.1). Let q=2, N=3 and m = 1.

Then 6 = 2.
The elements of GF(22) are
0, x, x2, 1
where
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x2 +x+ 1= 0.

The points of PG(1,22) are

Pl: _s_l = (OQX)’ Pl.: §4 = (1: l)’
2
Pyt s, = (1,x7), P By = (x,0) ,
Py: 85 = (1,x).
W(gl): 00 Ox2 01 0x — P
W(§2): 00 x1 xzx lx2 — P,
W(§3): 00 x> le 1x D Py
2.2
W(§ﬁ). 00 xx XX 11 — P4

W(gs): 00 x20 10 x0 +——> P

The 2-dimensional subspaces corresponding to W(gi) are:

Sl: 0000 0011 0001 0010
SZ: 0000 1001 1110 0111
S3: 0000 1011 1101 0110
S4: 0000 1010 1111 0101
SS: 0000 1100 0100 1000

Finally, the 1-flat spaces in PG(3,2) are

1-flat spaces points
L,: 0011 0001 0010
LZ: 1001 1110 0111
Lg: 1011 1101 0110
L4: 1010 1111 o101
Lgs 1100 0100 1000 .
A spread Sl’ of 1-flat spaces in PG(3,2) is
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(i) x. =0, x, = 03

0 1
(ii) xl+x2 =0, x0+x2+x3 = (3
(iii) x0+x3 = 0, x1+x2+x3 = 03
(iv) x0+x2 = 0, x1+x3 = 03
(v) X, = 0, Xq = 0.

4.5 A method for obtaining (Nxm) matrices.

Let

H= () i=1,2,...,N; j=1,2,...,m,

where h,, € GF(q), be an (Nxm) matrix with rank m and property

ij
12T e

rows in common) of H such that

Rt(r "r£)° Let H,,H

l, 2"

oooooo

Hi is a (riXm) matrix, i = 1,2,...,£. Then

Also

rank Hi =T i=1,2,...,4,

as H has property Rt(rl,rz,...,rz). Further, if (hil’hiz"'

is any row in H, then the m-vectors

(c hil’ c hiZ""’C him)’ c € GF(q),

do not occur in the matrix H. That is, the row vectors of H
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(4.5.2)

(4.5.3)

eyh, )

im

are



distinct points of PG(m-1),q). So, for any i, the r, points of

PG(m-1,q) corresponding to the r, Trow vectors of Hi’ are independent. .

So they generate a (ri—l)—flat space in PG(m-1,q). That is, the r,
row vectors of Hi correspond to a basis of a (ri—l)—flat space in

PG(m-1,q). Let ces zr _y be the £ flat spaces cor-

zrl—l’ Zr2—1’

responding to the submatrices Hl’HZ""’Hl' Let Zri —1’zr, -l""’zr -1

1 b 1,
be any t of these flat spaces. Then their join is a {( ) r; )-1}-
31 73
flat space in PG(m-1,q), since the rank of the submatrix
-y _
4
G = 4, (4.5.4)
H

t

is () r, ).
=1 j
So to construct an (Nxm) matrix H with property Rt(rl’rZ""’rl)’

it is sufficient to obtain disjoint flat spaces Zrl—l’zr —l""’zrz—l
of PG(m~1,q) such that the join of any t of these flat spaces,
Zr -1’ 2r e A zr .—1 is a {( § r, )-1}-flat space

i 1 Lh '

1 2 Te =1

Theorem (4.5.1). There exists an (Nxm) matrix H over GF(q)

with property Rz(ﬁxn) if n divides m, where N = £xn, £ = (qm—l)*

(q™-1).
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Proof. Suppose n divides m. Then £ = (qm—l)/(qn—l) is an
integer. Let TisToseeesTy be a spread Sn—l of (n-1)-flat spaces in

PG(m-1,q). Then by theorem (4.3.1),
s ;| = &= ("1 /(q"-D). (4.5.5)

Without loss of generality, we can take for any i,

\

r
Bi-1)n+1,1’ Bi-1)a+1,2’ ***° Pli-Dntl,m
Bei-1yn+2,1° Pi-Dn+2,2° 7 Pli-Dnt2,m

(4.5.6)

