
Abstract

MINIMAIR, MANFRED. Resultants of Composed Polynomials. (Under the di-

rection of Hoon Hong.)

The objective of this research has been to develop methods for computing

resultants of composed polynomials, efficiently, by utilizing their composition

structure. By the resultant of several polynomials in several variables (one fewer

variables than polynomials) we mean an irreducible polynomial in the coefficients

of the polynomials that vanishes if they have a common zero. By a composed

polynomial we mean the polynomial obtained from a given polynomial by replac-

ing each variable by a polynomial.

The main motivation for this research comes from the following observations:

Resultants of polynomials are frequently computed in many areas of science and

in applications because they are fundamentally utilized in solving systems of

polynomial equations. Further, polynomials arising in science and applications

are often composed because humans tend to structure knowledge modularly and



hierarchically. Thus, it is important to have theories and software libraries for

efficiently computing resultants of composed polynomials.

However, most existing mathematical theories do not adequately support com-

posed polynomials and most algorithms as well as software libraries ignore the

composition structure, thus suffering from enormous blow up in space and time.

Thus, it is important to develop theories and software libraries for efficiently

computing resultants of composed polynomials.

The main finding of this research is that resultants of composed polynomials

can be nicely factorized, namely, they can be factorized into products of powers

of the resultants of the component polynomials and of some of their parts. These

factorizations can be utilized to compute resultants of composed polynomials

with dramatically improved efficiency.
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Chapter 1

Overview

1.1 Motivation

Resultants are fundamental in solving systems of polynomial equations (cf. [Buc70],

[WBLR85], [Cav86], [AS88], [Mis93], [VVC94], [Win96], [Vas98], [Pfa99], [Tay00],

[Yap00]) and inequations (cf. [HLS95], [Bro00], [Dor00]) and thus have been

extensively studied (cf. [Dix08], [Mac16], [Cay48], [Col71], [CKY89], [Cha90],

[GVLRR90], [GV91], [MC93], [KS96], [NW97], [ZCG98], [LS99], [DD00], [BEM00]).

Recently the research is focused on utilizing the sparsity structure (cf. also [LS95])

of polynomials which are prevelant in almost all real life problems, yielding a gen-

eralized resultant, named the sparse resultant (cf. Definition 1.1, [PS93], [GKZ94],

[EP97], [CLO98], [CDS98], [Roj99a], [CE00]). Since Chapters 3, 4 and 5 of this

thesis deal with sparse resultants and Chapter 2 deals with dense (Macaulay)

resultants, which can be viewd as special sparse resultants, we give, for the con-

venience of the reader, a definition of sparse resultant.
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Definition 1.1 ([PS93],[GKZ94]) Let Ci := {γi1, . . . , γiki
}, where γij ∈ Zn−1,

be a set of integer tuples and let hi := ci1 xγi1 + · · ·+ ciki
xγiki , where cij ∈ C and

x = (x1, . . . , xn−1), be a Laurent polynomial in variables1 xj with support Ci, for

i = 1, . . . , n. Further, let Z ⊆ Ck1 × · · · × Ckn be the algebraic closure ot the

set of all tuples (cij) for which h1, . . . , hn have a common zero in the algebraic

torus (C∗)n−1 and note that, if Z is a hypersurface, then Z is the set of zeros of

an irreducible polynomial with integer coefficients (cf. [PS93]).

If Z is a hypersurface then the sparse resultant Res C1,... ,Cn is defined, up to

sign, to be the primitive irreducible polynomial whose set of zeros is Z. Oth-

erwise, the sparse resultant Res C1,... ,Cn is defined to be the constant 1. Further,

Res C1,... ,Cn(h1, . . . , hn) ∈ C is defined to be the complex number obtained by

evaluating the sparse resultant polynomial Res C1,... ,Cn at the coefficients of the

Laurent polynomials h1, . . . , hn.

It turns out that in real life problems another structure occurs naturally,

namely “composition”. More precisely, the polynomials occurring in real life are

often formed by composing many dense or sparse polynomials iteratively. This is

because large scale engineering systems are almost always designed by composing

modular components hierarchically, naturally resulting in mathematical models

1One can also define sparse resultant for certain Laurent polynomials in k variables, where
k 6= n − 1. These Laurent polynomials can be transformed into Laurent polynomials in n − 1
varibles by a suitable variable transformation (cf. [PS93], [GKZ94]).

2



P1

P0

P2

H

C0

C1

C2

Robot

Figure 1.1: Composition in robotics

involving composed polynomials. Because of this, the inherent composition struc-

ture is already known or may be recovered (cf. [vW95], [vzGGR99], [KLZ96]).

Thus we think that it is important to investigate how to utilize the inherent com-

position structure as well (cf. also [Jou91], [CMW95], [Hon96], [KS96], [KS97],

[Hon97], [Hon98], [GM98], and [BS99]).

Example 1.2 We give an example from robotics showing how composition can

arise.

Figure 1.1 shows the simplified diagram of an industrial robot. The dashed

3



lines in Figure 1.1 represent Cartesian coordinate axes. The industrial robot

consists of four segements in between three joints, that are labelled by P0, P1 and

P2, and the hand H of the industrial robot. The joints are flexible vertically, that

is, the segments can be moved up and down. The angles between the segments

are specified by some parameters C0, C1 and C2.

In order to determine how different assignments for the parameters C0, C1

and C2 for the angles affect the position of the hand H, one wants to compute the

position of the hand in terms of the parameters. Usually one proceeds stepwise.

Firstly, one computes the position of the joint P1 in terms of the position of the

joint P0 and the parameter C0, that is, P1 = f1(P0, C0), for some function f1.

Secondly, one computes the position of the joint P2 in terms of the position of

the joint P1 and the parameter C1, that is, P2 = f2(P1, C1), for some func-

tion f2. Subsituting the formula for P1, one obtains P2 = f2(f1(P0, C0), C1).

Similarly, one computes the position of the hand H in terms of the position

of the joint P2 and the parameter C2. By subsituting for P2, one obtains

H = f3(f2(f1(P0, C0), C1), C2), for some function f3. Obviously, H is given by

a nesting of the functions f3, f2 and f1, which can also be viewed as a certain

composition structure.

4



Table 1.1: Cases of composed polynomials

fi’s gj’s

Case 1 dense dense
Chapter 2, Dense Resultant of
Composed Polynomials

Case 2 sparse sparse
same supports

Chapter 3, Sparse Resultant of
Composed Polynomials I

Case 3 sparse
same supports

sparse

Chapter 4, Sparse Resultant of
Composed Polynomials II

Case 4 sparse sparse
???

In this regard a fundamental question is: What happens to resultants under

composition? That is, is the resultant of composed polynomials in any way

related to the resultants of the component polynomials?

We consider certain cases of composed polynomials fi ◦ (g1, . . . , gn). These

cases are shown in Table 1.1. The most general case of composed polynomials,

Case 4 in Table 1.1, is not subject of this thesis. It would be very interesting to

study this case.

In the following sections we give an overview over the main results of the

thesis. For the following sections we assume that the reader is familiar with

the notions of dense (Macaulay) resultant, sparse resultant, support of sparse

5



Laurent polynomials, mixed volume, integer lattice and normalized volume of

Newton polytope (cf. [CLO98], [GKZ94], [PS93]). There are different definitions

of normalized volume in the literature. We follow the definition given in [PS93].

Algorithms for volume computation can be found in [Min97].

1.2 Dense Resultant of Composed Polynomials

The main question of Chapter 2 is: What is the dense (Macaulay) resultant of

composed polynomials? By a composed polynomial f ◦ (g1, . . . , gn), we mean the

polynomial obtained from a polynomial f in the variables y1, . . . , yn by replacing

yj by by some polynomial gj. Cheng, McKay and Wang and Jouanolou have

provided answers for two particular subcases. The main contribution of this

chapter is to complete these works by providing a uniform answer for all subcases.

In short, it states that the dense resultant is the product of certain powers of the

dense resultants of the component polynomials and of some of their leading forms.

It is expected that these results can be applied to compute dense resultants

of composed polynomials with improved efficiency. We also state a lemma of

independent interest about the dense resultant under vanishing of leading forms.

6



1.3 Sparse Resultant of Composed Polynomi-

als I

The main question of Chapter 3 is: What happens to sparse resultants under

composition? More precisely, let f1, . . . , fn be homogeneous sparse polynomials

in the variables y1, . . . , yn and g1, . . . , gn be homogeneous sparse polynomials in

the variables x1, . . . , xn. Let fi ◦ (g1, . . . , gn) be the sparse homogeneous poly-

nomial obtained from fi by replacing yj by gj. Naturally a question arises: Is

the sparse resultant of f1 ◦ (g1, . . . , gn) , . . . , fn ◦ (g1, . . . , gn) in any way related

to the (sparse) resultants of f1, . . . , fn and g1, . . . , gn? The main contribution of

this chapter is to provide an answer for the case when g1, . . . , gn are unmixed,

namely,

Res C1,... ,Cn (f1 ◦ (g1, . . . , gn) , . . . , fn ◦ (g1, . . . , gn))

= Resd1,... ,dn (f1, . . . , fn)Vol(Q) ResB (g1, . . . , gn)d1···dn ,

where Resd1,...,dn stands for dense (Macaulay) resultant with respect to the total

degrees di of the fi’s, ResB stands for unmixed sparse resultant with respect to

the support B of the gj’s, Res C1,...,Cn stands for mixed sparse resultant with respect

to the naturally induced supports Ci of the fi ◦ (g1, . . . , gn)’s, and Vol (Q) for the

normalized volume of the Newton polytope of the gj. The above expression can

be viewed as a chain rule for sparse resultants. It can be applied to compute

sparse resultants of composed polynomials with improved efficiency.

7



1.4 Sparse Resultant of Composed Polynomi-

als II

Chapter4 is the second chapter on sparse resultants of composed polynomials. In

the first chapter, Chapter 3, “Sparse Resultant of Composed Polynomials I”, the

author and Hoon Hong considered the sparse resultant of polynomials having ar-

bitrary (mixed) supports composed with polynomials having the same (unmixed)

supports. Here, we consider the sparse resultant of polynomials having the same

(unmixed) supports composed with polynomials having arbitrary (mixed) sup-

ports. The main contribution of this chapter is to show that the sparse resultant

of these composed polynomials is the product of certain powers of the (sparse)

resultants of the component polynomials. The resulting formula looks similar to

the formula of the first chapter, which is good because it suggests that there is

some common underlying structure for sparse resultants of composed polynomi-

als. However, the formulae differ substantially in details. It also seems that it

is not possible to apply the techniques used to show the main result of the first

chapter in order to show the formula of the present chapter. It is expected that

this result can be applied to compute sparse resultants of composed polynomials

with improved efficiency.

8



1.5 Sparse Resultant under Vanishing Coeffi-

cients

The main question of Chapter 5 is: What happens to the sparse resultant under

vanishing coefficients? More precisely, let f1, . . . , fn be sparse Laurent polyno-

mials with supports A1, . . . ,An and let Ã1 ⊃ A1. Naturally a question arises: Is

the sparse resultant of f1, f2, . . . , fn with respect to the supports Ã1,A2, . . . ,An

in any way related to the sparse resultant of f1, f2, . . . , fn with respect to the

supports A1,A2, . . . ,An? The main contribution of this chapter is to provide an

answer. The answer is important for applications with perturbed data where very

small coefficients arise as well as when one computes resultants with respect to

some fixed supports, not necessarily the supports of the fi’s, in order to speed up

compuations. Further, we were motivated to work on sparse resultant under van-

ishing coefficients because we want to give an irreducible factorization of the chain

rule formula of Chapter 3. This can be achieved by applying Theorem 5.1, the

main result of Chapter 5. This work extends some work by Sturmfels on sparse

resultant under vanishing coefficients. We also state a corollary about sparse

resultant under powering of variables which is a generalization of a theorem for

Dixon resultant by Kapur and Saxena. We also state a lemma of independent

interest generalizing Pedersen’s and Sturmfels’ Poisson-type product formula.

Now we are ready to elaborate in detail on the main results.

9



Chapter 2

Dense Resultant of Composed
Polynomials

2.1 Introduction

The main question of this chapter is: What is the dense (Macaulay) resultant

of composed polynomials? By a composed polynomial f ◦ (g1, . . . , gn), we mean

the polynomial obtained from a polynomial f in the variables y1, . . . , yn by re-

placing yj by by some polynomial gj. Cheng, McKay and Wang (cf. [CMW95])

and Jouanolou (cf. [Jou91]) have provided answers for two particular subcases,

namely, for n homogeneous polynomials composed with n homogeneous polyno-

mials in n variables of same total degrees and for n inhomogeneous polynomials

composed with n−1 inhomogeneous polynomials in n−1 variables of same total

degrees. The main contribution of this chapter is to complete these works by

providing a uniform answer for all subcases, namely, for all cases of n homoge-

neous or n inhomogeneous polynomials composed with n or n− 1 homogeneous

10



or inhomogenenous polynomials in n or n− 1 variables. In short, they state that

the dense resultant is the product of certain powers of the dense resultants of the

component polynomials and of some of their leading forms (cf. Theorem 2.1 and

Remark 2.4). We also state a lemma (cf. Lemma 2.9) of independent interest

about dense resultant under vanishing of leading forms.

Applying this result is expected to allow computations dramatically more eff-

ficient than computing without taking advantage of the composition structure.

That is, in order to compute the dense resultant of composed polynomials we

need only compute the dense resultants of the component polynomials and some

of their leading forms which is expected to be much more efficient than comput-

ing the dense resultant of expanded composed polynomials which are of higher

degrees and much larger.

The reader might wonder whether one can utilize composition structures for

other fundamental operations. In fact, this has already been done for some oper-

ations. For examples, Gröbner bases, subresultants, and Galois groups of certain

differential operators have been studied in [Hon97], [Hon98] and [BS99], resp.,

using various mathematical techniques. However, it seems that those techniques

cannot be applied to the study of dense resultants of polynomials composed with

mixed polynomials. Therefore in this chapter we use mathematical methods that

are essentially different from those.

11



This chapter has been submitted to a journal (cf. [Min00a]).

2.2 Main result

We assume that the reader is familiar with the notion of dense (Macaulay) resul-

tant (cf. [CLO98]) and we let Resd1,... ,dn stand for the dense resultant with respect

to the total degrees d1, . . . , dn. Let f1, . . . , fn be homogeneous polynomials in n

variables of total degrees d1, . . . , dn and suppose that di is either positive or fi

is zero. Let g1, . . . , gn be polynomials (not necessarily homogeneous) in n − 1

variables of total degrees e1, . . . , en and suppose that either the maximum of the

ej’s is positive or all the gj’s are zero. Further, let e and e, resp., stand for the

maximum and minimum, resp., of the ej’s.

Now we are ready to state the main theorem.

Theorem 2.1 (Main theorem)

Res d1e,... ,dne (f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn)) =

Res d1,... ,dn (f1, . . . , fn)en−1

Res e,... ,e (g1, . . . , gn)d1···dn

and the second factor can be factorized further, that is,

Res e,... ,e (g1, . . . , gn)d1···dn =

Res e,... ,e,e,e,... ,e (g1, . . . , gk−1, gk, gk+1, . . . , gn)d1···dn

Res e,... ,e

(
g1

[e], . . . , gk−1
[e], gk+1

[e], . . . , gn
[e]

)d1···dn·(e−e)
,

12



where gj
[e] stands for the homogeneous part of gj of total degree e.

This factorization is irreducible if the fi’s and gj’s have distinct symbolic

coefficients.

Example 2.2 We illustrate the main theorem. Let

f1 := 3 y1 − 5 y2 + 8 y3,

f2 := 2 y2
1 + 11 y1 y2 − 7 y1 y3 + 5 y2

2 + 18 y2 y3 − 6 y2
3,

f3 := 23 y1 + 3 y2 − 9 y3,

and let

g1 := 2 x1 + 12x2 + 14,

g2 := 8 x3
1 + 3 x2

1 x2 + 7 x1 x2
2 − 5 x3

2

+ 19 x2
1 + 17x1 x2 − 14 x2

2 + 12x1 − 11 x2 + 3,

g3 := 6 x3
1 + 7 x2

1 x2 − 19 x1 x2
2 − 4 x3

2

+ 4 x2
1 − 5 x1 x2 + 33x2

2 + 11x1 + 9 x2 + 10.

Observe that n = 3, d1 = 1, d2 = 2, d3 = 1, e1 = e = 1 < e2 = e3 = e = 3, k = 1

13



and that

g2
[3] = 8 x3

1 + 3 x2
1 x2 + 7 x1 x2

2 − 5 x3
2

g3
[3] = 6 x3

1 + 7 x2
1 x2 − 19 x1 x2

2 − 4 x3
2.

Therefore

Res 3,6,3 (f1 ◦ (g1, g2, g3) , f2 ◦ (g1, g2, g3) , f3 ◦ (g1, g2, g3))

= Res 1,2,1 (f1, f2, f3)
32

Res 3,3,3 (g1, g2, g3)
1·2·1

and the second factor can be factorized further as

Res 3,3,3 (g1, g2, g3)
1·2·1 = Res 1,3,3 (g1, g2, g3)

1·2·1 Res 3,3

(
g2

[3], g3
[3]

)1·2·1·(3−1)
.

Remark 2.3 The reader might wonder why in the main theorem we consider the

case of dense resultant of homogeneous polynomials composed with not necessar-

ily homogeneous polynomials. It turns out that the other cases can be trivially

transformed into the case of the main theorem. The following two trivial rules

allow us to transform all the other cases into the case of the main theorem.

1. Suppose that the gj’s are homogeneous in n variables of same total degrees.

Then

Res d1e,... ,dne (f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn)) =

Res d1e,... ,dne

(
f1 ◦

(
gd
1 , . . . , gd

n

)
, . . . , fn ◦

(
gd
1 , . . . , gd

n

))
,

14



where gj
d stands for the dehomogenization of gj.

2. Suppose that the gj’s are not necessarily homogeneous and the fi’s are not

necessarily homogeneous in n− 1 variables. Then

Res d1e,... ,dne (f1 ◦ (g1, . . . , gn−1), . . . , fn ◦ (g1, . . . , gn−1)) =

Res d1e,... ,dne

(
fh

1 ◦ (g1, . . . , gn−1, 1), . . . , fh
n ◦ (g1, . . . , gn−1, 1)

)
,

where fi
h stands for the homogenization of fi to the total degree di.

Remark 2.4 It is important to point out that in a particular degenerate case

the definition of the dense resultant in the main theorem is slightly different from

the usual one. For degenerate cases with dk = 0, we define

Res d1,... ,dk−1,0,dk+1,... ,dn (f1, . . . , fk−1, fk, fk+1, . . . , fn) := f
d1···dk−1·dk+1···dn

k ,

whereas usually one defines

Res d1,... ,dk−1,0,dk+1,... ,dn (f1, . . . , fk−1, fk, fk+1, . . . , fn) := fk.

The first definition allows us to give a uniform formula for all subcases of dense

resultant of composed polynomials, whereas the second definition seems not to

allow this.

Remark 2.5 We consider the dense resultant of the composed polynomials fi ◦

15



(g1, . . . , gn) with respect to the total degrees “die”. This is natural because

almost always the total degree of fi ◦ (g1, . . . , gn) is die.

Remark 2.6 From the main theorem we can see immediately that if at least

two of the ej’s are smaller than e then

Res d1e,... ,dne (f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn)) = 0.

In the proof (cf. Section 2.3) we will see why this happens. In short, the dense

resultant vanishes because the fi◦(g1, . . . , gn)’s have naturally generated common

zeros at infinity.

