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SOME METHODS FOR ASYMPTOTIC DISTRIBUTIONS
IN THE MULTIVARIATE ANALYSIS

by

MINORU SIOTANI
Univensily of Neith Carolime. and Niken Univeroity

Vaniowo talioTico in the mullivaniale analyoio come sul ao fundliomo of
Wisharl malniceo. Jun methsdo for doviving aoymplolic sumpling dictubuliome
of theae olalielico e diocucaed.

In ol T, a method for aludonlized dlotialico and o opplicalion will be
diocuaced. Lt Z=1Z,, - ,En} bea pxm oboowalion malux each colwmmn
of wﬁdoﬁ@Mpmdm%d@W&W@Zbap—Mm—W
nevmal, didlvibulion with covniance malux = (>0, ie., psaddive defimile ) amd
Lt S, be a pxp meww,m@mm% of Z aceending
To the Wichart dictribulion Wo(Z.1) with 1 dipste of freedom and poramelin
matvix . Jhom the atalistico conaidened fne ane fumdliono T(Z.S,) of Tht form
dike 1r(S,2Z), auch thot the dichibulione of T(Z,Z) ane fnaun 61 4aoy 1o
obtoin. (coording Iothe buoic ideao due To B.L. Weleh L17,18] and G.S.
Jomes 071 and thein modificationo, the diotaihaiono will be given im the

B{T(Z.S) <tmt=A+2 + A 4 0() -

This research was supported in part by the National Institutes of Health of General
Medical Sciences, Grant No. GM 12868-05.
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whene Ay, A amd Az ane indepondent of n.

(fr deocribing the gemunal proceduns of the mathod (811, the Holulling
genwalized T," dlaliolic o Tualed im detaid To oblain the Toom of srden 12 in
the exponded form of the dickulion amd aloo To provide a concrels erample
of The method (§1.2.1). Some Tableo wﬁaﬁnwﬂﬁemegdwﬁmappﬁmw
mathsd are given in Appondiceo | and 2 of the ond of Part I. JRe evolualion
of povanioge poinlo of T.' in the null case do diocusced brisfly im 31.2.2.

In 31.3, othw oxamples which com be Tuolid by un mithod are iblutnaled.
ey are the nalio of Tuo Holeblingss To-alalialics (§1.3.1), Wald-Anderooms
claosificalion slalialic (§1.3.2) and the mawimum of gemnalized distances
(81.3.3). Jhe Laol one showa that an aoymplolic joint distasbulion. of Zury
aludenliged otaliolico com b sbtaimed by owr mothod .

In ponl T, simple but uacful fomutas for compuling the aaymplotic
verionees amd covarianceo of alaliolico, which are funclions of Wiohort malniceo,
ane given (82.1). Jhe naed fon them sftem arioco whon we wanl %o oveluale
the non-null aoymplolie dicbutions of Teol alaliolico in the multivanialte
omalkyoio by the a0 called dello mothsd. In §22 The ntoulto sblaimed a0 fon
 Jo show few the forvmudao ane waed . the Teal .olalislice {1 aymmelny

im the dwclure of the populalion covwrniamce malux (§2.3 ) and for mubliple
imdepondince (§2.4) ane Treoled.




Poil I. Mathed for 0 a0k of A@';@Q ed_olatialico.

1. Jhe gonanal deocriplion of ths malhod,

Lol Z=1%,,....Zn} e a pxm nandom maluin whow 2; ow independintly
diotriduted acesding o p-vaniale novmal dialribulions wilh commen Comniomce
malux £ (>0) and Lef Sn be a pxp Wisharl mabrix whick Lo indepondent of Z
ond io aubject to o conluul Wishat diatnibulion Wy 1) with 1 degosso of fuasdom
amd poromeler maluie wZ , Le.,

1S enpl -+t (/) Sa]}
" PP [ | ﬁ FL(n+1-1)/2]

(LL1)

o wo comaiden the aaymplelic dictuibulion of the slalialic T(Z,S) which Lo
o funclion of Z and Sn such that

