Abstract

HARRIS, LEONA ANN. Differential Equation Models for the Hormonal Regulation
of the Menstrual Cycle. (Under the direction of James F. Selgrade.)

There are growing concerns about the effects of environmental substances on the
sexual endocrine system. It is believed that estrogenic substances may disrupt the
sexual endocrine system by initiating or promoting such adverse effects as cancer,
developmental disorders, and the reduction of fertility [17, 40]. While these effects
appear to be more imminent during high levels of exposure to estrogenic substances,
concerns are increasing because low levels of exposure to estrogenic substances occur
more frequently for longer periods of time; in our diets (phytoestrogens), in the
environment (pesticides), and in contraception (spermicides and birth control pills)
and hormonal therapies [17, 40]. These effects might have a profound effect on the
menstrual cycle. Therefore, mathematical models that accurately predict the serum
levels of hormones that control the menstrual cycle would be useful tools in evaluating
the effects of environmental substances.

The human menstrual cycle is controlled by the pituitary hormones, luteinizing
hormone (LH) and follicle-stimulating hormone (FSH), and the ovarian hormones,
estradiol (E;), progesterone (P,), and inhibin (Ih). The pituitary hormones stimulate
the growth of ovarian follicles that secrete hormones and work to produce a fertilized

ovum. The mathematical models to be presented in this work predict the blood levels



of these five hormones as they interact to regulate and maintain the menstrual cycle.

The unmerged model has a pituitary component and an ovarian component con-
sisting of linear systems of ordinary differential equations with time dependent co-
efficients. The pituitary systems describe the synthesis, release, and clearance of
LH and FSH during the menstrual cycle, based on their response to Ey, P4 and Ih.
Functions representing the ovarian hormones are used as inputs into these systems.
The ovarian system describes the roles of FSH and LH in the development of ovarian
follicles and the production of E,, P, and Ih during the menstrual cycle. Functions
representing the pituitary hormones are used as inputs into this system. The merged
model is formed by merging the pituitary and ovarian systems together. The merged
system is a highly nonlinear system of delay differential equations that describes the
interactions between the five hormones throughout the menstrual cycle. This model
predicts reasonably accurate blood levels of these hormones observed in normally
cycling women as reported in the literature.

The merged system is shown to have two stable periodic solutions for the same
parameter set, a large amplitude solution that fits data found in the literature for
normally cycling women and a small amplitude solution arising from Hopf bifurcation
in the system parameters. The small amplitude cycle possesses many similarities
to the menstrual cycle disorder referred to as polycystic ovarian syndrome (PCOS).
Hormonal treatments for this abnormality are simulated and the large amplitude cycle
fitting the data for normally cycling women is successfully recovered. In addition,
simulations of exogenous estrogen exposure show that the large amplitude cycle can
be perturbed into the small amplitude cycle. Therefore, in this modeling environment,

an exogenous estrogen input disrupts the normal menstrual cycle.
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Chapter 1

Introduction

Ovarian and pituitary hormones work together to regulate and maintain the men-
strual cycle in adult women. The menstrual cycle is made up of two phases: the
follicular phase and the luteal phase separated by ovulation and menstruation. Dur-
ing the menstrual cycle, the pituitary secretes hormones that stimulate the growth
and development of ovarian follicles. Consequently, these follicles secrete hormones
which control the secretion of pituitary hormones. The pituitary and ovarian hor-
mones work together to release an ovum (egg) to be fertilized. If fertilization does
not occur, the cycle is repeated. The menstrual cycle is an integral part of the sex-
ual endocrine system, therefore many clinical studies have been performed to better
understand the mechanisms controlling this process. The behavior of the hormones
that control the menstrual cycle can be modeled mathematically using differential
equations that describe their interactions throughout the cycle.

In this work a model that predicts the blood concentrations of five hormones pro-
duced in the ovary and the pituitary as they interact to regulate and maintain the
menstrual cycle will be presented. The model has three components: the pituitary
component, the ovarian component, and the merged component. The first two com-

ponents of the model were first developed by Schlosser and Selgrade in [50, 54]. The
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first component of the model consists of systems of ordinary differential equations
that describe the synthesis, release, and clearance of the pituitary hormones, follicle-
stimulating hormone (FSH) and luteinizing hormone (LH) during the menstrual cycle,
based on their response to the ovarian hormones estradiol (E;), progesterone (P,),
and inhibin (Ih). Functions representing the ovarian hormones are used as inputs
into these systems. The input functions were approximated using data from the lit-
erature [41] for the serum levels of E,, P4, and Ih during the menstrual cycles of 33
normally cycling women. The second component of the model is a system of ordinary
differential equations that describes the roles of FSH and LH in the development of
ovarian follicles and the production of the ovarian hormones, Ey, P4, and Th, during
the menstrual cycle. Functions representing the pituitary hormones are used as inputs
into this system. The final component of the model is the merged system formed by
merging the pituitary and ovarian components together. This system is a nonlinear
system of delay differential equations that describes the interactions between the five
hormones throughout the menstrual cycle.

There are growing concerns about the effects of environmental substances on the
sexual endocrine system. It is believed that substances that mimic the effects of
estradiol and other estrogens may disrupt the sexual endocrine system by initiating
or promoting such adverse effects as breast cancer, ovarian cancer, developmental
disorders, and even the lowering of sperm counts [17, 40]. While these effects appear
to be more imminent during high levels of exposure to estrogenic substances, concerns
are increasing because low levels of exposure to estrogenic substances occur more
frequently for longer periods of time; in our diets (phytoestrogens), in the environment
(pesticides), and in contraception (spermicides and birth control pills) and hormonal
therapies [17, 40]. These concerns have led to many clinical studies to determine
the plausibility of such hypotheses. A disruption of the sexual endocrine system

caused by estrogenic compounds may have a profound effect on the menstrual cycle.
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Therefore a mathematical model that accurately predicts the serum levels of hormones
that control the menstrual cycle would be a useful tool in evaluating the effects of
exogenous compounds on the sexual endocrine system. In addition, such a model
could be used to test the effects of various hormonal methods of birth control such as
birth control pills, skin implants, and liquid injectables [33].

A review of various mathematical models of the human menstrual cycle from the
literature can be found in [12]. Many of these models are descriptive rather than
predictive and do not rely upon physiological mechanisms that control the cycle. In
addition, many models only address certain aspects of the menstrual cycle. For ex-
ample, models describing the effect of estradiol on serum levels of LH and FSH and
vice versa during the menstrual cycle that do not address the effects of progesterone
and inhibin [12, 35]. The model to be presented in this work is based on the physi-
olgical mechanisms in the hypothalamus, the pituitary, and the ovary that regulate
and maintain the menstrual cycle through the synthesis and release of hormones, the
development of ovarian follicles, and the positive and negative feedback relationships
of hormones during the cycle.

This dissertation is organized as follows. In Chapter 2 we provide a description of
the hypothalalmus-pituitary-ovarian axis and its role in the regulation of the human
menstrual cycle. In Chapter 3 we examine the model assumptions and structure of the
unmerged model consisting of the pituitary component and the ovarian component
as presented in [50, 54]. The ovarian component is reformulated to include dimen-
sional quantities that replace the concept of follicular “capacity” [54]. In Chapter
4 we provide theoretical results for the existence and uniqueness of solutions to the
pituitary and ovarian systems. The parameter estimation problem is discussed and
numerical and stability results are presented using parameter values identified by a
numerical method of optimizing parameters. In Chapter 5 we merge the pituitary

and ovarian components together and explore issues of existence and uniqueness for
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this nonlinear system of delay differential equations. We also study the existence of
periodic solutions and present results which give evidence for the existence of two
stable periodic solutions; a large amplitude solution that fits the data for normally
cycling women and a small amplitude solution arising from Hopf bifurcation in the
system parameters. In Chapter 6 we further analyze the small amplitude cycle and
demonstrate its similarities to PCOS, a common menstrual cycle abnormality. We
simulate possible hormonal treatments for this abnormality and successfully recover
the large amplitude cycle. We also show that exposure to exogenous estrogen for long
periods of time can disrupt the normal menstrual cycle. Finally, in Chapter 7 we
transform the merged system into a dimensionless system using the nondimension-
alization procedure to determine whether the number of system parameters can be

reduced.



Chapter 2

The Biological System

2.1 The Hypothalamus-Pituitary-Ovarian Axis

The endocrine system is a communication system of glands that regulate certain
body functions through the secretion of hormones into interstitial tissue. Hormones
are chemical molecules produced in the cells of endocrine glands which send messages
to other cells in target organs [45, 49]. Most hormones are carried to their target
organs by the blood, while some hormones act on cells within the organ in which
they are produced [49]. The hypothalamus, the pituitary, and the ovary are all en-
docrine glands that communicate with each other to regulate a woman’s reproductive
system. The hypothalamus is the part of the brain that connects the central ner-
vous system to the endocrine system via the Hypothalamus-Pituitary-Ovarian Axis
(HPO). By releasing the hormone Gonadotropin-Releasing Hormone (GnRH) into the
blood, the hypothalamus signals the anterior lobe of the pituitary gland to produce
the hormones, Follicle-Stimulating Hormone (FSH) and Luteinizing Hormone (LH)
[34]. FSH and LH are called gonadotropins because they stimulate the gonads, the
human reproductive glands.

In women the gonadal gland is the ovary. FSH and LH control the development
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of the ovarian follicles and the corpus lutea, and hence play an important role in the
production of ovarian hormones. Through negative and positive feedback loops to the
hypothalamus and/or the pituitary, the ovarian hormones regulate the production of
LH and FSH [34]. This hormonal control system is illustrated in Figure 2.1. A similar

control system exists in men, but will not be discussed in this work.

HYPOT HAL AMUS

A

G RH

Pl TU TARY

A

FSH LH

E P I h
271 4

OVARY

Figure 2.1: Hypothalamus - Pituitary - Ovarian Axis

A female’s reproductive system begins to develop as early as 9 weeks after gesta-
tion when the ovaries are differentiated [49]. The ovaries have two important roles:
gametogenesis, the production and development of ova (eggs) to be fertilized, and
steroidogenesis, the production of sex steroids, particularly estrogens, progestins, and
androgens [49]. Ovarian follicles are the functional compartments of the ovary which
nurture and release the eggs and produce hormones in response to changing serum
levels of LH and FSH. At birth, there are approximately 1-2 million inactive follicles

in the ovaries [25, 49]. The number of inactive follicles decreases to zero by the onset
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of menopause because some of these follicles are selected to undergo several stages
of growth and development, while the rest are left to undergo atresia, a process of
degeneration. On average, only about 400 growing follicles will be chosen to ovulate

in an woman’s lifetime [49].

2.2 The Menstrual Cycle

Before puberty, the hormonal control mechanism described in the previous section is
not functioning. Therefore the production of LH and FSH in the pituitary is “irregu-
lar” (non-cyclic) [45]. The beginning of a woman’s reproductive years marks a change
in the production of the gonadotropins and a change in the ovaries’ responsiveness
to them [49]. At this time, the cyclic process called the menstrual cycle begins. This
process is regulated by the secretion of GnRH from the hypothalamus, LH and FSH
from the pituitary, and estradiol (Es), progesterone (P,), and inhibin (Ih) from the
ovary. A normal menstrual cycle lasts for 25-32 days [41] and consists of two phases,
the follicular phase and the luteal phase separated by ovulation and menstruation,
respectively. A schematic diagram of the menstrual cycle is shown in Figure 2.2.
During the follicular phase of the cycle, the gonadotropins stimulate follicles to
grow and produce hormones, and a dominant follicle is chosen from the growing
follicles to be the one that will ovulate. Ovulation is defined to be the rupturing of
the dominant follicle and the release of the egg that awaits fertilization. Ovulation
initiates the luteal phase of the cycle in which the ruptured follicle is transformed
into the corpus luteum. The corpus luteum is a gland that is stimulated by the
gonadotropins to grow and produce hormones that inhibit the pituitary’s secretion.
If fertilization does not occur the corpus luteum undergoes a process of degeneration
called luteolysis, thereby taking away the inhibitory effect that it has on the pituitary.

A rise in gonadotropin secretion initiates menstruation and the follicular phase of the
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menstruation

\
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growth
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Figure 2.2: The Phases of the Menstrual Cycle: Appeared in the Fields Institute
Communications, Volume 21, 1999, Selgrade and Schlosser.

next cycle [53].

The menstrual cycle, continuing throughout a woman’s reproductive years, is
temporarily interrupted by pregnancy and terminated by menopause. The normal
cyclicity of the menstrual cycle can also be disrupted by exposure to certain environ-
mental substances and hormonal imbalances due to endocrine disorders. The ovaries
become inactive once all of its follicles have undergone atresia. This marks the onset
of menopause, the end of a woman’s reproductive years. At this time the feedback
loops from the ovaries to the pituitary and the hypothalamus no longer exist and the

hormonal control of the menstrual cycle is terminated.
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Before each menstrual cycle, several inactive follicles called primordial follicles are
selected to grow into primary follicles. The growth of primordial follicles into primary
follicles does not depend on hormonal secretion from the pituitary [49], therefore
we will not discuss that process in this work. Primary follicles consist of an egg
surrounded by a single layer of granulosa cells, and a basement membrane. The
granulosa cells inside the follicles have FSH receptors. Receptors are proteins formed
on the membrane of a cell or within the cell which bind to hormones targeting that
cell. These receptors are needed for a hormonal stimulus to take effect [45, 61].

The follicular phase of the menstrual cycle can be divided into three stages of fol-
licular growth and development: the menstrual follicular (MsF) stage, the secondary
follicular (SeF) stage, and the preovulatory follicular (PrF) stage. At the beginning
of each menstrual cycle, rising levels of FSH stimulate the growth of about 6-12 pri-
mary follicles [49]. We will call this group of follicles, menstrual follicles, as they
are selected to grow during menstruation. During this stage of follicular growth, a
layer of theca cells called the theca interna where LH receptors are found, is formed
outside of the basement membranes of the menstrual follicles. These follicles are
stimulated by FSH and LH to grow into secondary follicles, which are characterized
by an increase in the size and number of granulosa cells and the formation of a layer
of theca cells called the theca externa. The theca cells of a follicle provide the follicle
with its source of blood flow and allow estradiol to rapidly enter general circulation
[45, 61]. Stimulated by FSH and LH, the growth of the secondary follicles increases
the production of estradiol. At the end of the secondary follicular stage, one follicle is
selected from the secondary follicles to be the one that will ovulate and the others un-
dergo atresia. This preovulatory follicle grows rapidly and secretes estradiol in large
amounts. During the preovulatory follicular stage, estradiol peaks and stimulates
FSH and LH to surge. The LH surge induces ovulation, the rupturing of the primary
follicle and the release of the egg to be fertilized. This marks the onset of the luteal
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phase. During this phase of the cycle the ruptured follicle is transformed in the corpus
luteum. The granulosa cells and theca cells become luteal cells which are stimulated
to grow by LH [49]. As the corpus luteum grows it begins to produce progesterone
and inhibin in large amounts, while continuing its production of estradiol. Inhibin
and progesterone secretion is important in the luteal phase because these hormones
inhibit the production of FSH and LH, respectively. If fertilization of the released
egg occurs, the corpus luteum secretes hormones in preparation for pregnancy. If
fertilization does not occur, the corpus luteum undergoes luteolysis, thereby taking
away the inhibitory effect it has on the pituitary. The decrease in hormone secretion
from the corpus luteum causes menstruation and a rise in the production of FSH and

LH. This initiates the beginning of the next cycle.



Chapter 3

The Unmerged Model: Model

Assumptions and Structure

In this chapter we will discuss the mathematical structure of the unmerged model
which has two components: the pituitary component and the ovarian component.
The pituitary component depicts the ovary’s hormonal control of the pituitary, while
the ovarian component depicts the pituitary’s hormonal control of the ovary. The first
two components were presented in [50, 54] by Schlosser and Selgrade. The authors
focused on the hormonal structure of the HPO axis and the qualitative behavior of
the five hormones that regulate the menstrual cycle. In this work we will: (i) optimize
the model parameters so that the output yields good approximations to data found in
literature, (ii) study the stability of model simulations, and (iii) validate the model by
merging the first two components together and testing the effects of external forcing
on the output. The merged model will describe the hormonal interaction between the
pituitary and the ovary throughout the menstrual cycle. This model will be discussed

in detail in Chapter 5.

11
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3.1 The Pituitary Component

The pituitary component describes the synthesis, release, and clearance of FSH and
LH based on the pituitary’s response to serum levels of Es, P4, and, Th. This compo-
nent consists of two systems, the FSH system and the LH system, of 2-dimensional
ordinary differential equations with time dependent coefficients. Each system is linear
in its state variables, however the time dependent coefficients are nonlinear functions
of the ovarian hormones. Equations representing the serum levels of the ovarian
hormones during a menstrual cycle are used as inputs into the pituitary systems in
order to predict the serum levels of the pituitary hormones during that cycle. The
input functions are chosen so that they approximate the data for serum levels of
E,, Py, and Th found in the McLachlan et al. paper [41] and that the resulting levels
of FSH and LH also fit the data in this paper.

This data was used throughout this modeling process because this was the only
paper we could find that presented the full hormone profiles for each of the five
hormones we are modeling. The hormone profiles presented in the McLachlan paper
are illustrated in Figures 3.1 and 3.2 and the approximate serum levels are listed
in Table A.1 in Appendix A. The authors of [41] describe an experiment that was
performed on 33 normally cycling women whose hormone levels were recorded each
day for a complete cycle. The data values for each woman were then normalized
around the day of her LH surge so that the data for all 33 women could be averaged
together to get the daily mean serum levels in Table A.1 [41]. This lumped data is
used to represent the blood levels of the pituitary and ovarian hormones during a
normal menstrual cycle.

The data for the ovarian and pituitary hormones found in the McLachlan paper are
given for days 0 to 30. However, in order to determine whether each system accurately

predicts the normal periodic behavior of the hormones during the menstrual cycle it
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Figure 3.1: Daily mean serum levels of estradiol, progesterone, and inhibin of 33
normally cycling women. Appeared in McLachlan et al. [41].

is necessary to assume that the hormone data is periodic. The period is chosen to
be p = 31 for the following reasons: (i) the blood concentration of each hormone at
day 30 is greater than the level on day 0, and (ii) the slope of the tangent line of the
data points at day 30 is negative (ie. the data is decreasing at day 30). Therefore we
make the assumption that the hormone levels at day 31 are equal to those at day 0
and that the serum levels repeat every 31 days.