Remark 2.7 The main theorem covers the cases of dense resultant of composed

polynomials considered by [CMW95] and [Jou91].1 As an example, we show how

one can recover from the main theorem the formula of [CMW95] for dense resul-

tant of inhomogenous polynomials composed with inhomogeneous polynomials of

same total degrees. Let the fi’s be inhomogeneous in n− 1 variables of positive

total degrees and let the gj’s be inhomogeneous in n−1 variables of same positive

1Note that Jouanolou gives, in Proposition 5.11.2 of [Jou91], an interesting formula for dense
resultant of certain sparse linear polynomials composed with homogeneous polynomials. This
formula is not among the cases of this chapter because the linear polynomials are sparse. We
suggest that one classifies formulae involving sparse composed polynomials within the theory
of sparse resultants (cf. [CLO98]).
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total degree. By the main theorem,

Res d1e,... ,dne (f1 ◦ (g1, . . . , gn−1), . . . , fn ◦ (g1, . . . , gn−1))

= Res d1e,... ,dne

(
fh

1 ◦ (g1, . . . , gn−1, 1), . . . , fh
n ◦ (g1, . . . , gn−1, 1)

)
= Res d1,... ,dn

(
fh

1 , . . . , fh
n

)en−1

Res e,... ,e (g1, . . . , gn−1, 1)d1···dn

= Res d1,... ,dn (f1, . . . , fn)en−1

Res e,... ,e,0 (g1, . . . , gn−1, 1)d1···dn Res e,... ,e

(
g1

[e], . . . , gn−1
[e]

)d1···dn·(e−0)

= Res d1,... ,dn (f1, . . . , fn)en−1

Res e,... ,e

(
g1

[e], . . . , gn−1
[e]

)d1···dn·e
,

which is the expression given by [CMW95].

Remark 2.8 Applying the main theorem when computing the dense resultant

of composed polynomials is expected to yield a dramatic improvement in effi-

ciency. In order to compute the dense resultant of composed polynomials, we

only have to compute the dense resultants of the component polynomials and

some of their leading forms, which is expected to be much more efficient than

computing the dense resultant of the expanded composed polynomials because

the components and the leading forms are much smaller and have a lower degree

than the expanded composed polynomials.
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2.3 Proof of the main theorem

Before we prove the main theorem, we state a lemma that is of independent

interest. We want to know what happens to the dense resultant when some

leading forms of the input polynomials vanish or, equivalently, if some input

polynomials have a total degee that is lower than the total degree with respect

to which the dense resultant is computed.

In the lemma we allow the gj’s also to be non zero constants.

Lemma 2.9 We have

Res e,... ,e (g1, . . . , gn)

= Res e,... ,e, ek, e,... ,e (g1, . . . , gk−1, gk, gk+1, . . . , gn)

Res e,... ,e

(
g1

[e], . . . , gk−1
[e], gk+1

[e], . . . , gn
[e]

)e−e
,

where gj
[e] stands for the homogeneous part of gj of total degree e.

This factorization is irreducible, if the gj’s have distinct symbolic coefficients.

Example 2.10 (continuing Example 2.2) We illustrate the lemma. Observe

that e1 = 1 < e2 = e3 = e = 3 and k = 1. Therefore

Res 3,3,3 (g1, g2, g3) = Res 1,3,3 (g1, g2, g3) Res 3,3

(
w2

[3], w3
[3]

)2
.

Proof:
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of Lemma 2.9 Firstly, we suppose that the gj’s have distinct symbolic coefficients

with positive total degrees and there is exactly one k such that ek = e and

ej = e, for j 6= k. Since the lemma is invariant under reordering of the gj’s,

we assume without loss of generality that k = 1. Let ĝ denote a polynomial in

the variables x1, . . . , xn−1 of total degree e with distinct symbolic coefficients, let

K denote the algebraic closure of the field generated by the complex numbers

and the symbolic coefficients of ĝ and g2, . . . , gn and let mĝ denote the linear

operator p 7→ p · ĝ, defined on the K-vector space K [x1, . . . , xn−1] /〈g2,... ,gn〉,

where 〈g2, . . . , gn〉 denotes the ideal generated by g2, . . . , gn in K [x1, . . . , xn−1].

By the Poisson formula (cf. [Jou91] and [CLO98]), we have

Res e,... ,e (ĝ, g2, . . . , gn) = det (mĝ) Res e,... ,e

(
g2

[e], . . . , gn
[e]

)e
.

Further, by the techniques of [PRS93], we have

Res e,e,... ,e (ĝ, g2, . . . , gn) =
∏
ξ ∈ V̂

ĝ (ξ1, . . . , ξn−1) Res e,... ,e

(
g2

[e], . . . , gn
[e]

)e
,

where ξ = (ξ1, . . . , ξn−1) and V̂ is the common solution set of g2, . . . , gn in Kn.

Since the symbolic coefficients of ĝ are algebraically independent from the sym-

bolic coefficients of g2, . . . , gn, the previous formula is stable under specialization

of the coefficients of ĝ. By specializing ĝ to g1, we get

Res e,... ,e (g1, . . . , gn) =
∏
ξ ∈V

g1 (ξ1, . . . , ξn−1) Res e,... ,e

(
g2

[e], . . . , gn
[e]

)e
,
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where V is the common solution set of g2, . . . , gn over the algebraic closure of the

field generated by the complex numbes and the coefficients of g2, . . . , gn. Now,

observe that, by the poisson formula and by [PRS93],

Res e1,e,... ,e (g1, g2, . . . , gn) =
∏
ξ ∈V

g1 (ξ1, . . . , ξn−1) Res e,... ,e

(
g2

[e], . . . , gn
[e]

)e1
.

Therefore

Res e,... ,e (g1, . . . , gn) =
∏
ξ ∈V

g1 (ξ1, . . . , ξn−1) Res e,... ,e

(
g2

[e], . . . , gn
[e]

)e

=
∏
ξ ∈V

g1 (ξ1, . . . , ξn−1) Res e,... ,e

(
g2

[e], . . . , gn
[e]

)e1
Res e,... ,e

(
g2

[e], . . . , gn
[e]

)e−e1

= Res g1,e,... ,e (g1, . . . , gn) Res e,... ,e

(
g2

[e], . . . , gn
[e]

)e−e1
.

Secondly, we suppose that the gj’s have distinct symbolic coefficients with

positive total degrees and at least two of the ej’s are smaller than e. Since

the lemma is invariant under reordering of the gj’s, we assume without loss of

generality that e1, e2 < e. We regard g2, . . . , gn as specialized polynomials of total

degree e, whose forms of degrees ej + 1, . . . , e vanish. Obviously, the formula,

which we have already shown, of the first part of the lemma, holds for such

specialized polynomials as well.

Thirdly, we suppose that the gj’s have distinct symbolic coefficients and at

least one of the ej’s is zero. Since the lemma is invariant under reordering of the

gj’s, we assume without loss of generality that e1 = 0. We have, if ej = e for

j ≥ 2, by the multihomogeneity of the dense resultant (cf. [CLO98]) and by the
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Poisson formula (cf. [Jou91]),

Res e,e,... ,e (g1, g2, . . . , gn) = gen−1

1 Res e,e,... ,e (1, g2, . . . , gn)

= gen−1

1 Res e,... ,e

(
g2

[e], . . . , gn
[e]

)e

and, by definition (cf. Remark 2.4),

Res 0,e,... ,e (g1, g2, . . . , gn) = gen−1

1

and thus, by specialization, the formula of the lemma also holds in this case.

Therefore we have shown the formula of the lemma for gj’s with distinct sym-

bolic coefficients and it remains to relax the formula to gj’s which do not have

symbolic coefficients. This is easy because the formula, involving only polynomi-

als in the symbolic coefficients of the gj’s, is stable under specialization.

Now we prove that the factorization given by the formula of the lemma is

irreducible if the gj’s have distinct symbolic coefficients. This is obvious if at

most one ej is smaller than e. Suppose that at least two of the ej’s are smaller

than e. Since the lemma is invariant under reordering of the gj’s, we assume

without loss of generality that e1, e2 < e. We show that

Res e,... ,e (g1, . . . , gn) = 0.

The forms of g1, . . . , gn of total degree e are 0, 0, g3
[e], . . . , gn

[e]. By Bezout’s the-

orem (cf. [DS98] and [CLO98]) the n−2 homogeneous polynomials g3
[e], . . . , gn

[e]
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in the variables x1, . . . , xn−1 have a non trivial common zero in the algebraic clo-

sure of the field generated by the complex numbers and the symbolic coefficients

of g3, . . . , gn. Therefore

Res e,... ,e (g1, . . . , gn) = 0.

Thus we have shown the lemma.

¤

Now we are ready to prove the main theorem. We are aware of several different

proofs. The most elegant one is the proof given here. The proof is elegant because

we base the proof on Lemma 2.9 and on the formula of [CMW95] and [Jou91]

for dense resultant of homogeneous polynomials composed with homogeneous

polynomials of same total degrees.

Proof of Theorem 2.1 (Main theorem):

It is easy to see that the homogenization of fi ◦ (g1, . . . , gn) to the total degree

di e is fi◦
(
g1

h, . . . , gn
h
)
, where gj

h is the homogenization of gj to the total degree

e. By [CMW95] and [Jou91], we get

Res d1e,... ,dne (f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn))

= Res d1e,... ,dne

(
f1 ◦

(
g1

h, . . . , gn
h
)
, . . . , fn ◦

(
g1

h, . . . , gn
h
))

= Res d1,... ,dn (f1, . . . , fn)en−1

Res e,... ,e

(
g1

h, . . . , gn
h
)d1···dn

= Res d1,... ,dn (f1, . . . , fn)en−1

Res e,... ,e (g1, . . . , gn)d1···dn .
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By Lemma 2.9, we have that

Res d1e,... ,dne (f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn))

= Res d1,... ,dn (f1, . . . , fn)en−1

Res e,... ,e,ek,e,... ,e (g1, . . . , gk−1, gk, gk+1, . . . , gn)d1···dn

Res e,... ,e

(
g1

[e], . . . , gk−1
[e], gm+1

[e], . . . , gn
[e]

)d1···dn·(e−em)
.

It remains to show that this factorization is irreducible if the fi’s and gj’s

have distinct symbolic coefficients. This follows from Lemma 2.9 and we could

stop. However, we show the irreducibility without using Lemma 2.9 because the

proof gives some interesting insight. If at most one ej is smaller than e it is easy

to see that the factorization is irreducible. Assume that at least two of the ej’s

are smaller than e. We show that

Res d1e,... ,dne (f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn)) = 0.

The dense (Macaulay) resultant vanishes because the composed polynomials fi ◦

(g1, . . . , gn) have some common zeros at infinity. It is interesting to know what

these common zeros at infinity are. We show that they are the common zeros of

certain leading forms of the gj’s.

Since we can rename the variables of the fi’s and the gj’s such that e1, . . . , ek =

e and ek+1, . . . , en < e without changing the composed polynomials fi ◦ (g1, . . . ,

gn). We assume that, for k ≤ n−2, e1, . . . , ek = e and ek+1, . . . , en < e. We start

with computing the leading form of fi ◦ (g1, . . . , gn). Note that fi = f+
i + f−i ,
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where each monomial in f+
i is only divisible by variables among x1, . . . , xk, and

where each monomial in f−i is divisible by at least one xj, for j > k, and thus

fi ◦ (g1, . . . , gn) = f+
i ◦ (g1, . . . , gk) + f−i ◦ (g1, . . . , gn) .

Since the total degree of f+
i ◦(g1, . . . , gk) is di e and the total degree of f−i ◦(g1, . . . ,

gn) is smaller than di e, the leading form of fi ◦ (g1, . . . , gn) equals the leading

form of f+
i ◦ (g1, . . . , gk). Now we intend to apply Lemma 3.10, which has been

shown independent from the theorems and lemmas preceding it. to f+
i ◦ (g1, . . . ,

gk). Note that this lemma is stated for homogeneous polynomials composed

with n homogeneous (Laurent) polynomials of same total degrees. It is easy

to see that this lemma also holds for homogeneous polynomials composed with

k not necessarily homogeneous polynomials of same total degrees. Following

the notation of the lemma, we denote the leading form of f+
i ◦ (g1, . . . , gk) by(

f+
i ◦ (g1, . . . , gk)

)ω

E , where ω = (1, . . . , 1) and E is the set of all monomials

contained in f+
i ◦ (g1, . . . , gn). Then, by the adapted Lemma 3.10,

(
f+

i ◦ (g1, . . . , gk)
)ω

E = f+
i ◦ (g1

ω
B, . . . , gk

ω
B) ,

where B is the set of all monomials contained in g1, . . . , gk. Note that gj
ω
B = gj

[e].

Therefore the leading form of fi ◦ (g1, . . . , gn) is f+
i ◦ (

g1
[e], . . . , gk

[e]
)
. Now,

by Bezout’s theorem (cf. [DS98] and [CLO98]) the k homogeneous polynomials

g1
[e], . . . , gk

[e] in the variables x1, . . . , xn−1 have a non trivial common zero over
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the algebraic closure of the field generated by the complex numbers and the

symbolic coefficients of g1
[e], . . . , gk

[e]. Since there is at least one ej that equals

e, the sequence g1, . . . , gk is not empty and such a non trivial common zero ξ

exists. Take any such non trivial common zero ξ. Then ξ is a non trivial common

zero of the f+
i ◦ (

g1
[e], . . . , gk

[e]
)
’s and thus ξ is a common zero at infinity of the

fi ◦ (g1, . . . , gn)’s.

Thus we have shown the main theorem. ¤

2.4 Conclusion

In this chapter we studied the dense (Macaulay) resultant of composed poly-

nomials. Cheng, McKay and Wang and Jouanolou have studied two particular

subcases. The main contribution of this chapter was to complete these works by

providing a uniform answer for all subcases. In short, it states that the dense

resultant of composed polynomials is the product of certain powers of the dense

resultants of the component polynomials and of some of their leading forms.

These results can be applied to compute dense resultants of composed polyno-

mials with improved efficiency. We also determined the common zeros naturally

generated by composition in some cases when the dense resultant vanishes and

we stated a lemma of independent interest about dense resultant under vanishing

of leading forms.
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Chapter 3

Sparse Resultant of Composed
Polynomials I

3.1 Introduction

The main question of this chapter is: What happens to sparse resultants under

composition? That is, is the sparse resultant of composed polynomials in any

way related to the (sparse) resultants of the component polynomials?

We give an answer for the case of homogeneous polynomials composed with

unmixed homogeneous1 polynomials. In short, it states that the sparse resultant

of composed polynomials is the product of certain powers of the (sparse) resul-

tants of the component polynomials. This result is a work joint between Hoon

Hong and the author, Manfred Minimair. This result can be viewed as a gen-

eralization of the work of Cheng, McKay and Wang (cf. [CMW95]) where they

answered the same question but for dense polynomials. This result can also be

1The author, Manfred Minimair, is currently investigating, the same question but for a more
general class of inputs, namely allowing mixed non homogeneous polynomials.
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viewed as a generalization of the work of Gelfand, Kapranov and Zelevinsky (cf.

Corollary 2.2 in Chapter 8 of [GKZ94]) where they answered the same question

but for linear polynomials composed with sparse polynomials.

Applying this result yields dramatic improvement in efficiency both in space

and in time over computing without taking advantage of the composition struc-

ture (cf. Theorem 3.1).

The reader might wonder whether one can utilize composition structures for

other fundamental operations. In fact, this has already been done for some oper-

ations. For examples, Gröbner bases, subresultants and Galois groups of certain

differential operators have been studied in [Hon97], [Hon98] and [BS99], resp.,

using various mathematical techniques. However, it seems that those techniques

cannot be applied to the study of sparse resultants. Therefore in this chapter we

use mathematical methods that are essentially different from those.

We assume that the reader is familiar with the notions of dense (Macaulay)

resultant of homogeneous polynomials, sparse resultant of inhomogeneous Lau-

rent polynomials, mixed volume, normalized volume of Newton polytope. For

their definitions see, for example, [CLO98], [PS93]. There are different defini-

tions of normalized volume in the literature. We follow the definition given in

[PS93]. Further, we assume that the reader is familiar with the notions of arith-

metic time and space complexity and Newton matrix. For their definitions see,
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for example, [vAHU83] and [CE95]. We also assume that the reader is familiar

with the algorithms that are described in [CE95] and in [EP97], for computing

Newton matrices and sparse resultans.

This chapter has been submitted to a journal (cf. [HM00]).

3.2 Main result

Let f1, . . . , fn be homogeneous2 sparse polynomials in the variables y1, . . . , yn

with distinct symbolic coefficients of total degrees d1, . . . , dn and let g1, . . . , gn be

homogeneous sparse Laurent polynomials in the variables x1, . . . , xn with distinct

symbolic coefficients distinct from the coefficients of the fi’s.
3 Let dmax stand for

the maximum of the di’s.

We assume that the gj’s are unmixed, that is, all the gj’s have the same set

B of supporting Laurent monomials. Let VQ stand for the volume of the Newton

2In the literature sparse resultants and (normalized) volumes are defined for inhomogeneous
(Laurent) polynomials. However, in this chapter we will consider those for homogeneous (Lau-
rent) polynomials, which are simply defined as those for (Laurent) polynomials dehomogenized
with respect to some variable. It is easy to show that it does not matter with respect to which
variable we dehomogenize. Hence they are well defined. We consider homogeneous (Laurent)
polynomials because they allow us to formulate the main theorem in a very succinct way. With
a little effort one can also derive a version of the main theorem for inhomogeneous (Laurent)
polynomials. But the resulting expression is less elegant.

3In allowing the gj ’s to be Laurent polynomials instead of polynomials we follow common
practice. The purpose of this relaxation is only notational convenience and does not essentially
contribute to the problem.

We restrict the fi’s to be polynomials. This restrictions ensures that the fi ◦ (g1, . . . , gn)’s
are again Laurent polynomials.

For the sake of a simple presentation we also assume that all the (Laurent) polynomials have
distinct symbolic coefficients. Obviously, the main result can be specialized to numeric coeffi-
cients after fixing appropriate sets of supporting monomials for all the (Laurent) polynomials
involved.
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polytope Q of the gj’s and let Vol (Q) stand for the normalized volume of the

Newton polytope Q, that is, Vol (Q) = VQ · (n− 1)!.

Further we assume that the dimension of the Newton polytope Q of the gj’s

is n − 1 and that the exponents of the Laurent monomials of the gj’s affinely

span over Z the lattice of integer points of the hyperplane containing the New-

ton polytope Q. This is nothing but the homogenized version of the standard

restrictions on sparse resultants (cf. [CLO98]).

Let fi ◦ (g1, . . . , gn) be the sparse homogeneous Laurent polynomial obtained

from fi by replacing yj with gj and let Ci denote its naturally induced support. Let

Res d1,...,dn (.) stand for dense (Macaulay) resultant, ResB (.) stand for unmixed

sparse resultant and Res C1,...,Cn (.) stand for mixed sparse resultant. Now we are

ready to state the main theorem, namely a “chain rule” for sparse resultants.

Theorem 3.1 (Main theorem) We have

Res C1,...,Cn (f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn))

= Res d1,...,dn (f1, . . . , fn)Vol(Q) ResB (g1, . . . , gn)d1···dn .

Further, Table 3.1 shows by which factors the arithmetic complexities of the main

tasks of sparse resultant computation (see [EP97]) are lower for the fi’s and for

the gj’s than for the expanded composed Laurent polynomials fi ◦ (g1, . . . , gn).
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Table 3.1: Factors by which the arithmetic complexities of main tasks of sparse
resultant computation are lower for the fi’s and for the gj’s than for the fi ◦
(g1, . . . , gn)’s

Newton matrix computation of:
time space

fi’s V 2
Q VQ

gj’s d 2n−2
max dn−1

max

versus fi ◦ (g1, . . . , gn)’s

Sparse resultant extraction of:
time space

fi’s (VQ) 3 · (n− 1)! VQ

gj’s d 3n−3
max dn−1

max

versus fi ◦ (g1, . . . , gn)’s

Example 3.2 We illustrate the notations and the main theorem. Let

f1 := a1600 y6
1 + a1411 y4

1 y2 y3 + a1222 y2
1 y2

2 y2
3 + a1105 y1 y5

3 + a1006 y6
3,

f2 := a2700 y7
1 + a2331 y3

1 y3
2 y3 + a2142 y1 y4

2 y2
3 + a2025 y2

2 y5
3 + a2070 y7

2,

f3 := a3900 y9
1 − a3621 y6

1 y2
2 y3 + a3432 y4

1 y3
2 y2

3 + a3063 y6
2 y3

3 + a3009 y9
3,

g1 := b1221 x2
1 x2

2 x3 + b1230 x2
1 x3

2 + b1−1 42 x−1
1 x4

2 x2
3 + b1014 x2 x4

3,

g2 := b2221 x2
1 x2

2 x3 + b2230 x2
1 x3

2 + b2−1 42 x−1
1 x4

2 x2
3 + b2014 x2 x4

3,

g3 := b3221 x2
1 x2

2 x3 + b3230 x2
1 x3

2 + b3−1 42 x−1
1 x4

2 x2
3 + b3014 x2 x4

3.