(1) the diolaibulion of T(Z,Z) do bmew, and

(D R(Sa) = RAT(Z, S0 < IS} for a fimed Sy o the Jnybsr wxpansion
obnt . We uae the notations ; = =(0y) and

(2 43 ... 12 )
80'., 23072 ZBOTP
19 3 ... 1o
3 =(—%(I+SLJ)%E_) = | %% 30 ? 9
PIP d . . PP .
19 12 ... 2_
230}; 2-90;1 30};’,
§ S

whow &J L0 Knoneckwss ddte. Jem we hove



R{T(Z.Sh<c) =&f>°BL{T(Z,S,)scIS,.}dw,,(-%l-Z,n)
=s‘,f>o\%P{mS"_Z) A} RIT(Z, D)< ¢ }dWplHE, )

= [ exp{tu$,0} dWpl&E-n)- exp {~-BZ 3} RIT(Z,T) <)

S0

= | 1-2zo™ exp{-hZa} RIT(ZE) < ¢}

= ®-R{T(Z.T)< ¢} (1.1.2)
whow

® = exp{-hzd - Flogll -zl }- (11.3)

9t should be nsled thal in tht alve and alboo in the aequel, 3Bl T(Z2) 5 C}
alomdo o [ £(1485)3RIT(Z,S0< C1S,1/35s Is,mz.

wwnﬂtlw fovmula
~Leg |1-Al = tA + L 0A + $0A +-- (1.1.4)
we have, f%m%mﬂglm?znwwwmpmm
0 = exp{£h(za) + 3= (Za) + Bh(za) +--}
=1+ 40T + 3 [$0(z) ++it(zar}]
+ 5[ 2023 + $ (PR +H{t(ZaPP]

+ Ol)




=1+ _TITZO;tYGaanatu

rstu

+ TnlT { _gL % GWT Gs.t Guv ars atu avu + _{_% OIAertO;vq’x ars atualm axg }

L ,
+ n { 2 : O;rogt O;V(wa ars atu awazy

TSturwxy

+ 5 705050500 G O 3 B3y

TS “tu "YW -y TPy

P3TStuvwxy
A
T % Gieo;"” q"O;tO;”O‘—“a’manarsatuawaxg}
+ 0{¥)-
(I.1.5)

When ¢ o conalant , the deoined coymplolic expamaion con be oblained by (1.1.2)
ond (1.1.5). Jhore aae aomelimeo the caoso whone € Lo not condloml but of the foum

C=C) =C,+ C (M)

= C, + C(m + C(m+ C(my+---, (1.1.6)

whone C.(M =0(1Y), i1=0,1,2,... In theae canes we flave noed To expand (1.1.2)

furthor .

R{T(Z,S,) <cm} =@ R{TZ Z)< Cm}
= @-exp{CMD} R{T(Z,Z)<c} (1.7

whoe D =98/9C.. Aince

exp{C(mD} = exp [{CM+Cm)+-} D]

= | + C(WD + { ¥ $C (WD}



+ {CMD + G MWD + £ CAmD? }

+ 0(m™*) »

RIT(Z,SH<cm} = @ RIT(Z, D)< ¢, } (1.1.8)
vhew @“m&wﬂmmﬂwﬁoﬁmmpamdd W:
® = 1+ [CMD + 4 27 04,0y 33, ]
+[CMD + D" + 20,6, 3,3,C(WD

+ 1%= {_‘3&' rsg Our 05t Gy Ors Oy Oy + 7:% vo—wxarsatuawaxy}
+ [ CmD + CC(mD* + + D’ ®

+4 & OurOsr O { C(MD + % COWD*}

I .
tw Azru:‘ G2t Oy Ors Ot %;;wx 0;,0;,0;,(2,19,,9,.%,8,,} GmD

0}(% GUVG;JI ars atu avwazg
rstuvwry

+ 'éi % Gﬂ@rorytoq-w 0:)1 an ars atu awaxg

]
+-6_M:rswv;;%o— qup OIIT st (ygv(Ya.:zazmanarsatuavwarg }]
+O(?'3)' (1.1.9)