The FSH and LH systems are two-compartment models consisting of the pitu-
itary and the blood. FSH and LH are synthesized in the pituitary and held on

reserve in a releasable pool to be released into the blood. RPpgy(t) and RPpy(t)
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Figure 3.2: Daily mean serum levels of FSH and LH of 33 normally cycling women.
Appeared in McLachlan et al. [41].

are state variables in the pituitary systems representing the amount of FSH and LH
held on reserve in the pituitary at time ¢ days and F'SH(t) and LH(t) are the state
variables representing the concentrations of FSH and LH in the blood at time t¢.
Es(t), Py(t), and ITh(t) are the functions describing the blood levels of the ovarian
hormones at time ¢ that are inputted into the pituitary systems. Under the assump-
tion that the blood levels are periodic, input functions which approximate periodic
data are used in the systems. The input function for E; over one period is the sum
of a constant term and two “Gaussian” type exponential terms characterizing the

two peaks present in the estradiol profile, the largest one occurring on day 14 just
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before midcycle and the other occuring on day 23 during the luteal phase of the cy-
cle. Similarly, the input functions for P4 and Ih over one period contain a constant
term and one exponential term characterizing the peak of each of these hormones on
day 22 during the luteal phase of the cycle. In order to approximate periodic data,
exponential terms are added to the input functions to characterize the peaks for as
many periods as we wish to consider. The input functions used to approximate the

ovarian hormone data over two periods of data are as follows:

_(t—14)? _ (t—23)2 _ (t—45)2 _ (t—54)?
Ey(t) = ey+ee 2 4eze 4 tee 2 +ege 4 (3.1)
_ (t—22)2 _ (t=53)2
Py(t) = pro+prie P2 +prie 2 (3.2)
_(t—22)? _ (t—53)?
Ih(t) = ho -+ hle ha 4 hle ha | (33)

The functions in (3.1)-(3.3) were chosen to approximate the input data because
they are differentiable, non-oscillatory functions that rise and fall with the data.
We attempted to use other techniques to approximate the data, such as truncated
Fourier series approximation and spline interpolation. However, these techniques did
not yield favorable results. While these approximation techniques have the advantage
that they yield exact values for the data points and approximations for the points
in between, using them in the model presented several disadvantages. For instance,
function evaluations took much more time than for the exponential approximations.
This increased computation time was too costly during parameter estimation. Since
the truncated Fourier series and spline interpolation yield exact values for each data
point, the input functions using these approximations to the data were not smooth

enough to yield smooth solutions using a differential equation solver in MatLab.
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Figure 3.3: The ovarian hormone input functions used in the pituitary component
of the model as compared to the data in the McLachlan paper.

Functions representing one period of data are presented in [50, 54]. The input
functions presented in this work are different from the functions presented in [50, 54]
in the following ways: (i) the functions in (3.1)-(3.3) approximate two periods of
data, (ii) a exponential term is used in the estradiol function to approximate the
first peak instead of a quadratic rational function, and (iii) the parameter values are
not the same. The ovarian input function parameters that were estimated to fit the
data in the McLachlan paper are listed in Table A.2. For a review of the estimation
techniques used, see Section 4.2. The input functions used in the pituitary systems

are shown in Figure 3.3.
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In this model, gonadotropin synthesis and gonadotropin release are treated as
separate processes [50, 54]. This is an important feature of the model because these
processes have different control mechanisms. Synthesis refers to hormone production
and the formation of a releasable pool in secretory vesicles [50], while release refers to
secretion into the blood. The pituitary secretes FSH and LH into the blood in response
to GnRH. However, due to the complex nature of GnRH synthesis and release, this
model lumps together the direct regulation of the pituitary and the indirect regulation
of the pituitary via GnRH release from the hypothalamus as one control mechanism
[50, 54]. Therefore the ovary’s indirect regulation of the pituitary, characterized by
the release of GnRH in response to the serum levels of the ovarian hormones, appears
implicitly in the FSH and LH release terms of the pituitary systems. FSH and LH
are secreted in a pulsatile manner, however, it is assumed that the ovary responds
to average blood levels of FSH and LH [43]. Therefore, the systems in the pituitary
component predict the average blood concentrations of FSH and LH throughout the
menstrual cycle [54].

The FSH system consists of two coupled differential equations, one corresponding
to RPpgy in the pituitary and the other corresponding to FSH in the blood. Changes
in RPpgy(t) are determined by the amount of FSH synthesized in the pituitary and
the amount of FSH released into the blood. Similarly, changes in FSH(t) are deter-
mined by the amount of FSH released into the blood and the amount cleared from the
blood. The synthesis, release, and clearance rates for FSH are denoted by synpspy,

relpsy, clearpsy, respectively. Therefore the FSH system is of the form:



Chapter 3. The Unmerged Model: Model Assumptions and Structure 18

d

%RPFSH = SYnrpsyg — TelFSH (34)
YpsH = L relpgy —d (3.5)
dt = Vs relpsy clearrpsy .

The parameter vg;, represents the volume of distribution which is the portion of
the blood throughout which hormones are circulated after release. It is this propor-
tionality constant which relates the concentration of a hormone in the blood and the

amount of that hormone produced in the body by the relation [32, 59]:

Amount

Concentration = )
Volume of Distribution

The synthesis and release rates of FSH are modeled by rational functions of ovar-
ian hormones in which stimulatory effects appear in the numerators and inhibitory
effects appear in the denominators. A study by Chang and Jaffe [10] showed that
progesterone stimulates the release of FSH and LH when estradiol blood levels are
in a normal range during the late follicular phase. Tsai and Yen [58] demonstrated
that blood levels of FSH and LH decline after the administration of ethinyl estradiol.
This suggests that estradiol inhibits the release of FSH and LH into circulation. In
fact, their studies also showed that estradiol has a greater inhibitory effect on FSH
release than on LH release [58]. A preovulatory decline in FSH blood levels, not
present in the LH profile, provides further evidence of the greater inhibitory effect of
rising estradiol levels in the late follicular phase of the cycle. Therefore second order
inhibition of estradiol is used in the FSH release term, while a first order inhibition of

estradiol is used in the LH release term [50, 54]. The release rate of FSH is assumed
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to be proportional to amount of FSH on reserve in the pituitary, therefore

relpsy = relpsp(Ea, Py, RPpgp).

There is evidence that inhibin has an inhibitory effect on FSH synthesis [26, 30,
41, 52]. Therefore the synthesis rate of FSH is assumed to be a function of inhibin
concentrations, that is

SYNpsH = Sy?”LFSH<Ih)

The period of time between changes in inhibin blood levels and changes in the syn-
thesis rates of FSH is captured by incorporating a time delay, d;p,, into the input
function Ih(t) [50]. Finally, the clearance rate of FSH is assumed to be proportional
to FSH blood levels. Therefore the FSH system is of the form:

d

%RPFSH = synpsu(Ih) —relpsu(Es, Py, RPpsi) (3.6)

d 1

%FSH = U T€lFSH(E2,P4,RPFSH) —CZGGTFSH(FSH) (37)
dis

where

synpsu(lh) = R Th(t — o7n) (3.8)

14+ 7rPy(t
relpsu(Es, Py, RPpsy) = qi+S—E,ZEi)g)RPFSH (3.9)
2

and
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clearpsy(FSH) = clp FSH (3.10)

The compartmental structure of the LH system is identical to that of the FSH
system with state variables RPy and LH. However there are variations in the synthe-
sis and release terms because LH responds differently to ovarian hormone secretion.
Recall that estradiol and progesterone have a similar effect on LH release as they
have on FSH release, with the exception that estradiol has a greater inhibitory effect
on FSH release. Therefore a first order inhibitory effect of estradiol on LH release is
used instead of the second order effect used in the FSH system.

It has been shown that high blood levels of estradiol promote rapid LH synthesis,
therefore the numerator of the LH synthesis term contains a Hill function to reflect
estradiol’s stimulatory effect on LH. This effect is most evident in the late follicular
phase of the menstrual cycle when large amounts of estradiol are secreted by the pre-
ovulatory follicle, inducing the LH surge. The Hill function is a fractional expression

of estradiol concentrations of the form:

vE,(t)"

i (3.11)

where v is the maximal induction of Ey; on the production rate of LH, w is the
level of Es at half-max, and h is the Hill coefficient. These parameters need to be
chosen so that the Hill function increases rapidly as estradiol concentrations vary in a
normal range for late follicular phase levels. The Hill coefficient determines the rate of
increase. Based on the data for normally cycling women, Schlosser and Selgrade chose
a range of 200 and 600 ng/L [50]. This range includes normal and elevated levels of

estradiol and therefore the model can be used to monitor the effects of administering
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exogenous estrogens to existing estradiol levels.

In the luteal phase of the cycle estradiol blood levels peak for a second time,
however, this peak is not as substantial as the late follicular phase peak. It is believed
that at this time progesterone blood levels inhibit LH synthesis [53]. As with Ih(¢) in
the FSH synthesis term, the time delays dg and dp, are used in the input functions

Ey(t) and P4(t) which appear in the LH synthesis term. Therefore the LH system has

the form:
d
aRPLH = SynLH<E2,P4)—T‘SZLH(EQ,P4,RPLH) (312)
d 1
%LH = " T@lLH(EQ,P4,RPLH)—CZGCLTLH(LH) (313)
dis
where
/UEQ(t_éE)h
wh+Eg(t—§E)h
synpp( By, Py) = , 3.14
ynru (B, Py) : Pi(t — op) ( )
w1
y(1 4+ 2Py(t))
lrg(Es, Py, RP = —— " RP, 1
7’€LH( 2, 4,R LH) 1—|—z1E2(t) R LH, (3 5)
and
clearpy(LH) = ¢l LH. (3.16)

A description of the 8 FSH system parameters and the 10 LH system parameters
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used in the pituitary component of the model and a discussion on how these param-
eters can be estimated to fit the data found in the McLachlan paper is provided in

Section 4.2.

3.2 The Ovarian Component

The ovarian component of the unmerged model describes the role of the pituitary hor-
mones in the development of ovarian follicles and the production of ovarian hormones
during the menstrual cycle. Due to the fast time scale of the release and clearance of
ovarian hormones [54], the ovarian component is not set up as a two-compartmental
model between the ovary and blood as in the pituitary component. Instead, the
ovarian component is a 9-dimensional system of ordinary differential equations which
track the capacity of the ovary to produce hormones throughout the various stages
of the menstrual cycle. The ovary’s capacity at each stage of the cycle is assumed
to be proportional to the mass of the follicles or corpus lutea at that stage [54]. In
this work we reformulate the ovarian component of the model as presented in [54]
to provide a physical meaning to the concept of follicular “capacity”. Here the state
variables are chosen to represent the mass of the “active” follicular or luteal tissue
during the corresponding stage of the cycle. By “active” mass we mean mass that is
growing and secreting hormones.

The ovarian component divides the menstrual cycle into 9 distinct stages of fol-
licular and luteal development. The follicular phase of the cycle is divided into three

stages:

i. Menstrual Follicular Stage (MsF'), representing the stimulation of several imma-

ture (menstrual) follicles by FSH;
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ii. Secondary Follicular Stage (SeF), representing the growth of the secondary folli-
cles induced by FSH and LH; and

iii. Preovulatory Follicular Stage (PrF), representing the selection and growth of the

dominant follicle stimulated by LH.
The period separating the follicular and luteal phases is divided into two stages:
i. Ovulatory Scar 1 (Scy), representing ovulation; and
ii. Ovulatory Scar 2 (Scg), representing luteinization.

The luteal phase is divided into four stages of luteal development:

Lut; for i =1,...,4.

A schematic diagram (adapted from a graph by Dr. Paul Schlosser) outlining the
effect of gonadotropin secretion on the nine stages of follicular and luteal develop-
ment is shown in Figure 3.4. The ovarian system is linear in its state variables with
time dependent coefficients that are nonlinear functions of the pituitary hormones.
MsF(t), SeF(t), PrE(t), Sci(t), Sca(t), Luti(t), Luts(t), Luts(t), and Luty(t), are
the state variables in this system representing the mass of the follicular and/or luteal
secretory tissue which is active during the corresponding stage of the cycle.
Equations representing the serum levels of the pituitary hormones during a men-
strual cycle are used as inputs into the ovarian system in order to predict the serum
levels of the ovarian hormones during that cycle. Using the superposition of “Gaus-
sian” type exponential terms to approximate the data for FSH and LH was somewhat
cumbersome due to their sharp peaks at day 15 (midcycle) and basal levels throughout

the remainder of the cycle. Therefore several exponential terms were used to achieve
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Figure 3.4: Stages of follicular and luteal development throughout the menstrual
cycle.

a good approximation. The input functions we used to approximate two periods of

pituitary data are:

—(t—5)2 —(t—15)2 —(t—18)2 —(t—36)2

FSH(t) = fle fa + f3€ fa + f5€ fe —|—f7e i)

—(t—46)2 —(t—49)2 —(t—67)2

foe To 4+ fse s 4 fre (317)
—(t—7)2 —(t—15)2 —(t—18)2 —(t—38)2
LH(t) = lp+le =2 +lze T  +lze & +le &
—(t—46)2 —(t—49)2 —(t—69)2

+lse a4 4lse v 4 lhe 2o (3.18)
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Using the parameters values found in Table A.3, the input functions used in the
ovarian system are graphed against the data from the McLachlan paper in Figure

3.5.
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Figure 3.5: The pituitary hormone input functions used in the ovarian component
of the model as compared to the data in the McLachlan paper.

Each of the nine variables in the ovarian system is a continuous function of time

with the following behavior:
a) it increases as the mass corresponding to that stage of development becomes active,
b) it reaches a peak during its highest level of activity, and then

c¢) it decreases as the active mass in that stage becomes inactive.
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A transfer of activity occurs from each stage to the next. For example, one follicle is
chosen from the growing secondary follicles to be the dominant follicle that continues
to grow until it ovulates. This represents a transfer of activity from the Secondary
Follicular Stage to the Preovulatory Follicular Stage. Hence, as the SeF(t) is de-
creasing because the mass in that stage is becoming inactive, the function PrF(#) is
increasing because the mass in that stage is becoming active.

In revising the model in [54], we opted to add an additional parameter to the
system equations, LHg, for dimensional consistency in the case when the exponents
of LH are fractions. The parameter LHy will have the same units as LH as it will

represent a unit of measurement of LH. Therefore the ovarian system has the form:

d LH(#)\*
—MsF = bFSH FSH(t) — MsF 1
M bFS (t)—l—{cl SH(t) — ¢ ( T, ) } s (3.19)
d LH()\* LH()\" LH(t)
—SeF = ——= | MsF — ] - ——= || SeF(3.20
@ CQ(LHO) i +C3(LH0 a\TZm, )| o320
d B LH(t) LH(t)\"
ﬁPrF = C4< TH, ) SeF — c; ( T, PrF (3.21)
d LH(t)\"
ESCI = (5 ( L[—[(O)) PrF — d1 SCl (322)
d
ESCQ = dl SCl — d2 SCQ (323)
d
aLutl = d2 SCQ — kl Lut1 (324)
d
ELUtQ = kl Lut1 — kg Lutg (325)
d
%Lutg = kz L'U,tg — kg Lutg (326)
d
%Lutz; = kg Lut3 — k’4 L’U,t4 (327)

As in the estrogen model presented by Keener and Sneyd [35,Chapter 19], the rate
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of change of each of the ovarian hormone concentrations can be written as:

9

% = Ui Z si Fy(t) — 0 C, (3.28)
where C' represents the hormone’s blood concentration, F; represents the active mass
of follicular or luteal tissue in the i** stage of the ovarian system, s; represents the hor-
mone’s secretion rate during the i** stage of the cycle, and 6 represents the hormone’s
clearance rate. We assume that the clearance of the ovarian hormones from the blood
is rapid compared to the development of follicles and corpus lutea (ie. the time scale
is much faster) [35] and, hence, ¢ is large. Dividing through by § in equation (3.28)

yields the left hand side € %<, where € =

o Therefore the system in (3.19)-(3.27),

1
5
together with the differential equation in (3.28) can be written as:

dF

= g(Fit 2
o g(F.t), (3.29)
e% — W(E,C,1), (3.30)

where F' = (M sF, SeF, PrF, Scy, Sce, Luty, Luty, Luts, Luty) and € is small [2]. Using

« ” : dC
the “pseudo-steady state” hypothesis [2, 35, 42], we assume that ¢ G- ~ 0 and hence

equation (3.28) reduces to:
C(t)~ Y CiFt), (3.31)

Si

o weights the i stage’s contribution to the total amount

where the coefficient C; =

of hormone produced throughout the cycle.
Estradiol is secreted mainly by the secondary follicles and the preovulatory follicle

and partially by the corpus luteum. Therefore the concentration of Es denoted by
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Est(t) may be written as a linear combination of SeF, PrF, and Lut,, that is:

Est(t) = e; + €2 SeF(t) + e3 PrF(t) + eq Luty(t). (3.32)

Progesterone and inhibin are secreted mainly in the luteal phase by the corpus lu-
teum, however inhibin is also secreted by the preovulatory follicle. Therefore the

concentrations of P4 and Th denoted by Prog(t) and Inh(¢) may be written as:

Prog(t) = pry Luts(t) 4+ pro Lut,(t), and (3.33)

Equations (3.32)-(3.34) are referred to as auxiliary equations. A description of the 12
system parameters and 10 auxiliary equation parameters used in the ovarian compo-
nent of the model and a discussion on how these parameters can be estimated to fit

the data found in the McLachlan paper is provided in Section 4.2.



Chapter 4

Analyzing the Unmerged Model

The unmerged model consists of three systems of ordinary differential equations,
the FSH system, the LH system, and the ovarian system. In order to determine
whether these systems accurately predict the blood levels of the pituitary and ovarian
hormones during the menstrual cycle, we must first find estimates for the system
parameters. In this chapter, we provide theoretical results for the existence and
uniqueness of solutions and a description of the parameter optimization techniques
used in this project. We also present numerical and stability results obtained from

using the parameter values in the pituitary and ovarian systems.

