
ABSTRACT 

STEFANSKI, DOUGLAS LAWRENCE. Development of a Regional Structured and 

Unstructured Grid Methodology for Chemically Reactive Turbulent Flows. (Under the 

direction of Drs. Jack R. Edwards and Hong Luo). 

 

A finite volume method for solving the Reynolds Averaged Navier-Stokes (RANS) 

equations on unstructured hybrid grids is presented.  Capabilities for handling arbitrary 

mixtures of reactive gas species within the unstructured framework are developed.  The 

modeling of turbulent effects is carried out via the 1998 Wilcox     model.  This 

unstructured solver is incorporated within VULCAN – a multi-block structured grid code – 

as part of a novel patching procedure in which non-matching interfaces between structured 

blocks are replaced by transitional unstructured grids.  This approach provides a fully-

conservative alternative to VULCAN’s non-conservative patching methods for handling such 

interfaces. 

 In addition, the further development of the standalone unstructured solver toward 

large-eddy simulation (LES) applications is also carried out.  Dual time-stepping using a 

Crank-Nicholson formulation is added to recover time-accuracy, and modeling of sub-grid 

scale effects is incorporated to provide higher fidelity LES solutions for turbulent flows.  A 

switch based on the work of Ducros, et al., is implemented to transition from a monotonicity-

preserving flux scheme near shocks to a central-difference method in vorticity-dominated 

regions in order to better resolve small-scale turbulent structures.  The updated unstructured 

solver is used to carry out large-eddy simulations of a supersonic constrained mixing layer. 
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Chapter 1 

Introduction 

Computational Fluid Dynamics (CFD) has become an important research and design 

tool in many areas of engineering involving fluid flow.  The ability to quickly simulate flows 

for multiple design configurations helps to reduce costs associated with the production and 

testing of physical models, as unfavorable concepts can be identified earlier in the design 

process.  CFD also provides support during the testing process, as simulations can be used to 

determine appropriate locations to place instrumentation for gathering flow data, as well as to 

further investigate unexpected test results.  Naturally, this usefulness in the design process 

has led to a desire to develop simulation capabilities for increasingly complex systems, 

including tip-to-tail analysis of aircraft and propulsion flow fields.  An important step in the 

simulation of such systems is the discretization of the physical domain of interest.  CFD 

solvers are generally classified in the manner in which the discretization is carried out – 

typically Cartesian, structured, or unstructured.  Each method has advantages and 

disadvantages. 

Cartesian grid methods offer simplicity in grid generation, as gridlines are aligned 

with the Cartesian coordinate axes.  Some other benefits of Cartesian grids include increased 

simplicity of the basic flow solver and use of higher-order accurate numerical schemes [1].  

However, Cartesian meshing necessarily results in the generation of irregular cells where 

grid lines intersect physical boundaries, as seen Fig. 1.1.  Such cells may be small compared 

to the rest of the domain, and present stability concerns for time accurate simulations.  
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Methods for handling physical boundaries and the small cell problem are discussed in [1-3].  

Uniformly spaced Cartesian meshes may also be problematic, as certain regions of flow 

require greater grid resolution to accurate capture the local physics.  This disparity may result 

in either loss of accuracy due to inadequate grid resolution, or loss of efficiency due to 

unnecessary refinement in regions where the flow is simple.  The resolution issue may be 

handled through localize mesh refinement as in [1] and [4], or by a grid stretching approach 

as in [2]. 

 

Figure 1.1: Sketch of Cartesian grid near solid boundary [1] 

For high speed internal flows characteristic of ramjet and scramjet systems, resolution 

of thin viscous layers requires grid refinement in the transverse direction to a much greater 

extent than in the primary flow direction.  In these situations, Cartesian meshes may be non-

optimal, as greater efficiency is gained through the use of body-fitted structured grids, which 

employ high aspect ratio quadrilateral (in two dimensions) and hexahedral (in three 
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dimensions) cells near no-slip surfaces to fully resolve viscous boundary layers while 

eliminating unnecessary refinement in the primary flow direction.  This structured grid 

method also preserves a straightforward ordering, allows higher order schemes, and permits 

simpler and generally more accurate treatment of solid boundaries than a Cartesian grid 

approach.  Use of structured grids is not without drawbacks though, as generation of body-

fitted grids can be very costly and require significant user interaction, particularly for 

complex geometries.  For this reason, alternative methods based on the use of primarily 

triangular elements in two dimensions and tetrahedral elements in three dimensions have 

become increasingly popular. 

Unstructured grid methods generally make use of advancing front or Delaunay 

triangulation techniques to discretize the domain.  The advancing front method [5-9] starts 

from a prescribed boundary and marches into the void space by generating new elements in 

an iterative fashion.  The advancing front method has the benefit of maintaining boundary 

integrity by default, but encounters difficulty in generating high aspect ratio cells needed to 

resolve viscous flows.  Generally this issue is addressed through the use of structured or 

semi-structured mesh generation techniques in boundary layers.  By contrast, Delaunay based 

methods [10-15] begin from a set of points defining an initial triangulation.  New points are 

added one at a time and the triangulation is updated after each insertion.  Because points may 

be placed at specified locations, Delaunay methods present an advantage over the advancing 

front technique when dealing with viscous flows.  However, the resulting mesh may not 

satisfy the constraints prescribed by boundary surfaces.  While the boundary recovery issue 

has been successfully resolved in two dimensions [16,17], investigation is ongoing for the 
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three dimensional analogue.  Nevertheless, Delaunay based methods have been successfully 

implemented in three dimensions with a high degree of automation.  Thus, unstructured 

methods may reduce much of the cost associated with generating structured meshes on 

complex domains.  Unfortunately, the lack of a simple ordering and the arbitrary nature of 

elements complicate solver algorithms compared to Cartesian and structured mesh methods. 

While a single mesh based on one of these basic methods – Cartesian, structured, or 

unstructured – may be sufficient for simpler flows, the weaknesses inherent in each approach 

tend to be amplified when applied to problems of increasing size and complexity.  Instead, a 

discretization consisting of several separate blocks each meshed individually may be used to 

more efficiently resolve the flow field.  These so-called multiblock strategies fall into several 

categories [18-20].  In overset methods, grids are allowed to overlap in an arbitrary manner, 

and an interpolation scheme is used to transfer information between blocks.  Overset methods 

using structured grids have been well developed using the Chimera approach [21-23].  While 

overset interpolations are non-conservative, Meakin [22] and Chan [23] have shown that 

accuracy can be maintained despite conservation loss.  However, loss of conservation may 

result in the generation of erroneous physical solutions despite preservation of formal 

accuracy.  To address this issue, Wang [24] and Wright and Shyy [25] have developed fully 

conservative interface methods for overlapped structured grids based on mesh manipulation 

and composite grid procedures.  Composite grids are a special case of patched multiblock 

meshes, in which gridlines are continuous across distinct, non-overlapping block interfaces.  

In a general patched multiblock mesh, gridlines need not be continuous across these 

interfaces.  That is, hanging nodes may exist on either side of a block-to-block interface.  The 
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VULCAN code (Viscous Upwind aLgorithm for Complex flow ANalysis) [26,27] developed 

at NASA Langley employs a patched multiblock structured mesh approach.  As in overset 

methods, non-C
0
 continuous patch interfaces, that is, patches in which gridlines are not 

continuous across the interface, may generate conservation errors.  Illustrations of the 

different multiblock mesh types are shown in Fig. 1.2. 

 

Figure 1.2: Multiblock meshes: (a) overset, (b) patched, (c) composite [20] 
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A natural extension of multiblock methods is the incorporation of unstructured block 

domains within the multiblock framework.  The desire to use these hybrid grid methods 

arises from the balance between the strengths and weaknesses of structured and unstructured 

meshes.  Structured mesh methods enable efficient solver algorithms but incur higher costs 

during grid generation.  Unstructured meshes required a more complicated and expensive 

solver, but enable rapid and automated grid generation.  Advantageous use of both structured 

and unstructured grids allows for a faster grid generation process and retention of efficient 

structured grid solver algorithms for much of the domain.  Weatherill [28] provided an early 

investigation into the use of a hybrid approach for mesh quality improvement, meshing of 

complex geometries, and mesh adaptivity.  More recently, a hybrid solver for 

turbomachinery flows, TRACE, has been developed at the German Aerospace Center (DLR) 

[29,30].  The TRACE code uses a conservative patch interface approach to coupling the 

structured and unstructured solvers, and has also been coupled with DLR’s unstructured 

TAU solver for external flows using a Chimera interpolation technique [31].  Tsung and 

Loellbach et al. [32] also developed a hybrid solver for turbomachinery flows, but instead 

used an overlapping approach to achieve hybrid coupling due to the differences in the 

unstructured solver (cell-centered finite volume approach) and structured solver (vertex-

based finite difference scheme).  Shaw and Peace [33] provide guidelines for using hybrid 

grids and present a hybrid grid, vertex-based finite element method for simulating external 

flows over full airframe configurations.  Similar external flow simulations are carried out 

using a hybrid grid approach based on mismatched abutting grid interfaces and the elsA 

structured flow solver in the work of Puigt et al. [34].  The Helios software for rotorcraft 
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simulation [35,36] makes use of an alternative dual-mesh approach that couples semi-

structured strand meshes in the near-body region with Cartesian meshes in off-body regions 

via overset methods. 

While the above methods may vary in their implementation of the hybrid mesh 

approach, the underlying concept is the same: the fluid domain is meshed using a 

combination of structured and unstructured grid generation techniques allowing for more 

efficient meshing, and appropriate algorithms are then used to resolve the flow over the 

hybrid mesh, resulting in savings compared to the generally higher costs of fully unstructured 

solvers.  However, hybrid mesh methods offer another interesting possibility.  Multiblock 

structured grids using overset and patched interface approaches are generally non-

conservative; but unstructured meshes may be used to formulate a new patching approach 

capable of recovering conservation between blocks.  The DRAGON (Direct Replacement of 

Arbitrary Grid Overlapping by a Nonstructured grid) grid method [37,38] is such an 

adaptation of the Chimera framework.  The DRAGON method replaces overlapping in the 

overset Chimera grid approach with unstructured meshes, eliminating the need for non-

conservative interpolation schemes for information transfer across block interfaces.  In this 

study, a similar hybrid approach based on the VULCAN structured solver and patched rather 

than overset grids is developed and used to solve high speed reactive flows. 

