
ABSTRACT

LIAN, FEIER. Communication-Cost-Constrained Algorithms and Games for Multi-Agent
Control Systems. (Under the direction of Alexandra Duel-Hallen and Aranya Chakrabortty).

This dissertation work focuses on communication-cost-constrained optimization and games

in multi-agent control systems. In large-scale wide-area control systems, due to the need to feed

back large volume of real-time sensor data to local and remote controllers, a dedicated wide-area

communication infrastructure is required to guarantee secure and robust data communication,

and that the economic efficiency of the communication network must be guaranteed. Through-

out the thesis we take the communication cost of the underlying network as a constraint in

the controller design for the wide-area control system. The controller design in this thesis is

cast as an optimization problem to optimize a certain control performance index, subject to

communication-cost constraints. In the multi-agent control system, when all agents have a global

control performance objective, we solve a centralized (or social) optimization. When the agents

have different objectives, we model the control strategies of multiple agents as a noncooperative

game, and also develop cost-allocation algorithms. We first assume a known model and later in

the thesis investigate control designs for systems with model uncertainty.

In Chapter 2, we investigate the social optimization and noncooperative games under

communication-cost constraint for the multi-agent systems when the underlying system pa-

rameters are fixed and known to all agents. We model the communication cost as the number

of communicating state/control input pairs across different nodes. Under the communication-

cost constraint, we first investigate the scenario where the the agents cooperatively optimize a

global performance objective. We develop a greedy algorithm for the sparsity-constrained cen-

tralized linear-quadratic regulator (LQR) problem based on gradient support pursuit (GraSP)

method. Then, we consider the scenario where the agents aim to satisfy their own selfish ob-

jectives using a noncooperative differential game, and a distributed algorithm for solving the

Nash equilibrium (NE) of the game is proposed. Moreover, we propose a cost allocation scheme,

which fairly allocates costs of the communication infrastructure according to the agents’ diverse

needs for feedback and cooperation. The proposed algorithms and the cost allocation method

are validated using numerical experiments on the Australian power system.

While in Chapter 2 we employ an idealistic assumption that the parameters for the un-

derlying physical system are known to all agents, in real-world large-scale control networks,

the system parameters might not be known exactly by the designer. To account for the model

uncertainty, in Chapter 3, we investigate the centralized controller design problem with sparsity

constraint under parametric uncertainty. We assume that the model uncertainty can be cap-

tured by the norm-bounded uncertainty in system state and input matrices, and we design a



sparsity-constrained mixed H2/H∞ controller, which is guaranteed to stabilize the closed-loop

uncertain system, equivalent to minimizing the H2 objective under the H∞-norm and spar-

sity constraints. We solve the proposed minimization problem by first improving a previously

proposed descent algorithm for mixed H2/H∞ control using a modified Zoutendijk’s method.

Then, we impose a sparsity constraint on this design by combining it with a greedy gradient

support pursuit (GraSP) method. We illustrate the effectiveness of the proposed algorithm via

a system of unstable nodes, where the proposed design can guarantee a predetermined level of

sparsity while maintaining acceptable H2 performance as well as H∞ robustness.

Finally in Chapter 4, we extend the centralized sparsity-constrained design for uncertain

systems in Chapter 3 to noncooperative games in uncertain multi-agent systems. First, we re-

visit the centralized mixed H2/H∞ control problem under the sparsity constraint. We improve

on the GraSP-based method in Chapter 3 and propose a new algorithm based on the proximal

alternating linearization method (PALM). Then we investigate a sparsity-constrained nonco-

operative game based on PALM for the mixed H2/H∞ control of multi-agent systems under

a joint communication constraint. For this game we propose a best-response dynamics algo-

rithm, which converges to an approximate generalized Nash equilibrium (GNE). Moreover, we

show that when all agents have the same H2 objective in this game, the algorithm for solving

the approximate GNE serves as a partially distributed social optimization solution. Numeri-

cal experiments are run on the example of a network of unstable nodes, and the results show

the advantages of the PALM-based algorithm over the GraSP-based algorithm as well as the

convergence of the game.
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Chapter 1

Introduction

1.1 Motivation

Networked Control Systems (NCSs), such as power systems, sensor networks and autonomous

vehicles, require real-time feedback of massive volumes of sensor data from one operating re-

gion of the physical network to controllers located in other regions [3]. One of the foremost

requirements for NCS, is the need for a highly robust communication system that works in

sync with the control functionalities. For example, the envisioned architecture of wide-area

communication for the US power grid, often referred to as the North American Synchrophasor

Initiative Network (NASPI-net) [4], involves sensors (Phasor Measurement Units (PMUs)) in-

side the operating boundaries of utility companies that send real-time data to local controllers

via a local-area network and to remote controllers over a secure wide-area network. Each area

is equipped with its own dedicated phasor gateway, which routes the incoming sensor data-

streams to the respective controllers. In other applications of NCS such as disease monitoring,

vision-based control of robots and autonomous vehicles [5], it is also economically desirable to

optimize for sparse sensors or reduce the communication between sensors and controllers, due

to either the high costs of sensors, or the need to identify key communication links to guarantee

fast control decisions. This thesis is motivated by the following question - how can one guaran-

tee the economic viability of this communication architecture? Installation of communication

links for transporting feedback data from sensors to controllers requires a significant financial

investment by the utilities.

Thanks to recent advances in sparse controller design, a few recent papers such as [6–12]

have proposed economically lucrative NCS designs by sparsifying the number of communication

links between sensors and controllers. In [6–8], sparsity-promoting static state feedback linear-

quadratic regulator (LQR) controllers are designed using the alternating direction method of

multipliers (ADMM), where the sparse controller design is cast as an optimization problem
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to minimize the LQR cost together with an `1-norm penalty for the feedback matrix. Other

works solve a cardinality minimization or cardinality constrained problem, by relaxing it to a

convex problem, such as converting the cardinality constraint to a rank constraint [13, 14], or

`1-norm constraint [15–17]. Another line of research investigates the design and performance

of distributed control given the predefined sparsity and delay pattern [10, 18]. The sparsity

promoting algorithms have been widely used in various NCSs for system identification or optimal

sensor placement problems such as fluid flow control [5, 19] and biological networks [20].

In real world large-scale control systems, model uncertainties are bound to arise due to

changing network operating conditions and topologies, or the mismatch between designers’

knowledge and real network parameter values caused by idealistic assumptions or commu-

nication delay. The robust design of communication-cost-efficient controllers is investigated

in [11, 15, 21–27]. The H∞ control is used in [21, 22] to guarantee stability for closed-loop un-

certain systems with parametric uncertainty, where the H∞-norm constraint is translated into

a linear matrix inequality (LMI). In [15], controllers with minimum number of communication

links are designed for systems with polytopic uncertainty, which is equivalent to minimizing the

cardinality of the feedback matrix subject to an H∞ constraint. In [15], the `1 norm minimiza-

tion problem is solved as a convex relaxation for the cardinality minimization problem. In [23], a

sparse H∞ controller is designed by exploiting the symmetric and sparse structure of the system

state matrix. In [24], the robust stability analysis of sparsely interconnected uncertain systems is

investigated using integral quadratic constraints, and it is shown that the sparse formulation of

the stability analysis is equivalent to solving a set of sparse LMIs. In [11], a sparsity-promoting

controller is designed for systems with norm-bounded uncertainty and delay, via minimizing the

quadratic cost supplemented by the `1 norm of the feedback matrix under an LMI constraint.

The work [26] introduces a notion of non-fragility for the state-feedback controller, which aims

to provide stability guarantees for uncertain perturbations in the feedback matrix. Based on

the non-fragility notion, a sparse state feedback controller is designed given the desired sparsity

pattern. In [25], the robust non-fragility-based controller is designed with a row-column spar-

sity constraint, where the non-convex sparsity-constrained problem is reformulated as a convex

rank-constrained problem.

In NCSs, the underlying physical dynamic system graph is usually spatially distributed,

where the graph may be partitioned by geographical bounds or different economic priorities,

and each such subsystem can be viewed as an agent. Multi-agent systems arise in many practical

applications of NCS. In multi-agent systems, the agents can have the same objective, such as

formation of autonomous vehicles [28], coordinating mobile senor networks [29], and motion

planning for autonomous robots [30]. Contrary to seeking consensus, the agents may also have

competing objectives, for example, cost allocation for communication cost in power systems

[31,32], congestion control in intelligent traffic systems [33], and resource allocation for wireless
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networks [34]. Recently, significant research effort has been devoted to modeling decision making

and analyzing interactions among agents using game theory [32, 33, 35–37]. In particular, the

linear-quadratic differential game [38] is a family of games that is popular in control system

applications where the system states evolve according to a differential equation, and each player

chooses its own control strategy and has a quadratic cost function to minimize. The necessary

conditions of Nash equilibrium (NE) for linear quadratic games and corresponding numerical

algorithms are investigated in [39–41].

In multi-agent systems, robustness for control strategies has been investigated in [42–47].

In [42], the Nash-type differential game for known systems [38] was extended to systems with

polytopic uncertainty, and the Nash equilibrium was found for guaranteed cost-control. In [43],

the uncertain external disturbance is modeled as a fictitious player trying to maximize all

players’ costs, and the robust Nash strategies for all players are found by solving a coupled

Riccati differential equation. The works [42, 43] extend the Nash-type differential game in [38]

by finding robust Nash strategies while either considering polytopic uncertainty or formulating

uncertain external disturbances as a fictitious player. The works [44–47] model the uncertainty

in the multi-agent system using stochastic differential equations, and Nash strategies are found

by solving cross-coupled matrix equations, using necessary optimality conditions or Karush-

Kuhn-Tucker (KKT) conditions. In [44], the guaranteed cost control problem for uncertain

stochastic systems with N decision makers is investigated. A similar work [45] investigates both

the Pareto optimality and Nash equilibrium for a mixed H2/H∞ control problem for stochastic

delay systems with multiple players. In [46], Stackelberg games for linear stochastic systems

with multiple followers are studied, and the Nash strategies for noncooperative followers are

developed. In [47], the Nash game and Pareto optimal optimization are studied for linear time-

delay systems with Markovian jumping parameters. In [48], gain-scheduled Nash games withH∞

constraints for stochastic linear parameter varying (LPV) systems are studied, where the Nash

strategies are developed for the worst-case disturbance. Moreover, reinforcement learning (RL)

has been applied to multi-agent control problems when the system parameters are completely

or partially unknown [49–53], where the work [53] investigated sparsity in the feedback matrix.

Motivated by the challenge to develop an economically feasible communication network

for NCSs, in this thesis we first develop a communication-cost constrained centralized feed-

back control design for dynamic systems with known model parameters. Then we investigate

the communication-cost-constrained controller for systems with norm-bounded parametric un-

certainty, which can guarantee closed-loop stability. Throughout our work, we consider linear

static feedback for the control system, and the communication cost is defined on the number of

sensor/controller feedback links. Moreover, we extend the communication-cost social optimiza-

tion to multi-agent systems, where different agents have different performance objectives while

satisfying to a global communication-cost constraint. For the communication-cost-constrained
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noncooperative game, we first investigate the NE solution when model parameters are known

to all agents, and then study the Generalized Nash Equilibrium of the noncooperative game

when the model uncertainty is translated into a shared H∞-norm bound on all the agents.

This thesis is organized as follows. First, in Chapter 2, we investigate the social optimization

and noncooperative games under communication-cost constraints for multi-agent systems when

the underlying system parameters are fixed and known to all agents. We model the communi-

cation cost as the number of communicating state/control input pairs across different nodes.

Under the communication-cost constraint, we first investigate the scenario where the agents

cooperatively optimize a global performance objective. We develop a greedy algorithm for the

sparsity-constrained centralized LQR problem based on the gradient support pursuit (GraSP)

method. Next, we consider the scenario where the agents aim to satisfy their own selfish objec-

tives using a noncooperative differential game, and a distributed algorithm for solving the NE

of the game is proposed. Moreover, we propose a cost allocation scheme, which allocates costs

of the communication infrastructure fairly according to the agents’ diverse needs for feedback

and cooperation. The proposed algorithms and the cost allocation method are validated using

numerical experiments on the Australian power system.

While in Chapter 2 we employ an idealistic assumption that the parameters for the under-

lying physical system are known to all agents, in real-world large-scale control networks, the

system parameters might not be known exactly by the designer. To account for the model un-

certainty, in Chapter 3 we investigate the centralized controller design problem with a sparsity

constraint under parametric uncertainty. We assume that the model uncertainty can be cap-

tured by the norm-bounded uncertainty in the system state and control matrices, and design a

sparsity-constrained mixed H2/H∞ controller, which is guaranteed to stabilize the closed-loop

uncertain system, equivalent to minimizing the H2 objective under the H∞-norm and sparsity

constraints. We solve the proposed minimization problem by first improving a previously pro-

posed descent algorithm for mixed H2/H∞ control using a modified Zoutendijk’s method. Then,

we impose a sparsity constraint on this design by combining it with a greedy GraSP method. We

illustrate the effectiveness of the proposed algorithm via a system of unstable nodes, where the

proposed design can guarantee a predetermined level of sparsity while maintaining acceptable

H2 performance as well as H∞ robustness.

Finally in Chapter 4 we extend the centralized sparsity-constrained design for uncertain

systems of Chapter 3 to noncooperative games in uncertain multi-agent systems. First, we

revisit the centralized mixed H2/H∞ control problem under the sparsity constraint. We im-

prove on the GraSP-based method of Chapter 3 and propose a new algorithm based on the

proximal alternating linearization method (PALM). Then we investigate a sparsity-constrained

noncooperative game based on PALM for mixed H2/H∞ control of multi-agent systems under

a joint communication constraint. For this game we propose a best-response dynamics algo-
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rithm, which converges to an approximate generalized Nash equilibrium (GNE). Moreover, we

show that when all agents have the same H2 objective in this game, the algorithm for solving

the approximate GNE serves as a partially distributed social optimization solution. Numeri-

cal experiments are run on the example of a network of unstable nodes, and the results show

the advantages of the PALM-based algorithm over the GraSP-based algorithm as well as the

convergence of the game.

1.2 Preliminaries

1.2.1 Strategic-form game and Nash Equilibrium

In this subsection, we review some basic concepts for strategic-form games, which are used in

Chapters 2 and 4 of this thesis. In both chapters, we consider two kinds of games. In one case,

the players act noncooperatively, where each player tries to optimize its own objective, i.e.,

noncooperative game. In the other case, the players act cooperatively, and optimize one social

objective, i.e., cooperative game. In Chapter 2, we investigate cost allocation among the players

when they form the cooperation, thus we develop the bargaining game.

Next, we briefly review games in strategic form, which are employed in Chapters 2 and 4

when we consider noncooperative games. To define a game in strategic form, we need to specify

the set of players in the game, the set of actions available to each player, and the way the

players’ payoffs depend on the actions that they choose.

The strategic-form game has the following form,

Γ = (N , (Ai)i∈N , (ui)i∈N ), (1.1)

where N is is the set of players in the game Γ, Ai is the set of strategies (or pure strategies)

available to player i, and ui is the payoff function, ×j∈NAj → R. When the strategic-form

game Γ is played, each player i must choose one of the strategies in set Ai. A strategy profile

is a combination of strategies that the players in N might choose. Let A denote the set of all

possible strategy profiles,

A = ×i∈NAi. (1.2)

For any strategy profile a = (aj)j∈N , the value ui(a) represents the payoff that player i would

obtain if a were the combination of strategies implemented by the players. In all strategic-form

games studied in this thesis, the players choose their strategies simultaneously. This kind of

game is also called a one-shot simultaneous-move game [54].

Under the assumptions that each player chooses his or her action according to the model

of rational choice given his or her belief about other players’ actions, and whether his or her
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belief about other players’ actions is correct [55], the NE can depict the steady state, where

each player chooses the best strategy available based on other players’ strategies. Let a be a

strategy profile, and a−i the combination of strategies in a of all players except i, then (a′i, a−i)

denotes the strategy profile where player i choose a′i, and all other players choose a−i. The NE

can be formally defined as follows [55]:

The strategy profile a∗ in a strategic game is a Nash Equilibrium if for every player i and

every strategy ai of player i, a∗ is at least as good according to player i’s preferences as the

strategy profile (ai, a
∗
−i), where player i chooses ai while every other player j chooses a∗j , i.e.,

ui(a
∗) ≥ ui(ai, a∗−i) ∀ai ∈ Ai. (1.3)

1.2.2 Kurdyka- Lojasiewicz (KL) Property

The Kurdyka- Lojasiewicz (KL) property is used in Chapter 4 for convergence analysis. Here

we present some basics of the KL property introduced in [56]. First we define some notation.

Definition 1.2.1. (Distance.) For any subset S ⊂ Rd and any point x ∈ Rd, the distance from

x to S is defined and denoted by

dist(x,S) := inf{||y − x|| : y ∈ S}. (1.4)

When S = ∅, we have dist(x,S) =∞ for all x.

Let η ∈ [0,∞]. We denote by Φη the class of all concave and continuous functions ϕ :

[0, η)→ R+ that satisfy the following conditions:

(i) ϕ(0) = 0;

(ii) ϕ has first order continuous derivative on (0, η) and continuous at 0;

(iii) for all s ∈ (0, η) : ϕ′(s) > 0.

We first review the definition of proper and lower semicontinuous functions:

Definition 1.2.2. (Proper) The function σ : S → R is a proper function if σ(x) > −∞ for all

x ∈ S, and σ(x) <∞ for at least one point x ∈ S.

Definition 1.2.3. (Lower semicontinuous) The function σ : S → R is lower semicontinuous at

x̄ ∈ S if for all ε > 0 there exists a δ such that x ∈ S and ||x− x̂|| < δ imply σ(x)−σ(x̄) > −ε.

For proper and lower semicontinous functions, the subdifferentials are defined below [56]:

Definition 1.2.4. (Subdifferentials) Let σ : Rd → (−∞,∞] be a proper and lower semiconti-

nous function.

(i) For a given x ∈ dom(σ), the Fréchet subdifferential of σ at x, written ∂̂σ(x), is the set of
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all vectors u ∈ Rd that satisfy

lim
y 6=x

inf
y→x

σ(y)− σ(x)− 〈u,y − x〉
||y − x||

≥ 0. (1.5)

When x /∈ dom(σ), we set ∂̂σ(x) = ∅.
(ii) The limiting subdifferential, or subdifferential, of σ at x ∈ Rd, written ∂σ(x), is defined

through the following,

∂σ(x) :=
{

u ∈ Rd : ∃xk → x, σ(xk)→ σ(x) and uk ∈ ∂̂σ(xk)→ u as k →∞
}

(1.6)

Note that points whose subdifferentials contain 0 are called (limiting-)critical points.

The KL property is defined as follows.

Definition 1.2.5. (Kurdyka- Lojasiewicz (KL) Property) Let σ : Rd → (−∞,+∞] be proper

and lower semicontinuous.

(i) The function σ is said to have the KL Property at ū ∈ dom(∂σ) := {u ∈ Rd : ∂σ(u) 6= ∅} if

there exists η ∈ (0,∞], a neighborhood U of ū and a function ϕ ∈ Φη, such that for all

u ∈ U ∩ [σ(ū) < σ(u) < σ(ū) + η] , (1.7)

the following inequality holds,

ϕ′(σ(u)− σ(ū))dist(0, ∂σ(u)) ≥ 1. (1.8)

(ii) If σ satisfies the KL property at each point of dom(∂σ), then σ is called a KL function.

It is shown in [56] that KL functions arise in many applications of optimization, in particular,

semi-algebraic functions are KL functions. The definitions for semi-algebraic functions are given

as follows.

Definition 1.2.6. (Semi-algebraic sets and functions). (i) A subset S ∈ Rd is a real semi-

algebraic set if there exists a finite number of real polynomial functions, gij , hij : Rd → R, such

that

S = ∪pj=1 ∩
q
i=1

{
u ∈ Rd : gij(u) = 0 and hij(u) < 0

}
. (1.9)

(ii) A function h : Rd → (−∞,+∞] is called semi-algebraic if its graph

{
(u, t) ∈ Rd+1 : h(u) = t

}
(1.10)

is a semi-algebraic subset of Rd+1.
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Chapter 2

Game-Theoretic Multi-Agent

Control and Network Cost

Allocation under Communication

Constraints

Multi-agent networked linear dynamic systems have attracted attention of researchers in power

systems, intelligent transportation, and industrial automation. The agents might cooperatively

optimize a global performance objective, resulting in social optimization, or try to satisfy their

own selfish objectives using a noncooperative differential game. However, in these solutions,

large volumes of data must be sent from system states to possibly distant control inputs,

thus resulting in high cost of the underlying communication network. To enable economically-

viable communication, a game-theoretic framework is proposed under the communication cost,

or sparsity, constraint, given by the number of communicating state/control input pairs. As

this constraint tightens, the system transitions from dense to sparse communication, providing

the trade-off between dynamic system performance and information exchange. Moreover, using

the proposed sparsity-constrained distributed social optimization and noncooperative game

algorithms, we develop a method to allocate the costs of the communication infrastructure

fairly and according to the agents’ diverse needs for feedback and cooperation. Numerical results

illustrate utilization of the proposed algorithms to enable and ensure economic fairness of wide-

area control among power companies.
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2.1 Introduction

Multi-agent networked dynamic systems arise in many practical scenarios where the commu-

nicating entities are spatially separated or have different economic priorities, e.g., in cyber-

physical power networks, multi-vehicle formation, intelligent transportation, industrial automa-

tion, etc [57]. Social optimization can be performed when all agents aim to jointly optimize a

system-wide objective while a noncooperative differential game is suitable when their objectives

are different [38]. The linear-quadratic regulator (LQR) optimization objectives are frequently

employed in the literature due to their tractability, feasibility of distributed implementation,

and broad applicability of the quadratic utility function [38–40,58].

