Abstract

MINIMAIR, MANFRED. Resultants of Composed Polynomials. (Under the di-
rection of Hoon Hong.)

The objective of this research has been to develop methods for computing
resultants of composed polynomials, efficiently, by utilizing their composition
structure. By the resultant of several polynomials in several variables (one fewer
variables than polynomials) we mean an irreducible polynomial in the coefficients
of the polynomials that vanishes if they have a common zero. By a composed
polynomial we mean the polynomial obtained from a given polynomial by replac-
ing each variable by a polynomial.

The main motivation for this research comes from the following observations:
Resultants of polynomials are frequently computed in many areas of science and
in applications because they are fundamentally utilized in solving systems of
polynomial equations. Further, polynomials arising in science and applications

are often composed because humans tend to structure knowledge modularly and



hierarchically. Thus, it is important to have theories and software libraries for
efficiently computing resultants of composed polynomials.

However, most existing mathematical theories do not adequately support com-
posed polynomials and most algorithms as well as software libraries ignore the
composition structure, thus suffering from enormous blow up in space and time.
Thus, it is important to develop theories and software libraries for efficiently
computing resultants of composed polynomials.

The main finding of this research is that resultants of composed polynomials
can be nicely factorized, namely, they can be factorized into products of powers
of the resultants of the component polynomials and of some of their parts. These
factorizations can be utilized to compute resultants of composed polynomials

with dramatically improved efficiency.
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Chapter 1

Overview

1.1 Motivation

Resultants are fundamental in solving systems of polynomial equations (cf. [Buc70],
[WBLRS5], [Cav86], [AS88], [Mis93], [VVCI4], [Win96], [Vas9s], [Pfa99], [Tay00],
[Yap00]) and inequations (cf. [HLS95], [Bro00], [Dor00]) and thus have been
extensively studied (cf. [Dix08], [Macl6|, [Cay48], [Col71], [CKY89], [Cha90],
[GVLRRI0], [GV91], [MC93], [KS96], [NW9IT7], [ZCG98], [LS99], [DD00], [BEMO00]).
Recently the research is focused on utilizing the sparsity structure (cf. also [L.S95])
of polynomials which are prevelant in almost all real life problems, yielding a gen-
eralized resultant, named the sparse resultant (cf. Definition 1.1, [PS93], [GKZ94],
[EP97], [CLO98], [CDS98], [R0j99a], [CE00]). Since Chapters 3, 4 and 5 of this
thesis deal with sparse resultants and Chapter 2 deals with dense (Macaulay)
resultants, which can be viewd as special sparse resultants, we give, for the con-

venience of the reader, a definition of sparse resultant.



Definition 1.1 ([PS93],[GKZ94]) Let C; := {vi1,... , VK }, where v;; € Z" 1,
be a set of integer tuples and let h; = c;; 7 +- - -+ ¢, 7%, where ¢;; € C and
= (21,...,2Z,-1), be a Laurent polynomial in variables' z; with support C;, for
i =1,...,n. Further, let Z C C* x ... x C*» be the algebraic closure ot the
set of all tuples (¢;;) for which h4, ..., h, have a common zero in the algebraic
torus (C*)"~! and note that, if Z is a hypersurface, then Z is the set of zeros of
an irreducible polynomial with integer coefficients (cf. [PS93]).

If Z is a hypersurface then the sparse resultant Resc, . ¢, is defined, up to
sign, to be the primitive irreducible polynomial whose set of zeros is Z. Oth-
erwise, the sparse resultant Rese¢, . ¢, is defined to be the constant 1. Further,
Rese, .. c,(h1,... ,h,) € C is defined to be the complex number obtained by
evaluating the sparse resultant polynomial Rese¢, . ¢, at the coefficients of the

n

Laurent polynomials hy, ... ,h,.

It turns out that in real life problems another structure occurs naturally,
namely “composition”. More precisely, the polynomials occurring in real life are
often formed by composing many dense or sparse polynomials iteratively. This is
because large scale engineering systems are almost always designed by composing

modular components hierarchically, naturally resulting in mathematical models

1One can also define sparse resultant for certain Laurent polynomials in k variables, where
k # n — 1. These Laurent polynomials can be transformed into Laurent polynomials in n — 1
varibles by a suitable variable transformation (cf. [PS93], [GKZ94]).



Figure 1.1: Composition in robotics

involving composed polynomials. Because of this, the inherent composition struc-
ture is already known or may be recovered (cf. [vW95], [v2zGGR99], [KLZ96)).
Thus we think that it is important to investigate how to utilize the inherent com-
position structure as well (cf. also [Jou91], [CMW95], [Hon96], [KS96], [KS97],

[Hon97], [Hon98|, [GM98], and [BS99]).

Example 1.2 We give an example from robotics showing how composition can
arise.

Figure 1.1 shows the simplified diagram of an industrial robot. The dashed



lines in Figure 1.1 represent Cartesian coordinate axes. The industrial robot
consists of four segements in between three joints, that are labelled by PO, P1 and
P2, and the hand H of the industrial robot. The joints are flexible vertically, that
is, the segments can be moved up and down. The angles between the segments
are specified by some parameters C0, C1 and C2.

In order to determine how different assignments for the parameters C0, C1
and C2 for the angles affect the position of the hand H, one wants to compute the
position of the hand in terms of the parameters. Usually one proceeds stepwise.
Firstly, one computes the position of the joint P1 in terms of the position of the
joint PO and the parameter CO, that is, P1 = f;(P0, C0), for some function f;.
Secondly, one computes the position of the joint P2 in terms of the position of
the joint P1 and the parameter C1, that is, P2 = f,(P1,C1), for some func-
tion f. Subsituting the formula for P1, one obtains P2 = fo(f1(P0, C0),C1).
Similarly, one computes the position of the hand H in terms of the position
of the joint P2 and the parameter C2. By subsituting for P2, one obtains
H = f3(f2(f1(P0,CO0),C1),C2), for some function f3. Obviously, H is given by
a nesting of the functions f3, fo and f;, which can also be viewed as a certain

composition structure.



Table 1.1: Cases of composed polynomials

I Ji’s | gj’s
Case 1 dense ‘ dense
Chapter 2, Dense Resultant of
Composed Polynomials

Case 2 sparse sparse
same supports

Chapter 3, Sparse Resultant of
Composed Polynomials I

Case 3 sparse sparse
same supports
Chapter 4, Sparse Resultant of

Composed Polynomials I1

Case sparse sparse
14 /4
777

In this regard a fundamental question is: What happens to resultants under
composition? That is, is the resultant of composed polynomials in any way
related to the resultants of the component polynomials?

We consider certain cases of composed polynomials f; o (g1,...,¢gs). These
cases are shown in Table 1.1. The most general case of composed polynomials,
Case 4 in Table 1.1, is not subject of this thesis. It would be very interesting to
study this case.

In the following sections we give an overview over the main results of the
thesis. For the following sections we assume that the reader is familiar with

the notions of dense (Macaulay) resultant, sparse resultant, support of sparse



Laurent polynomials, mixed volume, integer lattice and normalized volume of
Newton polytope (cf. [CLO9S8|, [GKZ94], [PS93]). There are different definitions
of normalized volume in the literature. We follow the definition given in [PS93].

Algorithms for volume computation can be found in [Min97].
1.2 Dense Resultant of Composed Polynomials

The main question of Chapter 2 is: What is the dense (Macaulay) resultant of
composed polynomials? By a composed polynomial fo(gi,... ,g,), we mean the
polynomial obtained from a polynomial f in the variables y1, ... ,y, by replacing
y; by by some polynomial g;. Cheng, McKay and Wang and Jouanolou have
provided answers for two particular subcases. The main contribution of this
chapter is to complete these works by providing a uniform answer for all subcases.
In short, it states that the dense resultant is the product of certain powers of the
dense resultants of the component polynomials and of some of their leading forms.
It is expected that these results can be applied to compute dense resultants
of composed polynomials with improved efficiency. We also state a lemma of

independent interest about the dense resultant under vanishing of leading forms.



1.3 Sparse Resultant of Composed Polynomi-
als 1

The main question of Chapter 3 is: What happens to sparse resultants under

composition? More precisely, let fi,..., f, be homogeneous sparse polynomials
in the variables y1,... ,y, and g1, ... , g, be homogeneous sparse polynomials in
the variables z1,...,z,. Let fio(g1,...,9,) be the sparse homogeneous poly-

nomial obtained from f; by replacing y; by g;. Naturally a question arises: Is

the sparse resultant of f10(g1,... ,9n), -+, fao (g1,...,gn) in any way related
to the (sparse) resultants of fi,..., f, and g1,...,¢,? The main contribution of
this chapter is to provide an answer for the case when g¢y,... , g, are unmixed,
namely,

Rescl,...,cn (flo(gh"‘ 7gn>7-~- 7fTLO (917'-~ 7gn))

= Resg, .. a, (f1,--- ,fn)VOI(Q) Resg (91, - - - ,gn)dlmdn ,

where Resg, 4, stands for dense (Macaulay) resultant with respect to the total
degrees d; of the f;’s, Resp stands for unmixed sparse resultant with respect to
the support B of the g;’s, Rese, . ¢, stands for mixed sparse resultant with respect
to the naturally induced supports C; of the f; o (g1,...,gn)’s, and Vol (Q) for the
normalized volume of the Newton polytope of the g;. The above expression can

be viewed as a chain rule for sparse resultants. It can be applied to compute

sparse resultants of composed polynomials with improved efficiency.



1.4 Sparse Resultant of Composed Polynomi-
als 11

Chapter4 is the second chapter on sparse resultants of composed polynomials. In
the first chapter, Chapter 3, “Sparse Resultant of Composed Polynomials I”, the
author and Hoon Hong considered the sparse resultant of polynomials having ar-
bitrary (mixed) supports composed with polynomials having the same (unmixed)
supports. Here, we consider the sparse resultant of polynomials having the same
(unmixed) supports composed with polynomials having arbitrary (mixed) sup-
ports. The main contribution of this chapter is to show that the sparse resultant
of these composed polynomials is the product of certain powers of the (sparse)
resultants of the component polynomials. The resulting formula looks similar to
the formula of the first chapter, which is good because it suggests that there is
some common underlying structure for sparse resultants of composed polynomi-
als. However, the formulae differ substantially in details. It also seems that it
is not possible to apply the techniques used to show the main result of the first
chapter in order to show the formula of the present chapter. It is expected that
this result can be applied to compute sparse resultants of composed polynomials

with improved efficiency.



1.5 Sparse Resultant under Vanishing Coeffi-
cients

The main question of Chapter 5 is: What happens to the sparse resultant under
vanishing coefficients? More precisely, let fi,..., f, be sparse Laurent polyno-
mials with supports Ay, ..., A, and let Ay D AL Naturally a question arises: Is
the sparse resultant of fi, fo, ..., f, with respect to the supports ,2(1, As, .. LA,
in any way related to the sparse resultant of fi, fs,..., f, with respect to the
supports Aj, As, ..., A,7 The main contribution of this chapter is to provide an
answer. The answer is important for applications with perturbed data where very
small coefficients arise as well as when one computes resultants with respect to
some fixed supports, not necessarily the supports of the f;’s, in order to speed up
compuations. Further, we were motivated to work on sparse resultant under van-
ishing coefficients because we want to give an irreducible factorization of the chain
rule formula of Chapter 3. This can be achieved by applying Theorem 5.1, the
main result of Chapter 5. This work extends some work by Sturmfels on sparse
resultant under vanishing coefficients. We also state a corollary about sparse
resultant under powering of variables which is a generalization of a theorem for
Dixon resultant by Kapur and Saxena. We also state a lemma of independent
interest generalizing Pedersen’s and Sturmfels’ Poisson-type product formula.

Now we are ready to elaborate in detail on the main results.



Chapter 2

Dense Resultant of Composed
Polynomials

2.1 Introduction

The main question of this chapter is: What is the dense (Macaulay) resultant
of composed polynomials? By a composed polynomial fo (gi,...,g,), we mean
the polynomial obtained from a polynomial f in the variables yq,... ,y, by re-
placing y; by by some polynomial g;. Cheng, McKay and Wang (cf. [CMW95])
and Jouanolou (cf. [Jou91]) have provided answers for two particular subcases,
namely, for n homogeneous polynomials composed with n homogeneous polyno-
mials in n variables of same total degrees and for n inhomogeneous polynomials
composed with n — 1 inhomogeneous polynomials in n — 1 variables of same total
degrees. The main contribution of this chapter is to complete these works by
providing a uniform answer for all subcases, namely, for all cases of n homoge-

neous or n inhomogeneous polynomials composed with n or n — 1 homogeneous

10



or inhomogenenous polynomials in n or n — 1 variables. In short, they state that
the dense resultant is the product of certain powers of the dense resultants of the
component polynomials and of some of their leading forms (cf. Theorem 2.1 and
Remark 2.4). We also state a lemma (cf. Lemma 2.9) of independent interest
about dense resultant under vanishing of leading forms.

Applying this result is expected to allow computations dramatically more eff-
ficient than computing without taking advantage of the composition structure.
That is, in order to compute the dense resultant of composed polynomials we
need only compute the dense resultants of the component polynomials and some
of their leading forms which is expected to be much more efficient than comput-
ing the dense resultant of expanded composed polynomials which are of higher
degrees and much larger.

The reader might wonder whether one can utilize composition structures for
other fundamental operations. In fact, this has already been done for some oper-
ations. For examples, Grobner bases, subresultants, and Galois groups of certain
differential operators have been studied in [Hon97], [Hon98| and [BS99], resp.,
using various mathematical techniques. However, it seems that those techniques
cannot be applied to the study of dense resultants of polynomials composed with
mixed polynomials. Therefore in this chapter we use mathematical methods that

are essentially different from those.

11



This chapter has been submitted to a journal (cf. [Min00a]).

2.2 Main result

We assume that the reader is familiar with the notion of dense (Macaulay) resul-
tant (cf. [CLO98]) and we let Resg, . 4, stand for the dense resultant with respect
to the total degrees dy, ... ,d,. Let fi,..., f, be homogeneous polynomials in n
variables of total degrees dy, ... ,d, and suppose that d; is either positive or f;
is zero. Let ¢1,..., g, be polynomials (not necessarily homogeneous) in n — 1
variables of total degrees e, ... , e, and suppose that either the maximum of the
e;’s is positive or all the g;’s are zero. Further, let € and e, resp., stand for the
maximum and minimum, resp., of the e;’s.

Now we are ready to state the main theorem.

Theorem 2.1 (Main theorem)

Resdlé,...,dnE (fl o (gla"' 7gn)a'-- 7fno(gla"' 7971)) =

-1

Resdl,--- sdn (flv SRR fn)én ReSa_” e (gl, . 7gn)d1md"

and the second factor can be factorized further, that is,

Resé,...,? (917 cee 7gn)dl“‘dn -

dy--dn,
Resé,...,é,g,é,...,é (91, vy 9k—1,9k, Jk+1,5 - - - ,gn)

} dl"'dn'(E_Q)

[eagk+1[é]7"' 7gn[a) )

Resé,...,é (gl[é]7 <o 9k—1

12



where gj[é] stands for the homogeneous part of g; of total degree €.

This factorization is irreducible if the f;’s and g;’s have distinct symbolic

coefficients.

Example 2.2 We illustrate the main theorem. Let

f1 I:3y1 - 5y2 + 8937
for=2y + 1lyrys — Tyrys + 5y5 + 18y2ys — 643,

f3: =23y + 3y2 — s,

and let

g1:=2x1 + 1229 + 14,
g2 =82 + 322wy + Ty 25 — 5

+ 1922 + 17w 29 — 1423 + 122, — 112y + 3,
g3 =62 + 722wy — 192,25 — 4o

+ 493% — Sx129 + 33x§ + 11x7 + 929 + 10.

Observe that n =3,d1 =1,dy =2, d3=1,e1=¢e=1 < eya=e3=¢=3, k=1

13



and that

@ =812 + 322wy + Twyad — 5al

g3 =623 + Tata, — 192,22 — 4ad.

Therefore

Res3,6,3 (fl o (gth’g?)) ) f2 o (917927g3> 7f3 © (gl7g2vg3))

2 9.
= ReSl,2,1 (f17f2>f3)3 R683,3,3 (91792,93)121

and the second factor can be factorized further as

2. 9. 1-2-1-(3—1)
Ress33 (91, 92, 93)1 “1 = Res 1,3,3 (91, 92, 93)1 21 Ress3 (92[3], 93[3]) .

Remark 2.3 The reader might wonder why in the main theorem we consider the
case of dense resultant of homogeneous polynomials composed with not necessar-
ily homogeneous polynomials. It turns out that the other cases can be trivially
transformed into the case of the main theorem. The following two trivial rules

allow us to transform all the other cases into the case of the main theorem.

1. Suppose that the g;’s are homogeneous in n variables of same total degrees.

Then

Resae,. e (f1o (915 gn)s- s fno (91,0 gn)) =

Resdlé,...,dné (fl o (9?7 H 7g2)7 cee 7fn © (9?7 < 792)) ’

14



where g;4 stands for the dehomogenization of g;.

2. Suppose that the g;’s are not necessarily homogeneous and the f;’s are not

necessarily homogeneous in n — 1 variables. Then

Resdlé,m,dné (fl © <g17 o 79”*1)7 cee 7fn © (917 cee agnfl)) =

Resd1€,...,dn€ (flh © (gla cevy9n-1, 1)7 s 7f7£1 o (917 cev yGn-1, 1)) 3

where f;" stands for the homogenization of f; to the total degree d;.

Remark 2.4 It is important to point out that in a particular degenerate case
the definition of the dense resultant in the main theorem is slightly different from

the usual one. For degenerate cases with d = 0, we define

afn) . pdiedi_1-diyr-dn

Resd1,...,dk_l,O,dk+1,...,dn (flv s 7fk—17 fk’ fk-‘rl) cee — Jk P

whereas usually one defines

Resdh---,dk—1707dk+17---7dn (fla e 7fk—17 fk7 fk‘+17 s 7f’rl) = fkﬁ

The first definition allows us to give a uniform formula for all subcases of dense
resultant of composed polynomials, whereas the second definition seems not to

allow this.