+{2

In ouden bo obbain the WML axpomaion of the dicuibulion of T(Z.S,),
we need To ovaluale the variouo devivalines of BiT(Z,Z) < Co} with nospact T
omemllo of = im (1.1.2) o2 (1.1.8). Jo do thio we oholl uae the idea of P
peluntralion in phyoico and comaidin
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T =RIT(Z(Z+g)) <t} (1.1.10)

whow £io ¢ im (1.1.2) on Co im (1.1.8) and Ewapxpuafm/m/mdumf/zw
compooed of amall incrumenlo €; T 0 dwch thal T +€ do alilh peoilive

dfmite. Them. oy Jayhons thasam
T=[1+ 260 t ﬁ‘%imamanatﬁ jlr%srsetuewarsatuaw

+ '4__][' ] E1'5 E'cu Euw Exy ars atu aw a;g +-- ] EL{ T(ZZ)S t}
(L111)

On the othun hand , since Z; (i=1.---,m) lo diolibuled indepondently according to
N(g:,Z), wecan exprwos J inThe fovm

~mp/2

J=0Qmn IZI-WZI---IG/XP{--%UL(Z-M)'Z"(Z'-M)}TJJZL, (1.1.12)
D«l

whow M={g,, .., gn} ond
D*: T(Z,(Z+€) <t (1.1.13)

Now we make the non-singuban Lingar Tramofevmalion : Z =LY uilh L euch That

L(s+e)'L=I, LUZ'L=1-% (.1.14)

whow E o o pxp dingomal malun, diog{E,,-, By} with 15 <1 for all i Jhio
is pocaible, Because we con Take € with sufficiontly small dlemonls. Aince the
Qocofriom of the Tramofsrmalion io

L™= 1™ -gm,



T becomes

T =@n ™ 1-5™ [-] el wlY-HIT-EXY-HIT dY,, (1115)

whow Y ={Y,... 4}, H=1{7,,.. . 7u} =L'M ond

R: T(LY,LL) «t. , (1.1.16)

In orden that the problom may be feaaihle, TOLY, LL) should be indepond-
ol of L (00, for txample, do T(Z+E7ZZ =t YY" ), the infegral in (1.115)
ohould be ovalualed onplicitly, and T should be oxpanded with nospect 1
powero of €. If thio lo the cane we can sblain the desined dorivalives of
R{T(Z,2) <t} by companing the rooullamd with (1.1, ond fiomce the aaym- ®
plotic 2xpamaion of the dislhidudion of T(Z,S,).
Mtﬂtwmdmt&zwwﬁmzmmmwkewﬁmaﬂmaa&ww
fumdlion of T(Z,E). &k #0) fe the characliniolic funclion of T(Z,S.)
amd P(13S, memmwaﬁmmzwwogms ) whon
Snwguxed i.e.

P(t) = Elexp{ it T(Z,S}]

and
$(t: S =E, [exp{itT(Z,S)}IS,.],

whow i=vT. Jhon we harve
$t) =Es {P(t: S0} = Eg [exp{t(S,~Z)3}]- $(t; E)

= 0O 9t; ) (L117) o




whe @ 4o the same operalsn ao (1.1.3) s (L15).

In sdn To ovaluale vaniowo o(e/w:faI,Weoo{<P(t;Z)uﬁLﬁneopmro
tlomanto of T, we conacdin P(t: Z+E), whowe € io the aimilar malnin of
imerumends of a0 in (1.1.10) and cavry oul the aimidan Lxpamaion 0o we
made for T. Qffen we Rave the asymplolic wxpamoion of $(t) in Thio way,
the deained OALZ’M/PMC dishubulion of T(Z,Sw) may be oblaimed /gy the
mension fevmuba.