Observe that n = 3, d1 = 6, d2 = 7, d3 = 9, dmax = 9, and thus d1 · d2 · d3 = 378.
Observe that B =

{
x2

1 x2
2 x3, x2

1 x3
2, x−1

1 x4
2 x2

3, x2 x4
3

}
and that C1 is the set of
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Figure 3.1: Newton polytope Q of g1, g2 and g3 after orthogonal projection onto
(x1, x2)-exponent plane

monomials occuring in f1 ◦ (g1, g2, g3), namely,
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and similarly for C2 and C3. The Newton polytope Q of the gj’s is shown in

Figure 3.1. From the figure we see that Vol (Q) = 10 and VQ = 5. Thus the main

theorem states that

Res C1,C2,C3 (f1 ◦ (g1, g2, g3) , f2 ◦ (g1, g2, g3) , f3 ◦ (g1, g2, g3)) =

Res 6,7,9 (f1, f2, f3)
10 ResB (g1, g2, g3)

378 .
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Table 3.2: Factors by which the arithmetic complexities of main tasks of sparse
resultant computation are lower for the fi’s and for the gj’s than for the fi ◦
(g1, . . . , gn)’s in Example 3.2

Newton matrix computation of:
time space

fi’s 5 2 = 25 5
gj’s 9 4 = 6561 9 2 = 81

versus fi ◦ (g1, . . . , gn)’s

Sparse resultant extraction of:
time space

fi’s 5 3 · 2! = 250 5
gj’s 9 6 = 531441 9 2 = 81

versus fi ◦ (g1, . . . , gn)’s

Further, the main theorem states the factors of Table 3.2 for the improved com-

plexities of the main tasks of sparse resultant computation.

Even this simple example illustrates that the use of the main theorem provides

a dramatic improvement of efficiency (see Table 3.2). If one tries to compute the

sparse resultant of the composed Laurent polynomials without using the main

theorem, then one will first have to expand the composed Laurent polynomials

into distributive representation and then compute their sparse resultant. It is ex-

pected that computing the sparse resultant of the expanded Laurent polynomials

takes a very long time. Moreover the output is expected to be enormous in size

(see the huge exponents) and therefore it is expected that using the output in
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further computations will be difficult. However, using the main theorem we do

not have to expand the composed input. We only need to compute the (sparse)

resultants of the smaller component polynomials, which can be done much more

efficiently (cf. Table 3.1), calculate the exponents and keep the final output in

the compact factored form. Note that we do not have to compute the exponent

Vol (Q) seperately because current algorithms for sparse resultant computation

require that the mixed volume of n− 1 copies of Q, i.e. Vol (Q), is computed in a

subroutine and therefore we get Vol (Q) as a byproduct of the computation with-

out additional effort. Further, note that Table 3.1 contains ratios of arithmetic

complexities, which do not consider the coefficient blow up of computations in

exact arithmetic. It is expected that, under consideration of the coefficient blow

up, the decrease of complexity will be of much higer order than the decrease

stated in Table 3.1.

3.3 Proof of the main theorem

Before going into the details of the proof we describe its main structure. In the

first four lemmas we will derive a “skeleton” of the main theorem, involving some

unknown coefficients and exponents, when the fi’s are restricted to be dense.

In the following three lemmas we will determine the unknown coefficients and

exponents. Finally, we will allow the fi’s to be sparse, proving the main theorem.

The dependency of all these lemmas is shown in Figure 3.2.
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Theorem 3.1 (Main theorem)

Lemma 3.15

Lemma 3.14

Lemma 3.13

Lemma 3.12

Lemma 3.11

Lemma 3.8 Lemma 3.10

Figure 3.2: Dependency of the lemmas

Before listing the lemmas, we fix some notations.

Notation 3.3 Let h be a (sparse) homogeneous (Laurent) polynomial with dis-

tinct symbolic coefficients. Then H is the dense completion of h, that is, the

dense homogeneous polynomial with the same total degree as h with distinct

symbolic coefficients.

Example 3.4 Consider h = a x2
1 + b x1 x2. Then we have H = a x2

1 + b x1 x2 +

c x2
2.

Now, we fix how to denote certain leading forms of (Laurent) polynomials.

Notation 3.5 Let p be any (Laurent) polynomial in the variables x1, . . . , xn

with numeric or symbolic coefficients, let ω be a vector in Zn and let E be a set of

monomials in x1, . . . , xn. The leading form of p with respect to ω and E , written
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as pω
E , is the maximal part of p whose Newton polytope lies in the face, with ω

being an inner normal vector, of the Newton polytope naturally generated by the

exponents in E .

Example 3.6 Let

p := 8 x1 + 3 x2 + d,

ω := (−1, 0) ,

E :=
{
x2

1x2, x2
1, x2, 1

}
.

Figure 3.3 shows a triangle, the Newton polytope of p, inscribed into a rectangle,

0

1

0 1 2

x2
-e

xp
on

en
ts

x1-exponents

Figure 3.3: A triangle, the Newton polytope of p, inscribed into a rectangle, the
Newton polytope generated by exponents in E

the Newton polytope generated by the exponents in E . Observe that the leading
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form of p with respect to ω and the support of p is 8 x1. However the leanding

form of p with respect to ω and E , written as pω
E , is 0.

Finally, we fix a notation for the support sets of the dense homogeneous polyno-

mial Fi, the dense completion of the sparse homogeneous polynomial fi, composed

with the sparse homogeneous polynomials gj.

Notation 3.7 Let Di be the set of naturally induced supporting Laurent mono-

mials of Fi ◦ (g1, . . . , gn).

Now we are ready to state and prove lemmas. In essence the next lemma

is the so-called “vanishing theorem for resultants” stated by Rojas in [Roj99a]

in different language. The vanishing theorem tells us when exactly the mixed

sparse resultant vanishes (cf. also [CLO98] for unmixed sparse resultants). Ro-

jas presents the theorem using the language of toric varieties (cf. [CLO98]) and

divisors (cf. [Ful98]). However, for this chapter a different presentation is more

suitable. Thus we give a lemma expressed in a different formalism.

Let h1, . . . , hn be homogeneous Laurent polynomials in the variables x1, . . . , xn

with supports E1, . . . , En and with distinct symbolic coefficients. Again we make

the usual assumption ([CLO98]) that the dimension of the Newton polytopes of

the hi’s is n− 1.
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Lemma 3.8 For all specializations, with complex numbers, of the coefficients of

the hj’s, we have Res E1,...,En (h1, . . . , hn) = 0 iff there is a vector ω such that the

leading forms hω
E1 , . . . , hω

En
of h1, . . . , hn have a common zero in (C\ {0})n.

Proof:

We assume that the reader is familiar with the notions of cycle (cf. [Ful98]),

glueing, scheme, spectrum and coordinate ring (cf. [Sha94a], [Sha94b]) and toric

varieties (cf. [Ful93], [GKZ94], [CLO98]).

Let hd
1, . . . , hd

n denote dehomogenizations of the unspecialized h1, . . . , hn, with-

out loss of generality, with respect to xn with supports Ed
1 , . . . , Ed

n . For the rest

of the proof we specialize the coefficients of the hj’s with some arbitrary but

fixed complex numbers. Note that for the proof it is crucial that we have fixed

some specializations of the coefficients. The “vanishing theorem for resultants”

([Roj99a]) tells us that

Res E1,...,En (h1, . . . , hn) = 0

iff

DR1+···+Rn

((
hd

1, . . . , hd
n

)
, (R1, . . . , Rn)

) 6= ∅,

where DR1+···+Rn

((
hd

1, . . . , hd
n

)
, (R1, . . . , Rn)

)
stands for the underlying scheme

of a certain cycle (cf. [Roj99a]) and Rj stands for the Newton polytope naturally
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generated by Ed
j . For a precise definition of the operator D see [Roj99a] and

[Roj99b]. Rojas represents the scheme

DR1+···+Rn((hd
1, . . . , hd

n), (R1, . . . , Rn))

(cf. [Roj99a], Lemma 5.1, and [Roj99b], Lemma 3 ) by the standard glueing of

certain affine schemes lying in the usual affine pieces (cf. [Ful93]) that cover the

toric variety constructed from the polytope R1 + · · ·+ Rn.4 Following Rojas and

Fulton using slightly simplified notation, these affine pieces and affine schemes

can be constructed as follows. Let v1, . . . , vl be the vertices of the polytope

R1 + · · · + Rn and let σ∨i be σ′i − vi, where σ′i denotes the innter cone of the

polytope R1 + · · · + Rn formed by the supporting hyperplanes of R1 + · · · + Rn

that pass through vi. Then an affine piece Ui of the toric variety is given as the

points of the spectrum of the ring C [σ∨i ∩ Zn−1] (cf. [Ful93]). It can be shown

(cf. [Ful93]) that the toric variety constructed from the polytope R1 + · · ·+Rn is

isomorphic to an appropriate glueing of U1, . . . , Ul. Further, let w
(i)
j denote the

vertex of Rj with the same inner normal vector as vi. Such vertices exist because

the Minkowski sum R1+· · ·+Rn is compatible with each Rj (cf. [Roj99a]). Then,

according to [Roj99a], Lemma 5.1, and [Roj99b], Lemma 3, on Ui the scheme

DR1+···+Rn((hd
1, . . . , hd

n), (R1, . . . , Rn)) is represented by the ideal generated by

4Rojas also shows how to canoncically represent this scheme on the intersection of these
affine pieces, but this is not needed in the proof.
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x−w
(i)
1 hd

1, . . . , x−w
(i)
n hd

n in C [σ∨i ∩ Zn−1]. Therefore

Res E1,...,En (h1, . . . , hn) = 0

iff

there is a Ui such that x−w
(i)
1 hd

1, . . . , x−w
(i)
n hd

n, viewed as functions on Ui in the

coordinate ring C [σ∨i ∩ Zn−1], have a common zero in Ui.

Now fix Ui and let p ∈ Ui be a point such that x−w
(i)
1 hd

1, . . . , x−w
(i)
n hd

n vanish on p.

Then the coordinates of p and their power products (cf. [Ful93], the proposition

on p. 54) are xe = ξe, for e ∈ (τ∨i ∩ Zn−1) \ {0} and for some ξ ∈ (C\ {0})n−1 and

xe = 0, for e /∈ (τ∨i ∩ Zn−1) \ {0}, where τ∨i is a face of the cone σ∨i with inner

normal vector ω. Let j be arbitrary but fixed. It follows that x−w
(i)
j hd

j vanishes on

p iff the leading form hd
j
ω

Ed
j

vanishes when x1, . . . , xn−1 is replaced by ξ1, . . . , ξn−1.

Therefore and vice versa, the leading forms hd
1
ω

Ed
1
, . . . , hd

n
ω

Ed
n

have a common zero

in (C\ {0})n−1. It is easy to see that these leading forms can be obtained by

dehomogenizing, with respect to xn, certain leading forms, with respect to the

same vector, of h1, . . . , hn. Thus and vice versa, these appropriate leading forms

of h1, . . . , hn have a common zero in (C\ {0})n.

¤

Next we would like to understand how the leading forms of composed Lau-

rent polynomials are related to the leading forms of the component (Laurent)
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polynomials. At first it seems that there is no meaningful relationship at all.

In fact, it is well known that the shapes of Newton polytopes are very unstable

under elementary operations like unions, Minkowski sums, etc. However it turns

out that there is some relationship – a very natural one. Let’s have a look at an

example.

Example 3.9 Let p := y2
1 + y2y3 and

qj :=
x−1

1 x3
2x

3
3 + x2

1x
3
2

+ +
x−1

1 x6
3 + x2

1x
3
3,

for j = 1, 2, 3. The Newton polytope of the qj’s is a rhombus. Instead of drawing

this rhombus we have arranged the monomials of the qj’s in a square which is

supposed to represent the rhombus. The exponents of the edges and vertices

of this square lie in the corresponding edges and vertices of the rhombus. The

Newton polytope of p ◦ (q1, q2, q3) is also a rhombus. We represent p ◦ (q1, q2, q3)

in the same manner as the qj’s, namely,

p ◦ (q1, q2, q3) =

2x−2
1 x6

2x
6
3 + 4x−2

1 x3
2x

9
3 + 2x−2

1 x6
2x

6
3

+ + +
4x1x

6
2x

3
3 + 8x1x

3
2x

6
3 + 4x1x

9
3

+ + +
2x4

1x
6
2 + 4x4

1x
3
2x

3
3 + 2x4

1x
6
3.

For example, the leading form of p ◦ (q1, q2, q3), with respect to ω = (1,−2, 1)

and the naturally induced Laurent monomials of p ◦ (q1, q2, q3), is the first row of

p ◦ (q1, q2, q3). It can be decomposed as

p ◦ (
x−1

1 x3
2x

3
3 + x2

1x
3
2, x−1

1 x3
2x

3
3 + x2

1x
3
2, x−1

1 x3
2x

3
3 + x2

1x
3
2

)
,
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where x−1
1 x3

2x
2
3 + x2

1x
3
2x3 is the first row of the qj’s, that is, the leading form of

the qj’s with respect to ω and the Laurent monomials of the qj’s. In fact, similar

statements are true for any other leading form of p ◦ (q1, q2, q3).

In order to state generally what we have observed in the above example, let

F be a dense homogeneous polynomial in the variables y1, . . . , yn with distinct

symbolic coefficients distinct from the symolic coefficients of any other Laurent

polynomial in this chapter. We state the lemma only for (Laurent) polynomials

with distinct symbolic coefficients because, for fixed support sets, it is trivial to

specialize the lemma.

Lemma 3.10 We have5

(F ◦ (g1, . . . , gn))ω
E = F ◦ (g1

ω
B, . . . , gn

ω
B) ,

where E is the set of Laurent monomials contained in F ◦ (g1, . . . , gn).

Proof:

Since F ◦ (g1, . . . , gn) =
∑

α1+···+αn=d aαgα1
1 · · · gαn

n , for some symbolic coefficients

aα and some d, we have

(F ◦ (g1, . . . , gn))ω
E =

∑
α1+···+αn=d

aα(gα1
1 · · · gαn

n )ω
E .

5We formulate the lemma for dense F ’s because we only need it for such polynomials. It is
easy to see that the lemma is also true for sparse polynomials.
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We show that

(gα1
1 · · · gαn

n )ω
E = (g1

ω
B)

α1 · · · (gn
ω
B)

αn .

Note that

gα1
1 · · · gαn

n = (g1
ω
B + h1)

α1 · · · (gn
ω
B + hn)αn

= (g1
ω
B)

α1 · · · (gn
ω
B)

αn +
∑

06=(β1,... ,βn)≤(α1,... ,αn)

(g1
ω
B)

α1−β1 hβ1

1 · · · (g1
ω
B)

α1−βn hβn
n ,

for some fixed h1, . . . , hn whose Laurent monomials have exponents different from

those in g1
ω
B, . . . , gn

ω
B. Let (l, .) be a linear form defined on Zn such that the New-

ton polytope of the gj’s is contained in the halfspace {e | (l, e) ≤ r}, for some r ∈

Z, and such that the hyperplane {e | (l, e) = r} contains the exponents of the gj
ω
B’s.

By well known properties of the Newton polytope (cf. [CLO98], Exercise 3, p. 318)

and the Minkowski sum (cf. [CLO98], Exercise 12, p. 325) we know that the sup-

porting hyperplane of the exponents of the Laurent monomials that are contained

in the leading form (gα1
1 · · · gαn

n )ω
E is {e | (d · l, e) = d · r} and the exponents of the

Laurent monomials that are contained in (g1
ω
B)

α1 · · · (gn
ω
B)

αn lie in this hyper-

plane as well. Therefore the Laurent monomials, together with their coefficients,

of (g1
ω
B)

α1 · · · (gn
ω
B)

αn are contained in the leading form (gα1
1 · · · gαn

n )ω. Now, fix a

tuple (β1, . . . , βn) 6= 0. The exponents of the Laurent monomials in the hj’s are

contained in the set {e | (l, e) < r} und thus the exponents of the Laurent monomi-

als in (gω
1 )α1−β1 hβ1

1 · · · (gω
1 )α1−βn hβn

n are contained in the set {e | (d · l, e) < d · r}.
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Therefore the Laurent monomials in (g1
ω
B)

α1−β1 hβ1

1 · · · (g1
ω
B)

α1−βn hβn
n are not con-

tained in the leading form (F ◦ (g1, . . . , gn))ω
E .

Now, since composition commutes with addition, it follows

(F ◦ (g1, . . . , gn))ω
E =

∑
α1+···+αn=d

aα (g1
ω
B)

α1 · · · (gn
ω
B)

αn

= F ◦ (g1
ω
B, . . . , gn

ω
B) .

¤

Next we make the connection between the vanishing of the sparse resultant

of composed Laurent polynomials and the vanishing of the (sparse) resultants of

the components.

Lemma 3.11 For all specializations, with complex numbers, of the coefficients

of the Fi’s and of the gj’s,

ResD1,...,Dn (F1 ◦ (g1, . . . , gn), . . . , Fn ◦ (g1, . . . , gn)) = 0

implies

ResB (g1, . . . , gn) = 0 or Res d1,...,dn (F1, . . . , Fn) = 0.

Proof:

We would like to apply Lemma 3.8 to the sparse resultant of specializations of

the Fi◦(g1, . . . , gn)’s, but first we have to show that the dimension of the Newton
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polytope of Fi ◦ (g1, . . . , gn), i.e. the Newton polytope naturally generated by Di,

is n− 1, which we will do now. Note that for this paragraph it is crucial that the

Fi’s and gj’s have distinct symbolic coefficients. We observe that Fi ◦ (g1, . . . , gn)

contains only summands of the form gα1
1 · · · gαn

n with some distinct symbolic co-

efficient, where α1 + · · · + αn = di. From the distributivity of multiplication

and addition it follows immediately that all summands of this form contain the

same Laurent monomials with, in general, different coefficients. Therefore the

Newton polytope of Fi ◦ (g1, . . . , gn) is the same as the Newton polytope of any

gαi
1 · · · gαn

n , where α1 + · · ·+ αn = di. By well known properties of multiplication

of polynomials and the Minkowski sum (cf. [CLO98]), the Newton polytope of

gαi
1 · · · · · gαn

n is di · Q. Thus we have shown that the dimension of the Newton

polytope of Fi ◦ (g1, . . . , gn) is n− 1.

Now, suppose

ResD1,...,Dn (F1 ◦ (g1, . . . , gn), . . . , Fn ◦ (g1, . . . , gn)) = 0,

for arbitrary but fixed specializations, with complex numbers, of the coefficients

of the Fi’s and of the gj’s. Note that for the rest of the proof it is crucial that

we have fixed some specializations of the coefficients. Then by Lemma 3.8 and

by Lemma 3.10, which can be trivially specialized, there are appropriate leading

forms

(Fi ◦ (g1, . . . , gn))ω
Di

= Fi ◦ (g1
ω
B, . . . , gn

ω
B)

44



of F1 ◦ (g1, . . . , gn), . . . , Fn ◦ (g1, . . . , gn) that have a common zero (ξ1, . . . , ξn) ∈

(C\ {0})n. This implies that either

g1
ω
B (ξ1, . . . , ξn) = 0, . . . , gn

ω
B (ξ1, . . . , ξn) = 0

or

F1 (υ1, . . . , υn) = 0, . . . , Fn (υ1, . . . , υn) = 0,

where 0 6= (υ1, . . . , υn) := (g1
ω
B (ξ1, . . . , ξn), . . . , gn

ω
B (ξ1, . . . , ξn)). Therefore

ResB (g1, . . . , gn) = 0 or Res d1,...,dn (F1, . . . , Fn) = 0.