A networked multi-agent dynamic system with multiple nodes is illustrated in Fig.2.1. Ev-

ery agent owns a subset of nodes, where each node contains several states and control inputs.

To achieve a desired performance objective, it is often necessary to employ state or output

feedback. In this chapter, frequently used assumptions of LQR optimization and static state

feedback are employed [58]. Without loss of generality, we define the feedback links from states

to control inputs within one node as local feedback links, which incur negligible expense, and

the feedback links across different nodes as communication links. The traditional state-feedback

centralized LQR optimization [58] and the linear-quadratic games [38–40] require a dense feed-

back matrix and, thus, communication links from every state to every control input, which

necessitates significant information exchange among the system nodes, and, thus, large com-

munication infrastructure investment to assure desired rate and delay constraints. Due to wide

Agent 1

Agent 2

Agent 3

communication link

local feedback link

state

node

control input

Figure 2.1: The communication structure of the multi-agent system.
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applicability of proposed methods, we do not assume specific communication medium or net-

work topology. Instead, we address the following question: how to reduce the communication

cost, given by the number of communication links (see Fig.2.1), while maintaining desired con-

trol objectives? To answer this question, we develop a family of sparse designs, which provide a

trade-off between the communication cost and control performance, and reveal the most critical

communication links. By limiting the number of communicating state/control input pairs, we

reduce the overall bill for leasing bandwidth in an existing network or investment in a dedicated

communication infrastructure. However, computation of the actual economic benefit depends

on specific communication technology and application and is beyond the scope of this chapter.

Sparsity-constrained optimization has been investigated in [59, 60], and the state-feedback

optimal-control LQR algorithms for sparsity promotion were addressed in [6,7]. However, these

methods employ global optimization objectives and centralized implementation, which limit

their applicability to multi-agent systems. Moreover, distributed approaches in the literature

[10,61] cannot accommodate specified sparsity constraints and different optimization objectives

of the agents.

In this chapter, we investigate LQR optimization for dynamic systems with linear state

feedback under the constraint on the communication cost, i.e. the sparsity constraint, given by

the number of communication links, expressed in terms of the off-diagonal cardinality of the

state feedback matrix. First, to solve the centralized sparsity-constrained optimization problem,

we employ the greedy Gradient Support Pursuit (GraSP) algorithm [59], which was shown to

provide accurate approximations to sparsity-constrained solutions for a wide class of optimiza-

tion functions. The proposed method also utilizes the restricted Newton step [62] to speed up

convergence. Second, we develop a noncooperative linear-quadratic game among the agents, un-

der the global communication cost constraint. To compute a Nash equilibrium of this game, we

combine the ideas of GraSP and iterative gradient descent approaches [36,63]. In the resulting

algorithm, the computation of the players’ (agents’) utilities is distributed and requires limited

information exchange. Third, we convert the proposed noncooperative game into a potential

game [36] where the players’ utilities agree, thus producing a sparsity-constrained distributed

social optimization. The games developed in this chapter can be viewed as Network Formation

Games (NFGs) [64] since players take strategic moves to form a network from states to control

inputs. Moreover, using the above algorithms, we apply cooperative NFG theory [64] and the

Nash Bargaining Solution (NBS) [65, 66] to allocate the costs of communication among the

agents proportionally to the benefits they derive from sparsity-constrained feedback and co-

operation. This network cost allocation method improves on our previous WAC cost allocation

approaches [31, 67], which employed heuristics, relied on the centralized optimization in [7],

and extrapolated the costs of a dense network [40] to sparse scenarios. Finally, we present nu-

merical results for an example of wide-area control (WAC) of power systems, which helps in
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suppression of inter-area power oscillations, but potentially requires a substantial investment in

the communication network needed to exchange state feedback information [4,7,67–71]. These

results are shown vs. the sparsity constraint, from dense feedback [40] to the decentralized

implementation [67], thus illustrating the trade-off between the communication cost and the

control performance.

The main contributions of this chapter are:

• Development and analysis of centralized and distributed social optimization algorithms

and a noncooperative linear-quadratic game for multi-agent LQR optimal control with

static linear state feedback under the constraint on the number of communicating state-

control input pairs;

• Development of fair network cost allocation algorithm under sparsity constraints;

• Enabling sparsity-constrained designs and network cost allocation for a multi-area power

system that employs wide-area control.

This chapter is organized as follows. The system model and the communication-cost-con-

strained social optimization is presented in Section 2.2. In Section 2.3, the multi-agent system

model is developed, and the sparsity-constrained distributed differential games are discussed.

Section 2.4 describes the proposed network cost allocation algorithm. In Section 2.5, we present

an example of utilizing the proposed methods for WAC of power systems. Numerical results

and discussion for the Australian power system example are contained in Section 2.6. Finally,

some concluding remarks are made in Section 2.7.

2.2 System Model and the Communication-Cost-Constrained

Centralized Optimization

The linear dynamic system with n nodes illustrated in Fig.2.1 is described by the following

state-space equation.

ẋ(t) = Ax(t) + Bu(t) + Dw(t), x0(t) = 0. (2.1)

where x(t)=(XT
1 (t), ...,XT

n (t))T∈Rm×1 is the vector of states, Xj∈Rmj×1 is the vector of states

for node j∈{1, ..., n}, mj is the number of states in node j, m =
∑n

j=1mj , u(t) = (U1(t)T, ...,

Un(t)T)T ∈ Rq×1 is the vector of control inputs, Uj ∈ Rpj×1 is the the vector of control input

of node j, pj is the number of control inputs in node j, q =
∑n

j=1 pj , w(t) is a scalar impulse

disturbance input, and A,B,D are matrices with appropriate dimensions, among which matrix

A determines the physical topology of the system [58].

11



We assume linear static feedback is employed, and thus the control input satisfies

u(t) = −Kx(t) (2.2)

where K ∈ Rq×m is the feedback gain matrix, with u(t) = (u1(t), ..., uq(t))
T, and x(t) =

(x1(t), ..., xm(t))T. If the coefficient Kij 6= 0, the system (shown in Fig.2.1) contains a com-

munication link that delivers the data of state j to control input i. We will refer to the tuple

(xj(t), ui(t)) where j = 1, ...,m, and i = 1, ..., q, as a state-control input link in the rest of

this chapter. Since the states x(t) and the control inputs u(t) are organized according to their

physical locations, the matrix K is in the form

K =




K11 K12 · · · K1n

K21 K22 · · · K2n

...

Kn1 Kn2 · · · Knn




(2.3)

where the block Kij ∈ Rpi×mj represents feedback of the states of node j to the control inputs

of node i, with i = j corresponding to local feedback and i 6= j — to communication links

(see Fig.2.1). Without loss of generality, we define the communication cost as the number of

communication links associated with the off-diagonal blocks of K, given by

cardoff(K) =

n∑

i,j=1,i 6=j
nnz(Kij) (2.4)

where nnz(·) operator counts the number of nonzero elements in a matrix. The proposed algo-

rithms can be easily adapted to other sparsity criteria. Additional notation used in the algo-

rithms is described in Table I.

For the model (2.1, 2.2), the social global LQR objective function is given by [58]

J(K) =

∫ ∞

t=0
[x(t)TQx(t) + u(t)TRu(t)]dt (2.5)

where Q and R are the positive semidefinite and positive definite design matrices with dimen-

sions m × m and q × q, respectively. The minimization of (2.5) with respect to K results in

dense feedback, i.e., communication links from every state to every control input.
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Table 2.1: Notation used in the Algorithms 2.1 and 2.2

Term Definition

||K||2 Frobenius norm of the matrix K, defined by trace(KTK).

supp(K) The support set of the matrix K, i.e., the set of indices of the nonzero
entries of matrix K [59].

[K]s The matrix obtained by preserving only the s largest-magnitude entries
of the matrix K, and setting all other entries to zero.

Koff The matrix obtained by preserving only the off-diagonal blocks of the
matrix K (see (2.3)) and setting all other entries to zero.

Kdiag The matrix obtained by preserving the diagonal blocks of the matrix K
and setting all other entries to zero.

∇KJ(K) The gradient of the scalar function J(K) with respect to the matrix
K [72]. Assuming K ∈ Rm×n, ∇KJ(K) is given by a m×n matrix with
the elements [∇KJ(K)]ij = ∂J/∂Kij .

∇KJ(K)|T The gradient of the scalar function J(K) with respect to the matrix K
projected onto the index set T . The matrix ∇KJ(K)|T is obtained by
preserving only the entries of ∇KJ(K) with indices in the set T and
setting other entries to zero.

∆nwt(K, T ) The restricted Newton step of function f(K) at matrix K ∈ Rm×n
under the structural constraint supp(K) ⊂ T . First, the mn×1 vector
x is computed by stacking the columns of K, and the function g(x) is
defined as g(x) , f(K). Then the mn×1 restricted Newton step vector
∆nwt(x, T ) of g(x) at x [59] is computed using the conjugate gradient
(CG) method [6]. The vector ∆nwt(x, T ) is then converted into an m×n
matrix by stacking the consecutive m×1 segments of ∆nwt(x, T ).

Next, we formulate the social optimization under the communication cost constraint s:

min
K

J(K)

s.t. cardoff(K) ≤ s

ẋ(t) = Ax(t) + Bu(t) + Dw(t)

u(t) = −Kx(t) (2.6)

The optimization (2.6) produces a system with at most s state-control input links. Direct solu-

tion of (2.6) can have combinatorial complexity [59], so we utilize a numerically efficient GraSP

method [59] in the proposed centralized Algorithm 2.1. Given the overall sparsity constraint

s, in each iteration of Step 2(1–4), the algorithm extends the matrix K along its steepest 2s
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Algorithm 2.1 Minimizing the centralized LQR objective under the global communication
cost constraint s.

1 Initialization
K := K0

2 Iteration
while stopping criterion are not met do

(0) Kprev := K
(1) Compute gradient of J(K) w.r.t K: g = ∇KJ(K)

(2) Identify up to 2s off-diagonal block directions: Z = supp([goff ]2s)
(3) Merge support: T = Z ∪ supp(K).
(4) Descend using the Newton step of J restricted to T : K := K + λ∆nwt(K, T ).

(5) Prune communication links: K := Kdiag + [Koff ]s
(6) Stopping criterion:
||K−Kprev||2 < εabs

√
qm+ εrel||Kprev||2

end while
3 Polishing
I = supp(K)
while not ||∇KJ |I ||2/

√
qm < ε2 do

Descend using the Newton step of J restricted to I:
K := K + λ∆nwt(K, I).
end while

gradient-descent directions. In Step 2(1), the gradient of J(K) over K is computed as [62]

∇KJ(K) = 2(RK−BTP)L (2.7)

where the matrices P and L are the unique solutions of the following Lyaponuv equations

(A−BK)TP + P(A−BK) + Q + KTRK = 0

(A−BK)L + L(A−BK)T + DDT = 0 (2.8)

In Step 2(4), the matrix K is updated using the restricted Newton step, and the step size λ is

chosen via the Armijo line search [73]. In Step 2(5), pruning is performed to impose the con-

straint s. To guarantee stability of the feedback matrix after pruning, we provide a backtracking

option to return to a previously found stable solution, which has s − 1 or fewer communica-

tion links. (The stopping criterion in Step 2(6) was also used to determine convergence in the

sparsity-promotion algorithm [7].) Note that in Step 2(6), q is the total number of control in-

puts, and m is the total number of states. Note also that as s grows, the algorithm retains the

links that are the most critical for minimizing the objective (2.5).
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2.3 Multi-Agent System Model and Communication-Cost-

Constrained Linear-Quadratic Games

Suppose that there are r agents, where the agent i owns ni nodes in the system (2.1) as shown

in Fig.2.1. Without loss of generality, the nodes are partitioned as follows

S1 = {1, 2, ..., n1} ⇒ belongs to agent 1.

S2 = {n1 + 1, n1 + 2, ..., n1 + n2} ⇒ belongs to agent 2.

. . . ⇒ . . .

Sr = {n1 + n2 + ...+ nr−1 + 1, ..., n} ⇒ belongs to agent r. (2.9)

We can rewrite the states and control inputs of each agent i in (2.1) as follows:

ẋi(t) =
r∑

k=1

Aikxk(t) +
r∑

k=1

Bikuk(t) + Diw(t) (2.10)




u1(t)
...

ur(t)


 = −




K1

...

Kr


 · x(t) (2.11)

where xi(t) = (XT
n1+...+ni−1+1(t), ...,XT

n1+...+ni
(t))T ∈ RMi×1 is the vector of states for agent i,

with Mi =
∑n1+...+ni

j=n1+...+ni−1+1mj ; ui(t) = [UT
n1+...+ni−1+1(t), . . . ,UT

n1+...+ni
(t)]T ∈ RNi×1 is the

vector of control inputs for agent i, with Ni =
∑n1+...+ni

j=n1+...+ni−1+1 pj , Ki is the submatrix of K

associated with the control inputs of the agent i, Di is the control matrix for the disturbance

input that enters agent i, and D = col(D1, ...,Dr).

Next, we briefly summarize results on linear-quadratic games for this system [38, 40]. The

agents in (2.9) are viewed as players that optimize their individual, or selfish, objectives Ji by

selecting their control inputs ui(t), for i = 1, ..., r. The selfish objective of the player i is given

by

Ji(u1,u2, ...,ur)=

∫ ∞

t=0
[x(t)TQix(t)+ui(t)

TRiui(t)]dt (2.12)

where Ri∈RNi×Ni , and Qi∈Rm×m are positive semidefinite and positive definite matrices, re-

spectively, chosen to improve the ith user’s objective. A Nash Equilibrium (NE) is achieved

when it is impossible for any player to improve its objective function by unilaterally changing

its strategy. At a given NE, the players employ Nash strategies (u∗1(t),u∗2(t), ...,u∗r(t)) defined
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as [38]

Ji(u
∗
i (t),u

∗
−i(t))≤Ji(ui(t),u∗−i(t)),∀ui(t), t=[0,∞) (2.13)

for ∀i∈{1, ...r}, where u−i(t):=(u1(t), . . . ,ui−1(t),ui+1(t), . . . ,ur(t)) is the tuple of strategies

formed by all players except for the player i. When state feedback is employed (2.11), the Nash

strategies u∗i (t) in eq.(2.13) can be determined by solving the cross-coupled algebraic Riccati

equations (CARE) (eq.(8) in [40]), where the solution to CARE exists and is unique when the

system is weakly coupled. However, CARE produces a dense feedback matrix [40], and, thus,

communication links from every state to every control input.

To limit the communication cost in a noncooperative scenario, we formulate a linear-

quadratic noncooperative NFG where the players can establish at most s state-control input

communication links (see Fig.2.1) while each player aims to minimize its selfish LQR objective

(4.37). A Nash Equilibrium of this game results in a communication network with cost bounded

by s. Thus, Nash strategies (u∗1(t),u∗2(t), ...,u∗r(t)) satisfy for ∀i ∈ {1, ..., r}

Ji(u
∗
i (t),u

∗
−i(t)) ≤ Ji(ui(t),u∗−i(t)) , ∀ui(t)

s.t. cardoff(K) ≤ s (2.14)

Equivalently, since linear static feedback (2.11) is employed, the strategy of player i is given

by the submatrix Ki in (2.11), and Nash strategies are expressed as (K1∗,K2∗, ...,Kr∗), which

satisfy for each i ∈ {1, ..., r}

Ji(K
i∗,K−i

∗
) ≤ Ji(Ki,K−i

∗
) ,∀Ki

s.t. cardoff(K) ≤ s (2.15)

where the tuple K−i := (K1, ...,Ki−1,Ki+1, ...,Kr) represents the strategies of all other players

except i. In this case, as s increases, the optimization (2.15) retains the most critical state-

control input links needed for the noncooperative optimization, characterized by the set of

selfish objectives (4.37).

The proposed game is described in Algorithm 2.2. It is inspired by the iterative gradient

descent methods in [36,63], where each player takes a small step towards minimizing its own ob-

jective while other players’ strategies are fixed. In each step associated with player i, we use the

GraSP algorithm [59] to update the strategic variable Ki while maintaining the overall sparsity

constraint. Thus, in the submatrix Ki in (2.11), the elements representing local feedback, i.e.,

those in the blocks Kjj ∈ Rpj×mj in (2.3) for j ∈ Si, are free variables while the off-diagonal

blocks in (2.3) are subject to the sparsity constraint. The computation of the gradient of Ji
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w.r.t. player i’s strategy Ki is similar to that in (2.7–2.8).

∇KiJi(K
i,K−i) = 2(RiK

i −DTP̄i)L̄i (2.16)

where P̄i and L̄i are the unique solutions of the following Lyapunov equations

(Āi −BiK
i)TP̄i + P̄i(Āi −BiK

i) + Qi + KiTRiK
i = 0

(Āi −BiK
i)L̄i + L̄i(Āi −BiK

i)T + DDT = 0 (2.17)

and Āi = A−
∑r

j=1,j 6=i BjK
j , Bj = col(B1j , ...,Brj).

Algorithm 2.2 is distributed in the sense that player i individually updates its strategic

variable Ki. Each player has prior knowledge of the underlying physical system (i.e., the matrices

A,B,D in (2.1)) and broadcasts its strategic move (the submatrix Ki) after its strategy is

Algorithm 2.2 Noncooperative game under the global communication cost constraint s.

1 Initialization
K := K0

Initialize the link constraint si for each player i , i = 1, ..., r,
∑r

i=1 si = s.
2 Iteration
while stopping criterion are not met do

Kprev := K
for i = 1 . . . r do

(1) if i > 1, si = s− cardoff(K−i).
(2) Compute gradient of Ji in (4.37) w.r.t Ki:

gi = ∇KiJi(K
i,K−i)

(3) Identify up to 2si off-diagonal block directions: Z = supp([goff
i ]2si)

(4) Merge support: T = Z ∪ supp(Ki).
(5) Descend using the Newton step of Ji restricted to T : Ki := Ki + λ∆nwt(K

i, T ).

(6) Prune among the off-diagonal block elements: Ki := Ki,diag + [Ki,off ]si
end for
Construct global feedback matrix: K = [K1; ...; Kr].
Stopping criterion:
||K−Kprev||2 < εabs

√
qm+ εrel||Kprev||2.

end while
3 Polishing
Ii = supp(Ki), for i = 1, ..., r.
while not ∇KiJi|Ii < ε2 ∀i = 1, ..., r do

for i = 1, ..., r do
Descend using the Newton step of Ji restricted to Ii: Ki := Ki + λ∆nwt(K

i, Ii).
end for

end while

17



updated at the completion of Step 2(6) and each inner loop of Step 3.

Finally, note that the social optimization under the sparsity constraint (2.6) can also be

implemented in a distributed fashion using a potential game [36], obtained from (2.15) by

replacing the individual objectives in (2.15) with the common social objective (2.5) while the

players’ strategies are still defined as their control vectors. We refer to this game as distributed

social optimization, and its equilibria are defined as

J(Ki∗,K−i
∗
) ≤ J(Ki,K−i

∗
) , ∀Ki

s.t. cardoff(K) ≤ s (2.18)

To compute (2.18), we use Algorithm 2, where the social objective J() replaces Ji() in Step

2(2) and in the Polishing Step 3.

Finally, we discuss the NEs of the proposed games. Since the LQR objective (2.5) is not

convex in the feedback matrix K in general [72], the noncooperative game (2.14, 2.15) is not

guaranteed to admit a pure-strategy NE [74]. On the other hand, the distributed social op-

timization (2.18) is an exact potential game, and, thus, a pure NE exists for this game [36].

Moreover, the optimal solution of the social optimization problem (2.6) constitutes a NE of

(2.18) although the converse does not necessarily hold due to nonconvexity of the LQR objec-

tive. Finally, while CARE has a unique NE under the weakly-coupled system assumption [40],

the cost-constrained games (2.14), (2.18) can have multiple NEs.

2.4 Network Cost Allocation

First, we review relevant results for cooperative NFGs with transferable utility [75] where the

utility of a coalition is viewed as monetary value, which is distributed among the players.