NASA’s VULCAN code is a patched multiblock structured mesh Navier-Stokes 

solver for general reactive flows, and is considered state of the art for the numerical 

simulation of high speed internal flow fields in airbreathing propulsion systems.  Typically, 

structured meshes are near optimal for such flows, but as geometric complexity increases, the 
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time required to conduct a tip-to-tail analysis of new configurations is dominated by the cost 

of generating a good quality structured mesh.  Resolution of injector ports, for instance, may 

require very fine mesh spacing, whereas nozzles or straight combustor sections do not.  To 

handle these situations economically, VULCAN employs a mismatched patching approach in 

which adjacent structured blocks can have dissimilar mesh spacing.  However, 

implementation of the patching procedure is non-trivial and may require significant user 

intervention during pre-processing.  Furthermore, conservation is not guaranteed across 

patched interfaces.  Implementation of an unstructured patching procedure recovers 

conservation at these interfaces, while at the same time facilitating greater automation of the 

patching process.  Additionally, limiting unstructured meshes to very small transitional 

regions between mismatched structured blocks ensures that increased computational costs 

associated with the unstructured solver are kept to a minimum.   

In the following sections, an unstructured flow solver, FVFLO-NCSU (Finite Volume 

FLOw-NCSU) is presented.  The FVFLO-NCSU code has been developed to include a 

subset of prioritized VULCAN capabilities [39-42], such as explicit and implicit integration, 

a high-resolution upwind differencing scheme, allowance for arbitrary mixtures of frozen or 

chemically reacting thermally perfect gases, and turbulence via Wilcox’s     model.  To 

reduce the redundancy between the unstructured and structured solvers, FVFLO-NCSU 

makes use of VULCAN’s pre-existing point-based routines when possible.  These routines, 

which are predominately dependent on VULCAN’s database files, include procedures to 

compute thermophysical flow properties, transport properties, and chemical kinetics source 

terms.  The hybrid coupling of VULCAN and FVFLO-NCSU is discussed.  Results are 
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presented to characterize both the standalone FVFLO-NCSU solver and the hybrid 

VULCAN/FVFLO solver.  Additionally, further updates to the FVFLO-NCSU code are 

made.  Specifically, a dual time-stepping procedure is used to recover time-accuracy, and 

large eddy simulation techniques for resolving turbulence are put in place.  Simulations of 

constrained supersonic mixing layers are carried out using the upgraded FVFLO-NCSU 

solver.  
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Chapter 2 

Governing Equations 

2.1 Navier-Stokes Equations  

The governing equations of fluid flow – namely the Navier-Stokes equations – are a 

set of equations for mass continuity, conservation of momentum, and conservation of energy.  

For an arbitrary mixture of            gas species,    many species continuity 

equations must be included in the system.  For a species  , the species mass fraction is 

    
  

 
 (2.1) 

where    is the species density of  , and   is the total mixture density given by 

   ∑   

  

   

 (2.2) 

so that 

 ∑      

  

   

 (2.3) 

In this mixture framework, the Navier-Stokes equations can be represented in tensor notation 

as 



 

11 

 
 

  
(   )  

 

   
(         )   ̇  (2.4) 

  

  
(   )  

 

   
(          )  

    

   
 (2.5) 

  

  
[ (  

 

 
    )]  

 

   
[   (  

 

 
    )]  

 

   
(        ) (2.6) 

where   is the fluid velocity,   is pressure, and the internal energy per unit mass,  , is given 

by 

     
 

 
  (2.7) 

 For a thermally perfect gas mixture, pressure is computed as 

       ∑
  

  

  

   

 (2.8) 

where    is the universal gas constant and    is the molecular weight of species  .  The 

mixture enthalpy is 

   ∑     

  

   

 (2.9) 

and the individual species enthalpies are given by 
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          ∫    
  

 

    

  (2.10) 

The species specific heats at constant pressure,    
, and enthalpies are computed using curve 

fits and data from McBride, et al. [43].  For example,    
 is found using the following: 

 
   

  
    

    
     

      
      

    (2.11) 

where the species gas constant        ⁄ . 

 The viscous stress tensor     is given by the relation 

          (    
 

 

   

   
   )  (2.12) 

with strain-rate tensor     defined by 

     
 

 
(
   

   
 

   

   
)  (2.13) 

Fick’s Law is used to compute the laminar species diffusion     and the heat flux vector is 

modeled using Fourier’s law: 

      
    

  

   

   
  (2.14) 

          

  

   
 ∑      

  

   

  (2.15) 
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Here    denotes the Schmidt number, taken to be 0.72 for the purpose of this study, and 

     
 is the thermal conductivity of the mixture, computed by 

      
 

     
    

  
  (2.16) 

with    denoting the Prandtl number (also 0.72 in this study) and the mixture specific heat, 

     
, computed using a formula analogous to Eq. (2.9).  The mixture thermal conductivity 

may also be determined by first calculating the thermal conductivity of each individual 

species via Sutherland’s formula: 

    
      (

 

     

)

 
         

    
  (2.17) 

and then applying Wassiljewa’s formula, given by 

      
 ∑

     

∑      
  
   

  

   

   (2.18) 

where    is the mole fraction of species  , and 

 

    

[  (
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(
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[ (  
  

  
)]

 
 

   
(2.19) 

The molecular viscosity of the mixture,     , is found in a similar manner using Wilke’s 

formula [44]: 
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      ∑
    

∑      
  
   

  

   

  (2.20) 

where     has an analogous form to Eq. (2.19). 

 Finally, the species chemical source terms,  ̇ , are computed using the law of mass 

action (LMA), which sums the production rate for species   of from an individual reaction 

over the total number of chemical reactions,   , in the reactions system.  The LMA is given 

by 

  ̇    ∑(   
      

 ) [   
∏   

   
 

    
∏  

   
  

  

   

  

   

]

  

   

  (2.21) 

where    
  and    

   are the stoichiometric coefficients of species   on the reactant and product 

sides, respectively, of reaction  .     denotes the concentration of species  , and is defined as 

    
  

  
  (2.22) 

The forward reaction rate coefficient of reaction   in the absence of temperature fluctuations 

is modeled using the Arrhenius equation: 

    
    

     [ 
   

   
]  (2.23) 

with reaction-dependent constants   ,   , and    
.  The backward reaction rate is given by 

        ⁄ , where 
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 (   ) (  

     
 )    [ 

  

   
]   (2.24) 

Here,   
  and   

   are the sums of the stoichiometric coefficients of all reactant and all 

product species, respectively, in reaction  , and     is the total change in Gibbs free energy 

for the reaction, found by summing the change in species Gibbs free energy as follows: 

     ∑(   

      

 
)    

  

 

 (2.25) 

where the species Gibbs free energy,   , is computed using a polynomial curve fit similar to 

Eq. (2.11). 

 The system outlined above represents the set of governing equations for reactive, 

multi-species fluid flows.  However, solving these equations to directly simulate turbulent 

flows (an approach known as direct numerical simulation, or DNS) requires the use of very 

small time steps and grid scales, which can result in high and even prohibitive computational 

costs.  Instead, this work uses alternate approaches for resolving turbulence based on the time 

averaging and spatial filtering of the governing equations, which are detailed in the following 

sections. 

2.2 Reynolds-averaged Navier-Stokes Equations 

 Many turbulent flows of interest in engineering are stationary – that is, on average, 

they do not vary with time [45].  For such a flow, the time average of an instantaneous flow 

variable  (    ) is defined by 
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  ̅(  )  
 

 
∫ (    )   
 

 (2.26) 

By introducing a fluctuating component   (   ) such that   ̅̅ ̅(   )   , the instantaneous 

variable can be expressed by 

  (    )   ̅(  )    (    )  (2.27) 

Substituting the above form for the instantaneous flow variables into Eqs. (2.4-2.6) and 

taking the time average results in the introduction of new terms involving the product of 

fluctuating components.  For example, in Eq. (2.5), the time average of the product     

becomes 

 ( ̅    )( ̅    
 ) ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅   ̅ ̅      

 ̅̅ ̅̅ ̅̅   (2.28) 

where the mean value of the product of the fluctuations,     
 ̅̅ ̅̅ ̅̅ , may be non-zero.  This holds 

true for other such products of fluctuating components, resulting in additional terms which 

increase the complexity of establishing suitable closure approximations [45].  However, 

introducing a density-weighted averaging can greatly reduce these complications. 

The so-called Favre averaging process is given by 

  ̃(  )  

 
 ∫  (    ) (    )  

 

 ̅
  (2.29) 

or, more simply 
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  ̃(  )  
  ̅̅ ̅̅

 ̅
  (2.30) 

Furthermore, the Favre-averaged variables can represented as containing a fluctuating 

component    (   ) in a manner similar to the Reynolds-averaged variables: 

  (    )   ̃(  )     (    )  (2.31) 

In this framework, taking the Favre average of     yields 

     ̅̅ ̅̅ ̅   ̅ ̃     
  ̅̅ ̅̅ ̅  (2.32) 

which, combined with Eq. (2.30), reveals that    
  ̅̅ ̅̅ ̅      That is to say, the Favre average of 

the fluctuating velocity vanishes [45].  However, the Reynolds average of the fluctuating 

velocity is not equal to zero in this case, i.e.   
  ̅̅̅̅   . 