4.1 Theoretical Results for the Pituitary and Ovar-
ian Systems

Each of the pituitary and ovarian systems can be written in the form [54]:

X' = A(t) X + B(t) (4.1)

29
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where A(t) is a continuous matrix on [0,00) and B(t) is a continuous vector on
[0,00). The following theorem ensures the existence and uniqueness of a solution to

the system in (4.1) with X (0) = Xo.

THEOREM 4.1. Existence and Uniqueness of Linear, Non-autonomous
Systems of Ordinary Differential Equations. If A(t) and B(t) are continuous
on [0,00) and || Xo|| < 0o, then the system in (4.1) has a unique solution X (t) on
[0, 00) that satisfies the initial condition X (0) = X, [8].

Using the variations of constants formula [8, 46] for linear, non-autonomous sys-
tems of ordinary differential equations, these systems can be solved explicitly. The

closed form solutions for each system will be presented in this section.

The FSH System

If welet X = (X1, X3) = (RPpsy, FSH) € R?, then the FSH system in (3.6)-(3.7)

can be written as:

X' = Ap(t) X + Bp(®), (4.2)
where
_ %J%E(gg) 0
» P + sLs
An(t) = aiy(t) an(t) | _ . (43)
a3y (t)  aby(t) q(1 4 rPy(t)) —
Vais(1 + sEa(t)?) o
and
Ba(t) = WO\ _ [ TR —em/p | (4.4)

b (t) 0

Ap(t) is a continuous matrix and Br(t) is a continuous vector, provided that the input



Chapter 4. Analyzing the Unmerged Model 31

functions Fs(t), Py(t), and Ih(t) are all continuous. By the variations of constant

formula [8, 46], if Pr(t) is a fundamental matrix of the system,
X' = Ap(t) X, (4.5)
then the solution of (4.2) with the initial condition X (0) = X, is given by:
t
X(t) = ®p(t) @7(0) Xo+ Pr(t) / @, (1) Bp(r)dr. (4.6)
0

A fundamental matrix of the system in (4.5) is a nonsingular, solution matrix. This

system can be rewritten as:

X! = af(t) Xy (4.7)
XQI = agl(t) X1~|—a§2(t) XQ. (48)

A fundamental matrix, ®p(t), satisfying ®(0) = I, can be found by solving the first
equation and then substituting the result into the second equation and solving.

Using the integrating factor e~ /o @1(M4 the following solution to (4.7) is obtained:
Xi1(t) = X;(0) eloafs(dr (4.9)

After substituting this equation into (4.8) for X (¢) we obtain:
XJ —aby(t) Xo = ok (t) X,(0) eloohr()dr (4.10)

Multiplying both sides by the integrating factor e~ Jo agy(r)dr yields:

d ¢ ¢
- <X26_ [y a5 (r)dr ) = a(t) X;(0) eboloti(—az (), (4.11)
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Integrating both sides of (4.11) from 0 to ¢ we obtain the solution:

t _F

Xg(t) = XQ(O)OSOGQQ(T)(ZT

t
+ Xl(o)ef(fagz(ﬂd"'/ agl(S)efos[afl(T)*agz(T)]deS (412)
0

Therefore the solution matrix of (4.5) with ®(0) = I has the form:

elo afi(s)ds 0
Pp(t) = (4.13)

el an M [1oF (s)elilehi(n-ahlirgs g abds,

To check whether ®p(t) is a fundamental matrix we need to determine the det ®p(t).

By Abel’s formula [8, 46],

2 F

det Dp(t) = det Dp(0) efo Zizi i (), (4.14)
Therefore det ®p(t) = elo Zi1ai(Mdr £ 0 since det $r(0) =det(I) =1 and e” # 0 for
any z. Hence ®p(t) is a fundamental matrix of (4.5) with ®x(0) = 1.

The LH System

Similarly, if we let Y = (y,Y2) = (RPpy, LH) € R? then the LH system in
(3.12)-(3.13) can be written as:

Y' = AL(t) Y + BL(t), (4.15)
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where
N y£1+—2§483) 0
. I + 21809
Ay(t) = apy () ap(t) _ , (4.16)
az (t) agy(t) y(1 4 2Py(1)) —d
Vais(1 + 21 F5(t)) o
and
vEs(t — (5E)h
bE(1) T T B(t—w)
By(1) - _ L+ Py(t —op)/wr | (4.17)
by (t)
0

Apr(t) is a continuous matrix and By (t) is a continuous vector, provided that the
input functions, Es(t) and Pj(t), are both continuous. Therfore by the variations of
constant formula, the solution of (4.15) with the initial condition Y (0) = Yj is given

by:

t
Y () = By (1) @71(0) Yo + B (2) / &7 (1) By (r)dr, (4.18)
0
where
eJo afi(s)ds 0
p(t) = (4.19)
efg agy(r)dr f(f aé‘l (5)@.[08 [afy (1) —as; (T)}deS e.fg az (S)ds_

is a fundamental matrix of the system Y’ = Ap(t)Y with ®.(0) = I.

The Ovarian System

The ovarian system is different from the pituitary systems in that it is a 9-

dimensional system of differential equations. However, a closed form solution is



Chapter 4. Analyzing the Unmerged Model 34

obtained using a fundamental matrix in the variation of constants formula in the

same way as above. If we let
Z = (MsF, SeF, PrF, Scy, Scy, Luty, Luty, Luts, Luty) € R,

then the ovarian system in (3.19)-(3.27) can be written as:

Z" = Aou(t) Z + Bou(1), (4.20)
where
a9ty 0 0 0 0 0 0 0 0
aQr(t) aQ(t) 0 0 0 0 0 0 0
0  aQ(t) aQ¥t) 0 0 0 0 0 0
0 0  aQ¥(t) afP(t) 0 0 0 0 0
Aou(t) = 0 0 0 a2'(t) aQ¥(t) 0 0 0 0o |,
0 0 0 0 aP(t) aQ¥(t) O 0 0
0 0 0 0 0 aQ¥(t) a(t) 0 0
0 0 0 0 0 0  a@(t) aQi(t) 0
0 0 0 0 0 0 0 a$¥(t) aSe(t)

(4.21)
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and
b9 () bFSH(t)
b (t) 0
bV (t) 0
b9 (t) 0
Bou(t) = [ b9°(t) | = 0
be (t) 0
b () 0
bS (t) 0
bS (t) 0

The matrix Ap,(t) can be broken into 4 blocks in the following way:

Apy (1) Ad, (1)

AO’U (t) == 3
0 AOv(t)
where
(i FSH(t) — o (Lﬁ}?)a 0
LHH\® IO LH(t)
Al _ ©\ Tu, B\ Tm ) — %\ Tu
Ov(t) - LH(D)
0 Cy ( T, ) —c5
0 0
0O 00O0O0O
) 0O 00O0O0O
AOv(t) = )
0O 00O0O0O
—d; 00 0 00

35

(4.22)

(4.23)

(4.25)
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and

di —dy 0 0 0 0
0 d -k 0 0 0

Aw=10 0 &k -k 0 0 (4.26)
0 0 0 ko —ks 0
0 0 0 0 ki —k

Apy(t) is a continuous matrix and Bo,(t) is a continuous vector, provided that
the input functions, FFISH(t) and LH(t), are both continuous. Therefore by the

variations of constant formula, the solution of (4.20) satisfying Z(0) = Z, is given by:

Z(t) = @y (t) Poi(0) Zo + o, (t) / t @, (7)Boy(T)dr, (4.27)

where ®o,(t) is a fundamental matrix of the system

7' = Aou(t) Z (4.28)

with CI)Ov(()) =1
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This system can be rewritten as:

zZ! = a%'(t) Z (4.29)
Z) = aQ¥(t) Zy + aQ (t) Zs, (4.30)
Zs = aP(t) Zo + aSy(t) Zs, (4.31)
7] = aQi(t) Zs +aSy(t) Z, (4.32)
Zd = aSP(t) Zy +al¥(t) Zs, (4.33)
Z¢ = aQo(t) Zs + al¥ (t) Zs, (4.34)
7! = aSQo(t) Zg + ¥ (t) Z, (4.35)
Zy = aQo(t) Z; +aS¥(t) Zs, (4.36)
Zy = aS(t) Zs +aSy(t) Z (4.37)

To find ®p,(t) we will solve each of the equations in (4.30)-(4.37) by substituting

the previous equation’s solution and integrating from 0 to ¢. The integrating factors

for the system equations are e~ Jo af (T for §j = 1,...,9. Therefore the solution to
the first differential equation in (4.29) is
Z,(t) = Z1(0) eho H O, (4.38)

After substituting (4.38) into (4.30) for Z; and solving we obtain:

t
Z2(0) = Za0)e B 1 SE O [ Q05)7,(s)ei—E O as (139
0
t

— Z2(())ef(;5 a%y (r)dr + Zl(o)ef(f a202’u(7.)d7_/ a201v( )6f05[a?1“ T)—aQ¥( deS
0

Continuing this process for + = 3,...,9 we obtain the following closed form solution
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for Z;(t) :

t
Zi(t) = Zi(0)elo a7 (T 4 elo “gU(T)dT/ a(',)‘v (8)Zi—1(s)elo —eg (Mg, (4.40)
0

Due to the large number of nested integrals that appear in the fundamental matrix
$o,(t) derived from (4.38)-(4.40), we will not present the matrix elements explic-
itly. However, we should note that ®x(t), ®1(t), and ®p,(t) are all lower triangular

matrices with diagonal entries:

t L

Ofi(t) = e O gl(r) = e O and g0t = e BT (4.41)
respectively. These entries will become important in Section 4.3 when we discuss the
stability of periodic solutions of the pituitary and ovarian systems in (4.2), (4.15),
and (4.20).
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4.2 Estimating Model Parameters

We wish to determine whether the pituitary and ovarian systems accurately predict
data values for the blood concentrations of FSH, LH, Es, P4, and Th during a normal
menstrual cycle. To achieve this goal we must find estimates for all of the parame-
ters in the model. Some of the parameters have been found experimentally and are
presented in literature, however many of the parameters are unknown. In each of the
pituitary systems there are two sets of parameters that need to be estimated, the in-
put function parameters and the system parameters. However the ovarian system has
an additional set of parameters to be estimated, the auxiliary equation parameters.
In order to find optimal estimates for the unknown model parameters, we need a
numerical optimization technique that will identify these values. Each parameter set
was optimized using a “least squares” curve fitting technique. The goal of the tech-
nique is to find the set of parameters that minimizes a “least squares” cost function.

For the pituitary systems, we wish to find the set of parameters that minimizes:

62

C= Z |f(t:) — Hil?, (4.42)

i=0

where H; represents the hormone’s blood level given by the data in McLachlan et al.
[41] at time t; = 0,...,62 days (see Table A.1), f(t) represents the hormone’s approx-
imated blood level at time ¢t. Note that the approximated hormone level represents
the input function value or the solution value corresponding to a given hormone. To
estimate the parameters in the ovarian input functions, a cost function for each of
the ovarian hormones is minimized in which the input functions in (3.1), (3.2), and
(3.3) are substituted into (4.42) for f(¢). The pituitary system parameters were esti-
mated by solving the differential equations in (3.6)-(3.7) and (3.12)-(3.13) and then
substituting the solutions for F'SH and LH into (4.42) for f(t). When estimating the
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system parameters, the cost function represents the solution error of the differential
equations. In each minimization procedure the data values listed in Table A.1 are
repeated over two periods and substituted into (4.42) for H;, i =1,...,62.

For the ovarian system, the minimization procedure used to estimate the input
function parameters is the same as the procedure described above. The input func-
tions for FSH and LH given by (3.17) and (3.18) are substituted into (4.42) for f(¢).
A problem arises when attempting to estimate the ovarian system parameters be-
cause there is no data available corresponding to the mass of “active” follicular tissue
throughout the menstrual cycle. Therefore a different cost function must be used to
estimate the remaining parameters. The auxiliary equations in (3.32), (3.33), and
(3.34) are used to approximate the blood levels of the ovarian hormones during the
cycle. Therefore, we must use a cost function that calculates the error obtained from
the auxiliary equations, which are linear combinations of the ovarian system state
variables. The “least squares” cost function we used superposed the error for all of

the ovarian hormones in the following way:
62
C'=> |Est(t;) — Ei|* + |Prog(t;) — Pi|* + |Inh(t;) — L], (4.43)
i=0

where Est(t), Prog(t), and Inh(t) are the auxiliary equations in (3.32)-(3.34) and
E;, P;, and I;, are the data values for estradiol, progesterone, and inhibin listed in
Table A.1 repeated over two periods.

Algorithms were created in MATLAB, a software by MathWorks Inc., to optimize
the unknown parameter sets using the “least squares” fit to the data as described

above. A key component of the algorithms is the MATLAB function call,

T = fmins('cost fund, Ty, options),
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which uses the Nelder-Mead Simplex Method to find a local minimizer = of a cost
function, costfunc, starting with an initial guess, xy. The Nelder Mead Simplex
Method is called a direct search method because it systematically searches through
many points Z € R"™ until the minimum of a function f(z) € R is found [39, 60]. This
optimization procedure creates a search pattern by iteratively choosing simplices to
test. A simplex is a generalized triangle with (n + 1) vertices in n—space [39]. The
method starts with an initial simplex, orders the points on the simplex by their
corresponding function values from smallest to largest, and then replaces the worst
point (the point on the simplex with the largest function value) with a new point
having a lower function value. The new point is obtained by reflecting, expanding,
contracting, and/or shrinking the simplex with respect to the worst point. Once the
new point is found, it replaces the old point creating a new simplex. The process is
continued iteratively until a minimum is found. An outline of the two variable case
will follow.

An initial simplex (triangle) is created with a user-defined guess as one of its
vertices. The other vertices are selected in the first step of the optimization procedure
[39]. The function f(z,y) is evaluated at each vertex and the vertices are ordered by
their function values, ie. V; yields the best or lowest value, V5 yields the next lowest
value, and V3 yields the worst or largest value [39]. Therefore we have the following

relation:

() < F(Va) < [(Va). (4.44)

A diagram illustrating the choices for the next simplex is shown in Figure 4.1. The

steps for creating the new simplex from the initial simplex are as follows [39, 60]:

1. Reflect. Reflect the worst vertex V3 about the best line segment ViV, to get
the point R.
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Figure 4.1: These are the choices of the next simplex outlined in Steps 1 and 2.

(a) If f(V1) < f(R) < f(V3) then replace the worst point V3 with R forming
the new triangle Vi V5L R.

(b) Else if f(R) < f(V1), then expand R to E.

i. If f(F) < f(R), then replace V3 with E instead of R forming the new
triangle V1 VL E.
ii. Elseif f(E) > f(R), then form the new triangle with R, V1V,R.

(c) Otherwise, f(R) > f(V4). Go to Step 2: Contract.

2. Contract. If f(R) > f(V4), then contract between the midpoint M of V;V; and
the worst point V3 and the reflection point R, whichever one yields a smaller

function value.

(a) If f(Va) < f(R) < f(V3), then contract outside to C}, the midpoint of
MR.

i. If f(C1) < f(R), then replace V3 with () forming the new triangle
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VivaCh.
ii. Elseif f(Cy) > f(R), go to Step 3: Shrink.
(b) Else if f(V3) < f(R), then contract inside to Cy, the midpoint of M V3.

i. If f(Cy) < f(V3), then replace Vs with Cy forming the new triangle
ViVaCh.
ii. Elseif f(Cy) > f(V3), go to Step 3: Shrink.

3. Shrink. If f(C}) > f(R), or f(Cy) > f(V3), then shrink the triangle V;V5V5 to
ViM S where M is the midpoint of V4 V5 and S is the midpoint of V3 V3. The new
simplex is V/ M S. Evaluate f at each vertex and order the vertices, renaming

them. Then repeat Step 1.

Pituitary System Parameters

Three parameters used in the pituitary systems were not estimated using the
optimization procedure described above. The volume of distribution in (3.7) and
(3.13) is estimated to be vg;s = 2.5 L because the average woman has 4 —5 L of blood,
55% of which consists of blood plasma and the other 45% consisting of blood cells.
Therefore the volume of distribution is approximately 2.5L. [32, 59]. Estimates for
the clearance rates for FSH and LH, clr and cl;, were derived from measurements
presented in Coble et al. [13] and Kohler et al. [47]. These authors measured the
metabolic clearance rates for FSH and LH of pre-menopausal women, ages 20-27, and
obtained their average metabolic clearance rates: MCRpgy = 14.2+1.1mL/min and
MCRpy = 24.44+1.8mL/min. To obtain values for clr and cly, we scaled MC Rpsy
and MCRpg by the volume of distribution and converted to a time scale of days.
Therefore,

1 1440 min

~82day ! 4.4

ClF = MCRFSH X
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and

1 1440 mi
w M1y day ™. (4.46)

lp = MCR
o e 1 day

The remainder of the system parameters were unknown, therefore the Nelder Mead
Simplex Method was used to estimate them. For the FSH system in (3.6)-(3.7), there
were 6 unknown parameters: n, the maximal production rate of FSH; p, the inhibition
constant for the synthesis of FSH; ¢, the rate constant for the release of FSH into
circulation; r, the induction constant for the effect of P4 on the release of FSH; s, the
inhibition constant for the effect of Es on the release of FSH; and 4y, the time delay
of Ih(¢). The optimal estimates that we obtained for these parameters are listed in

Table 4.1.

Table 4.1: Estimates for the FSH System Parameters

Parameter Value

n 5700 pg/day
P 641 U/L

q 7.29 1/day

T 644 L/nmol
s 0.160 (L/ng)?
5Ih 2.00 days

These parameters, along with the ovarian input function parameters listed in Table
A2, were used to solve the FSH system in (3.6)-(3.7). A graph of the solution

compared to the data in the McLachlan paper is presented in Figure 4.2.
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Figure 4.2: Graph of FSH serum concentrations as predicted by the FSH system
where x represents the data points and — represents the solution curve.