Suppose r players cooperatively form a network with the objective of maximizing their payoffs.

Several approaches to fair payoff allocation have been proposed in the literature [65,66,76,77].

We employ the Nash Bargaining Solution (NBS) due to its computational efficiency in NFGs

[65,66]. The NBS payoff allocation algorithm proceeds in three steps based on [66]:

(1) The players cooperate to construct a network that maximizes the global social payoff

vsoc;

(2) The disagreement point is computed as

v = (v1, v2..., vr) (2.19)

where the selfish payoff vi is the minimum payoff that the ith player is willing to accept. For

example, (2.19) can be computed as a NE of a noncooperative NFG where each player aims to
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satisfy its own selfish objective;

(3) The overall payoff vsoc is split among the players, with the allocated payoff of player i

given by [66]

αi = vi +
vsoc −

∑r
k=1 vk

r
. (2.20)

Note that bargaining is successful when the payoff of the social network is at least as large as

the sum of the selfish payoffs, i.e.,

vsoc ≥
r∑

i=1

vi (2.21)

or equivalently, each player’s allocated payoff is at least as large as its selfish payoff:

ξ = αi − vi ≥ 0. (2.22)

From (2.22), all players benefit equally by forming the social network.

Next, we describe the proposed network cost allocation method for sparsity-constrained

multi-agent dynamic systems, which is summarized in Algorithm 2.3. Given the global com-

munication cost constraint s, in steps 1–3, three different scenarios are analyzed, depending on

Algorithm 2.3 Network Cost Allocation under the Communication Cost Constraint s.

1 Find social optimized objective Jsoc(s)

Jsoc(s) is the optimized objective of (2.6) or (2.18) under constraint s;

2 Find decoupled optimized objectives at DNE.

(1) The NE (2.15) for s = 0 is the decoupled NE (DNE);
(2) Optimized selfish objective at DNE:JD

i , i = 1, ..., r.

(3) Total objective at DNE: J̃D :=
∑r

i=1 J
D
i .

3 Find coupled optimized objectives at CNE

(1) The NE (2.15) under constraint s is coupled NE (CNE(s));
(2) Optimized selfish objective at CNE: JC

i (s), i = 1, ..., r

(3) Total objective at CNE(s): J̃C(s) =
∑r

i=1 J
C
i (s).

4 Compute and allocate payoffs and network costs

(1) The social payoff: vsoc(s) = J̃D − Jsoc(s)
(2) The selfish payoffs (the disagreement point):

vi(s) = JD
i − JC

i (s), i = 1, ..., r;

(3) The allocated payoffs:

αi(s) = vi(s) +
vsoc(s)−

∑r
k=1 vk(s)
r

(4) Proportional allocation of the network cost:
Ci(s) = αi(s)/

∑r
i=1 αi(s), i = 1, ..., r.
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whether the agents employ: (i) non-local feedback, i.e., communication bounded by cost s; and

(ii) cooperation. In Step 1, both (i) and (ii) are assumed, resulting in the social optimization,

implemented using Algorithm 2.1 or 2.2 under the constraint s. In contrast, in Step 2 neither

(i) nor (ii) are employed, and thus the agents play the decoupled noncooperative game, i.e.,

(2.14) with s = 0, which results in a decentralized system using the Polishing Step 3 of Algo-

rithm 2.2 (see [67]). Finally, in Step 3, only (i) is employed, resulting in the coupled game, i.e.,

(2.14) with the global constraint s, implemented using Algorithm 2.2. Note that Steps 1 and

3 optimize systems with (at most) s communication links (see Fig.2.1), while Step 2 restricts

communication to local feedback links.

In Steps 4(1) and 4(2), the payoffs vsoc(s) and vi(s) represent the improvement in control

performance, or objective reduction, provided by communication bounded by cost s with (in

Step 1) and without (in Step 3) cooperation, respectively, relative to the decentralized imple-

mentation (Step 2). It is reasonable to model the minimum payoff an agent i expects from

communication by its selfish objective reduction, or selfish payoff, vi(s), thus forming the dis-

agreement point. The allocated payoffs αi(s) are computed in Step 4(3). Note that the NBS

algorithm interprets the payoffs αi(s) and vi(s) as values (e.g., monetary payoffs) that agent

i derives from communication with and without cooperation, respectively (see (2.19, 2.20)). If

cooperation does not degrade the minimum acceptable value vi(s), i.e., if (2.21, 2.22) hold, then

bargaining is successful, and the agents agree to use the links formed by the social optimization

found in Step 1, which provides them with the social payoff vsoc(s) and the individual payoffs

αi(s), i = 1...r. The latter condition is satisfied for a practical scenario where, in (2.5) and

(4.37), the matrix R is block-diagonal with diagonal blocks given by Ri, i = 1, ..., r, and

r∑

i=1

Qi = Q (2.23)

In this case,
∑r

i=1 Ji(K) = J(K)1, ∀K, and thus a NE of the noncooperative game (2.13) is a

feasible solution of the social optimization (2.6) for the same value of constraint s, resulting in

Jsoc(s) ≤ J̃C(s) (see Step 1 and 3(3)), which is equivalent to (2.21).

We assume that the grand coalition forms in the proposed cooperative game among the

agents. This assumption justifies Step 1 in Alg. 3, where all players cooperate. A sufficient

condition for this assumption is efficiency of the grand coalition [78]. We show in appendix

A.1 that a practical coalition-level identity similar to (2.23) guarantees efficiency of the grand

coalition.

If cooperation is successful, the feedback data required for implementing the social control

1Ji(K) is equivalent to (4.37). Since we use full state feedback, and the control input u(t) = −Kx(t) is
equivalent to (2.11), the objective Ji(u1,u2, ...,ur) is a function of K and can be expressed as Ji(K).
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strategy (as specified by the optimal feedback matrix in (2.6) or (2.18)) will be delivered by the

communication network specific to the given medium and application, where the constraint s is

chosen based on the desired performance/cost tradeoff. In the final Step 4(4), we compute each

agent’s share of the cost of this network proportionally to the allocated payoffs αi(s). Note that

if ξ(s) in (2.22) is small relative to the average of the selfish payoffs vi(s) (or Jsoc(s) ≈ J̃C(s)),

the benefit of cooperation (ii) is small relative to that of communication (i), and the agents’

costs Ci(s) can vary significantly due to the agents’ diverse needs for feedback and cooperation

as is illustrated in Section 3.5 and in [67]. On the other hand, when ξ(s) is relatively large,

i.e., αi(s) ≈ ξ(s) for all i, the payoffs equalize (2.22), resulting in equally split cost of the

communication network among the agents.

2.5 Example: Sparsity-Constrained Wide-Area Control of

Power Systems

We validate our algorithms using the example of wide-area control (WAC) of large-scale power

system networks. In recent literature such as [7,68], WAC has been shown to be very useful for

suppressing low-frequency oscillations following small-signal disturbances in large power grids,

at the cost of communicating real-time data from sensors at one operating region to controllers

at others. The sensors are referred to as Phasor Measurement Units (PMUs), all of which are

synchronized to each other via GPS. The envisioned architecture for PMU data exchange in

the US power grid, also referred to as the North American Synchrophasor Initiative Network,

or NASPInet [4], involves PMUs located at substations of different utility companies sending

their measurements to controllers at remote generators through a wide-area communication

network such as the Internet. To reduce the cost of this communication, sparsity promotion for

WAC was studied in [6,7]. However, these designs employed social centralized implementation.

In contrast, our approach is to design distributed controllers for WAC that are efficient with

respect to communication costs. Moreover, we address the question posed in [4] on financing the

communication network among the power companies. While the envisioned NASPInet has many

functions beyond WAC, fair allocation of network costs associated with delivery of feedback data

is necessary to develop its overall pricing scheme.

We model a power transmission system using (2.1,2.9–2.11) and as in Fig.2.1, where a node

represents a generator while an agent (player) represents the operating territory (area) owned

by a utility company. Following [7, 67], we express WAC as an LQR problem for minimizing

the closed-loop energy of the system states, which equivalently translates into reducing the

oscillations in their dynamic response. The LQR objective in (2.5) aims to damp the power

oscillations captured by the small-signal changes around the nominal values while spending a
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reasonable amount of control effort [7], where the matrices Q and R in (2.5) are chosen to

reduce the energies of the state and control vectors, respectively. Therefore, in the rest of this

chapter we will refer to the objective (e.g., in (2.5), (4.37), Algorithm 2.3, etc.) as energy and

to the payoffs vsoc(s) and vi(s) in Algorithm 2.3 (Step 4(1) and 4(2)) as energy savings.

Typically a 3rd-order model of synchronous generators, including two swing states and one

excitation state (for details, please see [68]) suffices for solving most WAC problems since the

goal is to influence the electro-mechanical dynamics of these generators. Note that the 3rd-order

model indicates mj = 3 and pj = 1, ∀j = 1, ..., n in the general state-space model (2.1). We

consider a power system with n synchronous generators, divided into r non-overlapping areas,

and define the states of the jth generator accordingly as

XT
j (t) = (∆δj(t),∆ωj(t),∆Ej(t)) , (2.24)

where the elements represent small-signal changes in phase angle, frequency, and excitation

voltage, respectively. If higher-order models are considered, then the last term can be simply

replaced by a vector x−j that collects all states except for the phase and the frequency. We

assume full state availability, which can be achieved by placing PMUs at every generator bus,

or by running a prior state estimation loop. We assume the matrix D in (2.1) to be an indicator

matrix with all elements zero except for the one corresponding to the acceleration equation of

the generator at which the fault w(t) happens.

Next, we describe the choice of matrices in the social (2.5) and the selfish (4.37) energy

optimization. We set R in (2.5) and Ri (4.37) as the identity matrix as to achieve the same

weight for the energy of every control input. The matrix Q in (2.5) is chosen so that all

generators arrive at a consensus in their small-signal changes in phase angles and frequencies,

as dictated by the physical topology of the network [7, 67]. Considering the small-signal-model

in Kron-reduced form [68], for the 3rd order model, Q in (2.5) is determined from (2.25)

Estates =




∆δ

∆ω

∆E




T 

L̄
L̄

I




︸ ︷︷ ︸
Q′




∆δ

∆ω

∆E




= xT (PTQ′P)x = xTQx

=

n∑

k=1

n∑

j=k+1

[(∆δj −∆δk)
2 + (∆ωj −∆ωk)

2] +

n∑

j=1

∆E2
j , (2.25)

where P is a permutation matrix that rearranges the state vector x in (2.1) by stacking all the

angles first, then all the frequencies, then the excitation voltages. For the general case (2.1), the
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∆ET∆E term in (2.25) is replaced by (x−)Tx−, where the latter is obtained by stacking the

terms x−j . The matrix L̄ = nI− 1n · 1Tn (appendix A.2, where 1n ∈ Rn×1 is the column vector

of all ones, and I is the identity matrix.

To quantify the ith player’s selfish objective (4.37), we define two quantities, namely, intra-

area energy and inter-area energy, from the perspective of the ith player as follows:

Eintra
i (x) :=

∑

k∈si

∑

j∈si
j>k

[
(∆δk −∆δj)

2 + (∆ωk −∆ωj)
2
]

+
∑

k∈si

∆E2
k (2.26)

Einter
i (x) :=

1

2

∑

k∈si

∑

j=1,...,n,
j /∈si

[
(∆δk −∆δj)

2 + (∆ωk −∆ωj)
2
]

(2.27)

It can be seen that the intra-area energy of area i is designed for the consensus in the phase

angle and frequency states of the generators in area i. The inter-area energy is modeled by

collecting the power transfer terms associated with a generator in area i and a generator in

another area, and attributing 1/2 of this energy to area i. The total state energy associated

with area i ∈ {1, ..., r} is

xTQix = Eintra
i (x) + Einter

i (x), (2.28)

where Qi ≥ 0, since (2.28) is the quadratic form of the states. Detailed derivations of Q and

Qi can be found in [79]. It is easy to show that the resulting LQR objectives (2.5) and (4.37)

satisfy (2.23), thus assuring successful cooperation among the power companies. We illustrate

this fact in the next section by numerical simulation of a 50-bus power system model.

2.6 Numerical Results and Performance Analysis for the Aus-

tralian Power System Model

We validate our results using a 50-bus Australian power system model shown in Fig.2.2(a),

which consists of 14 synchronous generators, divided into 4 coherent areas, and is a reasonably

accurate representation of the power grid in south-eastern Australia [1]. The area distribution is

shown in different colors in Fig.2.2(b), with the red dots denoting generator buses. Generators

1 to 5 belong to area 1, 6 and 7 – to area 2, 8 to 11 – to area 3, and 12 to 14 – to area 4.

Each generator is modeled by up to 17 states, namely the generator phase angle, the generator

speed, direct and quadrature axis components of the internal voltage of the generator, direct and

quadrature axis components of the internal flux of the generator, the field excitation voltage,

three states contributed by the automatic voltage regulator (AVR), three states contributed by

the power system stabilizer (PSS), one state contributed by the stabilizing transformer, and

finally three states contributed by supporting induction generators. The small-signal linearized
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(a) Line diagram of the Australian 50-bus system.

generator bus (node) load bus

communication linklocal feedback link
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(b) Simplified Australian power system with feedback
links.

Figure 2.2: A simplified 50-bus representation of the southeast Australian power system [1].

model is extracted using the MATLAB PST toolbox [80]. However, since we are primarily

interested in the electro-mechanical states, we perform an initial round of model reduction

using singular perturbation and thereby eliminate the non-electromechanical states with very

low participation in the swing dynamics. The exact expressions of the model matrices are not

included in this chapter for brevity and are provided in [79]. The small-signal model is excited

by impulsive disturbance inputs entering through the acceleration equation of the generators,

and the proposed LQR controller is actuated through the field excitation voltages, using state

feedback from all generators. Fig.2.2(b) also illustrates the communication and local feedback

links between the generators.
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Figure 2.3: Global energies of social optimization and noncooperative games vs. communication
cost constraint.

2.6.1 Global Energies

Fig.2.3 shows the global closed-loop energies for the 50-bus system with respect to the com-

munication cost constraints for the various centralized and distributed algorithms discussed

in the previous sections. Global energies of the centralized optimization (2.6) using Algorithm

2.1, the coupled noncooperative game (CNE) in Step 3 of Algorithm 2.3, the social distributed

optimization (2.18) using Algorithm 2, and of the decoupled game (DNE) in Step 2 of Algo-

rithm 2.3 are included. We also show the global energy of the iterative dense-feedback method

that solves CARE [40] (note that our system satisfies the weakly coupled condition in [40])

and of the centralized sparsity-promoting ADMM method [7], modified to satisfy the sparsity

constraint. Since the energy of the method in [7] is nondecreasing with the sparsity parameter

γ, a bisection search on γ yields the smallest value of γ for which the off-diagonal cardinality

of the feedback matrix produced by the ADMM algorithm satisfies the constraint. The choice

of the l1-metric weights for this ADMM implementation is described in [67].

The figure shows that the global closed-loop energies resulting from the social optimization

using Algorithm 2.1 or 2.2 are smaller than those of the noncooperative game (CNE using

Algorithm 2.2) for any value of s. This testifies to the fact that the dynamic performance of

the grid improves when companies cooperate with each other to jointly design the controller,

which constitutes a sufficient condition for the cooperation to form according to (2.21). We

also observe that the global CNE objective (Algorithm 2.3, Step 3(3)) tends to those of the

DNE (Algorithm 2.3, Step 2(3)) and CARE as s approaches 0 and its largest value s = 2223,
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respectively. The former corresponds to the decentralized case [67] while the latter requires

dense communication [40].

Moreover, the energy Jsoc of the distributed social optimization (using Algorithm 2) closely

approximates that of the centralized Algorithm 1 for most of the s-range. We also observe that

the closed-loop energy of social optimization using Algorithms 2.1 or 2.2 is smaller than that

using the sparsity-promoting algorithm in a moderately sparse region, thus providing better

reduction of both intra- and inter-area oscillations when given an exact communication cost

constraint.

While the global energies of all sparsity-constrained methods are theoretically nonincreas-

ing with s, the social algorithms might occasionally produce a larger energy as s increases.

This happens when an algorithm converges to a local minimum since the optimization objec-

tive (2.5) is locally, but not necessarily globally, convex in K [72]. If the algorithm results in

Jsoc(s2)>Jsoc(s1) for s2>s1, we choose a suboptimal solution Jsoc(s2) , Jsoc(s1) (see Algorithm

2.3, Step 1), which produces a nonincreasing Jsoc(s). Finally, note that the global objectives

(energies) of all algorithms saturate to the same asymptotic value when s exceeds 740, implying

that the communication cost can be reduced by a factor of 3 relative to the cost of the dense

LQR network without compromising the control performance. Thus, in the next figure, we show

results only for small and moderate values of s, where the energies vary significantly.

2.6.2 Selfish Energies and Cost Allocation

In Fig.2.4, we show performance of noncooperative games, as well as payoffs and costs in Al-

gorithm 2.3. Fig.2.4(a) shows the individual energy objectives of the four areas at CNE (Step

3(2)). In Fig.2.4(b), the selfish energy savings vi(s) (Step 4(2)) for each company, their sum,

the social energy savings vsoc(s) (Step 4(1)), and the payoff increase ξ(s) (2.22) are illustrated.

We observe that bargaining is successful (see (2.21)), and there is modest payoff increase due

to cooperation.

Note that while the overall global CNE objective J̃C(s) (Step 3(3)) is theoretically nonin-

creasing with s, this is not necessarily true for individual selfish energies JC
i (s) in Step 3(2),

which means that increasing the overall communication budget might degrade some areas’ en-

ergies when they act noncooperatively. This phenomenon can result in decreasing and possibly

negative payoffs vi(s) and αi(s) over some regions of the constraint s, which might dissatisfy

the affected players and would require a revision of the proposed cost allocation method in Step

4(4) of Algorithm 2.3. See, e.g., slightly increasing selfish objective JC
3 (s) and negative selfish

payoff v3(s) of area 3 in Fig.2.4 (a) and (b), respectively, for small values of s. Nevertheless, the

allocated payoffs αi(s) in Algorithm 2.3 (Step 4(3)) are nonnegative for all companies for the

Australian power system scenario due to sufficient cooperation gain ξ(s). A slightly modified
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Figure 2.4: Selfish energies (objectives), payoffs and cost allocation in Algorithm 2.3 vs. com-
munication cost constraint s. (a) Selfish energies of noncooperative games for areas 1–4. (b)
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allocation.

payoff computation method that guarantees nondecreasing payoffs is presented in Appendix

A.1.

Fig.2.4 demonstrates significant disparity in the selfish energies JC
i (s), the vi(s) values, and

the allocated proportional costs Ci(s) among the areas, which is due to the grid topology. For

example, large selfish energy and allocated cost of area 1 can be explained by its large number

of generators. However, area size is not the only indicator, e.g., area 4 has fewer generators than

area 3, but much larger selfish energy JC
4 (s), energy savings v4(s), and allocated cost α4(s),

which even exceed those of area 1 for smaller values of s. In summary, areas 1 and 4 pay a

much greater share of the overall network cost than areas 2 and 3 due to the former areas’

greater needs for feedback and cooperation, which is consistent with relatively steep decline of

their selfish energies with s in Fig.2.4(a) and with the fact that in the social optimization, links

among the generators in these areas are the first to be added as s increases. Thus, these links
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are the most valuable for achieving energy reduction when using WAC [7].

2.6.3 Algorithm Convergence and Implementation Issues

First, we focus on the numerical properties of Algorithms 1 and 2. Since the LQR objective

does not satisfy the Stable Restricted Hessian condition [59], convergence of these algorithms

is not assured in general. However, if Step 2 of Algorithm 1 converges and yields a stabiliz-

ing feedback matrix K, then Step 3 will also converge due to the local convexity of J(K). At

convergence, Step 3 produces a feedback matrix K̂ that satisfies the basic feasibility property

∇KJ(K)|supp(K̂)(K = K̂) = 0, which is a weak necessary condition for the optimality of prob-

lem (2.6) [60]. Similar arguments demonstrate that Algorithm 2 produces a feedback matrix

that satisfies the basic feasibility property of each individual minimization in the CNE problem

(2.15) (or (2.18) for social optimization). Note that the decoupled game in Step 2 of Algorithm

2.3 represents an unconstrained optimization with respect to each player’s strategy, which is

given by its local feedback matrix [67]. This game is implemented using the polishing Step 3 of

Algorithm 2.2. When this implementation converges, the resulting equilibrium point is a local

NE [63] due to local convexity of the LQR objective [72], i.e., the strategy of each player is a

local optimum given other players’ strategies. From these observations, we conclude that con-

vergence properties of proposed algorithms resemble those of the ADMM-based methods [7]. In

both cases, while theoretical guarantees are not always feasible, extensive numerical experience

demonstrates that the algorithms converge and provide desirable minimization solutions over a

range of sparsity parameters. We found that the proposed sparsity-constrained algorithms also

converge and exhibit similar performance and complexity trends to those shown in this chapter

for the New England power system model used in [7].