 For the purpose of mass averaging the conservation equations governing fluid flow, 

the flow properties are decomposed as 

 

    ̃    
  

    ̃    
  

   ̅    

      

   ̃     

   ̃     

   ̃     

      
   

 

 (2.33) 

where    
 denotes the laminar heat transport term.  Substituting the above decomposed flow 

properties into Eqs. (2.4-2.6) and carrying out the averaging process then yields the Favre-
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averaged conservation equations: 

 
 

  
( ̅ ̃ )  
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[  (  ̅     

    
  ̅̅ ̅̅ ̅̅ ̅̅ ̅)]  

(2.36) 

Here, the mean-flow state and mixture equations as well as the laminar species diffusion and 

heat flux terms take on analogous forms to their previously described instantaneous 

counterparts.  However, several new terms have been introduced as a result of the averaging 

process and must be dealt with to close the system.  The turbulent kinetic energy per unit 

volume appears in both terms on the left side of Eq. (2.36), and is defined as 

  ̅  
   

    
  

 

̅̅ ̅̅ ̅̅ ̅̅ ̅
  (2.37) 

and will be determined from the solution of a turbulence model equation to be discussed 

later.  The only new term in Eq. (2.35), is the Favre-averaged Reynolds-stress tensor: 

  ̅        
    

  ̅̅ ̅̅ ̅̅ ̅̅ ̅  (2.38) 

Letting    represent the eddy viscosity, the Reynolds-stress tensor is determined via the 
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Boussinesq approximation: 

  ̅       (    
 

 

  ̃ 

   
   )  

 

 
 ̅      (2.39) 

For flows outside of the hypersonic range (   ),  ̅  is small compared to  , and the 

contribution of the turbulent kinetic energy to the Reynolds-stress may be neglected [45], an 

approximation which is made in this work.  A similar simplification may be made for the 

molecular diffusion and turbulent transport of turbulent kinetic energy,      
  ̅̅ ̅̅ ̅̅ ̅ and 

 

 
   

    
    

  ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
 

respectively, which appear on the right side of Eq. (2.36).  In this work, these terms are 

indeed neglected in simulations carried out by the standalone unstructured solver; however, 

the regional structured and unstructured solver makes use of the following approximation: 

         
  ̅̅ ̅̅ ̅̅ ̅  

 

 
   

    
    

  
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

 (      )
  

   
  (2.40) 

where    is a constant defined in the turbulence model.  The remaining unaccounted for 

terms,    
    

  ̅̅ ̅̅ ̅̅ ̅̅ ̅ and    
     ̅̅ ̅̅ ̅̅ ̅̅ ̅, represent the turbulent species and heat transport, and are thus 

modeled in a manner similar to their laminar analogues. 

     
    

    
  ̅̅ ̅̅ ̅̅ ̅̅ ̅   

  

   

  ̃ 

   
  (2.41) 

    
      

  ̅̅ ̅̅ ̅̅ ̅   
       

   

  ̃

   
 ∑  ̃     

  

   

  (2.42) 

using values of     and     for     and    .  Note also in Eq. (2.34) that the species source 
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terms are computed based on the mean flow properties only.  While turbulent fluctuations 

may impact the chemistry of the system, these turbulence-chemistry interactions have been 

neglected for the sake of simplicity in this work.  The above approximations, while helpful, 

still fail to provide full closure to the system of time-averaged governing equations, also 

called the Reynolds-averaged Navier-Stokes (RANS) equations.  Full closure is achieved 

through the use of an appropriate turbulence model; in this study, a variation of the Wilcox 

(1998)     two-equation model [46] is used. 

Wilcox (1998)     Two-Equation Model 

 The Wilcox (1998)     two-equation model closes the RANS equations through 

the introduction of   – the specific dissipation rate of   – and two additional conservation 

equations (one each for   and  ).  Using the closure approximations detailed in the previous 

section along with this     turbulence model, the full set of closed RANS equations are 
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(2.45) 
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(2.47) 

where the eddy viscosity is defined as 

 
   

 ̅ 

 
  (2.48) 

Note that in the standalone unstructured solver, the contributions of turbulence kinetic energy 

to Eq. (2.45) are neglected as previously discussed.  In the standard form of the Wilcox 

(1998)     model, the source term is given by 
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]

 
 

  (2.49) 

However, this work makes use of an alternate version in which the magnitude of the vorticity 

replaces the source term   in the   and   equations (i.e.      ) [47], where the vorticity   

is given by 

      ̃   (2.50) 

The remaining constants for this     turbulence model are listed in Table 2.1. 
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Table 2.1:     Model Constants 

                  

                  

                   

Wall Matching 

Wall-matching methods for turbulence are included based on the work of Wilcox 

[48].  Wall-matching provides a means of determining the flow variable data in the first 

interior cell analytically (given that the point of interest is located within the log layer of 

turbulence), thus reducing the computational costs involved in fully resolving turbulent 

boundary layers through integration to the wall. 

Following the procedure outlined by Wilcox [48], the law of the wall in the presence 

of a stream-wise pressure gradient is assumed to hold on the first interior cell adjacent to the 

wall, so that 

   
    [      (

    

  
)          

    

  
]  (2.51) 

where       is the kinematic viscosity and the subscript   denotes the value at the wall.  

The parameter        is von Karman’s constant and   is a model term based on surface 

roughness and set equal to 5 for smooth surfaces and the purposes of this study.  The friction 

velocity    is defined as the ratio of wall shear stress to density: 



 

23 

    √    ⁄   (2.52) 

where    is computed based on the derivative of the tangential velocity with respect to the 

surface normal direction ( ) at the wall: 

      (
   

  
)
 

  (2.53) 

The quantities   
  and    are the tangential velocity and normal distance to the wall at the 

first interior cell center, where 

      √   ⁄     (2.54) 

  is a non-dimensional parameter introduced to account for the effects of a stream-wise 

(denoted by the direction  ) pressure gradient and defined by 

     

(    ⁄ )

   
 

  (2.55) 

 In the near wall region, the thermodynamic properties of the flow are given by [48]: 

      (
     

     
  

)  (
   

      

)   (2.56) 

      (2.57) 

     

 

  
 (2.58) 
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Substituting Eqs. (2.56) and (2.58) into (2.54) then leads to the following relation for 

determining   
 : 

   
  

 

 
{     [

      

√      
]       [

 

√      
]}  (2.59) 

where  

    
   

     
  

   
     

     
    

  (2.60) 

The wall matching procedure is carried out by obtaining initial approximations for    

and    based on Eqs. (2.53) and (2.52).  A Newton method is then used to iterate on these 

parameters until both Eqs. (2.51) and (2.59) are satisfied, and the resulting values are used to 

determine the other flow variables in the cell.  The turbulence kinetic energy and dissipation 

are computed by 

   
  

 
  

 (  ) 
 
 [  

       

  
] (2.61) 

   √   ⁄     (√     )
  

[  
       

  
] (2.62) 

where    has the same value as in Table 2.1, and    and    are 1.16 and  0.3, respectively. 

For greater flexibility in handling arbitrary grids, provision has been made for 

instances when the first interior cell may lie within the laminar sub-layer.  In such instances, 

the sub-layer value for turbulent kinetic energy is derived starting from a van Driest mixing 

length model: 
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   (2.63) 

where    is given by          ⁄ .  A series expansion on the term containing the 

exponential then yields 

    (   )
 (

  

  
)

 
  

  
     (2.64) 

Since the point is assumed to be in the laminar sub-layer, it is therefore assumed that 

     , so that 

 
 

  
 

    

  
  (2.65) 

Taking the derivative of Eq. (2.65) yields 

 
  

  
 

  
 

  
  (2.66) 

Then, 

    (   )
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     (2.67) 

Here, the subscript    denotes the sub-layer value, and the above expression can be solved to 

give a relation for the turbulent kinetic energy for cells in the laminar sub-layer: 

        

    
   

 

     
 

  (2.68) 
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2.3 Filtered Navier-Stokes Equations 

 In contrast to RANS simulations, in which the mean effects of turbulence are 

modeled, large eddy simulations (LES) actually compute the larger turbulent structures and 

only resort to modeling the smallest scale turbulent effects.  In this way, the LES approach 

allows for higher-fidelity, time-accurate solutions of turbulence while reducing 

computational costs compared to DNS. 

LES requires that the governing equations be expressed in a filtered form so that the 

smallest scales may be separated for modeling.  As with time averaging, a flow property   

may be decomposed as    ̅    , where  ̅ denotes the filtered property on a scale 

resolvable by the grid and while    is the subgrid-scale (SGS) component.  A generalized 

filter is given by [45]: 

  ̅(    )  ∭ (      ) (   )     (2.69) 

where the filter function   is normalized by requiring 

 ∭ (      )       (2.70) 

where   denotes a filter width.  Noting that, as with time averaging, the filter in Eq. (2.69) 

has the Favre-filtering counterpart [49,50] 

  ̃  
  ̅̅ ̅̅

 ̅
  (2.71) 

the compressible, filtered Navier-Stokes equations are as follows: 
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(2.74) 

Again, state and mixture equations have forms analogous to the original equations, and the 

SGS stresses, species diffusion and heat transport are defined as 

  ̅    
    (    

 

 

  ̃ 

   
   ) (2.75) 

 
    

  
  

   

  ̃ 

   
  

(2.76) 

 

   
  

       

   

  ̃

   
 ∑  ̃     

  

   

  
(2.77) 

For the purposes of this study, full closure is achieved through the use of a Smagorinsky 

model [45] for the eddy viscosity: 

     ̅   
    (2.78) 
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The Smagorinsky constant    is taken to be 0.01.  The filter width   for a general 

unstructured element is computed as the ratio of the element’s volume to its surface area and 

is given by: 

 
   

  

∑     
  (2.79) 

where    is the volume, the index   covers all elements surrounding  , and     is the area of 

the face connecting elements   and  .  Finally,   is as defined in Eq. (2.49).  
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Chapter 3 

Numerical Methods 

3.1 Finite Volume Method 

 In the presented work, a cell-centered finite volume method is used to discretize the 

governing equations detailed in Chapter 2.  The fluid region if interest is divided into a set of 

distinct control volumes    consisting of a combination of the following element types: 

tetrahedral, (triangular) prismatic, pyramidal, and hexahedral.  Global conservation is 

ensured through enforcement of the governing conservation equations on each control 

volume.  For an arbitrary control volume    with boundary      , the integral form of the 

governing equations can be expressed as a vector equation as follows: 

  

  
∫    
  

 ∫      
   

 ∫      
   

 ∫     
  

 (3.1) 

Here,   denotes the outward unit normal of the boundary surface.  The vectors  ,  ,  , and   

contain the conserved variables, inviscid flux contributions, viscous flux contributions, and 

source terms, respectively and are given by 
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where the total energy ( ) and enthalpy ( ) per unit mass are 

 
    

 

 
         

 

 
      (3.3) 

Note that, although the   ̅ and   ̃ accents have been dropped, the flow variables still represent 

the appropriate time-averaged (RANS) or filtered (LES) quantities.  Furthermore, for 

simplicity the accent  ̂  has been introduced to indicate a combined laminar and turbulent 

(or filtered and subgrid) quantity.  For RANS simulations, the vectors contain additional 

entries corresponding to the   and   equations, Eqs. (2.46) and (2.47); and the total energy 

and enthalpy include contributions from the turbulence kinetic energy in the regional 

structured and unstructured solver. 