. 2. Holellings Ma&g T slaliolics .
1.2.1. NMWWWMDL&AWW%TD wpIomaLULn Lot wo

conalden

T(Z,S)=T2 =0 S, 27, (r.2.1)
-7 2 S g,

I~

Thio io the alaliolic propsacd by H. Holebing U3 1 fan Juoling the fypothtaio
H,o M={K, -, tm} =0 a?a,{/nof, H: M+0. Jfio well #mewn that
tEZ7" o dishubuled a0 o non-conlaal chi-square with mp degreso ef frasdom

W =T ZMM’ =iﬂ; VK (1.2.2)
!

e, with FP=mp/2,

oo d +
Rinzzzt) = g 2&"3‘{3;”) [Pt e = ) (123)
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Simce TUZ+€YZZ =YY =L 4%, we con svbuale T by uaing inligral
fprmulas of Dinichlels type. (ffun some compulalion we Fave the foblowing form:

J=(n"1-E Imgﬁjt exp{-L T (Y-HY (I-E)Y-H)} TdY,
] ts :

-V—,ﬂ—‘:%i}' €7 enp{ T(I-ENI-EEV'(I-DHHE} Xolts0),  (1.2.4)

where E do an spmralor duch that ETXi(E; @) = Kpuy(ts o) fer 1=0.1,2,~-. Ium
the nelationo im (1.1.4), T com be axpreased im Timo of M, €, £ amd E a0

T =11-xa[™ €™ el FER(T-XaY' R} Kolt:0),  (1.2.5)

whoe A=E-1, X =(Z+&7'E -1 wnd
0 =T"MM- (1.2.6)
umg the LXpomoiono
I T-Xa™ =1+ Bhxa) + L{26(xa) + m(tixa)?)
+ B { 80(xa) + emB(Xa)t(XA) + M(TXA) |
+ 30 {48 Ta(XA)" + 32m (XA R(XAY + 1Zm(Tu (X 4))*

+ 120 (e XAY (G(XAF) + M (GXA) }+-- (1.27)

(IT-XA)" =T+ (Xa)+ (XD + (XAP + (XA + - (1.2.8)
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K==L eI T+ 27 b € T T Ly — Y Entutn D 30 205 200 20 2N

+ :ersetueuwexgz an Z:'(uz Zuw’z ny o (IZ‘D

TStUvwxy

whow T,o= 0%, T can fe willen 00 a 400i0 in pwerns ef €58 amd thuo we com
ovodudle the deined dvvivalives of PIRZ'ZZ'<T].
When M=0, i.e., inthe mll cooe

-m/2

T =1T-XA[™ Knlti0)- (1.2.10)

Jﬁzdwmmmoﬁﬁmthmﬁfcmmwﬁy K. Ito[51 in The enpamd-
od fovm up To orden . Jhe non-nuld disTnchulion wao tneoted by M. Siclams 13 )
in the oame woy disoueoed afove and Latn By K1t who uaed the infigral
rapreagntalion of the characlowiolie fumclion of T due To F.L.How [4]. Bul
neithon could obtain the tom of orden 17 amd wven the Tovm of srdun ' conlain-
od somawhal imconveniont Trvmo for rumenicel work.

In. what fellowo we will ovnluate the non-null dictibulion of T3 up o ordden
12 fraoed on (1.1.17), which ahowo | ab the oeme Lime , the delailo of the
procedune deocnibed im §1.1. Jo do a0, we need Lo tvnluate

Pt z+e) =E[exp{it W(Z+E)'ZZ'}]

'mp/z

=(2m) ""’f jeyxp litt(Z+€)'ZZ - +hT(Z-MNZ-M)} ] dZ,

(1.2.11)

whore Rop alamdo for the whole mp-opace. We make the non-ainguber Linar Trame-
fvmalion Z=PY with P auch thal
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P(S+EY'P=I, PS'p=I-7¥ (1.2.12)

where ¥ 4o a disgonal malnin, diag17,--,%} and we may fake Y, aush that
V1<t forall j=1,---,p. Jhum