¤

Now we show that the sparse resultant of composed Laurent polynomials is

the product of some powers of the (sparse) resultants of the component (Laurent)

polynomials. We show this only for dense outer polynomials.

Lemma 3.12

ResD1,...,Dn (F1 ◦ (g1, . . . , gn), . . . , Fn ◦ (g1, . . . , gn))

= λ Res d1,...,dn (F1, . . . , Fn)µ ResB (g1, . . . , gn)ν ,

where λ ∈ C and µ and ν are non negative integers.

Proof:
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Hilbert’s Nullstellensatz is the key. By Lemma 3.11, for all specializations, with

complex numbers, of the coefficients of the Fi’s and of the gj’s,

ResB (F1 ◦ (g1, . . . , gn), . . . , Fn ◦ (g1, . . . , gn)) = 0

implies that

(Res d1,...,dn (F1, . . . , Fn) · ResB (g1, . . . , gn)) = 0.

Note that for this proof it is crucial that the Fi’s and gj’s have distinct symbolic

coefficients. Further, note that the (sparse) resultants

ResD1,...,Dn (F1 ◦ (g1, . . . , gn), . . . , Fn ◦ (g1, . . . , gn)) ,

Res d1,...,dn (F1, . . . , Fn) and ResB (g1, . . . , gn)

are polynomials in ths symbolic coefficients of the Fi’s and gj’s. Thus, by Hilbert’s

Nullstellensatz, we have that

(Res d1,...,dn (F1, . . . , Fn) · ResB (g1, . . . , gn))

is in the radical of ResD1,...,Dn (F1 ◦ (g1, . . . , gn), . . . , Fn ◦ (g1, . . . , gn)). Therefore

p · ResD1,...,Dn (F1 ◦ (g1, . . . , gn), . . . , Fn ◦ (g1, . . . , gn))

= (Res d1,...,dn (F1, . . . , Fn) ResB (g1, . . . , gn))δ ,

where p 6= 0 is a polynomial in the symbolic coefficients of the Fi’s and gj’s and

δ is a positive integer. Since Res d1,...,dn (F1, . . . , Fn) and ResB (g1, . . . , gn) are
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irreducible polynomials, the polynomial

ResD1,...,Dn (F1 ◦ (g1, . . . , gn), . . . , Fn ◦ (g1, . . . , gn))

must be, up to a constant factor, a product of certain non negative powers of

Res d1,...,dn (F1, . . . , Fn) and ResB (g1, . . . , gn) and thus we have shown the lemma.

¤

Now we determine the unknown coefficient λ in the previous lemma.

Lemma 3.13 We have

ResD1,...,Dn (F1 ◦ (g1, . . . , gn), . . . , Fn ◦ (g1, . . . , gn))

= Res d1,...,dn (F1, . . . , Fn)µ ResB (g1, . . . , gn)ν ,

i.e. λ = 1.

Proof:

In the equality of the previous lemma we specialize the Fi to ydi
i and we get

ResD1,...,Dn

(
gd1
1 , . . . , gdn

n

)
= λ Res d1,...,dn

(
yd1

1 , . . . , ydn
n

)µ
ResB (g1, . . . , gn)ν .

Note that the set of Laurent monomials contained in the Fi ◦ (g1, . . . , gn) is∏di

k=1 B; in detail: in the proof of Lemma 3.11 we saw that gα1
1 · · · gαn

n contains

the same Laurent monomials as Fi ◦ (g1, . . . , gn) and thus its set of supporting
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Laurent monomials is
∏di

k=1 B. This observation allows us to apply the product

formula presented in [PS93] to ResD1,...,Dn

(
gd1
1 , . . . , gdn

n

)
. We get

ResB (g1, . . . , gn)κ = λ Res d1,...,dn

(
yd1

1 , . . . , ydn
n

)µ
ResB (g1, . . . , gn)ν ,

for some κ > 0. On the right hand side of this equality we have, by definition of

dense (Macaulay) resultant,

Res d1,...,dn

(
yd1

1 , . . . , ydn
n

)
= 1.

The other factors in the equality are not zero. Therefore

ResB (g1, . . . , gn)κ−ν = λ ∈ C.

The sparse resultant ResB (g1, . . . , gn) is a non constant polynomial in the sym-

bolic coefficients of g1, . . . , gn. Therefore κ− ν = 0 and thus λ = 1.

¤

In order to determine the remaining unknowns µ and ν, we use the multi-

homogeneity of the (sparse) resultant (cf. [CLO98], p. 343). First we derive the

exponent µ.

Lemma 3.14 We have

ResD1,...,Dn (F1 ◦ (g1, . . . , gn), . . . , Fn ◦ (g1, . . . , gn))

= Res d1,...,dn (F1, . . . , Fn)Vol(Q) ResB (g1, . . . , gn)ν ,

i.e. µ = Vol (Q).
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Proof:

In the equality of the previous lemma, we specialize F1 to c · F1, for some new

constant c distinct from any other symbolic constant used until now, and get

ResD1,...,Dn (c · F1 ◦ (g1, . . . , gn) , F2 ◦ (g1, . . . , gn), . . . , Fn ◦ (g1, . . . , gn))

= Res d1,...,dn (c · F1, F2, . . . , Fn)µ ResB (g1, . . . , gn)ν .

By the multi-homogeneity of the dense (Macaulay) resultant we know that

ResB (c · F1, F2, . . . , Fn) = cMV(d2·S,... ,dn·S) · Res d1,...,dn (F1, . . . , Fn)

= cd2···dn MV(S,... ,S) · Res d1,...,dn (F1, . . . , Fn)

= cd2···dn · Res d1,...,dn (F1, . . . , Fn) ,

where S denotes the (n− 1)-dimensional standard simplex and MV (.) denotes

the usual (n− 1)-dimensional real mixed volume.

Similarly, by the multi-homogeneity of the sparse resultant, we have

ResD1,...,Dn (c · F1 ◦ (g1, . . . , gn) , F2 ◦ (g1, . . . , gn), . . . , Fn ◦ (g1, . . . , gn))

= cd2···dn MV(Qd,... ,Qd) · Res d1,...,dn (F1, . . . , Fn) ,

where Qd is the Newton polytope of g1, . . . , gn dehomogenized w.r.t. any fixed

variable xk.
6 By comparing powers in the specialized equality

µ = MV
(
Qd, . . . , Qd

)
= Vol (Q) .

6It is easy to see that it does not matter which variable xk we choose.
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¤

Finally we derive the exponent ν and obtain the chain rule for sparse resultants

of dense homogeneous polynomials composed with sparse homogeneous Laurent

polynomials.

Lemma 3.15 We have

ResD1,...,Dn (F1 ◦ (g1, . . . , gn), . . . , Fn ◦ (g1, . . . , gn))

= Res d1,...,dn (F1, . . . , Fn)Vol(Q) ResB (g1, . . . , gn)d1···dn ,

i.e. ν = d1 · · · dn.

Proof:

In the equality of the previous lemma, we specialize gj to c · gj, for j = 1, . . . , n,

for some new constant c distinct from any other symbolic constant used until

now, and get

ResD1,...,Dn (F1 ◦ (c · g1, . . . , c · gn), . . . , Fn ◦ (c · g1, . . . , c · gn))

= Res d1,...,dn (F1, . . . , Fn)Vol(Q) ResB (c · g1, . . . , c · gn)ν .

By the multi-homogeneity of the sparse resultant, we have

ResB (c · g1, . . . , c · gn) = cn Vol(Q) · ResB (g1, . . . , gn) .
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Further, since Fi is homogeneous of total degree di, we have Fi◦(c · g1, . . . , c · gn) =

cdi ·Fi◦(g1, . . . , gn) . Therefore, by the multi-homogeneity of the sparse resultant,

ResD1,...,Dn (F1 ◦ (c · g1, . . . , c · gn), . . . , Fn ◦ (c · g1, . . . , c · gn))

= cn d1···dn Vol(Q) · ResD1,...,Dn (F1 ◦ (g1, . . . , gn), . . . , Fn ◦ (g1, . . . , gn)) .

By comparing powers in the specialized equality, ν = d1 · · · dn.

¤

Proof of theorem 3.1 (Main theorem):

Now we are ready to prove the main theorem, that is, we show the formula and

we prove the complexities.

Formula: We generalize the previous lemma in order to allow dense outer poly-

nomials. We specialize the formula of Lemma 3.15 to

Res C1,...,Cn (f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn))

= Res d1,...,dn (f1, . . . , fn)Vol(Q) ResB (g1, . . . , gn)d1···dn .

It is clear that we can specialize

Res d1,...,dn (F1, . . . , Fn)Vol(Q) ResB (g1, . . . , gn)d1···dn

to

Res d1,...,dn (f1, . . . , fn)Vol(Q) ResB (g1, . . . , gn)d1···dn .
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But can we specialize

ResD1,...,Dn (F1 ◦ (g1, . . . , gn), . . . , Fn ◦ (g1, . . . , gn))

to

Res C1,...,Cn (f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn))?

In other words, is the set Di of Laurent monomials of Fi ◦ (g1, . . . , gn) stable

under a specialization of Fi to fi, that is, Di = Ci? The answer is yes and we

will show it. We know that Fi ◦ (g1, . . . , gn) consists of a positive number of

summands of the form gα1
1 · . . . · gαn

n with distinct symbolic coefficients, where

α1 + · · · + αn = di. Likewise fi ◦ (g1, . . . , gn) consists of a positive number of

summands of the very same form. In the proof of Lemma 3.11 we have already

seen that all such summands contain the same Laurent monomials. Therefore

Di = Ci.

Complexities: The complexity analysis is based on the algorithms in [EP97].

Let Qd denote the Newton polytope of the unspecialized dehomogenizations,

w.l.o.g. with respect to xn, of the Laurent polynomials gj. From now on, we as-

sume that all the (Laurent) polynomials fi and gj are specialized. We will compute

orders of the arithmetic time and space complexities of Newton matrix computa-

tion as well as sparse resultant extraction for the fi’s, gj’s and fi◦(g1, . . . , gn)’s in

terms of n, dmax and VQ. Then we will compare the ratios of these complexities.
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For this complexity analysis, we apply the general sparse resultant algorithms

even to the dense polynomials fi. However, in practice, for the dense polynomi-

als fi, one might prefer to use more efficient algorithms that are desined only for

dense (Macaulay) resultant computation. As in [EP97], we will compare some

of the complexities in terms of O∗ (χ), standing for O (χ logv χ), for any fixed

constant v independent from χ. However, when we write “of order” we mean

“O (.)”.

We start with Newton matrix computation. Under the assumptions of Theo-

rem 6.2 and Corollary 6.4 of [EP97] the arithmetic time and space complexities of

an efficient algorithm for Newton matrix computation of some specialized Laurent

polynomials h1, . . . , hn are O∗ (c2n) and O∗ (cn), resp., where c is the number of

columns of the Newton matrix that is generated by the algorithm.7 As described

in [CE95], the number of columns are bounded, from above, by the sum, over k,

of the number of integer points in the Minkowski sum of the Newton polytopes

of h1, . . . , hk−1, hk+1, . . . , hn. First, we compute an order of this bound for the

fi’s. Let Sdi
denote the standard simplex of dimension n− 1 with edge length di.

The number of columns is bounded, from above, by the sum, over k, of the num-

ber of integer points in
∑

i6=k Sdi
⊆ (n− 1) Sdmax . Thus the number of columns

7In [EP97], Emiris and Pan give another algorithm with arithmetic time complexity
O∗ (acn), where a is the number of rows of the Newton matrix. We don’t use this algorithm
because currently there seems to be no formula, in terms of the sparsity parameters, like mixed
volumes of Newton polytopes, etc., for a tight bound of a available.
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Table 3.3: Arithmetic complexities of Newton matrix computation

arithmetic time complexity arithmetic space complexity

fi’s d 2n−2
max · n3 · (n− 1)2n−2 dn−1

max · n2 · (n− 1)n−1

gj’s n3 · (n− 1)2n−2 · V 2
Q n2 · (n− 1)n−1 · VQ

fi ◦ (g1, . . . , gn) ’s d 2n−2
max · n3 · (n− 1)2n−2 · V 2

Q dn−1
max · n2 · (n− 1)n−1 · VQ

is less or equal n times the number of integer points in (n− 1) Sdmax . Now, by

Theorem 5.1 and Corollary 5.2 of [Erh67], n times the number of integer points

in (n− 1) Sdmax is of order dn−1
max · n · (n− 1)n−1 · Vol(S1)

(n−1)!
= dn−1

max · n · (n− 1)n−1.

Second, we compute an order of the number of columns for the gj’s. The num-

ber of columns is bounded, from above, by the sum, over k, of the number of

integer points in
∑

i6=k Qd = (n− 1) Qd. Thus the number of columns is less or

equal n times the number of integer points in (n− 1) Qd. Similar to above, the

number of integer points is of order n · (n− 1)n−1 · VQ. Third, we consider the

number of columns for the fi ◦ (g1, . . . , gn)’s. In the proof of Lemma 3.11 we

have seen that the Newton polytope of fi ◦ (g1, . . . , gn) is di Q. Similar to the

fi’s, the number of columns of the Newton matrix is less or equal a bound of

order dn−1
max ·n · (n− 1)n−1 ·VQ. Therefore the arithmetic time and space complex-

ities of Newton matrix computation are as shown in Table 3.3. Thus the ratios

of the arithmetic time and space complexities of Newton matrix computation

for the fi ◦ (g1, . . . , gn)’s and the fi’s are V 2
Q and VQ, resp., the ratios for the
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fi ◦ (g1, . . . , gn)’s and the gj’s are d 2n−2
max and dn−1

max , resp.

Now we turn to sparse resultant extraction. Under the assumptions of The-

orem 7.1 of [EP97] the arithmetic time and space complexities of the division

method for sparse resultant extraction of some specialized Laurent polynomi-

als h1, . . . , hn are O∗ (c2n2 deg R) and O∗ (cn), resp., where c is the number of

columns of the Newton matrix and deg R is the total degree of the sparse re-

sultant of h1, . . . , hn in the coefficients of the hi’s. Note that we utilize the

division method and not the GCD method because the GCD method has a

more restricted set of input Laurent polynomials (cf. [EP97] and [CE93]) and

we want to make a comparison of the complexities under as few restrictions as

possible. For the order cn of the space complexity, we have already computed

the ratios for the composed Laurent polynomials and their components. It re-

mains to compute an order of the total degree deg R and the ratios of the arith-

metic time complexities O∗ (c2n2 deg R). First, we consider f1, . . . , fn. Since the

dense (Macaulay) resultant is multihomogeneous in the coefficients of fk of de-

gree MV
(
Sd1 , . . . , Sdk−1

, Sdk+1
, . . . , Sdn

)
, the total degree of the dense (Macaulay)
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Table 3.4: Arithmetic complexities of sparse resultant extraction by division
method

arithmetic time complexity arithmetic space complexity
fi’s d 3n−3

max · n5 · (n− 1)2n−2 dn−1
max · n2 · (n− 1)n−1

gj’s n5 · (n− 1) 2n−2 · V 3
Q · (n− 1)! n2 · (n− 1)n−1 · VQ

fi ◦ (g1, . . . , gn) ’s d 3n−3
max · n5 · (n− 1)2n−2 · dn−1

max · n2 · (n− 1)n−1 · VQ

V 3
Q · (n− 1)!

resultant of the fi’s is

n∑
k=1

MV
(
Sd1 , . . . , Sdk−1

, Sdk+1
, . . . , Sdn

)
=

n∑
k=1

d1 · · · dk−1 · dk+1 · · · dn MV (S1, . . . , S1)

≤ n · dn−1
max .

Similarly, the total degrees of the sparse resultants of the gj’s and the fi ◦

(g1, . . . , gn)’s are less or equal n · (n− 1)! VQ and n · dn−1
max · (n− 1)! VQ, resp.

Therefore the arithmetic time and space complexities of sparse resultant extrac-

tion by the division method are as shown in Table 3.4. Thus the ratios of the

arithmetic time and space complexities of sparse resultant extraction by the divi-

sion method for the fi ◦ (g1, . . . , gn)’s and the fi’s are V 3
Q · (n− 1)! and VQ, resp.,

the ratios for the fi ◦ (g1, . . . , gn)’s and the gj’s are d 3n−3
max and dn−1

max , resp.

Thus we have shown the main theorem. ¤
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3.4 Conclusion

In this chapter we gave a chain rule for sparse resultants of composed polynomi-

als f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn), where the gj’s are unmixed. This rule

essentially states that the sparse resultant of the composed polynomials is the

product of certain powers of the (sparse) resultants of the fi’s and of the gj’s.

Applying this theorem in computing sparse resultants of composed polynomials is

dramatically more efficient than computing the sparse resultant of the expanded

polynomials without utilizing the composition structure.
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Chapter 4

Sparse Resultant of Composed
Polynomials II

4.1 Introduction

This chapter is the second one on sparse resultants of composed polynomials.

In the first chapter, “Sparse Resultant of Composed Polynomials I”, the author

and Hoon Hong considered the sparse resultant of polynomials having arbitrary

(mixed) supports composed with polynomials having the same (unmixed) sup-

ports. Here, the author considers the sparse resultant of polynomials having the

same (unmixed) supports composed with polynomials having arbitrary (mixed)

supports. The main contribution of this chapter is to show that the sparse re-

sultant of these composed polynomials is the product of certain powers of the

(sparse) resultants of the component polynomials. The resulting formula looks

similar to the formula of the first chapter, which is good because it suggests that

there is some common underlying structure for sparse resultants of composed
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polynomials. However, the formulae differ substantially in details. It also seems

that it is not possible to apply the techniques used to show the main result of

the first chapter in order to show the formula of the present chapter.

It is expected that this result can be applied to compute sparse resultants of

composed polynomials with improved efficiency.

The reader might wonder whether one can utilize composition structures for

other fundamental operations. In fact, this has already been done for some oper-

ations. For examples, dense (Macaulay) resultant, Gröbner bases, subresultants

and Galois groups of certain differential operators have been studied in Chap-

ter 2, [Hon97], [Hon98] and [BS99], resp., using various mathematical techniques.

However, it seems that those techniques cannot be applied to the study of sparse

resultants. Therefore in this chapter we use mathematical methods that are

essentially different from those.

We assume that the reader is familiar with the notions of dense (Macaulay)

resultant, sparse resultant, support of sparse Laurent polynomials, mixed volume,

integer lattice and normalized volume of Newton polytope (cf. [CLO98], [GKZ94],

[PS93]). There are different definitions of normalized volume in the literature.

We follow the definition given in [PS93].

This chapter has been submitted to a journal (cf. [Min00b]).
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4.2 Main result

Let f1, . . . , fn be homogeneous sparse polynomials, having the same Newton

polytopes, in the variables y1, . . . , yn with distinct symbolic coefficients of positive

total degree d.1 Further, let g1, . . . , gn be sparse Laurent polynomials, whose

Newton polytopes have dimension n−1, in the variables x1, . . . , xn−1 with distinct

symbolic coefficients distinct from the coefficients of the fi’s.
2

We assume that the supports of the gj’s affinely generate over Z the integer

lattice Zn−1. This is nothing but the standard restriction on sparse resultants

(cf. [CLO98]).

Let fi ◦ (g1, . . . , gn) be the sparse Laurent polynomial obtained from fi by

replacing yj with gj and let Ci denote its naturally induced support. Further,

let Resd (.) stand for dense (Macaulay) resultant with respect to unmixed total

degrees, let ResB (.) stand for unmixed sparse resultant and let Res C1,...,Cn (.)

stand for mixed sparse resultant.

Now we are ready to state the main theorem.

1Since there is no essential difference between proving the main theorem for fi’s having the
same supports and for fi’s having the same Newton polytopes, we assume that the fi’s have
the same Newton polytopes which is slightly more general.