For the LH system in (3.12)-(3.13), there were 10 unknown parameters: u, the non-
induced maximal production rate of LH; v, the maximal induction on LH synthesis;
w, level at half-max; h, the Hill coefficient; wy, inhibition constant for the synthesis
of LH; y, the rate constant for the release of LH; z, the induction constant for the
effect of P, on the release of LH; z;, the inhibition constant for the effect of Ey on
the release of LH; 0g, the time delay of Es(t); and dp, the time delay of P4(t). The
optimal estimates that we obtained for these parameters are listed in Table 4.2. These
parameters, along with the ovarian input function parameters, were used to solve the

LH system. A graph of the solution compared to the data is presented in Figure 4.3.
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Table 4.2: Estimates for the LH System Parameters

Parameter Value

u 1263.4 pg/day

v 91000 pg/day

w 360 ng/L

wy 31.22 L/nmol

Y 2.49 1/day

z 0.07 L/nmol

2 0.0049 L/ng

0g 0 days

op 1 days

h 8 dimensionless

400

350

300
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% 200

. . . . . .
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t days

Figure 4.3: Graph of LH serum concentrations as predicted by the LH system where
* represents the data points and — represents the solution curve.
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Ovarian System and Auxiliary Equation Parameters

The ovarian system in (3.19)-(3.27) and (3.32)-(3.34) has two sets of unknown
parameters to be estimated, the system parameters and the auxiliary equation pa-
rameters. There are 15 system parameters and 10 auxiliary equation parameters. The
system parameters are: b, the rate constant for the recruitment of inactive follicles
induced by FSH; ¢y, the rate constant for the growth of menstrual follicles induced
by FSH; co, the rate constant for the transfer of menstrual follicles into secondary fol-
licles; c3, the rate constant for the growth of secondary follicles; ¢4, the rate constant
for the transfer of secondary follicles into preovulatory follicles; c¢5, the rate constant
for the induction of ovulation by LH; d;, the rate constant for the transition from
ovulation to luteinization; ds, ki, ko, k3, and k4, the rate constants for the growth of
the corpus luteum during the luteal phase of the cycle; and «, 3, and v, the fractional
exponents of LH stimulation in the follicular phase of the cycle. Section 3.1.

The auxiliary equation parameters are: ej, the concentration of Es at basal level,
es the rate at which the secondary follicles contribute to the total amount of estradiol
in the blood; es, the rate at which the preovulatory follicle contributes to Es; ey, the
rate at which the corpus luteum contributes to Eo; pr; and pro, the rates at which the
corpus luteum contributes to the total amount of progesterone in the blood; hy, the
the concentration of Th at basal level; hy the rate at which the preovulatory follicle
contributes to the total amount of inhibin in the blood; and h3 and hy4, the rates at
which the corpus luteum contributes to Ih.

The minimization procedure using the “least squares” cost function in (4.43) did
not yield optimal estimates for these parameters (ie. the resulting parameter set
did not yield a good approximation to the data). We found two reasons for such
behavior: (i) this system has a large number of parameters to estimate at one time;

and/or (ii) the magnitudes of the errors in the cost function vary greatly and the
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error corresponding to one hormone (eg. inhibin) overshadows the error of the others
preventing the minimization procedure from succeeding. We opted to modify the cost

function to fit the ovarian system to estradiol. The modified cost function is:
62
Cp=Y_|Bst(t;) — Ei|*, (4.47)
i=0

where Fst(t) is the auxiliary equation in (3.32), and E;fori = 0,..,62 are the data
values for estradiol listed in Table A.1 repeated over two periods. Using this approach
there are 15 system parameters and only 4 auxiliary equation parameters to be esti-
mated. We felt that this was a sufficient approach to identify system parameters
because estradiol plays a more significant role throughout the menstrual cycle than
the other ovarian hormones. Estimates for the optimal system parameters are listed
in Table 4.3.

Once the system parameters were found, they were used to obtain estimates for

the remaining auxiliary equation parameters using the cost functions:

62
Cp = Z |Prog(t;) — Bil%, (4.48)
=0
and
62
Cr =Y [nh(t;) - L], (4.49)
=0

where Prog(t) and Inh(t) are the auxiliary equations in (3.33), and (3.34) and P; and I;
are the data values for progesterone and inhibin listed in Table A.1 repeated over two
periods. Estimates for the optimal parameters in the auxiliary equations for estradiol,

progesterone, and inhibin are listed in Table 4.4.
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Table 4.3: Estimates for the Ovarian System Parameters

Parameter Value

b 0.0040 L/day

¢ 0.0058 (L/ug)/day
e 0.0480 1/day

3 0.0040 1/day

e 0.0061 1/day

s 1.2655 1/day

d, 0.6715 1/day

ds 0.7048 1/day

ky 0.6876 1/day

ko 0.6900 1/day

s 0.6891 1/day

ky 0.7093 1/day

o} 0.7736 (dimensionless)
B 0.1566 (dimensionless)
vy 0.0202 (dimensionless)

Table 4.4: Estimates for the Parameters in the Ovarian Auxiliary Equa-

tions

Parameter Value

Parameter Value

€1
€2
€3
€4
pr

48.000 ng/L
0.1044 1/kL
0.1659 1/kL
0.2309 1/kL

0.0500 (nmol/L)/ug

pra 0.0500 (nmol/L)/ug
hy 274.28 U/L

ha 0.4064 (nmol/L)/pg
hs 0.4613 (U/L)/ug

hy 2.1200 (U/L)/ug
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Recall that each state variable in the system represents the mass of the follicular
and /or luteal secretory tissue which is active during the corresponding stage of the
cycle. Each state variable is represented by a continuous function of time which
increases to a peak as the mass of that stage reaches its highest level of (secretory)
activity and then decreases as the stage’s mass becomes inactive. The “capacity”
to produce hormones is transferred to the next stage, at which time the next state
variable is increasing. A graph of the nine state variables M sF, SeF, PrF, Sci, Sca,
Luty, Luts, Luts, and Luty, is shown in Figure 4.4.

1500

B
0
0
0

Mass of Fllulr and Lueal Tisse, g
o
o]
0

Figure 4.4: Graphs of the ovarian state variables predicted by the ovarian system.

To get a closer look at each phase of the cycle, the state variables are graphed
by phase in Figure 4.5. The first graph illustrates the transfer of “capacity” between
the stages of the follicular phase. Notice that the slopes of the hormone capacities
(as the stages become active) are increasing during this phase. This indicates that as
the menstrual follicles are growing into secondary follicles and then into preovulatory
follicles, they are becoming “active” faster and hence secreting hormones at a faster
rate. The SeF peak is much higher than the MsF peak due to the stimulation of
growth by LH. However, the PrF peak is lower because it represents the hormone
“capacity” of the preovulatory follicle (one of the secondary follicles chosen to be the

one that will ovulate). The second graph in Figure 4.5 illustrates an increase in
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Figure 4.5: Stages of Follicular and Luteal Development.
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hormone “capacity” just before ovulation due to the rapid growth of the preovulatory
follicle. The auxiliary equations for estradiol, progesterone, and inhibin in (3.32)-

(3.34) are graphed in Figures 4.6-4.8.
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Figure 4.6: Graph of E; serum concentrations as predicted by the ovarian system
where the o represent data points and the — represents the solution curve.
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Figure 4.7: Graph of P4 serum concentrations as predicted by the ovarian system
where the o represent data points and the — represents the solution curve.
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Figure 4.8: Graph of Ih serum concentrations as predicted by the ovarian system
where the o represent data points and the — represents the solution curve.
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4.3 Stability Results

In this section we will give evidence which suggests that the solutions of the pitu-
itary and ovarian systems presented in the previous section are locally asymptotically
stable. We will then show that using periodic input functions and the parameter
estimates listed in Tables (4.1)-(4.4), we can find periodic solutions of these systems

that are globally asymptotically stable.

4.3.1 Varying Initial Conditions in the Pituitary and Ovarian

Systems

By varying the initial conditions for the systems in (3.6)-(3.7), (3.12)-(3.13), and
(3.19)-(3.27), we wish to determine whether each system has a locally asymptot-
ically stable solution. For the FSH system we used the original initial condition
[RPpsu(0), FSH(0)] = [352,142.5] and 8 other initial conditions that greatly varied
the values for RPrsy(0) and FSH(0). The initial conditions we used to solve the
FSH system are listed in Table 4.5

Table 4.5: Varying the initial conditions in the FSH system.

RPpsu(0) FSH(0)

0 140
0 1400
0 10

1 1

600 600
140 0
1400 0
10 0

For the LH system, we used the original initial condition [RPry(0), LH(0)] =
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(600, 25.34] and initial conditions listed in Table 4.5 to vary the values of RPpy(0)
and LH(0). Figure 4.9 shows that even for a wide range of initial values the solutions
to the FSH and LH systems all converge to the same solution within 2 days, ie. each

of the pituitary systems has a locally asymptotically stable solution.
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Figure 4.9: Results of varying initial conditions in the pituitary systems.
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The ovarian system has 9 equations, therefore there were too many initial con-
ditions to vary to get a good feel for the stability of a solution. Therefore we chose
to observe the behavior of estradiol when varying the initial conditions of the state
variable which contribute to Est(t). These state variables are SeF', PrF, and Lut,.
The original initial condition is [9,1,1,1,1,1,1,1, 1]. The initial conditions we used

to solve the FSH system are listed in Table 4.6. The first set of initial conditions

Table 4.6: Varying the initial conditions in the ovarian system.

MsF(0) SeF(0) PrF(0) Sci(0) Sco(0) Luti(0) Lute(0) Luts(0) Luty(0)

9 0 1 1 1 1 1 1 1
9 10 1 1 1 1 1 1 1
9 100 1 1 1 1 1 1 1
9 1 0 1 1 1 1 1 1
9 1 20 1 1 1 1 1 1
9 1 200 1 1 1 1 1 1
9 1 1 1 1 1 1 1 0
9 1 1 1 1 1 1 1 15
9 1 1 1 1 1 1 1 30
9 0 0 0 0 0 0 0 0
9 10 0 0 0 0 0 0 0
1 500 1 1 1 1 1 1 1
1 1 300 1 1 1 1 1 1
1 1 1 20 1 1 1 1 20
30 1 1 30 30 30 1 1 30

varied the values of SeF'(0), PrF(0), and Lut,(0) while fixing the initial conditions for
the other state variables. The second set of initial conditions were chosen at random
to vary some of the other state variable’s starting points. The resulting solutions are
graphed in Figure 4.10. The first set of solutions are shown in the first graph and all
of the solutions appear in the second graph. From these graphs we see that when we

only vary the initial conditions of the state variables that contribute to estradiol, the
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solutions are converging to the same solution very quickly. We also see that when we
begin to vary the initial conditions for all of the state variables, solutions still seem
to converge to the same solution but it is taking longer when the initial conditions

are “far” from that solution.

t days

t days

Figure 4.10: Results of varying initial conditions in the ovarian system.

The second graph shows that the ovarian system is sensitive to large variations
in the initial conditions. This suggests that there is a weak attraction to a stable
solution. The graphs in Figures 4.9 and 4.10 provide evidence that each of the pitu-

itary and ovarian systems has a locally asymptotically stable solution that yields a
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good approximation to the data found in the literature. The results also suggest that
even for large variations in the initial conditions, convergence occurs. Next we will

investigate whether these solutions are globally asymptotically stable.

4.3.2 Periodic Attractors in the Pituitary and Ovarian Sys-

tems

Recall that the pituitary and ovarian systems in (3.6)-(3.7), (3.12)-(3.13), and (3.19)-
(3.27) have the form:

%(t) _A(8) X(1) + B(®), (4.50)
where
all(t) 0 0 0
agl(t) a22(t) 0 0
A(t) = 0 asn(t) as(t) 0 (4.51)
0 0 o et (t) ana(t)

is a continuous matrix in R"*" and X (¢) and B(t) are continuous vectors in R". In this
section we will show that if A and B are periodic with period w > 0, then the system
in (4.50) has a unique periodic solution X, (¢) which has period w and is globally
asymptotically stable. That is, we wish to show that X (t) — X, (t) as t — oo, where
X(t) is any other solution of the system. In each of these systems A(t) and B()
are functions of one or more of the five hormones, FSH, LH, E;, P4, and Th. If we
assume that each input function is a periodic function of time with period w = 31,
then A(t) and B(t) are periodic with period w. Selgrade and Schlosser [54] proved
the existence a unique w—periodic solution X, (¢) of the system in (4.50) provided

that the input functions are w — periodic and fow a;(T)dr # 0, i = 1,...,n, where
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the initial condition X, (0) is given by:

X,(0) = [I — ®(w)] ™ d(w) /Ow ®(s)"'B(s)ds

and ®(t) is a fundamental matrix of the differential equation

dx
E@) = A(t)z(t) (4.52)

such that ®(0) = I. Let X, (¢) be that solution. Selgrade and Schlosser also proved
that X,,(t) is globally asymptotically stable if [ a;(7)dT <0, i =1,...,n [53, 54].
We will show that when negative, these integrals determine the exponential rate of
approach to the globally asymptotically stable solution. Let X(¢) be any solution
of the system in (4.50) such that X(0) = Xy is not on X,,. If we define Y (t) =
X(t) — X, (t), then Y () is a solution of the differential equation in (4.52) such that
Y (t) = ®(t)Y,. The following theorem taken from [8] gives us a way to represent ()
as the product of a periodic matrix and an exponential matrix.

THEOREM 4.2. Floquet’s Theorem. Let A(t) be a continuous periodic matriz
with period w and let ®(t) be a fundamental matriz of the system in (4.52). There
exists a continuous, periodic matriz P(t) that is nonsingular and has period w and a
constant matriz R such that

d(t) = P(t)e™™. (4.53)
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since P(t) has period w. Therefore

and hence, the eigenvalues of ®(w) are the eigenvalues of e®. The eigenvalues of e/
are called the characteristic multipliers of the system in (4.52). If we can show that the
characteristic multipliers all have magnitudes less than 1, then all solutions of (4.52)
converge to 0 as t — oo (see [8] for further details). Therefore if the eigenvalues
of e all have magnitudes less than 1, then Y (t) = X(¢) — X, (¢) — 0 (that is,
X(t) = X,(t) as t — 00). In order to determine the magnitudes of the characteristic
multipliers, we will find the eigenvalues of ®(w) for the pituitary and ovarian systems
since we found fundamental matrices for each system in Section 4.1.

In Section 4.1 we showed that the fundamental matrices ®p(t), @ (), and Pp,(t)

were all lower triangular matrices. Therefore the diagonal entries:

5(25) = efot afg(f)dT’ i=1,2, (4.54)
sz(t) — efotaﬁ-(T)dT, 1=1,2 and (4.55)
21}(0 :efotagv(T)dT’ i=1,2,...,9, (4.56)

are their eigenvalues. Hence the characteristic multipliers of the system in (4.52) are

of the form:

N = elo et for =1 n (4.57)

We know that if A = e is a real eigenvalue of ef™ then p is an eigenvalue of R.

Therefore the eigenvalues of R are of the form:
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pi = ;/Owaii(s)ds for i=1,...,n. (4.58)
These are called the characteristic exponents of (4.52). If we can show that all of the
characteristic exponents are negative, then the characteristic multipliers in (4.54)-
(4.54) all have magnitudes less than 1 and X (¢) — X, (t) as ¢ — oo in each system.
And hence, there is a unique periodic solution X, () for each of the pituitary and ovar-

ian systems which is globally asymptotically stable. We will show that the integrals

in (4.58) are in fact negative for all of the systems.

Characteristic Exponents for the Pituitary Systems

The characteristic exponents of (4.52) are the convergence rates of the periodic
attractors of (4.50). The FSH and LH systems each have two characteristic exponents.
Let pI"Sf for i = 1,2, denote the characteristic exponents corresponding to the F'SH
system and pl* for i = 1,2, denote the characteristic exponents corresponding to the

LH system. Then the characteristic exponents for the FSH system have the form:

1 (¥ q(14+rPy(s))
FSH
= — —— 4.59
P~ w/o 1+ sFEs(s)? % (4.59)
and
1 w
phoH — —/ —clpds = —8.21. (4.60)
W Jo

The characteristic exponents for the LH system have the form:

1 [“ y(1+2P(s))
LH — — -~ 77d 4.61
A1 w /0 1+ 21Es(s) > (461)

and

1 w
pH = —/ —clpds = —14. (4.62)
wJo
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In order to obtain estimates for the characteristic exponents pI"# and pF in

(4.59) and (4.61), the integrals need to be approximated. Using a quadrature inte-
gration technique in MATLAB to calculate the integrals and the parameter fits from

Section 4.2, the following estimates were obtained:
PP~ —17.72, and pif ~ —1.612. (4.63)

This shows that all of the characteristic exponents of the pituitary systems are nega-
tive. Therefore there exists globally asymptotically stable periodic solutions, X5 (¢)
and XLH(t), for the FSH and LH systems, respectively. It can also be shown that
there exists K, Kr > 0 such that

‘YFSH<I§)| —_ ‘XFSH(t) o XfSH(t)‘ < KF6717.72t
and
V()] = |XHI(E) - XET ()] < Kpem o

Therefore it will take at most tpsy = 2.808 and t; g = 14.39 days for any solutions
to converge within 1071 to the periodic solutions of the FSH and LH systems. These

estimates were determined by finding ¢ so that e #* = 1 x 10719,

Characteristic Exponents for the Ovarian System

The ovarian system has nine characteristic exponents. Let p@? for i =1,2,...,9,
denote the characteristic exponents corresponding to the ovarian system. These char-

acteristic exponents have the form:
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e\ FSH(s) — ¢ (LH(S))Q> ds, (4.64)

T
S = i/o ( LHO —cy (LLH—}?»@, (4.65)
1

pdv = W/o — (LHO) ds, (4.66)
P’ = —dy = —0.6715, (4.67)
pf? = —dy = —0.7048, (4.68)
pd" = —k = —0.6876, (4.69)
PP’ = —ky = —0.6900, (4.70)
p" = —ks = —0.6891, (4.71)
pd? = —ky=—0.7093. (4.72)

We have to approximate the integrals in (4.64)-(4.66) to make sure that they are
negative. The following estimates were obtained using MATLAB:

PV~ —0.06, pS” ~ —0.2728, and pJ¥ ~ —1.357. (4.73)

This shows that all of the characteristic exponents of the ovarian systems are all
negative. Therefore there exists a globally asymptotically stable periodic solution
XOv(t) for the ovarian system. It can also be shown that there exists Ko, > 0
such that |YOU(t)| = | XOV(t) — X9¥(t)| < Ko,e %% Therefore it will take at most
to, = 384 days for any solution to converge to the X9?(t) (within 107°).