Lhin,l > hin,2 ’ hin,m

as a set of n independent points in the flat space LR

matrix Hi formed by taking the m-vectors of (4.5.6) as row vectors,has

rank n. Further, for any two (nxm) matrices Hi and H

j’

has rank 2n, since the join of 7, and w_ 1is a (2n-1)-flat space.

i ]

Hence the matrix

1
H = H
£n x m ..?..

has property Rz(lxn).
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Definition (4.5.1). An (Nxm) matrix H of rank m with property

Rt(rl,rz,...,rz) is said to be complete if it is not possible to adjoin

an (r£+IXm) submatrix HJ‘,'+1 to H such that

H¥* = | .0, , T > 1
241 £+1

( Jrpxm Hpr1
i=1

has property Rt(rl’r2’°"’r£’r£+l)'

Lemma (4.5.2). The (£nxm) matrix H obtained in theorem (4.5.1)

is complete.

Proof. The £ (n-1)-flat spaces, TisTps«esTy corresponding
to Hl’HZ""’Hl of H form a spread of PG(m-1,q). Hence any m-vector
in PG(m-1,q) 1is covered by one of (n-1)-flat spaces, LTLPYRERFLIP
That is any m-vector not in H will be dependent on the rows of

Hl’HZ""’HZ' Hence the result.

Example (4.5.1). q=2,n=2, m= 4.

So
4
2°-1
From example (4.4.1), the spread S of 1-flat spaces in PG(3,2) is
1
Xy =0, x, =0 {0011, 0001, 0010}
Xy = 0, Xq = 0 {1100, 0100, 1000}
x0+x2 = 0, xl+x3 =0 {1010, 0101, 1111}

x +x., = 0, x1+x2+x3 0 {1011, 1101, 0110}

x,+x, = 0, x0+x2+x3 = 0 {1001, 1110, 0111}
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. m. That is there are sy (rixm) submatrices (i

Hence the matrix H with property R2(5x2) is

0001
0010
0100
1000

H = 1010
10%4 0101
1011
1101
1110
0111

Notice that it has rank 4. But if we take any 4 rows of H then they

may not be independent. For example,

0001
0010
0100
0111

are dependent. Also any three rows may not be independent. For example,

0001
0100
0101.

Suppose H 1is a matrix with property RZ(Blrl’SZrZ"" and rank

> skrk)
1,2,...,k). Also

£ = sl+52+...+sk
and
k
N = 121 siri

Theorem (4.5.3). There exists an (Nxm) matrix H with property

RZ(Slrl’ser""’Skrk) if
i) ry divides m s

ii) r, divides ri_q i=2,3,..,.5k,

where
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1l 2 k
and
r
m i-1 j
0<s, <=L 7y sjﬂ?—i. (4.5.7)
q i -1 j=1 q i,
and
m_, k-l iy
s, = 1= _ Z s, =1, (4.5.8)
k T, j=1 J Ty
q -1 q -1
) A | 2 1
Proof. Let Srl_1 = { Zrl—l’ o R zrl—l} be a spread of

r
(r,-1)-flat spaces of PG(m-1,q), where h, = (qm-l)/(q l—1). The
1 1

1 R
spread Srl_1 exists as rl divides m. Now take Hl’HZ""’Hsl as

s
the (r,xm) matrices of rank r corresponding to zl ,22 ,...,X 1
1 1 rl—l rl—l rl—L

Delete these (rl—l)—flat spaces from Si -1 Then each of the (rl—l)—
1

flat spaces in the deleted set has a spread of (rz—l)—flat spaces as r,

divides r,. Let 82 denote the collection of (r,-1)-flat spaces
1 r,-1 2
2 Sl+l sl+2
of the spreads corresponding to the (rl-l)—flat spaces, s seeny
h rl—l rl-l

Zrl-l' Without loss of generality, we can take
1

h
2 el 2 2
sr2—l =1 zr2-l’ Zrz—l’ Tt Zrz—l} ’

where

m_y 1
hy = (= -5 | x &=L | (4.5.9)
2 ry 1 r,
q -1 q -1
Now take HS +1° HS FOTREREP HS 4+ as the (rZXm) matrices of rank r,
1 1 172
corresponding to the first 5, (rz-l)—flat spaces in si -1" Similarly,

2

the rest of the submatrices of rank r3,r4,...,rk, can be obtained.