2In allowing the gj ’s to be Laurent polynomials instead of polynomials we follow common
practice. The purpose of this relaxation is only notational convenience and does not essentially
contribute to the problem.

We restrict the fi’s to be polynomials. This restrictions ensures that the fi ◦ (g1, . . . , gn)’s
are again Laurent polynomials.

For the sake of a simple presentation we also assume that all the (Laurent) polynomials have
distinct symbolic coefficients. Obviously, the main result can be specialized to numeric coeffi-
cients after fixing appropriate sets of supporting monomials for all the (Laurent) polynomials
involved.
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Theorem 4.1 (Main theorem) We have

Res C1,...,Cn (f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn)) =

Resd (f1, . . . , fn)Vol(Q) ResB (g1, . . . , gn)dn

,

where B is the union of the supports of the gj’s and Vol (Q) is the normalized

volume of the Newton polytope Q generated by B.

Example 4.2 We illustrate the notations and the main theorem. Let

f1 := a1600 y6
1 + a1411 y4

1 y2 y3 + a1060 y6
2 + a1105 y1 y5

3 + a1006 y6
3,

f2 := a2600 y6
1 + a2222 y2

1 y2
2 y2

3 + a2060 y6
2 + a2015 y2 y5

3 + a2006 y6
3,

f3 := a3600 y6
1 + a3321 y3

1 y2
2 y3 + a1060 y6

2 + a1501 y5
1 y3 + a1006 y6

3,

g1 := b110 x1 + b120 x2
1 + b121 x2

1 x2,

g2 := b210 x1 + b221 x2
1 x2 + b2−1 2, x

−1
1 x2

2,

g3 := b310 x1 + b3−1 2, x
−1
1 x2

2 + b3−2 0 x−2
1 .

Observe that n = 3, d = 6, and thus d3 = 216. Further, observe that the

dimension of the Newton polytopes of the gj’s is 2,

B =
{
x1, x2

1 x2, x−1
1 x2

2, x−2
1

}
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Figure 4.1: Newton polytope Q generated by the union B of the supports of g1, g2

and g3

and that C1 is the set of monomials occuring in f1 ◦ (g1, g2, g3), namely,
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and similarly for C2 and C3. The Newton polytope Q generated by the union

of the supports of the gj’s is shown in Figure 4.1. From the figure we see that
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Vol (Q) = 11. Thus the main theorem states that

Res C1,C2,C3 (f1 ◦ (g1, g2, g3) , f2 ◦ (g1, g2, g3) , f3 ◦ (g1, g2, g3)) =

Res6 (f1, f2, f3)
11 ResB (g1, g2, g3)

216 .

Remark 4.3 From the proof of Theorem 4.1 we see that

Res C1,...,Cn (f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn)) = 0

if the polynomials fi do not contain all the monomials yd
1 , . . . , yd

n.

Remark 4.4 The factorization given in Theorem 4.1 is not irreducible for most

composed Laurent polynomials. One can use Theorem 5.1, which has been shown

independently from the theorems and lemmas preceding it, in order to further

factorize, into irreducible factors, the right hand side of the equality of Theo-

rem 4.1.

Remark 4.5 One can adjust the proof of Lemma 4.11 of Section 4.3, Proof of

the main theorem, if the fi’s do not necessarily have the same total degrees di and

contain the monomials ydi
1 , . . . , ydi

n , the dimension of the Newton polytope of gj

is not necessarily n− 1 and the the dimension of the Newton polytope generated
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by B is n− 1, and show an accordingly modified version of Lemma 4.11, that is,

Res C1,...,Cn (f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn)) =

Resd1,... ,dn (f1, . . . , fn)Vol(Q) ResB (g1, . . . , gn)d1···dn ,

where Resd1,... ,dn (.) stands for dense (Macaulay) resultant. Obviously, this mod-

ified Lemma 4.11 generalizes the first part of Theorem 5.1.

Remark 4.6 Applying the main theorem when computing the sparse resultant

of the composed Laurent polynomials is expected to yield a dramatic improve-

ment in efficiency. In order to compute the sparse resultant of the composed

Laurent polynomials, we only have to compute the dense (Macaulay) resultant

and sparse resultant, resp., of the component polynomials, which is expected

to be much more efficient than computing the sparse resultant of the expanded

composed polynomials because the components are much smaller and have lower

total degrees than the expanded composed polynomials. Note that we do not

have to compute the exponent Vol (Q) seperately because current algorithms for

sparse resultant computation require that the mixed volume of n − 1 copies of

Q, i.e. Vol (Q), is computed in a subroutine and therefore we get Vol (Q) as a

byproduct of the computation without additional effort.
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4.3 Proof of the main theorem

Before going into the details of the proof we describe its main structure. The

proof is based on the main results of Chapter 3 and Chapter 5. First we show, in

Lemma 4.11, using the main theorems of Chapter 3 and Chapter 5 and Lemma 4.9

and Lemma 4.10, a formula for the sparse resultant of the composed Laurent

polynomials fi ◦ (g1, . . . , gn), where the supports of the fi’s have some particular

structure. Then we relax the assumption on the supports of the fi’s, proving

the main theorem, Theorem 4.1. The dependency of the lemmas is shown in

Theorem 4.1 (Main theorem)

Lemma 4.11

Lemma 4.9

Lemma 4.8

Lemma 4.10

Figure 4.2: Dependency of the lemmas

Figure 4.2.

Before we state the lemmas, we fix some notations.

Notation 4.7 Let

1. f be a sparse homogeneous polynomial in the variables y1, . . . , yn with

distict symbolic coefficients containing the monomials yd
1 , . . . , yd

n.

2. Gj be a Laurent polynomial with distinct symbolic coefficients whose sup-

port is B, the union of the supports of the gj’s.
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3. 〈v, w〉 be the Euclidean inner product of two vectors v, w ∈ Rn−1.

Now we are ready to state lemmas.

First we give a lemma describing the convex hull of the union of some poly-

topes.

Lemma 4.8 Let P1, . . . , Pn be polytopes.

There exists a finite set W ⊆ Rn−1 such that

Pj =
⋂

w∈W

{
p ∈ Rn−1 | 〈w, p〉 ≤ r(j)

w

}
and such that the convex hull of

⋃n
j=1 Pj is

⋂
w∈W

{
p ∈ Rn−1 | 〈w, p〉 ≤ n

max
j=1

(
r(j)
w

)}
,

where the r
(j)
w ’s are some real numbers.

Proof:

Let R stand for the convex hull of
⋃n

j=1 Pj. By [Zie94], we can represent Pj and

R as follows.

Pj =
⋂

w∈V (j)

{
p ∈ Rn−1 | 〈w, p〉 ≤ max

p∈Pj

(〈w, p〉)
}

,

R =
⋂

w∈V

{
p ∈ Rn−1 | 〈w, p〉 ≤ max

p∈R
(〈w, p〉)

}
.
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Now, let W := V (1) ∪ · · · ∪ V (n) ∪ V and

r(j)
w := max

p∈Pj

(〈w, p〉) ,

tw := max
p∈R

(〈w, p〉) .

Then

Pj =
⋂

w∈W

{
p ∈ Rn−1 | 〈w, p〉 ≤ r(j)

w

}
,

R =
⋂

w∈W

{
p ∈ Rn−1 | 〈w, p〉 ≤ tw

}
.

Firstly, we show that tw ≤ maxn
j=1(r

(j)
w ). Take q ∈ R. Then q = τ1p1 + · · · +

τnpn, where pj ∈ Pj, 0 ≤ τj and
∑n

j=1 τj = 1. We have

< w, q > = τ1 < w, p1 > + · · ·+ τn < w, pn >

≤ τ1r
(1)
w + · · ·+ τnr

(n)
w

≤ n
max
j=1

(r(j)
w )

and thus tw ≤ maxn
j=1(r

(j)
w ).

Now, we show that tw = maxn
j=1(r

(j)
w ). Suppose that, for some w ∈ W , we

have tw < maxn
j=1(r

(j)
w ), that is, for all p ∈ R, we have 〈w, p〉 < maxn

j=1(r
(j)
w ).

Without loss of generality let maxn
j=1(r

(j)
w ) = r

(1)
w . By construction of r

(1)
w , there

exists p ∈ P1 ⊆ R such that 〈w, p〉 = r
(1)
w . Contradiction!

Thus we have shown the lemma.

¤

67



Next we study the Newton polytope of certain composed Laurent polynomials.

Lemma 4.9 The Newton polytope of f ◦ (g1, . . . , gn) equals the Newton polytope

of f ◦ (G1, . . . , Gn).

Proof:

In the proof we let NP (h) stand for the Newton polytope of a Laurent polynomial

h.

We start with showing that NP (f ◦ (g1, . . . , gn)) = NP
(
gd
1 + · · ·+ gd

n

)
. Firstly,

it is obvious that NP
(
gd
1 + · · ·+ gd

n

) ⊆ NP (f ◦ (g1, . . . , gn)) because the mono-

mials of gd
1 +· · ·+gd

n, multiplied by some symbolic coefficients, are contained in f ◦

(g1, . . . , gn). Secondly, we show that NP
(
gd
1 + · · ·+ gd

n

) ⊇ NP (f ◦ (g1, . . . , gn)).

Let f =
∑m

k=1 aαk
yαk , where |αk| = d. Note that NP (f ◦ (g1, . . . , gn)) is the

convex hull of
⋃m

k=1 NP (gα1k
1 · · · gαnk

n ), where (α1k, . . . , αnk) = αk. Therefore

it is sufficient to show that p ∈ NP
(
gd
1 + · · ·+ gd

n

)
, for arbitrary but fixed

p ∈ NP
(
g

αi1
i1

. . . g
αiµ

iµ

)
and αi1 , . . . , αiµ with αi1 +· · ·+αiµ = d, αil > 0 and µ ≤ n.

Since NP
(
gd
1 + · · ·+ gd

n

)
is the convex hull of

⋃n
j=1 NP

(
gd

j

)
, by Lemma 4.8, we

see that there is some finite set W ⊆ Rn−1 and real numbers s
(j)
w such that

NP
(
gd

j

)
=

⋂
w∈W

{
p ∈ Rn−1 | 〈w, p〉 ≤ s(j)

w

}
NP

(
gd
1 + · · ·+ gd

n

)
=

⋂
w∈W

{
p ∈ Rn−1 | 〈w, p〉 ≤ sw

}
,
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where sw = maxn
j=1{s(j)

w }. Thus it is sufficient to show that 〈w, p〉 ≤ sw. Note

that

p = qi1 + · · ·+ qiµ

=
αi1

d
q′i1 + · · ·+ αiµ

d
q′iµ ,

where qil ∈ NP(g
αil
il

) = αil NP (gil) and q′il = d
αil

qil ∈ d NP (gil) = NP
(
gd

il

)
. Now,

we have

< w, p > =
αi1

d
< w, q′i1 > + · · ·+ αiµ

d
< w, q′iµ >

≤ αi1

d
s(1)

w + · · ·+ αiµ

d
s(n)

w

≤ (
αi1

d
+ · · ·+ αiµ

d
) sw

= sw.

Next we show that NP
(
gd
1 + · · ·+ gd

n

)
= NP

(
Gd

1 + · · ·+ Gd
n

)
. Obviously

the support of gd
1 + · · · + gd

n is a subset of the support of Gd
1 + · · · + Gd

n and

thus NP
(
gd
1 + · · ·+ gd

n

) ⊆ NP
(
Gd

1 + · · ·+ Gd
n

)
. The other inclusion, namely,

NP
(
Gd

1 + · · ·+ Gd
n

) ⊆ NP
(
gd
1 + · · ·+ gd

n

)
, can be seen in the following way.

Take an arbitrary but fixed element p of the support of Gd
1 + · · · + Gd

n. Then

p = q1 + · · ·+ qd, where qi is in the support of some gj. Now, we rewrite this sum.

Since some of the qi’s may be equal, we have p = (βk1rk1 + · · ·+βk2−1rk2−1)+ · · ·+

(βknrkn + · · ·+ βkn+1−1rkn+1−1), where k1 = 1, kn+1 = d + 1,
∑d

i=1 βi = d, βi ≥ 0

and ri is in the support of gj, for kj ≤ i ≤ kj+1 − 1. Now, let f :=
∑

|α|=d aα yα.
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By the previous formula, we see that p is in the support of f ◦ (g1, . . . , gn).

Thus NP
(
Gd

1 + · · ·+ Gd
n

) ⊆ NP (f ◦ (g1, . . . , gn)) and, by the previous para-

graph, NP
(
Gd

1 + · · ·+ Gd
n

) ⊆ NP (f ◦ (g1, . . . , gn)) ⊆ NP
(
gd
1 + · · ·+ gd

n

)
.

Therefore we have shown that the NP (f ◦ (g1, . . . , gn)) = NP
(
Gd

1 + · · ·+ Gd
n

)
.

By replacing gj by Gj, we see that NP (f ◦ (G1, . . . , Gn)) = NP
(
Gd

1 + · · ·+ Gd
n

)
.

Thus we have shown the lemma.

¤

Next we study the integer lattice affinely generated by the support of certain

composed Laurent polynomials.

Lemma 4.10 The integer lattice affinely generated by the support of f◦(g1, . . . , gn)

is Zn−1.

Proof:

Since the integer lattice L affinely generated by the supports of g1, . . . , gn is

Zn−1, it is sufficient to show that L is contained in the integer lattice K affinely

generated by the support of f◦(g1, . . . , gn). Recall that L is the coarsest sublattice

of Zn−1, for all j, containing all pairwise differences of elements of the support of

gj. Thus we show that the difference v−w for any v, w that are contained in the

support of gj, for arbitrary but fixed gj, is contained in K.
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Since f contains yd
j , there is some α ∈ Zn−1 and some polynomial p, a poly-

nomial in the symbolic coefficients of f and of the gj’s, such that p xα gj is a part

of f ◦ (g1, . . . , gn). Thus the composed Laurent polynomial f ◦ (g1, . . . , gn) con-

tains the monomials xα+v and xα+w. Since K is the coarsest sublattice of Zn−1

containing all pairwise differences of elements of the support of the composed

Laurent polynomial f ◦ (g1, . . . , gn), the difference v − w is contained in K.

Thus we have shown the lemma.

¤

Now we show a restricted version of the formula of the main theorem.

Lemma 4.11 If fi contains for all i the monomials yd
1 , . . . , yd

n, then we have

Res C1,...,Cn (f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn)) =

Resd (f1, . . . , fn)Vol(Q) ResB (g1, . . . , gn)dn

,

where B is the union of the supports of the gj’s and Vol (Q) is the normalized

volume of the Newton polytope Q generated by B.

Proof:

Since by Lemma 4.9 the Newton polytope of fi ◦ (g1, . . . , gn) equals the Newton

polytope of fi ◦ (G1, . . . , Gn), we have, by Theorem 5.1, which has been shown
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independently from the theorems and lemmas preceding it, similarly to the first

paragraph of the proof of Corollary 5.4, that

ResD1,...,Dn (f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn)) =

Res C1,...,Cn (f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn))I ,

where Di is the support of fi◦(G1, . . . , Gn) and I is the quotient of the fundamen-

tal simplices of the lattice affinely generated by C1, . . . , Cn and by D1, . . . ,Dn.

Since by Lemma 4.10, the lattice affinely generated by C1, . . . , Cn is Zn−1 and

again by Lemma 4.10, by replacing gj by Gj, the lattice affinely generated by

D1, . . . ,Dn is Zn−1, we have that I = 1.

Now, by Theorem 3.1 with d1 = · · · = dn = d and by viewing gj as specialized

Laurent polynomial with support B, we have

Res C1,...,Cn (f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn)) =

ResD1,...,Dn (f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn)) =

Resd (f1, . . . , fn)Vol(Q) ResB (g1, . . . , gn)dn

.

¤

Now we are ready to prove the main theorem.

Proof:
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Theorem 4.1 If fi contains for all i the monomials yd
1 , . . . , yd

n, then Theorem 4.1

holds by Lemma 4.11.

Suppose there is one fi that does not contain all monomials yd
1 , . . . , yd

n, say,

does not contain yd
j . Since the fi’s have the same Newton polytope and the fi’s

are polynomials (not Laurent polynomials), either all fi’s contain yd
j or none of

the fi’s contains yd
j . Thus suppose that yd

j is not contained in any fi and, without

loss of generality, suppose that yj = y1. We will show that in this case the right

hand side as well as the left hand side of the equality of Theorem 4.1 is zero.

We start with the right hand side of the equality of Theorem 4.1. Since fi

does not contain yd
1 , we have fi (y1, 0, . . . , 0) = 0 and thus

Resd (f1, . . . , fn) = 0.

Since, by assumption, the dimension of the Newton polytope of gj is positive3

and thus the dimension of Q is positive, we have Vol (Q) > 0. Therefore

Resd (f1, . . . , fn)Vol(Q) = 0

and thus the right hand side of the equality of Theorem 4.1 vanishes.

Now we consider the left hand side of the equality of Theorem 4.1. Since the

dimension of the Newton polytope of gj is n − 1, there exists, by Bernshtein’s

theorem (cf. [CLO98], [GKZ94]), a common zero, in (K\ {0})n−1, of g2, . . . , gn,

3The case n = 1 is covered by the first paragraph.
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where K is the algebraic closure of the field generated by the complex numbers

and the symbolic coefficients of the gj’s. Thus, as in the previous paragraph, there

exists a common zero, in (K\ {0})n−1, of the fi ◦ (g1, . . . , gn)’s and therefore

Res C1,...,Cn (f1 ◦ (g1, . . . , gn), . . . , fn ◦ (g1, . . . , gn)) = 0

and therefore the left hand side of the equality of Theorem 4.1 vanishes.

Thus we have shown the main theorem.

¤

4.4 Conclusion

This chapter was the second one in a series of chapters on sparse resultants of

composed polynomials. In the first chapter, “Sparse Resultant of Composed

Polynomials I”, the author and Hoon Hong considered the sparse resultant of

polynomials having arbitrary (mixed) supports composed with polynomials hav-

ing the same (unmixed) supports. Here, we considered the sparse resultant of

polynomials having the same (unmixed) supports composed with polynomials

having arbitrary (mixed) supports. The main contribution of this chapter was

to show that the sparse resultant of these composed polynomials is the product

of certain powers of the (sparse) resultants of the component polynomials. The

resulting formula looks similar to the formula of the first chapter, which is good

because it suggests that there is some common underlying structure for sparse
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resultants of composed polynomials. However, the formulae differ substantially in

details. It also seems that it is not possible to apply the techniques used to show

the main result of the first chapter in order to show the formula of the present

chapter. This result can be applied to compute sparse resultants of composed

polynomials with improved efficiency.
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Chapter 5

Sparse Resultant under
Vanishing Coefficients

5.1 Introduction

We ask: What happens to the sparse resultant under vanishing coefficients?

More precisely, let f1, . . . , fn be sparse Laurent polynomials with the supports

A1, . . . ,An and let Ã1 ⊃ A1. Naturally a question arises: Is the sparse resultant

of f1, f2, . . . , fn with respect to the supports Ã1,A2, . . . ,An in any way related to

the sparse resultant of f1, f2, . . . , fn with respect to the supports A1,A2, . . . ,An?

The main contribution of this chapter is to provide an answer: The sparse resul-

tant of f1, f2, . . . , fn with respect to the supports Ã1,A2, . . . ,An is some power of

the sparse resultant of f1, f2, . . . , fn with respect to the supports A1,A2, . . . ,An

times a product of powers of sparse resultants of some parts of the fi’s. We

also state a corollary (cf. Corollary 5.4) about sparse resultant under powering

of variables which is a generalization of a theorem for Dixon resultant shown by
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Kapur and Saxena using different techniques (cf. [KS97]). We also state a lemma

(cf. Lemma 5.12) of independent interest generalizing Pedersen’s and Sturmfels’

Poisson-type product formula.