Next, we describe the algorithm implementation details for the results shown in Fig.2.3–2.4.

We found that the proposed algorithms can converge to different stabilizing feedback matrices

given different initial settings. Moreover, for s > 0, the energies of these solutions can differ

significantly. However, we found that the energies of different equilibria were very similar to each

other for the decoupled game implemented using Algorithm 2.3 (Step 2). We have employed

εabs = εrel = 10−4 and ε2 = 10−4 and 10−3 in Algorithms 1 and 2, respectively, to achieve

comparable performance for distributed and centralized social optimizations. For s = 1, both

algorithms were initialized with a stabilizing matrix K0 obtained by preserving the block-

diagonal entries of the dense LQR feedback matrix that optimizes (2.5) and setting other

entries to zero. For larger s, K0 was chosen as the optimized feedback matrix obtained in a

previous computation for a smaller value of s. We found that this initialization produced the

lowest energies over the entire s-range. If a stable block-diagonal matrix cannot be found, K0

can be obtained using the sparsity-promotion algorithm [7] with the largest γ that produces a
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stabilizing feedback matrix (Similarly, stabilizing feedback might not exist for small values of

the constraint s). Moreover, Algorithm 2 had the best performance when the initial link settings

si were chosen proportionally to the number of nodes ni in (2.9).

Finally, we found that the computational load of the polishing step dominates the overall

runtime for both algorithms, and the Newton step using the CG method (see Table 2.1, last

entry) is the most computation-intensive operation, which has polynomial complexity in s and

the number of states [6]. In our experiments, all algorithms in Fig.2.3 converged in less than

103 seconds for any value of s although this did not include the bisection search time for the

modified ADMM method [7], which is very computation-intensive. Moreover, the distributed

social implementation using Algorithm 2 converged much faster than the centralized method

(Algorithm 1)2.

2.7 Conclusion

LQR optimization under the communication-cost constraint was investigated for multi-agent

dynamic systems with linear static state feedback. First, a communication-cost-constrained

centralized social optimization algorithm was developed. Second, distributed game-theoretic al-

gorithms were investigated for both selfish and social optimization under the sparsity constraint.

Finally, cooperative NFG theory was employed to allocate the costs of the communication in-

frastructure in a multi-agent dynamic system. Using a 50-bus power system model divided into

4 areas, we demonstrated convergence of proposed algorithms and desirable performance and

complexity features of distributed methods over the range of the sparsity constraint, thus pro-

viding a trade-off between the communication cost and the control performance. Furthermore,

we discussed the relationship between the proportionally allocated costs and power companies’

needs for feedback and cooperation, and showed that the proposed cost allocation algorithm is

rooted in the physical topology of the power grid. Our current research focuses on applying pro-

posed algorithms to systems with uncertainty and communication delays. Moreover, we plan to

extend the concepts of this chapter to diverse multi-agent dynamic system applications, robust

optimization objectives, output feedback, and different communication network architectures.

2The experiments are run using MATLAB on a MacBook Pro with Yosemite operating system, 2.6 GHz Intel
core i5 processor, and 8 GB 1600 MHz DDR3 memory.
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Chapter 3

Sparsity-Constrained Mixed H2/H∞
Control

We propose an algorithm for designing sparsity-constrained controllers for linear time-invariant

systems with model uncertainties using a mixed H2/H∞ objective. We first improve a previously

proposed descent algorithm for mixed H2/H∞ control using a modified Zoutendijk’s method.

Thereafter, we impose a sparsity constraint on this design by combining it with a greedy gra-

dient support pursuit (GraSP) method. The proposed algorithm guarantees a predetermined

level of sparsity while maintaining acceptable H2 performance as well as H∞ robustness to

uncertainties in the open-loop model. The effectiveness of the proposed method is illustrated

through simulations.

3.1 Introduction

Recent papers such as [2, 8, 81, 82] have proposed various sparse LQR optimal control designs

for reducing communication costs for controlling large multi-agent LTI networks. However,

this research ignores model uncertainties, which are bound to arise in all practical large-scale

systems since the network operating conditions and the resulting network topology might change

rapidly over time. Even if the system is static, the designer might not know all model parameters

or have mismatched parameter values due to idealistic design assumptions in the underlying

communication network. This problem is addressed in [23], where a sparse H∞ controller is

derived for a class of system with sparse input matrix by exploiting the symmetric structure of

the state matrix. However, to provide robustness while optimizing the closed-loop performance,

is it desirable to use the mixed H2/H∞ control objective [83, 84]. In [22], this objective was

combined with sparsity promotion by minimizing the weighted sum of H2-norm bound, H∞-

norm bound, and the `1-norm for the feedback gain matrix. However, the latter method can
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only promote sparsity (as in [8,81]) and robustness, but does not guarantee that a specific H∞

bound or the number of feedback links is achieved.

In this chapter, we develop a controller that minimizes the H2 norm while satisfying a

predetermined sparsity and the H∞ bound constraints. To achieve this goal, we first employ

a modified Zoutendijk’s method in [85] to extend the gradient descent approach for solving

the mixed H2/H∞ control problem. We also employ the LMI interpretation of the H∞-norm

constraint from [86] to avoid computing the gradient of the constraint function. Since the above

approaches are designed for dense feedback, we next impose a sparsity constraint on the modified

algorithm using the GraSP method [2, 59].

The main contributions of this chapter are:

• Derivation of an improved descent algorithm for the mixed H2/H∞ control.

• Development of a sparsity-constrained mixed H2/H∞ control algorithm.

This chapter is organized as follows. Section 3.2 reviews mixed H2/H∞ control. In Section

3.3, the gradient-descent method for mixed H2/H∞ control is extended using a modified Zou-

tendijk’s method of feasible direction. In Section 3.4, a GraSP-based algorithm for the sparsity-

constrained mixed H2/H∞ control is developed. In Section 3.5, we illustrate the effectiveness

of the proposed algorithm using a network of unstable nodes. Finally, some concluding remarks

are made in Section 3.6.

Throughout this chapter, matrices are denoted with boldface capital letters. If M is a

symmetric matrix, the upper block matrices are sometimes denoted by ∗ to save space. The

notation used in this chapter is summarized in Table 3.1.

3.2 Mixed H2/H∞ control

Consider the following class of linear time-invariant uncertain systems,

ẋ(t) = (A + ∆A)︸ ︷︷ ︸
Â

x(t) + (B + ∆B)︸ ︷︷ ︸
B̂

u(t) + B2w2(t)

z2(t) = C2x(t) + D2u(t) + D22w2(t) (3.1)

where x(t) ∈ Rn×1 is the state vector, u(t) ∈ Rm×1 is the control input vector, w2(t) ∈ Rm2×1

is the exogenous input, and z2(t) ∈ Rp2×1 is the performance output. Matrices C2 and D2 have

the form C2 =

[
C1

2

0

]
, D2 =

[
0

D2
2

]
, and CT

2 D2 = 0. We define

Q = (C1
2)TC1

2 � 0, R = (D2
2)TD2

2 � 0. (3.2)
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Table 3.1: Notation used in Chapter 3

Term Definition

M�0(�0) Matrix M is positive definite (semidefinite)

M≺0(�0) M is negative definite (semidefinite)

sym(M) M + MT

σmax(M) maximum singular value of M

||K||F Frobenius norm of the matrix K, defined by
√

trace(KTK).

card(K) Cardinality of matrix K, defined by the number of nonzero elements in
K.

supp(K) The support set of the matrix K, i.e., the set of indices of the nonzero
entries of matrix K [59].

[K]s The matrix obtained by preserving only the s largest-magnitude entries
of the matrix K and setting all other entries to zero.

∇KJ(K) The gradient of the function J(K) with respect to the matrix K, where
element [∇KJ(K)]ij = ∂J/∂Kij .

∆nwt(K, T ) The restricted Newton step of function f(K) at matrix K ∈ Rm×n under
the structural constraint supp(K) ⊂ T . The computation of ∆nwt(K, T )
is detailed in [2].

K∗nom(s) Solution for the feedback matrix that minimizes the H2 norm (4.8) of
the nominal system subject to the sparsity constraint s [2].

K∗rob(s) Solution for the robust feedback matrix in (P2) with γ = 1, sparsity
constraint s.

K∗lqr Solution for the standard LQR problem which minimizes the H2 norm
(4.8) for the nominal system (4.4).

H2 norm The system H2 norm in the time domain is ||G||2 =(∫∞
0

[
trace(H(t)TH(t))

]
dt
)1/2

, where H(t) is the impulse response of
the system.

H∞ norm The system H∞ norm ||G||∞ = supω σmax(G(jω)), where G(jω) is the
system transfer matrix.

The matrices A and B are the nominal values of the state and input matrices, respectively, while

∆A and ∆B model the respective uncertainties. We assume that the pair (A,B) is controllable,

(C2,A) is observable, and ∆A and ∆B have the form

[∆A ∆B] = B1∆δ[C1 D1], (3.3)

where B1∈Rn×m1 , C1∈Rp1×n, D1∈Rp1×m are known matrices, ∆δ∈Rm1×p1 is an unknown

matrix which is norm-bounded, satisfying ∆δT∆δ � ρ2I. The system (3.1) can be expressed as
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the feedback interconnection of the following two subsystems:

Σ :





ẋ(t) = Ax(t) + Bu(t) + B1w1(t) + B2w2(t)

z1(t) = C1x(t) + D1u(t)

z2(t) = C2x(t) + D2u(t) + D22w2(t)

(3.4)

ΣK :
{

w1(t) = ∆δz1(t), (3.5)

where z1(t) ∈ Rp1×1, w1(t) ∈ Rm1×1.

Our goal is to find a linear static state-feedback controller

u(t) = −Kx(t) (3.6)

which not only stabilizes the system (3.1) despite the uncertainties, by imposing the requirement

that theH∞ norm from w1 to z1 is bounded below σmax(∆δ) [87], but also guarantees a desirable

closed-loop performance. This dual objective is posed as a mixed H2/H∞ design problem, as

follows.

Consider the system in (4.4–3.6). For simplicity and without loss of generality, we set D22 =

0 [87] in (3.1). This closed-loop system is equivalent to

ẋ(t) = Aclx(t) + B1w1(t) + B2w2(t)

z1(t) = Ccl1x(t)

z2(t) = Ccl2x(t) (3.7)

Acl := A−BK

Ccli := Ci −DiK, i = 1, 2 (3.8)

The mixed H2/H∞ control problem [84] is defined as follows: Given an achievable

H∞-norm bound γ, find a feedback controller K that solves

Minimize
K

||Tz2w2(K)||2, s.t.||Tz1w1(K)||∞ < γ. (P1)

where Tziwi , i,= 1, 2 denotes the closed-loop transfer function from wi to zi.
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3.3 Descent algorithm for mixed H2/H∞ control

3.3.1 The gradient method for mixed H2/H∞ control

Following standard robust control results such as in [84], it can be shown that the squared H2

norm for the above problem is

||Tz2w2(K)||22 = J(K) := trace(BT
2 PB2) (3.9)

where P is the solution of the Lyapunov equation

PAcl + AT
clP + CT

cl2Ccl2 = 0. (3.10)

The H∞-norm constraint can be transformed into an LMI condition as follows [84]:

Theorem 1. The H∞-norm constraint ||Tz1w1(K)||∞ < γ if and only if there exists an X = XT

that satisfies the linear matrix inequality (LMI) on X and γ2

[
AclX + XAT

cl + B1B
T
1 XCT

cl1

Ccl1X −γ2I

]
≺ 0, X � 0. (3.11)

The authors of [84] proposed a gradient method to solve (4.7). The basic idea is to descend

along the gradient of J(K) (4.8) from an interior point of the feasible region of (P1) until

the solution reaches the stationary point in the interior or on the boundary of the constraint

set. Accordingly, the outcome K∗ of this algorithm is a local minimum of the H2 cost in the

interior of or on the boundary of the H∞-norm constraint set. However, this result might not be

satisfactory if the H∞-norm value of the initial guess is close to the boundary of the actual H∞-

norm constraint set, and the gradient-descent direction violates the H∞-norm constraint even

with a very small step size, thus causing an insufficient decrease of the H2 norm. Our first goal

is to find a remedy for this problem by selecting a different feasible direction for reducing the

H2 norm while simultaneously moving away from the boundary of the H∞-constraint set. This

approach, inspired by the Zoutendijk’s method described in [85], is elaborated in the following

section and applied to solve (P1).

3.3.2 Modified Zoutendijk’s feasible direction method

In this section, we recall the Zoutendijk’s method [85] as the foundation for general feasible

direction methods, which requires evaluating the gradients of both the objective and the con-

straints functions. Moreover, to overcome the difficulty typically encountered while computing
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the gradient of an H∞ norm, we utilize the concept of level sets as in [86], as well as their LMI

interpretation, to develop an alternative condition relative to the original formulation in the

Zoutendijk’s method.

Following the Zoutendijk’s method, the inequality trace[(∇KJ(K))T ·∆K]<0 guarantees

that an update direction ∆K decreases the H2 norm, the inequality trace[(∇K||Tz1w1(K)||∞)T ·
∆K] < 0 can be used in the mixed H2/H∞ problem (P1) to check if ∆K moves away from the

H∞ bound, where J(K) is defined in (4.8). However, since it is difficult to compute the gradient

∇K of the H∞ norm with respect to K, we choose another condition for reduction of both the

H2 and H∞ norm, by employing the descent method for the H∞ norm based on level sets [86].

In the gain space of K ∈ Rm×n, the set of all stabilizing K which satisfy (4.6), i.e., with H∞

norm smaller than γ, is a level set

K(γ) := {K| ||Tz1w1(K)||∞ < γ}. (3.12)

Given a stabilizing gain K0 and a sufficiently small γ0 such that K0 ∈ K(γ0), the method in [86]

provides a way to construct a convex set K̂(γ0), which contains K0 near the boundary, where

for all K ∈ K̂(γ0), we have ||Tw1z1(K)||∞ < γ0. Furthermore, it gives rise to a sufficient LMI

condition for the above K0, γ0, and another gain Kin, such that Kin is an inner point of K̂(γ0):

G(Kin; K0) � 0⇒ Kin ∈ K̂(γ0). (3.13)

where G(Kin; K0) is a matrix function of Kin and K0, γ0. This matrix is positive definite if

and only if Kin is in the level set K̂(γ0). The details of computing G(Kin; K0) are provided in

Appendix B.1.

Given a feasible point K and the gradient ∇KJ(K) of the cost function J(K) in (4.8) at K,

Algorithm 3.4 Improved version of the descent algorithm in [84] for mixed H2/H∞ control

1 Initialization: K0 feasible with T∞(K0) < γ.
2 Gradient descent on H2 norm:
while T∞(Ki) < γ − ε1 do

Ki+1 := Ki + di∇KJ(Ki).
end while
3 Feasible direction search:
while |J(Ki+1)− J(Ki)| < ε3 do

3.1 Solve for an inner point Kin using (4.34) with K = Ki, and set the feasible direction
∆K := Kin −Ki.

3.2 Let Ki+1 = Ki + di∆K.
end while
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we can find an improved direction for the mixed H2/H∞ problem (4.7) by solving the following

optimization problem

Maximize
z,Kin

z

s.t. trace[(∇KJ(K))T (Kin −K)] + z ≤ 0

G(Kin; K)− θz · I � 0 (3.14)

where θ ≥ 0 is a predetermined factor that controls how far K moves away from the H∞-norm

boundary. The value of θ determines the speed of reduction of the H∞ norm. Thus, a small

value of θ results in a less aggressive shrinkage of the H∞ norm. If the solution z∗ in (4.34)

is positive, then Kin − K is an improving feasible direction, otherwise an improving feasible

direction cannot be found.

We next apply (4.34) for improving on the gradient method of [84] for solving (P1). Algo-

rithm 3.4 summarizes our proposed method. For simplicity, we denote ||Tz1w1(K)||∞ as T∞(K)

and ||Tz2w2(K)||2 as T2(K).

Note that Algorithm 3.4 does not necessarily start in the feasible region. Starting with any

stabilizing gain Kext
0 , we can find a gain matrix K0 with T∞(K0) < γ by iteratively solving

(4.32) to determine a sequence of inner points with decreasing H∞ norms until γ is achieved [86].

In Step 2 and 3, the step size di is determined by a backtracking line search using the Armijo

condition [85]

J(Ki+di∆K) ≤ J(Ki) + diβ·trace[(∇KJ(Ki))
T∆K], (3.15)

which is less expensive computationally than the exact line search in [84]. In (3.15), β ∈ (0, 1)

is a predetermined constant. In this case we do not need to check T∞(Ki + di∆K) < γ if the

backtracking starts at di = 1. Since K̂(γi) is a convex set with T∞(Ki) < γi, if Kin = Ki + ∆K

is an inner point, then any Ki + di∆K is also an inner point of K̂(γi) for di ∈ [ε2, 1). The

parameters ε1, ε2, ε3 are sufficiently small positive constants, where ε1 is the margin to guard

H∞ norm within the γ-constraint for numerical stability, ε2 is the smallest step size in the line

search, and ε3 is the smallest change in the cost function J(K) in two consecutive iterations.

In Step 2, if Algorithm 3.4 achieves sufficiently small ∇KJ(Ki) within the H∞-norm con-

straint, the algorithm terminates and the resulting feedback matrix is a local minimum of H2

norm in the interior of the H∞-norm constraint. Otherwise, when K is sufficiently near the

H∞-norm boundary and the algorithm exits Step 2, the direction-search Step 3 will change the

current gradient-descent direction and continue to decrease the H2 norm.
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3.4 Sparsity-constrained H2/H∞ control

In this section, we design sparse controllers for the mixed H2/H∞ problem. For the linear static

state feedback (3.6), K is a m × n matrix, with coefficient Kij being the feedback gain from

state j to control input i. If the coefficient Kij 6= 0, a communication link that delivers the data

from state j to control input i is required. One way to save communication cost, therefore, is

to promote sparsity in K. The level of sparsity can be quantified by the cardinality of the K

matrix, denoted by card(K).

The sparsity criterion can further be adapted to quantify the communication cost. For

example, if the system consists of N nodes and each node i has ni states and mi control

inputs, the communication cost can be defined as the number of communication links connecting

different nodes. Specifically, if the states x(t) and the control inputs u(t) in (3.6) are organized

according to their physical locations, the matrix K is in the form

K =




K11 K12 . . . K1N

K21 K22 . . . K2N

...

KN1 KN2 . . . KNN



, (3.16)

where the block Kij ∈ Rmi×nj represents feedback from the states of node j to the control

inputs of node i [2]. For the model (3.16), we define the communication cost as the number of

communication links associated with the off-diagonal blocks of K, given by

cardoff(K) =
∑N

i,j=1,i 6=jnnz(Kij). (3.17)

where nnz(·) counts the number of nonzero elements in a matrix. The communication cost

(3.17) will be employed in the numerical example of Section 3.5.

We are now ready to address the sparsity-constrained version of problem (P1), stated as

follows:

The sparsity-constrained mixed H2/H∞ control problem: Given an achievable H∞-norm

bound γ and a sparsity level s ≥ 0, find a feedback controller K which solves

min
K
||Tz2w2(K)||2,

s.t. ||Tz1w1(K)||∞ < γ, card(K) ≤ s (P2)

The problem (P2) reduces to (P1) if the constraint card(K) ≤ s is removed in (P2). To address

the sparsity constraint in (P2), we combine the approach in Algorithm 3.4 with the GraSP-

based algorithm in [2]. The resulting procedure is presented in Algorithm 3.5. Given a sparsity
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constraint s ≥ 0, we start with a stabilizing gain Kext
0 with card(Kext

0 ) ≤ s, but not necessarily

satisfying the H∞-norm constraint. If the open-loop system A is stable, Kext
0 can be chosen

as the zero matrix. Otherwise, the sparsity-promoting method in [81] can be used with a large

`1-penalty, and Kext
0 can be the feedback with the sparsest structure. Based on Kext

0 , in Step

1, we find an improved initial point by keeping the nonzero structure in Kext
0 and decrease the

H∞ norm by iteratively finding an inner point of the current H∞-norm level set. Note that the

original descent method in [86] did not include any structural or sparsity constraint. We extend

the LHS of the LMI condition (4.32) to impose the sparsity structure by adding another linear

constraint

G(K; K0) � 0 (3.18a)

K� Īs = 0 (3.18b)

where K is the optimization variable, Is∈Rm×n is the structural indicator matrix which has

elements 1 and 0 at the positions of nonzero and zero entries of K0, respectively, and Īs is

the complement of Is. The operator � is the element-wise product of the two matrices. This

procedure for tuning values of nonzero entries of the gain matrix to satisfy the H∞-norm

constraint is summarized in the subroutine “TuneGain” in Algorithm 3.5. If a feasible solution

K0 cannot be achieved by “TuneGain”, we can instead promote row sparsity in K subject to

(4.6) by a r1-norm minimization as in [21].