Remark 2.5 We consider the dense resultant of the composed polynomials f; o

15



(91,---,9,) with respect to the total degrees “d;e”. This is natural because

almost always the total degree of f; o (g1,...,gn) is d;e.

Remark 2.6 From the main theorem we can see immediately that if at least

two of the e;’s are smaller than € then

Resaz,..dne (fro(g1 -5 9n)s- - s fuo (g1, sgn)) = 0.

In the proof (cf. Section 2.3) we will see why this happens. In short, the dense
resultant vanishes because the f;o(g1,... ,g,)’s have naturally generated common

zeros at infinity.

Remark 2.7 The main theorem covers the cases of dense resultant of composed
polynomials considered by [CMW95] and [Jou91].! As an example, we show how
one can recover from the main theorem the formula of [CMW95] for dense resul-
tant of inhomogenous polynomials composed with inhomogeneous polynomials of
same total degrees. Let the f;’s be inhomogeneous in n — 1 variables of positive

total degrees and let the g;’s be inhomogeneous in n —1 variables of same positive

!'Note that Jouanolou gives, in Proposition 5.11.2 of [Jou91], an interesting formula for dense
resultant of certain sparse linear polynomials composed with homogeneous polynomials. This
formula is not among the cases of this chapter because the linear polynomials are sparse. We
suggest that one classifies formulae involving sparse composed polynomials within the theory
of sparse resultants (cf. [CLO98]).
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total degree. By the main theorem,

Resdlé,..‘,dné (fl o (917 e 7gn71)> ooy fno (91, .- »gnq))

= Resdlé,..,,dnE (flho (gla'-- 7gn—171)7"' 7f7}110 (917"' agn—lal))

Enfl
= Resq, .. d. (f{‘, . ,f:;) Resz  z(91,--- , gn-1, 1)d1 dn
Enfl
=Resa,,. 4, (f1,--, fn)
Rese. 20 (91, Gn1, 1) 7" Rese o (a1, .. ,gn_l[é])dlmd”'(g_o)

gn—1 e é dy-+dp-€
:Resdl,“.,dn (fl?"' 7f7L) Resé,...,é (gl[}a 7gn71[]) ' )

which is the expression given by [CMW95].

Remark 2.8 Applying the main theorem when computing the dense resultant
of composed polynomials is expected to yield a dramatic improvement in effi-
ciency. In order to compute the dense resultant of composed polynomials, we
only have to compute the dense resultants of the component polynomials and
some of their leading forms, which is expected to be much more efficient than
computing the dense resultant of the expanded composed polynomials because
the components and the leading forms are much smaller and have a lower degree

than the expanded composed polynomials.
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2.3 Proof of the main theorem

Before we prove the main theorem, we state a lemma that is of independent
interest. We want to know what happens to the dense resultant when some
leading forms of the input polynomials vanish or, equivalently, if some input
polynomials have a total degee that is lower than the total degree with respect
to which the dense resultant is computed.

In the lemma we allow the g;’s also to be non zero constants.

Lemma 2.9 We have

Resa_”i (gl; e 7gn)

== ReSE,...,é, €Ly €y... L€ (gla <o 9k—15 Gky Gk+15 - - - 7gn)
Resé7...’é (91[51, s ;gk—l[é]v gk—‘—l[g]? S Jgn[é]>e_g7

where gj[é] stands for the homogeneous part of g; of total degree €.

This factorization is irreducible, if the g;’s have distinct symbolic coefficients.

Example 2.10 (continuing Example 2.2) We illustrate the lemma. Observe

that ey =1 < eg =e3 =¢ =3 and k£ = 1. Therefore

2
Ress33 (91,92,93) = Res133 (91,92, 93) Ress3 (w2[3],w3[3]) .

Proof:
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of Lemma 2.9 Firstly, we suppose that the g;’s have distinct symbolic coefficients
with positive total degrees and there is exactly one k such that ey = e and
ej = €, for j # k. Since the lemma is invariant under reordering of the g,’s,
we assume without loss of generality that & = 1. Let § denote a polynomial in
the variables x1,... ,z,_1 of total degree € with distinct symbolic coefficients, let
K denote the algebraic closure of the field generated by the complex numbers
and the symbolic coefficients of g and ¢s, ..., g, and let m; denote the linear
operator p +— p - g, defined on the K-vector space K [r1,...,Zn-1]/(g,... )5

where (ga, ..., gn) denotes the ideal generated by ga,..., ¢, in K [x1,... ,2,1].

By the Poisson formula (cf. [Jou91] and [CLO98]), we have

ReSé,...,E (/9\7 g2,... agn> = det (mg) ReSE,...,E (92[é]7 e ’gn[a)e .

Further, by the techniques of [PRS93], we have
ReSE,E,...,E (/g\a g2, ... 79n) = H §(§1> cee afn—l) ReSE,...,E (QZ[E]v cee 79n[€])ga
eV
where £ = (&1,...,&,—1) and V is the common solution set of g2, ... ,gp in K™
Since the symbolic coefficients of g are algebraically independent from the sym-
bolic coefficients of ¢s, ... , g,, the previous formula is stable under specialization

of the coefficients of §g. By specializing g to g1, we get

Rese . 2(g15--- ,9n) = H g1 (& &) Rese 2 (02,0, g.)",
fev
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where V' is the common solution set of ¢», ... , g, over the algebraic closure of the
field generated by the complex numbes and the coefficients of gs,... ,g,. Now,

observe that, by the poisson formula and by [PRS93],

Rese e, 2 (91,92, -+, Gn) = H g1 (v &) Rese e (92,0, 0.7)"
fev

Therefore

Rese.. (g1, gn) = [ 91 (&, - &1) Rese 2 (02, 9.
EeVv

N H 5 (517 o 7§n_1) Resé"“’é (92[517 X agn[é]>61 RGSE,,..,E (92[5]; ce ;gn[é])é_el
Eev

=Resg 2. z(g1,---,9,) Resz 2 (gg[é], . ,gn[é])g_e1 )

Secondly, we suppose that the g;’s have distinct symbolic coefficients with
positive total degrees and at least two of the e;’s are smaller than €. Since
the lemma is invariant under reordering of the g;’s, we assume without loss of
generality that e;, eo <e. Weregard gs, ... , g, as specialized polynomials of total
degree €, whose forms of degrees e; +1,... ,€ vanish. Obviously, the formula,
which we have already shown, of the first part of the lemma, holds for such
specialized polynomials as well.

Thirdly, we suppose that the g;’s have distinct symbolic coefficients and at
least one of the e;’s is zero. Since the lemma is invariant under reordering of the
g;’s, we assume without loss of generality that e; = 0. We have, if e¢; = € for

J > 2, by the multihomogeneity of the dense resultant (cf. [CLO98]) and by the
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Poisson formula (cf. [Jou91]),

Enfl
ReSE,E,‘..,E (gh g2, .. 7.971) = gl ReSE,E,...,E (17 g2, .. 7gn>

sn—1

= gle Resé,.,.,é (92[517 e agn[a)e

and, by definition (cf. Remark 2.4),

sn—1

Resoz,. (91,92, -+, 9n) = 4§

and thus, by specialization, the formula of the lemma also holds in this case.

Therefore we have shown the formula of the lemma for g;’s with distinct sym-
bolic coefficients and it remains to relax the formula to g;’s which do not have
symbolic coefficients. This is easy because the formula, involving only polynomi-
als in the symbolic coefficients of the g;’s, is stable under specialization.

Now we prove that the factorization given by the formula of the lemma is
irreducible if the g;’s have distinct symbolic coefficients. This is obvious if at
most one e; is smaller than €. Suppose that at least two of the e;’s are smaller
than €. Since the lemma is invariant under reordering of the g;’s, we assume

without loss of generality that e;,e; < €. We show that

Resz, . = (917 e 79n) = 0.

The forms of g1, ... , g, of total degree € are 0,0, g5, ..., g,[). By Bezout’s the-

orem (cf. [DS98] and [CLO98]) the n — 2 homogeneous polynomials g5, ... , g,
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in the variables 1, ... ,x,_1 have a non trivial common zero in the algebraic clo-
sure of the field generated by the complex numbers and the symbolic coefficients

of g3,...,gn. Therefore

Resg, . = (917 . 79n) = 0.
Thus we have shown the lemma.

O

Now we are ready to prove the main theorem. We are aware of several different
proofs. The most elegant one is the proof given here. The proof is elegant because
we base the proof on Lemma 2.9 and on the formula of [CMW95] and [Jou91]
for dense resultant of homogeneous polynomials composed with homogeneous
polynomials of same total degrees.

Proof of Theorem 2.1 (Main theorem):

It is easy to see that the homogenization of f; o (¢gi,...,g,) to the total degree
d;eis f;o (glh, e ,gnh), where g, is the homogenization of g; to the total degree

€. By [CMW95] and [Jou91], we get

Resdlé""’d"é (fl © (917 e 7gn), s 7fn o (gla Ce 7gn))
= Resape,.. doe (f1 © (glh, o ,gnh), ey fno (glh7 o 79nh))
- ReSdl""’dn (fl’ e 7fn)gn71 Resé,...,é (glh7 ce 7g7’bh)d1mdn

sn—1

= Resaa, (o ) Resoalone )"
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By Lemma 2.9, we have that

Resdlé,...,dné (fl © (glw-' ’gn)a'” 7fno(gla"' 7971))

G dy-d
= Resdl,...,dn <f17 e an)e Resé,...,é,ek,é,...,é (917 ce 7gk:—17 gk; gk+17 ... 7gn) ! "

] ] -l (E=em)

ReSE,...,E (gl yeee s k-1 7gm+1[é]7 s 7gn[E])

It remains to show that this factorization is irreducible if the f;’s and g;’s
have distinct symbolic coefficients. This follows from Lemma 2.9 and we could
stop. However, we show the irreducibility without using Lemma 2.9 because the
proof gives some interesting insight. If at most one e; is smaller than € it is easy
to see that the factorization is irreducible. Assume that at least two of the e;’s

are smaller than e. We show that

Resdlé,...,dné (fl o (.917‘-' 7gn)7"‘ 7f7LO (gla"' ;gn)) = 0.

The dense (Macaulay) resultant vanishes because the composed polynomials f; o
(g1,---, gn) have some common zeros at infinity. It is interesting to know what
these common zeros at infinity are. We show that they are the common zeros of

certain leading forms of the g;’s.

Since we can rename the variables of the f;’s and the g;’s such that ey, ... ,e; =
e and ey q,...,e, < € without changing the composed polynomials f; o (g1, ... ,
gn). We assume that, for k <n—2,ey,... ,ep =€and exyq,...,6e, < e Westart

with computing the leading form of f; o (gi,...,9,). Note that f; = fif + fi,
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where each monomial in f;" is only divisible by variables among 1, ... , 7, and

where each monomial in f;” is divisible by at least one xz;, for 7 > k, and thus

fiolgiseeevgn)=fo(g1,- s q6) + [T 0 (gis--- . 0n)-

Since the total degree of f;fo(gy,. .. , gx) is d; € and the total degree of f; o(gy, ... ,
gn) is smaller than d; €, the leading form of f; o (¢1,...,¢,) equals the leading
form of f;* o (g1,...,gx). Now we intend to apply Lemma 3.10, which has been
shown independent from the theorems and lemmas preceding it. to f;" o (g1, ... ,
gr). Note that this lemma is stated for homogeneous polynomials composed
with n homogeneous (Laurent) polynomials of same total degrees. It is easy
to see that this lemma also holds for homogeneous polynomials composed with
k not necessarily homogeneous polynomials of same total degrees. Following
the notation of the lemma, we denote the leading form of f;" o (g1,...,gx) by
(f;r o (g1,- .. ,gk)):, where w = (1,...,1) and & is the set of all monomials

contained in f;" o (g1,...,9,). Then, by the adapted Lemma 3.10,

(fi+o(gl"" ,gk)): = fi+o (glgy 7gk‘2§)a

where B is the set of all monomials contained in gy, ... ,gx. Note that g;3 = g; (e,

Therefore the leading form of f; o (g1,...,g,) is fi o (¢, ..., ). Now,
by Bezout’s theorem (cf. [DS98] and [CLO98]) the k£ homogeneous polynomials
g

¢, ..., g/ in the variables 1, ..., 2,1 have a non trivial common zero over
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the algebraic closure of the field generated by the complex numbers and the
symbolic coefficients of ¢, ..., ./, Since there is at least one e; that equals
e, the sequence ¢y, ... ,gr is not empty and such a non trivial common zero &
exists. Take any such non trivial common zero £. Then £ is a non trivial common
zero of the f;* o (¢11¥,..., gx)’s and thus ¢ is a common zero at infinity of the

fi o (917 s 7gn)7S‘

Thus we have shown the main theorem. O
2.4 Conclusion

In this chapter we studied the dense (Macaulay) resultant of composed poly-
nomials. Cheng, McKay and Wang and Jouanolou have studied two particular
subcases. The main contribution of this chapter was to complete these works by
providing a uniform answer for all subcases. In short, it states that the dense
resultant of composed polynomials is the product of certain powers of the dense
resultants of the component polynomials and of some of their leading forms.
These results can be applied to compute dense resultants of composed polyno-
mials with improved efficiency. We also determined the common zeros naturally
generated by composition in some cases when the dense resultant vanishes and
we stated a lemma of independent interest about dense resultant under vanishing

of leading forms.
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Chapter 3

Sparse Resultant of Composed
Polynomials 1

3.1 Introduction

The main question of this chapter is: What happens to sparse resultants under
composition? That is, is the sparse resultant of composed polynomials in any
way related to the (sparse) resultants of the component polynomials?

We give an answer for the case of homogeneous polynomials composed with
unmized homogeneous' polynomials. In short, it states that the sparse resultant
of composed polynomials is the product of certain powers of the (sparse) resul-
tants of the component polynomials. This result is a work joint between Hoon
Hong and the author, Manfred Minimair. This result can be viewed as a gen-
eralization of the work of Cheng, McKay and Wang (cf. [CMW95]) where they

answered the same question but for dense polynomials. This result can also be

!The author, Manfred Minimair, is currently investigating, the same question but for a more
general class of inputs, namely allowing mized non homogeneous polynomials.
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viewed as a generalization of the work of Gelfand, Kapranov and Zelevinsky (cf.
Corollary 2.2 in Chapter 8 of [GKZ94]) where they answered the same question
but for linear polynomials composed with sparse polynomials.

Applying this result yields dramatic improvement in efficiency both in space
and in time over computing without taking advantage of the composition struc-
ture (cf. Theorem 3.1).

The reader might wonder whether one can utilize composition structures for
other fundamental operations. In fact, this has already been done for some oper-
ations. For examples, Grobner bases, subresultants and Galois groups of certain
differential operators have been studied in [Hon97], [Hon98| and [BS99], resp.,
using various mathematical techniques. However, it seems that those techniques
cannot be applied to the study of sparse resultants. Therefore in this chapter we
use mathematical methods that are essentially different from those.

We assume that the reader is familiar with the notions of dense (Macaulay)
resultant of homogeneous polynomials, sparse resultant of inhomogeneous Lau-
rent polynomials, mixed volume, normalized volume of Newton polytope. For
their definitions see, for example, [CLO98|, [PS93]. There are different defini-
tions of normalized volume in the literature. We follow the definition given in
[PS93]. Further, we assume that the reader is familiar with the notions of arith-

metic time and space complexity and Newton matrix. For their definitions see,
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for example, [vAHUS83] and [CE95]. We also assume that the reader is familiar
with the algorithms that are described in [CE95] and in [EP97], for computing
Newton matrices and sparse resultans.

This chapter has been submitted to a journal (cf. [HMO00]).

3.2 Main result

Let fi,...,f, be homogeneous? sparse polynomials in the variables yi,... , v,
with distinct symbolic coefficients of total degrees dy, ... ,d, and let ¢4, ... , g, be
homogeneous sparse Laurent polynomials in the variables x4, ... , z, with distinct
symbolic coefficients distinct from the coefficients of the f;’s.® Let dyax stand for
the maximum of the d;’s.

We assume that the g;’s are unmized, that is, all the g;’s have the same set

B of supporting Laurent monomials. Let Vi, stand for the volume of the Newton

2In the literature sparse resultants and (normalized) volumes are defined for inhomogeneous
(Laurent) polynomials. However, in this chapter we will consider those for homogeneous (Lau-
rent) polynomials, which are simply defined as those for (Laurent) polynomials dehomogenized
with respect to some variable. It is easy to show that it does not matter with respect to which
variable we dehomogenize. Hence they are well defined. We consider homogeneous (Laurent)
polynomials because they allow us to formulate the main theorem in a very succinct way. With
a little effort one can also derive a version of the main theorem for inhomogeneous (Laurent)
polynomials. But the resulting expression is less elegant.

3In allowing the g;'s to be Laurent polynomials instead of polynomials we follow common
practice. The purpose of this relaxation is only notational convenience and does not essentially
contribute to the problem.

We restrict the f;’s to be polynomials. This restrictions ensures that the f; o (g1,... ,9,)’s
are again Laurent polynomials.

For the sake of a simple presentation we also assume that all the (Laurent) polynomials have
distinct symbolic coefficients. Obviously, the main result can be specialized to numeric coefhi-
cients after fixing appropriate sets of supporting monomials for all the (Laurent) polynomials
involved.
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polytope @ of the g;’s and let Vol (Q)) stand for the normalized volume of the
Newton polytope @, that is, Vol (Q) = Vg - (n — 1)L

Further we assume that the dimension of the Newton polytope ) of the g;’s
is n — 1 and that the exponents of the Laurent monomials of the g;’s affinely
span over Z the lattice of integer points of the hyperplane containing the New-
ton polytope ). This is nothing but the homogenized version of the standard
restrictions on sparse resultants (cf. [CLO98]).

Let f;o(g1,...,gn) be the sparse homogeneous Laurent polynomial obtained
from f; by replacing y; with g; and let C; denote its naturally induced support. Let
Resg, ...a, (-) stand for dense (Macaulay) resultant, Resp (.) stand for unmixed
sparse resultant and Rese, ¢, (.) stand for mixed sparse resultant. Now we are

n

ready to state the main theorem, namely a “chain rule” for sparse resultants.