This result is important for applications where perturbed data with very small

coefficients arise as well as when one computes resultants with respect to some

fixed supports, not necessarily the supports of the fi’s, in order to speed up

compuations. Further, we were motivated to work on sparse resultant under

vanishing coefficients because we want to give an irreducible factorization of the

chain rule formula of Chapter 3. This can be achieved by applying the main

theorem, Theorem 5.1, of the present chapter.

This result, Theorem 5.1, extends a corollary by Sturmfels (cf. Corollary 4.2 of

[Stu94]) which essentially states that the sparse resultant of the Laurent polyno-

mials f1, . . . , fn with respect to their precise supports divides the sparse resultant

of f1, . . . , fn with respect to larger supports. This result, Theorem 5.1, also gener-

alizes a Lemma2.9, for Macaulay resultant of dense polynomials under vanishing

of leading forms.

We assume that the reader is familiar with the notions of sparse resultant,

essential and essential subset of supports, integer lattice, fundamental simplex of

an integer lattice, Newton polytope, primitive inner normal vector, mixed volume

(cf. [CLO98], [GKZ94], [Stu94], [PS93]). We let ResA1,... ,An (.) stand for sparse
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resultant with respect to the supports A1, . . . ,An ⊆ Zn−1, we let L (A1, . . . ,An)

stand for the integer sublattice of Zn−1 affinely generated by A1, . . . ,An, we let

[L1 : L2] stand for the quotient of the volumes of the fundamental simplices of

the integer lattice L2 and L1 and we let Aω ⊆ A stand for the set of vectors that

lie in the face, with primitive inner normal vector ω, of the Newton polytope

generated by the bounded set A.

This chapter has been submitted to a journal (cf. [Min00c]).

5.2 Main result

Let f1, . . . , fn be sparse Laurent polynomials in the variables x1, . . . , xn−1 with

supports A1, . . . ,An and, for the sake of a simple presentation, with distinct

symbolic coefficients.

Let Ã1 be a finite set with A1 ⊆ Ã1 ⊂ Zn−1 and let {Ã1,A2, . . . ,An} have

a unique essential subset, not necessarily equal {Ã1,A2, . . . ,An}, containing Ã1

(cf. Remark 5.2).

Let fA stand for the part, whose support is contained in the set A, of the

Laurent polynomial f and let aA (ω) stand for −minv (〈ω, v〉), where 〈ω, v〉 de-

notes the usual Euclidean inner product and v ranges over the Newton polytope

generated by A. Further let Hω stand for the lattice of all integer points contained

in the hyperplane, passing through the origin, with normal vector ω.

Now we are ready to state the main theorem.
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Theorem 5.1 (Main theorem) We have

Res Ã1,A2,... ,An
(f1, f2, . . . , fn) =

ResA1,A2,... ,An (f1, f2, . . . , fn)[L(Ã1,A2,... ,An):L(A1,... ,An)]

∏
ω

ResAω
2 ,... ,Aω

n

(
f2
Aω

2 , . . . , fn
Aω

n
)(a Ã1

(ω)−aA1
(ω))

[Hω :L(Aω
2 ,... ,Aω

n)]
[Zn−1:L(Ã1,A2,... ,An)] ,

where ω ranges over the primitive inner normal vectors of the facets of the Newton

polytope generated by A2 + · · ·+An.

This factorization is irreducible.

Remark 5.2 It is important to point out that in a particular degenerate case

the definition of the sparse resultant in the main theorem is slightly different

from the usual one. For degenerate cases where a strict subset {Ai1 , . . . ,Aim} of

{A1, . . . ,An} is uniquely essential, we define

ResA1,... ,An (f1, . . . , fn) := ResAi1
,... ,Aim

(fi1 , . . . , fim)eA1,... ,An ,

where the exponent eA1,... ,An is defined in the following paragraph, whereas usu-

ally one defines

ResA1,... ,An (f1, . . . , fn) := ResAi1
,... ,Aim

(fi1 , . . . , fim) .

The first definition allows us to handle the degenerate cases in a uniform and

elegant way, whereas the second definition seems not to allow this.
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In the following, we define the exponent eA1,... ,An , where {A1, . . . ,An} has

a unique essential (not necessarily strict) subset {Ai1 , . . . ,Aim}. Let L be an

integer lattice such that the integer lattice affinely generated by A1, . . . ,An is

the direct sum, as Z-modules, of L and the integer lattice affinely generated by

Ai1 , . . . ,Aim . Let π denote the projection onto L, which we naturally extend to

the Laurent polynomials fi. Then eA1,... ,An is defined to be the quotient of the

mixed volume of the Newton polytopes of π
(
fim+1

)
, . . . , π (fin) and the volume

ot the fundamental parallelotope of L. It is easy to see that eA1,... ,An is well

defined.

Note that this remark generalizes Remark 2.4.

Example 5.3 We illustrate Therorem 5.1 and Remark 5.2. Let

f1 := a100 + a120 x2
1,

f2 := a200 + a220 x2
1 + a201 x2 + a221 x2

1 x2,

f3 := a300 + a340 x4
1 + a321 x2

1 x2 + a302 x2
2

and let

Ã1 := {(0, 0), (2, 0), (5, 0)} .
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Observe that n = 3,

A1 = {(0, 0), (2, 0)} ,

A2 = {(0, 0), (2, 0), (0, 1), (2, 1)} ,

A3 = {(0, 0), (4, 0), (2, 1), (0, 2)} ,

[
L

(
Ã1,A2,A3

)
: L (A1,A2,A3)

]
= 2,

eA1,A2,A3 = 1

and

A2 +A3 = {(0, 0), (4, 0), (2, 1), (0, 2),

(2, 0), (6, 0), (4, 1), (2, 2),

(0, 1), (4, 1), (2, 2), (0, 3),

(2, 1), (6, 1), (4, 2), (2, 3)} .

The Newton polytope (polygon) generated by A2 +A3 is shown in Figure 5.1. It

has four facets (edges) with primitive inner normal vectors

ω1 = (0,−1),

ω2 = (1, 0),

ω3 = (−1, 0),

ω4 = (−1,−2).
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Figure 5.1: Newton polytope generated by A2 +A3

Observe that

aÃ1
(ω1) = 0, aA1 (ω1) = 0,

aÃ1
(ω2) = 0, aA1 (ω2) = 0,

aÃ1
(ω3) = 5, aA1 (ω3) = 2,

aÃ1
(ω4) = 5, aA1 (ω4) = 2,

Aω3
2 = {(2, 0), (2, 1)} ,

Aω3
3 = {(4, 0)} , eAω3

2 ,Aω3
3

= 1,

Aω4
2 = {(2, 1)} ,

Aω4
3 = {(4, 0), (2, 1), (0, 2)} , eAω4

2 ,Aω4
3

= 2,
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[Hω3 : L (Aω3
2 ,Aω3

3 )] = 1,

[Hω4 : L (Aω4
2 ,Aω4

3 )] = 1

and [
L (

Z2
)

: L(Ã1,A2,A3)
]

= 1.

Thus

Res Ã1,A2,A3
(f1, f2, f3) = ResA1,A2,A3 (f2, f2, f3)

2

ResAω3
2 ,Aω3

3
(fω3

2 , fω3
3 )(5−2)·1

ResAω4
2 ,Aω4

3
(fω4

2 , fω4
3 )(5−2)·1 .

In the following corollary we prove a formula for sparse resultant under power-

ing of variables. This corollary generalizes a theorem for Dixon resultant, shown

by Kapur and Saxena (cf. [KS97]) using different techniques.

Corollary 5.4 Let f̃i be obtained from fi by replacing the variable xj by x
dj

j ,

for j = 1, . . . , n− 1, and let Ãi be the set of all integer points contained in the

Newton polytope generated by f̃i. Then

Res Ã1,... ,Ãn

(
f̃1, . . . , f̃n

)
=

ResA1,... ,An (f1, . . . , fn)|d1···dn−1| [L(Ã1,... ,Ãn):L(A1,... ,An)] .
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Example 5.5 Let

f1 := a100 + a124 x2
1 x4

2,

f2 := a200 + a266 x6
1 x6

2,

f3 := a300 + a342 x4
1 x2

2

and f̃i be obtained from fi by replacing x1 by x2
1 and x2 by x3

2.

Observe that d1 = 2, d2 = 3 and

f̃1 = a100 + a124 x4
1 x12

2 ,

f̃2 = a200 + a266 x12
1 x18

2 ,

f̃3 = a300 + a342 x8
1 x6

2.

Further observe that

A1 = {(0, 0), (2, 4)} ,

A2 = {(0, 0), (6, 6)} ,

A3 = {(0, 0), (4, 2)} ,

Ã1 = {(0, 0), (1, 3), (2, 6), (4, 12)} ,

Ã2 = {(0, 0), (2, 3), (4, 6), (6, 9), (8, 12), (10, 15), (12, 18)} ,

Ã3 = {(0, 0), (4, 3), (8, 6)} ,
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L (A1,A2,A3) is spanned by {(2, 4), (4, 2)} and that L(Ã1, Ã2, Ã3) is spanned

by {(1, 3), (2, 3)}. Thus the fundamental simplex of L (A1,A2,A3) has volume

(area) 6 and the fundamental simplex of L(Ã1, Ã2, Ã3) has volume (area) 3
2

and

therefore

[L(Ã1, Ã2, Ã3) : L (A1,A2,A3)] = 4.

Thus

Res Ã1,Ã2,Ã3

(
f̃1, f̃2, f̃3

)
= ResA1,A2,A3 (f1, f2, f3)

2·3·4 .

Proof:

Corollary 5.4 Let Bi be the support of f̃i. Since the Newton polytope generated

by Bi equals the Newton polytope generated by Ãi, we have by Theorem 5.1

Res Ã1,... ,Ãn

(
f̃1, . . . , f̃n

)
= ResB1,... ,Bn

(
f̃1, . . . , f̃n

)P

,

where P is

[L(Ã1, Ã2, . . . , Ãn) : L(B1, Ã2, . . . , Ãn)]

[L(B1, Ã2, . . . , Ãn) : L(B1,B2, Ã3, . . . , Ãn)]

. . .

[L(B1, . . . ,Bn−1, Ãn) : L(B1, . . . ,Bn−1,Bn)].

Thus

P = [L(Ã1, . . . , Ãn) : L (B1, . . . ,Bn)].
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By the construction of f̃i, we have Bi = DAi, where D is a diagonal matrix with

diagonal entries d1, . . . , dn−1. Therefore w = |d1 · · · dn| v, where w and v, resp.,

is the volume of the fundamental simplex of L (B1, . . . ,Bn) and L (A1, . . . ,An),

resp. Let ṽ be the volume of the fundamental simplex of L(Ã1, . . . , Ãn). Then

P =
w

ṽ
=

|d1 · · · dn| v

ṽ

= |d1 · · · dn| [L(Ã1, . . . , Ãn) : L (A1, . . . ,An)].

Finally, note that

ResB1,... ,Bn

(
f̃1, . . . , f̃n

)
= ResA1,... ,An (f1, . . . , fn) .

Thus we have shown the corollary.

¤

5.3 Proof of the main theorem

Before going into the details of the proof we describe its main structure. The

proof is based on some generalization of Pedersen’s and Sturmfels’ Poisson-type

product formula (cf. [PS93]). For the convenience of the reader we state this

product formula first (cf. Theorem 5.7 and Remark 5.8). In the following lemmas

we generalize this product formula and then we prove the main theorem. The

dependency of the lemmas and of Pedersen’s and Sturmfels’ Poisson-type product

formula is shown in Figure 5.2.
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Theorem 5.1 (Main theorem)

Lemma 5.12

Lemma 5.10

Theorem 5.7 ([PS93]) Lemma 5.9

Lemma 5.11

Lemma 5.13

Figure 5.2: Dependency of the lemmas

Before listing the lemmas, we fix some notations.

Notation 5.6 We let

1. sign (r) stand for the sign of a real number r.

2. NP (A) ⊂ Rn−1 stand for the convex hull of a bounded set A ⊂ Zn−1,

mostly a Newton polytope.

3. Vol (P ) stand for the volume of some polytope P .

4. VolL (P ) stand for the normalized volume of some polytope P (not neces-

sarily an L-lattice polytope), that is, the quotient between the volume of

P and the volume of the fundamental simplex of the integer lattice L.

5.
∏

γ f (γ), as in [PS93], stand for the product, over the common roots γ

with respect to some lattice of certain Laurent polynomials, of f evaluated

at γ.

We state Pedersen’s and Sturmfels’ Poisson-type product formula.
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Theorem 5.7 ([PS93]) If {A1, . . . ,An} is essential and L (A1, . . . ,An) = Zn−1,

then

ResA1,... ,An (f1, . . . , fn) = ∏
γ

f1 (γ)
∏
ω

ResAω
2 ,... ,Aω

n
(fω

2 , . . . , fω
n )ρA1,... ,An (ω)

where

ρA1,... ,An (ω) := − sign (aA1 (ω))
VolZn−1 (NP (Aω

1 ∪ {0}))
VolL((A2+···+An)ω) (NP (A1)

ω)
,

γ ranges over the common zeros in (K\ {0})n−1, with respect to L (A1, . . . ,An),

of f2, . . . , fn, where K is the algebraic closure of the field generated by the complex

numbers and the symbolic coefficients of the fi’s, and ω ranges over the primitive

inner normal vectors of the facets of the Newton polytope generated by A2 + · · ·+

An.

Remark 5.8 Firstly, note that in [PS93] Pedersen’s and Sturmfels’ Poisson-type

product formula was not considered for degenerate cases where a strict subset of

{Aω
2 , . . . ,Aω

n} is essential. However, it can be seen easily that Pedersen’s and

Sturmfels’ Poisson-type product formula also holds for these degenerate cases if

we utilize the alternative definition of the sparse resultant given in Remark 5.2.

One can adjust the proof of Theorem 1.1 of [PS93] in order to handle these cases.

That is, one can easily show, similarly to the proof of Line (5.4), a version of
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Proposition 7.1 of [PS93] for the alternatively defined sparse resultant. The rest

of the proof of Theorem 1.1 of [PS93] remains unchanged and the version, given in

Theorem 5.7, of Pedersen’s and Sturmfels’ Poisson-type product formula follows.

Secondly, note that the presentation of the exponent ρA1,... ,An (ω) in Theo-

rem 5.7 is slightly different from the presentation in [PS93]. From the proof of

Lemma 2.2 of [PS93] one can easily see that both presentations are equivalent.

We chose this alternative presentation because it is more suitable for this chapter.

Now we are ready to state lemmas.

In the following lemma we study a generalized version δA1,... ,An (ω) of the

exponent ρA1,... ,An (ω) of Pedersen’s and Sturmfels’ Theorem 5.7.

Lemma 5.9 Let B1, . . . ,Bn ⊂ Zn−1 be finite sets and let the map M , from

L (A1, . . . ,An) to L (B1, . . . ,Bn), be a Z-lattice isomorphism such that Bi =

M (Ai). Then

δA1,... ,An (ω) = δB1,... ,Bn (ν) ,

where ω is a positive multiple of MT (ν), where MT is the transpose of M , viewed

as a Q-linear map, and

δA1,... ,An (ω) := − sign (aA1 (ω))
VolL(A1,... ,An) (NP (Aω

1 ∪ {0}))
VolL((A2+···+An)ω) (NP (A1)

ω)
.

Proof:
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For n = 1, the lemma is trivial. Assume n ≥ 2.

We show that M−1 (NP (B1)
ν) is a face of NP (A1) with primitive inner nor-

mal vector ω that is a positive multiple of MT (ν). Firstly “⊆”: Let 〈ν, y〉 ≥

aB1 (ν) be an inequality defining a halfspace, with primitive inner normal vec-

tor ν 6= 0, that supports the Newton polytope generated by B1. The inequality〈
MT (ν), x

〉 ≥ aB1 (ν) defines a halfspace with normal vector MT (ν) 6= 0. By

definition MT (ν) is an inner normal vector of this half space and the prim-

itive inner normal vector ω is a positive multiple of MT (ν). Since 〈ν, y〉 =〈
MT (ν), M−1 (y)

〉
and NP (A1) = NP (M−1 (B1)) = M−1 (NP (B1)), this halfs-

pace contains NP (A1) and, since the points M−1 (NP (B1)
ν) ⊆ NP (A1) satisfy

the equality, this halfspace supports NP (A1). Secondly “⊇”: Take x ∈ NP (A1)

such that
〈
MT (ν), x

〉
= aB1 (ν) and M (x) /∈ NP (B1)

ν . Then M (x) is contained

in M (NP (A1)) = NP (M (A1)) = NP (B1) and 〈ν, M (x)〉 = aB1 (ν). Contradic-

tion!

Next observe that the second paragraph implies that

sign (aB1 (ν)) = sign (aA1 (ω))

because aA1 (ω) is a certain positive multiple of aB1 (ν).

Next we show that

VolL(B1,... ,Bn) (NP (Bν
1 ∪ {0})) = VolL(A1,... ,An) (NP (Aω

1 ∪ {0})) .
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Let B be a basis for the lattice L (A1, . . . ,An). Since the map M , from the lattice

L (A1, . . . ,An) to the lattice L (B1, . . . ,Bn), is a lattice isomorphism, M (B) is a

basis for L (B1, . . . ,Bn). Further, let ∆L(A1,... ,An) and ∆L(B1,... ,Bn), resp., denote

the fundamental lattice simplex spanned by B and M (B), resp. Then we have

∆L(B1,... ,Bn) = M
(
∆L(A1,... ,An)

)
and thus

VolL(B1,... ,Bn) (NP (Bν
1 ∪ {0})) =

Vol (NP (Bν
1 ∪ {0}))

Vol
(
∆L(B1,... ,Bn)

)
=

Vol (NP (M (A1)
ν ∪ {0}))

Vol
(
M

(
∆L(A1,... ,An)

)) .

Since

NP (M (Aω
1 ) ∪ {0}) = M (NP (Aω

1 ∪ {0})) ,

for some ω, we have by the substitution rule of integration

VolL(B1,... ,Bn) (NP (Bν
1 ∪ {0})) =

Vol (NP (Aω
1 ∪ {0}))

Vol
(
∆L(A1,... ,An)

) .

Finally we show that

VolL((B2+···+Bn)ν) (NP (B1)
ν) = VolL((A2+···+An)ω) (NP (A1)

ω) .

We have already seen that NP (B1)
ν = M (NP (A1)

ω). Further, we view the

lattice L ((A2 + · · ·+An)ω) and L ((B2 + · · ·+ Bn)ν), resp., as affine sublattice

of L (A1, . . . ,An) and L (B1, . . . ,Bn), resp. Then

M : L ((A2 + · · ·+An)ω) → L ((B2 + · · ·+ Bn)ν)
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is an affine lattice isomorphism and thus

∆L((B2+···+Bn)ν) = M
(
∆L((A2+···+An)ω)

)
,

where ∆L((B2+···+Bn)ν) and ∆L((A2+···+An)ω), are the fundamental lattice simplices

spanned by appropriate, similar to above, bases of the lattices L ((B2 + · · ·+ Bn)ν)

and L ((A2 + · · ·+An)ω). Since the map M restricted to the hyperplane with

normal vector ω containing L ((A2 + · · ·+An)ω) is obviously injective, we have

by the substitution rule of integration

VolL((B2+···+Bn)ν) (NP (B1)
ν) =

Vol (NP (B1)
ν)

Vol
(
∆L((B2+···+Bn)ν)

)
=

Vol (M (NP (A1)
ω))

Vol
(
M

(
∆L((A2+···+An)ω)

))
=

Vol (NP (A1)
ω)

Vol
(
∆L((A2+···+An)ω)

) .

Thus we have shown the lemma.

¤

Essentially, the following lemma contains the Poisson-type product formula

for sparse resultant shown by Pedersen and Sturmfels. In [PS93] they show

a formula assuming that the lattice generated by the supports of f1, . . . , fn is

Zn−1. We remove this assumption.
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Lemma 5.10 If {A1, . . . ,An} is essential, then

ResA1,... ,An (f1, . . . , fn) = ∏
γ

f1 (γ)
∏
ω

ResAω
2 ,... ,Aω

n
(fω

2 , . . . , fω
n )δA1,... ,An (ω)

where γ ranges over the common zeros in (K\ {0})n−1, with respect to the lattice

L (A1, . . . ,An), of f2, . . . , fn, where K is the algebraic closure of the field gen-

erated by the complex numbers and the symbolic coefficients of the fi’s, δ··· (ω) is

as defined in Lemma 5.9 and ω ranges over the primitive inner normal vectors

of the facets of the Newton polytope generated by A2 + · · ·+An.