130



Clearly the matrix H so obtained has the property RZ(Slrl’SZrZ""’
skrk) as we are dealing with submatrices corresponding to disjoint flat
spaces.

The matrix so obtained is complete as each point of the geometry

PG(m,q) 1is covered exactly once.

Example (4.5.2). q =2, m= 4, r, = 2, r, = 1, s = 3, s, = 6.

So £ =9 and N = 12.
4
hl'"'z—z_'l"=5
2°-1
So, 0= Sy <5

and

h2 = (5—sl)X3 = 15-3s1 .

We shall construct a matrix H with property R2(3x2, 6x1) .

( Xq = 0, X = 0
. X, = o, Xy = 0
ST = A
1 x0+x2 = 0, x1+x3 =0
x0+x3 =0, xl+x2+x3 =0
L xl+x2 =0, x0+x2+x3 =0
So
q = |000L
1 0010
S [T
2 1000
. 0101
3 |1010

From the spread of {x0+x3=0, x1+x2+x3=0}, we have
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™
]

[1011},

4
H5 = {1101],
H6 = [0110] .

Also from the spread of the line, {xl+x2=0, x0+x2+x3=0} we have
H8 = [1110},
H9 = [O111] .

so, the desired matrix H with rank 4 is

0001
0010
0100
1000
0101
H = 1010 (4.5.10)
12x4 1011
1101
0110
1001
1110
0111

We can also obtain matrices H when n does not divide m, with

property RZ(EXn). But the matrices so obtained may not be complete.

Example (4.5.3). q=2, t=2,n=2 and m= 5.

Consider the geometry PG(4,2). It has 31 points. There does not
exist a spread of lines (1-flat spaces) in the geometry. But consider

the following l-flat spaces and their points
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L1: 01001 10010 11011

L2: 10001 11010 01011

L3: 11001 01010 10011

L4: 00001 01101 01100

L5: 00010 10101 10111 (4.5.11)
L6: 00011 11101 11110 U
L7: 10000 00100 10100

L8: 01000 00110 01110

L9: 11000 00111 11111

These nine lines are disjoint and cover 27 points of the geometry. The

remaining four points are

P,.: 00101, P

28 01111; P

10110; P 11100 (4.5.12)

29° 30° 31°

Any line passing through any one of these four points intersects at
least one of the above (4.5.11) nine lines. Now consider the matrix H

obtained from the above nine 1l-flats,

01001
10010
10001
11010
11001
01010
00001
01101

H = 00010 . (4.5.13)

10101

00011

11101

10000

00100

01000

00110

11000

00111

The matrix H clearly has property R2(9x2). But it is not complete as

we can adjoin any one of four points (4.5.12) to have property R2(9XZ,1).
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This result can be extended for higher values of m, when n

does not divide m. We shall illustrate this method by an example.

Example (4.5.4). m=7,n=2,q=2, t = 2.

Adjoin "01" to all the odd rows of the matrix in (4.5.13) and

"10" to all the even rows. For example,

0101001
1010010
0110001
1011010

and so on. Let G, be the resulting (18x7) matrix. Clearly Gl has

property R2(9XZ). We can also obtain (18x7) matrices from the matrix

29 G3 and

G4 be the resulting matrices. Each of these matrices G2, G3 and G4

(4.5.13) by adjoining (10,11); (11,01) and (00,00). Let G

have property R2(9x2).

Consider the first two rows of G and the first two rows of G

1 2?

0101001 1001001
1010010 1110010

These four points are independent. That is the 1-flat passing through
the points 0101001 and 1010010 doesnot intersect the 1-flat passing
through 1001001 and 1110010. Similarly we can show that the remaining

pairs are independent. Hence the matrix,

""" (4.5.14)
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obtained by adjoining Gl’GZ’G3 and G, has property R2(36x2).

Consider the lines

{1000000, 0000101, 1000101} ,
{0100000, 0001111, 0101111} ,

{1100000, 0010110, 1110110}.