Theorem 3.1 (Main theorem) We have

Rescl,...,cn (fl o (gla cee 7gn)> s 7fn o (917 s 7gn))

= Resay..a, (f1,... ,fn)VOI(Q) Resgs (g1, - - - ,gn)dl'"d” )

Further, Table 3.1 shows by which factors the arithmetic complexities of the main
tasks of sparse resultant computation (see [EP97]) are lower for the f;’s and for

the g;’s than for the expanded composed Laurent polynomials f; o (g1,... ,gn)-
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Table 3.1: Factors by which the arithmetic complexities of main tasks of sparse
resultant computation are lower for the f;’s and for the g;’s than for the f; o

(917 s 7gn)’s

Newton matriz computation of:

time space
fi’S VC222 ) VQ )
gj’S dmZ; drﬁ;)(

versus fi o (gi,... ,9n)’s

Sparse resultant extraction of:

time space
fi’s (‘?{Q); S(n=1 Vg X
gj7S dmZ; dr?la_x

versus f; o (g1,... ,gn)’s

Example 3.2 We illustrate the notations and the main theorem. Let

J1 = ai600 y? + amn yi‘ Y2 Ys + Q1222 y% ?J; ?J% + a1105 %1 935, + @1006 y§,
Ja == azr0 ?JI + a9331 yi’ yg Y3 + Q2142 Y1 ?J;l yg + a2025 yg yg + Q2070 yg,
f3 = azoo0 Yl — aze21 Yy Y Ys + Azaz2 Y1 Ys Y3 + Q3063 Y5 Y3 + 3009 Y3,
g1 = biazn 513% x% x5 + bi230 517% CC; + bi_142 il?fl :c% ng + bio14 T2 Sﬂéa
G2 1= bogo1 T3 15 T3 + baogo 27 Ty + by _1a2 a7 $§ x5 + baora T2 1’§,
gs = b3221 $% l"g XT3 -+ b3230 l’% l’;’ + 63_142 $1_1 [Eg $§ + b3014 i) ZB%

Observe that n = 3, d1 = 6, dg = 7, dg = 9, dmax = 9, and thus dl : dg : dg = 378.

Observe that B = {x% vl xs, w2 ad, vyt adak xo :v%} and that C; is the set of
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X2-exponents

x1-exponents

Figure 3.1: Newton polytope @ of g1, g» and g3 after orthogonal projection onto
(21, z2)-exponent plane

monomials occuring in fi o (g1, g2, g3), namely,

16 _15_—1 5_14 11 6_19 5 7,16 7 8 13 _9 6_11_13 10_15_5 3_20_7 4_17_9 7_13_10

Tg ¥y Ty , T3Ty T3z , T3Ty T3, T3Ty Ty, T1To Ty, T1Ty Ty , T3 Ty Ty, T1Ty Tz, T1Ty T3, T3y T3
8 10,12 3 18 9 _4 15 11 13 17 12 14 4 10 _12 8 6 _16 1o 19 22 11 -3 19 13 -2
zlz2 x3", TYTy Tz, TITo Ty , Ty T3 , T Ty Tz, T Ty Ty, T1Ty 13, T1 Xy Ty, Ty T3 Ty, Ty T3 Ty,
9 6 8 11 11 12 12 6 12 13 5 9 14 7 10 _11_9 _6 15 7,149 12 17 7.21 6 17 7
xlx2 Ty, TITy T3z , T Ty T3z, T Ty Tz, T{Ty Tz, T] Ty Ty, x1:62:1:3 , 1Ty Ty, T Ty T3, x1w2x3 , T1Ty Ty,
12 18 6 24 12 20 -2 21 _14_ -5 _18_16_—4 15 18 -3 24 _12 -6 _9 4.10_16 _3 13 14
xq :02 ; T3, Ty L3 Ty T, T Ty Ty, Ty Tz Ty, Ty Ty Ty, Ty Ty Ty ,1213 T1,TiTy T3 , TITH T3 ,

19_10 2 16 _12 9 19 2 14_16 6_20_4 7 17_6 8 14 _8 6 _12 12 10_16_4 3. 21_6
z2 z3, T1 Ty Ty , TITy T3, T1To T3, Tp Ty , T1Ty Tz, T1To Ty, TITy Ty, T1T3 T3~ , T Ty Tz, TIT Ty,

4 8 5_15_10 11,18 23 10_-—3 20 12 —2 17 14 —1 18_6 8 12 10 6 _10_14 10_14_6
a:lacQ T3, T1To T3, T1 Ty ®3°, TR X3 T, TH X3 T T, Ty X Xy ,x1x2 T3, Ty X3, T{Ty T3, T] Ty T3,

3_19_8 4 _16_10 5 13 _12 2_8_20 7_15_8 5 12 13 12_15_3 9 16_5 10_13_7 12_16_2 4 9 17
T1T5 Tz, T{Ty T3, T1TF T3T, TIToT3 , TYTy Tz, T1To 3", T Ty T3, TyTH Ty, T Tp Ty, T] Ty T3, T1ToT3

3 12 15 21_9 18 11 2 15 13 9 18 3 4 18 3 _11_16 20_10 17_12 2 14 14 9 _17_4
ziz 23", x5 x3, T1 Ty T3, TITH X3, T TS T3, x1x2:c3 , TIT5 T3, T T3, T1 Ty T3T, TJTH T3, T]To T3

and similarly for C, and C3. The Newton polytope @) of the g;’s is shown in
Figure 3.1. From the figure we see that Vol (Q)) = 10 and Vip = 5. Thus the main

theorem states that

R’eSChCQ,C3 (fl © (gl7g27g3) ) f2 © (917927g3> 7f3 © (91792793)) =

Resero (f1, f2, )" Ress (g1,92,93)°" .

31



Table 3.2: Factors by which the arithmetic complexities of main tasks of sparse
resultant computation are lower for the f;’s and for the g;’s than for the f; o
(91, -+ ,9n)’s in Example 3.2

Newton matriz computation of:

time space
fi's [ 52 =25 5
g;’s | 9% = 6561 92 =81
versus f; o (g1, .-+ ,Gn)’s
Sparse resultant extraction of:
time space

fs [55-21=250 [ 5
g;'s | 96 = 531441 | 92 = 81
versus fi o (gi,... ,9n)’s

Further, the main theorem states the factors of Table 3.2 for the improved com-

plexities of the main tasks of sparse resultant computation.

Even this simple example illustrates that the use of the main theorem provides
a dramatic improvement of efficiency (see Table 3.2). If one tries to compute the
sparse resultant of the composed Laurent polynomials without using the main
theorem, then one will first have to expand the composed Laurent polynomials
into distributive representation and then compute their sparse resultant. It is ex-
pected that computing the sparse resultant of the expanded Laurent polynomials
takes a very long time. Moreover the output is expected to be enormous in size

(see the huge exponents) and therefore it is expected that using the output in
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further computations will be difficult. However, using the main theorem we do
not have to expand the composed input. We only need to compute the (sparse)
resultants of the smaller component polynomials, which can be done much more
efficiently (cf. Table 3.1), calculate the exponents and keep the final output in
the compact factored form. Note that we do not have to compute the exponent
Vol (Q) seperately because current algorithms for sparse resultant computation
require that the mixed volume of n — 1 copies of @, i.e. Vol (Q)), is computed in a
subroutine and therefore we get Vol (@)) as a byproduct of the computation with-
out additional effort. Further, note that Table 3.1 contains ratios of arithmetic
complexities, which do not consider the coefficient blow up of computations in
exact arithmetic. It is expected that, under consideration of the coefficient blow
up, the decrease of complexity will be of much higer order than the decrease

stated in Table 3.1.

3.3 Proof of the main theorem

Before going into the details of the proof we describe its main structure. In the
first four lemmas we will derive a “skeleton” of the main theorem, involving some
unknown coefficients and exponents, when the f;’s are restricted to be dense.
In the following three lemmas we will determine the unknown coefficients and
exponents. Finally, we will allow the f;’s to be sparse, proving the main theorem.

The dependency of all these lemmas is shown in Figure 3.2.
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Lemma 3.8 Lemma 3.10

\ /

Lemmﬂ 3.11

Lemmﬂ 3.12

Lemmﬂ 3.13

Lemmﬂ 3.14

Lemmﬁ 3.15
Theorem 3.1 (Main theorem)

Figure 3.2: Dependency of the lemmas
Before listing the lemmas, we fix some notations.
Notation 3.3 Let h be a (sparse) homogeneous (Laurent) polynomial with dis-
tinct symbolic coefficients. Then H is the dense completion of h, that is, the

dense homogeneous polynomial with the same total degree as h with distinct

symbolic coefficients.

Example 3.4 Consider h = az? + bxy x3. Then we have H = ax? + bxy 1o +

2
cx;.

Now, we fix how to denote certain leading forms of (Laurent) polynomials.

Notation 3.5 Let p be any (Laurent) polynomial in the variables z,... ,x,
with numeric or symbolic coefficients, let w be a vector in Z™ and let £ be a set of

monomials in z1, ... ,x,. The leading form of p with respect to w and &, written
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as p¢, is the maximal part of p whose Newton polytope lies in the face, with w
being an inner normal vector, of the Newton polytope naturally generated by the

exponents in &.

Example 3.6 Let

p = 8371 + 3$2+d,
W= (_170)7

E = {x%mg, x%, T, 1}.

Figure 3.3 shows a triangle, the Newton polytope of p, inscribed into a rectangle,

X2-exponents

Il Il Il
0 1 2
x1-exponents

Figure 3.3: A triangle, the Newton polytope of p, inscribed into a rectangle, the
Newton polytope generated by exponents in £

the Newton polytope generated by the exponents in £. Observe that the leading
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form of p with respect to w and the support of p is 8 ;. However the leanding

form of p with respect to w and &£, written as pZ, is 0.

Finally, we fix a notation for the support sets of the dense homogeneous polyno-
mial F}, the dense completion of the sparse homogeneous polynomial f;, composed

with the sparse homogeneous polynomials g;.

Notation 3.7 Let D; be the set of naturally induced supporting Laurent mono-

mials of F; o (g1,... ,9n).

Now we are ready to state and prove lemmas. In essence the next lemma
is the so-called “vanishing theorem for resultants” stated by Rojas in [Roj99a]
in different language. The vanishing theorem tells us when exactly the mixed
sparse resultant vanishes (cf. also [CLO98] for unmixed sparse resultants). Ro-
jas presents the theorem using the language of toric varieties (cf. [CLO98]) and
divisors (cf. [Ful98]). However, for this chapter a different presentation is more
suitable. Thus we give a lemma expressed in a different formalism.

Let hy, ..., h, be homogeneous Laurent polynomials in the variables x4, ... , x,
with supports &, ... , &, and with distinct symbolic coefficients. Again we make
the usual assumption ([CLO98]) that the dimension of the Newton polytopes of

the h;’s is n — 1.

36



Lemma 3.8 For all specializations, with complex numbers, of the coefficients of
the h;’s, we have Resg,, ¢, (h1,... , hy,) = 0 iff there is a vector w such that the

n

leading forms hg ,... ,hg of hy, ... hy, have a common zero in (C\ {0})

Proof:

We assume that the reader is familiar with the notions of cycle (cf. [Ful98]),
glueing, scheme, spectrum and coordinate ring (cf. [Sha94a], [Sha94b]) and toric
varieties (cf. [Ful93], [GKZ94], [CLO9S]).

Let h{, ..., hd denote dehomogenizations of the unspecialized hy, . .. , h,,, with-
out loss of generality, with respect to x,, with supports £7,... €. For the rest
of the proof we specialize the coefficients of the h;’s with some arbitrary but
fixed complex numbers. Note that for the proof it is crucial that we have fixed
some specializations of the coefficients. The “vanishing theorem for resultants”

([Roj99al) tells us that

iff
DR1+~-~+Rn ((h(li, “ e ,hg) ) (Rh . 7Rn)) 7é Q)a

where Dp, 4. p, ((h{,... k%), (Ri,...,R,)) stands for the underlying scheme

of a certain cycle (cf. [Roj99a]) and R; stands for the Newton polytope naturally
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generated by SJ‘?‘. For a precise definition of the operator D see [R0oj99a] and

[R0j99b]. Rojas represents the scheme

Drytoar, (B, ... R (Ry, ..., Ry))

(cf. [Roj99al, Lemma 5.1, and [Roj99b], Lemma 3 ) by the standard glueing of
certain affine schemes lying in the usual affine pieces (cf. [Ful93]) that cover the
toric variety constructed from the polytope Ry + - -- + R,.* Following Rojas and
Fulton using slightly simplified notation, these affine pieces and affine schemes
can be constructed as follows. Let vq,...,v; be the vertices of the polytope
Ry + .-+ R, and let g/ be o — v;, where o} denotes the innter cone of the
polytope Ry + - -- + R,, formed by the supporting hyperplanes of Ry + --- + R,
that pass through v;. Then an affine piece U; of the toric variety is given as the
points of the spectrum of the ring C [ NZ"" '] (cf. [Ful93]). It can be shown
(cf. [Ful93]) that the toric variety constructed from the polytope Ry +---+ R, is
isomorphic to an appropriate glueing of Uy,... ,U;. Further, let w]@ denote the
vertex of I?; with the same inner normal vector as v;. Such vertices exist because
the Minkowski sum Ry +- - -+ R,, is compatible with each R; (cf. [Roj99a]). Then,
according to [Roj99a], Lemma 5.1, and [R0j99b], Lemma 3, on U; the scheme

Dryyir, (b, ... hY), (R, ..., R,)) is represented by the ideal generated by

4Rojas also shows how to canoncically represent this scheme on the intersection of these
affine pieces, but this is not needed in the proof.
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g’ h{, ... L zun) hd in C oy NZ"']. Therefore
ReSgh._.,gn (hl, Ce ,hn) = 0
ift

. @ N0 . . .
there is a U; such that x=%1 hd ... 27" hd, viewed as functions on U; in the

coordinate ring C [0} N Z"~!], have a common zero in U;.

Now fix U; and let p € U; be a point such that g h¢, ... ,x_“’g) h¢ vanish on p.
Then the coordinates of p and their power products (cf. [Ful93], the proposition
on p. 54) are ¢ = £¢, for e € (1/ N Z" 1)\ {0} and for some & € (C\ {0})""" and

z¢ =0, for e ¢ (1Y NZ" 1)\ {0}, where 7,7 is a face of the cone ¢, with inner

d

@)
normal vector w. Let j be arbitrary but fixed. It follows that ™3 h§ vanishes on

. . w . .
p iff the leading form h?gc.i vanishes when zq,... ,x,_1 is replaced by &, ... , &, 1.
J
. . w w
Therefore and vice versa, the leading forms h(fgd, e ,hflgd have a common zero
1 n

in (C\{0})"". It is easy to see that these leading forms can be obtained by
dehomogenizing, with respect to x,, certain leading forms, with respect to the
same vector, of hq, ..., h,. Thus and vice versa, these appropriate leading forms

n

of hy, ..., h, have a common zero in (C\ {0})

O

Next we would like to understand how the leading forms of composed Lau-

rent polynomials are related to the leading forms of the component (Laurent)
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polynomials. At first it seems that there is no meaningful relationship at all.
In fact, it is well known that the shapes of Newton polytopes are very unstable
under elementary operations like unions, Minkowski sums, etc. However it turns
out that there is some relationship — a very natural one. Let’s have a look at an

example.

Example 3.9 Let p := y? + yy3 and

—1,.3,.3 2,.3
Ty XT3+ TITS

q; = + +
—1,.6 3

ry'a§ + adad,
for j = 1,2,3. The Newton polytope of the ¢;’s is a rhombus. Instead of drawing
this thombus we have arranged the monomials of the ¢;’s in a square which is
supposed to represent the rhombus. The exponents of the edges and vertices
of this square lie in the corresponding edges and vertices of the rhombus. The

Newton polytope of p o (g1, ge,gs) is also a rhombus. We represent p o (g1, g2, q3)

in the same manner as the ¢;’s, namely,

2 2 2
2077282 + Az Cadxy + 2xy xSl

+ - -
polq,qe,qs) = 4madey + Smada§ +  dray
- - -

4,.6 4,3,.3 4,6
20y 4+ dajxsrs + 0 22775,

For example, the leading form of p o (¢, ¢, ¢3), with respect to w = (1,—2,1)
and the naturally induced Laurent monomials of p o (1, go, g3), is the first row of

po(q1,q2,q3). It can be decomposed as

1,33, .23 133, 23 133, 23
po (zy'wial + afal, ay'adad + afad, xy'adad + aiad)
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where x 2322 + 22x3x; is the first row of the ¢;’s, that is, the leading form of
the g;’s with respect to w and the Laurent monomials of the ¢;’s. In fact, similar

statements are true for any other leading form of p o (¢1, g2, g3)-

In order to state generally what we have observed in the above example, let
F be a dense homogeneous polynomial in the variables yy,... ,y, with distinct
symbolic coefficients distinct from the symolic coefficients of any other Laurent
polynomial in this chapter. We state the lemma only for (Laurent) polynomials
with distinct symbolic coefficients because, for fixed support sets, it is trivial to

specialize the lemma.
Lemma 3.10 We have®

(Fol(g,.-.. 9n))s = Folgip - 9np),

where € is the set of Laurent monomials contained in F o (g1,... ,gn)-
Proof:
Since F'o (g1, ,9n) = D nista,—d Gadr - gn", for some symbolic coefficients

a., and some d, we have

(Folg,-.. g)i = Y aalgi---gom)s.
al+-Fan=d

®We formulate the lemma for dense F’s because we only need it for such polynomials. It is
easy to see that the lemma is also true for sparse polynomials.
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We show that
(9" gnm)e = (15)™ - (gnp)™" -

Note that

gt gyt = (g +ha)™ e (gng + ha)

= (glg)al .. (gntg)an + Z (glg)al—m hfl . (glg)al—ﬁn hgn’
075([31:-“7Bn)g(al,...,an)

for some fixed hq, ... , h, whose Laurent monomials have exponents different from
those in ¢1%, ... , gng. Let (I,.) be a linear form defined on Z" such that the New-
ton polytope of the g;’s is contained in the halfspace {e | (l,e) < r}, for some r €
Z, and such that the hyperplane {e| (/,e) = 7} contains the exponents of the g;%’s.
By well known properties of the Newton polytope (cf. [CLO98], Exercise 3, p. 318)
and the Minkowski sum (cf. [CLO98], Exercise 12, p. 325) we know that the sup-
porting hyperplane of the exponents of the Laurent monomials that are contained
in the leading form (g7 --- g2")s is {e|(d - l,e) = d - r} and the exponents of the

(63}

Laurent monomials that are contained in (g15)™ - (gng)"" lie in this hyper-

plane as well. Therefore the Laurent monomials, together with their coefficients,

aq Qn

are contained in the leading form (g7 - - - g%")“. Now, fix a

of (g15)™" -+ (9n3)

tuple (B, ... ,0,) # 0. The exponents of the Laurent monomials in the h;’s are
contained in the set {e | (I, e) < r} und thus the exponents of the Laurent monomi-

als in (g©)™ 7 pr . (g9)* 7P BB are contained in the set {e| (d-1,e) < d-r}.
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Therefore the Laurent monomials in (g14)* " b9 - (¢1%)* " hf» are not con-
tained in the leading form (F o (g1,...,0x))s-

Now, since composition commutes with addition, it follows

(Folg 9= D aalgig)™ - (9:8)"

ar+-Fan=d

=Fo(gig,--,9m8)-

Next we make the connection between the vanishing of the sparse resultant

of composed Laurent polynomials and the vanishing of the (sparse) resultants of

the components.