 The conservative variables are represented at cell centers by a volume average: 

  
   

 

  
∫    
  

  (3.4) 

and the boundary integrals  in Eq. (3.1) are approximated using the midpoint rule at the 

boundary faces, resulting in the following semi-discrete vector equation: 

 
  

   

  
 ∑           

 

∑          

 

       (3.5) 

with the boundary sums computed over all control volumes   adjacent to the current control 

volume   and the subscript    denoting the shared face of   and   having area    .  Defining 

the residual    as 
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    ∑          

 

 ∑          

 

  (3.6) 

Eq. (3.5) may be expressed simply as 

 
  

   

  
           (3.7) 

The remainder of this chapter will detail the methods used for solving this finite 

volume representation of the conservation equations. 

3.2 Flux Discretization 

Solution of the equation system represented by Eq. (3.7) requires that the discrete 

fluxes contributing to the residual must be resolved at the cell interfaces.  These fluxes are 

classified as either inviscid (vector  ) or viscous (vector  ) and are discretized accordingly, 

as follows. 

Inviscid Fluxes 

 The inviscid fluxes are computed using the low-diffusion flux-splitting scheme 

(LDFSS) of Edwards [51].  In this approach, the inviscid fluxes are separated into convective 

and pressure components, so that the flux through face    can be expressed in general form as 

               ( 
    )     (        )  (3.8) 

where 
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  (3.9) 

and   
 

 
(           ) is the contravariant Mach number.  The interface fluxes are 

then computed based on a splitting of    and    between cells   and  .  The convective 

portion of the interface flux takes the form 
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 ⁄
    

      
 ⁄
    

  (3.10) 

with interface sound-speed   
 ⁄

 
 

 
(     ), and the pressure contribution is defined as 
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   (3.11) 

The terms    and    are functions of the Mach number.     is as follows: 

     
      

 (      )          
   (3.12) 

where the pressure splitting is given by 

 
    

  
 

 
(      )

 
(      )  (3.13) 

For the convective fluxes, 
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and 

      
 (    )       
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   (3.15) 

Here,      are the contravariant Mach numbers for cells   and   based on the interface speed 

of sound, and the additional split Mach numbers are defined as follows: 
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In the above definitions,     
  and      are 

 
    

  
 

 
[     (    )] (3.20) 

          (       [|    |])  (3.21) 

These definitions ensure the use of the appropriate upwinding direction for the interface 

fluxes. 



 

34 

𝐱𝑗  𝐱𝑖 𝐱𝑖𝑗 

Viscous Fluxes 

Computation of the viscous flux terms requires the determination of flow variable 

gradients at the cell interfaces.  This is achieved by first evaluating the gradients at cell 

centers using an inverse-distance-weighted Green-Gauss formulation.  In this approach, the 

gradient of a flow variable   in a particular cell   is approximated by 

 
    

 

  
∑(

|      |   |      |  

|     |
)

 

        (3.22) 

where    and    are the locations of the cell centers of   and  , and     is location of the 

midpoint of face  , as demonstrated in the sketch in Fig. 3.3. 

 

Figure 3.3: Sketch of neighboring cells for gradient computation 

Reconstruction of the gradients at the interface is then carried out through a modified 

averaging process.  The simple average of the cell-centered gradients, i.e. 
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is modified by a correction along the direction    , where 

 
    

     

|     |
  (3.24) 

The reconstructed gradient at the interface is then given by 

 
    

      
̅̅ ̅̅ ̅̅  [    

̅̅ ̅̅ ̅̅      
     

|     |
]  (3.25) 

These reconstructed gradients are then used to compute the discretized viscous fluxes at each 

face. 

Second-Order Extension 

 From Eqs. (3.8-3.10), it is evident that the discrete fluxes returned by the       

routine depends on the interface variable states used to form     
  and     

 .  Naturally, use of 

the cell-averaged values results in a first-order accurate approximation of the interface fluxes.  

In this study, second-order accuracy is obtained through linear interpolation of variables to 

the cell interfaces via a slope-limited MUSCL approach [52], whereby 
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The parameter   is taken to be 1/3, and the forward and backward difference operators are 

computed as 
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       (     )  (     ) (3.28) 

   
       (     )  (     )  (3.29) 

The parameter   is a limiter designed to retain monotonicity of the solution, particularly in 

near-shock regions where oscillations are otherwise prone to occur due to the use of higher-

order methods.  This study makes use of a van Albada limiter, defined by: 

 
      [  

   
 (     )   

(  
 )  (     )

 
  

] (3.30) 
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 (     )

 
  

] (3.31) 

where   is a small number included to prevent division by zero. 

Ducros Blending 

 While beneficial for accurately capturing shocks, the monotonicity-preserving 

interpolation scheme outlined in Eqs. (3.26-3.31) can have a negative impact on LES of 

turbulent flows.  In such cases, the limiter does not discriminate between spurious numerical 

oscillations developing around shocks and physical oscillations due to turbulent effects.  To 

obtain greater resolution of these small-scale turbulent structures, the interface variables are 

obtained via a blending of the monotonicity-preserving interpolation with a volume-weighted 

average state as follows: 
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where 

 
     

         

     
  (3.34) 

The switch       (  
    

 ) is computed based on the work of Ducros, et. al. [53].  In this 

study, the following form is used: 
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The switch    is designed to allow the interpolation to approach the second-order accurate 

central difference approximation in the limiting case when vorticity is much greater than the 

divergence of the velocity, in an effort to better capture turbulent structures that may 

otherwise be numerically dissipated by the monotonicity preserving scheme.  The second 
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switch,    
, is implemented as a safeguard against using the central difference formulation 

when steep local gradients in the pressure exist, which may destabilize the solution.  The 

parameter   in Eq. (3.37) may be selected based on the desired sensitivity of the switch to 

local pressure gradients, and should take a value      . 

3.3 Time Integration 

Steady-State 

 Steady-state solutions to Eq. (3.7) are generated by discretizing the time derivative 

with a forward difference approximation, i.e. 
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where     (  
      

 ).  The time step    is determined locally in each cell as 

 
    

   

     
  (3.39) 

where    is the characteristic length of the cell (also used as the filter width) computed using 

Eq. (2.79) and       is a measure of the eigenvalues of the system over all faces of element  , 

given by 
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  (3.40) 

The parameter   is the Courant number, set on a case-by-case basis to ensure solution 
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stability.  For steady state solutions, the use of this locally determined time step allows for 

faster solution convergence, as smaller cells – with correspondingly smaller characteristic 

lengths and thus smaller required time steps for stability – may be handled separately without 

limiting the time step used in larger cells. 

To obtain an explicit formulation,    in the right-hand side of Eq. (3.38) is set equal 

to  .  However, for chemically reactive flows, inclusion of the species source terms results in 

a stiff system whereby implementation of a fully explicit scheme requires a much smaller 

time step than otherwise necessary for resolving the bulk flow.  To avoid this loss in 

efficiency, a semi-implicit treatment of the source terms is carried out by replacing   
  with 

  
   , which is in turn linearized as: 

 
  

      
  

  

  
     (3.41) 

Then, the semi-implicit equation is given by 
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]        

      
   (3.42) 

Where   denotes the identity matrix.  In this work, the solution of the semi-implicit system of 

Eq. (3.42) is advanced by a multi-stage Runge-Kutta scheme given by 
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 (3.43) 

The values for the parameter    used in this study are listed for         in Table 3.1. 
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Table 3.1: Multi-stage Runge-Kutta coefficients 

                   

                        

                        

                        

                            

                              

 Alternatively, selecting        in Eq. (3.38) yields a fully implicit formulation 

for advancing the solution.  In this case, both   
    and   

    are linearized in the manner of 

Eq. (3.41), so that the fully implicit system has the form 

 
[
  

  
  

  

  
   

  

  
]        

      
   (3.44) 

The FVFLO-NCSU solver has the option to employ a Lower-Upper Symmetric Gauss Seidel 

(LU-SGS) method or a Generalized Minimal RESidual (GMRES) method to solve this 

implicit system. 

In the LU-SGS method, the left-hand-side matrix in Eq. (3.44) is decomposed into 

lower triangular, upper triangular and diagonal components, so that 

               
      

   (3.45) 

Factoring this system results in the following equation: 
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 (   )   (   )       
      

  (     )     (3.46) 

By introducing an approximate factorization in which the last term on the right-hand-side of 

Eq. (3.46) is neglected, the system may be solved in two steps: a lower sweep given by 

 (   )   
     

      
   (3.47) 

followed by an upper sweep: 

 (   )        
   (3.48) 

The standard LU-SGS approach then requires storage of the lower, upper and diagonal 

matrices and computation of matrix vector products.  As an alternative, the FVFLO-NCSU 

solver uses a fast, matrix-free approach, which has been previously applied to perfect gas 

flows on unstructured grids [54-56].   The matrix-free approach uses the following simplified 

residual to derive the inviscid Jacobian matrix: 

 
   ∑

 

 
 

[ (  )   (  )       (     )]       (3.49) 

Here,       is the spectral radius of the Jacobian matrix at an average state, computed as 

 |   |  |    
|      

   

          
  (3.50) 

where the flow variables are taken as a simple average of the quantities in cells   and  .  In 

the matrix-free approach, the product of the inviscid Jacobian matrix   with an incremental 

vector    is approximated by computing increments of the flux vector: 
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         (    )   ( )  (3.51) 

Additionally, the viscous Jacobian is replaced by its spectral radius for approximating these 

matrix vector products.  Thus, the lower and upper sweeps are as follows: 
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Note that when applied to a chemically reactive system, the above approach makes use of a 

further simplification in that the contributions of the source term Jacobian to the lower and 

upper triangular matrices are omitted.  These approximations eliminate the need to compute 

and store the lower and upper triangular components of the Jacobian matrix (hence the name 

‘matrix-free’), greatly reducing memory requirements.  Furthermore, the computation of the 

incremental flux vector is not expensive, so that the overall additional computational costs 

are negligible. 