Proof:

Note that, since {A1, . . . ,An} is essential, L(A1, . . . ,An) is a sublattice of Zn−1

of rank n− 1. By mapping a basis of L(A1, . . . ,An) onto the canoncial basis of

Zn−1 we construct a lattice isomorphism M from L (A1, . . . ,An) to L (B1, . . . ,Bn),

where Bi := M (Ai). Further we canonically extend M to Laurent polynomials

with support in L (A1, . . . ,An) and let gi stand for the image of fi under M .

Note that ResA1,... ,An (f1, . . . , fn) = ResB1,... ,Bn (g1, . . . , gn).

Further, by the Poisson-type product formula of [PS93] (cf. Theorem 5.7), we
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have

ResB1,... ,Bn (g1, . . . , gn) = ∏
β

g1 (β)
∏
ν

ResBν
2 ,... ,Bν

n
(gν

2 , . . . , gν
n)δB1,... ,Bn (ν) ,

where β ranges over the common zeros in (K\ {0})n−1 of g2, . . . , gn with respect

to L (B1, . . . ,Bn), where K is the algebraic closure of the field generated by the

complex numbers and the symbolic coefficients of the gi’s and ν ranges over the

primitive inner normal vectors of the facets of the Newton polytope generated by

B2 + · · ·+ Bn. Since M is invertible and by Lemma 5.9, we have

ResB1,... ,Bn (g1, . . . , gn) = ∏
β

g1 (β)
∏
ω

ResAω
2 ,... ,Aω

n
(fω

2 , . . . , fω
n )δA1,... ,An (ω) ,

where ω ranges over the primitive inner normal vectors of the facets of the Newton

polytope generated by A2 + · · ·+An. Now, observe that by the construction (cf.

[PS93]) of
∏

β g1 (β) , we have

∏
β

g1 (β) =
∏
γ

f1 (γ) ,

where γ ranges over the common zeros in (K\ {0})n−1 of f2, . . . , fn with respect

to L (A1, . . . ,An).

Thus we have shown the lemma.

¤
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Next we rewrite the exponent δA1,... ,An (ω).

Lemma 5.11

δA1,... ,An (ω) = −aA1 (ω) [Hω : L (Aω
2 , . . . ,Aω

n)]

[Zn−1 : L (A1, . . . ,An)]
,

where δA1,... ,An (ω) is defined in Lemma 5.9.

Proof:

Note that

δA1,... ,An (ω) = − sign (aA1 (ω))
Vol(NP(NP(A1)ω)∪{0})

v
Vol(NP(A1)ω)

vω

,

where v and vω, resp., is the volume of the fundamental simplex of the lattice

generated by A1, . . . ,An and (A2 + · · ·+An)ω, resp. Note that

Vol (NP (NP (A1)
ω ∪ {0})) =

Vol (NP (A1)
ω) dω

n− 1
,

where dω is the distance of the origin from the hyperplane supporting NP (A1)
ω.

Thus

δA1,... ,An (ω) = − sign (aA1 (ω)) dω vω 1

(n− 1) v

= − sign (aA1 (ω)) dω (n− 2)! hω vω

hω

1

(n− 1)! v

=
− sign (aA1 (ω)) dω (n− 2)! hω

[Zn−1 : L (A1, . . . ,An)]

vω

hω
,
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where hω is the volume of the fundamental simplex of the lattice of all inte-

ger points contained in the hyperplane, passing through the origin, with normal

vector ω.

Now, by [CLO98], page 319, we have ‖ω‖ = (n− 2)!hω, where ‖ω‖ stands for

the Euclidean norm of ω. Further, it is easy to see that we have

sign (aA1 (ω)) dω ‖ω‖ = aA1 (ω)

and thus we have shown the lemma.

¤

Now we further generalize the Poisson-type product formula of Lemma 5.10.

In the following lemma the set {A1, . . . ,An} is not necessarily the unique essential

subset of {A1, . . . ,An}.

Lemma 5.12 If A1 is contained in the unique essential subset of the set {A1, . . . ,

An}, then

ResA1,... ,An (f1, . . . , fn) = ∏
γ

f1 (γ)
∏
ω

ResAω
2 ,... ,Aω

n
(fω

2 , . . . , fω
n )δA1,... ,An (ω)

where γ ranges over the common zeros in (K\ {0})n−1, with respect to the lattice

L (A1, . . . ,An), of f2, . . . , fn, where K is the algebraic closure of the field gen-

erated by the complex numbers and the symbolic coefficients of the fi’s, δ··· (ω) is
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as defined in Lemma 5.9 and ω ranges over the primitive inner normal vectors

of the facets of the Newton polytope generated by A2 + · · ·+An.

Proof:

If {A1, . . . ,An} is the unique essential subset of {A1, . . . ,An} then the formula

holds by Lemma 5.10.

Suppose, without loss of generality, {A1, . . . ,Ak} is the uniqe essential subset

of {A1, . . . ,An}. Further let B be the set of vertices of the standard simplex of

Rn−1 and g be a polynomial with distinct symbolic coefficients with support B.

The overall strategy of the proof is as follows. We factorize

ResA1+B,A2,... ,An (f1 g, f2, . . . , fn)

in two different ways. One factorization is the right hand side of the lemma raised

by some power times some factor and the second factorization is the left hand

side of the lemma raised by the same power times the same factor. Thus the

lemma follows up to some factor that is a certain root of unity. Then we show

that this root of unity is one.

Now we carry out this startegy. Note that f1 g has support A1 + B. Fur-

ther note that the Newton polytope of f1 g is (n− 1)-dimensional and therefore

97



{A1 + B,A2, . . . ,An} is essential. By Lemma 5.10 we have

ResA1+B,A2,... ,An (f1 g, f2, . . . , fn) =∏
β

f1 (β) g (β)
∏
ω

ResAω
2 ,... ,Aω

n
(fω

2 , . . . , fω
n )δA1+B,A2,... ,An (ω)

where β ranges over the common zeros in (K\ {0})n−1, with respect to the lattice

L (A1 + B,A2, . . . ,An), of f2, . . . , fn, where K is the algebraic closure of the

field generated by the complex numbers and the symbolic coefficients of g and

the fi’s, δ··· (ω) is as defined in Lemma 5.9 and ω ranges over the primitive inner

normal vectors of the facets of the Newton polytope generated by A2 + · · ·+An.

Note that by Exercise 3, page 318, of [CLO98] the Newton polytope of f1 g

equals NP (A1)+NP (B) and thus by Exercise 12, page 325, of [CLO98], we have

aA1+B (ω) = aA1 (ω) + aB (ω) and therefore, by Lemma 5.11,

δA1+B,A2,... ,An (ω)

=
aA1+B (ω) [Hω : L (Aω

2 , . . . ,Aω
n)]

[Zn−1 : L (A1 + B,A2, . . . ,An)]

=
aA1 (ω) [Hω : L (Aω

2 , . . . ,Aω
n)]

[Zn−1 : L (A1 + B,A2, . . . ,An)]
+

aB (ω) [Hω : L (Aω
2 , . . . ,Aω

n)]

[Zn−1 : L (A1 + B,A2, . . . ,An)]
.

Further

δA1+B,A2,... ,An (ω) =

δA1,... ,An (ω) [L (A1 + B,A2, . . . ,An) : L (A1, . . . ,An)]

+ δB,A2,... ,An (ω) [L (A1 + B,A2, . . . ,An) : L (B,A2, . . . ,An)] ,
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because

[
Zn−1 : L (A1 + B,A2, . . . ,An)

]
=

[Zn−1 : L (A1, . . . ,An)]

[L (A1 + B,A2, . . . ,An) : L (A1, . . . ,An)]

=
[Zn−1 : L (B,A2, . . . ,An)]

[L (A1 + B,A2, . . . ,An) : L (B,A2, . . . ,An)]
.

Thus, by Lemma 5.10 and by the construction of
∏

β f1 (β) g (β) (cf. [PS93]),

ResA1+B,A2,... ,An (f1 g, f2, . . . , fn)

=
∏
β

f1 (β)
∏
ω

ResAω
2 ,... ,Aω

n
(fω

2 , . . . , fω
n )δA1,... ,An (ω) I1

∏
β

g (β)
∏
ω

ResAω
2 ,... ,Aω

n
(fω

2 , . . . , fω
n )δB,A2,... ,An (ω) I2

=
∏
β

f1 (β)
∏
ω

ResAω
2 ,... ,Aω

n
(fω

2 , . . . , fω
n )δA1,... ,An (ω) I1

(∏
β′′

g (β′′)
∏
ω

ResAω
2 ,... ,Aω

n
(fω

2 , . . . , fω
n )δB,A2,... ,An (ω)

)I2

=
∏
β

f1 (β)
∏
ω

ResAω
2 ,... ,Aω

n
(fω

2 , . . . , fω
n )δA1,... ,An (ω) I1

ResB,A2,... ,An (g, f2, . . . , fn)I2 , (5.1)

where β′′ ranges over the common zeros in (L\ {0})n−1, with respect to the lattice

L (B,A2, . . . ,An), of f2, . . . , fn, where L is the algebraic closure of the field gen-

erated by the complex numbers and the symbolic coefficients of g and f2, . . . , fn

and where

I1 = [L (A1 + B,A2, . . . ,An) : L (A1, . . . ,An)]

I2 = [L (A1 + B,A2, . . . ,An) : L (B,A2, . . . ,An)] .
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Now we rewrite Line (5.1) further. Note that

∏
β

f1 (β) =

(∏
β′

f1 (β′)

)[L(A1+B,A2,... ,An):L(A1,... ,An)] eA1,... ,An

, (5.2)

where β′ ranges over the common zeros in (K ′\ {0})n−1, with respect to the

lattice L (A1, . . . ,Ak), of f2, . . . , fk, where K ′ is the algebraic closure of the field

generated by the complex numbers and the symbolic coefficients of f1, . . . , fk.

Therefore we conclude by Lemma 5.12 that

ResA1+B,A2,... ,An (f1 g, f2, . . . , fn)

= ResA1,... ,An (f1, . . . , fn)[L(A1+B,A2,... ,An):L(A1,... ,An)]

ResB,A2,... ,An (g, f2, . . . , fn)[L(A1+B,A2,... ,An):L(B,A2,... ,An)]

Q,

where Q is a rational function depending only on the coefficients of the Laurent

polynomials f2, . . . , fn. Now we show that Q is 1. First we observe that Q is a

polynomial: Obviously Q = R
S
, where R and S are relatively prime polynomials.

Since the left hand side of the previous equality is a polynomial, the denominator

S divides either

ResA1,... ,An (f1, . . . , fn)

or

ResB,A2,... ,An (g, f2, . . . , fn) .
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Since these two resultants are irreducible and depend on either f1 or g, the

denominator S, which does not depend on f1 or g, is a constant. Next we show

that the total degree of Q in the coefficients of f2, . . . , fn−1 and fn, resp., is zero.

That is, we show that, for i ≥ 2,

MV (NP (A1 + B) , NP (A2), . . . , NP (Ai−1), NP (Ai+1), . . . , NP (An))

[Zn−1 : L (A1 + B,A2, . . . ,An)]
=

MV (NP (M1), . . . , NP (Mi−1), NP (Mi+1), . . . , NP (Mk)) E1

[Zk−1 : L (M1, . . . ,Mk)]

+
MV (NP (B) , NP (A2), . . . , NP (Ai−1), NP (Ai+1), . . . , NP (An)) E2

[Zn−1 : L (B,A2, . . . ,An)]
, (5.3)

where

E1 = eA1,... ,An [L (A1 + B,A2, . . . ,An) : L (A1, . . . ,An)] ,

E2 = [L (A1 + B,A2, . . . ,An) : L (B,A2, . . . ,An)] ,

M : L (A1, . . . ,Ak) → Zk−1 is a lattice embedding, Mi stands for M (Ai) and

MV (.) stands for the mixed volume (cf. [CLO98]). Now, equality (5.3) can be

proven as follows: By Exercise 3, page 318, and by Exercise 12, page 325, of

[CLO98] and by the multilinearity of the mixed volume

MV (NP (A1 + B) , NP (A2), . . . , NP (Ai−1), NP (Ai+1), . . . , NP (An))

[Zn−1 : L (A1 + B,A2, . . . ,An)]
=

MV (NP (A1) , NP (A2), . . . , NP (Ai−1), NP (Ai+1), . . . , NP (An))

[Zn−1 : L (A1 + B,A2, . . . ,An)]
+

MV (NP (B) , NP (A2), . . . , NP (Ai−1), NP (Ai+1), . . . , NP (An))

[Zn−1 : L (A1 + B,A2, . . . ,An)]
.

In order to further rewrite this equality we apply Bernshtein’s theorem (cf.
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[CLO98], [GKZ94]):

MV (NP (A1) , NP (A2), . . . , NP (Ai−1), NP (Ai+1), . . . , NP (An))

[Zn−1 : L (A1,A2, . . . ,An)]

is the number of roots with respect to the lattice L (A1, . . . ,An) of a system of

Laurent polynomial equations with symbolic coefficients with supports A1,A2,

. . . ,Ai−1,Ai+1, . . . ,An, where obviously the roots are defined over the algebraic

closure of the field generated by the complex numbers and the symbolic coeffi-

cients of the Laurent polynomials. Similarly one can interpret the first summand

in the right hand side of Line (5.3). Thus we see by the definition of e ··· that

MV (NP (A1) , NP (A2), . . . , NP (Ai−1), NP (Ai+1), . . . , NP (An))

[Zn−1 : L (A1 + B,A2, . . . ,An)]
=

MV (NP (M1), . . . , NP (Mi−1), NP (Mi+1), . . . , NP (Mk)) E1

[Zk−1 : L (M1, . . . ,Mk)]

and we also see easily that

MV (NP (B) , NP (A2), . . . , NP (Ai−1), NP (Ai+1), . . . , NP (An))

[Zn−1 : L (A1 + B,A2, . . . ,An)]
=

MV (NP (B) , NP (A2), . . . , NP (Ai−1), NP (Ai+1), . . . , NP (An)) E2

[Zn−1 : L (B,A2, . . . ,An)]
.

Thus we have shown equality (5.3) and therefore Q is a constant. Now, by the

construction of Q, we have that Q is of the form Qα1
1 · · ·Qαm

m and, since Q is a
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constant, we have αj = 0 and Q = 1. Thus we have shown that

ResA1+B,A1,... ,An (f1 g, f2, . . . , fn)

= ResA1,... ,An (f1, . . . , fn)[L(A1+B,A2,... ,An):L(A1,... ,An)]

ResB,A1,... ,An (g, f2, . . . , fn)[L(A1+B,A2,... ,An):L(B,A2,... ,An)] . (5.4)

Since the right hand side of Line (5.1) equals the right hand side of Line (5.4),

by taking into account Line (5.2) and the equality

∏
γ

f1 (γ) =

(∏
β′

f1 (β′)

)eA1,... ,An

, (5.5)

the formula of the lemma holds up to a certain constant factor σ, namely an

[L (A1 + B,A2, . . . ,An) : L (A1, . . . ,An)]-th root of unity.

Now, we show that σ = 1. By Lemma 5.10 and Remark 5.2, we have

ResA1,... ,An (f1, . . . , fn) =

(∏
β′

f1 (β′)

∏
ν

ResM(A2)ν ,... ,M(Ak)ν (M (f2)
ν , . . . ,M (fk)

ν)
δM(A1),... ,M(Ak)(ν)

)E

,

where E := eA1,... ,An , the vector ν ranges over the primitive inner normal vectors

of the facets of the Newton polytope generated by M (A2)+ · · ·+M (Ak), where

M : L (A1, . . . ,Ak) → Zk−1 is some lattice isomorphism which we naturally

extend to the fi’s. Since this factorization of ResA1,... ,An (f1, . . . , fn) equals the

factorization, we have derived previously and because of Line 5.5, we have σ = 1.

Thus we have shown the lemma.
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¤

Lemma 5.13 The set {A1, . . . ,An} has a unique essential subset containing A1.

Proof:

If A1 consists only of one point then obviously {A1} is the unique essential subset

of {A1, . . . ,An}.

Suppose dim (L (A1)) ≥ 1, where dim (L) denotes the rank of an integer lattice

L. Since dim (L (A1, . . . ,An)) ≤ n − 1, the set {A1, . . . ,An} has an essential

subset: otherwise, for i = 1, . . . , n, dim (L (A1, . . . ,Ai)) ≥ i, which contradicts

dim (L (A1, . . . ,An)) ≤ n− 1.

The support A1 is contained in any essential subset of {A1, . . . ,An}; other-

wise {Ã1,A2, . . . ,An} has a subset being essential but not containing Ã1. Take

two essential subsets I and J , resp., of {A1, . . . ,An} which contain A1, whose

elements affinely span integer lattices of rank d1 and d2, resp., and thus whose

cardinality is d1 + 1 and d2 + 1, resp. Further let K := I ∩ J , whose cardinality

is k ≥ 1. Then the cardinality of (I ∪ J) \ {A1} is d1 + d2 + 1 − k. We show

that dimL ((I ∪ J) \ {A1}) ≤ d1 +d2−k, where L (S) denotes the integer lattice

affinely generated by the elments of some set S of supports. Note that, since I

and J are essential, dimL (I\ {A1}) = dimL (I) = d1 and dimL (J\ {A1}) =

dimL (J) = d2. Therefore dimL ((I ∪ J) \ {A1}) = dimL (I ∪ J) which is at
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most dimL (I) + dimL (J)− dimL (K) . Since dimL (K) ≥ k, we have

dimL ((I ∪ J) \ {A1}) ≤ d1 + d2 − k.

Therefore, similar to above, (I ∪ J) \A1 contains an essential subset, that is, an

essential subset, not containing Ã1, of {Ã1,A2, . . . ,An}. Contradiction!

¤

Now we are ready to prove the main theorem.

Proof:

Theorem 5.1 Let f̃1 be a Laurent polynomial with distinct symbolic coefficients

with support Ã1. By Lemma 5.12 we have

Res Ã1,A2,... ,An

(
f̃1, f2, . . . , fn

)
=∏

γ

f̃1 (γ)
∏
ω

ResAω
2 ,... ,Aω

n
(fω

2 , . . . , fω
n )

δÃ1,A2,... ,An
(ω)

,

where γ ranges over the common zeros in
(
K̃\ {0}

)n−1

, with respect to the

lattice L(Ã1,A2, . . . ,An), of f2, . . . , fn, where K̃ is the algebraic closure of the

field generated by the complex numbers and the symbolic coefficients of f̃1 and

the fi’s, and ω ranges over the primitive inner normal vectors of the facets of

the Newton polytope generated by A2 + · · ·+An. Since the symbolic coefficients

of f̃1 are algebraically independent from the symbolic coefficients of f2, . . . , fn,
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Lemma 5.12 is stable under specialization of f̃1 and we have

Res Ã1,A2,... ,An
(f1, . . . , fn) =∏

γ

f1 (γ)
∏
ω

ResAω
2 ,... ,Aω

n
(fω

2 , . . . , fω
n )

δÃ1,A2,... ,An
(ω)

,

where γ ranges over the common zeros in (K\ {0})n−1, where K is the alge-

braic closure of the field generated by the complex numbers and the symbolic

coefficients of f1 and the remaining fi’s and ω is as before.

Further, as in [PS93] by the construction of
∏

γ f1 (γ), we have

∏
γ

f1 (γ) =
∏
γ′

f1 (γ′)[L(Ã1,A2,... ,An):L(A1,... ,An)] , (5.6)

where γ′ ranges over the common zeros in (K\ {0})n−1 of f2, . . . , fn with respect

to L (A1, . . . ,An).