The greedy selection and update steps are similar to those in the sparsity-constrained LQR

method in [2]. In each iteration of Step 2.1–2.4, the algorithm extends the matrix K along its

steepest 2s gradient-descent directions. In Step 2.1, the gradient of J(K) over K is computed

as [81]

∇KJ(K) = 2(RK−BTP)L (3.19)

where the matrices P and L are the unique solutions of the following Lyaponuv equations

(A−BK)TP+P(A−BK) + Q+KTRK = 0

(A−BK)L + L(A−BK)T + B2B
T
2 = 0 (3.20)

In Step 2.4, the matrix K is updated using the restricted Newton step, and the step size

di is chosen similarly to (3.15), with the additional constraint that it must satisfy T∞(Ki +

di∆nwt(Ki, T )) < γ. In Step 2.5, pruning is performed to impose the constraint s where we only

keep the nonzero entries with the s largest magnitudes and truncate other entries to zero. This

process can change the H2 norm and the H∞ norm of the feedback matrix achieved at Step 2.4.

If the pruned result violates the H∞-norm constraint, we use the subroutine “TuneGain” to tune

the nonzero values in the gain matrix similarly to Step 1. In case of instabilizing gain after the
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pruning step, we adopt a backtracking option to return to a previously found stable solution,

which has cardinality less than s. This option can also be used when a suitable K0 cannot

be found in Step 1. The stopping criterion for the iteration Step 2 is given by a sufficiently

small change in the feedback matrix, where εabs and εrel are small constants that quantify the

absolute and relative change in the feedback matrix, respectively. When Step 2 converges, we

have selected the nonzero entries of the gain matrix, and Step 3 further tunes the values of the

nonzero entries for better H2 performance. In Step 3, given the gain matrix Ki after Step 2

and the associated structural indicator matrix Is, we iteratively find a feasible direction using

(4.34) and (3.18b). In Step 3.2, the step size di ∈ [ε1, 1) is determined by backtracking line

search using condition (3.15). Similarly to Algorithm 1, we stop the polishing step when there

is sufficiently small decrease in the H2 objective, quantified by the small constant ε3.

Algorithm 3.5 Mixed H2/H∞ control algorithm with sparsity constraint

Given s: sparsity constraint, γ: H∞-norm bound,
Kext

0 : stabilizing feedback gain with card(Kext
0 ) ≤ s.

1 Initialization: K0 = TuneGain(Kext
0 , γ).

2 Iteration:
while ||Ki+1−Ki||F > εabs

√
mn+ εrel||Ki||F do

2.1 Compute gradient of J(K) w.r.t K at Ki: g = ∇KJ(Ki).
2.2 Identify up to 2s directions: Z = supp([g]2s)
2.3 Merge support: T = Z ∪ supp(Ki)
2.4 Descent along the Newton step of J(K) restricted to T : Ki+1 = Ki + λ∆nwt(Ki, T ).
2.5 Prune Ki+1: Ki+1 = [Ki+1]s. If T∞(Ki+1)≥γ, set Ki+1 = TuneGain(Ki+1, γ).

end while
3 Polishing:
Set Is to be the structural indicator matrix associated with Ki at the end of Step 2.
while |J(Ki+1)− J(Ki)| > ε3 do

3.1 Solve for Kin using (4.34) with additional constraint Kin � Īs = 0 with K = Ki, and
let ∆K = Kin −Ki.

3.2 Let Ki+1 = Ki + di∆K, where di <= 1 is determined by backtracking line search
using (3.15).
end while

procedure TuneGain(K0, γ)
while True do

Find γ∗ which is the minimizer of γ in (4.6) with K = K0 fixed.
If γ∗ < γ, return K0.
Set K0 := K, where K is the solution to (3.18).

end while
end procedure
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Note that the objectives in [2,81], as well as in the algorithms of this chapter, are not convex.

Thus, convergence of these methods cannot be guaranteed, and they can produce local minima.

However, extensive simulations were carried out to verify convergence of the proposed method

empirically, as illustrated in the next section.

3.5 Numerical Example

Consider a network that consists of N connected nodes distributed randomly on a L unit by

L unit square area [81,88]. Each node is an unstable second-order system, with the state-space

representation:

[
ẋ1i

ẋ2i

]
=

[
1 1

1 2

][
x1i

x2i

]
+
∑

j 6=i
e−l

0(i,j)

[
x1j

x2j

]
+

[
0

1

]
(di + ui). (3.21)

To account for model uncertainty, the actual state-space representation of the ith node is written

as

[
ẋ1i

ẋ2i

]
=

[
a11 a12

a21 a22

][
x1i

x2i

]
+
∑

j 6=i
e−l̂(i,j)

[
x1j

x2j

]
+

[
0

1

]
(di + ui), (3.22)

where aij = a0
ij ·(1+θij), and a0

ij is the nominal value in (3.21). The Euclidean distance between

the nodes i and j is given by l̂(i, j), where l̂(i, j) = l0(i, j) · (1 + δij), and l0(i, j) is the known

nominal value of the distance between the nodes i and j. In general, as L increases, the nodes

spread farther apart and the l0(i, j) values grow. The random perturbations δij and θij are

uniformly distributed in the range ±20%.

Define Â such that Â − A = B1∆δC1. To stabilize the system in (4.53), we numeri-

cally compute the worst-case Â as Âworst = arg maxÂ σmax(Â − A). By the singular value

decomposition USVT=Âworst−A and normalizing S by σmax(S), we set B1=
√
σmax(S)U,

C1 =
√
σmax(S)VT . Due to this normalization, γ = 1.

We apply the proposed Algorithm 3.5 to (4.53) with N = 5 and L = 2. In this chapter,

we solve all the LMIs using the CVX package [89]. For the sparsity constraint, as discussed

in Section 3.4, we are only concerned with the communication cost quantified by the number

of nonzero entries on the off-diagonal blocks of K (3.16), representing feedback from xki, k =

1, 2 to uj for i 6= j. We examine the performance of Algorithm 2 over a range of s-values

from completely decentralized feedback (s = 0) to dense feedback (s = 2N(N − 1)) under

the constraint γ = 1, and the resulting feedback matrix is denoted as K∗rob(s). The initial

value Kext
0 is chosen as a fully decentralized stabilizing feedback matrix, i.e., cardoff(Kext

0 ) =

0. For comparison, we also use Algorithm 1 in [2] to obtain the sparsity-constrained LQR
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Figure 3.1: H2 norm increase relative to the H2 norm of standard LQR vs. sparsity constraint
s for sparse LQR [2] and Algorithm 2.
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Figure 3.2: H∞ norm vs. sparsity constraint s for sparse LQR [2] and Algorithm 2.

optimization for the same range of s-values. The latter algorithm does not consider H∞ norm

in the optimization. The solution of the feedback gain matrix for the sparsity-constrained LQR

optimization is denoted by K∗nom(s).

In Figure 3.1, the blue curves show increase in the H2 norm relative to the optimal LQR

metric J
1/2
opt (4.8) for the system (4.53) for K∗rob(s) and K∗nom(s) vs. the sparsity constraint s.

Note that the H2 norm decreases with decreasing sparsity, meaning that increasing sparsity
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in the feedback structure would sacrifice the H2-norm performance to some extent. Moreover,

in the case of dense feedback (s = 40), the H2 norms of K∗nom(s = 40) and the standard

LQR feedback are the same and are given by J
1/2
opt (4.8), while using K∗rob(s = 40) results in

1.7% increase. The red curves in Figure 3.1 show the H∞ norm for K∗rob(s) and K∗nom(s) vs.

s. Note that the H∞ norms of the standard and sparse LQR controllers exceed γ = 1, and,

thus, cannot guarantee stability for the uncertain system (4.53) while for the robust feedback,

T (K∗rob(s)) < 1=γ for all s-values, which is guaranteed to stabilize (4.53) with perturbations in

the A matrix. Finally, we observe that for all s-values, the H2 norm T2(K∗rob(s)) ≥ T2(K∗nom(s)),

which is due to the additional H∞-norm constraint in (P2) relative to the sparsity-constrained

LQR problem in [2].

We show the effectiveness of the proposed approach for stabilizing uncertain systems by plot-

ting the closed-loop poles of (4.53) using robust and nominal feedback for random realizations

of the uncertain matrix A in (4.53). We generated 200 random realizations Âi, i = 1, ..., 200 and

applied the robust feedback K∗rob(s) and the nominal feedback K∗nom(s) to Âi’s. The resulting

closed-loop poles for several s-values are shown in Figure 3.3. In the left two plots in Figure

3.3, the nominal feedback K∗nom(s) is applied. We observe that all the closed-loop poles of the

nominal system have negative real parts, which indicates that the closed-loop nominal system

without uncertainty with nominal sparse feedback [2] is stable. However, when A is perturbed,

the nominal feedback becomes mismatched, and several poles cross over to the right of the

imaginary axis, destabilizing the closed-loop system. In the right three plots of Figure 3.3, the

proposed robust feedback K∗rob(s) is applied. In this case, all closed-loop poles have negative

real parts for both the nominal and the uncertain models.

3.6 Conclusions

A sparsity-constrained mixed H2/H∞ controller was developed by combining an improved de-

scent approach with GraSP method to achieve a predetermined level of sparsity. The robustness

properties of the proposed controller are illustrated using simulations of an open-loop unstable

plant. It is demonstrated that this controller maintains stability over a range of sparsity con-

straints with a modest degradation of the H2 norm performance relative to the sparse controller

for the nominal system. Our future work will include investigation of convergence properties of

Algorithm 3.4, extension of this method to output-feedback, distributed, and multi-agent im-

plementations, as well as applying it in large-scale systems, such as wide-area control of power

systems with parametric uncertainties.
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Chapter 4

Game-Theoretic Mixed H2/H∞
Control with Sparsity Constraint for

Multi-agent Networked Control

Systems

Multi-agent NCSs are often subject to model uncertainty and are limited by large communica-

tion cost, associated with feedback of data between the system nodes. To provide robustness

against model uncertainty and to reduce the communication cost, this chapter investigates the

mixed H2/H∞ control problem for NCS under the sparsity constraints. First, PALM is em-

ployed to solve the centralized social optimization algorithm where the agents have the same

optimization objective that . Next, we investigate a sparsity-constrained noncooperative game

which accommodates different control-performance criteria of multiple agents, and propose a

best-response dynamics algorithm based on PALM that converges to an approximate GNE of

this game. A special case of this game, where the agents have the same H2 objective, produces a

partially-distributed social optimization solution. We validate the proposed algorithms using a

network with unstable node dynamics and demonstrate the superiority of the proposed PALM-

based method to a previously investigated sparsity-constrained mixed H2/H∞ controller.

4.1 Introduction

Recent papers, such as [2, 8, 81, 82, 90, 91], have proposed various sparse H2 control designs

for reducing communication costs of controlling large multi-agent linear time invariant (LTI)

networks. However, the majority of these papers ignore the effects of model uncertainties, which
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are bound to arise in all practical large-scale systems since the network operating conditions and

the resulting network topology might change frequently over time. Even if the topology is fixed,

the designer might not know all model parameters or have mismatched parameter values. To

address this problem, several works, e.g. [11,22,23,26,92], consider designs robust to uncertainty

in the system dynamics or controller implementation. In particular, [22,23,26,92] focuses on the

H∞-controller suitable for norm-bounded parameter uncertainty in the system dynamics. Our

objective in this chapter is twofold. First, to design sparse controllers for an uncertain system;

Second, to examine this design in light of a non-cooperative game to understand how individual

agent dynamics and uncertainty are playing a role in the sparse structure of the controller.

While a global control performance cost is often employed in dynamic systems, this metric

does not address the individual objectives of multiple agents. Decision-making in multi-agent

systems with uncertainty received significant attention due to its wide application in various

domains, such as wide-area control of power systems [2], multi-robot coordination, multi-access

broadcast channel, vehicle formation, and wireless sensor network [93, 94]. In these problems,

game theory becomes a powerful tool, with different control inputs modeled as game players,

where each player tries to optimize its individual objective using an associated control policy.

Differential games were investigated for uncertain multi-agent systems, and algorithms for find-

ing an equilibrium point were proposed based on solving a set of coupled optimization problems.

The works [42,43] extend Nash-type differential game in [38] by finding robust Nash strategies

while either considering polytopic uncertainty or formulating uncertain external disturbance as

a fictitious player. The works [44–47] model the uncertainty in the multi-agent system stochas-

tic differential equations, and the Nash strategies are found by solving cross-coupled matrix

equations, using necessary optimality conditions or Karush-Kuhn-Tucker (KKT) conditions.

Moreover, reinforcement learning has been applied to multi-agent control problems when the

system parameters are completely or partially unknown [49–52].

In this chapter, we investigate the controller design that aims to reduce the H2 cost under

the H∞ and sparsity constraints. While we focus on the norm-bounded parameter uncertainty

in the system translated into an H∞ constraint as in [26, 92], the sparse controller designed

in this chapter does not depend on any sparse structure of the state matrix and satisfies the

hard constraint on the cardinality of the feedback gain. We employ the proximal alternating

linearization method (PALM) [90], which has proven to be effective for optimization for noncon-

vex nonsmooth problems [56] and was utilized in [90] in a sparsity-constrained output-feedback

co-design problem. First, a centralized sparsity-constrained mixed H2/H∞ controller is investi-

gated, which can be viewed as the social optimization where all agents have a consensus control

objective. In [92], we developed a centralized controller under the sparsity and H∞ constraints

using a greedy gradient support pursuit (GraSP) method [59]. However, the algorithm in [92]

requires the knowledge of an initial stabilizing feedback gain that satisfies the sparsity con-
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Table 4.1: Notation

Term Definition

M�0(�0) Matrix M is positive definite (semidefinite)

M≺0(�0) M is negative definite (semidefinite)

σmax(M) maximum singular value of M

||K||F Frobenius norm of the matrix K, defined by
√

trace(KTK).

card(K) Cardinality of matrix K, defined by the number of nonzero elements in
K.

∇KJ(K) The gradient of the scalar function J(K) with respect to the matrix K.
Assuming K ∈ Rm×n, ∇KJ(K) is given by a m × n matrix with the
elements [∇KJ(K)]ij = ∂J/∂Kij .

[K]s The matrix obtained by preserving only the s largest-magnitude entries
of the matrix K and setting all other entries to zero.

H2 norm The system H2 norm in the time domain is ||G||2 =(∫∞
0

[
trace(H(t)TH(t))

]
dt
)1/2

, where H(t) is the impulse response of
the system.

H∞ norm The system H∞ norm ||G||∞ = supω σmax(G(jω)), where G(jω) is the
system transfer matrix.

straint. We eliminate this requirement, compare sparse controllers based on GraSP [92] and

PALM, and show the advantage of the latter in terms of the quadratic cost. Second, we extend

the proposed design to the multi-agent scenario where each agent designs its own part of the

feedback matrix subject to a shared global H∞-norm and sparsity constraints. Since each agent

has different individual cost, the controller design for this multi-agent system is modeled as a

noncooperative game with shared constraints. We develop a numerical algorithm to find the

generalized Nash equilibrium (GNE) [95] of the game. The proposed algorithm has partially-

distributed computation, i.e., in the first stage, each player computes its own feedback matrix,

while in the second stage, the sparse links are chosen globally based on the results from the first

stage. Third, assuming all players of the game above have the same H2-optimization objective,

we develop a potential game that yields a partially-distributed multi-agent implementation of

the social optimization. Finally, we briefly analyze convergence of the proposed centralized and

game-theoretic algorithms.

The main contributions of this chapter are:

• Development and analysis of a centralized, sparsity-constrained mixed H2/H∞ controller

for social optimization of multi-agent systems with norm-bounded uncertainty.

• Development of game-theoretic, partially-distributed algorithms that aim to minimize the

agents’ H2-norms under shared sparsity and H∞-norm constraints.
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This chapter is organized as follows. Section 4.2 presents the system model with parametric

uncertainty and develops a centralized PALM algorithm for sparsity-constrained mixed H2/H∞

control. Section 4.3 describes a multi-agent system with parametric uncertainty, proposes a non-

cooperative game with shared sparsity and H∞ constraints, and develops partially-distributed

numerical algorithms for this game and for social optimization. Section 4.4 demonstrates effec-

tiveness of the proposed algorithms using numerical simulations. Finally, Section 4.5 discusses

future directions and concludes this chapter.

Throughout this chapter, matrices are denoted with boldface capital letters. If M is a

symmetric matrix, the upper block matrices are sometimes denoted by ∗ to save space. The

notation used in this chapter is summarized in Table 4.1.

4.2 PALM algorithm for centralized sparsity-constrained mixed

H2/H∞ control

4.2.1 System model and mixed H2/H∞ control

In this section, we assume centralized social optimization where all agents share the same control

objective. To model this scenario, it is not necessary to consider individual agents. Thus, in this

section we investigate the following linear time invariant system with model uncertainty

ẋ(t) = (A + ∆A)︸ ︷︷ ︸
Â

x(t) + (B + ∆B)︸ ︷︷ ︸
B̂

u(t) + B2w2(t)

z2(t) = C2x(t) + D2u(t) + D22w2(t)

y(t) = Cx(t), (4.1)

where x(t) ∈ Rn×1 is the state vector, u(t) ∈ Rm×1 is the control input vector, w2(t) ∈
Rm2×1 is the exogenous input, z2(t) ∈ Rp2×1 is the performance output, and y(t)∈Rp×1 is the

measured output. The matrices A and B are the nominal values of the state and input matrices,

respectively while ∆A and ∆B model the respective uncertainties.

We employ the following assumptions:

Assumption 4.2.1: (i) The pair (A,B) is controllable, (C,A) is observable, (C2,A) is ob-

servable.

(ii) ∆A and ∆B have the form [26]

[∆A ∆B] = B1∆δ[C1 D1], (4.2)

where B1∈Rn×m1 , C1∈Rp1×n, D1∈Rp1×m are known matrices, ∆δ∈Rm1×p1 is an unknown
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matrix which is norm-bounded, satisfying ∆δT∆δ � ρ2I.

Assumption 4.2.2: Matrices C2 and D2 have the following form:

C2 =
[
C1

2,0
]
,D2 =

[
0

D2
2

]
,CT

2 D2 = 0, (4.3)

The system (4.1) can be expressed as the feedback interconnection of the following two

subsystems:

Σ :





ẋ(t) = Ax(t) + Bu(t) + B1w1(t) + B2w2(t)

z1(t) = C1x(t) + D1u(t)

z2(t) = C2x(t) + D2u(t) + D22w2(t)

y(t) = Cx(t)

(4.4)

ΣK :
{

w1(t) = ∆δz1(t), (4.5)

where z1(t) ∈ Rp1×1, w1(t) ∈ Rm1×1.

Our goal is to find a linear static output-feedback controller which is stabilizing to (4.1), i.e.,

||Tz1w1(K)||∞ < 1/ρ [87]. The H∞-norm constraint can be transformed into an linear matrix

inequality (LMI) condition as follows [84]:

Theorem 4.2.1: The H∞-norm constraint ||Tz1w1(K)||∞ < γ holds if and only if there exists

an X = XT that satisfies the LMI on X and γ2

[
Acl(K)X + XAcl(K)T + B1B

T
1 XCcl1(K)T

Ccl1(K)X −γ2I

]
≺ 0

X � 0 (4.6)

where Acl(K) = A−BKC, Ccli(K) = Ci −DiKC for i = 1, 2.

The mixed H2/H∞ control problem [84]: Given an achievable H∞-norm bound γ, find

a feedback controller K that solves

Minimize
K

||Tz2w2(K)||2,

s.t.||Tz1w1(K)||∞ < γ.

u(t) = −Ky(t), (4.4). (4.7)

where Tziwi , i,= 1, 2 denotes the closed-loop transfer function from wi to zi.
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For simplicity and without loss of generality, we set D22 = 0 in (4.1). Following standard

robust control results, such as in [84], it can be shown that the squared H2 norm from w2 to

z2 for the system (4.4) is

||Tz2w2(K)||22 = J(K) := trace(BT
2 PB2) (4.8)

where P is the solution of the Lyapunov equation

PAcl(K) + Acl(K)TP + Ccl2(K)TCcl2(K) = 0, (4.9)

We can define

Q = (C1
2)TC1

2 � 0, R = (D2
2)TD2

2 � 0. (4.10)

such that the objective J(K) in (4.8) can also be written as

J(K) =

∫ ∞

t=0

[
xT (t)Qx(t) + uT (t)Ru(t)

]
dt. (4.11)

4.2.2 Sparsity-constrained mixed H2/H∞ control

The solution for problem (4.7) is the feedback matrix K that optimizes the H2 performance

while satisfying the H∞ constraint [84]. This solution is dense, i.e., it requires a feedback link

from every output to every control input, which must incur large communication cost in a

cyber-physical setting. To reduce this cost, we impose a sparsity constraint on the feedback

matrix [2, 92], resulting in the following sparsity-constrained mixed H2/H∞ problem:

min
K
||Tz2w2(K)||2,

s.t. ||Tz1w1(K)||∞ < γ, card(K) ≤ s. (4.12)

In this work, for simplicity, we define each nonzero entry in the feedback gain matrix as one

communication link. Alternative definitions and the effect of the feedback matrix sparsity on

the actual cost of communication are discussed in [2].