Lemma 3.11 For all specializations, with complex numbers, of the coefficients

of the F;’s and of the g;’s,

Resp, ..o, (F1o(g1,---9n)s--- , Fno(g1,...,0n)) = 0
implies

Resg (g1,--- ,9n) = 0 or Resq a4, (F1,...,F,) = 0.

Proof:

We would like to apply Lemma 3.8 to the sparse resultant of specializations of

the F;o(g1,...,gn)’s, but first we have to show that the dimension of the Newton
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polytope of F;o(g1,... ,¢gn), i.e. the Newton polytope naturally generated by D;,
is n — 1, which we will do now. Note that for this paragraph it is crucial that the
F;’s and g¢,’s have distinct symbolic coefficients. We observe that F; o (g1,... ,gn)
contains only summands of the form ¢ - - - g&* with some distinct symbolic co-
efficient, where ay + --- + «,, = d;. From the distributivity of multiplication
and addition it follows immediately that all summands of this form contain the
same Laurent monomials with, in general, different coefficients. Therefore the
Newton polytope of F; o (g1,... ,gs) is the same as the Newton polytope of any
gyt 92", where ag + - - - + o, = d;. By well known properties of multiplication
of polynomials and the Minkowski sum (cf. [CLO98]), the Newton polytope of
gy g2 is d; - Q. Thus we have shown that the dimension of the Newton
polytope of F; o (g1,...,9n) isn — 1.

Now, suppose

Resp, .p, (Fl © (917--- agn)a--- N (917--- 79”)) = 0,

for arbitrary but fixed specializations, with complex numbers, of the coefficients
of the Fj’s and of the g;’s. Note that for the rest of the proof it is crucial that
we have fixed some specializations of the coefficients. Then by Lemma 3.8 and
by Lemma 3.10, which can be trivially specialized, there are appropriate leading

forms

(Eo(gla"' 79”))%1 = Eo(gluéa--- ;gng)
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of F1o(g1,---,9n)y---,Fno(g1,...,gn) that have a common zero (&1, .. .