 The FVFLO-NCSU also includes the option to carry out implicit integration via the 

GMRES method of Saad and Schultz [57].  The GMRES method is an iterative method that 

minimizes the normalized computed residual over a number of orthogonal search directions.  

It is important to note that the convergence of GMRES for a linear system of the form  
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         (3.54) 

is dependent on the conditioning of the matrix  .  Thus, preconditioning is used to improve 

the efficiency and robustness of the method.  Preconditioning allows GMRES to operate on 

an equivalent linear system 

  ̃  ̃    ̃ (3.55) 

generated by premultiplying the original system by a matrix   as follows: 

               (3.56) 

FVFLO-NCSU makes use of an LU-SGS preconditioning, that is 

   (   )   (   )  (3.57) 

Use of the LU-SGS preconditioner allows the solver to reuse the same Jacobian matrix 

developed for the LU-SGS scheme.  Furthermore, because the GMRES method only requires 

matrix-vector products, the same matrix-free approach used for the LU-SGS scheme may be 

applied to eliminate the need to compute and store the lower and upper triangular matrices. 

Although the matrix-free methods described above do not require the lower and upper 

components of the Jacobian matrix, the block diagonal Jacobian must still be computed and 

stored.  For the multi-species system, this block diagonal Jacobian is determined by revisiting 

Eq. (3.2).  The unknown vector   inviscid flux vector   can be expanded and expressed as 

follows: 
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   (3.58) 

where    is the velocity normal to the face, given by 
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From Eq. (3.58) it is clear that the vector   can be rewritten as         , with 
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  (3.60) 

Then, the inviscid flux Jacobian can be computed via the chain rule of differentiation: 

   

  
   

  

  
  

   

  
  

  

  
  

  

  
  (3.61) 

The first term in Eq. (3.61) is simply the identity matrix multiplied by the normal velocity.  

The derivative in the second term of Eq. (3.61) is determined from Eq. (3.59) as follows: 
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  (3.62) 

Furthermore, closer inspection of the vector   reveals that the partial derivative of   with 

respect to   is zero for all but the      term, so that the second and third terms of Eq. 

(3.61) can be combined into a single term,        ⁄ , where 
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  (3.63) 

The final partial derivative term in Eq. (3.61),      , requires a more in depth analysis.  

First, from Eq. (2.8): 
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  (3.64) 

Furthermore, from Eqs. (2.7), (2.9), and (3.3): 
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Differentiating the above expression for       with respect to    yields 
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(3.66) 

where      if      or   otherwise.  Noting that 
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   )                (3.67) 

Eq. (3.66) may be rearranged to determine a form for       , which may in turn be 

substituted into Eq. (3.64) to determine the final form of       : 
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where ( ) is the case when     , ( ) is the case when            , and ( ) is 

the case when       .  This form may then be substituted back into Eq. 3.61 along with 

the previously detailed terms to generate the inviscid flux Jacobian. 
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Time accuracy 

 For     carried out by the standalone FVFLO-NCSU solver, a dual-time stepping 

procedure [58] is used to recover time-accuracy.  The unsteady residual is formed via a 

second-order Crank-Nicholson time discretization as: 

 
  

       
         

  
 

 

 
(         )  (3.69) 

where    denotes a physical time step,   is the time level, and   is the sub-iteration level.  

Note that for simplicity, the contribution of the source term vector   has been included within 

the residual vector  .  The physical time step    is global across all elements, and determines 

the time spanned from time level   to    .  This unsteady residual then replaces the steady-

state residual in Eq. (3.38), so that 

 
  

(  
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       (3.70) 

The parameter    is a pseudo-time step which is defined locally in the manner of Eq. (3.39).  

The solution is advanced in time as follows: 

1. The known solution at time level   (  ) is used to compute the unsteady 

residual   
     

.  Note that        and        are equivalent to    and   , 

respectively. 

2. The solution at subiteration level     (        ) is then determined by 

solving Eq. (3.70).  This solution is then used to compute    
       

. 

3. Step 2 is repeated by iterating on   until the solution          converges 
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to a pseudo steady-state.  Note that steps 2 and 3 are carried out through 

the application of one of the previously described integration methods 

(Runge-Kutta, LU-SGS, GMRES) to Eq. (3.70). 

4. This converged solution represents the solution at the physical time level 

   , and is used as the initial solution for the next time level. 

5. Steps 1-4 are repeated until a desired time level      is reached.  



 

49 

Chapter 4 

Hybrid Coupling 

4.1 Structured/Unstructured Solver Integration 

 A critical component of the hybrid VULCAN/FVFLO-NCSU solver is the 

communication between structured and unstructured blocks.  Information must be passed 

between these blocks, and common fluxes computed on structured/unstructured patch 

interfaces in order to ensure proper conservation of flow variables across these patches.  In 

this study, reconstructed variables and associated gradients are passed across 

structured/unstructured patch interfaces.  A common routine is used by both the structured 

and unstructured solvers to compute patch face fluxes based on the shared reconstructed 

variables.  Use of a common flux routine and the same set of reconstructed interface 

variables ensures that the fluxes across structured/unstructured interfaces are fully 

conservative.  Note that this approach is based on a composite-type patch between structured 

and unstructured blocks, and enables the use of hybrid grid generation methods.  Such 

methods speed up the grid generation process by using unstructured grids around complex 

geometries and to connect distinct structured block domains.  Alternatively, an unstructured 

patching procedure may also be used to create hybrid meshes.  This unstructured patching 

allows compatibility with patched multiblock structured grids, so that pre-existing structured 

grids and structured grid generation techniques for VULCAN may be used in conjunction 

with the hybrid VULCAN/FVFLO-NCSU solver. 
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4.2 Unstructured Patching 

The patched multiblock approach used by VULCAN allows for non-C
0
 continuous 

interfaces between structured blocks.  To accommodate such interfaces, VULCAN’s 

structured solver uses a non-conservative patching procedure.  The unstructured patching 

replaces non-C
0
 interfaces by transitional unstructured grids, which enable the fully 

conservative hybrid solver.  The patching procedure works as follows: first, non-C
0
 interfaces 

in the original structured grid, seen in Fig. 4.1(a) are identified; then, cells surrounding these 

interfaces are removed from the structured grids to create a split mesh as in Fig. 4.1(b); 

finally, gaps in the split mesh are filled by an unstructured grid to form a reconnected hybrid 

mesh (Fig. 4.1(c)). 

 

Figure 4.1: Hybrid patching procedure.  (a) Initial non-C
0
 mesh, (b) split mesh, (c) patched 

hybrid mesh 

The coupling of VULCAN and FVFLO-NCSU and the structured/unstructured 

patching procedure are discussed in greater detail in the dissertation of Seth Spiegel [59].  

(a) (b) (c) 
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Chapter 5 

Hybrid Solver Results 

5.1 FVFLO-NCSU Results 

 Multiple test cases were run to validate the standalone FVFLO-NCSU solver.  As the 

solver was developed for integration with VULCAN to create a hybrid mesh solver, results 

are compared to results generated by VULCAN.  These test cases and corresponding results 

are discussed below. 

Reacting Inviscid Supersonic Flow into a 15  Compression Corner (I) 

 The first test case considers the reacting inviscid flow of a pre-mixed air mixture into 

a 15  compression corner.  This case was one of the first investigated during development of 

the FVFLO-NCSU solver, and was selected to verify the solver’s capability to handle 

multiple gas species and the implementation of VULCAN’s chemical reaction subroutines 

within the FVFLO-NCSU code. 

The inflow air mixture consists of N2, O2 and H2 at mass fractions of 0.755, 0.24 and 

0.005 respectively.  The reaction model for this case is the NASA Langley 7 species/7 

reaction H2-air kinetic model, with additional species OH, H2O, O and H.  The reactions in 

this model are listed in Table 5.1.  The free stream Mach number for this case is 2.06, and the 

static temperature and pressure are 700 K and 1 atm.  At these conditions, a shock wave 

which drives chemical reaction is formed as the flow enters the compression corner. 
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Table 5.1: NASA Langley 7 species/7 reaction H2-air kinetic model 

 Reaction Reactants  Products  

   H2 + O2   OH + OH  

   H + O2   OH + O  

   OH + H2   H2O + O  

   O + H2   OH + H  

   OH + OH   H2O + O  

   H + OH + M   H2O + M  

   H + H + M   H2 + M  

 Solutions for this flow were computed using a 3-stage Runge-Kutta semi-implicit 

time integration with a first order spatial discretization.  First order methods were used to 

focus on the effects of chemical reactions when comparing solutions with VULCAN.  

Additionally, both FVFLO-NCSU and VULCAN solutions were computed on an identical 

structured mesh consisting of 5002 points and 2400 elements.  This mesh is shown in Fig. 

5.1. 

 Contour plots of OH mass fraction and static temperature generated by FVFLO-

NCSU for this case are shown in Fig. 5.2.  Note that as the temperature rises suddenly across 

the shock, a combustion reaction occurs as demonstrated by the existence of product species 

OH.  As the flow continues downstream of the shock, the OH generated early in the reaction 

is consumed as the reaction continues and H2O is produced.  The FVFLO-NCSU solution is 

also compared with that of VULCAN in Fig. 5.3.  Computed OH mass fraction profiles along 
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the grid line       and temperate profiles along the grid line       are nearly identical 

between the two codes, confirming successful implementation of multi-species logic and 

chemical reaction routines within the FVFLO-NCSU solver. 