These lines do not intersect any one of the lines corresponding to the

matrix in (4.5.14), as the points 00101, 01111, and 10110 do not

lie on the 1-flat spaces, given in (4.5.11). Let

71000000
0000101
0100000

5 0001111

1100000

0010110

Then the matrix

39x7 3

(4.5.15)

(4.5.16)

has property R2(3QXZ). But it is not complete, as the corresponding

lines do not form a spread of 1-flat spaces in PG(6,2).

adjoin more than one point to H in (4.5.16).

4.6 General methods

Consider the matrix,
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000001
000010
000100
H = 001000
(12x6) 010000 (4.6.1)
100000
010101
101010
100111
111001
011011
110110

It has property R3(6XZ) and is complete. But the construction of

(Nxm) matrices with property Rt(rl’rZ""’rﬂ)’ t 2 3, which are
complete, is a very difficult problem. We shall give a simple procedure
for obtaining (Nxm) matrices with the desired property. But these
matrices may not be complete.

Let

r = max(rl,rz,...,rz).

An (Nxm) matrix with rank m, is said to have the property Pt if

no t rows of the matrix are dependent.

Lemma (4.6.1). If H is an (Nxm) matrix with property P

then H has property Rt(rl,rz,...,rz).

Proof. H is a matrix with property P - We can express H as

oooooo

H = (4.6.2)
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I ~1¢w

where Hi is a (riXm) submatrix and r, = N. Consider any ¢t
i=1
submatrices - say H1 ,Hi ,...,Hi . Let
1 2 t
— Hi —
1
H,
i
G = 2 (4.6.3)
Hi
t
£
Then the number of rows in G 1is equal to Z r, . But
=1 73
£
2 T = txr.,
=1 73
Hence
£
rank G = Z r, .
: i,
=1 73

That is, H has property Rt(rl’rZ""’rK)' But the converse of this

result is not necessarily true.

Example (4.6.1). Consider the (10x4) matrix in the example (4.5.1).

It has property RZ(SXZ) but any four rows are not independent.

Now we shall describe, in brief, a method for obtaining (Nxm)
matrices with elements from GF(q), which are of rank m and have property
Pt' These matrices were first obtained by Bose [5] in connection with
the problem of confounding symmetrical factorial designs.

Let t <N < qe—l, where t, N and 6 are integers. Consider
the extension field GF(qe) of GF(q). We can obtain a one-one
correspondence between the elements of GF(qe) and 6-vectors of the

vector space V as in the preceeding section (4.3),

e’
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6-1
d+a16+...+ae_16

) ¢e—— a

(ao,al,...,ae_1

where ¢ 1is a primitive element of GF(qe). Let 61,62,...,6N be

the distinct non-zero elements of GF(qe). In particular we can choose

6, =87, i=1,2,...,N
Let
B 2 3 £
8, 67 & 8,
5, 53 52 .. a;
Hy = (4.6.4)
2 .3 t
Sy Oy Sy +-- Oy

The determinant of any submatrix of HO’ formed by i,-th, i —th,...,it-th

1 2

rows is

l | (Gi - Gi ) u, v =1,2,...,t u# v
u v

and is therefore non-zero. Hence no t rows of HO are dependent.
Since x - xq, is an automorphism of GF(qe), and n® = n, if

n is an element of GF(q), it follows that if we delete from H. the

0
2 s ' t,T
g, qu, cens qu where s = [E] then any t rows

of the resulting matrix Hl will still be independent over GF(q); i.e.

columns headed by §

no linear combination of t rows of H with coefficients from GF(q)

1’
will vanish. If we now regard the elements of Hl as row vectors of
Ve we have a N x 6(t - [g]) matrix with elements from GF(q), which

has property Pt.'If thereare any columns in Hl that are dependent on

others we can delete them and still obtain a matrix H with property

[x] indicates the largest integer not exceeding x.
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Pt' Let the rank of the matrix H be m. Hence

Theorem (4.6.2). If t <N < qe-l, then we can find an (Nxm)

matrix H of rank m, with elements from GF(q), and having property

t
P, where m < 6(t - Pa])-
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