(C\ {0})". This implies that either

gl‘g(élv"- ugn)zoa 7gn§<£17“' 75”):0

or

Fi(v,...,0,)=0,... ., F,(vg,...,v,) =0,

&n) €

where 0 # (v1,...,v,) = (1% (&1, &), s g &1y ..., &)). Therefore

Resp(g1,.--,9,) = 0 or Resy,

~~~~~ dn(F17"' 7Fn) == 0

Now we show that the sparse resultant of composed Laurent polynomials is

the product of some powers of the (sparse) resultants of the component (Laurent)

polynomials. We show this only for dense outer polynomials.

Lemma 3.12

Resp,..p, (F1o(g1,---3Gn)s-- , Fno(g1,--- ,0n))

where A € C and p and v are non negative integers.

Proof:
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Hilbert’s Nullstellensatz is the key. By Lemma 3.11, for all specializations, with

complex numbers, of the coefficients of the F;’s and of the g;’s,
Ress (Fio(gr,-- 1 Gn)s- s Fno(gr,... ,gn)) = 0
implies that
(Resay...a, (F1y..., F,) -Resg(g1,--. ,9.)) = 0.

Note that for this proof it is crucial that the Fj’s and g;’s have distinct symbolic

coefficients. Further, note that the (sparse) resultants

Resp,,..p, (F10(g1,--- ,9n)s--- s Fno(g1,--. ,9n)),

Resg, a4, (F1,...,F,) and Resp(g1,...,0n)

are polynomials in ths symbolic coefficients of the Fj’s and g;’s. Thus, by Hilbert’s

Nullstellensatz, we have that

is in the radical of Resp, . p, (F1 o (g1,--- ,9n)s--- ,Fn0(g1,... ,9n)). Therefore

= (Resg, .. a4, (F1,...,F,) Resg (g1, ... ,gn))a,

where p # 0 is a polynomial in the symbolic coefficients of the F;’s and g;’s and

J is a positive integer. Since Resg, . a4, (F1,...,F,) and Resp (g1,...,9,) are
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irreducible polynomials, the polynomial

Rele,...,’Dn (Fl o (gla R 7gn)7 v 7Fn o (gla R 7971))

must be, up to a constant factor, a product of certain non negative powers of

Resg, .. .4, (Fi,...,F,)and Resg(g1,... ,g,) and thus we have shown the lemma.

O
Now we determine the unknown coefficient A in the previous lemma.

Lemma 3.13 We have

Resp, .o, (F1o(g1,---3Gn)s - s Fno(gr,.-. ,9n))

= Resa,..a, (Fi,... ,F,)" Resp(g1,.--,90)",

.e. A=1.

Proof:

In the equality of the previous lemma we specialize the F; to yfi and we get

Resp,,.p, (91, ,9%) = XA Resay,a, (... . y®)" Resp(g1,... . 90)" -

Note that the set of Laurent monomials contained in the F; o (g1,...,9,) 18
[T/, B; in detail: in the proof of Lemma 3.11 we saw that gf* - -- g% contains

the same Laurent monomials as F; o (¢g1,...,¢,) and thus its set of supporting
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Laurent monomials is HZ;l B. This observation allows us to apply the product

formula presented in [PS93] to Resp, . p, (¢7",... ,g%"). We get

Ress (g1s---9n)" = AResay g, (¥, y2)" Resg (g1,--- . 90)",

for some k > 0. On the right hand side of this equality we have, by definition of

dense (Macaulay) resultant,

Resdh_”,dn (yfl, . ,yg") =1.
The other factors in the equality are not zero. Therefore

Resg (g1,..-,92)" " = A € C.

The sparse resultant Resg (g1, ... ,gn) is @ non constant polynomial in the sym-

bolic coefficients of g1, ..., g,. Therefore Kk — v = 0 and thus A = 1.

O

In order to determine the remaining unknowns p and v, we use the multi-
homogeneity of the (sparse) resultant (cf. [CLO98], p. 343). First we derive the

exponent .

Lemma 3.14 We have

R’eSDhm,Dn (Fl o (gla ce 7gTL)7 cee 7FTL o (gla cee 7gn>)

= Resa,. a, (F1,... ,Fn)VOI(Q) Resg (g1, ,9n)"

i.e. p= Vol (Q).
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Proof:

In the equality of the previous lemma, we specialize F; to ¢ - Fj, for some new

constant ¢ distinct from any other symbolic constant used until now, and get

ReSD1,...,Dn (C'Flo<gla"' 7gn)7F20<gl7"' ,gn)a--‘ 7Fno<gla-~ 7g7‘b))

= Resg,..a, (c- F1,Fy, ... F,)" Resp(g1,... ,90)" -
By the multi-homogeneity of the dense (Macaulay) resultant we know that
Resg(c- F\, Fy, ..., F,) = MV@2SednS) Reg, o (Fy,... F,)
= B2 dn MV(S,...5) | Resg, .4, (F1, ..., F,)
= d2rdn . Resg, . 4, (F1,...,Fy),
where S denotes the (n — 1)-dimensional standard simplex and MV (.) denotes

the usual (n — 1)-dimensional real mixed volume.

Similarly, by the multi-homogeneity of the sparse resultant, we have
ReSD1,.--,Dn (C'Fl o (glv"' 7gn)7F2 o (917~-- 7gn)"" 7Fno (glw-- 7gn))

_ Cd2.--dn MV(Q{...,Qd) . Resdl,...,dn (Fl, R ,Fn) )

where Q9 is the Newton polytope of gi,... , g, dehomogenized w.r.t. any fixed

variable z;,.° By comparing powers in the specialized equality

po= MV (QY...,Q%) = Vol(Q).

6Tt is easy to see that it does not matter which variable x; we choose.
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Finally we derive the exponent v and obtain the chain rule for sparse resultants
of dense homogeneous polynomials composed with sparse homogeneous Laurent

polynomials.

Lemma 3.15 We have

ReSDl,...,Dn (Fl o (917--- 7gn>a"' 7Fno(glv"' 7gn>>

= Resg,,. a, (F1,... ,Fn)VOI(Q) Resgs (g1, - - - ,gn)dl“'d" ,

t.e.v=dy--dy,.

Proof:

In the equality of the previous lemma, we specialize g; to c¢- g;, for j =1,... ,n,
for some new constant ¢ distinct from any other symbolic constant used until

now, and get

Resp, .o, (Fio(c-g1,...,CGn)s-v., Fno(c-gr,...,Cgn))

= Resg,.. a, (F1,... ,Fn)VOI(Q) Resg(c-g1,...,c-gn)".
By the multi-homogeneity of the sparse resultant, we have

Resg(c-gi,...,c-gn) = "9 Res(g1,... ,0n).
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Further, since F; is homogeneous of total degree d;, we have Fjo(c- gq,... ¢ gp) =

c%-Fio(gy,...,gn) . Therefore, by the multi-homogeneity of the sparse resultant,

Resp,..p, (Fio(c-g1,...,¢Gn)s-.., Fro(c-g1,...,CGgn))

= "V Resp, b, (F1o (g1, 1 gn)s--o  Fuo (91,00, 00).

By comparing powers in the specialized equality, v = dy---d,.

Proof of theorem 3.1 (Main theorem):

Now we are ready to prove the main theorem, that is, we show the formula and

we prove the complexities.

Formula: We generalize the previous lemma in order to allow dense outer poly-

nomials. We specialize the formula of Lemma 3.15 to

ReSCl,...,Cn (fl o (917 v 7gn>7 s 7fn © (glv cee ,gn))

= Resg,...a, (f1,-.. ,fn)VOI(Q) Resg (g1, - - - ,gn)dl'"d” )

It is clear that we can specialize
Resa.a, (Fiveor  Fa) @ Resis (g1, g)™

to

Resi, g, (frooo Ju) @ Resis (g1, g2)"
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But can we specialize

Rele,...,’Dn (Fl o (gla s 7gn)7 s 7Fn o (gla s 7gn))
to

Resch-..,cn (fl o (gla s 7gn>7 cee afn © (gla s ,gn))?

In other words, is the set D; of Laurent monomials of F; o (¢1,...,g,) stable

under a specialization of F; to f;, that is, D; = C;7 The answer is yes and we

will show it. We know that F; o (g1,...,¢,) consists of a positive number of
summands of the form ¢ - ... - ¢ with distinct symbolic coefficients, where
a; + -+ + a, = d;. Likewise f; o (g1,...,9,) consists of a positive number of

summands of the very same form. In the proof of Lemma 3.11 we have already

seen that all such summands contain the same Laurent monomials. Therefore

Complexities: The complexity analysis is based on the algorithms in [EP97].
Let Q4 denote the Newton polytope of the wunspecialized dehomogenizations,
w.l.o.g. with respect to x,, of the Laurent polynomials g;. From now on, we as-
sume that all the (Laurent) polynomials f; and g; are specialized. We will compute
orders of the arithmetic time and space complexities of Newton matrix computa-
tion as well as sparse resultant extraction for the f;’s, g;’s and fio(g1,... ,g,)’s in

terms of n, dyax and V. Then we will compare the ratios of these complexities.
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For this complexity analysis, we apply the general sparse resultant algorithms
even to the dense polynomials f;. However, in practice, for the dense polynomi-
als f;, one might prefer to use more efficient algorithms that are desined only for
dense (Macaulay) resultant computation. As in [EP97]|, we will compare some
of the complexities in terms of O* (x), standing for O (ylog”y), for any fixed
constant v independent from y. However, when we write “of order” we mean
“O(.)".

We start with Newton matrix computation. Under the assumptions of Theo-
rem 6.2 and Corollary 6.4 of [EP97] the arithmetic time and space complexities of
an efficient algorithm for Newton matrix computation of some specialized Laurent
polynomials hy, ..., h, are O* (¢?n) and O* (cn), resp., where c is the number of
columns of the Newton matrix that is generated by the algorithm.” As described
in [CE95], the number of columns are bounded, from above, by the sum, over k,
of the number of integer points in the Minkowski sum of the Newton polytopes
of hi,... ,hg_1,hgs1,..., h,. First, we compute an order of this bound for the
fi’s. Let Sy, denote the standard simplex of dimension n — 1 with edge length d;.
The number of columns is bounded, from above, by the sum, over k, of the num-

ber of integer points in 3, Sa; C (n — 1) Sg,,,. Thus the number of columns

"In [EP97], Emiris and Pan give another algorithm with arithmetic time complexity
O* (acn), where a is the number of rows of the Newton matrix. We don’t use this algorithm
because currently there seems to be no formula, in terms of the sparsity parameters, like mixed
volumes of Newton polytopes, etc., for a tight bound of a available.
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Table 3.3: Arithmetic complexities of Newton matrix computation

’ arithmetic time complexity ’ arithmetic space complexity

) n— 2n—2 n— n—1
fiS dr?lax2'n3'(n_1) dmaxl'nz'(n_l)
g;’s n - (n— 1)2n_2 . Vg? n?-(n— 1)7"”_1 Vo

n—2

VZdrton?-(n—1)" Vg

max

fio(g1,- - gn)’s [ d3 2 n? (n—1)

is less or equal n times the number of integer points in (n — 1) Sy, ... Now, by

Theorem 5.1 and Corollary 5.2 of [Erh67], n times the number of integer points

in (n—1)S,,. is of order d”7! - n-(n—1)""". \(IZI_(%,) = drlon.(n—1)""
Second, we compute an order of the number of columns for the g;’s. The num-
ber of columns is bounded, from above, by the sum, over k, of the number of
integer points in Zi#k Q% = (n—1)Q%. Thus the number of columns is less or
equal n times the number of integer points in (n — 1) Q4. Similar to above, the
number of integer points is of order n - (n — 1)"" - Vo. Third, we consider the
number of columns for the f; o (g1,...,9n)’s. In the proof of Lemma 3.11 we
have seen that the Newton polytope of f; o (g1,...,9,) is d; Q. Similar to the
fi’s, the number of columns of the Newton matrix is less or equal a bound of
order d"-1-n-(n — 1)'”_1 -Vo. Therefore the arithmetic time and space complex-
ities of Newton matrix computation are as shown in Table 3.3. Thus the ratios

of the arithmetic time and space complexities of Newton matrix computation

for the f; o (g1,...,9,)’s and the f;’s are VQ2 and Vg, resp., the ratios for the
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fio(g1,--.,9,)'s and the g;’s are d2" % and d,}, resp.

Now we turn to sparse resultant extraction. Under the assumptions of The-
orem 7.1 of [EP97] the arithmetic time and space complexities of the division
method for sparse resultant extraction of some specialized Laurent polynomi-
als hy,...,h, are O* (¢*n*deg R) and O* (cn), resp., where c is the number of
columns of the Newton matrix and deg R is the total degree of the sparse re-
sultant of hq,...,h, in the coefficients of the h;’s. Note that we utilize the
division method and not the GCD method because the GCD method has a
more restricted set of input Laurent polynomials (cf. [EP97] and [CE93]) and
we want to make a comparison of the complexities under as few restrictions as
possible. For the order cn of the space complexity, we have already computed
the ratios for the composed Laurent polynomials and their components. It re-
mains to compute an order of the total degree deg R and the ratios of the arith-
metic time complexities O* (c*n? deg R). First, we consider fi,... , f,. Since the

dense (Macaulay) resultant is multihomogeneous in the coefficients of f; of de-

gree MV (Sd1, o Sd Sy Sdn), the total degree of the dense (Macaulay)

95



Table 3.4: Arithmetic complexities of sparse resultant extraction by division
method

arithmetic time complexity arithmetic space complexity
fi's Ay -n® - (n—1)""" dit-n? - (n—1)""
5 2n—2 n—1
gj’s n®-(n—1) -V2Q3-2(n—1)! n?-(n—1) -VQI
fiolgr,. .o gn)’s | don® - m® - (n—1)7"7" e -1 (n = 1)" - Vg
Vg - (n—1)!

resultant of the f;’s is

> MV (Say-- 58415 Sy > Sa,)
k=1

= di-dpy - dpr - dy MV (S, S))
k=1

< n-d™ L

Similarly, the total degrees of the sparse resultants of the g;’s and the f; o

n—1
max

(91,--. ,9n)’s are less or equal n - (n—1)!Vy and n - d2.} - (n—1)!'Vy, resp.
Therefore the arithmetic time and space complexities of sparse resultant extrac-
tion by the division method are as shown in Table 3.4. Thus the ratios of the
arithmetic time and space complexities of sparse resultant extraction by the divi-
sion method for the f;o(g1,...,9,)’s and the f;’s are VQ3 -(n —1)! and Vq, resp.,
the ratios for the f; o (g1,...,9,)’s and the g;’s are d3"® and d.}, resp.

max max ?

Thus we have shown the main theorem. O
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3.4 Conclusion

In this chapter we gave a chain rule for sparse resultants of composed polynomi-
als fio(g1,--- s9n)s--- fno(g1,-..,0n), where the g;’s are unmixed. This rule
essentially states that the sparse resultant of the composed polynomials is the
product of certain powers of the (sparse) resultants of the f;’s and of the g;’s.
Applying this theorem in computing sparse resultants of composed polynomials is
dramatically more efficient than computing the sparse resultant of the expanded

polynomials without utilizing the composition structure.
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Chapter 4

Sparse Resultant of Composed
Polynomials II

4.1 Introduction

This chapter is the second one on sparse resultants of composed polynomials.
In the first chapter, “Sparse Resultant of Composed Polynomials 1”7, the author
and Hoon Hong considered the sparse resultant of polynomials having arbitrary
(mixed) supports composed with polynomials having the same (unmixed) sup-
ports. Here, the author considers the sparse resultant of polynomials having the
same (unmixed) supports composed with polynomials having arbitrary (mixed)
supports. The main contribution of this chapter is to show that the sparse re-
sultant of these composed polynomials is the product of certain powers of the
(sparse) resultants of the component polynomials. The resulting formula looks
similar to the formula of the first chapter, which is good because it suggests that

there is some common underlying structure for sparse resultants of composed
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polynomials. However, the formulae differ substantially in details. It also seems
that it is not possible to apply the techniques used to show the main result of
the first chapter in order to show the formula of the present chapter.

It is expected that this result can be applied to compute sparse resultants of
composed polynomials with improved efficiency.

The reader might wonder whether one can utilize composition structures for
other fundamental operations. In fact, this has already been done for some oper-
ations. For examples, dense (Macaulay) resultant, Grébner bases, subresultants
and Galois groups of certain differential operators have been studied in Chap-
ter 2, [Hon97], [Hon98| and [BS99], resp., using various mathematical techniques.
However, it seems that those techniques cannot be applied to the study of sparse
resultants. Therefore in this chapter we use mathematical methods that are
essentially different from those.

We assume that the reader is familiar with the notions of dense (Macaulay)
resultant, sparse resultant, support of sparse Laurent polynomials, mixed volume,
integer lattice and normalized volume of Newton polytope (cf. [CLO98], [GKZ94],
[PS93]). There are different definitions of normalized volume in the literature.
We follow the definition given in [PS93].

This chapter has been submitted to a journal (cf. [Min0Ob]).
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4.2 Main result

Let fi,...,f, be homogeneous sparse polynomials, having the same Newton
polytopes, in the variables y1, . .. , y, with distinct symbolic coefficients of positive
total degree d.! Further, let gi,...,g, be sparse Laurent polynomials, whose
Newton polytopes have dimension n—1, in the variables x4, ... , x,,_1 with distinct
symbolic coefficients distinct from the coefficients of the f;’s.?

We assume that the supports of the g;’s affinely generate over Z the integer
lattice Z"~!. This is nothing but the standard restriction on sparse resultants
(cf. [CLO9Y)).

Let f; o (g1,...,9,) be the sparse Laurent polynomial obtained from f; by
replacing y; with g; and let C; denote its naturally induced support. Further,
let Resq () stand for dense (Macaulay) resultant with respect to unmixed total
degrees, let Resp(.) stand for unmixed sparse resultant and let Rese, ¢, (.)
stand for mixed sparse resultant.

Now we are ready to state the main theorem.

1Since there is no essential difference between proving the main theorem for f;’s having the
same supports and for f;’s having the same Newton polytopes, we assume that the f;’s have
the same Newton polytopes which is slightly more general.

2In allowing the g;’s to be Laurent polynomials instead of polynomials we follow common
practice. The purpose of this relaxation is only notational convenience and does not essentially
contribute to the problem.

We restrict the f;’s to be polynomials. This restrictions ensures that the f; o (g1,... ,9,)’s
are again Laurent polynomials.

For the sake of a simple presentation we also assume that all the (Laurent) polynomials have
distinct symbolic coefficients. Obviously, the main result can be specialized to numeric coeffi-
cients after fixing appropriate sets of supporting monomials for all the (Laurent) polynomials
involved.
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Theorem 4.1 (Main theorem) We have

Rescy...c, (fro (g sgn)i- s fao (g gn)) =

Resq (f1, .- ,fn)VC’l(Q) Resg (g1, - - - ,gn)dn ,

where B is the union of the supports of the g;’s and Vol (Q) 1is the normalized

volume of the Newton polytope ) generated by B.

Example 4.2 We illustrate the notations and the main theorem. Let

o 6 4 6 5 6
fi = aie00Y] + Q1411 Y1 Y2 Y3 + Qio60 Yo + Q1105 Y1 Ys + Q1006 Y3,
L 6 2 9 2 6 5 6
fo == a600 Y7 + Q2222 Y1 Y3 Y5 T Q2060 Yo + Q2015 Y2 Y3 + A2006 Y3,
o 6 3 9 6 5 6
f3 1= aseo0 Y7 + 3321 Y7 Y5 Y3 + Q060 Yo + Q1501 Y1 Y3 + Q1006 Y3
= b + by} + bioy af
g1 = 011011 120 L1 121 L1 X2,
_b b 2 b -1 .2
g2 1= 0210 X1 + 0221 ] T2 + b2 _12,Tq " T3,

o 1.2 )
g3 :=bsior1 + b3_12,77 x5 + bz_20x]".

Observe that n = 3, d = 6, and thus d® = 216. Further, observe that the

dimension of the Newton polytopes of the g;’s is 2,

2 1,2 -2
B = {xl, X XTa, T Ty, T }
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Figure 4.1: Newton polytope ) generated by the union B of the supports of g1, go
and g3

and that C; is the set of monomials occuring in f; o (g1, g2, g3), namely,

{1,11,1172,116,117,118,119,1110,1111,1112,126,124,125,113,115,

:£14,1176,1210,1179,1'178,1173,w1712,1175,126w112,12w17,1'224518,1'231'19,

12411 10, 1251111, z2 x1 11, 122z1 11, zZszI 11, z24z1 11, z2 x1 10, 122z1 10, zQSzl 10, z2 118,
z2 119, 1;22:519, z2 zl 12, 122:51 12, 12311 12, 12411 12, 12511 12, 1;22115, 1:22:516, 1:22117, 226118,
]7241‘17, m27m19, $25$18, m28$16, :526m15, 123:515, z2 :514, x22:cl4, x24x12, z22x1, $24m16, m25$13,
123212, 125217, 123116, 126114, 124113, 127115, 125114, 1'231'18, 1241'19, 2252]6, 124218,
125119, 126116, z24115, 7;23117, 7;26z19, 1'27z16, 1'251'15, z2 1'15, 1221'12, z2 116, 9:249314,
1223013, 1233013, 123114, 221221 76, 2282172, 221021 74, 128212, 229211 s 22" z1 s 229213,

2 1 73, 221021 73, z2zl1 78, 22821 75, 22521 76, z2%a1 77, 22221 78, 22521 73, 22421 74, 2222175

>
2%z ! s 22221 _2, 22821 s 228211 s 22821 _4, 22521 _5, 2421 _6, 22221 _7, 228421 _2, z2%az1 _3,