 

Figure 5.1: Mesh for supersonic reacting inviscid flow into 15  compression corner 

   

Figure 5.2: Temperature (left) and OH mass fraction contours for compression corner 
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Figure 5.3: Top: OH mass fraction profile along gridline y = 0.3.  Bottom: Temperature 

profile about gridline x = 0.5 
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Laminar Low Reynolds Number Flow Past a Sphere 

 This case has been widely studied in literature, as documented by Johnson and Patel 

[60], and provides an initial qualitative assessment of the FVFLO-NCSU unstructured solver 

for a viscous flow.  The test case presents a sphere within a laminar flow at a Mach number 

of 0.06 and Reynolds number of 100.  At the prescribed flow conditions, a steady, 

axisymmetric flow exists, in which a toroidal vortex sits just aft of the sphere.  Because the 

flow is axisymmetric, a hemisphere geometry is used with a symmetric boundary condition 

on the plane bisecting the sphere.  The mesh for this case consists of 200416 tetrahedral 

elements and is shown in Fig. 5.4.  Streamlines around the sphere computed by FVFLO-

NCSU are shown in Fig. 5.5.  The observed separation lies approximately 129  from the 

forward stagnation point, which agrees well with the results presented in [60]. 

 

Figure 5.4: Unstructured mesh for low Reynolds number sphere 
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Figure 5.5: Streamlines for laminar flow past a sphere computed by FVFLO-NCSU 

 

 This case was also used as a baseline for testing the parallel performance of the 

FVFLO-NCSU solver.  The parallelization in FVFLO-NCSU follows the Single Program 

Multiple Data (SPMD) model, using the Message Passing Interface (MPI) standard.  

Partitioning of the computational domain is carried out using MeTiS [61].  Additional details 

on the parallelization of the FVFLO-NCSU solver may be found in [59]; further discussion in 

this paper is limited to simulation results. 

 To test the parallel implementation of FVFLO-NCSU, multiple instances of the 

laminar sphere problem were simulated using varying numbers of processes up to 16.  Fig. 

5.6 compares the computational wall time for each of these simulations.  The exponent of 

1.053 on   in the curve fit indicates a speed up for this case that is slightly greater than ideal. 
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Figure 5.6: Parallel speedup for the laminar sphere 

Reacting Laminar Viscous Flow over a Flat Plate 

The previous test cases were designed to test the chemistry routines and viscous 

capabilities of the FVFLO-NCSU solver in an isolated manner.  As a next step, a reacting 

viscous flow is considered.  In this case, an air mixture of 75.5% N2, 24% O2 and 0.5% H2 

enters the domain at        at Mach 3.4, 700 K, and 0.01 atm.  The low inflow pressure is 

imposed to allow a thick viscous layer to develop along the surface of the plate, which runs 

from     to    .  The increased temperature in this viscous layer initiates a chemical 

reaction.  Again, the 7 species/7 reaction H2-air model outlined in Table 5.1 is used. 
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 Results are presented as both contour plots and line plots extracted along the gridlines 

        and      .  The Mach number distribution predicted by FVFLO-NCSU is in 

very good agreement with that generated by VULCAN, as seen in Fig. 5.7.  However, the 

solutions for the temperature and H2O mass fractions, shown in Fig. 5.8, differ slightly 

between the two codes.  The disagreements arise because these parameters are sensitive to 

the mixture thermal conductivity, and in this case the FVFLO-NCSU results were obtained 

using Wassiljewa’s formula, whereas the VULCAN results used an approach based on the 

assumption of a constant Prandtl number.   

 

Figure 5.7: Mach number predictions for reacting laminar flow over a flat plate 

FVFLO Vulcan 
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Figure 5.8: Temperature (top group) and H2O mass fraction predictions 

  

FVFLO Vulcan 

FVFLO Vulcan 
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Supersonic Turbulent Flow over a Flat Plate 

 To validate the implementation of the     turbulence model within FVFLO-

NCSU, a supersonic turbulent flow of non-reacting pre-mixed air (N2, O2, H2) over a flat 

plate was investigated.  The flow has free stream temperature of 250 K, pressure of 25000 

Pa, and velocity of 952 m/s, corresponding to a Reynolds number of over 20000000.  

Solutions are computed using three different grids.  The first is a structured grid with 144 

cells in both the   and   directions, for a total of 20736 hexahedral elements.  The second is a 

hybrid grid, constructed by the hexahedral elements for       in the original structured 

grid into two prismatic elements.  The resulting grid consists of 14400 hexahedral and 12672 

prismatic elements.  The third is an unstructured grid consisting of 1232 prismatic elements 

and 5908 hexahedrals.  The three grids are shown in Fig. 5.9. 

 Results for this case are presented as variable profiles in the   direction at the exit of 

the domain (   ).  The VULCAN solution on the structured grid is used as a baseline for 

comparing the FVFLO-NCSU solutions on each of the three grids.  Fig. 5.10 shows that the 

 -component velocity obtained by FVFLO-NCSU for all three grids are virtually identical to 

the VULCAN solution.  The same is true of the temperature, seen in Fig. 5.11.  Solutions for 

the turbulent variables   and  , shown in Figs. 5.12 and 5.13, also demonstrate good 

agreement with VULCAN; however, some discrepancies between the results generated by 

the two codes are evident, particularly near the surface of the plate.  These differences in the 

turbulent variables can be attributed to slightly different approaches to implementation of the 

    model.  FVFLO-NCSU uses a vorticity-based method for computing the turbulence 

source terms as discussed in Section 2.2, whereas VULCAN uses the standard approach. 
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Figure 5.9: Three grids for supersonic turbulent flow over a flat plate.  From top: structured 

grid, hybrid grid, unstructured grid. 
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Figure 5.10: Outlet profiles of  -velocity for supersonic turbulent flat plate 

 

Figure 5.11: Outlet profiles of temperature for supersonic turbulent flat plate 
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Figure 5.12: Outlet profiles of turbulent kinetic energy for supersonic turbulent flat plate 

 

Figure 5.13: Outlet profiles of   for supersonic turbulent flat plate 
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Supersonic Turbulent Flow over a Flat Plate with Wall Matching 

 The turbulent flow over a flat plate was again simulated, this time to verify the wall 

matching procedure used in FVFLO-NCSU.  The flow conditions and geometry used are 

identical to the previous flat plate problem.  However, use of wall matching allows a 

significant reduction in the grid resolution required to obtain an accurate solution.  So, while 

the computational mesh for this case is similar to the structured mesh of the previous case, it 

contains only 3600 hexahedral elements, with many fewer gridlines clustered around     

than for the solve-to-wall case.  Solutions generated by FVFLO-NCSU are again compared 

to VULCAN results as flow variable profiles in the  -direction at    . 

 Figs. 5.14 and 5.15 contain the profile plots for the   component of velocity and 

temperature.  As with the solve-to-wall solutions, FVFLO-NCSU and VULCAN return 

nearly identical results for these variables.  In Fig. 5.16, the turbulence kinetic energy profiles 

are again shown to be in good agreement.  Unlike the integrate-to-wall case, computed   

values are also nearly identical between the two codes, as seen in Fig. 5.17.  This is due in 

part to the fact that the cells demonstrating the most significant difference in computed   

values in the solve-to-wall case lie within the sub-layer, and are not within the domain 

considered with wall matching.  The results of this case further demonstrate the capability of 

FVFLO-NCSU to replicate turbulent solutions produced by VULCAN. 
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Figure 5.14: Outlet profiles of  -velocity for wall matching flat plate 

 

Figure 5.15: Outlet profiles of temperature for wall matching flat plate 
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Figure 5.16: Outlet profiles of turbulent kinetic energy for wall matching flat plate 

 

Figure 5.17: Outlet profiles of   for wall matching flat plate 
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Supersonic Turbulent Reactive Flow over a Zero-Thickness Splitter Plate 

 This test case presents a zero-thickness splitter plate separating two incident flow 

streams.  The first inflow stream, which enters the domain above the splitter plate, contains 

pure H2.  The inflow stream that enters the domain below the splitter plate is an air mixture 

of species N2 and O2 with respective mass fractions of 0.7685 and 0.2315.  Both inflow 

streams have a free stream static temperature of 1000 K and a free stream static pressure of   

atmosphere.  The inflow velocity of the fuel stream is 3800 m/s, corresponding to a local 

Mach number of 1.6, while the air mixture inflow velocity is 1200 m/s, corresponding to a  

local Mach number of 1.9.  The computational domain, shown in Fig. 5.18, consists of 41666 

points and 20480 elements, and is included with the sample cases distributed with the 

VULCAN code. 

 

Figure 5.18: Mesh for supersonic reacting splitter flow 

This test case provides a quantitative comparison with VULCAN for a turbulent 

reacting flow.  Temperature contours computed by FVFLO-NCSU and VULCAN are shown 

in Fig. 5.19.  Additionally, outlet boundary profiles of H2O mass fraction and the ratio of 

eddy viscosity to molecular viscosity generated by the two codes are compared in Fig. 5.20. 
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Figure 5.19: Splitter plate temperature contours.  FVFLO-NCSU (left); VULCAN(right) 

 

Figure 5.20: Splitter plate outlet boundary profiles.  H2O mass fraction (left) and eddy 

viscosity ratio (right) 
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 The results shown in Figs. 5.19 and 5.20 demonstrate good agreement between the 

FVFLO-NCSU and VULCAN solutions.  The H2O mass fraction profiles verify successful 

integration of VULCAN’s chemical reaction routines within FVFLO-NCSU; similarly the 

eddy viscosity ratio profiles verify the implementation of the Wilcox 1998     model 

within FVFLO-NCSU.  Note that these solutions were generated using only first-order 

methods to eliminate any differences resulting from differences in second-order variable 

reconstruction between the unstructured and structured codes, to emphasize the successful 

use of the chemistry and turbulence routines within FVFLO-NCSU. 

Turbulent Rectangular-to-Elliptical Shape Transition Scramjet Inlet 

 The next case presented is a Rectangular-to-Elliptical Shape Transition (REST) 

scramjet inlet with isolator, and represents a typical problem of interest for VULCAN 

[62,66].  REST-class inlets are initially designed using inviscid streamline tracing on a 

rectangular-like capture area to achieve a desired operating Mach number and pressure ratio. 