By Lemma 5.13 and Lemma 5.12, we have

∏
γ′

f1 (γ′) =

ResA1,... ,An (f1, . . . , fn)
∏
ω

ResAω
2 ,... ,Aω

n
(fω

2 , . . . , fω
n )−δA1,... ,An (ω)

and thus

∏
γ

f1 (γ) =

ResA1,... ,An (f1, . . . , fn)[L(Ã1,A2,... ,An):L(A1,... ,An)]

∏
ω

ResAω
2 ,... ,Aω

n
(fω

2 , . . . , fω
n )−δA1,... ,An (ω) [L(Ã1,A2,... ,An):L(A1,... ,An)] .
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Therefore

Res Ã1,A2,... ,An

(
f̃1, f2, . . . , fn

)
=

ResA1,... ,An (f1, . . . , fn)[L(Ã1,A2,... ,An):L(A1,... ,An)] (5.7)∏
ω

ResAω
2 ,... ,Aω

n
(fω

2 , . . . , fω
n )

δÃ1,A2,... ,An
(ω)− δA1,... ,An (ω) I

,

where I :=
[
L

(
Ã1,A2, . . . ,An

)
: L (A1, . . . ,An)

]
. Note that

[L(Ã1,A2, . . . ,An) : L (A1, . . . ,An)]

[Zn−1 : L (A1, . . . ,An)]
=

1

[Zn−1 : L(Ã1,A2, . . . ,An)]

and therefore by Lemma 5.11

δÃ1,A2,... ,An
(ω)− δA1,... ,An (ω) = (

a Ã1
(ω)− aA1 (ω)

)
[Hω : L (Aω

2 , . . . ,Aω
n)]

[Zn−1 : L(Ã1,A2, . . . ,An)]
.

Therefore we have shown the equality of the main theorem.

Since the Laurent polynomials in the main theorem have symbolic coefficients

and the sparse resultants on the right hand side of the equality are defined with

respect to the precise supports of these Laurent polynomials, the factorization on

the right hand side is irreducible.

Thus we have shown the main theorem.

¤
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5.4 Conclusion

In this chapter we studied sparse resultant under vanishing of coefficients. The

sparse resultant of some Laurent polynomials fi with respect to any supports is

some power of the sparse resultant of the fi’s with respect to their precise sup-

ports times a product of powers of sparse resultants of some parts of the fi’s.

This result is important for applications where perturbed data with very small

coefficients arise as well as when one computes resultants with respect to some

fixed supports, not necessarily the supports of the fi’s, in order to speed up com-

puations. This work extended some work by Sturmfels on sparse resultant under

vanishing coefficients (cf. Corollary 4.2 of [Stu94]). We also stated a corollary

about sparse resultant under powering of variables which is a generalization of a

theorem by Kapur and Saxena for Dixon resultant. We also stated a lemma of

independent interest generalizing Pedersen’s and Sturmfels’ Poisson-type product

formula.
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Chapter 6

Conclusion

The objective of this research has been to develop methods for computing resul-

tants of composed polynomials, efficiently, by utilizing their composition struc-

ture. By the resultant of several polynomials in several variables (one fewer vari-

ables than polynomials) we mean an irreducible polynomial in the coefficients of

the polynomials that vanishes if they have a common zero. By a composed poly-

nomial we mean the polynomial obtained from a given polynomial by replacing

each variable by a polynomial.

The main motivation for this research came from the following observations:

Resultants of polynomials are frequently computed in many areas of science and

in applications because they are fundamentally utilized in solving systems of

polynomial equations. Further, polynomials arising in science and applications

are often composed because humans tend to structure knowledge modularly and

hierarchically. Thus, it is important to have theories and software libraries for
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efficiently computing resultants of composed polynomials.

However, most existing mathematical theories have not adequately supported

composed polynomials and most algorithms as well as software libraries have

ignored the composition structure, thus suffering from enormous blow up in space

and time. Thus, it has been important to develop theories and software libraries

for efficiently computing resultants of composed polynomials.

The main finding of this research has been that resultants of composed poly-

nomials can be nicely factorized, namely, they can be factorized into products

of powers of the resultants of the component polynomials and of some of their

parts. These factorizations can be utilized to compute resultants of composed

polynomials with dramatically improved efficiency.

We point out some future directions for the research: It would be interest-

ing to study resultants of arbitrary sparse polynomials composed with arbitrary

sparse polynomials (cf. Case 4 of Table 1.1). Finding a compact product formula

seems to be very challenging. Further, it would be interesting to study resultants

of polynomials composed with k polynomials in n − 1 variables, where n and k

are different. Such composed polynomials occur frequently in practice. Finally, it

would be interesting to study how to efficiently compute other fundamental oper-

ations, besides resultants, for composed objects. This has already been done for

some operations, such as subresultants (cf. [Hon97]), Gröbner bases (cf. [Hon98],
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[GM98]) and Galois groups of certain differential operators (cf. [BS99]).

This concludes the main part of the thesis.
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under composition. J. Symbolic Computtation, 26(4):433–444, 1998.
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[GVLRR90] L. Gonzáles-Vega, H. Lombardi, T. Recio, and M.-F. Roy.
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form. Théor. Appl., 24(6):561–588, 1990.

[HLS95] H. Hong, R. Liska, and S. Steinberg. Testing stability by quantifier

elimination. J. Symbolic Computation, 24(2):161–187, 1995.

[HM00] H. Hong and M. Minimair. Sparse resultant of com-

posed polynomials I. submitted to a journal, available at

http://www.math.ncsu.edu/˜mminima/HM2000.ps, May 2000.

[Hon96] H. Hong. Groebner basis under composition II. In Proceedings

of ISSAC 96 (International Symposium on Symbolic and Algebraic

Computation), pages 79–85. ACM, 1996.

116



[Hon97] H. Hong. Subresultants under composition. J. Symbolic Computa-

tion, 23(4):355–365, 1997.

[Hon98] H. Hong. Groebner basis under composition. I. J. Symbolic Com-

putation, 25(5):643–663, 1998.

[Jou91] J. P. Jouanolou. Le formalisme du résultant. Adv. Math., 90, 1991.

[KKMSD73] G. Kempf, F. Knudsen, D. Mumford, and B. Saint-Donat. Toroidal

Embeddings I, volume 339 of Springer Lecture Notes. Springer-

Verlag, Berlin Heidelberg New York, 1973.

[KLZ96] D. Kozen, S. Landau, and R. Zippel. Decomposition of algebraic

functions. J. Symbolic Computation, 22(3):235–246, 1996.

[KS96] D. Kapur and T. Saxena. Sparsity considerations in Dixon resul-

tants. In Proceedings of the Twenty-Eighth Annual ACM Sympo-

sium on the Theory of Computing (Philadelphia, PA, 1996), pages

184–191, New York, 1996. ACM.

[KS97] D. Kapur and T. Saxena. Extraneous factors in the Dixon resultant

formulation. In ISSAC ’97. ACM, 1997.

[LS95] Y. Lakshman and D. Saunders. Sparse polynomial interpolation in

nonstandard bases. SIAM J. Comput, 24(2):387–397, 1995.

117



[LS99] R. Lewis and P. Stiller. Solving the recognition problem for six lines

using the Dixon resultant. Math. Comput. Simulation, 49(3):205–

219, 1999.

[Mac16] F. S. Macaulay. The algebraic theory of modular systems. Cam-

bridge Mathematical Library, 1916.

[MC93] D. Manocha and J. Canny. Multipolynomial resultant algorithms.

J. Symbolic Computation, 15(2):99–122, 1993.

[Min97] M. Minimair. Volume of Parametrized Polyhedra. Technical Report

97-03, RISC - Linz, Johannes Kepler University Linz, A-4040 Linz,

Austria, January 1997. M.S. thesis.

[Min00a] M. Minimair. Dense resultant of composed poly-

nomials. submitted to a journal, available at

http://www.math.ncsu.edu/˜mminima/M2000.ps, August 2000.

[Min00b] M. Minimair. Sparse resultant of composed poly-

nomials II. Submitted to a journal, available at

http://www.math.ncsu.edu/˜mminima/M2000c.ps, October

2000.

[Min00c] M. Minimair. Sparse resultant under vanishing co-

efficients. Submitted to a journal, available at

118



http://www.math.ncsu.edu/˜mminima/M2000b.ps, October

2000.

[Mis93] B. Mishra. Algorithmic Algebra. Texts and Monographs in Com-

puter Science. Springer-Verlag, New York, 1993.

[NW97] G. Nakos and R. M. Williams. Eliminiation with the Dixon resul-

tant. Mathematica for Education and Research, 6/3:11–21, 1997.

[Oda88] T. Oda. Convex Bodies and Algebraic Geometry. Springer-Verlag,

Berlin Heidelberg New York, 1988.

[Pfa99] J. Pfalzgraf. On finding zeros of complex polynomials: an experi-

mental case study. Research report, University of Salzburg, 1999.

[PRS93] P. Pedersen, M.-F. Roy, and A. Szpirglas. Counting real zeros in

the multivariate case. In Computational Algebraic Geometry (Nice,

1992), volume 109 of Progr. Math, pages 203–224, Boston, MA,

1993. Birkhäuser.
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Chapter 7

Appendix: Tutorial on Toric
Varieties

7.1 Introduction

Toric varieties play a fundamental role in the theory of resultants (cf. [CLO98],

[GKZ94]).

We give a brief intuitive introduction into the theory of toric varieties. We

illustrate toric varieties and explain, by examples, how they can be constructed.

It is easy to generalize these examples to arbitrary toric varieties. We do not cover

toric varieties in complete generality. More general and comprehensive treatises

can be found in [GKZ94], [Ful93], [Oda88], [Dan78] and [KKMSD73].
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7.2 Intuitive definition of toric varieties

Toric varieties naturally arise from the study of solution sets of multivariate

polynomial equations, like the equation

11 x y3 − 2 x2 y + 7 x y2 − 3 x y + 8 y2 + 5 y + 9 = 0, (7.1)

which we will consider throughout the appendix.

In the following, we will only consider solutions in (C\ {0})2 of Equation (7.1),

which will naturally lead to constructing a certain toric variety. Obviously, Equa-

tion (7.1) also has solutions with

x = 0 and 8 y2 + 5 y + 9 = 0, where y ∈ C. (7.2)

The equation, univariate in y, of Line (7.2), similarly leads to constructing an-

other toric variety.

Now we describe how a certain toric variety arises from the study of solutions

in (C\ {0})2 of Equation (7.1). We proceed in three steps.

Firstly, we rewrite Equation (7.1) into an equivalent linear one. This equiva-

lent linear equation is

11 z03 − 2 z21 + 7 z12 − 3 z11 + 8 z02 + 5 z01 + 9 = 0,
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where

(z03, z21, z12, z11, z02, z01) ∈ S,

S :=
{(

x y3, x2 y, x y2, x y, y2, y
) | (x, y) ∈ (C\ {0})2} .

It turns out that studying, through techniques of commutative algebra and al-

gebraic geometry, solutions in the set S is difficult because the set S is not an

algebraic set. Therefore we extend S a bit in order to be, in a sense which is

described below, algebraically closed. This closure is formed in the remaining

two steps.

Secondly, we homogenize the linear equation. Note that

11 z03 − 2 z21 + 7 z12 − 3 z11 + 8 z02 + 5 z01 + 9 = 0

iff

11 Z03 − 2 Z21 + 7 Z12 − 3 Z11 + 8 Z02 + 5 Z01 + 9 Z00 = 0,

where Zij = zij Z00 for any Z00 6= 0. We denote the solution set of the homoge-

nized equation by T , namely

T :=
{(

Z00 · x y3, Z00 · x2 y, Z00 · x y2, Z00 · x y, Z00 · y2, Z00 · y, Z00

) |
(x, y) ∈ (C\ {0})2 and Z00 ∈ C\ {0}} .

Thirdly, we form the projective closure V of T . That is, V is the solution set

of all homogeneous sevenvariate polynomials vanishing on T . Note that V is a
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projective set. Thus we can view V as algebraic subset of six dimensional pro-

jective space by considering the Zij’s as homogeneous coordinates. The algebraic

set V is called toric variety.

Summarizing, in order to construct a toric variety as a solution space of an

equation, we have applied well known techniques. We have linearized the equa-

tion, homogenized the equation and extended the solution space appropriately.

7.3 Motivation for the name “toric variety” and

basic properties

We give a motivation for the name “toric variety”, point out some technical issue

associated with the adjective “toric” and state some basic properties of toric

varieties.

The name “toric variety” has the following motivation. Firstly, the set V from

Section 7.2 is called a “variety” because one can show that the set V is irreducible.

Secondly, the variety V is called “toric” because a certain torus can be embedded

into V : One can show that the set (C\ {0})2, which can be considered as an

abstract torus, is injectively mapped onto the set S. Thus the torus (C\ {0})2 is

embedded into the algebraic set V .

It is important to point out the following technical issue associated with the

adjective “toric”: Not all varieties that are constructed like V have a torus em-

bedding. It is easy to state a neccessary and sufficient condition for the torus
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being embedded into the toric variety. We illustrate this condition on the ex-

ample toric variety V . We require that the exponents of the monomials in the

polynomial f := 11x y3 − 2 x2 y + 7 x y2 − 3 x y + 8 y2 + 5 y + 9 affinely span

Z2 over Z, which is in fact true: For each integer point in the Newton polygon

1

2

3

y-exponents

1 2
x-exponents

Figure 7.1: Newton polygon of f

of f , shown in Figure 7.1, we can find a monomial in f having this integer point

as exponent. Since the dimension of the Newton polygon is 2, the integer points

affinely span Z2 over Z.

Note that we will focus for the rest of this appendix on toric varieties with

torus embedding.

Toric varieties with toric embeddings have certain useful properties of which
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we state two: Firstly, their set of singularities is of codimension of at least 2.

Secondly, a toric variety with torus embedding is a normalization of a toric variety

without torus embedding.

7.4 Points in the projective closure

In Section 7.2, we have obtained the algebraically closed projective set V by

expanding the set T . The main question of thie section is: What points have we

added to T in order to obtain V ?

One can show that

V = T ∪ W1 ∪ W2 ∪ W3 ∪ W4,

where W1,W2,W3 and W4 are certain lower dimensional toric varieties. In detail:

Let

f1 := −2 x2 y + 9,

f2 := 11x y3 − 2 x2 y,

f3 := 11x y3 + 8 y2,

f4 := 8 y2 + 5 y + 9

be the maximal parts of f whose exponents lie in the edges of the Newton polygon

of f . As before we can form toric varieties V1, V2, V3 and V4 from f1, f2, f3 and
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f4. For example V1 is the projective closure of the set

{(
Z00 x2 y, Z00

) |x, y, Z00 ∈ C\ {0}} .

Then we define

W1 := {(Z03, Z21, Z12, Z11, Z02, Z01, Z00) |

(Z21, Z00) ∈ V1, Z03, Z12, Z11, Z02, Z01 = 0} .

Obviously W1 is isomorphic to V1. The sets W2,W3 and W4 are constructed

likewise.

7.5 Alternative definition of toric varieties

Now we describe an alternative, equivalent definition of the toric variety V of Sec-

tion 7.2. Sometimes this alternative definition is more useful than the definition

of Section 7.2.

Recall that V is a projective variety. Very often projective varieties are defined

as the glueing of certain affine varieties. We describe how V can be represented

by a glueing of affine varieties.
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Firstly, we define some affine sets that cover V . Let

U00 := {Z ∈ V |Z00 6= 0} ,

U21 := {Z ∈ V |Z21 6= 0} ,

U13 := {Z ∈ V |Z13 6= 0} ,

U02 := {Z ∈ V |Z02 6= 0}

be these affine sets. Note that Uij is defined exactly for i, j such that (i, j) is

a vertex of the Newton polygon in figure 7.1. It is almost trivial to see that

V = U00 ∪ U21 ∪ U13 ∪ U20.

Secondly, we describe how the affine sets are glued together, i.e. in which

way certain points are identified among the different affine sets. If we keep the

same homogeneous coordinates for each affine set then the glueing is trivial. For

example, U00 and U21 overlap in U00 ∩ U21. The points in U00 ∩ U21 ⊆ U00 are

trivially identified with the identical ones in U00 ∩ U21 ⊆ U21.

The glueing that is described in the previous paragraph is trivial because

the affine sets Uij are defined as subsets of the toric variety V having the same

homogenous coordinates. Usually the affine sets Uij are not defined in this way,

but directly from the given polynomial without first constructing V . If the affine

sets Uij are defined without referring to V , then each affine set Uij has a distinct

set of affine coordinates. Then the glueing is described in terms of these distinct

affine coordinates. We describe this process in the following paragraphs.
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Firstly, we define the affine sets. Consider the cone with vertex in (0, 0)

that contains and touches the Newton polygon of f (cf. figure 7.2). We call

this cone the cone of U00. The integer points in this cone are spanned by

3

1 2

Figure 7.2: Cone of vertex (0, 0)

{(0, 1) , (1, 1) , (2, 1)} over N0. The points (0, 1) , (1, 1) , (2, 1) are linearly depen-

dent over, that is, they are related by the equality 2 · (1, 1) = (0, 1) + (2, 1). We

use this equality in order to define U ′
00, namely,

U ′
00 :=

{
(u01, u11, u21) ∈ C3 |u2

11 = u01 · u21

}
.

It is obvious that U ′
00 is isomorphic to U00. We can retrieve the affine coordinates

in U ′
00 from the projective coordinates in U00 by dividing the projective coor-

dinates by Z00 and by discarding redundant coordinates. In formulae, we have
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u01 = Z01

Z00
, u11 = Z11

Z00
and u21 = Z21

Z00
. Now, consider the analog cone with vertex

in (2, 1). We call this cone the cone of U21. Further we move the cone of U21 by

(−2,−1) such that the vertex lies in the origin (cf. figure 7.3). The integer points

–1

1

2

–2 –1

Figure 7.3: Cone of vertex (2, 1)

in this cone are spanned by {(−2,−1) , (−1, 0) , (−1, 1) , (−1, 2)} over N0. Note

that 3 · (−1, 0) = (−2,−1) + (−1, 0) and 2 · (−1, 1) = (−1, 0) + (−1, 2) and thus,

similarly to above, we define

U ′
2,1 :=

{
(v−2−1, v−1 0, v−1 1, v−1 2) ∈ C4 |

v3
−1 0 = v−2−1 · v−1 0, v2

−1 1 = v−1 0 · v−1 2

}
.

It is obvious that U ′
21 is isomorphic to U21. We can retrieve the affine coordinates

in U ′
21 from the projective coordinates in U21 by dividing the projective coor-
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dinates by Z21 and by discarding redundant coordinates. In formulae, we have

v−2−1 = Z00

Z21
, v−1 0 = Z11

Z21
, v−1 1 = Z12

Z21
and v−1 2 = Z13

Z21
. Likewise, we can define

affine sets U ′
13 and U ′

02.

Secondly, we describe the glueing. We describe how U ′
00 and U ′

21 are glued

together in terms of the affine coordinates. We identify the points in U ′
00 with

u21 6= 0 with the points in U ′
21 with v−2−1 6= 0. We choose u21 6= 0 because (2, 1)

is contained in the cone of U00 and is the vertex of the cone of U21. Further,

we choose v−2−1 6= 0 because, undoing the translation by (−2,−1), (0, 0) =

(−2,−1)− (−2,−1) is contained in the cone of U21 and is the vertex of the cone

of U00. One can see easily how the uij’s and the vij’s are related by considering

the relations on the uij’s and on the vij’s and by writing the uij’s and vij’s as

fractions of homogeneous coordinates. That is, onc can see that u01 =
v2
−1 0

v−2−1
,

u11 = v−1 0

v−2−1
and u21 = 1

v−2−1
. Similarly, one can describe the glueings between

the other affine sets.

Summarizing, there is a natural way to represent toric varieties as the glueing

of affine varieties. For each vertex of a given Newton polytope we construct an

affine set. The glueing mapping between the distinct affine coordinates is defined

as products of certain powers of the affine coordinates.

We conclude the tutorial on toric varieties and the thesis.
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