2221 74, 222211 s 22°%21 74, 22" 21 75, 2252176, 22321 77, z2 xl,x2x1 72, z2x1 75, 22" 21 72,

22° 21 73, 1231174, 2232171 s 22221 711, 221021 77, 22821 78, 22521 79, 2421 710}

and similarly for Co and C3. The Newton polytope ) generated by the union

of the supports of the g;’s is shown in Figure 4.1. From the figure we see that
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Vol (@) = 11. Thus the main theorem states that

Rescl,cz,cs (fl © (91792793) fao (91792793) , fzo (91,92,93)) =

Ress (f1, f2, f5) Resg (g1, g2, 93)°"° .

Remark 4.3 From the proof of Theorem 4.1 we see that

ReSChu.,Cn (fl © (glv‘” 7gn)7--- 7fno(917"' ;gn)) =0

if the polynomials f; do not contain all the monomials y{, ..., y4.

Remark 4.4 The factorization given in Theorem 4.1 is not irreducible for most
composed Laurent polynomials. One can use Theorem 5.1, which has been shown
independently from the theorems and lemmas preceding it, in order to further
factorize, into irreducible factors, the right hand side of the equality of Theo-

rem 4.1.

Remark 4.5 One can adjust the proof of Lemma 4.11 of Section 4.3, Proof of
the main theorem, if the f;’s do not necessarily have the same total degrees d; and
contain the monomials yf", ..., y%, the dimension of the Newton polytope of g;

is not necessarily n — 1 and the the dimension of the Newton polytope generated
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by B is n — 1, and show an accordingly modified version of Lemma 4.11, that is,

Rese,..c, (fro(gu o sgn)i- s fao (g gn)) =

Resa...q, (f1o- o fu) "D Res (g1, g0)" ",

where Resg, .. 4, () stands for dense (Macaulay) resultant. Obviously, this mod-

ified Lemma 4.11 generalizes the first part of Theorem 5.1.

Remark 4.6 Applying the main theorem when computing the sparse resultant
of the composed Laurent polynomials is expected to yield a dramatic improve-
ment in efficiency. In order to compute the sparse resultant of the composed
Laurent polynomials, we only have to compute the dense (Macaulay) resultant
and sparse resultant, resp., of the component polynomials, which is expected
to be much more efficient than computing the sparse resultant of the expanded
composed polynomials because the components are much smaller and have lower
total degrees than the expanded composed polynomials. Note that we do not
have to compute the exponent Vol (Q)) seperately because current algorithms for
sparse resultant computation require that the mixed volume of n — 1 copies of
@, i.e. Vol (Q), is computed in a subroutine and therefore we get Vol (Q) as a

byproduct of the computation without additional effort.
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4.3 Proof of the main theorem

Before going into the details of the proof we describe its main structure. The

proof is based on the main results of Chapter 3 and Chapter 5. First we show, in

Lemma 4.11, using the main theorems of Chapter 3 and Chapter 5 and Lemma 4.9

and Lemma 4.10, a formula for the sparse resultant of the composed Laurent

polynomials f; o (g1, ... ,gn), where the supports of the f;’s have some particular

structure. Then we relax the assumption on the supports of the f;’s, proving

the main theorem, Theorem 4.1. The dependency of the lemmas is shown in

Lemnfa 4.8

Lemma 4.9
\

Lemma 4.10
/

Lemm? 4.11
Theorem 4.1 (Main theorem)

Figure 4.2: Dependency of the lemmas

Figure 4.2.

Before we state the lemmas, we fix some notations.

Notation 4.7 Let

1. f be a sparse homogeneous polynomial in the variables yq, ...

distict symbolic coefficients containing the monomials 3¢, . . .

d
» Yn

, Yn With

2. G; be a Laurent polynomial with distinct symbolic coefficients whose sup-

port is B, the union of the supports of the g;’s.
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3. (v, w) be the Euclidean inner product of two vectors v,w € R""!.

Now we are ready to state lemmas.
First we give a lemma describing the convex hull of the union of some poly-

topes.

Lemma 4.8 Let Py, ..., P, be polytopes.

There exists a finite set W C R"™! such that
Pp= () {peR(wp) <P}
weW
and such that the convex hull of U?Zl P; is

N {re®lwn < ubx(i)

weW

where the rg) s are some real numbers.

Proof:

Let R stand for the convex hull of J;_, P;. By [Zie94], we can represent P; and

R as follows.

P = ﬂ {peRanw, p) < I}}ggjﬁ((%@)},

weV (@)

R=) {pem ) < max(w. )}

weV
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Now, let W:=VOU...uV® UV and

0 —
ry = max ((w, p)),

tu 1= max ((w, p)).

Then

Pi= ) {peR""(w,p) <P},
weWw

R= () {peR""|(w,p) <t}

weWw

Firstly, we show that ¢, < max?zl(rf,f)). Take g € R. Then ¢ = myp; +--- +

TaPn, Where p; € P, 0 <75 and Y77 | 7; = 1. We have

<w,g>=T11<w,p1 >+ + 7, <W,Pp >
<mrl) 4

< max(r))
j=1

and thus t,, < max}‘:l(rg )).

Now, we show that ¢, = max?zl(rg)). Suppose that, for some w € W, we

have t,, < max?zl(rg)), that is, for all p € R, we have (w, p) < max?zl(rg)).

Without loss of generality let max}‘:l(rfg )) =l

), By construction of ri ), there

exists p € P, C R such that (w, p) = ri). Contradiction!

Thus we have shown the lemma.
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Next we study the Newton polytope of certain composed Laurent polynomials.

Lemma 4.9 The Newton polytope of fo(gi,...,gn) equals the Newton polytope

of fol(Gi,...,Gy).

Proof:

In the proof we let NP (k) stand for the Newton polytope of a Laurent polynomial
h.

We start with showing that NP (f o (g1,...,¢a)) = NP (¢ + - - + g2). Firstly,
it is obvious that NP (¢f + -+ ¢4) C NP (f o (g1,... ,9n)) because the mono-
mials of g¢+- - -+g¢¢, multiplied by some symbolic coefficients, are contained in fo
(91,--- ,9n). Secondly, we show that NP (g + -+ g?) D NP (fo (g1,... ,9n))-
Let f = Y., aa, y**, where |ay| = d. Note that NP (f o (g1,...,g,)) is the
convex hull of (J;"; NP (g7 - - - gon*), where (aig, ..., ;) = . Therefore
it is sufficient to show that p € NP (gf + et gg), for arbitrary but fixed
p € NP (gzi1 . .ng“) and oy, ... 0, with o, +--+a;, = d, a;, > 0and p < n.
Since NP (gf + - -+ 4 g) is the convex hull of Uj_, NP (94), by Lemma 4.8, we
see that there is some finite set W C R"! and real numbers sg) such that

NP (gf) = [ {peR"" [(w,p) < s}

weW

NP (gf+--+g0) =) {peR"|(w,p) < su},
weWw
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where s,, = max’jzl{sz(g)}. Thus it is sufficient to show that (w, p) < s,. Note

that

pP=¢q, + - +q,

QG Qg
=G ot

where g;, € NP(g;") = oy, NP (g;,) and ¢, = -2¢q;, € dNP (g;,) = NP (g¢). Now,
it

we have

_ Y / Qs ’
<w,p>—7<w,qi1>+---—|—7<w,qiu>

o @

< M) L g

- d " d
@i gy Qi

_(d +- 4 d)sw

:Sw

Next we show that NP (¢f + -+ g?) = NP (G{+---+ G%). Obviously
the support of ¢g¢ + --- + g? is a subset of the support of G{ + -+ + G¢ and
thus NP (g‘f +-- 4+ gg) C NP (G‘li + Gﬁ). The other inclusion, namely,
NP (G{+---+G%) C NP (¢¢+ ---+g%), can be seen in the following way.
Take an arbitrary but fixed element p of the support of G¢ + -+ + G¢. Then
P = q1+---+4qq, where g; is in the support of some g;. Now, we rewrite this sum.
Since some of the ¢;’s may be equal, we have p = (B, 76, +- -+ Bky17ky—1) +- -+
(BrnThy + -+ Bryr—1Tknya—1), Where ky = 1, kypp = d + 1, Zle Gi=d, 3; >0

and r; is in the support of g;, for k; <14 < k;;1 — 1. Now, let f := Z|a|:d Qo Y©.
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By the previous formula, we see that p is in the support of f o (g1,...,9n).
Thus NP (G{+---+G%) € NP(fo(gi,...,9,)) and, by the previous para-
graph, NP(G?—I—---%—G%) CNP(fo(g1,..-,92)) CNP (g{l+---+gg).
Therefore we have shown that the NP (f o (g1,... ,9,)) = NP (Gf +--- + G2).
By replacing g; by G, we see that NP (f o (G1,...,G,)) = NP (G{+---+ GY).

Thus we have shown the lemma.

Next we study the integer lattice affinely generated by the support of certain

composed Laurent polynomials.

Lemma 4.10 The integer lattice affinely generated by the support of fo(gr,... , gn)

is 7L,

Proof:

Since the integer lattice L affinely generated by the supports of ¢1,...,g, is
7"t it is sufficient to show that L is contained in the integer lattice K affinely
generated by the support of fo(gy,... ,g,). Recall that L is the coarsest sublattice
of Z"~1, for all j, containing all pairwise differences of elements of the support of
gj. Thus we show that the difference v — w for any v, w that are contained in the

support of g;, for arbitrary but fixed g;, is contained in K.
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Since f contains y¢, there is some o € Z"" and some polynomial p, a poly-
nomial in the symbolic coefficients of f and of the g;’s, such that px® g, is a part
of fo(gi,...,gn). Thus the composed Laurent polynomial f o (g,...,g,) con-
tains the monomials %7 and z**%. Since K is the coarsest sublattice of Z"!
containing all pairwise differences of elements of the support of the composed
Laurent polynomial f o (gq,... ,gn), the difference v — w is contained in K.

Thus we have shown the lemma.

Now we show a restricted version of the formula of the main theorem.

Lemma 4.11 If f; contains for all i the monomials y¢,... ,y, then we have

ReScl,.‘.,cn (fl © (glu s 7gn)7 s 7fn © (gly s ,gn)) =

Resq (f1, .- ,fn)VC’l(Q) Resg (g1, - - - ,gn)dn ,

where B is the union of the supports of the g;’s and Vol (Q) is the normalized

volume of the Newton polytope ) generated by B.

Proof:

Since by Lemma 4.9 the Newton polytope of f; o (g1,...,¢9,) equals the Newton

polytope of f; o (Gy,...,G,), we have, by Theorem 5.1, which has been shown
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independently from the theorems and lemmas preceding it, similarly to the first

paragraph of the proof of Corollary 5.4, that

ReSD1,...,Dn (fl © (917"- agn)a"' 7fno (.glv"' 7971)) =

1
Rese,,..c. (f1o (91, gn)s-- s a0 (g1,- 5 00))",

where D; is the support of f;o(Gy,... ,G,) and [ is the quotient of the fundamen-
tal simplices of the lattice affinely generated by Ci,...,C, and by Dy,...,D,.
Since by Lemma 4.10, the lattice affinely generated by Ci,...,C, is Z" ! and
again by Lemma 4.10, by replacing g; by G, the lattice affinely generated by
Di,...,D, is Z" !, we have that [ = 1.

Now, by Theorem 3.1 with d, = --- = d,, = d and by viewing g; as specialized

Laurent polynomial with support B, we have

Resc,, e, (fio(gs - s9n)s-- s Jno (g1 oo 9n) =
ReSDL-.-,Dn (.fl o (gla cee agn)v cee 7fn © (gla cee 7.g7l)) =

Resq (f1,- - ,fn)V(’l(Q) Resgs (g1, - - - ,gn)dn )

Now we are ready to prove the main theorem.

Proof:
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Theorem 4.1 If f; contains for all i the monomials y{,... ,y%, then Theorem 4.1
holds by Lemma 4.11.

Suppose there is one f; that does not contain all monomials y{, ..., y2, say,
does not contain y;-i. Since the f;’s have the same Newton polytope and the f;’s
are polynomials (not Laurent polynomials), either all f;’s contain y;l or none of
the f;’s contains y?. Thus suppose that y;l is not contained in any f; and, without
loss of generality, suppose that y; = y;. We will show that in this case the right
hand side as well as the left hand side of the equality of Theorem 4.1 is zero.

We start with the right hand side of the equality of Theorem 4.1. Since f;

does not contain y{, we have f; (y1,0,...,0) = 0 and thus

Resq (f1,--- 5 fa) = 0.

Since, by assumption, the dimension of the Newton polytope of g; is positive®

and thus the dimension of () is positive, we have Vol ()) > 0. Therefore
Resq (f1,- - - ,fn)VOI(Q) =0

and thus the right hand side of the equality of Theorem 4.1 vanishes.
Now we consider the left hand side of the equality of Theorem 4.1. Since the
dimension of the Newton polytope of g; is n — 1, there exists, by Bernshtein’s

theorem (cf. [CLOYS|, [GKZ94]), a common zero, in (K\{0})" ", of ga,... , g,

3The case n = 1 is covered by the first paragraph.
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where K is the algebraic closure of the field generated by the complex numbers
and the symbolic coefficients of the g;’s. Thus, as in the previous paragraph, there

exists a common zero, in (K\ {0})"", of the f; 0 (g1,... ,gn)’s and therefore

Rescl,...,cn (fl © (.917‘-' 7gn);-~- 7fno(gla"' ;gn)) =0

and therefore the left hand side of the equality of Theorem 4.1 vanishes.

Thus we have shown the main theorem.

4.4 Conclusion

This chapter was the second one in a series of chapters on sparse resultants of
composed polynomials. In the first chapter, “Sparse Resultant of Composed
Polynomials 1", the author and Hoon Hong considered the sparse resultant of
polynomials having arbitrary (mixed) supports composed with polynomials hav-
ing the same (unmixed) supports. Here, we considered the sparse resultant of
polynomials having the same (unmixed) supports composed with polynomials
having arbitrary (mixed) supports. The main contribution of this chapter was
to show that the sparse resultant of these composed polynomials is the product
of certain powers of the (sparse) resultants of the component polynomials. The
resulting formula looks similar to the formula of the first chapter, which is good

because it suggests that there is some common underlying structure for sparse
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resultants of composed polynomials. However, the formulae differ substantially in
details. It also seems that it is not possible to apply the techniques used to show
the main result of the first chapter in order to show the formula of the present
chapter. This result can be applied to compute sparse resultants of composed

polynomials with improved efficiency.

75



Chapter 5

Sparse Resultant under
Vanishing Coeflicients

5.1 Introduction

We ask: What happens to the sparse resultant under vanishing coefficients?
More precisely, let fi,..., f, be sparse Laurent polynomials with the supports
A, ..., A, and let .Zl D A;. Naturally a question arises: Is the sparse resultant
of fi1, fa, ..., fn with respect to the supports .2(1, As, ..., A, in any way related to
the sparse resultant of f1, fa, ..., f, with respect to the supports Ay, As, ..., A,7
The main contribution of this chapter is to provide an answer: The sparse resul-
tant of fi, fo, ..., fn with respect to the supports .Zl, As, ..., A, is some power of
the sparse resultant of f1, fo, ..., f, with respect to the supports A, As,... , A,
times a product of powers of sparse resultants of some parts of the f;’s. We
also state a corollary (cf. Corollary 5.4) about sparse resultant under powering

of variables which is a generalization of a theorem for Dixon resultant shown by
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Kapur and Saxena using different techniques (cf. [KS97]). We also state a lemma
(cf. Lemma 5.12) of independent interest generalizing Pedersen’s and Sturmfels’
Poisson-type product formula.

This result is important for applications where perturbed data with very small
coefficients arise as well as when one computes resultants with respect to some
fixed supports, not necessarily the supports of the f;’s, in order to speed up
compuations. Further, we were motivated to work on sparse resultant under
vanishing coefficients because we want to give an irreducible factorization of the
chain rule formula of Chapter 3. This can be achieved by applying the main
theorem, Theorem 5.1, of the present chapter.

This result, Theorem 5.1, extends a corollary by Sturmfels (cf. Corollary 4.2 of
[Stu94]) which essentially states that the sparse resultant of the Laurent polyno-
mials f1,..., f, with respect to their precise supports divides the sparse resultant
of f1,..., f, with respect to larger supports. This result, Theorem 5.1, also gener-
alizes a Lemma2.9, for Macaulay resultant of dense polynomials under vanishing
of leading forms.

We assume that the reader is familiar with the notions of sparse resultant,
essential and essential subset of supports, integer lattice, fundamental simplex of
an integer lattice, Newton polytope, primitive inner normal vector, mixed volume

(cf. [CLO98], [GKZ94], [Stu94], [PS93]). We let Res 4,.. 4, (.) stand for sparse
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resultant with respect to the supports Ay, ... , A, CZ" ! welet L(Ay,...,A,)
stand for the integer sublattice of Z"~! affinely generated by Aj,... , A,, we let
[L; : Ls] stand for the quotient of the volumes of the fundamental simplices of
the integer lattice Lo and L; and we let AY C A stand for the set of vectors that
lie in the face, with primitive inner normal vector w, of the Newton polytope
generated by the bounded set A.

This chapter has been submitted to a journal (cf. [Min00c]).

5.2 Main result

Let fi1,..., f. be sparse Laurent polynomials in the variables z1,... ,x,_; with
supports Aj, ..., A, and, for the sake of a simple presentation, with distinct
symbolic coefficients.

Let A; be a finite set with A; € A; € Z"! and let {jl,Ag, ..., A,} have
a unique essential subset, not necessarily equal {./Zl, Ay, ..., A}, containing lel
(cf. Remark 5.2).

Let fA stand for the part, whose support is contained in the set A, of the
Laurent polynomial f and let a4 (w) stand for —min, ({w, v)), where (w, v) de-
notes the usual Euclidean inner product and v ranges over the Newton polytope
generated by A. Further let H* stand for the lattice of all integer points contained
in the hyperplane, passing through the origin, with normal vector w.

Now we are ready to state the main theorem.
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Theorem 5.1 (Main theorem) We have

R’esgl,Ag,...,An (fla f27 <. 7fn) =

L ~, e AR )L ooy An
ReSAl,AQ,-.-,An (f17f27' . afn)[ (Airdzsee AnS-Lls,n o An)

[HY:£(AY,... ,AS)]
Az A2 (8 g, (@) =84, (@) i
H ReSAg’,..-,A% (f2 2, afn ) A1 ! = L ALAg,- ARl 5
w

where w ranges over the primitive inner normal vectors of the facets of the Newton
polytope generated by As + - - - + A,.

This factorization is irreducible.

Remark 5.2 It is important to point out that in a particular degenerate case
the definition of the sparse resultant in the main theorem is slightly different
from the usual one. For degenerate cases where a strict subset {A4;,,... ,4; } of

{A1,...,A,} is uniquely essential, we define

ReSA1,...,An (fh cee afn) = ReSAil,...,Aim (fi17 cee 7fim)eA1““’An ;

where the exponent e 4, 4, is defined in the following paragraph, whereas usu-

ally one defines

ReS-Al,...,An (fl;--- 7f7l) = ReSAil,...,Aim (fi17-‘- )fim) :

The first definition allows us to handle the degenerate cases in a uniform and

elegant way, whereas the second definition seems not to allow this.
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In the following, we define the exponent e 4, . 4,, where {4;,...,A,} has
a unique essential (not necessarily strict) subset {A4;,...,.4;. }. Let L be an
integer lattice such that the integer lattice affinely generated by Ai,..., A, is
the direct sum, as Z-modules, of L and the integer lattice affinely generated by
Ai,..., A, . Let m denote the projection onto L, which we naturally extend to
the Laurent polynomials f;. Then e 4, . 4, is defined to be the quotient of the
mixed volume of the Newton polytopes of 7 ( fi +1), ..., (fi,) and the volume
ot the fundamental parallelotope of L. It is easy to see that e 4, . 4, is well
defined.

Note that this remark generalizes Remark 2.4.

Example 5.3 We illustrate Therorem 5.1 and Remark 5.2. Let

o 2
fi = a0 + aizo 7,

._ 2 2
fo 1= ag0 + axo ] + a1 T2 + ag 7 T2,

o 4 2 2
f3 1= asoo + s ] + aso T] T2 + asee T5

and let

A; = {(0,0), (2,0), (5,0)}.
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Observe that n = 3,

-Al - {(070)7 (270)}7
-AZ - {(070)7 (270)7 <O71>7 (271)}7

Az = {<070)7 (47 0)7 (271)7 (Oa 2)}:

£ (A1 Ao, As) £ £ (A1, As, )] = 2

C A1, A2, A5 = 1

and

Az + A3 ={(0,0), (4,0), (2,1), (0,2),
(270)7 (670)7 (47 1>a (272)7
(0,1), (4,1), (2,2), (0,3),

(2,1), (6,1), (4,2), (2,3)}.

The Newton polytope (polygon) generated by Ay + As is shown in Figure 5.1. It

has four facets (edges) with primitive inner normal vectors

wy = (0,—1),
ws = (1,0),