Chapter 5

The Merged Model: Assumptions and

Analysis

The merged model is obtained by merging the pituitary and ovarian systems together
into a 13-dimensional, autonomous system of delay differential equations that is highly
nonlinear. Our goal is to determine whether the estimated parameters from the
pituitary and ovarian components can be used in the merged model to reproduce the
hormone levels found in the data without using any inputs into the system. The state
variables from the pituitary and ovarian systems are the state variables in the merged
system. In addition, the pituitary inputs in the ovarian equations are replaced with
the state variables FSH and LH and the ovarian inputs in the pituitary equations are
replaced with the auxiliary equations for E,, P4, and Th in (3.32)-(3.34) which are
linear combinations of state variables. In this chapter, we provide theoretical results
for the existence and uniqueness of solutions of nonlinear, delay differential equations
(dde’s) and present numerical results for the merged system obtained using a dde

solver in MatLab. We also study the stability of steady state and periodic solutions.

64
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5.1 Theoretical Results for the Merged System

Results for existence and uniqueness of solutions of nonlinear systems of delay dif-
ferential equations are similar to those for ordinary differential equations. However,
when delays are introduced into the system the method of finding solutions and study-
ing the stability of those solutions is more difficult. Utilizing existence and uniqueness
results for ordinary differential equations a technique called the method of steps can
be used to determine whether a system of delay differential equations has a unique
solution [18]. In this section we will provide an outline of the method of steps, fol-
lowed by a simple example using the method. We will then show how the method of
steps can be used to establish the existence and uniqueness of solutions of the merged

system.

The Method of Steps

Consider the following system of delay differential equations with constant time de-

lays:
() = f(t, x(t), x(t — 1), x(t — 02),...,x(t — 0p)) fort >0, (5.1)
x(t) = o) fort € [0, 0], (5.2)
where f, ¢ € R" are continuous, 0y, da, ..., 6, > 0, and 6 = max,;—;__,{d:} [18, 36].

-----

-~

Iftel0,d], thent—6;, € [-d, 0] for i =1,...,m. By (5.2) we see that

z(t —9;) = ot — ;) fori=1,...,m.
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Therefore, for t € [0, 0] the system in (5.1)-(5.2) reduces to the ode:

2'(t) = f(t 2(t), ot — 61), Gt — 0a), ..., 0t — b)) = g(t, 2(t)), (5.3)
z(0) = ¢(0), (5:4)

where ¢ is a continuous function in ¢ and in z. If g is locally Lipschitz with
respect to x, then by the Picard-Lindel6f theorem [29] there exists a unique
solution z(t) that satisfies (5.3)-(5.4) for t € [0, ). A useful way to check
whether a function ¢(t,z(t)) is locally Lipschitz in x is to determine whether g

has continuous first partial derivatives in x [29]. Note that dg/0t may not be

continuous, but this is not needed for the existence and uniqueness of solutions.

Step 2: Solve the system in (5.1)-(5.2) for t € [;5\, 2A].

If t€[5,20], then —6<d6—6<t—0;<0 fori=1,...,m.

There are two cases:

(i) t — 0; € [—0, 0] in which case z(t — 0;) = ¢(t — 0;), or

(ii) t — &; € [0, 0] in which case z(t — &;) is determined by the solution z(t) on

t € [0, 0] found in Step 1. In either case, the equation in (5.1) reduces to the

system of ordinary differential equations:
2 (t) = h(t,z(t)) for each t € [, 24], (5.5)

where the initial condition is determined by the initial function ¢ or by the
solution of (5.3) found in Step 1. Further, the function h(¢, z(t)) is continuous
in ¢t and in x. If h is locally Lipschitz with respect to x, then the solution of

(5.5) on [5\, 23] exists and is unique.
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Step n (for n > 3): Solve the system in (5.1)-(5.2) for ¢ € [(n—1)3, nd] using the

results obtained in the previous steps.

Continue this process inductively stepping through intervals [(n — 1) §, nd] for n =

1,2, ... to obtain a unique solution defined on the desired interval [0, 3]. Notice that if

77777777

The following example illustrates how the method of steps is used to solve a simple

linear delay differential equation. Consider the system

Z(t) = ax(t) + bx(t —d) for t > 0, (5.6)
z(t) = ¢ for t € [—d, 0], (5.7)

Ift € [0,d|thent —d € [-d,0]. = =z(t—d)=c.
— 2'(t) —ax(t) = be.
d
= - [z(t) e '] = bce .
= Integrating both sides from 0 to ¢ we obtain:

x(t) = e’ (c + %) _ be for ¢ € [0, d].
a a
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Ift € [d,2d] then t — d € [0, d].

Continue this process for t € [2d, 3d], [3d, 4d], [4d, 5d], . . .

z(t —d) = et (=9 (c + @>

d

ol

() —ax(t) =b [e“‘td) (c +

68

= ey e = {bcead (1 . g) B %eatl |

Integrating both sides from d to t we obtain:

x(t) = [bc (1 + g) (t—d) — &] o0 (t=d)

+6a(t+d) (C + @) o @eat
a a

method of stepping through intervals of length d.

The Merged System

a

b c
+ =

as far as desired using this

The merged system is the 13-dimensional system of delay, differential equations given

by:

~RP
dt FSH

—FSH
dt

—RP,
g

—LH
dt

d
L MsF
a e

n q(1 +rPy) p
[h, t— 5 - 2 FSH,
14 ( 1h) 1+ sE;
p
1 q(l + 7‘P4)
———— RP, — clpFSH,
Vi 14 sEZ CTSH T CF
UEQ(t — 5E)h
w" + Ey(t — 6p)" Yy +2hy) RPui
1+P4(t—5p) 1+21E2 ’
wn
Ly(l + ZP4)

RP — c;LH
Vagis 1+ 2185 = AL

LH\“
bF'SH + |:CIFSH_CQ <L—Hg> ] MSsF,

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)
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d LH\* LH\" LH
—Sel = MsF — F q
dtSe o (LHO) sF + |c3 <LH0) c4 (LH0> SeF, (5.13)
d LH LH\"
—PrF = — F— — | Prf 14
i 4 (LHO) Se Cs <LH0> rF, (5.14)
d LHY\"
aSCl = Cp (L—I{O) PrF — dlScl, (515)
d
%SCQ == d1501 — ngCQ, (516)
%Lutl = ngCQ - leUtl, (517)
%Lutg = k’lLUtl - k’gLUtQ, (518)
d
aLUtg = kzLth — k’gLUtg, (519)
d
%LUIM = kgLUtg — k‘4Lut4, (520)
where
Ez(t) = €1+ ey SeF(t) + €3 PTF(t) + ey Lut4(t), (521)
Py(t) = pr Luts(t) + pro Luty(t), and (5.22)
Ih(t) = hy+ he PrF(t) + hs Luts(t) + hg Lut,(t). (5.23)
This system can be rewritten as:
Z'(t) = f(t, x(t), z(t — dg), x(t — dp), x(t — 01)), (5.24)

where © = (RPrsy, FSH, RPpy, LH, MsF, SeF, PrF, Scy, Sco, Luty, Luty, Luts, Luty).
If we define

f=ft, 2% ', 2?2

where x7 = z(t — 0;) for 8 =0, 6; = dg, 03 = dp, and d3 = J;, then f can be

written as [20]:
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f(t7 (L’O’ xl? x27 x3) -

n g +rPY) 0

1+ (IR*/p) 1+ s(E0)2 1

1 g(1+rP% 0

v 14 (B T T et
ut o(BY" (" + (BY)  y(1+2P)
— X
1+ (P?/uy) 14+ 5E° °°

1 y(1+2P°
y( +Z ) 0o ClLI‘i

0 L3
Vais 1+ 21 FE

0 «
by + [01$8—02 (L?Io) ] 78

0\« 0 \58 0
Ly 0 Ly _ Ly 0
“ (LH0> T [C3 (LHO) “ <LH0>] o

0 0
0 0
d2 Tg — k’l T1g
0 0

0 0

70

0 0

(5.25)

In (5.25), E°(t) = Es(t) and P°(t) = Py(t) are defined by the auxiliary equations

without delay given as:
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E° = )+ eaxd + esxn + eqnls, (5.26)

P = pral, + proals, (5.27)

and E'(t) = Fy(t — ), P*(t) = Py(t — dp) , and ITh3(t) = Ih(t — d;) are defined by

the auxiliary equations with delayed variables given as:

E' = e1+ eax + e3ry + eqxys, (5.28)
P? = prai, + proxi, (5.29)
Ih* = hy+ ho@d + hawdy + haals. (5.30)

This notation will become useful in keeping track of the delayed variables.
We will use the method of steps to guarantee the existence and uniqueness of a

solution z(t) of (5.24) for all ¢ > 0 given a continuous initial function ¢ () such that
x(t) = ¢(t) fort € [-0, 0], (5.31)

where § = maz{p,dp,8;} and & = min{ég,dp,8;}. The function ¢(t) is called the

history of z(t). For t € [0, d], the system in (5.24) reduces to:

d(t) = f(t, x(t), p(t —0r), d(t — dp), 6(t — 61)) = g(t,x(t)),  (5.32)
z(0) = ¢(0), (5.33)

where ¢ is a continuous function in ¢ and in x. If g is locally Lipschitz with respect to z,

then by the Picard-Lindeldf theorem there exists a unique solution z(t) that satisfies

~

(5.32)-(5.33) for t € [0, 0]. A useful way to check whether a function g(t,z(t)) is
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locally Lipschitz in x is to determine whether g has continuous first partial derivatives

in x [29]. To find the partial derivatives of g, we will differentiate f with respect to

its first dependent variable, 2°.

ofi ~ q(1+rP") dfs 1 q(1+7P%
oY 14 s(E0)2 02 wgis 14 s(E0)2
oh =0 ol = —cl
19 019 F
of of
oxy 0 ox 0
of o
0z 0 0z 0
o oh
oxd 0 oxd 0
dfi  2q(1+4rP°)sE%;a! fs 1 29(1 +rP°)sEeya}
0z (1+ s(E%)?)? 0x)  wvgs (14 s(E0)2)2
ofi  2q(1+4rP°)sE%;3x! Ofs 1 2¢(1+ rP%)sE e3x?
929 (1+ s(E)?)2 oxy  wvas (14 s(E0)?)?
ofi . Of2 _
ord 0 ory 0
ofi of2 _
oxd 0 ox 0
ofi Ofs

=0 =0
979, 079,
0fi B 9fs _
oxl, ! oxl, .
ofr _  qrpray Of _ 1 qrpraj
0z9, 1+ sx (E)2 019y vgis 1+ s % (E0)?
ofr qrproxy 2q(1 +rP%)s(E%) ey Ofs 1 2¢(1+ rP%sE%,x9
orf; 1+ s(E°)? (1+ s(E°)2)2 00y vgs (14 s(E9)2)2

1 grprox?

vais 1 + s(EY)?
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ofs
dxY
9fs
o)
ofs  y(1+ zP?)
6’x§ a 1 + ZlEO

afs

0
ox))

ofs

0
Oxy

Ofs  y(1+ 2Pz e}

920 (11 21 E9)2

Ofs  y(1+ 2Pz e}

920~ (14 21E0)2
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0
Oxg
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0
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0
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019
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Ofs
09
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0z
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@:178 - Vdis (1 + ZlEO)Z
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0z
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0
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0 fa 1 yzpraj
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0xly  was |1+ 2 E° (1+ 2 E%)2

where E° and PY are defined by the equations in (5.26)-(5.27).
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is a continuous matrix. Therefore ¢ is Lipschitz in z, and the system

-~

in (5.32)-(5.33) has a unique solution x(¢) on [0, §]. The method of steps guarantees

the existence and uniqueness of a solution z(t) for all ¢ > 0 by stepping through

intervals of length 5 = min{dg,dp,d;}. For each interval the history is known and

continuous and the partial derivatives (listed above) remain the same. Therefore the

merged system has a unique solution z(t) for all ¢ € [0, 00).
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5.2 Numerical Solutions of the Merged System

Now that we have established the existence and uniqueness of solutions of the merged
system when a continuous history is given, we can solve the system numerically in
MatLab. A delay differential equation solver, dde23 [56], was used to solve the merged
system using the parameter values obtained in Chapter 4 (see Tables 4.1, 4.2, 4.3, and
4.4). We opted to use a constant history ¢(t) = ¢g since ¢(t) is defined for at most
2 days (0 = max{dg,dp,0r} < 2). We used the initial conditions from the pituitary
and ovarian systems to form ¢, since they yielded good approximations to the data.
Graphs of the pituitary and ovarian hormones as predicted by the merged system are

presented in Figures 5.1, 5.2 and 5.3.
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Figure 5.1: Graph of LH as predicted by the merged system where o represent the
data and — represents the solution curve.
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Figure 5.2: Graph of FSH as predicted by the merged system where o represent the
data and — represents the solution curve.

These graphs show that using the parameters and initial conditions from the
unmerged model, the merged system reproduces the blood levels of the LH, E;, Py,
and Th presented in the McLachlan paper. However, the merged system does not
reproduce the FSH profile very well near midcycle. During the late follicular phase
(just before the gonadotropins surge) FSH blood levels do not decrease fast enough
and do not drop low enough to match the data, and the FSH surge is not nearly as
high as in the data. However, the merged system yields a good fit to the FSH data
during the early-mid follicular phase and the luteal phase. Also notice that there is a
second rise in FSH blood levels during the luteal phase as a result of the initial decline
in inhibin blood levels at the end of the follicular phase (see Figure 5.3). Recall that
the dependence of FSH on inhibin blood levels is delayed by two days.
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The parameters used to solve the merged system were estimated over two periods
of data using periodic input functions with period w = 31. However, the graphs in
Figures 5.1, 5.2 and 5.3 suggest that solutions are converging to a periodic solution
with period w = 29.5 (not w = 31 as we expected). The length w = 29.5 is consistent
with the duration of an average menstrual cycle [3]. Incidentally, this period length is
the length of a lunar month. Many researchers believe that there is some correlation
between the lunar month and the menstrual cycle [16]. Since the FSH profile is
different from what we expected, particularly the FSH surge, we decided to take a
closer look at the FSH synthesis and release terms in (3.8)-(3.9) for the unmerged and

merged systems. The graphs in Figure 5.4 compare the terms synpsy and relpsy
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Figure 5.4: Comparison of synpsy and relpsy in the unmerged FSH system
and the merged system where the dashed curve represents the unmerged
system and the solid curve represents the merged system.
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from the unmerged and merged systems. Here we see that in the unmerged (FSH)
system, the late follicular phase is marked by a buildup of FSH in the pituitary caused
by fairly constant synthesis rate and a decreasing release rate. In the merged system,
however, a decreasing synthesis rate and a fairly constant release rate reduces the
amount of FSH stored in the pituitary. The amount of FSH released into the blood
is proportional to the amount held on reserve in the pituitary. Therefore a decline
in estradiol blood levels induces the release of the FSH buildup and the surge of
FSH blood levels at midcycle. For the merged system, the release of FSH into the
bloodstream is slower and not as great as in the FSH system since the reserve pool

is smaller.
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5.3 Stability of Periodic Solutions

In this section we will provide evidence for the existence of a locally asymptotically
stable periodic solution of the merged system that yields a good fit to the data in
the McLachlan paper [41]. The graphs in Figures 5.1, 5.2, and 5.3 suggests that
solutions of the merged system may be converging to such a periodic solution with
period w =~ 29.5.

Recall that the merged system is a nonlinear, autonomous system of delay differential

equations of the form:
() = f(x(t), z(t —01), x(t — 62),...,z(t — ) for t > 0. (5.34)

The linearization of (5.34) about a solution x*(t) is given by [20]:

m

() = Ao(t) 2(t) + > Ailt) x(t — 6y), (5.35)

=1

where

_of

Ailt) = oxt

i=0,...,m. (5.36)

(z* (£),&* (t=01),0 2" (t=0m)),
In (5.36) the arguments of f are rewritten as z'(¢t) = z(t — 9;) for i =0,...,m and
dp = 0. The linear system in (5.35), called the variational equation, is used to
determine the stability of steady state and periodic solutions of (5.34) [20].

A solution z*(t) of (5.34) is w-periodic if z*(t + w) = x*(¢) for all t. Given an w-
periodic solution z*(t), the linearized system in (5.35) has time dependent coefficients

with period w. That is,

At +w) = Ai(t),  i=0,....m. (5.37)
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Let z,,(t) be an w—periodic solution of the system in (5.34) with the initial func-
tion z(t) = ¢(t) for t € [—0,0] where 6 = max}", ¢;. The solution z,(t) depends
on the initial condition zy = ¢(0), therefore we can write z,(t) = z,(t;20). The

monodromy matrix M of the periodic solution is defined to be [22, 38, 55]:

Oz (w; 20)
M = 5 (5.38)

The eigenvalues of the monodromy matrix are called the characteristic multipliers
of the linearized system in (5.35) with respect to the periodic solution z,(t; 29). In
autonomous systems, 1 is always an eigenvalue of the monodromy matrix [20, 55]. It
can be shown that if the other n —1 (nontrivial) eigenvalues of M all have moduli less
than 1, then the zero solution of (5.35) is locally asymptotically stable (see [28] for a
proof of this result). It can also be shown that if the zero solution of the linearized
equation in (5.35) is locally asymptotically stable, then the w—periodic solution (%)
of (5.34) is also locally asymptotically stable.

Therefore, we can determine the stability of a given periodic solution of (5.34)
by calculating the monodromy matrix and finding its eigenvalues. In practice, a
periodic solution of a nonlinear system of delay differential equations cannot be found
explicitly. Instead, we must rely on numerical approximations to analyze the stability
of periodic solutions. In order to determine the stability of a periodic solution of (5.34)

we must follow these steps [21]:

1. Obtain an approximation of the unknown periodic solution z,(t) using a nu-
merical method for solving boundary value problems (eg. collocation methods).
Collocation methods approximate a solution y(t) of (5.35) using functions of
the form

U= Uy + aols + - - + gy, (5.39)
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in terms of a basis u; which spans the space of admissible functions [55, 57].
A mesh of p collocation points {tx} where 0 =ty < t; < --- < t, = w are
chosen so that the equation (5.35) is satisfied exactly at each point. Therefore

the method of collocation is reduced to solving the p linear equations:
p P m
S ajuit) =D a; ¥ Ailte) ui(te —6;),  k=1,...p, (5.40)
j=1 j=1 =0

for the coefficients oy, ao, ..., a, [57].