To account for a reduction in core flow area entering the combustor due to boundary layer 

growth in the inlet and isolator, a viscous correction is applied to the initial REST inlet which 

results in the final inlet model that can be seen in modular form from multiple views in Fig. 

5.21.  The computational domain for this case consists of one half of one modular inlet, 

contains 4,199,337 points and 4,086,400 elements, and is shown in Fig. 5.22. 
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Figure 5.21: Configuration of modular REST inlets with actual computational domain in red 

 

Figure 5.22: Computational mesh for REST inlet.  Only one-quarter of grid points shown. 

The REST inlet case was run using the FVFLO-NCSU code in an attempt to 

reproduce results given by VULCAN for an actual engineering application.  This case 

provides validation of the wall matching procedure for turbulence in the unstructured solver 

as well as a fully three dimensional comparison between FVFLO-NCSU and VULCAN.  The 

case is modeled at a Mach number of 6.64 and a Reynolds number of just over four million 

using a single species, thermally perfect representation of air.  All solid boundaries are 

treated as isothermal, with a constant wall temperature of 400 K. 
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Results generated by FVFLO-NCSU and VULCAN for the REST case are presented 

in contour plots generated on various slices throughout the domain.  Fig. 5.23. compares the 

static temperatures, static pressures, and eddy viscosity ratios on the symmetry plane of the 

inlet.  Fig. 5.24 shows contours of static temperature, Mach number, and eddy viscosity on 

cross-sectional slices at multiple axial locations.  Solutions of the non-turbulent variables 

between the two codes are in close agreement and demonstrate the ability of FVFLO-NCSU 

to reproduce results from VULCAN.  However, some visible differences in the solutions of 

turbulent variables do exist.  These differences arise in part from the implementation of wall 

matching for turbulence.  When the first interior cell off a wall lies in the viscous sub-layer, 

VULCAN uses a blending based on additional data from the second interior cell to determine 

the appropriate wall matched variable values.  Such a method is impossible in FVFLO-

NCSU, as arbitrary unstructured grids generally do not have a well-defined second interior 

cell, as is the case for cell geometries such as triangular, tetrahedral, pyramidal, and 

prismatic.  Thus an alternative approach for handling such scenarios is necessary.  FVFLO-

NCSU employs a blending based on the van Driest mixing-length model, as described in 

Section 2.2.  As previously discussed in the flat plate test cases, the methods used to compute 

turbulence source terms also differ between the two codes.  While these inconsistencies do 

lead to slightly different results for turbulence properties, their overall impact on the 

solutions is minimal. 
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Figure 5.23: REST inlet symmetry plane contours.  From top: static temperature, static 

pressure, eddy viscosity ratio. 
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Figure 5.24: REST inlet cross-section contours.  From top: static temperature, Mach number, 

eddy viscosity ratio. 
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The REST inlet case was also used to further characterize the parallel performance of 

the FVFLO-NCSU solver.  While the laminar sphere was run using up to 16 processes, the 

REST inlet simulations were carried out on up to 128 processes.  Fig 5.25 compares the 

average wall time per iteration to number of processes used.  The curve fit for the collected 

data is of the form          ⁄   , indicating that the speedup is slightly less than ideal. 

 

Figure 5.25: Parallel speedup for the REST inlet 
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5.2 Hybrid VULCAN/FVFLO-NCSU Results 

 In this section, results generated by the integrated VULCAN/FVFLO-NCSU solver 

on hybrid meshes are presented.  The developed unstructured patching procedure is 

compared to the original VULCAN structured patching method. 

Reacting Inviscid Supersonic Flow into a 15  Compression Corner (II) 

 The first hybrid case presented is a simple test designed to demonstrate the basic 

integration of the FVFLO-NCSU code within VULCAN.  In this case, the flow of an H2-Air 

mixture – comprised of 75.5% N2, 24% O2, and 0.5% H2 – at Mach 3.4 into a 15  

compression corner is modeled.  The free stream static temperature and pressure are 700 K 

and 1 atmosphere, respectively.  At these flow conditions, an oblique shock wave attached to 

the wedge is formed, and a combustion reaction follows.  The reaction model used for this 

case was again the NASA Langley 7 species and 7 reaction H2-Air kinetic model. 

 The mesh for this case consists of a single structured block for a half-wedge 

geometry.  The structured block is reflected about the  -axis to create a full wedge; however, 

the reflected block is treated as unstructured in this simulation.  The mesh is shown in Fig. 

5.26, with the structured block colored in red, and the unstructured in blue.  The boundary 

between the two blocks is treated by the solver as a structured/unstructured interface as 

described in Section 4.1.  Note that the interface in this case is trivial as it lies on a plane of 

flow symmetry.  This simplistic interface was selected to demonstrate the integrated 

structured and unstructured solvers using second-order methods for a chemically reactive 

flow, while minimizing any possible influences of the hybrid coupling on the solution. 



 

76 

 

Figure 5.26: Hybrid mesh for supersonic compression corner 

 Contour plots of Mach number, static temperature, and OH mass fraction are shown 

in Fig. 5.27.  The plots demonstrate very good agreement between the results on the 

structured block and those on the unstructured block.  The solution on the unstructured block 

replicates the shock angle and location predicted by the structured solver.  The results in the 

chemical reaction zone in both the structured and unstructured blocks are also in agreement, 

as demonstrated by the OH mass fraction contours. 
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Figure 5.27: Contour plots for hybrid reacting wedge.  Clockwise from top left: Mach 

number, static temperature, OH mass fraction 
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Inviscid Supersonic Flow over Two Bumps in a Channel 

 This test case presents an inviscid supersonic calorically perfect air flow over two 

consecutive bumps in a channel with a free stream Mach number of 2.0, a free stream static 

temperature of 256 K, and a free stream static pressure of 5637.5 Pa. This is very similar to a 

case that is included in the suite of sample cases distributed with VULCAN.  The geometry 

for this test case consists of a channel containing two consecutive bumps along the lower 

surface. 

 To test the unstructured patch generator, the channel was divided into two blocks, 

with the downstream block modified to create a non-C
0
 patch boundary between blocks.  

This was done in two ways:  the first version changed the number of cells in the y direction 

only (referred to as the “patch-y” case) while the second changed the number of cells in both 

the y and z directions (“patch-yz”).  Both of these grids were subsequently run through the 

unstructured patch generator to create an unstructured mesh to facilitate a seamless transition 

between the structured blocks (“hybrid-y” and hybrid-yz”).  Representative grids for the 

patch-yz and hybrid-yz cases are shown in Fig. 5.28, while close up images of the 

unstructured patches for the hybrid-y and hybrid-yz cases are shown in Fig. 5.29.  Although 

these grids are three-dimensional, the third dimension is trivial and the solutions represent a 

two-dimensional flow. 
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Figure 5.28: Bumps in channel mesh for the patch-y (top) and hybrid-yz (bottom) cases 

Because of the number of cells differs in two directions, the hybrid-yz case requires 

the use of pyramidal and tetrahedral elements to transition smoothly between the structured 

blocks, while the hybrid-y case only requires hexahedral and prismatic elements.  Also note 

that in both cases the first layer of the unstructured patch consists of hexahedral cells to allow 

the structured solver access to the required stencil for higher order schemes. 
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Figure 5.29: Unstructured patch for hybrid-y (left) and hybrid-yz (right) cases 

 Contours of Mach number, static pressure, and static temperature for the patch-y case 

are shown in Fig. 5.30, with the hybrid-y results superimposed below in the same images for 

comparison.  Again, the results indicate that the hybrid solver is capable of replicating 

solutions generated using the original structured methods of VULCAN.  Furthermore this test 

case demonstrates successful implementation of the hybrid coupling for a non-trivial 

patching.  The patch-yz and hybrid-yz results, shown in Fig. 5.31 present an even more 

complex patching case.  Again, the hybrid solution agrees well with the structured results; 

however, some fluctuations do exist in the patched area of the hybrid-yz case.  These 

fluctuations arise from the introduction of faces with normal vectors containing nonzero  -

directional components.  Because the test case is a three-dimensional representation of a two-

dimensional flow, the inclusion of such faces leads to small errors in the  -direction.  A 

comparison of the residual convergence for all four cases is also included in Fig. 5.32, which 

shows that implementation of the hybrid patching does not adversely affect convergence. 
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Figure 5.30: Solution contours for patch-y and hybrid-y cases.  From top: Mach number, 

static pressure, static temperature. 
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Figure 5.31: Solution contours for patch-yz and hybrid-yz cases.  From top: Mach number, 

static pressure, static temperature. 
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Figure 5.32: Residuals for the two bumps in a channel test cases 

Laminar Supersonic Flow over a Flat Plate 

 To test the hybrid VULCAN/FVFLO-NCSU solver for a viscous flow, a calorically 

perfect air flow over a flat plate at a free stream Mach number of 3.4 and Reynolds number 

of approximately 1.9x10
4
 was examined.  More specifically, the free stream static 

temperature of the flow is 1000 K and the free stream static pressure is 101.325 Pa. 



 

84 

As with the patch-y bump case, the initial grid for the flat plate consists of two 

structured grids of differing resolution in the  -direction separated patched together by a non-

C
0
 interface.  The grid for the patched flat plate case is shown in Fig. 5.33 along with the 

analogous hybrid grid, which has been superimposed below the original patched grid.  The 

hybrid grid again contains a layer of hexahedral elements adjacent to the 

structured/unstructured interfaces, and prismatic elements are used to transition between the 

two blocks.  A close up view of the unstructured block for the hybrid grid is shown in Fig. 

5.34. 