ws = (—1,0),
wi = (—1,-2).
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X2-exponents

L L L L L L L
0 1 2 3 4 5 6
x1-exponents

Figure 5.1: Newton polytope generated by As + A3

Observe that

az, (wi1) =0, as, (wi) =0,
az, (w2) =0, as, (w2) =0,
az (ws) =5, ag, (ws) = 2,
az (wi) =5, aa, (wy) = 2,

;JB = (270)’ (271)}a

30 =1{(4,0)}, € qus g8 = 1,
>t ={2,1},
%M - (470)7 (271)7 (072)}7 eA;’“,A;‘L - 2,
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[H* - L(A3*, A3*)] = 1,

[H*: L (A5 A5Y)] =1

and
|:£ (ZQ) : ,C(.Avl,AQ,A3> = 1.

Thus

Res 3, 4, 1, (15 f2s f3) = Res a, ap. s (f2, fo f3)°

w3 pws)(6—2)1
ReSA;”?’,Ag’?’( 3 f5°)

w4 pws(5—2)-1
ReSAf;“,Ag"l( 5 15 :

In the following corollary we prove a formula for sparse resultant under power-
ing of variables. This corollary generalizes a theorem for Dixon resultant, shown

by Kapur and Saxena (cf. [KS97]) using different techniques.

Corollary 5.4 Let ﬁ be obtained from f; by replacing the variable x; by zz:?j,
forg=1,... . n—1, and let ,ZlvZ be the set of all integer points contained in the

Newton polytope generated by ﬁ Then

Resﬁl,...,ﬁn (fh ,ﬁ) =

ReSAL.“ JAn (fh SRR fn)ldlmdn_1| AL o A (AL An) :
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Example 5.5 Let

._ 2 4
f1 1= ai00 + ai24 7] 25,
o 6 6
f2 1= ag00 + agee T7 Ty,

o 4 2
f3 1= aspo + asa2 ] 23

and f; be obtained from f; by replacing x1 by 2% and zy by x3.

Observe that di = 2, dy = 3 and

ra 4 12

f1 = a0 + a4 77 57,
T 12 18
fa = a0 + asee ;" T3,

r 8 6
f3 = azo0 + aza2 7 T5.

Further observe that

A ={(0,0),(2,4)},

Az ={(0,0),(6,6)},

Az ={(0,0), (4,2)},

A ={(0,0), (1,3), (2,6), (4,12)},

Ay = {(0,0), (2,3), (4,6), (6,9), (8,12), (10,15), (12,18)},

-’13 - {(070)’ (47 3)7 (876)}7
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L (A, Ay, A3) is spanned by {(2,4), (4,2)} and that E(ﬂl,zz,jg) is spanned
by {(1,3), (2,3)}. Thus the fundamental simplex of L (Ay, As, A3) has volume

(area) 6 and the fundamental simplex of L(Ay, Ay, As) has volume (area) 3 and

therefore
[E(“Z(MAVQM/Z?,) L(Ay, Ay, A3)] = 4
Thus
Resjhgzﬂ% <}V17 ']7.2’ ,7.3) - ReSAl,Az,A3 (flv f2a f3)2.3‘4 .
Proof:

Corollary 5.4 Let B; be the support of ﬁ Since the Newton polytope generated

by B; equals the Newton polytope generated by .Zi, we have by Theorem 5.1

Res 3, . 4, (ﬁ, ,ﬁ) = Resg,,.. B, (]71, ,ﬁ)P,

where P is

[L(A, As, .. A L(By, Ay, ... AL

[E(Bl,./z(g, .. ,./Z(n) . ﬁ(Bl, BQ, Avg, ce ,Avn)]

LBy, ... Bo1, Ay) : L(By,... ,Bu_y1,By)].

Thus
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By the construction of f;, we have B; = DA;, where D is a diagonal matrix with
diagonal entries dy, ... ,d,_1. Therefore w = |d;---d,| v, where w and v, resp.,
is the volume of the fundamental simplex of £ (By,... ,B,) and L (Aq,...,A,),

resp. Let © be the volume of the fundamental simplex of E(jl, ..., A,). Then

P =

w |dy -+ dy| v
v v

= |dy - dy| [C(AL... A L(AL. .. A
Finally, note that

Ress,,..s, (firo o Ju) = Resapa, (fisoo fu).

Thus we have shown the corollary.

5.3 Proof of the main theorem

Before going into the details of the proof we describe its main structure. The
proof is based on some generalization of Pedersen’s and Sturmfels’ Poisson-type
product formula (cf. [PS93]). For the convenience of the reader we state this
product formula first (cf. Theorem 5.7 and Remark 5.8). In the following lemmas
we generalize this product formula and then we prove the main theorem. The
dependency of the lemmas and of Pedersen’s and Sturmfels’ Poisson-type product

formula is shown in Figure 5.2.
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Theorem 5.7 ([PS93])  Lemma 5.9
~ —
Lemma 5.10 Lemma 5.11
\ /
Lemma 5.12 Lemma 5.13
\ /
Theorem 5.1 (Main theorem)

Figure 5.2: Dependency of the lemmas

Before listing the lemmas, we fix some notations.

Notation 5.6 We let
1. sign (r) stand for the sign of a real number r.

2. NP (A) ¢ R*! stand for the convex hull of a bounded set A C Z" 1,

mostly a Newton polytope.
3. Vol (P) stand for the volume of some polytope P.

4. Vol , (P) stand for the normalized volume of some polytope P (not neces-
sarily an L-lattice polytope), that is, the quotient between the volume of

P and the volume of the fundamental simplex of the integer lattice L.

5. Hv f(7), as in [PS93], stand for the product, over the common roots =
with respect to some lattice of certain Laurent polynomials, of f evaluated
at .

We state Pedersen’s and Sturmfels’ Poisson-type product formula.
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Theorem 5.7 ([PS93]) If{Ai,..., A} isessential and L (A, ..., A,) =Z" !,

then

ReSAh,,,,An (fla cee afn) =

[T/ () TIResag. s (f5 . )P
¥ w

where

Vol g1 (NP (A% U {0}))
Vol (g 4ty (NP (A1)7)

PAi,... A (w) = —sign (a‘.Al (w))

~ ranges over the common zeros in (K\ {0})"~", with respect to £ (A, ..., Ay),
of fo,. .., fn, where K is the algebraic closure of the field generated by the complex
numbers and the symbolic coefficients of the f;’s, and w ranges over the primitive

inner normal vectors of the facets of the Newton polytope generated by As+-- -+

A,

Remark 5.8 Firstly, note that in [PS93| Pedersen’s and Sturmfels’ Poisson-type
product formula was not considered for degenerate cases where a strict subset of
{AY,..., A¥} is essential. However, it can be seen easily that Pedersen’s and
Sturmfels’ Poisson-type product formula also holds for these degenerate cases if
we utilize the alternative definition of the sparse resultant given in Remark 5.2.
One can adjust the proof of Theorem 1.1 of [PS93] in order to handle these cases.

That is, one can easily show, similarly to the proof of Line (5.4), a version of
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Proposition 7.1 of [PS93] for the alternatively defined sparse resultant. The rest
of the proof of Theorem 1.1 of [PS93] remains unchanged and the version, given in
Theorem 5.7, of Pedersen’s and Sturmfels’ Poisson-type product formula follows.
rem 5.7 is slightly different from the presentation in [PS93]. From the proof of
Lemma 2.2 of [PS93] one can easily see that both presentations are equivalent.

We chose this alternative presentation because it is more suitable for this chapter.

Now we are ready to state lemmas.
In the following lemma we study a generalized version 04, . 4, (w) of the

exponent p4, . a, (w) of Pedersen’s and Sturmfels’ Theorem 5.7.

Lemma 5.9 Let By,... ,B, C Z" ! be finite sets and let the map M, from
LA, ..., Ay) to L(By,...,B,), be a Z-lattice isomorphism such that B; =
M (A;). Then

0dy, Ay (W) = 08,5, (V),

where w is a positive multiple of M™ (v), where M'T is the transpose of M, viewed

as a Q-linear map, and

Volza,.,... A, (NP (A U {0}))
Vol £ttty (NP (A1)7)

OAy, Ay (W) 1= —sign(ay, (w))

Proof:
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For n = 1, the lemma is trivial. Assume n > 2.

We show that M~ (NP (B;)") is a face of NP (A;) with primitive inner nor-
mal vector w that is a positive multiple of M (v). Firstly “C”: Let (v, y) >
ap, (v) be an inequality defining a halfspace, with primitive inner normal vec-
tor v # 0, that supports the Newton polytope generated by B;. The inequality
(MT (v), ) > ap, (v) defines a halfspace with normal vector M™T (v) # 0. By
definition M™ (v) is an 4nner normal vector of this half space and the prim-
itive inner normal vector w is a positive multiple of M7T (v). Since (v, y) =
(M™ (v), M~' (y)) and NP (A;) = NP (M~ (B,)) = M~ (NP (By)), this halfs-
pace contains NP (A;) and, since the points M~ (NP (B;)") C NP (A;) satisfy
the equality, this halfspace supports NP (A;). Secondly “27: Take x € NP (A;)
such that (MT (v), z) = ap, (v) and M (z) ¢ NP (B;)". Then M (z) is contained
in M (NP (A,)) = NP (M (A,)) = NP (B;) and (v, M (z)) = ap, (v). Contradic-
tion!

Next observe that the second paragraph implies that

sign (ag, (v)) = sign (a4, (w))

because a 4, (w) is a certain positive multiple of ap, (v).

Next we show that

Vol gs,.... s,y (NP (BY U{0})) = Volga,....a,) (NP (AT U{0})).

90



Let B be a basis for the lattice £ (A, ... ,.A,). Since the map M, from the lattice
L(A,...,A,) tothe lattice £ (By, ..., B,), is a lattice isomorphism, M (B) is a
basis for £ (By, ... ,By). Further, let A4, .4,) and Az, .. B,), resp., denote

the fundamental lattice simplex spanned by B and M (B), resp. Then we have

A, By =M (Dzay,.. 40)

and thus
Vol (NP (BY U {0}))
Vol g, 8,) (NP (BY U{0})) =
a0 (NP (B U {01) =~ AL
Vol (NP (M (A;)" U {0}))
Vol (M (AE(Al,w,An))) '
Since

NP (M (A7) U{0}) = M (NP (A7 U{0})),

for some w, we have by the substitution rule of integration

Vol (NP (A% U {0}))
Vol (Agqa,,....An)

Vol g, 5, (NP (BY U{0})) =
Finally we show that
VOlL((32+...+Bn)V) (NP (81>V) = VOI,C((AQ-"—'“-FAW,)W) (NP (Al)w> .

We have already seen that NP (B;)” = M (NP (A,)”). Further, we view the
lattice £ ((A2+---+A,)") and L((By+ -+ B,,)"), resp., as affine sublattice

of L(A,... ,A,) and L (By,...,B,), resp. Then

M:L((Ay+- 4+ A)") = L((Bo+---+B,)")
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is an affine lattice isomorphism and thus

Ar(Batt8") = M (Ararttan)) s

where Az (By4-+8,)) and Az ayt...+.4,)¢), are the fundamental lattice simplices
spanned by appropriate, similar to above, bases of the lattices £ ((By + - -+ + B,,)")
and L ((Ay+ - -+ A,)"). Since the map M restricted to the hyperplane with
normal vector w containing £ ((As + --- 4+ A,)“) is obviously injective, we have

by the substitution rule of integration

, Vol (NP (B1)")
Vol £((By+-+8,)7) (NP (B1)”) = Vol (AL((B + 16 )”))
2+ +D0n

_ Vol (M (NP (A1)*))
Vol (M (Ag((A2+~~-+An)“’)))
Vol (NP (4;)%)
Vol (Ag(ptttn)®))

Thus we have shown the lemma.

Essentially, the following lemma contains the Poisson-type product formula
for sparse resultant shown by Pedersen and Sturmfels. In [PS93] they show
a formula assuming that the lattice generated by the supports of fi,..., f, is

7", We remove this assumption.
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Lemma 5.10 If {A;,... ,A,} is essential, then

Res 4,4, (fl; e 7fn) =

T1A () T Resag... s (f5, ..., f2) )
vy w

where y ranges over the common zeros in (K\ {0})"™", with respect to the lattice
L(A, ..., An), of fo,..., fn, where K is the algebraic closure of the field gen-
erated by the complex numbers and the symbolic coefficients of the f;’s, d.. (w) is
as defined in Lemma 5.9 and w ranges over the primitive inner normal vectors

of the facets of the Newton polytope generated by Ay + -+ + A,,.

Proof:

Note that, since { A, ... ,A,} is essential, L( A, ... ,A,) is a sublattice of Z"~!
of rank n — 1. By mapping a basis of L(A;,... ,.A,) onto the canoncial basis of
Z"~1 we construct a lattice isomorphism M from £ (A, ..., A,) to L (By,... ,B,),
where B; := M (A;). Further we canonically extend M to Laurent polynomials

with support in £ (A4,...,.A,) and let g; stand for the image of f; under M.

Note that Res 4, .4, (f1,--., fn) =Resp, .5, (91,--- . 9n)

Further, by the Poisson-type product formula of [PS93] (cf. Theorem 5.7), we
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1o (3 T Ressy. s (g5, gy e
Jé] v

n—

where [ ranges over the common zeros in (K\ {0})"" of ga, ... , g, with respect
to L(By,...,B,), where K is the algebraic closure of the field generated by the
complex numbers and the symbolic coefficients of the g;’s and v ranges over the

primitive inner normal vectors of the facets of the Newton polytope generated by

By + -+ + B,. Since M is invertible and by Lemma 5.9, we have

Resg, .. 8, (g1, ,9n) =

[T 3) TTResus.... 4z (5. ) At
B w

where w ranges over the primitive inner normal vectors of the facets of the Newton
polytope generated by Ay + - - -+ A,,. Now, observe that by the construction (cf.

[PS93]) of [15 91 (8), we have

Hgl (8) = Hfl ()
&} Y

where 7 ranges over the common zeros in (K\ {0})" " of fa,... , f, with respect
to L (./41, N ,.An)

Thus we have shown the lemma.
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Next we rewrite the exponent 04, . 4, (w).

Lemma 5.11

) W) — (W) [H* : £ (AY, ..., A2)]
Aty An [Z”_l : E(.Ab cee 7-’471)] 7

where d4, . a, (W) is defined in Lemma 5.9.

Proof:

Note that

Vol(NP(NP(A1)*)u{0})
—sign (a4, (w)) m ’

6«41;--- 7An (CU)

vh}
where v and v*, resp., is the volume of the fundamental simplex of the lattice

generated by Ay, ..., A, and (As + --- + A,)“, resp. Note that

Vol (NP (NP (A4,)° U {0})) = YLD (A)7) d

n—1 ’

where d is the distance of the origin from the hyperplane supporting NP (A;)“
Thus

day...A, (W) = —sign(ay (W) d°v* ﬁ

. ooy L
sign (a4, (w)) d* (n—2)! e —y TR

_ —sign(ay, (W) @ (n—2)!h* v*

T [z L(AL. LAY e
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where h* is the volume of the fundamental simplex of the lattice of all inte-
ger points contained in the hyperplane, passing through the origin, with normal
vector w.

Now, by [CLO98]|, page 319, we have ||w|| = (n — 2)! k¥, where ||w|| stands for

the Euclidean norm of w. Further, it is easy to see that we have

sign (a g, (W) & ]| = a. (W)

and thus we have shown the lemma.

Now we further generalize the Poisson-type product formula of Lemma 5.10.

In the following lemma the set { Ay, ... , A, } is not necessarily the unique essential

subset of {A;,...,A,}.

Lemma 5.12 If A, is contained in the unique essential subset of the set { Ay, ...,

A}, then

Resay,.oa, (fi,- s fn) =

[1A () TIRes g, g (f5.. fo) 20
¥ w

where y ranges over the common zeros in (K\ {0})"™", with respect to the lattice
L(A, ..., An), of fo,..., fn, where K is the algebraic closure of the field gen-

erated by the complex numbers and the symbolic coefficients of the f;’s, d... (w) is
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as defined in Lemma 5.9 and w ranges over the primitive inner normal vectors

of the facets of the Newton polytope generated by Ay + ---+ A,.

Proof:

If {A,...,A,} is the unique essential subset of {A4;,...,A,} then the formula
holds by Lemma 5.10.

Suppose, without loss of generality, { Ay, ... , A} is the uniqe essential subset
of {A,..., A,}. Further let B be the set of vertices of the standard simplex of
R"! and g be a polynomial with distinct symbolic coefficients with support B.

The overall strategy of the proof is as follows. We factorize

ReSA1+B,A2,.A.,An (fl g, f27 cee 7fn)

in two different ways. One factorization is the right hand side of the lemma raised
by some power times some factor and the second factorization is the left hand
side of the lemma raised by the same power times the same factor. Thus the
lemma follows up to some factor that is a certain root of unity. Then we show
that this root of unity is one.

Now we carry out this startegy. Note that f; g has support A; + B. Fur-

ther note that the Newton polytope of f; g is (n — 1)-dimensional and therefore
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{A; + B, Ay, ..., A,} is essential. By Lemma 5.10 we have

ReSAl—I—B,AQ,...,An (fl g, f27 cee 7fn) =

H fl (ﬁ) g (6) HReS_A‘é-’,_,,?A% (f;, o ,f:)(SAl-‘—B,AQ,,..,An(W)
B w

where 3 ranges over the common zeros in (K\ {0})" ", with respect to the lattice
LA+ B, Ay, ..., A,), of fo,... fn, where K is the algebraic closure of the
field generated by the complex numbers and the symbolic coefficients of g and
the f;’s, 0. (w) is as defined in Lemma 5.9 and w ranges over the primitive inner
normal vectors of the facets of the Newton polytope generated by As+---+ A,.
Note that by Exercise 3, page 318, of [CLO98] the Newton polytope of f;g
equals NP (A;) + NP (B) and thus by Exercise 12, page 325, of [CLO98], we have

aa+8(w) =ay (w)+ag(w) and therefore, by Lemma 5.11,

A +BAs.... A, (W)

_ aA1+B(w) [Hw:£< SIREE 7"4%))]
[anl : E(.Al —|—B,A2,... ,An)]

_ a4, (w) [Hw:ﬁ( L2u77-’4%)] + aB(w) [HW:E( éu?’A?zj)]
[Z"il Zﬁ(Al +B,A2, cee ,An)] [anl : [,(.Al +B,A2,... ,An)]

Further

O M 4B A, A, (W) =
6.A1,...,.An (w) [E (.Al + B, AQ, . 7An> L (-Ah cee 7~An>]

+ 6B,A2,...,An (w) ['C (Al + BaA27 cee 7An) . ‘C (Ba AQ? cee 7An)] ;
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because

[Z" " L(A + B, As, ... AL

[Zn_l : ﬁ(Al, ,An)]
[C(Ai+ B, Ay, A L(AL. A

72 L(B, As, ..., A)]
[£<A1+B,A2,... ,An):ﬁ(B,AQ,... ,An)]

Thus, by Lemma 5.10 and by the construction of [[5 f1 (3) g (8) (cf. [PS93)),

Res 448,40, 4, (195 fos oo, [n)
- H fl (6) HRGSA‘;,...,A% (fé"’ . 7f762))5¢41,4.4,,4n(w)[1
B w
Hg (6) HReSA;’,...,A% (f;, e 7f;’:)58w42,m,¢4n(w) I
B w

- H f1(8) HReSA%_.A% (fs,... ’fs)hl,“.,An(w) I
B w

Iy
<H9 (5" HRGSAgv-..,A% (fs, ... ,fﬁ))(SB’AQ"”’A"(w))

B w
= H fl (6) HRGSAS,...,A% (fé"’ . 7fT¢LU)5A1,4.4,An(w)Il
B w

ReSB,AQ,...,An (97 f27 cee 7fn)12 ) (51)

n—1

where 3" ranges over the common zeros in (L\ {0})"", with respect to the lattice

L (B, Ay, ..., A,),of fo,..., fn, where L is the algebraic closure of the field gen-
erated by the complex numbers and the symbolic coefficients of g and fs, ..., f,
and where

Il = [ﬁ(.Al +B,A2,... ,An) . L:(.Al, ,An>]

12: [‘C(A1+87A27 7A7L):‘C(B7A27"' 7An>]

99



Now we rewrite Line (5.1) further. Note that

[C(A1+B,A2,... ,An)ZC(Al,... ,An)] €Aq,..., An
) S

Hfl (8) = <H £ (8)
£ iz
where (3’ ranges over the common zeros in (K’\ {0})""", with respect to the
lattice £ (A1, ..., Ax), of fao, ..., fr, where K’ is the algebraic closure of the field
generated by the complex numbers and the symbolic coefficients of fi,... ., fx.

Therefore we conclude by Lemma 5.12 that

ReSA1+B,A2,---,An (fl g, f27 cee fn)

_ ReSAhm A, (f17 o 7fn)[C(A1+B,A2,... JAR)L(AL... Ap)]

L(AL+B,Az,... \ An):L(BAz,... A
RSBty Ay (G far oo fo) [FATTEAZ ALE A An)

Q,

where () is a rational function depending only on the coefficients of the Laurent
polynomials f5,... , f,. Now we show that () is 1. First we observe that () is a
polynomial: Obviously ) = %, where R and S are relatively prime polynomials.
Since the left hand side of the previous equality is a polynomial, the denominator

S divides either

RGSAL.,,,A” <f17 o 7fn>

or

ReSB,AQ,...,An (ga f27 s >fn) .
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Since these two resultants are irreducible and depend on either f; or g, the
denominator S, which does not depend on f; or g, is a constant. Next we show
that the total degree of () in the coefficients of f5, ..., f,_1 and f,, resp., is zero.

That is, we show that, for ¢ > 2,

MV (NP (A; + B) NP (As),... NP (4;_1),NP (Ai41),... ,NP(A,)
[Zn—l L (./41 + B, AQ, R ,An)}
MV (NP (M,),... ,NP (M;_1),NP (M;;1),... ,NP(My)) E;
[Zk_l L (Ml, <o ,Mk)]
LMy (NP (B) ,NP (Ay),... ,NP (A;_1),NP (A;
[Zn1: L(B, Ay, ..., Ay)

Tl),... ,NP (A,)) E27 (5.3)

where

El :eA17,.,7An [ﬁ(A1+B,A2, ,AH)IE(A17... 7An>]7

EQ - [£<A1+B,A2, ,An)iﬁ(B,Ag,... 7An)]7

M : L(Ay, ..., A) — ZF1 is a lattice embedding, M, stands for M (A;) and
MYV (.) stands for the mixed volume (cf. [CLO98]). Now, equality (5.3) can be
proven as follows: By Exercise 3, page 318, and by Exercise 12, page 325, of

[CLO98] and by the multilinearity of the mixed volume

MV (NP (A; + B) NP (Ay),... ,NP (4, 1), NP (Ai11),... NP (A4,)
[Zn=1: L(A + B, Ay, ..., A
MV (NP (A4;),NP (Az),... ,NP(A;1),NP (A;11),... ,NP(A,))
[Z”fl L (.Al + B, Ay, ... ,.An)]
MV (NP (B),NP (Ay),... ,NP (A;_1),NP (Ai11),... ,NP (A,))
[Zn=1: L(A + B, Ay, ..., A,)] '

_|_

In order to further rewrite this equality we apply Bernshtein’s theorem (cf.
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[CLO9S], [GKZ94]):

MV (NP (A1), NP (Ay), ... NP (4; 1), NP (A;11),... ,NP (A,))
271 L (A, Ay, .. Ay

is the number of roots with respect to the lattice £ (A, ... ,.A,) of a system of
Laurent polynomial equations with symbolic coefficients with supports A;, As,

A, A, - .. Ay, where obviously the roots are defined over the algebraic
closure of the field generated by the complex numbers and the symbolic coeffi-
cients of the Laurent polynomials. Similarly one can interpret the first summand

in the right hand side of Line (5.3). Thus we see by the definition of e... that

MV (NP (A;),NP (Ay), ... NP (A1), NP (A1), ... ,NP(A,))
[Zn—l L (./41 + B, AQ, . ,An)]

MV (NP (M;),... ,NP(M;_1),NP (MH—I); ..., NP (My)) E;