4.2.3 Overview of the centralized PALM algorithm

The sparsity-constrained mixed H2/H∞ problem (4.12) can be solved using a greedy GraSP

algorithm [92], when an s-sparse initial value for K can be found in the feasible region. In this

section, we introduce a sparsity-constrained optimization algorithm based on PALM, where

sparse feasible initial value is not needed. To solve (4.12) using PALM [90], we transform it

into a problem with two optimization variables, K and F, where K is the feedback matrix that
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minimizes the H2 norm subject to the H∞ constraint, and F represents the sparse feedback

matrix that satisfies the cardinality constraint. The problem (4.12) can be reformulated as

follows:

min
K,F

J(K) +
ρ

2
||K− F||2F ,

s.t. ||Tz1w1(K)||∞ < γ,

card(F) ≤ s. (4.13)

where the penalty term ρ/2||K − F|2F is used to regularize on the difference between K and

F. When the parameter ρ is chosen large enough, the penalty term can be reduced sufficiently.

There are two constrained variables in (4.13). We transform (4.13) to an unconstrained opti-

mization problem by defining the following indicator functions.

g(K) =

{
0, T∞(K) < γ

+∞, O.W.
(4.14)

f(F) =

{
0, card(F) ≤ s

+∞, O.W.
(4.15)

Then, the problem (4.13) is expressed

min
K,F

Φ(K,F), (4.16)

where

Φ(K,F) = J(K) + g(K) + f(F) +H(K,F) (4.17)

and

H(K,F) =
ρ

2
||K− F||2F (4.18)

is the coupling function for K and F for the equality constraint.

The PALM algorithm proceeds by alternating the minimization on the variables (K,F)

through separate subproblems [56], which simplifies solving (4.12), as described below. When

K is fixed, the optimization (4.16) reduces to minimizing the sum of a nonsmooth function f(F)

and a smooth function H(K,F) of F. From the result of proximal forward-backward splitting

algorithm [56], minimizing f + H can be relaxed as iteratively upper bounding the objective
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and minimizing the upper bound [96], and the iteration can be written as

Fk+1 = arg min
F

{
〈F− Fk,∇FH(F,K)〉+

t

2
||F− Fk||2F + f(F)

}
,

where 〈, 〉 denotes the inner product. Minimizing the first two terms 〈F − Fk,∇FH(F,K)〉 +
t
2 ||F − Fk||2F is equivalent to minimizing the first order (linear) approximation of H(K,F) at

F = Fk, regularized by a trust-region penalty near point Fk. When t ∈ (L,∞) and L is the

Lipschitz constant [85] (see Appendix B.3) for∇FH(K,F), the regularized linear approximation

provides an upper bound on H(K,F) [96].

Eq. (??) can be rewritten compactly using the definition of a proximal map

Fk+1 ∈ proxft

(
Fk − 1/t∇FH(K,Fk)

)
. (4.19)

where for σ : Rd → (∞,∞], a proper and lower semicontinuous function, x ∈ Rd and t > 0, the

proximal map associated with σ at point x is

proxσt (x) = arg min
u∈Rd

{
σ(u) +

t

2
||u− x||2

}
. (4.20)

Similar analysis can be carried out for the minimization of (4.16) when F is fixed. In sum-

mary, the PALM algorithm minimizes (4.16) by alternatively finding the proximal maps:

Fk+1 ∈ proxfak

(
Fk − 1/ak∇FH(Kk,Fk)

)
(4.21)

Kk+1 ∈ proxJ+g
bk

(
Kk − 1/bk∇KH(Kk,Fk+1)

)
. (4.22)

where ak and bk are positive constants that are greater than the Lipschitz constants L1(Kk)

and L2(Fk+1) of ∇FH(Kk,F) and ∇KH(K,Fk+1), respectively.

4.2.4 Algorithm description

We summarize the PALM algorithm for sparsity-constrained mixed H2/H∞ control in Algo-

rithm 4.6. In Step 2 and 3 of Algorithm 4.6, F-minimization (4.21) and K-minimization (4.22)

are performed, respectively. In step 2, we perform iterative F-minimization (4.21), rewritten as

(4.20):

Fk+1 = arg min
F

{
f(F) +

ak
2
||F− Zk||2F

}
(4.23)
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Algorithm 4.6 PALM algorithm for the mixed H2/H∞ control algorithm with sparsity con-
straint

Given s: sparsity constraint, γ: H∞-norm bound.
1. Initialization:
K0: any stabilizing feedback gain with T∞(K0) < γ.
F0: any stabilizing feedback gain F0.
Compute a := γ1ρ, b := γ2ρ.
for k = 1, 2, ...kmax until ||Kk+1 −Kk||F < ε1 or ||Fk+1 − Fk||F < ε2 do

// 2. F-minimization step
2.1 Compute Zk := Fk − 1

a∇FH(Kk,Fk)
2.2 Prune Zk: Fk+1 := [Zk]s.
// 3. K-minimization step
3.1 Compute Xk := Kk − 1

b∇KH(Kk,Fk+1).
3.2 Update Kk+1: Kk+1 := KproxOp(Kk,Xk, b).

end for

where Zk is the point within the parenthesis in (4.21), found in Step 2.2. It is easy to see that

the partial gradients of H(K,F) (4.18) are

∇KH(K,F) = ρ(K− F)

∇FH(K,F) = ρ(F−K), (4.24)

From (4.24), the Lipschitz constant L1(Kk) = ρ, and thus the constant ak in (4.21) and (4.23)

is defined as

ak = a = γ1ρ (4.25)

with γ1 > 1.

In Step 3 of Algorithm 4.6, we perform iterative K-minimization.

Kk+1 = arg min
K

{
J(K) + g(K) +

bk
2
||K−Xk||2F

}
, (4.26)

which is equivalent to (4.22), and bk is chosen as

bk = b = γ2ρ, (4.27)

with γ2 > 1.

In the following, we present the solutions for Eq. (4.23) and (4.26) used in Steps 2 and 3 of

Algorithm 4.6.
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Algorithm 4.7 KproxOp: Subroutine to solve (4.29)

1: procedure KproxOp(Kcur, Xk, b)
2: while True do
3: Kprev := Kcur

4: if ||∇Kh(Kcur)||F < ε3 then
5: // Stationary point in the interior of the H∞-constraint set.
6: break
7: end if
8: // Take a gradient-descent step in the interior of the H∞-constraint set.
9: Kcur := Kprev − d∇Kh(Kprev), where step size d > 0 is chosen by backtracking line

search [97] s.t. T∞(Kcur) < γ
10: if d < ε2 then
11: // Kprev is near the boundary of the H∞-constraint set
12: Solve for Kin using (4.34). Let ∆Kcur := Kin −Kprev.
13: Kcur := Kprev +d′∆Kcur, where d′ is determined by backtracking line search [97].
14: end if
15: if ||Kcur −Kprev||F < ε1 then
16: break
17: end if
18: end while
19: end procedure

F-minimization

Applying the proximal operator (4.21) of function f is equivalent to minimizing a regularized

version of f . In (4.23), f is an indicator function of the set X = {F|card(K) ≤ s} (4.15), so

the proximal operator in (4.23) (Step 2.3 in Algorithm 4.6) is equivalent to the projection of

Zk onto the set X , i.e., we can rewrite (4.23) as

Fk+1 = arg min
F
||F− Zk||2F

s.t. card(F) ≤ s. (4.28)

As shown in [56,90], the solution to (4.28) is [Zk]s (see Table 4.1), which is Step 2.3 af Algorithm

4.6.

K-minimization

Next we focus on the proximal operator for (4.26), which is equivalent to

min
K

h(K)
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s.t. T∞(K) < γ. (4.29)

where

h(K) ,

(
J(K) +

bk
2
||K−Xk||2F

)
(4.30)

We propose to solve (4.29) using a feasible direction method in the gain space of K, summarized

in Algorithm 4.7. Starting from an interior point of the feasible region of the problem (In step

3.2 of Algorithm 4.6, Kk always satisfies T∞(Kk) < γ), the algorithm first descends along the

gradient of h(K) until the solution reaches a stationary point in the interior (line 6) or on the

boundary of the constraint set. When the solution is in the interior of the feasible region, a

gradient-descent update step is used (line 9). When the current solution is at the boundary and

the gradient-descent direction violates the H∞-norm constraint, we seek a direction that reduces

the minimization objective and simultaneously moves the solution away from the boundary of

the H∞-norm constraint set to its interior (lines 12-13 in Algorithm 4.7).

In lines 12-13, we find the improving feasible direction for (4.29) when the solution is at the

boundary of the feasible region. We recall the Zoutendijk’s method [85] as the foundation for

general feasible direction methods, which requires evaluating the gradients of both the objective

and the constraints functions, i.e., ∇Kh(K) and ∇KT∞(K). In the original formulation of

Zoutendijk’s method (Appendix B.2), the gradient of the constraint function is evaluated in

order to form conditions for the improving feasible direction. However, due to the difficulty in

evaluating the gradient of an H∞ norm, we utilize the concept of level sets as in [86], as well

as their LMI interpretation, to develop an alternative condition.

In each step of the Zoutendijk’s method, a linear programming subproblem is solved to find

the improving feasible direction. The inequality trace[(∇Kh(K))T ·∆K] < 0 guarantees that an

update direction ∆K decreases h(K) in (4.29). Moreover, the inequality which involves gradient

of the H∞ norm, trace[(∇K||Tz1w1(K)||∞)T ·∆K] < 0 can be used to check if ∆K moves away

from the H∞ bound. However, since it is difficult to compute the gradient ∇K of the H∞ norm

with respect to K, we choose another condition for reduction of H∞ norm by employing the

descent method for the H∞ norm developed in [86]. The idea of the optimization in [86] is based

on level sets. In the gain space of K ∈ Rm×n, the set of all stabilizing K which satisfy (4.6),

i.e., with H∞ norm smaller than γ, is a level set

K(γ) := {K| ||Tz1w1(K)||∞ < γ}. (4.31)

Given a stabilizing gain K0, the algorithm in [86] proceeds by first finding a sufficiently small

γ0 such that K0 ∈ K(γ0). Next, a convex subset K̂(γ0) of K(γ0), which also contains K0 near

the boundary, can be formed using an LMI sufficient condition. Then an inner point Kin of

K̂(γ0) is found using the following sufficient LMI condition:
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For the above K0, γ0, the Kin is an inner point of K̂(γ0) if the matrix function G(Kin; K0)

is positive definite, i.e.,

G(Kin; K0) � 0⇒ Kin ∈ K̂(γ0). (4.32)

where G(Kin; K0) is a matrix function of Kin, K0 and γ0. The details of computing G(Kin; K0)

are provided in [92].

We combine the LMI condition (4.32) and the gradient of h(K) in (4.29) to form the iterative

algorithm to solve (4.29). The gradient of h(K) is

∇Kh(K) = 2(RKC−BTP)LCT + bk(K−Xk) (4.33)

Thus, given a current solution Kcur near the boundary of H∞-norm constraint set, an improving

feasible point Kin can be found by solving the following linear matrix inequality:

max
z,Kin

z

s.t. trace[(∇Kh(Kcur))T (Kin −Kcur)] + z ≤ 0

G(Kin; Kcur)− θz · I � 0 (4.34)

The parameter θ ≥ 0 is a predetermined factor that controls how far K moves away from the

H∞-norm boundary. The value of θ determines the speed of reduction of the H∞ norm, with a

small value of θ resulting in a less aggressive shrinkage of the H∞ norm. If the solution z∗ in

(4.34) is positive, then Kin −Kcur is an improving feasible direction, otherwise an improving

feasible direction cannot be found.

Given the current solution Kcur and the inner point Kin solved in (4.34), the update rule

is given in lines 12–13 of Algorithm 4.7, where d′ ≤ 1 is the step size found by a backtracking

line search using the Armijo condition [85].

4.3 Sparsity-constrained noncooperative games for multi-agent

control

4.3.1 Multi-agent system model and generalized Nash equilibrium

Next, we extend the optimization in section 4.2 to the case when the agents have different

optimization objectives. To accommodate this scenario, we consider the following multi-agent

system with model uncertainty in the system state matrix and the control matrix. Assume there

are N agents, and agent i employs its control strategy ui(t) ∈ Rqi×1, i = 1, ..., N . Thus, (4.1)
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becomes

ẋ(t) = (A+∆A)x(t) +
N∑

i=1

(
B(i)+∆B(i)

)
ui(t) + B2w2(t)

y(t) = Cx(t)

ui(t) = −Kiy(t), i = 1, ..., N. (4.35)

where A ∈ Rn×n, B(i) ∈ Rn×qi represents the nominal values of the state and control matrix,

respectively, for the i-th control input. We assume all agents know A and B(i) for i = 1, ..., N ,

and the uncertain matrices ∆A ∈ Rn×n and ∆B , [∆B(1),∆B(2), ...,∆B(N)] satisfy the norm-

bounded assumption (4.2), where ∆B(i) ∈ Rqi×n. Using linear static feedback, the control

strategy for agent i is ui or Ki. Note that in the multi-agent system, B(i) is the column block

of B in (4.1), with
∑N

i=1 B(i)ui = Bu, and Ki ∈ Rqi×p is the row block of K in (4.7) associated

with the rows corresponding to the control inputs for agent i. Thus, the multi-agent system can

be expressed in the form (4.4–4.5), with the first equation in (4.4) replaced by

ẋ(t) = Ax(t) +
N∑

i=1

B(i)ui(t) + B1w1(t) + B2w2(t) (4.36)

We introduce the following notation. Let K−i denote the set of strategies j 6= i, j = 1, ..., N .

When agent i chooses its strategy Ki in (4.35) given K−i, we refer to the resulting feedback

gain matrix K in (4.7) as {Ki; K−i}.
In the multi-agent system (4.36), the single performance output z2 in (4.1) is replaced by

N individual performance outputs of the agents z2,(i). Assuming that each performance output

z2,(i) = C2,(i)x + D2,(i)ui has a form that satisfies (4.3), the H2 cost from w2 to agent i’s

performance output can equivalently be defined as the individual LQR cost of agent i:

Ji(K) =

∫ ∞

t=0

[
xT (t)Qix(t) + uTi (t)Riui(t)

]
dt

s.t. w1(t) = 0,w2(t) = δ(t) (4.37)

where Qi ∈ Rn×n � 0 and Ri ∈ Rqi×qi � 0 are weight matrices for state and control input for

agent i, respectively, and w2(t) is an impulse disturbance. Moreover, similarly to the centralized

case, for stabilization of (4.35), the joint control strategy K needs to satisfy (4.6).

In addition, we are interested in implementing a sparse controller subject to a global spar-

sity constraint. In the following, we develop a noncooperative game where agent i is modeled

as a game player, with its strategy given by the control policy represented by Ki. The joint

strategies {K1,K2, ...,KN} must guarantee stability of the uncertain system with at most s
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communication links in total. Thus, the set of admissible strategies {K1,K2, ...,KN} must sat-

isfy ||Tz1w1({K1,K2, ...,KN})||∞ < γ} and card({K1,K2, ...,KN}) ≤ s, and the set of feasible

strategies for player i, given other players’ strategies K−i, must satisfy

Gi(K−i) = {Ki|card({Ki; K−i}) ≤ s,

||Tz1w1({Ki; K−i})||∞ < γ}, (4.38)

Given K−i, the player i solves the following optimization:

min
Ki

Ji({Ki; K−i})

s.t.Ki ∈ Gi(K−i). (4.39)

The set of strategies (K∗1,K
∗
2, ...,K

∗
N ) is the Generalized Nash Equilibrium (GNE) [95] if

Ji({K∗i ; K∗−i}) ≤ Ji({Ki; K
∗
−i}), ∀Ki ∈ Gi(K∗−i),

i = 1, ..., N. (4.40)

In GNE, no user can unitarily deviate from the equilibrium to improve his utility given that

the strategy satisfies the global constraint [95]. A GNE differs from Nash equilibrium (NE) due

to the presence of global constraints.

4.3.2 PALM algorithm for GNE

We propose to solve the generalized Nash strategies (4.40) using best-response dynamic (4.39) as

described in Algorithm 4.8. Recall Algorithm 4.6, where the tuple K,F was iteratively optimized

to solve the penalized optimization (4.16). Similarly, given K−i, player i’s optimization (4.39)

can be written in the penalized form using indicator functions

min
Ki,F

Φi(Ki,F; K−i) (4.41)

with

Φi(Ki,F; K−i) , Ji({Ki; K−i}) + h({Ki; K−i})

+f(F) +H({Ki; K−i},F). (4.42)

where the indicator functions h(·) and f(·) are given by (4.14,4.15), and the matrix {Ki; K−i}
is defined after (4.36) . In this optimization, Ki ∈ Rqi×n is viewed as the feedback gain of agent

i that satisfies ||Tz1w1({Ki; K−i})||∞ < γ, and F ∈ Rm×n represents the system-wide sparse
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feedback gain matrix that satisfies the global sparsity constraint. In the function Φ(K,F) (4.16),

the variables K and F were of the same size, and they represented the same global sparsity-

constrained feedback gain. However, when minimizing Φi(Ki,F; K−i) (4.41), the variable Ki is

the robust feedback gain for player i while F represents the global feedback gain that satisfies

the sparsity constraint. In the best-response dynamic, in each round the players take turns

to minimize Φi functions over Ki and F. The equilibrium point is achieved when no player

can improve its Φi using Ki and F while Kj is fixed for j 6= i. Note that in the initial best

response update steps, given non-sparse K−i, the minimization objective (4.41) cannot drive

the coupling function H({Ki; K−i},F) (4.18) to zero, since
∑

i 6=j ||Ki − (F)i||2F ≈ 0 only when

K−i approaches the desired level of sparsity, where (F)i ∈ Rqi×n denotes the row block of F

which corresponds to the feedback gain of the i’s player.

The minimization of (4.41) is similar to the minimization of (4.16). Thus, modified Algorithm

4.6 is used in line 9 of Algorithm 4.8 to solve (4.41). Given its Kl
i, Fl at iteration l, the following

proximal operators are performed by player i in the minimization of line 9 of Algorithm 4.8.

F-minimization:

Compute the proximal point Zk for Fk:

Zk = Fk − 1

a
∇FH(Kk,Fk)

= Fk − γ

a
(Fk − {Kk

i ; K−i}) (4.43)

Algorithm 4.8 PALM algorithm for computing GNE (4.40)

1: Given s: global sparsity constraint, γ: H∞-norm bound.
2: Initialization:
3: K0: any stabilizing feedback gain with T∞(K0) < γ.
4: F0: any stabilizing feedback gain F0.
5: for l = 1...lmax until ||F1 − Fl−1||F < ε3 do
6: Kl := Kl−1, Fl := Fl−1

7: for i = 1...N do
8: // Solve using (4.43–4.46) with Kl

i, Fl as the initial values:
9: K̂i, F̂ = arg minKi,F Φi(Ki,F; Kl

−i)
10: // Update Kl and Fl:
11: Kl = {K̂i; K

l
−i}

12: Fl = F̂
13: end for
14: end for
15: Output: KGNE(s) := Fl.
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Solve the proximal operator:

Fk+1 = arg min
F

a

2
||F− Zk||2F

s.t. card(F) ≤ s, (4.44)

and get Fk+1 = [Zk]s, similarly to Step 2 of Algorithm 4.6.