 

Figure 5.33: Grids for the flat plate patched and hybrid cases 

 Second-order solutions for both cases are compared in Fig. 5.35.  As with the inviscid 

bump case, the laminar viscous flow results for the patched and hybrid flat plate cases are 

nearly identical, again demonstrating the ability of the hybrid VULCAN/FVFLO-NCSU 

solver to reproduce VULCAN results using an unstructured patching procedure and hybrid 

coupling in place of the original structured patching methods.  A comparison of the residual 

convergence of the patched and hybrid cases is shown in Fig. 5.36. 
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Figure 5.34: Unstructured patch for the hybrid flat plate case 
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Figure 5.35: Solution contours for the laminar flat plate.  From top: Mach number, static 

pressure, static temperature 
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Figure 5.36: Residual convergence for the patched and hybrid laminar flat plate 

5.3 FVFLO-NCSU LES Results 

Confined Supersonic Mixing Layer 

 The upgraded FVFLO-NCSU solver with time-accurate LES capabilities was used to 

simulate laterally-confined supersonic mixing layers.  Such flows have been investigated 

previously by Chakraborty, et al. [64,65].  In confined mixing layers, a coupling between the 
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shear layer motion and the channel acoustic wave arises, resulting in an instability in the 

supersonic range that is different from the classical Kelvin-Helmholtz instability.  The large 

scale structures generated are predominantly two-dimensional, and it has been shown that 

two-dimensional simulations are thus satisfactory for the confined mixing layer [66]. 

 The geometry considered for the confined mixing layer is a long narrow channel 

0.025 m in height and .525 m in length.  The inflow plane consists of an air stream on the 

lower half, and a hydrogen stream on the upper half.  The details of the inflow conditions are 

shown in Table 5.2.  Isothermal wall boundaries with temperatures matching the associated 

inflow streams are imposed on the upper and lower surfaces of the channel. 

Table 5.2: Confined mixing layer inflow parameters 

 Stream Composition   (m/s)   (Pa)   (K)  

 Hydrogen 100% H2 2400 21000 103  

 Air 76.86% N2, 23.14% O2 3725 21000 2344  

 LES results were generated for the non-reacting 2-D confined mixing layer on two 

grids: a structured grid containing 100000 hexahedral elements (1000 in the  -direction and 

100 in the  -direction) and an unstructured grid consisting of 490115 prismatic elements.  

For the structured grid, the minimal and maximal element volumes are 2.7x10
-8

 m
3

 and 

3.2x10
-7

 m
3
 respectively, while for the unstructured grid they are 2.7x10

-9
 m

3
 and 1.3x10

-7
 

m
3
.  In both grids, the smaller elements are clustered about    , the centerline of the 

channel.  Zoomed views of both grids at the inflow plane are shown in Fig 5.37. 
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Figure 5.37: Zoomed views of structured and unstructured grids for mixing layer   
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 Using 64 processes for the structured grid and 128 for the unstructured grid, 

simulations were run for four total transit times of the channel: one to attain a statistical 

steady state, and three more to collect data.  In Figs. 5.38 and 5.39, instantaneous H2 mass 

fraction and temperature contours computed on the two grids are compared.  In these plots, 

vortical structures which facilitate the mixing of the H2 and air streams are evident.  The 

temperature distribution is largely determined by the mixing of the hot air and cold H2 

streams; however local hot spots exist in the mixing layer where vortices have pulled air 

heated by viscous effects on the lower wall upward. 

 

Figure 5.38: Confined mixing layer H2 mass fraction contours.  Top: hexahedral grid, 

bottom: prismatic grid 
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Figure 5.39: Confined mixing layer temperature contours.  Top: hexahedral grid, bottom: 

prismatic grid 

Profiles of time-averaged values for  -velocity, temperature and H2 mass fraction at 

       m and        m are shown in Fig. 5.40, with blue data points representing the 

structured mesh solution and red the unstructured.  The plots demonstrate good agreement 

between results on each grid.  At        m virtually no mixing has occurred, and outside 

of the boundary layer the flow variables reflect the inflow conditions with a sharp interface 

separating near-uniform H2 and air streams.  By        m however, a significant amount 

of mixing is evident, with some H2 present in over two-thirds of the initial air stream. 
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Figure 5.40: Mean flow profiles for  -velocty, temperature, and H2 mass fraction two axial 

stations:        m and        m 

 The structured grid was also used to run a simulation for the confined mixing layer 

with chemistry activated.  The reaction model used in this case is again the Langley 7x7 H2-
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air model implemented in previous test cases.  Inflow conditions are identical to those in the 

non-reacting case.  Instantaneous contours of H2O mass fractions and temperature are shown 

in Fig. 5.41.  Results presented by Chakraborty, et al. [64] were generated using the 

SPARK2D code developed at NASA Langley by Drummond and Carpenter [67] and are 

shown in Fig. 5.42.  It should be noted that in [64], fluctuations were imposed on the inflow 

boundary to encourage mixing layer growth.  However, in the FVFLO-NCSU simulations, 

the inflow conditions are static, resulting in slower growth of the mixing layer and effectively 

shifting the flow downstream slightly compared to the simulations of Chakraborty, et al.  

After accounting for this shift, the contour snapshots demonstrate agreement between the 

solutions, with similarly shaped flow structures appearing at analogous axial stations. 

 Time-averaged data for the reacting flow case are presented in Fig. 5.43.  Profiles of 

mean velocity, H2O mass fraction and temperature computed by FVFLO-NCSU are 

compared with data for non-reacting (NR), single step chemistry (SSC), and full chemistry 

(FC) cases from [64].  To account for the difference in mixing layer growth, FVFLO-NCSU 

data from the outflow boundary (        m) are compared with the profiles at       m 

presented by Chakraborty, et al.  As with the instantaneous contour plots, the mean flow data 

compare favorably between the two solutions.  The FVFLO-NCSU profiles for mean 

velocity and H2O mass fraction are very similar to the SSC solution, and the temperature 

profiles fall between the FC and SSC cases (SSC is the outermost temperature profile).  This 

behavior is due to differences in the chemistry models implemented in the solutions – both 

codes use the same 7 species and 7 reactions for H2-air chemistry, but the model constants 

used to compute the reaction rate coefficients differ between the two.  The constants used by 
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each code in Eq. (2.23) for each case are shown in Table 5.3.  In the table, the reaction 

numbers correspond to the reactions listed in Table 5.1. 

Table 5.3: Arrhenius equation constants for reactive constrained mixing layer 

 

Reaction 

FVFLO-NCSU Chakraborty, et al.  

        ⁄          ⁄  

   1.70 10
13 0.00 24154.6 1.70 10

13 0.00 24230.0  

   1.20 10
17

 -0.91 8309.7 1.42 10
14

 0.00 8250.0  

   2.20 10
13

 0.00 2591.6 3.16 10
7
 1.80 1525.0  

   5.06 10
4
 2.67 3165.3 2.07 10

14
 0.00 6920.0  

   6.3 10
12

 0.00 548.5 5.5 10
13

 0.00 3520.0  

   2.21 10
22

 -2.00 0.0 2.21 10
22

 -2.00 0.0  

   7.30 10
17

 -1.00 0.0 6.55 10
17

 -1.00 0.0  

The differences in the solutions generated by the two solvers may have several 

sources other sources in addition to the reaction models used.  First, SPARK2D uses a 

spatially 4
th

 order accurate scheme compared to the 2
nd

 order scheme of FVFLO-NCSU; 

second, as previously mentioned the FVFLO-NCSU results do not incorporate a fluctuating 

inflow boundary condition; and finally, the SPARK2D simulations were model-free DNS, 

while FVFLO-NCSU uses a LES approach with a Smagorinsky model for the eddy viscosity. 
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Figure 5.41: H2O mass fraction and temperature contours for constrained mixing layer 

 

Figure 5.42: H2O mass fraction and temperature contours, Chakraborty, et al. 
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Figure 5.43: Mean flow profiles at       from Chakraborty, et al. with superimposed 

profiles at         computed by FVFLO-NCSU   
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Chapter 6 

Summary and Conclusions 

A cell-centered finite volume method for solving the RANS equations for flows 

containing an arbitrary number of frozen or chemically reacting species on unstructured 

meshes has been presented.  The RANS solver uses the 1998 Wilcox     model for 

turbulent flows.  Inviscid fluxes are computed using the LDFSS scheme with a second order 

reconstruction of flow variables; and viscous fluxes are computed based on a modified 

averaging of gradients to the cell interfaces.  Species data and chemical kinetics are included 

via subroutines and data bases extracted from the VULCAN flow solver.  Several options are 

included for steady-state time integration: a multi-stage Runge-Kutta with a semi-implicit 

treatment of chemical source terms, and fully implicit formulations utilizing the LU-SGS and 

GMRES+LU-SGS schemes.  The implicit schemes are implemented using a matrix-free 

approach, in which matrix-vector products involving the Jacobian matrix are approximated 

with incremental flux vectors.  This approach eliminates the need to compute block upper 

and lower triangular Jacobian matrices, significantly reducing memory requirements. 

The FVFLO-NCSU solver has been tested on a variety of sample cases, with a 

general focus on high-speed, reactive and turbulent flows.  Computed solutions for these test 

cases compare favorably with those returned by VULCAN, a well-validated and state-of-the-

art structured flow solver.  In fact, a main goal in the development of the FVFLO-NCSU 

unstructured solver was the capability of replicating VULCAN solutions for flows similar to 

those presented in this work. 
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The FVFLO-NCSU code was then closely coupled within VULCAN providing it 

with capabilities for handling unstructured grids.  Data structures and communication 

routines were developed for transferring necessary information across structured/unstructured 

mesh interfaces in order to create a fully hybrid solver.  This hybrid mesh paradigm allows 

for automated generation of unstructured patches between dissimilar structured block 

domains.  These unstructured patches maintain mesh connectivity and naturally ensure 

conservation across patches.  The conservative unstructured patching provides an alternative 

to the non-conservative, structured grid patching originally used by VULCAN.  Full details 

of the hybrid coupling of the two codes and the unstructured patching procedure may be 

found in [59]. 

Additional development was carried out on the unstructured solver to add in time 

accurate and large eddy simulation capabilities.  Time accuracy is recovered based on a dual-

time stepping approach using a Crank-Nicholson formulation for the unsteady residual.  

Implementation of a switch based on the work of Ducros, et al. [53], allows the numerical 

scheme to transition from monotonicity-preserving to a central-difference approach in 

regions dominated by vorticity in order to better capture small-scale turbulent structures.  To 

test the augmented FVFLO-NCSU code, simulations of constrained mixing layers were 

carried out.  The solutions generated for these mixing layers were compared with DNS 

results to demonstrate the capabilities of the upgraded FVFLO-NCSU unstructured solver. 
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