[Zk_l :£<M17"’ ) )]
and we also see easily that
MV (NP (B) ,NP (A3),... ,NP(A;_1),NP (Ai1),... ,NP(A,))
[Z”l'E(A1+B.A2,...,An)] B
P

MV (NP (B),NP (Ay),... ,NP (A4;_1),NP (Ais1),... \NP (4,)) B,
[Zr=1: L(B, Ay, ..., A, '

Thus we have shown equality (5.3) and therefore () is a constant. Now, by the

construction of @), we have that @) is of the form Q7" --- Q%" and, since @ is a
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constant, we have a; = 0 and ) = 1. Thus we have shown that

ReSA1+B,A1,...,An (fl g, f27 s 7fn)

_ ReSAl,...7An (fla o fn)[L(A1+B,A2,...,.An):L(.Al,...,An)]

ReS 5,4y, Ay (5 fas ooy fi) HATEAR e E A Al (5 4)

Since the right hand side of Line (5.1) equals the right hand side of Line (5.4),

by taking into account Line (5.2) and the equality

15 () = (Hflw')) o (5.5)
07 B8

the formula of the lemma holds up to a certain constant factor o, namely an
[L(A 4+ B, Ay, ..., Ay L(A, ..., Ay)]-th root of unity.

Now, we show that o = 1. By Lemma 5.10 and Remark 5.2, we have

Res 4y, 4, (f1,--- 5 fa) = (H fi(3)
s

E
[T Resmrcany. . mncany (M (f2)" . ,M(fk)y)éM(AlwMW)M) |

where E := e 4, . a,, the vector v ranges over the primitive inner normal vectors
of the facets of the Newton polytope generated by M (Ay) + - - -+ M (A), where
M : L(A,..., Ay) — ZF' is some lattice isomorphism which we naturally
extend to the f;’s. Since this factorization of Res 4, . 4, (f1,..., fn) equals the
factorization, we have derived previously and because of Line 5.5, we have o = 1.

Thus we have shown the lemma.

103



Lemma 5.13 The set {A,... ,A,} has a unique essential subset containing A; .

Proof:

If A; consists only of one point then obviously {.4;} is the unique essential subset
of {Ay,..., A}

Suppose dim (£ (A;)) > 1, where dim (L) denotes the rank of an integer lattice
L. Since dim (£ (A;,...,A,)) < n—1, the set {A4;,...,A4,} has an essential
subset: otherwise, for i = 1,... ,n, dim (£ (Ay,...,.A;)) > i, which contradicts
dim (£ (Ay,... ,A,)) <n-—1

The support A; is contained in any essential subset of {Ay,... ,A,}; other-
wise {2(1, Ay, ..., A,} has a subset being essential but not containing A;. Take
two essential subsets I and J, resp., of {A,...,.A,} which contain A4;, whose
elements affinely span integer lattices of rank d; and ds, resp., and thus whose
cardinality is d; + 1 and dy + 1, resp. Further let K := I N J, whose cardinality
is k > 1. Then the cardinality of (I UJ)\{Ai} is dy +dy + 1 — k. We show
that dim £ (1 U J) \{A1}) < dy +dy — k, where L (S) denotes the integer lattice
affinely generated by the elments of some set S of supports. Note that, since [
and J are essential, dim £ (I\ {A;}) = dim £ () = d; and dim £ (J\ {A4;}) =

dim £ (J) = dy. Therefore dim £ ((I U J)\{A:}) = dim £ (I U J) which is at
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most dim £ (I) + dim £ (J) — dim £ (K) . Since dim £ (K) > k, we have

Therefore, similar to above, (I U J)\.A; contains an essential subset, that is, an

essential subset, not containing Ay, of {.Zl, A, ... A, }. Contradiction!

Now we are ready to prove the main theorem.

Proof:

Theorem 5.1 Let ]71 be a Laurent polynomial with distinct symbolic coefficients

with support Aj. By Lemma 5.12 we have

ReS.ZLAQ,...,.An <f1’f27"' 7fn> =
s W w 5* w
H fi () HReSAg,.A.,A% (fS o f9) Ay g Ap (@) :
il w

where 7 ranges over the common zeros in (l? \ {O})nl, with respect to the
lattice E(ﬂl,Ag, oo Ay, of fa oo fu, where K is the algebraic closure of the
field generated by the complex numbers and the symbolic coefficients of fvl and
the f;’s, and w ranges over the primitive inner normal vectors of the facets of
the Newton polytope generated by Ay + - - -+ A,. Since the symbolic coefficients

of ﬁ are algebraically independent from the symbolic coefficients of fo, ..., f,,
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Lemma 5.12 is stable under specialization of ]?1 and we have

Resjl,Az,...,An (f17 s 7fn> -

w w\90 7 w
[T 0) T[] Res ..oz (f5 -, f2) A0 )
vy w

where ~ ranges over the common zeros in (K\{0})""', where K is the alge-
braic closure of the field generated by the complex numbers and the symbolic
coefficients of f; and the remaining f;’s and w is as before.

Further, as in [PS93] by the construction of [, fi (7), we have

H £ (7) _ Hfl (7/)[£<X1,A2,---,An)iﬁ(Aly---,An)] ’ (56)
¥ v
where 4/ ranges over the common zeros in (K\ {0})""" of fy,... , f with respect
to L (./41, N ,.An)

By Lemma 5.13 and Lemma 5.12, we have
[Ire) =
,y/
Res ay... y (froee o fo) [T ReSag. s (5 ) A an)
and thus

Hf1 (v) =

Res,,.. .4, (fi,--.

[T Res g as (5o, f2) 0 an @) [E(A A A i A )]
w

f )[c(jl,AQ,...,An):L(Al,...,An)]
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Therefore

R’eSJK1,.A27...7An (fbf% R 7fn) =

Resuy, o (fir. oo fo) [EAT A AL ) (5.7)

[T Res gty (5o ) it tn )7 Barta T,
w

where [ := [E (./2{1,./42,... ,An> : L(Ay,...,A,)|. Note that

[L(AL, Ag, . A L(A LAY 1

[Z”—l L (.Al, o ,.An)] B [Zn_l : £(,2(1,A2, . 7An)]

and therefore by Lemma 5.11

04y Ago Ay, (@) =0y 4, (W) =
(ajl (W) —ay (w)) [HY: LAY, ..., AY)]
[Zn=1: L(AL, Asg, ..., A '

Therefore we have shown the equality of the main theorem.

Since the Laurent polynomials in the main theorem have symbolic coefficients
and the sparse resultants on the right hand side of the equality are defined with
respect to the precise supports of these Laurent polynomials, the factorization on
the right hand side is irreducible.

Thus we have shown the main theorem.
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5.4 Conclusion

In this chapter we studied sparse resultant under vanishing of coefficients. The
sparse resultant of some Laurent polynomials f; with respect to any supports is
some power of the sparse resultant of the f;’s with respect to their precise sup-
ports times a product of powers of sparse resultants of some parts of the f;’s.
This result is important for applications where perturbed data with very small
coefficients arise as well as when one computes resultants with respect to some
fixed supports, not necessarily the supports of the f;’s, in order to speed up com-
puations. This work extended some work by Sturmfels on sparse resultant under
vanishing coefficients (cf. Corollary 4.2 of [Stu94]). We also stated a corollary
about sparse resultant under powering of variables which is a generalization of a
theorem by Kapur and Saxena for Dixon resultant. We also stated a lemma of
independent interest generalizing Pedersen’s and Sturmfels’ Poisson-type product

formula.
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Chapter 6

Conclusion

The objective of this research has been to develop methods for computing resul-
tants of composed polynomials, efficiently, by utilizing their composition struc-
ture. By the resultant of several polynomials in several variables (one fewer vari-
ables than polynomials) we mean an irreducible polynomial in the coefficients of
the polynomials that vanishes if they have a common zero. By a composed poly-
nomial we mean the polynomial obtained from a given polynomial by replacing
each variable by a polynomial.

The main motivation for this research came from the following observations:
Resultants of polynomials are frequently computed in many areas of science and
in applications because they are fundamentally utilized in solving systems of
polynomial equations. Further, polynomials arising in science and applications
are often composed because humans tend to structure knowledge modularly and

hierarchically. Thus, it is important to have theories and software libraries for
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efficiently computing resultants of composed polynomials.

However, most existing mathematical theories have not adequately supported
composed polynomials and most algorithms as well as software libraries have
ignored the composition structure, thus suffering from enormous blow up in space
and time. Thus, it has been important to develop theories and software libraries
for efficiently computing resultants of composed polynomials.

The main finding of this research has been that resultants of composed poly-
nomials can be nicely factorized, namely, they can be factorized into products
of powers of the resultants of the component polynomials and of some of their
parts. These factorizations can be utilized to compute resultants of composed
polynomials with dramatically improved efficiency.

We point out some future directions for the research: It would be interest-
ing to study resultants of arbitrary sparse polynomials composed with arbitrary
sparse polynomials (cf. Case 4 of Table 1.1). Finding a compact product formula
seems to be very challenging. Further, it would be interesting to study resultants
of polynomials composed with & polynomials in n — 1 variables, where n and k&
are different. Such composed polynomials occur frequently in practice. Finally, it
would be interesting to study how to efficiently compute other fundamental oper-
ations, besides resultants, for composed objects. This has already been done for

some operations, such as subresultants (cf. [Hon97]), Grobner bases (cf. [Hon98],
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[GMO8]) and Galois groups of certain differential operators (cf. [BS99]).

This concludes the main part of the thesis.
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Chapter 7

Appendix: Tutorial on Toric
Varieties

7.1 Introduction

Toric varieties play a fundamental role in the theory of resultants (cf. [CLO98],
[GKZ94]).

We give a brief intuitive introduction into the theory of toric varieties. We
illustrate toric varieties and explain, by examples, how they can be constructed.
It is easy to generalize these examples to arbitrary toric varieties. We do not cover
toric varieties in complete generality. More general and comprehensive treatises

can be found in [GKZ94], [Ful93], [Oda88], [Dan78] and [KKMSD73].
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7.2 Intuitive definition of toric varieties

Toric varieties naturally arise from the study of solution sets of multivariate

polynomial equations, like the equation
ay® —22%°y + Txy* — 32y +8y> + 5y +9 = 0, (7.1)

which we will consider throughout the appendix.
In the following, we will only consider solutions in (C\ {0})* of Equation (7.1),
which will naturally lead to constructing a certain toric variety. Obviously, Equa-

tion (7.1) also has solutions with
r=0 and 8y*+ 5y +9 = 0, where yeC. (7.2)

The equation, univariate in y, of Line (7.2), similarly leads to constructing an-
other toric variety.

Now we describe how a certain toric variety arises from the study of solutions
in (C\ {0})* of Equation (7.1). We proceed in three steps.

Firstly, we rewrite Equation (7.1) into an equivalent linear one. This equiva-

lent linear equation is

11203 — 2221 + 72’12 — 32’11 + 8202 + 52’01 + 9 = O,
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where

(203, 221, 212, 211, 202, 201) € S,

S = {(zy’, 2%y, 2% 2 y,9%y) | (z,y) € (C\{0})*}

It turns out that studying, through techniques of commutative algebra and al-
gebraic geometry, solutions in the set S is difficult because the set S is not an
algebraic set. Therefore we extend S a bit in order to be, in a sense which is
described below, algebraically closed. This closure is formed in the remaining
two steps.

Secondly, we homogenize the linear equation. Note that
11203 — 2221 + 7212 — 32’11 -+ 8202 + 5201 +9 =0
iff
11203 - 2221 —|— 7Z12 - 3211 —|— 8Z02 + 5Z01 + QZQO - 0,
where Z;; = z;; Zoyo for any Zy, # 0. We denote the solution set of the homoge-
nized equation by 7', namely
T = {(Zoo : 9593, Zoo - x? Y, Zoo - MJQa Zoo Y, Zoo - y2, Zoo * Ys Zoo) |

(z,y) € (C\{0})® and Zy € C\ {0}}.

Thirdly, we form the projective closure V of T'. That is, V' is the solution set

of all homogeneous sevenvariate polynomials vanishing on 7. Note that V is a
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projective set. Thus we can view V as algebraic subset of six dimensional pro-
jective space by considering the Z;;’s as homogeneous coordinates. The algebraic
set V' is called toric variety.

Summarizing, in order to construct a toric variety as a solution space of an
equation, we have applied well known techniques. We have linearized the equa-

tion, homogenized the equation and extended the solution space appropriately.

7.3 Motivation for the name “toric variety” and
basic properties

We give a motivation for the name “toric variety”, point out some technical issue
associated with the adjective “toric” and state some basic properties of toric
varieties.

The name “toric variety” has the following motivation. Firstly, the set V' from
Section 7.2 is called a “variety” because one can show that the set V' is irreducible.
Secondly, the variety V is called “toric” because a certain torus can be embedded
into V: One can show that the set (C\{0})®, which can be considered as an
abstract torus, is injectively mapped onto the set S. Thus the torus (C\ {O})2 is
embedded into the algebraic set V.

It is important to point out the following technical issue associated with the
adjective “toric”: Not all varieties that are constructed like V' have a torus em-

bedding. It is easy to state a neccessary and sufficient condition for the torus
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being embedded into the toric variety. We illustrate this condition on the ex-
ample toric variety V. We require that the exponents of the monomials in the
polynomial f:=11zy? — 22%y + Txy* — 32y + 8y* + 5y + 9 affinely span

72 over Z, which is in fact true: For each integer point in the Newton polygon

y-exponents

1
x-exponents

Figure 7.1: Newton polygon of f

of f, shown in Figure 7.1, we can find a monomial in f having this integer point
as exponent. Since the dimension of the Newton polygon is 2, the integer points
affinely span Z? over Z.

Note that we will focus for the rest of this appendix on toric varieties with
torus embedding.

Toric varieties with toric embeddings have certain useful properties of which
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we state two: Firstly, their set of singularities is of codimension of at least 2.
Secondly, a toric variety with torus embedding is a normalization of a toric variety

without torus embedding.
7.4 Points in the projective closure

In Section 7.2, we have obtained the algebraically closed projective set V' by
expanding the set T. The main question of thie section is: What points have we
added to 7' in order to obtain V'?

One can show that
V = TUW1UW2UW3UW4,

where Wi, Wy, W3 and W, are certain lower dimensional toric varieties. In detail:

Let

fl = —25172?4 + 97
for=11zy® — 222y,
fz:=11lzy> + 8y?,

Ji=8y* +5y+9

be the maximal parts of f whose exponents lie in the edges of the Newton polygon

of f. As before we can form toric varieties Vi, V5, V3 and Vj from fi, fo, f3 and
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fa. For example V] is the projective closure of the set

{(Zoo 2*y, Zoo) | 3,y, Zoo € C\{0}}.

Then we define

Wy = {(Z03, Zzl, 212, le, Zoz, Zou Zoo) \

(Za1, Zoo) € Vi, Zos, Zhay Zh1, Zoz, Zow = 0}.

Obviously Wj is isomorphic to V4. The sets Wy, W3 and W, are constructed

likewise.

7.5 Alternative definition of toric varieties

Now we describe an alternative, equivalent definition of the toric variety V' of Sec-
tion 7.2. Sometimes this alternative definition is more useful than the definition
of Section 7.2.

Recall that V' is a projective variety. Very often projective varieties are defined
as the glueing of certain affine varieties. We describe how V' can be represented

by a glueing of affine varieties.
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Firstly, we define some affine sets that cover V. Let

Ugo Z:{Z€V|Zo()7é0},
Usy Z:{ZEV|2217£O},
Uiz := {ZEV|2137£0},

U02 = {ZEV|ZOQ7£O}

be these affine sets. Note that U;; is defined exactly for i, such that (i,j) is
a vertex of the Newton polygon in figure 7.1. It is almost trivial to see that
V' = Uy U U U Uyz U Us.

Secondly, we describe how the affine sets are glued together, i.e. in which
way certain points are identified among the different affine sets. If we keep the
same homogeneous coordinates for each affine set then the glueing is trivial. For
example, Uyg and Uy overlap in Uyy N Us;. The points in Uyy N Uy C Uyy are
trivially identified with the identical ones in Uyy N Uy C Usyy.

The glueing that is described in the previous paragraph is trivial because
the affine sets U;; are defined as subsets of the toric variety V' having the same
homogenous coordinates. Usually the affine sets U;; are not defined in this way,
but directly from the given polynomial without first constructing V. If the affine
sets U;; are defined without referring to V', then each affine set U;; has a distinct
set of affine coordinates. Then the glueing is described in terms of these distinct

affine coordinates. We describe this process in the following paragraphs.

131



Firstly, we define the affine sets. Consider the cone with vertex in (0,0)
that contains and touches the Newton polygon of f (cf. figure 7.2). We call

this cone the cone of Uy. The integer points in this cone are spanned by

Figure 7.2: Cone of vertex (0,0)

{(0,1),(1,1),(2,1)} over Ny. The points (0,1),(1,1),(2,1) are linearly depen-
dent over, that is, they are related by the equality 2 (1,1) = (0,1) + (2,1). We
use this equality in order to define U/, namely,

Uéo = {(U01,U11,U21) eC? | u%l = U1 * uzl} .

It is obvious that U], is isomorphic to Uyy. We can retrieve the affine coordinates
in U}, from the projective coordinates in Uy, by dividing the projective coor-

dinates by Zy, and by discarding redundant coordinates. In formulae, we have
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Uy = g—g;, Uy = g—éé and ug = % Now, consider the analog cone with vertex

in (2,1). We call this cone the cone of Us;. Further we move the cone of Us; by

(—2, —1) such that the vertex lies in the origin (cf. figure 7.3). The integer points

Figure 7.3: Cone of vertex (2,1)

in this cone are spanned by {(—2,-1),(-1,0),(—1,1),(—1,2)} over Ny. Note
that 3-(—1,0) = (=2,—1) +(—1,0) and 2- (—1,1) = (—1,0) 4+ (—1,2) and thus,
similarly to above, we define
U£,1 = {(0—2—171}—10,1}—11,11—12) eC|
?J?ilo =V_2-1" V10, UEH =V-10" U—12} .

It is obvious that U, is isomorphic to Us;. We can retrieve the affine coordinates

in U}, from the projective coordinates in Uy by dividing the projective coor-
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dinates by Z3; and by discarding redundant coordinates. In formulae, we have
Vg1 = Z2, 010 = Z, vo1n = % and v_jo = g—;i Likewise, we can define
affine sets U{; and Uf,.

Secondly, we describe the glueing. We describe how U, and Uj, are glued
together in terms of the affine coordinates. We identify the points in U/, with
u91 # 0 with the points in Uj; with v_o 1 # 0. We choose ug; # 0 because (2, 1)
is contained in the cone of Uy, and is the vertex of the cone of Us;. Further,
we choose v_5_1 # 0 because, undoing the translation by (—2,—1), (0,0) =
(—2,—1) — (—2,—1) is contained in the cone of Uy; and is the vertex of the cone

of Upp. One can see easily how the w;;’s and the v;;’s are related by considering

the relations on the u;;’s and on the v;;’s and by writing the u;;’s and v;;’s as

2
YZ1o0
v_g_1’

fractions of homogeneous coordinates. That is, onc can see that uy, =

=10 and wug = . Similarly, one can describe the glueings between

v_2 -1 v_2_1

U1 =
the other affine sets.

Summarizing, there is a natural way to represent toric varieties as the glueing
of affine varieties. For each vertex of a given Newton polytope we construct an
affine set. The glueing mapping between the distinct affine coordinates is defined
as products of certain powers of the affine coordinates.

We conclude the tutorial on toric varieties and the thesis.
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