2. Using the periodic solution from the first step, compute a discrete approximation

of the monodromy matrix M and then find its eigenvalues [22, 38].

We will not perform such calculations in this work as they can be cumbersome
and would divert attention from the focus of this section. Instead we will investigate
the stability of the periodic solution by perturbing the original initial conditions used
to solve the merged system. Table 5.1 lists the initial conditions used to solve the
merged system. The initial conditions for the FSH, LH, and ovarian systems from

Tables 4.5 and 4.6 were put together to form the merged system initial conditions.
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Table 5.1: Varying the Initial Conditions in the Merged System

I.C. x Z2 I3 Ty Ts Tg T7 g L9 Lo L1 Ti2 T3
1 0 140 0 1400 9 0 1 1 1 1 1 1 1
2 0 1400 0 10 9 10 1 1 1 1 1 1 1
3 0 10 1 1 9 100 1 1 1 1 1 1 1
4 1 1 600 600 9 1 0 1 1 1 1 1 1
5} 600 600 140 0 9 1 20 1 1 1 1 1 1
6 140 0 1400 0 9 1 200 1 1 1 1 1 1
7 1400 0 10 0 9 1 1 1 1 1 1 1 0
8 10 0 0 140 9 1 1 1 1 1 1 1 15
9 352 1425 600 2534 9 0 0 0 0 0 0 0 0
10 352 1425 600 2534 9 10 0 0O 0 O 0 0 0
11 352 1425 600 2534 1 500 1 1 1 1 1 1 1
12 352 1425 600 2534 1 1 300 1 1 1 1 1 1
13 0 0 0 0 0 0 0 0 0 0 0 0 0

Figure 5.5 shows that for a wide range of initial values the solutions to the merged
system converge to the same periodic solution. Most of the solutions converge quickly,
however there are a few that take up to 6 cycles to approach the periodic attractor.
For example, initial condition #11 yields the solution with lower concentrations and
initial condition #13 yields the solution with higher concentrations; both taking a
longer time to approach the attractor. These numerical results suggest that there
exists a periodic solution z,,(t) with w ~ 29.5 that is locally asymptotically stable,
however it would be very difficult to determine a region of stability in R'®. Therefore
in the next section we will further analyze the dynamics of the merged system by

considering possible steady state solutions and bifurcations.
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Figure 5.5: FSH, LH, and estradiol blood levels as a result of varying initial condi-
tions in the merged system.
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5.4 Stability of Steady States and Bifurcation Anal-
ysis

In this section we will study the existence of steady state solutions of the merged
system and investigate whether bifurcations arise when certain parameters are varied.
When we consider the existence of bifurcations we are concerned with changes in the
stability of steady states solutions.

The merged system is a system of delay differential equations of the form (5.34),
however the right hand side of (5.34) also depends on the parameters in the system.
Therefore (5.34) can be rewritten in terms of the parameters p = (p1, pa, ..., pp) in

the following way:
2'(t) = f(x(t), x(t — 01), x(t — da), ..., x(t — 0m); p) for t > 0. (5.41)

A solution z*(t) is called a steady state solution of (5.41) if x*(¢) = «* for all ¢ and
f(z*,x*,... ;2% p) = 0. In this case, the linearization in (5.35) becomes a linear

system of delay differential equations with constant coefficients of the form [20, 21]:

2() = Aolp) 2(t) + 3 Ailp) a(t - ). (5.42)
i=1
where
af )
A’L(p) = % (x* ..... x*’p% 1 = 07 PPN ,m. (543)

As with ordinary differential equations, we seek exponential solutions of the linearized

system in (5.42)-(5.43) to determine the stability of steady state solutions of (5.41).
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Suppose that z(t) = e ¢, ¢ # 0 is a solution of (5.42).
z(t) = eMcis a solution of (5.42). <= \eMc = Ag(p)eMe+ Z A;(p) M9,

= Ace=A(p c+ZA

— (/\—AO +ZA ‘M) = 0.

— det(A ] — Ao(p +ZA e M) = 0.

The derived equation given by [20, 21]:

m

det ()\I — Ao(p) + ZAi(p) e”\&'): 0 (5.44)
i=1

is called the characteristic equation for the linearized system in (5.42). The sta-
bility of the steady state solution z* of (5.41) is equivalent to the stability of the
zero solution of (5.42). Therefore, the roots of the characteristic equation in (5.44)
determine the stability of the steady state solution x*. The characteristic equation
has an infinite number of complex roots [18], hence the thought of determining the
stability of a steady state might seem like an impossible task. However, the following
results show that it is only necessary to find a finite number of roots. For proofs of
these results see [18, 28].

THEOREM 5.1. If there is a sequence {\;} of solutions to the characteristic
equation in (5.44) such that |\j| — oo as j — oo, then Re(N;) — —o0 as j — oo.
Thus, there exists an o € R such that all solutions of (5.44) satisfy Re(\) < a. In
addition, given any p € R, the equation in (5.44) has no more than a finite number

of roots A such that Re(\) = p (Driver [18], Hale [28]).
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THEOREM 5.2. If Re(\) < 0 for every solution of the characteristic equation,
then 3 M > 0 and v > 0 such that ||y(t)|| < M|¢lle”™ ¥Vt > 0 provided that
y(t) = ¢(t) for t €[=6,0] (Driver [18]).

The merged system is a 13-dimensional nonlinear system, therefore it is difficult
and often impossible to solve for steady state solutions explicitly. Numerically, it is
even more difficult to latch onto an unstable steady state since approximations of the
steady state would approach any stable attractors of the system. It is possible to vary
some of the parameters in the system in search of a parameter set that yields a stable
steady state solution. In this model we are concerned with oscillatory solutions, there-
fore we will determine whether Hopf bifurcations occur when varying parameters. A
Hopf bifurcation occurs as a parameter is varied when a pair of eigenvalues corre-
sponding to a branch of steady state solutions crosses the imaginary axis and leads to
a branch of periodic solutions [21]. In this work we are concerned with stable periodic
solutions of the merged system, therefore we will search for supercritical bifurcations.
When a branch of steady state solutions loses stability at bifurcation giving rise to a
branch of stable periodic solutions, the bifurcation is called supercritical [55].

When searching for bifurcations one parameter p = p; is varied while the others,
p;j J # i, remain fixed. Therefore (5.41) can be written in terms of the parameter to

be varied as:

z'(t) = f(x(t), x(t — 01), x(t — da), ..., x(t — 0m); P) for ¢t > 0. (5.45)

A Hopf bifurcation occurs when the following hypotheses are satisfied [28]:
(H1) There exists an a* € R" such that f(z*,..., 2% py) = 0 for some gy € R.

(H2) The characteristic equation in (5.44) has a single pair of purely imaginary roots

A(po) = £ .
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(H3) diﬁﬂ?e)\(ﬁo) = 0 in some neighborhood of py.

If (H1)-(H3) are satisfied, a branch of periodic solutions arises with increasing ampli-
tudes. The periodic solution which appears just after bifurcation has small amplitude
and an initial period of approximately 26_7(; [28]. The value at which bifurcation occurs,
po, is called the Hopf point.

We were able to find stable steady state solutions by varying some of the system
parameters in the merged system. In this section we will present the results from
varying the system parameters n, ks, and d;,,. Using a MatLab package called
DDE-BIFTOOL [20], we were able to analyze the merged system in search of Hopf
bifurcations that might arise from varying these parameters. In Figure 5.6 we see
that a Hopf bifurcation exists when varying the system parameter n, the maximal
production rate of FSH. A branch of stable steady state solutions exists for n €
(4800,4832) and bifurcation occurs around ng = 4832 pug/day. The first graph in
Figure 5.6 shows the pair of eigenvalues, A(n), corresponding to the branch of steady
state solutions as they cross the imaginary axis causing the branch of steady states
to lose stability. These eigenvalues were found using DDE-BIFTOOL. The second
graph in Figure 5.6 shows the branch of stable periodic solutions that arises from the
Hopf bifurcation. The y-axis in Figure 5.6 (b) measures the amplitude of the first
state variable for each periodic solution along the branch. At bifurcation, the purely
imaginary eigenvalues of the steady state are A(ng) = £0.2047. Therefore the stable

2T _ 30.69.

0.2047
Notice that the periodic solutions are increasing in amplitude (in the first component)

periodic solution that appears just after bifurcation has period w ~

as n increases to 5400 pg/day , then the amplitudes begin to decrease to zero. This
suggests the existence of another Hopf point. Figure 5.7 shows that a second Hopf

bifurcation occurs as n is increased.
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Figure 5.6: (a) Existence of Hopf bifurcation when varying n. (b) Branch of stable

periodic solutions arising from the bifurcation.
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Figure 5.7: Existence of a second Hopf point when varying n.

From Figure 5.7 we see that the branch of stable periodic solutions loses stability
to a branch of stable steady states around n; = 6160 ug/day. This Hopf point has a

pair of purely imaginary eigenvalues, A\(ny) = £0.2777, therefore the periodic solution

just before bifurcation has period w ~ 0;;;7 = 22.63. (In this case, Hopf bifurcation
occurs as n is decreased therefore periodic solutions arise to the left of bifurcation.)
Notice that the original value of n is 5700 pg/day. Therefore the stable periodic
solution arising from these Hopf bifurcations corresponding to the original parameter
set has period w such that 22.63 < w < 30.69.

A Hopf bifurcation also occurs when varying ko, a corpus luteum growth rate
constant. The Hopf point is approximately ks = 0.53 day~!. The steady state at
bifurcation has a pair of purely imaginary eigenvalues, A(0.53) = +0.2548. Figure 5.8

shows the branch of stable periodic solutions that arises when the branch of stable
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steady states loses stability. Therefore the stable periodic solution that appears just
2m

0.2548
branch of stable periodic solutions is presented in Figure 5.8. Here we see that the

after bifurcation has period w =~ = 24.66. A graph of the periods along the

periods along the branch are decreasing, therefore the stable periodic solution for the
original parameter value ky = 0.69 day~! arising from this bifurcation does not have
period w = 29.5 as we expected. This stable periodic solution has period w =~ 24.08.
These results provide evidence for the existence of a second stable periodic solution
corresponding to the original merged system parameters. We will compare the two
periodic solutions in Chapter 6.

It is also possible for bifurcation to arise when two merged system parameters
are varied simultaneously. Figure 5.9 shows that branches of Hopf points exists in
(ka, diny) space and (n, ky) space. The * in each graph represents the original pa-
rameter set in two space. Previously we determined that for the original parameter
ko = 0.69 day~' (along with the other fixed parameters), Hopf bifurcation occurred
when varying n at n = 4832 pg/day and n = 6160 pg/day. From the second graph
in Figure 5.9 we see that two Hopf points exists for each ko in [0.45,0.69).

Remarks: The DDE-BIFTOOL package uses predictor-corrector methods to ex-
tend the branches of Hopf points and periodic solutions. For a description of these

methods see [20, 38, 55].
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Chapter 6

Applications of the Merged Model

6.1 Abnormal Menstrual Cycles

In Chapter 5 we observed the existence of a second stable periodic solution other
than the periodic solution that fits the data for normally cycling women. In this
section we will further analyze this attractor and discuss its similarities to the results
of endocrine disruptions. We will attempt to administer possible hormonal therapies
to raise the hormone concentrations to normal levels.

A common abnormality of the menstrual cycle is amenorrhea, the absence of men-
strual flow [45]. The infrequent occurrence of menstrual flow is called oligomenorrhea
[5]. Amenorrhea is usually caused by ovulation failure due to any one of a variety
of endocrine disorders, including hypo- and hyper-gonadotropic hypogonadism, and
polycystic ovarian syndrome (PCOS) [5, 27]. Hypogonadotropic hypogonadism re-
lates to a deficiency in gonadotropin secretion usually resulting from a defect of the
hypothalamus and hypergonadotropic hypogonadism refers to increased secretion of
FSH and/or LH due a disturbance in the negative feedback of ovarian hormones at
the pituitary [5, 27]. Patients with hypergonadotropic hypogonadism fit into two

categories, either menopause has occurred prematurely and ovarian follicles no longer

96
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exist or the existing follicles are not responding to FSH and LH [27]. Polycystic
ovarian syndrome is a disorder characterized by a buildup of growing ovarian folli-
cles of which a dominant follicle is not chosen to ovulate [23]. These follicles form
cysts in the ovary because the normal degenerative process for non-ovulatory folli-
cles is disrupted. Elevated blood levels of LH, normal or low blood levels of FSH,
“acyclic” or “sustained” levels of estradiol, and low levels of progesterone and inhibin
are indicative of hormone abnormalities in women with PCOS [9, 63].

It has been shown that using the parameter set obtained in Section 4.2, the merged
system has two stable periodic solutions. These solutions are graphed in Figures 6.1
and 6.2. The large amplitude solution fits the data for normally cycling women and
the small amplitude solution arises from Hopf bifurcation in the system parameters.
These solutions are a result of different initial conditions therefore the two stable
periodic solutions have different domains of attraction. We believe that the small
amplitude stable periodic solution is the result of an abnormality or disruption of the
menstrual cycle, therefore we will refer to this cycle as the abnormal cycle. Further,
we will refer to the periodic solution that fits that data of normally cycling women

as the normal cycle.
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Figure 6.1: LH and FSH blood levels of the two stable periodic solutions as predicted
by the merged system.
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Figure 6.2: E;, P4, and Ih blood levels of the two stable periodic solutions as
predicted by the merged system.
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After conversations with Dr. Claude L. Hughes, a Reproductive Endocrinologist
and Professor of Obstetrics and Gynecology at Duke University, we have determined
that the hormone profiles of the abnormal cycle are characteristic of PCOS. Many
women with PCOS suffer from amenorrhea and even oligomenorrhea because the
mechanisms that control the menstrual cycle have been disrupted. As a result of low
FSH blood levels, the growth rate of follicles selected to grow during the follicular
phase of a given menstrual cycle is diminished. No dominant follicle is selected and,
hence, the high F5 synthesis rate is not achieved during the follicular phase. This
effects the feedback loops to the pituitary. Gonadotropin blood levels do not surge and
hence ovulation is suppressed. Women diagnosed with PCOS that have anovulatory
cycles are treated with hormones that act to regulate follicular growth and the normal
circulation of hormones [9, 11, 23, 48]. The hormonal profiles of the abnormal cycle of
the merged system are similar to the hormonal abnormalities in women with PCOS.
Therefore we will attempt to mimic progesterone treatments prescribed to PCOS
patients to induce the pattern of hormone levels in the blood that occurs during a

normal menstrual cycle.

6.1.1 Hormonal Therapy

Studies have shown that progesterone treatments that mimic the normal levels during
the luteal phase of the cycle can restore normal ovulatory cycles [1, 9, 23, 24, 48]. In
this section we will attempt to obtain normal hormone profiles as seen in the data

from the administration of progesterone during the luteal phase of the abnormal cycle.

Progesterone Therapy

The abnormal cycle has an approximate period of 24 days. Estradiol levels peak on

the 8th day of the cycle, therefore we assume that the follicular phase lasts for 8 days
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Figure 6.3: Restoring the normal circulation of hormones after 5 day progesterone
treatment.

and the luteal phase lasts for 16 days. Figure 6.3 shows that administering pro-
gesterone for 5 days during the luteal phase of the cycle so that P4 blood levels are
elevated by 80 nmol /L leads to the rapid recovery of the normal cycle (approximately
40 days). Figures 6.4 and 6.5 depict the changes in LH, FSH, E,, and Th after the
treatment. Since 80nmol/L is much higher than normal levels of progesterone, we
decided to lower the treatment to 50nmol/L. This results in a slower recovery of
the normal cycle (see Figures 6.6 and 6.7). If we reduce the treatment even further,
say to 30 nmol /L, progesterone must be administered during the luteal phases of two

consecutive cycles in order to recover the normal cycle.
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Figure 6.4: Pituitary hormones after the administration of 80nmol/L of proges-
terone (5 day treatment).
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Figure 6.5: Ovarian hormones after the administration of 80 nmol /L of progesterone
(5 day treatment).
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Figure 6.6: Pituitary hormones after the administration of 50 nmol/L of proges-
terone (5 day treatment).
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Figure 6.7: Ovarian hormones after the administration of 50 nmol /L of progesterone
(5 day treatment).
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Estrogen Therapy

It is always possible that the abnormal cycle does not represent PCOS. Therefore we
decided to look at other possible therapies. Since estradiol plays such an important
role in maintaining a normal menstrual cycle, we decided to treat the abnormal cycle
with estrogen during the follicular phase in an attempt to restore regular “ovulatory”
behavior of the hormones. Estradiol blood levels produced by the abnormal cycle vary
only slightly throughout the cycle. This suppresses the LH surge and the induction
of ovulation, therefore we will administer estrogen in the follicular phase to stimulate
ovulation.

Figure 6.8 shows that administering estrogen so that E5 blood levels are elevated

by 80ng/L for 5 days leads to the rapid recovery of the normal cycle (within 2 cycles).
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Figure 6.8: Restoring the normal circulation of hormones after 5 day estrogen treat-
ment.
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If we lower the treatment levels to 50 ng/L, we see that 5 days of treatment is not
enough to recover the normal cycle. The number days must be increased to 10 and the
recovery is still much slower than the 5 day treatment with 80ng/L (see Figure 6.9).

Here the recovery time is about 8 cycles. The length of treatment can be increased
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Figure 6.9: Estradiol levels after 5 and 10 day estrogen treatments (50 ng/L).

to increase the recovery time, for example after 15 days of treatment the normal cycle
is recovered in about 6 cycles. However, Figure 6.10 shows that if we increase the
duration of the treatment to 20 days, the normal cycle is not recovered.