K-minimization:

Compute proximal point Xk
i for Ki:

Xk
i = Kk

i −
1

b
∇KiH(Kk

i − (Fk+1)i)

= Kk
i −

ρ

b
(Kk

i − (Fk+1)i). (4.45)

Solve the proximal operator:

Kk+1
i = arg min

Ki

{
Ji({Ki; K−i}) +

b

2
||Ki −Xk

i ||2F
}

s.t. ||Tz1w1({Ki; K−i})||∞ < γ. (4.46)

Solving (4.46) is similar to solving (4.29). In (4.46), player i aims to update its control strat-

egy Ki given other players’ strategies K−i. Algorithm 4.7 is applied to solve (4.46) with several

modifications. The minimization cost in (4.46) is defined as hi(Ki,K−i) , Ji({Ki; K−i}) +
b
2 ||Ki −Xk

i ||2F , and the gradient with respect to Ki in line 4 of Algorithm 4.7 is replaced by

∇Kihi(Ki,K−i) = (4.47)

2(RiKiC−BT
(i)P(Ki,K−i))L(Ki,K−i)C

T + b(Ki−Xk
i )

where L(Ki,K−i) and P (Ki,K−i) are the solution of the following set of equations:

(Ācl(Ki,K−i))
TP (Ki,K−i) + P (Ki,K−i)Ācl(Ki,K−i) + Q̄i(Ki,K−i) = 0

Ācl(Ki,K−i)L(Ki,K−i) +L(Ki,K−i)(Ācl(Ki,K−i))
T +B2B

T
2 = 0 (4.48)

and

Ācl(Ki,K−i) = A−
∑

j 6=i
B(j)KjC−B(i)KiC (4.49)

Q̄i(Ki,K−i) = Qi + CT (
∑

j 6=i
(Kj)

TRjKj + KT
i RiKi)C.
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where Qi and Ri are defined in (4.37). Similarly to lines 10–14 in Algorithm 4.7, when player i’s

strategy Kcur
i is near the boundary of the H∞-norm constraint given other players’ strategies

K−i, an improving feasible direction for Ki can be found by solving an LMI like (4.34) for

scalar z and Kin
i ∈ Rqi×n.

Maximize
z,Kin

i

z

s.t. trace[(∇Kihi(K
cur
i ,K−i)

T (Kin
i −Kcur

i )] + z ≤ 0

G
(
{Kin

i ; K−i}; {Kcur
i ; K−i}

)
− θz · I � 0 (4.50)

where θ is the factor to control the speed of reduction of H∞ norm, and G is defined in (4.32).

Then the update direction of Ki can be formed: ∆Ki = Kin
i − Kcur

i . We note that in K-

minimization step, each player updates its own strategy Ki, while in F-minimization step, the

strategies of all the players are jointly updated. Thus, Algorithm 4.8 has partially distributed

computation.

Finally, we note that the centralized problem (4.12) can be represented as a potential game

by modifying the noncooperative game (4.40). A game {N, {Ai}, {Ji}} with N players, action

set {Ai}Ni=1 and utilities {Ji}Ni=1, is an exact potential game [36] if there exists a global function

Φ, such that for every player i ∈ N , a−i ∈ A−i and a′i, a
′′
i ∈ Ai,

Ji(a
′
i, a−i)− Ji(a

′′
i , a−i) = Φ(a′i, a−i)− Φ(a

′′
i , a−i). (4.51)

We employ a common assumption that the input penalty of each user is uncorrelated, i.e.,

uTRu =
∑N

i=1 uTi R(i)ui, where R(i) is the submatrix of R that represents the weight matrix

for ui(t). Thus, the objective J(K) in (4.11) can be expressed as

J(K) = J({Ki,K−i}) =

∫ ∞

0


xT


Q + CT (

∑

j 6=i
KT
j R(j)Kj)C


x+uTi R(i)ui


 dt,

with ui = −Kiy. Thus, the minimization objectives Ji({Ki; K−i}) of all players in (4.39) are

replaced by the global LQR cost (4.52). To convert the game in (4.39) into an exact potential

game, we set Qi = Q + CT (
∑

j 6=i K
T
j R(j)Kj)C, Ri = R(i) in the individual cost (4.37), which

is consistent with (4.52). GNE strategies K∗1,K
∗
2, ...,K

∗
N for the potential game are

J({K∗i ; K∗−i}) ≤ J({Ki; K
∗
−i}),

∀Ki ∈ Gi(K∗−i), i = 1, ..., N. (4.52)

We employ Algorithm 4.8 to compute (4.52), where players update their control strategies in
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K-minimization step distributedly, and jointly update their strategies in F-minimization step,

thus obtaining a partially distributed implementation of the centralized sparsity-constrained

problem (4.12).

4.4 Numerical results and convergence analysis

4.4.1 Experiment setup

Consider a network that consists of N connected nodes distributed randomly on a L unit by

L unit square area. Each node is an unstable second-order system coupled with other nodes

through an exponentially decaying function of the Euclidean distance l̂(i, j) [81,88]. The state-

space representation of node i is given:

[
ẋ1i

ẋ2i

]
=Âii

[
x1i

x2i

]
+
∑

j 6=i
e−l̂(i,j)

[
x1j

x2j

]
+

[
0

1

]
(di + ui). (4.53)

In the above state-space representation, the state matrix Âii, i = 1, ..., N and the Euclidean

distances l̂(i, j) are not known exactly, and

Âii = Aii + Aii �

[
θ11 θ12

θ21 θ22

]

l̂(i, j) = l(i, j) · (1 + δi,j), (4.54)

where Aii and l(i, j) are the nominal values, and δij and θij are independent random per-

turbations, uniformly distributed in the range ±20%. The operator � denotes element-wise

multiplication. As in (4.1), A denotes the nominal value of the state matrix of this N -node

unstable system, and Â denotes one realization of the perturbed state matrix. The uncertain

matrix ∆A = Â −A in (4.1), B̂ = B = 1N ⊗ Bii since the control matrix is exactly known,

and Bii =
[
0 1

]T
, ⊗ denotes the Kronecker product [98]. In the simulation, we collected 200

random samples of Â. To guarantee closed-loop stability of the system in (4.53), according to

(4.2), we numerically compute the worst-case Â as,

Âworst = arg max
Â

σmax(Â−A) (4.55)

Using the singular value decomposition, we obtain USV T = Âworst − A. Normalizing S by

σmax(S), we set B1 =
√
σmax(S)U , C1 =

√
σmax(S)V T in (4.2). Due to this normalization,

γ = 1.

The following parameters are employed in the simulations. We set L = 2 and N = 5,
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ẋi = Aiixi +
X

j 6=i

el̂(i,j)xj

+ Biui

player 1
player 2

Figure 4.1: The unstable node system.

thus A ∈ R10×10, B ∈ R10×5. The output matrix C = I10. The dense feedback matrix K

has card(K) = 50. When the feedback controller is completely decentralized, i.e., feedback links

only exist between states and controllers within the same node, card(K) = 10. The performance

index for the LQR cost employs Q = 100 · I and R = I in (4.10) for the centralized problem

(4.12). For the noncooperative game (4.40), we consider a two-player game as shown in Figure

4.1, where player 1 is in charge of the control inputs in nodes 1 and 3 and player 2 is in charge

of the control inputs in nodes 2, 4, 5. The performance index matrices Qi,Ri, i = 1, 2 for the

LQR cost in (4.37) satisfy:

xTQ1x+uT1 R1u1 = 100[(x11−x13)2+(x21−x23)2]+u2
1+u2

3

xTQ2x + uT2 R2u2 = 100
∑

j=2,4,5

(x2
1j + x2

2j) +
∑

j=2,4,5

u2
j . (4.56)

In this chapter, we solve all the LMIs using the CVX package [89].

4.4.2 Social optimization

First, we present simulation results for the problem (4.12) applied to the system in (4.53) with

γ = 1 in (4.12) over a range of s-values. First, we implement Algorithm 4.6, and the resulting

feedback matrix is denoted as K∗palm(s). For the same problem (4.12), we also use Algorithm

4.8 applied to the potential game (4.52), with the solution denoted by K∗PALMPG(s) given the

sparsity-constraint s. For comparison, we also run the GraSP algorithm in [92], and the resulting

feedback is denoted by K∗GraSP(s) under the sparsity constraint s, initialized by a stabilizing

decentralized controller Kdec with card(Kdec) = 10. In general, the GraSP algorithm in [92]

must be initialized by a K0 that satisfies card(K0) ≤ s and T∞(K0) < γ, which might be

difficult to find. On the contrary, the PALM-based Algorithm 4.6 of this chapter does not rely
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Figure 4.2: The LQR cost J and H∞ norm vs. sparsity constraint s.
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Figure 4.3: The error in K vs. iteration k in PALM Algorithm 4.6 Step 2 and 3 for different
s-values.

on sparse initialization. Finally, we show performance of the dense mixed H2/H∞ controller

using the simple gradient method in [84].

Figure 4.2 illustrates the optimal LQR cost J in problem (4.12) and the associated H∞

norm vs. sparsity constraint s. For 15 ≤ s ≤ 50, the centralized Algorithm 4.6 and the po-

tential game using Algorithm 4.8 both converge to a solution with sufficiently small coupling

function in (4.16), which indicates F ≈ K. From Figure 4.2(a), we observe that the H2 norms

63



0 10 20 30 40
PALM iteration index k

0

100

200

300

400

||K
k  - 

Fk ||2

s=5
s=10

0 20 40 60 80 100
PALM iteration index k

10-4

10-2

100

102

||K
k  - 

Fk ||2

s=15
s=25
s=29
s=30
s=35
s=45

0 20 40 60 80 100
PALM iteration index k

101

102

103

104

Φ
(K

k , F
k )

s=15
s=25
s=29
s=30
s=35
s=45

0 10 20 30 40
PALM iteration index k

0

0.5

1

1.5

2

Φ
(K

k , F
k )

×105

s=5
s=10

(a) (b)

(c) (d)
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iteration k in the end of Step 3 of Algorithm 4.6 for multiple s-values.

of all sparsity-constrained methods decrease as s is relaxed, and approach to that of the dense

controller [8]. However, the PALM-based methods have similar LQR costs and outperform sig-

nificantly the greedy GraSP algorithm in [92]. In GraSP, the choice of active coordinates only

depends on the gradient information of the function J . At convergence, the solution of the mixed

H2/H∞ problem has the sparsity structure given by the greedy selection step. For the PALM

algorithm, since we iteratively compute the proximal map on Xk and Zk, the support is chosen

based on the information on both the LQR cost J(K) and the H∞-norm constraint T∞(K).

Thus, at convergence, PALM method finds a critical point of problem (4.12) while GraSP does

not necessarily achieve it. Figure 4.2(b) shows the H∞ norms of K∗PALM(s), K∗PALMPG(s) and

K∗GraSP(s). We observe that for both GraSP and PALM methods, the solution is found in the

interior of the H∞-norm constraint for s ≥ 30, and on the boundary for s ≤ 25, which indicates

that when the sparsity constraint becomes more stringent, satisfying the sparsity and H∞-norm

constraints simultaneously becomes challenging.

We found that both Algorithm 4.6 (the social optimization) and Algorithm 4.8 (the potential

game) converge for all s-values in this system. Figure 4.3 shows the error in consecutive steps

for variable K at the end of step 3 of Algorithm 4.6 as a function of iteration step, for different

s-values. We found that ∆Fk has a similar trend to ∆Kk. The errors in consecutive steps are

defined as ∆Kk , Kk −Kk−1 and ∆Fk , Fk − Fk−1. We note that the error converges faster

for larger s-values, which might be explained by the fact that that for s > 25, the minima
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Figure 4.5: Errors in consecutive steps of Kl
i and Fl

i for players i = 1, 2 vs. step l in Algorithm
4.8 (the noncooperative game).

are found in the interior of the H∞-norm constraint set (see Figure 4.2). For Algorithm 4.8

(potential game), the penalized cost function Φi and ||K−F||2F (line 9) have similar trends to

those for Algorithm 4.6. Moreover, it is demonstrated in Fig 4.4 that although Algorithm 4.6

converges to a critical point of Φ(K,F), the coupling function H(K,F) > 0 for s < 15. As a

result, when Algorithm 4.6 converges for these s-values, K 6= F, so a sparse feedback solution

that satisfies (4.12) cannot be found. Thus, in Figure 4.2, we only show the LQR cost and

H∞-norm for 15 ≤ s ≤ 50.

4.4.3 The noncooperative game

We investigate performance of Algorithm 4.8 for the noncooperative game with different indi-

vidual costs (4.56) for the system (4.53). We use KGNE(s) = {KGNE
1 (s),KGNE

2 (s)} to denote

the two players’ feedback produced by Algorithm 4.8 when the sparsity constraint is given by

s. Figure 4.5 shows the errors in consecutive steps of player i’s strategic variables Ki,Fi for

i = 1, 2 vs iteration round l in Algorithm 4.8. We observe that both ||∆Ki||F and ||∆Fi||F
decrease significantly within the first 10 iterations and then saturate to small values as l grows,

resulting in the saturation of the penalized cost function Φi in line 9 of Algorithm 4.8, which

corresponds to an approximate equilibrium point as discussed in section 4.4.4. The normal-

ized coupling function 1
ρH(Kl,Fl) = ||Kl − Fl||2F (4.18) decreases with iteration l, following

the trend in Figure 4.4. For s > 20, the square error ||Kl − Fl||2F reaches sufficiently small

value (< 10−4) at the equilibrium point, while for s ≤ 20, the square error is larger, causing

T∞(KGNE(s)) > T∞(Kl), which results in T∞(KGNE(s)) > 1 at convergence. To guarantee

stabilization of the closed-loop uncertain system despite this discrepancy, we can replace γ in

(4.14) with γ − ε to provide a margin that compensates for the square error between K and F.

In this example, we set ε = 0.01, so that T∞(KGNE(s)) < 0.99.
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Figure 4.6: The individual LQR cost and global H∞ norm of KGNE(s) vs sparsity constraint
s at GNE, and the sparsity pattern of KGNE(s) for different s values.

Figure 4.6 illustrates the individual LQR costs Ji (4.37) and the global H∞ norm when the

feedback gains of Nash strategies in KGNE(s) are implemented. We observe that in Figure 4.6

(a), for each player i, the LQR cost achieved at the equilibrium point Ji(K
GNE(s)) tends to

decrease with s, which indicates that there is a trade-off between the selfish LQR cost and the

global shared sparsity constraint. From Figure 4.6 (b), T∞(KGNE(s)) < 1 for 15 ≤ s ≤ 45, so

the Nash strategies in KGNE(s) are guaranteed to stabilize the uncertain system in (4.53).

4.4.4 Algorithm Convergence and Complexity

Global convergence of PALM algorithm for nonconvex nonsmooth functions was studied in

[56]. Moreover, the global convergence property of PALM algorithm output feedback co-design

problem under block-sparsity constraints has been established in [90]. Results in [56, 90] are

extended to analyze the convergence properties of Algorithm 4.6 in Appendix B.5.

It has been proved in [56] that if Lemma B.5.1–B.5.3 in B.5 hold, then the sequence generated

by PALM algorithm globally converges. In addition, if Lemma B.5.4 of Appendix B.5 holds,

the sequence converges to a critical point [56] of Φ. This confirms convergence of Algorithm 4.6

to a sparsity-constrained mixed H2/H∞ controller, which corresponds to a critical point of Φ

under mild assumptions on the functions J and g.

Next, we briefly discuss the convergence properties of Algorithm 4.8. When GNE (4.40) is

achieved at point (K∗1, ...,K
∗
N ), then the following must hold for each player i, i = 1, ..., N [99]:
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∇Gi(K∗−i),η
Ji({K∗i ; K∗−i}) = 0, (4.57)

where ∇Gi(K∗−i),η
Ji({Ki; K

∗
−i}) is the projected gradient of cost Ji (4.37) onto the constraint

set Gi (4.38) for player i, defined as [99]

∇Gi(K∗−i),η
Ji({Ki; K

∗
−i}) ,

1

η
(Ki −ΠGi(K∗−i)

[Ki − η∇KiJi({Ki,K
∗
−i})]) (4.58)

where η > 0 and the operator ΠK(·) denotes the projection onto set K.

In line 9 of Algorithm 4.8, a necessary condition for Φi to achieve its minimum is that the pro-

jected gradient ∇Gi(Kl
−i),η

Ji({Ki; K
l
−i}) = 0. In Algorithm 4.8, instead of seeking an exact equi-

librium point as GNE, we assume convergence when the projected gradient is sufficiently small,

which corresponds to an approximate local equilibrium [99]. At iteration l at Algorithm 4.8,

the K̂i at line 9 can be viewed as an approximation of ΠGi(Kl
−i)

[Kl−1
i − η∇KiJi({K

l−1
i ,Kl

−i)}].
Thus, the norm of the projected gradient is proportional to ||Kl

i −Kl−1
i ||. Therefore, in Algo-

rithm 3, small ∆Kl
i and ∆Fl

i indicate convergence of Algorithm 4.8, as shown in Figure 4.5.

Although there is no theoretical guarantee for the existence of GNE for the game in (4.39), if

a GNE exists for the potential game (4.52), this GNE satisfies the necessary condition for the

minimizer of (4.12).

Finally, the complexity of Algorithms 4.6 and 4.8 is dominated by the the K-minimization

step (Step 3 of Algorithm 4.6 and line 9 of Algorithm 4.8), which has polynomial complexity

on the number of variables in the feedback matrix [100].

4.5 Conclusion

The PALM method was exploited to solve the sparsity-constrained mixed H2/H∞ control prob-

lem for multi-agent systems. First, centralized social-optimization algorithm was investigated.

Second, we developed noncooperative and potential games that have partially-distributed com-

putation. The proposed algorithms were validated using a network of unstable nodes system. It

was demonstrated that the centralized PALM method outperforms the GraSP-based method

for most sparsity constraint values and converges both theoretically and in simulation results.

Moreover, a best-response dynamics algorithm for proposed games converges to an approximate

GNE point, and performance of the potential game for social optimization approximates closely

that of the centralized algorithm.
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Chapter 5

Contributions and Future Directions

In this thesis, several algorithms are discussed for sparse controller design, sparse noncooper-

ative games and network cost allocation for centralized and multi-agent control systems un-

der different scenarios. Our work is built upon foundations and advances in multiple areas,

including recent results that bridge the gap between compressed sensing and optimal con-

trol [6–8, 10, 13, 22, 62, 81], game theory [101], especially differential games [38], H∞ control

theory [87], and LMI [102]. Compared to earlier works, this thesis considers the communication

cost in the control network as a constraint on the controller design and investigates the game

in the multi-agent control system under this constraint. We summarize our contributions as

follows:

1. Development of GraSP-based algorithms for centralized social optimization and noncooper-

ative linear-quadratic games for multi-agent control systems under a feedback constraint on

the number of communicating state-control input pairs;

2. Development of a fair network cost allocation algorithm under sparsity constraints;

3. Development of GraSP-based and PALM-based algorithms for centralized social optimization

and noncooperative games for multi-agent control systems with norm-bounded parametric

uncertainty under communication-cost constraints.

Part of this thesis was published, including [2, 67, 92]. Before concluding this thesis, let us

discuss several possible future directions:

Sparse linear-quadratic-Gaussian control

In this thesis, we mainly focus on static state feedback u = −Kx (Chapter 2 and Chapter 3) and

static output feedback u = −Ky,y = Cx (Chapter 4). The designed sparse controller satisfies

the communication constraint represented by the number of state(output)-control input pairs.

Recently, a linear-quadratic Gaussian (LQG) control for observer-based controller, which jointly

promotes sparsity on the Kalman gain and the state feedback gain [103], was designed. The
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method in our thesis Chapter 4 can be extended to the case of observer-based output feedback

with uncertainty.

Uncertainty in multi-agent systems with no or partial a priori information

In Chapter 4, we consider norm-bounded parametric uncertainty, with the nominal values and

uncertain norm bounds known to all agents. This assumption has the advantage of a small set

of parameters, and can fit nicely into the H∞ control framework. However, for many real-world

applications, the system dynamics can change over time, or the bound for uncertainty may not

be known to all agents. To adapt our method to these applications, we can consider model-free

approaches such as Q-learning to learn system dynamics and select the optimal control strategy

at the same time, similar to the method proposed in [53].

Solution concepts beyond Nash Equilibrium

In this thesis, we consider (Generalized) Nash Equilibrium as the solution concept for the

N -player noncooperative games, and we admit that NE or GNE does not necessarily exist

theoretically, since the utility of the game is in general non-convex. Recently, new solution con-

cepts with more efficient computation, such as regret minimization, were investigated in games,

when the agent is uncertain of the true state or other players’ strategies. In particular, regret

minimization for non-convex games is studied [99] in both offline and stochastic optimization

scenarios. Based on these results, we can further investigate the players’ strategies (the sparse

feedback matrices), assuming they follow the regret-minimization dynamics.
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Appendix A

A.1 Definition of Nondecreasing Selfish Payoffs for Algorithm

2.3

In Section 2.6.2, we comment that it is possible to define nondecreasing selfish payoffs in Step

4(2) of Algorithm 2.3. Given a cost constraint s, such alternative definition is

v∗i (s) = JD
i −min({JC

i (s′)|s′ ≤ s})︸ ︷︷ ︸
J∗i (s)

, i = 1, ..., r (A.1)

which is the maximum objective improvement an agent i can obtain by searching over the set of

its selfish objectives JC
i (s′) with constraints s′ that do not exceed s. If there exists some s′ < s

such that JC
i (s′) < JC

i (s), the agent i might argue that the smaller selfish objective JC
i (s′), not

JC
i (s), should be used to compute its payoff since it also satisfies the constraint (s′ < s). It is

easy to show that v∗i (s) in (A.1) is non-decreasing with s and v∗i (s) ≥ 0, ∀s ≥ 0.

Note that the disagreement point (A.1) is hypothetical in a sense that a communication

network with the energies J∗i (s) in (A.1) might not be feasible (different agents might have

different s′ values in (A.1) for a fixed constraint s). However, noncompatible selfish payoffs

are often employed in the literature to reflect the player’s subjective preferences and are not

required to represent a feasible scenario [65,66]. Moreover, successful cooperation (2.21) is not

guaranteed for the payoffs (A.1). However, we found that bargaining was successful for the

power system example in Section 3.5, and the payoffs (A.1) were very similar to the payoffs

vi(s) defined in Algorithm 2.3 (Step 4(2)), which were shown in Fig.2.4(b).
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A.2 Derivations of Q and Qi matrices in Section 2.5, eq. (2.25,

2.28)

A.2.1 Matrix Q in eq. (2.25)

The permutation matrix P in eq. (2.25) is

P =

[
P1

P2

]
(A.2)

where

P2 = diag(T1, T2, ..., Tn). (A.3)

Ti =
[
0(mi−2)×2 I(mi−2)×(mi−2)

]
(A.4)

P1 = (pij)2n×s (A.5)

and

pij =

{
δj,ki , 1 ≤ i ≤ n
δj,ki+1 , n+ 1 ≤ i ≤ 2n

ki = 1 +

i−1∑

k=1

mk. (A.6)

Recall that n is the number of nodes in the system, mi is the number of states belonging to

node i, s is the total number of states in the network in (2.1), and δij is the Kronecker delta

function.

The phase angle terms in (2.25) are given by

n∑

k=1

n∑

j=k+1

(∆δj −∆δk)
2

=
1

2

n∑

k=1

n∑

j=1

(∆δj −∆δk)
2

=
1

2

n∑

k=1

|∆δk1n −∆δ|2

=
1

2

n∑

k=1

n∆δ2
k − 2∆δi1

T
n∆δ + ∆δT∆δ

=
1

2
[n∆δT∆δ − 2∆δT1n1

T
n∆δ + n∆δT∆δ]
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= ∆δT
(
nIn×n − 1n1

T
)

∆δ = ∆δTL̄∆δ (A.7)

Thus

L̄ = nIn×n − 1n1
T
n . (A.8)

A.2.2 Matrix Qi in eq. (2.28)

In eq.(24), the intra-area energy for agent i

Eintra
i (x) :=

∑

k∈si

∑

j∈si
j>k

(∆δk −∆δj)
2 + (∆ωk −∆ωj)

2 +
∑

k∈si

∆E2
k

=




∆δ

∆ω

∆E




T 

L̄intra
i

L̄intra
i

I intra
i







∆δ

∆ω

∆E


 (A.9)

where I intra
i is a block diagonal matrix with the identity matrix Ini×ni at the ith diagonal block,

and zeros elsewhere.

I intra
i = blkdiag(0n1×n1 , ..., Ini×ni︸ ︷︷ ︸

the i-th block

, ...,0nr×nr) (A.10)

where blkdiag(M1, ...,Mn) represents the block-diagonal matrix with matrices M1, ...,Mn on

the diagonal blocks. The phase angle terms of (2.26) are given by

∑

k∈si

∑

j∈si
j>k

(∆δk −∆δj)
2 = ∆δTL̄intra

i ∆δ. (A.11)

where

LHS = ∆δT
i

(
niIni×ni − 1ni1

T
ni

)
∆δi

= ∆δT · blkdiag(0n1×n1 , ..., niIni×ni − 1ni1
T
ni︸ ︷︷ ︸

the i-th block

, ...,0nr×nr) ·∆δ

= RHS (A.12)

Thus

L̄intra
i = blkdiag(0n1×n1 , ..., niIni×ni − 1ni1

T
ni︸ ︷︷ ︸

the i-th block

, ...,0nr×nr) (A.13)
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In eq.(2.27), the inter-area energy for agent i

Einter
i (x) =

1

2

∑

k∈si

∑

j=1,...,n,
j /∈si

(∆δk −∆δj)
2 + (∆ωk −∆ωj)

2

=

[
∆δ

∆ω

]T [
L̄inter
i

I inter
i

][
∆δ

∆ω

]
(A.14)

The phase angle terms of (2.27) are given by

1

2

∑

k∈si

∑

j=1,...,n,
j /∈si

(∆δk −∆δj)
2 = ∆δTL̄inter

i ∆δ, (A.15)

We express the LHS as

LHS =
1

2

∑

k∈Si

r∑

j=1,j 6=i
|∆δk1nj −∆δj |2

=
1

2

∑

k∈Si

r∑

j=1,j 6=i

(
∆δk1nj −∆δj

)T (
∆δk1nj −∆δj

)

=
1

2

∑

k∈Si

r∑

j=1,j 6=i

(
nj∆δ

2
k − 2∆δk1

T
nj

∆δj + ∆δT
j ∆δj

)

=
1

2

r∑

j=1,j 6=i

(
nj∆δ

T
i ∆δi − 2∆δT

i 1ni1
T
nj

∆δj + ni∆δ
T
j ∆δj

)

=
1

2
[(n− 2ni)∆δ

T
i ∆δi + ni∆δ

T∆δ − 2(∆δT
i 1ni)(1

T
n∆δ − 1T

ni
∆δi)]

= ∆δT(
n− 2ni

2
I intra
i )∆δ + ∆δT(

ni
2

In×n)∆δ −∆δT(I intra
i 1n1

T
n (In×n − I intra

i ))∆δ

= ∆δT[
n− 2ni

2
I intra
i +

ni
2

In×n + I intra
i 1n1

T
n (In×n − I intra

i )]∆δ = RHS, (A.16)

with

L̄inter
i =

n− 2ni
2
I intra
i +

ni
2

In×n + I intra
i 1n1

T
n (In×n − I intra

i ). (A.17)

Thus, according to eq.(2.28),

xTQix =
∑

k∈si

∑

j∈si
j>k

(∆δk −∆δj)
2 + (∆ωk −∆ωj)

2 +
∑

k∈si

∆E2
k
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=




∆δ

∆ω

∆E




T 

L̄intra
i + L̄inter

i

L̄intra
i + L̄inter

i

I intra
i




︸ ︷︷ ︸
Q′i




∆δ

∆ω

∆E




= xT (PTQ′iP)x, (A.18)

and

Qi = PTQ′iP (A.19)

A.3 Efficiency of the grand coalition

Consider a coalitional game where the players within each coalition cooperate while different

coalitions compete. Given a coalitional structure ρ = {S1,S2, ...,Sl} and a set of players N =

{1, ..., r}, ρ is defined as a partition if ∀i 6= j, Si ∩ Sj = φ, and ∪li=1Si = N [104]. In the

multi-agent control problem, the control objective of each coalition S ⊂ ρ is denoted as JS ,

given by

JS(KS ,K−S) =

∫ ∞

t=0
[xT(t)QSx(t) +

∑

j∈S
uT
j (t)Rjuj(t)]dt (A.20)

where KS is the submatrix of the feedback matrix K that represents the strategy of the coalition

S and is given by the union of the submatrices Kj in (2.11) associated with agents j ∈ S. Under

the sparsity constraint s, the Nash strategies of the coalitions in ρ are expressed as

JS(KS
∗
,K−S

∗
) ≤ JS(KS ,K−S

∗
) ,∀KS

s.t. cardoff(K) ≤ s (A.21)

Suppose Kρ = (KS1
∗
,KS2

∗
, ...,KSl

∗
) is the feedback matrix when the strategies of the coalitions

in ρ = {S1, ...,Sl} are at a Nash Equilibrium.

The value of a coalition S in the partition ρ is defined as the objective reduction of S, with

respect to the decoupled game, i.e.

vρ(S) =
∑

i∈S
JDi − JS(Kρ). (A.22)

The above coalitional game is in partition form [78] since the value of each coalition depends

on the composition of other coalitions. It is shown in [78] that for coalitonal games in partition

form, the grand coalition N = {1, ..., r} forms when it is efficient, i.e., for any partition ρ, the
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value of N is not exceeded by the combined values of the coalitions in ρ:

vN (N ) ≥
∑

S⊂ρ
vρ(S), ∀ρ. (A.23)

Next, suppose the matrices QS in (A.20) satisfy

∑

S⊂ρ
QS = Q, (A.24)

which is a coalition-level equivalent of (2.23). Then, for any partition ρ of N , the sum of the

values of the coalitions in ρ

∑

S⊂ρ
vρ(S) = J̃D − J(Kρ) ≤ J̃D − J(KN ) = vN (N ) (A.25)

where KN is the feedback matrix that satisfies the social optimization (2.6). To prove (A.25),

note that
∑
S⊂ρ JS(Kρ) = J(Kρ) when (A.24) holds, and thus Kρ represents a suboptimal

solution to (2.6) under the constraint s, resulting in J(Kρ) ≥ J(KN ). Therefore, for any

partition ρ, the value of the grand coalition is at least as large as the sum of the values of

the coalitions in ρ, i.e., (A.23) holds, and the grand coalition is efficient, which guarantees the

formation of the grand coalition in the cooperative game and justifies Step 1 of Alg. 3 (social

optimization) under the assumption (A.24).
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Appendix B

B.1 Computation of (4.32)

Given a stabilizing gain K0, a sufficient condition that a point Kin is an inner point for the

level set K̂(γ0) is [86]:

G(Kin;K0) =

[
H −ZqZ

T
q −Raug ∗

UT
2X

T
augM

T Λ−1
2

]
� 0 (B.1)

H := sym
{

(ZqΛ
1/2
1 UT

1 −N)XT
augM

T
}

(B.2)

where

Zq = MX0
augU1Λ

1/2
1 ; (B.3)

X0
aug =

[
X0 0

0 KT
0

]
,Xaug =

[
X0 0

0 KT
in

]
, (B.4)

and γ0 is the minimum γ such that (4.6) holds, X0 is a matrix X attained by (4.6) given γ = γ0,

with K = K0 in Acl and Ccl.

The M , N , Raug, Qaug matrices are given as

M=



In In

0p1×n 0p1×n

0m1×n 0m1×n


 ,NT=

[
A B1 0n×p1

0m×n 0m×m1 DT
1

]

Raug =




0 0 CT
1

0 −γ0I 0

C1 0 −γ0I


 ,Qaug =

[
0 B

BT 0

]
(B.5)
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The matrices U1, U2, Λ1, Λ2 are given by the eigenvalue decomposition for Qaug.

Qaug =
[
U1 U2 U3

]


−Λ 0 0

0 Λ 0

0 0 0n−m






UT

1

UT
2

UT
3


 (B.6)

where Λ1 = Λ2 = Λ = diag(σ1, σ2, ..., σm) � 0, and σi, i = 1, ...,m are the nonzero singular

values of B.

B.2 Overview of Zoutendijk’s method

The Zoutendijk’s method [85] is an approach to constrained optimization, where an improving

feasible direction is generated by solving a subproblem, usually a linear program. We hereby

briefly overview Zoutendijk’s method for the case of nonlinear inequality constraints.

Consider the following constrained optimization problem:

Minimize f(x)

s.t. gi(x) ≤ 0, i = 1, ...,m , (B.7)

where x ∈ Rn×1 and f(x) and gi(x) are differentiable at x. At point x, I is the set of active

constraint I = {i|gi(x) = 0}. An improving feasible direction d can be found by the following

linear programming problem [85]:

Maximize
z,d

z

s. t. ∇f(x)Td + z ≤ 0,

∇gi(x)Td + z ≤ 0 ∀i ∈ I,

−1 ≤ dj ≤ 1, ∀j = 1, ..., n, (B.8)

where the third normalizing constraint prevents the optimal z from approaching ∞. It was

shown [85] that if the optimal value of z, denoted as z∗, satisfies z∗ > 0, then d is an improving

direction since d satisfies ∇f(x)Td < 0 and ∇gi(x)Td < 0 ∀i ∈ I. Otherwise if z∗ = 0, then

the current x is a Fritz John point [85], which satisfies the necessary condition for the local

minimum of (B.7).
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B.3 Definitions of Terms in Section 4.2.3

Definition B.3.1. (Lipschitz constant) A function f : Rd → R with the gradient function ∇f
is Lipschitz continuous with Lipschitz constant L on S ∈ Rd if ||∇f(x)−∇f(y)|| ≤ L||x− y||
for all x,y ∈ S [85].

Definition B.3.2. (Proper) The function σ : S → R is a proper function if σ(x) > −∞ for all

x ∈ S, and σ(x) <∞ for at least one point x ∈ S.

Definition B.3.3. (Lower semicontinuous) The function σ : S → R is lower semicontinuous at

x̄ ∈ S if for all ε > 0 there exists a δ such that x ∈ S and ||x− x̂|| < δ imply σ(x)−σ(x̄) > −ε.

B.4 Notation used in Kurdyka- Lojasiewicz (KL) Property, em-

ployed in convergence analysis of Algorithm 4.6

Definition B.4.1. (Distance.) For any subset S ⊂ Rd and any point x ∈ Rd, the distance from

x to S is defined and denoted by

dist(x,S) := inf{||y − x|| : y ∈ S}. (B.9)

When S = ∅, we have dist(x,S) =∞ for all x.

Let η ∈ [0,∞]. We denote by Φη the class of all concave and continuous functions ϕ :

[0, η)→ R+ which satisfy the following conditions:

(i) ϕ(0) = 0.

(ii) ϕ has first order continous derivative on (0, η) and continous at 0;

(iii) for all s ∈ (0, η) : ϕ′(s) > 0.

For proper and lower semicontinous functions, the subdifferentials are defined below [56]:

Definition B.4.2. (Subdifferentials) Let σ : Rd → (−∞,∞] be a proper and lower semiconti-

nous function.

(i) For a given x ∈ domσ, the Fréchet subdifferential of σ at x, written ∂̂σ(x), is the set of all

vectors u ∈ Rd which satisfy

lim
y 6=x

inf
y→x

σ(y)− σ(x)− 〈u,y − x〉
||y − x||

≥ 0. (B.10)

When x /∈ domσ, we set ∂̂σ(x) = ∅.
(ii) The limiting subdifferential, or subdifferential, of σ at x ∈ Rd, written ∂σ(x), is defined
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through the following

∂σ(x) :=
{

u ∈ Rd : ∃xk → x, σ(xk)→ σ(x) and uk ∈ ∂̂σ(xk)→ u as k →∞
}

(B.11)

Note that points whose subdifferentials contains 0 are called (limiting-)critical points.

Definition B.4.3. (Kurdyka- Lojasiewicz (KL) Property) Let σ : Rd → (−∞,+∞] be proper

and lower semicontinuous.

(i) The function σ is said to have the Kurdyka- Lojasiewicz (KL) Property at ū ∈ dom∂σ :=

{u ∈ Rd : ∂σ(u) 6= ∅} if there exist η ∈ (0,∞], a neighorhood U of ū and a function ϕ ∈ Φη,

such that for all

u ∈ U ∩ [σ(ū) < σ(u) < σ(ū) + η] , (B.12)

the following inequality holds

ϕ′(σ(u)− σ(ū))dist(0, ∂σ(u)) ≥ 1. (B.13)

(ii) If σ satisfies the KL property at each point of dom∂σ, then σ is called a KL function.

It is shown in [56] that KL functions arise in many applications for optimization, in partic-

ular, semi-algebraic functions are KL functions. The definitions for semi-algebraic function is

given as follows.

Definition B.4.4. (Semi-algebraic sets and functions). (i) A subset S ∈ Rd is real semi-

algebraic set if there exists a finite number of real polynomial functions gij , hij : Rd → R such

that

S = ∪pj=1 ∩
q
i=1

{
u ∈ Rd : gij(u) = 0 and hij(u) < 0

}
. (B.14)

(ii) A function h : Rd → (−∞,+∞] is called semi-algebraic if its graph

{
(u, t) ∈ Rd+1 : h(u) = t

}
(B.15)

is a semi-algebraic subset of Rd+1.

B.5 Proof of Global Convergence of Algorithm 4.6

In this section, we employ results in [56,90] to analyze convergence of Algorithm 4.6. To simplify

notation, we define g̃(K) , J(K)+g(K), where J(K) is the performance index of H2 cost (4.8)

and g(K) is the indicator function for the H∞ constraint (4.14).

Lemma B.5.1: g̃ : Rm×p → (−∞,∞] and f : Rm×p → (−∞,∞] are proper and lower semi-

continuous functions.
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Proof. In problem (4.16) the function J(K) is the LQR cost when using the feedback gain K.

Clearly f(K) > −∞, and J(K) < +∞ if K is stabilizing, thus function J is proper. In addition,

J(K) is continuous in K [72], thus lower semicontinuous.

The function g(K) (4.14) is the indicator function for the level set K(γ) (4.31), and thus

can take either 0 or +∞, with g(K) = 0 whenever K ∈ K(γ). Thus g̃(K) is proper. In addition,

g(K) is an indicator function of an open set, thus it is lower semicontinuous. Given J and

g are both proper and lower semicontinuous, the summation g̃ = J + g is proper and lower

semicontinuous. Similarly, f(F) (4.15) is a proper function. Moreover, it is shown in [56] that

it is lower semicontinuous.

Lemma B.5.2: H : Rm×p × Rm×p → R is a continuously differentiable function, i.e., H ∈ C1.

Proof. The gradient of H(K,F) (4.24) is countinous in K,F. Thus, H ∈ C1.

Lemma B.5.3: (i) infRm×p,Rm×p Φ > −∞, infRm×p f > −∞, and infRm×p g̃ > −∞, where Φ is

given by (4.17).

(ii) The partial gradient ∇KH(K,F) is globally Lipschitz with moduli L1(F), that is [56],

||∇KH(K1,F)−∇KH(K2,F)|| ≤ L1(F)||K1 −K2||.

Likewise, the partial gradient ∇FH(K,F) is globally Lipschitz with moduli L2(K).

(iii) There exist bounds λ−i , λ+
i , i = 1, 2 such that

inf{L1(Fk) : k ∈ N} ≥ λ−1 , inf{L2(Kk) : k ∈ N} ≥ λ−2
sup{L1(Fk) : k ∈ N} ≤ λ+

1 , sup{L2(Kk) : k ∈ N} ≤ λ+
2 (B.16)

(iv) ∇H , (∇KH,∇FH) is Lipschitz continuous [97] on bounded subsets of Rm×p × Rm×p.
That is, for each bounded subset B1 × B2 of Rm×p × Rm×p there exists M > 0, such that for

all (Ki,Fi) ∈ (B1,B2),

||∇KH(K1,F1)−∇KH(K2,F2)||2F
+||∇FH(K1,F1)−∇FH(K2,F2)||2F
≤M(||K1 −K2||2F + ||F1 − F2||2F ) (B.17)

Proof. (i)–(iv) are stated as assumptions in [56]. We show that these assumptions hold for our

sparsity-constrained mixed H2/H∞ problem. It is easy to see that (i) holds since f and g are

indicator functions. Since J is the LQR performance index, J(K) > 0. Thus g̃(K) > −∞. In

(4.18), H(K,F) ≥ 0, so Φ(K,F) > −∞. Properties (ii) and (iii) require the partial gradient ofH

to be globally Lipschitz, and the Lipschitz constant be upper and lower bounded, which is easy
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to verify since L1(Fk) = L2(Kk) = ρ (4.24). Property (iv) holds since the left-hand side of (B.17)

can be expressed as: LHS = 2ρ2||(K1−K2)−(F1−F2)||2F ≤ 4ρ2(||K1−K2||2F+||F1−F2||2F ).

Assumption B.5.1: Function J is a semi-algebraic function [56].

Lemma B.5.4: The objective function Φ of (4.16) is a Kurdyka- Lojasiewicz (KL) function [56].

Remark B.5.1. A broad class of functions satisfy the semi-algebraic property, including poly-

nomial functions, `0-norm function and indicator function of positive semidefinite cones [56].

The function f(F) is the indicator function for the semi-algebraic set {F|card(F) ≤ s}. Thus,

function f is semi-algebraic [56, 90]. The function g(K) is the indicator function for the level

set K(γ), which is approximated by the convex level set K̂(γ0), represented by the LMI (4.32),

and K̂(γ0) is a semi-algebraic set [105]. The coupling function H is polynomial so it is semi-

algebraic [56]. Moreover, J is a semi-algebraic function by Assumption B.5.1. Thus, each term

of Φ is semi-algebraic, and since a finite sum of semi-algebraic functions is also semi-algebraic,

Φ is semi-algebraic. It is shown in Theorem 5.1 in [56] that a semi-algebraic function satisfies

the KL property at any point in its domain. Thus, Φ is KL.

It has been proved in [56] that if Lemma B.5.1–B.5.3 hold, then the sequence generated by

PALM algorithm globally converges. In addition, if Lemma B.5.4 holds, the sequence converges

to a critical point [56] of Φ. This confirms convergence of Algorithm 4.6 to a sparsity-constrained

mixed H2/H∞ controller, which corresponds to a critical point of Φ under mild assumptions

on the functions J and g.
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