Here we see that exposure to exogenous estrogen for long periods of time leads to
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Figure 6.10: Normal cycle is not recovered after 20 day estrogen treatment.

abnormalities in the menstrual cycle. This suggests that treatments with higher
doses of estrogen for shorter periods of time are more successful at recovering normal
ovulatory cycles. This leads to the question of whether the normal cycle can be
disrupted by an exposure to exogenous estrogen. Figure 6.11 shows that exposing
the normal cycle to exogenous estrogen for a full cycle, followed by a full cycle with
no exposure and then another full cycle of exposure can lead to abnormalities in the
normal menstrual cycle. Notice that the length of exposure in this case is considerably

greater than when the exposure occurred in the presence of abnormalities.



Chapter 6. Applications of the Merged Model

107

w

o

o
T

E2 (w/o disruption)
")
o
o
T

100 7
| | 1 | | 1
0 50 100 150 200 250 300
tdays
100 T T T T T T
c
i)
2 50 7
&
T
0 C I I I I I I
0 50 100 150 200 250 300
t days
T T T T T T
Q
je)
2
o]
G
T
2
N
W
| | | | | |
0 50 100 150 200 250 300
t days

Figure 6.11: Disruption of the normal cycle by exogenous estrogen leads to abnor-

malities in the menstrual cycle.



Chapter 7

Dimensional Analysis and the

Nondimensionalization Procedure

The process of transforming a system of differential equations with dimensional quan-
tities into a system with dimensionless parameters and variables is called nondimen-
sionalization. This process is performed by scaling the variables (independent and
dependent) and parameters by groups of the existing system parameters [37]. There
are several advantages to transforming a system of differential equations into a dimen-
sionless system. Using a dimensionless system, one is able to determine the degrees
of freedom of the system (ie. the number of independent parameters needed to define
the system) [19, 31]. The degrees of freedom may turn out to be less than the number
of parameters used in the original system. In that situation, the effect of varying one
parameter in the original system may be compensated by varying another parame-
ter [19]. If this is the case, nondimensionalizing the system can reduce the number
of parameters used to accurately describe the behavior of the system. During this
process the original parameters are not eliminated from the system. Instead, fewer
dimensionless combinations of the system parameters are used to replace them [37].

In addition, the magnitudes of the dimensionless parameters can be compared to

108
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determine whether terms may be eliminated from the system because their contribu-
tion to the overall dynamics of the system is small or negligible. In this chapter we
will nondimensionalize the merged system and analyze the dimensionless system to
determine whether the number of parameters and/or terms can be reduced from this

system.

7.1 The Nondimensionalization Procedure

The process of nondimensionalizing a system of differential equations is outlined in

the following steps [19, 37]:

Step 1. Set up charts that list the units for all of the system variables and parame-
ters. These charts will be used to determine how the quantities in each equation

should be scaled to create a dimensionless system.

Step la. Check that the dimensions of the left hand sides of the equations are equal

to the dimensions of the right hand sides. This is called dimensional homogene-
ity.

Step 2. Express each dimensional variable as a dimensionless variable times a unit

carrying constant. For example, given a dimensional variable y = y(t), let

where y* = y*(t*) is dimensionless and y has the same dimensions as y.

Step 3. Substitute the new variables and constants into the system equations in

place of the dimensional variables.
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Step 4. Use the chain rule to determine the new system of equations in terms of the

dimensionless (“starred”) variables. By the chain rule, we have that

dy dly*-y) d ., . dt __dy" 1y dy
%——A——*(y y) =Y- =T = .
d(t*-t) dt dt der ¢t dt

Step 5. Carefully choose values for the unit carrying (“hatted”) constants.

Step 6. Create dimensionless parameters by grouping the remaining system param-

eters together.

Note: Reduction of the total number of parameters may be possible when the choices
in Steps 5 and 6 are made wisely. The resulting system of equations consists of

dimensionless variables and parameters.
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7.2 The Dimensionless Merged System

In this section we will transform the merged system into a dimensionless system using
the Nondimensionalization Procedure as outlined in the previous section. Charts

listing the units for each quantity in the merged system can be found in Tables 7.1

and 7.2.

Table 7.1: Description of the Merged System Variables

Variable Quantity Units
RPrsy Amount(Mass) of F'SH in the pituitary (L
FSH Concentration of F.SH in the blood wng/ L
RPry Amount(Mass) of LH in pituitary 1L
LH Concentration of LH in the blood pg/L
MsF Mass of active follicular tissue during Menst. Foll. Stage g
SeF Mass of active follicular tissue during Sec. Foll. Stage g
PrF Mass of active follicular tissue during PreOv. Foll. Stage pug
Scy Mass of active follicular tissue during Ovulation g
Scy Mass of active follicular tissue during Luteinization g
Lut, Mass of active luteal tissue during 1st Qtr. Luteal Stage pug
Luts Mass of active luteal tissue during 2nd Qtr. Luteal Stage pug
Luts Mass of active luteal tissue during 3rd Qtr. Luteal Stage pug
Luty Mass of active luteal tissue during 4th Qtr. Luteal Stage g

Es Concentration of Ey in the blood ng/L
P, Concentration of P, in the blood nmol /L

Ih Concentration of Ih in the blood U/L
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Table 7.2: Description of the Merged System Param-

eters
Parameter Quantity Dimension
n maximal production rate of F.'SH ng/day
P inhibition constant for the production of F.SH U/L
q rate constant for the release of F'SH day™!
r induction constant for the release of FSH L/nmol
s inhibition constant for the release of F.SH (L/ng)?
Orn inhibin time delay days
clp clearance rate of F'SH from the blood day !
Vdis volume of distribution L
U non-induced maximal production rate of LH ng/day
v maximal induction rate on the production of LH ug/day
w level of E5 at half-max ng/L
wy inhibition constant for the production of LH L/nmol
Y rate constant for the release of LH day ™!
z induction constant for the release of LH L/nmol
2z inhibition constant for the release of LH L/ng
0p estradiol time delay days
op progesterone time delay days
cly, clearance rate of LH from the blood day™!
h Hill coefficient dimensionless
a, B, fractional exponents of LH stimulation dimensionless
LHy unit of measurement of LH g/ L
b rate constant for the recruitment of inactive follicles L/day
c1 rate constant for the growth of M sF induced by F'SH Ld/a ’; 4

continued on the next page
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Table 7.2: continued

Parameter Quantity Dimension
ca rate constant for the transfer of MsF into SeF day~!
c3 rate constant for the growth of SeF day™!
c4 rate constant for the transfer of SeF' into PrF day~!
cs rate constant for ovulation induction day™!
dq rate constant for the transfer of Sc; into Seo da;F1
ds rate constant for the transfer of Sey into Luty day_1
k1 rate constant for the transfer of Lut; into Luty day_1
ko rate constant for the transfer of Luty into Luts day*1
ks rate constant for the transfer of Luts into Luty day~!
ka4 rate constant for the degradation of Lut, day ™!
e1 concentration of Fs at basal level ng/L
€9 contribution rate of SeF' to total E» 1/kL
es3 contribution rate of PrF to total Eo 1/kL
eq contribution rate of Lut, to total Es 1/kL
pr contribution rate of Luts to total Py %
pra contribution rate of Luty to total Py W'LL;/L
hi concentration of Ih at basal level U/L
ho contribution rate of PrF to total Ih %
hs contribution rate of Luts to total ITh %
ha contribution rate of Luty to total Ih %

Using the dimension charts in Tables 7.1 and 7.2 we need to check whether the merged

system equations are dimensionally homogeneous. Recall that the merged system has
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the form:
d n q(1 4+ rPy)
—RP = — RP, 7.2
p
—FSH = —— RP, — cpFFSH 7.3
dt Vais 1+ sEg FSH aor (7.3)
UEQ(t — (5E)h
U
d w" + Byt — )" y(1+2Py)
—RP = — P, 4
g |, Palt=or) L, T (7.4)
wn
d 1 y(1+2Py)
—LH = — " RP — cdyLH 7.5
dt Vdis 14+ ZlEQ LH L ( )
d LH\“
EMSF = bFSH + [chSH — Cy (LHO) ] MsF (7.6)
d LH\" LHN\’  LH
—SeF = —— | MsF 3| —— —Cy— F .
dtSe Co (LHO) sF+ |c3 (LHO> C4LH0 Se (7.7)
d LH LH\"
—PrF = —— SelF — — | PrF 7.8
it “TH " C5<LH0> " (7.8)
d LH\"
%SCI = Cp (L—]JO) PrF — dlSCl (79)
d
%SCQ == d1501 — dQSCQ (710)
d
%Lutl = dQSCQ — leutl (711)
d
%Lutg = k‘lLutl — ]{?QLUtQ (712)
d
%Lutg = k’gL’LLtQ — k’gLUtg (713)
d
%LUIM = kgLut‘g — k4Lut4 (714)
where
E2 = e+ GQSQF + €3P7"F + €4Lut4 (715)
Py = prLuts+ proLuty (7.16)

Ih = hy+ hoPrF + hsLuts + hyLut, (7.17)
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By substituting the dimensions of each dimensional quantity into the system equations
we will be able to determine whether the dimensions of the left hand sides of the
equations are equal to the dimensions of the right hand sides. After substituting

these dimensions, we obtain:

rgo _d RP _ day ~ day nmol L _
day at- " UL (I 2 (ng>2 1y
U/L ng I
2N " L nmol
polk gy 1 day mmol L ), L 1
day dt L . N2 (ng>2 day L
ng L
19 (@)h
g day \ L
day+ ng\" /ng\h 1 14 L nmol
Mg iRP — (f) i (f) _ day nmol L
day de nmol /L L ng
1+ 1+ —=.-=
nmol /L ng L
2N " L  nmol
ng/L iLH B 1 day nmol L I ]
day —  dt B L L ng K9 day L

1+ = —=
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d L L 1 L\“
—MsF o) /MQ,@__. rg/L .
dt day L day L day \pg/L
d 1 L\*® 1 L\’ 1 L
Sour = (B [ (YL st
dt day \pg/L day \pg/L day pg/L
d 1 pg/L 1L (pg/L\"
2 pPrF e — — =)
a day pg/L " day (ug/L "
d g 1 png/L\" 1
—_— C —_— . — . —_——
dt” ! day \pg/L 1 day 1
dS 1 1
dt “ day 1 day 1
d Lut 1 1
dat day 1 day 1
d Lut 1 1
—_— 'Ll/ —_— —_ — .
a2 day 1 day 1
dL ; 1 1
dt s day 1 day 1
d Lut 1 1
—_— /U/ —_— —_— —
de day 1 day 1
ng 1 1 1
’ LMt TR
nmol /L nmol /L
Py / Cpg / " pg
122 122
U U/L U/L U/L
Ih f+—/ -ug+—/ -#g+—/ " 1g
119 11g 119

Therefore the merged system is dimensionally homogeneous and each dimensional

variable can be expressed as the product of a dimensionless variable and a unit-

carrying constant. The new variables and constants to be substituted into the merged

system for the original dimensional variables are listed in Table 7.3.
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Table 7.3: Merged System Variable Substitutions

Variable | Dimensionless Variable x Unit Carrying Constant
t t* X t
RPrsy RPigp x RPrsu
FSH FSH X FSH
RPy RP;, x RPry
LH LH* X LH
MsF MsF* X MsF
SeF SeF™ X SeF
PrF PrF X PrF
Sey Sci X §0\1
Scy Sci X §C\z
Lut, Lut] X L/u?l
Lut, Lut? x Lut,
Luts Luts X m
Lut, Lut; X L/ua
Es By x E
2 P; X P,
Ih Ih* X Ih

117
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After making the appropriate substitutions, we obtain:

d(RP%, - RPps; 1+ PP, .
( FSH ™"t FSH) _ _ n B CI( +7“*4/\42 RPESH'RPFSH
d(t* - ) - ThIR* (t* — 63,) 1+ s(E3Es)
p
d(FSH* - FSH 1 q(1+rP'P, — _
( FSH) L QA rPiP) ppe . fPren — cpPSH* - FSH
d(t* . t) Udis 1 + S(E;EQ)Q

L BB - o) -
d(RPy - RPpy) w' + (B Byt = 6p)"  y(L+2PPy) . +5—
=~ - — - — RPLH . RPLH
d(t*-t) RAGELY) 1+ 2z EE,

w1

1

AL TH) _ U yQ PP b g i o

- —

d(t*%\) Vdis 1—|—2’1E;E2
MsF* . MsE _
AMsF" - MsE) o 7ol 4+
d(t* 1)
_ LH* - LH\" _
aFSH - FSH — ¢y | ——— MsF* - MsF
LH,

F* . SeF LH* - LH\" _
dSel” - Sek)  (LH-LH\ 0 oo 315F +
d(t*-t) LH,

—_— B —_—
LH* - LH LH* - LH .
C3 (L—}[O> — C4 L—}[O Sel™ . SeF

— — —\ 7
d(PrF*- PrF) LH* - LH — LH*-LH —
— =c ————— SeF*-Sel"—cs | ——— | PrF*-PrF
d(t* - 1) ‘" LH, 5( LH, )
— —\ 7
d(Scy - LH*-LH — —
M =c | ———| PrF*-PrF —d,Sc]-Sc
d(t - t) LH,
d(Sc; - Sea — —
d5c-5¢) _y ser S — doSet - 5o

d(t* - )
d(Lut® - Luty)

) 4,S¢k - Sey — ki Lut® - Lut;
d(t*'t) 2 2 2 1 1 1
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d(Lut} - Lut, _ _

d(t - 1)

d(Lut: - Luts _ .

d(Luts - Luls) g Taty — ks Lut - Tuls
d(t* - 1)

d(Lut* - Tut, _ _
d(t* - 1)

E; ]?7\2 =e + eg,STe\FSeF* + @,WPTF* + e4fu?4LutZ
Pi P, = pTL/u?gLut; + przL/uELutj

IW' Th = hy + hy PrEPrF* + hyLut; Lut, + haLut,Lut’

where the dimensionless delays have the form:

=0p/t, 6 =0p/t, and &%), = 0 /T

ccliy* . Therefore we
S

Applying the chain rule to a variable y = y*-7, we obtain % = %\\ /
can obtain a new system of equations in terms of the dimensionless (“starred”) vari-
ables by multiplying both sides of the equations by ¢ and dividing by the appropriate
unit carrying constants. For example, multiplying the first equation by ?/ R/PF\SH will
result in a differential equation in terms of RPj¢y = RPpgy(t*). After multiplying

each equation by the appropriate term and grouping the dimensional terms together

on the right hand sides of the equations, we obtain:
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dRPop nt d(1+rP P
o o~ = om/D) T lL S(E\)Q(E*)Q rsn (7-18)
<1 + I ) RPFSH 2 2
p
dFSH* 1 ql(1+7PP}) RPpg; .
SHT 1 g rBlP) RbPesuppe g pspe (7.19)
dt* Vdis 1 + s(Fy)*(E3)* FSH
(u . w(E)"(Ej (t* = 6/F))" ) R
dRPry w' + (B)"(E; (" =6u/1))" ) yt(l+2PiPy)) RPY, (7.20)
dt* PP (t —0p/t) )\ —— N
<1+ Wi (0= 0r/t) i 152
w1
LH* 1 yt(1+:PP}) RPig "
dLH™ _ 1 yt(1+zPuPy) "L Rpr, — tel LH* (7.21)
dt* Udis 1+ ZIEZES LH
AMsF* ~ FSH S ~ (TH\"
S W2 FSH* +te, FSHFSH* MsF* — Ty | = | (LH*)* MsF*
dt* MsE LH,
(7.22)
[/JTI o~ o ,@
dSeF* (ﬁ) Msk . (LH 5
= 2 LH*)* MsF* +1c; | —— | (LH*)® SeF*
e teo o ( )" MsF* + tes L, ( )" Se
- LH
1 LH* SeF* 7.23
C4 T, Se (7.23)
— —=\ "
dPrF* . LHSeF . (LH
T* = tC4 7S/€\LH*S€F* — tC5 p— (L[‘[*)'7 PrF* (724)
dt LHyPrF LH,
I//B Y —
ase. - (HE) PrF R
56 ) T (LY PrEt — TS (7.25)
dt* Sey
dS¢;  ~ Sci N
© 22k Ser — 1dySc; (7.26)
dt Sy
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dLut} Sea

= tdy—=S5c} — thy Lut’ (7.27)
dt Lutl ? !
dLut} Lut, .
2 Gy =L Lut; — Tk Lut} (7.28)
dt Lutg
dLut: ~ Lut, _
U Gy 2 Lty — T Lot (7.29)
dt Lutg
dLut} Lut; N
L R (7.30)
dt Lut4
- SeF . PrF Lut,
By ==Ly o Selg pey o Pl p e o Luta ut’
Ey Ey E2 Ey
Lut; Lut,
P = Z%L £+ %L t
4 4
hi  hy-PrF hs - Luts ha - Luty
Th* = 2+ 20 pppr B S g A g
Th Th Ih Ih

The unit carrying (“hatted”) constants may be chosen in many ways to create a
dimensionless system. However, in order to determine whether a dimensionless pa-
rameter is small in comparison to other parameters the hatted constants should be
chosen so that each term in the dimensionless system has unit order of magnitude
(ie. the maximum over time is between 0.5 and 5) [51]. We will attempt to satisfy
this condition by choosing hatted constants so that each dimensionless (dependent)
variable has unit order of magnitude. The hatted constant t is chosen to be £ = 1 day
because we want to keep the same time scale. The hatted constants for the pituitary
and ovarian hormones were chosen from quantities that were related to the hormone’s
production or release or from quantities that represented the hormone’s action on the
production or release of another hormone. In addition, the hatted constants for the
ovarian state variables were chosen to be the same for all of the variables. That value

was chosen so that none of the dimensionless state variables would be too small and



Chapter 7. Dimensional Analysis and the Nondimensionalization Procedure 122

each would have unit order of magnitude. The final unit carrying constants chosen

to be substituted into equations (7.18)-(7.30) are listed in Table 7.4.

Table 7.4: Unit Carrying Constants

Equation Hatted Constants
Equation 7.18: t =1 day

Ih=p

E = Wy

RPrsy = n/q
Equation 7.19: FSH = n/(q Vais)
Equation 7.20: E\Q =w

RPop=ut
Equation 7.21: LH=u ;f\/vdis

Equations 7.22-7.24:  LHy =1 ug/L

MsF = SeF = PrF = 500 ug
Equations 7.25-7.26:  Se; = Sca = 500 pug
Equations 7.27-7.30: L/ut\l = L/ut\g = L/ut\g = L/ut\4 = 500 pg

After substituting these values for the hatted constants into the system equations and
grouping the remaining parameters together to create dimensionless parameters, the

merged system can be written in the following dimensionless form:
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dRPrgy

q(1+7Fy)

dt*
dFSH*

L+ Ih (£ — o%)
i (14 7P})

1+ 3(E3)?

dt*

dRP}

1+ 35(E3)?
DE(t" — 0p)"
1+ E5(t" — 5;)’"‘

(1 + zZPy))

*
PFSH

dt*
dLH*

1+ Pyt —ob)
(1 + ZPy)

dt*
dMsF*

dt*
dSeF™

dt*
dPrF*

dt*
dScy

dt*
asc;

dt*
dLuty

dt*
dLuts,

dt*
dLut;

dt*
dLut;

dt*

By
By
I

RP}, — ¢, LH*

= & LH*SeF* — é(LH*) PrF*
= G (LH*)YPrF* — d,Sct
=d,\Sct — dySc;

= dySch — ky Lut?

= kyLutt — kyLut}

= ko Lut — ks Lut?

= ksLut} — kyLut:

=€+ e15eF" + é3PrF* + é;Lut)
= prLut; + proLut)

= h~1 + HQPTF* + h~3LUt§ + h;;waZ

RP}y

= bFSH* + & FSH* MsF* — é(LH*)* MsF*

Go(LH")*MsF* + é3(LH*)?SeF* — ¢,LH* SeF*
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(7.31)

(7.32)

(7.33)
(7.34)

(7.35)
(7.36)
(7.37)
(7.38)
(7.39)
(7.40)
(7.41)
(7.42)

(7.43)

(7.44)
(7.45)
(7.46)

This process of nondimensionalizing the merged system has resulted in a reduction in
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the number of system parameters. Notice that the first equation could be rescaled by
a factor of 1/4 to eliminate the right hand side dependence on ¢. This would rescale
RPjgy, but it would not reduce the number of unknown parameters. Furthermore,
the scale RTD—IE{ = n/q was chosen so that RPj¢y would have have unit order
of magnitude. Therefore we will not rescale the first equation. The dimensionless
parameter groups are listed in Table 7.5, however the following substitutions will be
made when the numerical values for the parameters in the dimensionless groups are

substituted into the system:

MsF = SeF = PrF = Se; = 8¢y = Luty = Luty = Luts = Luty = 500 ug,

LHy =1 pg/L, and t = 1 day.



Table 7.5: Dimensionless Groups of Parameters
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Parameter Group

Parameter Group

q:th Cz1zd1tA
T =1 w szgzdg?
§=sw? lglzklf
cZF:chtA k}zkgtA
v=v/u ks =kst
fy=Fkat
@Zy%\ €1 =e1/w
Z=zuw égzegﬁ/w
1=z w €3 = €3 ﬁ/w
cp=clp t €1 =€y m/w

sznf/(quism)

pr = pr L/u?g/wl

G =0C0n tA/(q Udis)

pire = pro Luty/wn

CNQ = Cy ?(U, /t\/(’UdisLHo))a

hi = hi/p

C3 = 3 ?(u f/(vdisLHo))ﬂ

HQ = hg ﬁ’?/p

Cy = ¢y %\(U %\/(UdisLHO))

h~3 = hg m/p

C~5 = Cx ?(U %\/(?JdZ‘SL.[‘I()))V

f;4 = h4 m/p
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7.3 Analyzing the Dimensionless System

The original parameter values can be substituted into the parameter groups in Table

7.5 to get values for the new dimensionless parameters. Table 7.6 lists these values.

Table 7.6: Dimensionless Parameter Values

Parameter Value | Parameter Value
g 7.29 | d; 0.6715
F 20106 | d 0.7048
§ 20736 | K 0.6876
clp 8.21 | ks 0.6900
o5 2| ks 0.6891
0y 72.03 | kq 0.7093
g 2.49 | & 0.13
z 2.18 | & 0.15
% 1.76 | é; 0.23
el 14 | &, 0.32
% 0| pr 0.80
0p 1| pre 0.80
b 0.0025 | Ay 0.43
é 1.81 | hy 0.32
G 5.93 | hy 0.36
Gy 0.01 | hy 1.65
i 3.08

Gs 1.44
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The dimensionless merged system can be solved using these parameters and ap-
propriately scaled initial conditions. Graphs of the pituitary and ovarian hormones

as predicted by the dimensionless merged system are shown in Figures 7.1 and 7.2.

L L L L L L
[e] 20 40 60 80 100 120

Figure 7.1: Graphs of the pituitary hormones as predicted by the dimensionless
merged system.
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o 20 a0 60 80 100 120

Figure 7.2: Graphs of the ovarian hormones as predicted by the dimensionless
merged system.



Chapter 7. Dimensional Analysis and the Nondimensionalization Procedure 129

Notice that the dimensionless blood levels for FSH, LH, and E; are bounded by 1 and
the blood levels for P4 and Ih are bounded by 3. Therefore all of the dimensionless
hormone profiles have unit order of magnitude. In addition, the maximum levels
of follicular activity are between 1 and 3 and, hence, have unit order of magnitude.
Furthermore, RPj.¢;; has unit order of magnitude, but RP;}; does not (the maximum
of RP;,; is 7.5). These bounds are useful when analyzing the magnitudes of the terms
in the system. The parameters that stand out are 7, s, l;, and ¢3. The values for 7
and s are very large compared to the other parameters, however they appear in the
numerator and denominator of the same term. Therefore dividing the numerator and
denominator by one of the parameters would make the remaining parameters much
smaller and would yield the same effect on the release of FSH. The values for b and ¢
are small compared to the other parameters. The maximum value of the term bF SH*
is approximately 0.0019 and the maximum value for MsF™ is 1.4. This suggests
that the effect of the term bFSH* on dMsF*/dt* may not be very significant. In
addition, the maximum value of the term é3(LH*)?SeF* is approximately 0.0253 and
the maximum of SeF™ is 2.8. The effects of these terms seem small, maybe negligible.

Therefore, the possibility of eliminating these terms should be investigated.



Chapter 8

Conclusions and Future Work

8.1 Concluding Remarks

In this dissertation we develop a model for the hormonal regulation of the menstrual
cycle. The model consists of three components: the pituitary component, the ovarian
component, and the merged component. The pituitary component was first devel-
oped in [50] and the ovarian component in [54], however the ovarian component is
reformulated in this work to provide a physical meaning to the concept of follicular
“capacity”. In [54] the capacity of each stage to produce hormones was assumed to
be proportional to the mass at that stage. Therefore the state variables in the re-
vised model are chosen to represent the mass of the follicular or luteal tissue that is
actively secreting hormones during the corresponding stage of the cycle. In addition,
the physical representations for the system parameters are formulated.

In Chapter 4 we provide theoretical results for the existence and uniqueness of
solutions of the pituitary and ovarian systems. A total of 40 unknown parameters are
estimated using the Nelder Mead Simplex Method and the model simulations using
these parameters are compared to data for normally cycling women found in the

literature. The unmerged model predictions fit the data in the McLachlan paper [41]
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reasonably well using these parameter estimates. In addition, we are able to reduce
the time delays in the LH synthesis term, as previously reported in [50], from 0.42
to 0 days for estradiol and from 2.9 days to 1 day for progesterone. In this chapter
we also calculate the Floquet exponents numerically for the periodic attractors in the
pituitary and ovarian systems. We show that the Floquet exponents are all negative,
therefore given periodic input functions the pituitary and ovarian systems each have
globally asymptotically stable periodic solutions which fit the data. Some of the
Floquet exponents for the ovarian system are very small which indicates that the
periodic solution is a weak attractor.

In Chapter 5 the merged component is implemented to determine whether the
estimated parameters from the pituitary and ovarian components could be used in
the merged system to reproduce the hormone levels found in the data without using
any inputs into the system. The merged system predicts the blood levels of the LH,
estradiol, progesterone, and inhibin reasonably well, however model predictions for
the FSH blood levels near midcycle were not as good. In this chapter, we introduce
the method of steps for establishing the existence and uniqueness of solutions of
the merged system which is a nonlinear system of delay differential equations. By
solving the system using a broad range of initial conditions, we provide evidence for
the existence of a locally asymptotically stable periodic solution fitting the data for
normally cycling women that has a seemingly large domain of attraction. In addition,
a small amplitude, stable periodic solution arising from Hopf bifurcation in the system
parameters is exhibited.

In Chapter 6 we analyze the small amplitude cycle and demonstrate its similarities
to PCOS. We simulate possible hormonal treatments for this disorder and the normal
cycle is successfully recovered. We also show that exposure to exogenous estrogen
for long periods of time disrupts the normal menstrual cycle. Finally, in Chapter 7

the merged system is transformed into a dimensionless system to determine whether
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the number of system parameters could be reduced. Appropriately scaling the state
variables results in the reduction of 5 system parameters. Each equation in the
dimensionless system is analyzed to determine whether there are any negligible terms
due to small system parameters.

In summary, we have developed an autonomous system of delay differential equa-
tions that accurately predicts blood levels of five hormones as they interact to regulate
the menstrual cycle. In addition, the model has exhibited a bistable situation, a nor-
mal cycle and an abnormal cycle. The hormone profiles of the abnormal cycle are
characteristic of PCOS, therefore hormonal therapies were simulated to induce the
normal hormone profiles and the normal cycle was successfully recovered. This model
can be used as a tool to examine the hormonal effects of exogenous substances on the

sexual endocrine system.

8.2 Future Work

The model presented in this work predicts the blood levels of LH, FSH, estradiol,
progesterone, and inhibin during a normal menstrual cycle. The model predictions
were reasonably accurate with the exception of predictions of FSH blood levels near
midcycle. In the future, the FSH system equations should be analyzed to determine
whether terms can be refined (eg. modifying the dependence of estrogen) so that the
merged system would capture the FSH profile better. The dependence on inhibin
blood levels should also be addressed, however it should be addressed separately.
The inhibin blood levels used in this model correspond to the levels of “total
inhibin” since the data used to verify the model’s accuracy dates back to 1990 when
measurements for total inhibin could only be found. It has only been a few years
since the first successful measurement of inhibin A (secreted by the corpus luteum)

and inhibin B (secreted by developing follicles) [26, 30]. Studies suggest that these
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forms of inhibin both suppress FSH [26, 30, 52|, however they are secreted during
different phases of the menstrual cycle and by different components of the ovary.
Therefore, we will consider modifying the FSH system equations to capture the effect
of inhibin A and inhibin B. This may not be possible before more studies have been
performed to determine their effects on the menstrual cycle. To date the McLachlan
paper has been the only paper we have found that presents all of hormone profiles
that we consider in our model for an entire cycle.

The modeling approach chosen here was to determine the responses of the pitu-
itary and ovary to known circulatory levels for normally cycling women by inputting
hormonal profiles into the pituitary and ovarian systems and then using these systems
as building blocks to create the final merged system. The merged system, therefore,
describes how the pituitary and ovarian hormones interact throughout the menstrual
cycle. A global optimization of the merged system parameters should be considered.
In order to do this, one must determine how to fit the solutions to data since the
observed period is shorter than the period we assumed. Another problem to consider,
however, is that when using the dde solver (dde23) in MatLab the user does not have
control over the time mesh. Therefore numerical schemes must be created so that
when fitting to data, the solutions can be measured at desired times. Refining merged
system parameters might provide the necessary fine tuning in order to capture the
FSH profile accurately.

In the future we would also like to further study the domains of attraction for
the normal and abnormal cycles presented in this work to better understand when
a disturbance to the circulatory levels of the pituitary and ovarian hormones will
completely disrupt the menstrual cycle. An in depth study on the effects of exoge-
nous compounds on the menstrual cycle should be performed by modifying system

equations. This includes simulating the effects of hormonal methods of birth control
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(eg. birth control pills, skin implants, and liquid injectable). These methods admin-
ister high levels of synthetic estrogen and/or progesterone to suppress the LH surge,
thereby preventing the occurrence of ovulation. In order to test the effects of these
methods properly, we must determine how synthetic hormones are metabolized and
absorbed in the blood so that the proper doses of these hormones can be used in

model simulations.
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Appendix A

Blood Levels of Hormones For Normally

Cycling Women

A.1 Data From Clinical Studies

Table A.1: Daily Mean Serum Levels

(estimated from McLachlan et al. [41])

day | E> (ng/L) | Py (nmol/L) | Ih (U/L) | LH (ug/L) [ FSH (ug/L)
0 56.387 1.2 297.9 25.34 1425

1 49.168 0.4 284.1 28.74 158.3

2 | 51.3653 1.2 313.8 29.36 175.1

3 | 53.5627 1.113 308.7 33.71 168

4 55.76 1.2 299.3 34.29 179.1

5 61.494 0.8 208.7 36.78 180.6

6 67.228 0.933 302.2 37.35 177.3

7 72.962 0.8 301.5 38.88 177
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Table A.1: continued

day | Ex (ng/L) | P (amol/L) | Ih (U/L) | LH(ug/L) | FSH (ug/L)
8 78.696 0.533 339.8 38.52 166.1
9 92.67 0.533 352 35.28 153.4
10 104.3 0.667 329.7 38.71 144.4
11 143.04 0.533 346.3 34.54 134.5
12 181.75 0.667 388.8 37.02 118.9
13 231.05 0.933 461.7 56.62 116.6
14 296.92 1.33 625.4 142.9 155.3
15 248.43 2.933 745.8 369.2 325.4
16 123.4 6 636.9 124 210.7
17 93.76 12.667 584.2 44.63 138.9
18 114.82 25.067 778.3 41.39 127.1
19 133.5 37.067 993.9 34.32 118.2
20 149.85 42.667 1279 29.18 107.3
21 155.57 51.867 1486 21.18 101.2
22 174.28 53.2 1632 17.95 86.53
23 178.83 49.867 1597 16.64 81.36
24 162.19 40 1440 13.38 75.29
25 149.06 33.3333 1154 12.02 76.79
26 130.04 22.667 919.5 13.54 82.1
27 112.23 14.667 711.1 16.02 91.23
28 92.044 11.733 675.8 16.56 100.4

continued on the next page
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Table A.1: continued
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day | Ex (ng/L) | P (amol/L) | Ih (U/L) | LH(ug/L) | FSH (ug/L)
29 75.373 7.33 532.2 24.72 121.9
30 66.983 4.667 423.4 28.2 133.9

A.2 Functions Fitting the Data

Recall that the input functions used in the pituitary component of the model to

approximate the data in Table A.1 for estradiol, progesterone, and inhibin blood

levels over two periods are given by:

_ (t—14)3 _ (t—23)2 _ (t—45)2 _ (t—54)2
Eg(t) = ep+ €€ 2+ es€ 4 4 ee 2 +eze 4
_(t—22)? _ (t—53)?
Py(t) = pro+prie 72 +prie” v
_ (t—22)2 _ (t—53)2
Ih(t) = h0+h16 ha —|—h1€ ha

(A.1)

(A.2)

(A.3)

In addition, the input functions used in the ovarian component of the model to ap-

proximate the data for FSH and LH blood levels over two periods are given by:

FSH(t) =

LH(l) =

—(t—5)2 —(t—15)2 —(t—18)2 —(t—36)2
fie 2+ fze A+ fse o+ fre T

—(t—46)2 —(t—49)2 —(t—67)2
f9€ fio 4 f5e fe —+ f7e f11

—(t—7)2 —(t—15)2 —(t—18)2 —(t—38)2
lo + 116 l2 -+ l3€ la + l5€ lg -+ lle l2
—(t—46)2 — (t—49)2 —(t—69)2

+lze 4 Fle v Fle -
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The functions in (A.1)-(A.5) were fit to the data using the Nelder Mead Simplex

Method as described in Section 4.2. The resulting parameter values are listed in

Tables A.2 and A.3.

Table A.2: Estimates for the Parameters in the Ovarian Input Functions

Parameter Value

€o 62.48 ng/L

el 230 ng/L

€ 5 day?

es 115 ng/L

€4 20 day?
Pro 0.8 nmol/L
pr 52.24 nmol/L
pro 19.15 day?

ho 290 U/L

hq 1401.5 U/L

ho 15 day®
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Table A.3: Estimates for the Parameters in the Pituitary Input Functions

Parameter Value
fi 175 pg/L
fo 110 day?
f3 210 pg/L
Ja 1 day”
fs 65 pg/L
f6 20 day2
fr 174.9 pg/L
fs 121  day?
fo 205 ug/L
J1o 1 day2
fu 130 day®
lo 0.156  ug/L
Iy 24.38 ug/L
ly 230 day?
I3 33212 pug/L
Ly 1 day?
I 17.24 pg/L
le 35.16 day”




Appendix B

Converting The Units of Progesterone

and Estradiol

The units of P, in the McLachlan paper are nmol /L. In order to convert from moles to
grams we need to determine the molar mass of progesterone. The molecular formula
for progesterone is [15]:

C1 HsoOs. (B.1)

The molar mass of progesterone can be calculated as follows [15, 44]:

Molar Mass of Co1 H30O2 = (# Atoms of C' x Atomic Weight of C')

# Atoms of O x Atomic Weight of O) (B.2)

(
(# Atoms of H x Atomic Weight of H)
(
(

21 x 12.0110) + (30 x 1.0079) + (2 x 15.9994)

314.4668 g/mol (B.3)

Therefore 314.4668 is the mass in grams of one mole of progesterone.

The units of E in the McLachlan paper are pmol/L. The molecular formula for

149



Appendix B. Converting The Units of Progesterone and Estradiol 150

estradiol is [14]:
018H2402. (B4)

Similarly, the molar mass of estradiol can be calculated as follows [44, 14]:

Molar Mass of CijgH2402 = (# Atoms of C' x Atomic Weight of C)

(

+ (# Atoms of H x Atomic Weight of H)
(# Atoms of O x Atomic Weight of O) (B.5)
(

18 x 12.0110) + (24 x 1.0079) + (2 x 15.9994)

= 272.3864 g/mol (B.6)

Therefore 272.3864 is the mass in grams of one mole of estradiol and hence x p”z(’l of
E, is equivalent to 0.2723864-x “. In this work we use ng/L as the units of estradiol.
These conversions are useful in comparing the blood levels of these hormones to the

other hormone levels.