B(t: £+6) =MLY ™ [-+-f exp{it tYY - 3T -¥)(Y-HI(Y-HY }TTdY,
Rup ¢ 9
(1.2.13)
whire we pul H=P'M. Since
it YY = T (I-Y)Y-H)(Y-H)
= —LH(I-VIHH -+ [R{U-2i)I-T}YY =20(1-7)YH']
= =2 W(I-NHH + T h(I-7{(-2i)I -7 ' (I-7 )HH’
- R {0-2i) I -y Y-8 )Y-®)
whore ¥ = {0-2)T =Y F(I-Y)H, we sblain offun infigalion
. ) I-0-2it)ty [ ™ ,
Pt THe)=(1-2it T {LT_;—f—’—L} exp{-+H(I-7)HH'} x
x exp[ {20-2i)F (T =Y){ T -(1-208)"Y F (I-D)HH']- (1.2.14)
On account of the nelaliono im (2.12), thio cam be oxprsaed ao
G(t; TH+E )= (-2t 7™ €2 | T - 2it(1-2et ' X ™

x exp [{20-2i)F R {I-2it0-2it7'X 'R ] (L.215)

whew o, Q and X o the aome symbote a0 before. Tow bl uo uae the
nolalions
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L20t)=(1-2it)",
AlD) = 2t) =1 = 2it(i-2it)", (1.2.16)

Fup(t:0) = (1-20t) ™

T Bup(t:0) o the characliniolic funclion of wnI/LaloﬂcA%xwudeﬂan
with mp dequecs of graedom. Jhen

b(t:z+8)=1T-ADX[" “’”acp['ﬂ(t)ml—mt)xfm<ﬁ,,,<t-,o>. (1.2

Ot o aeem that T im (1.2.5) and $(t: T+8) e ane of the some fovm with

E e o), A A, Xnlt;0) e Fult:0). (1.2.18)

Hence MWWAMMW%MPWWWWMW.
In the mll cese, ie., when M=0,

$(t:o+e)=lI-ax ™ " Pp(t5 0) (1.2.19)

which wvwapondo To (1.2.10).
With the aid of the oxpenaion formulao im (1.2.7) and (12.8), H(ET+E)
im (2.17) can be expamoled im the followring form :

¢(t:z:+e)=[ | + { ZADGY + TLDADKRXQ }
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HPLWORX + FAOGX" + FLOMDRXD + L AOSDB XL

+ o8 (0 X (B XD))

+{BAOHY + LAOGXNGX) + B LX)
+F2OBOR XL + - FOBD XL GXQ) +ZCHAD B XQ)
+ PoOBDH XN RXQ) + LA (X (1XQ)

+ FLOAD(RX)HRXQ) + LA (X)) (XQ) }

+HLBDOOX + L AORXNRX) + TBOEHX + LA EX)

4
+Hr @ xr

+ T UDEDTXD + ZLOADRXL(RXQ) + 5 LB HXQY
+1E 0O (X Q)RXD) + shz DM B X Q)"
+ g OAD(RXGRXQ) + l,gfutm*(t)(mx’)(ux ATXQ)
+ - 2B (- X (hXQ)
T 7 2OMDGXGXQ) + TLDD(HRX)(HX2)(!XR)
+ - LMD X (XD
+ 3 LOLOGX N0 KQ) + 5 L OMDGX)(BXL)*

+ LB G X FHXR) + T COME 0 X (R XL ]
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%t 161 = (1-2it7™" exp{+a At} (1.2.21)

which o the characliniolic fundlion of the non-conlal chi-squone diotbulion
with mp degros of fuedom aond noncohalily piramden o Uoing (1.2.9),
P(t:T+E) can be willen in the expamded fovm with nLapact To powero of €54
Lt wodmbnoduce the netaliona,

(151 =T E'Eys, [151tU] =iE T By | SHU] =T 2 T Ty Ty,

(15) =B 'Tp@, (ST =(e T E Ty, (SHUT) =TT Enl ToZ Trpld
Jham we fave

¢t 248) = [1 ~T28x ARD + 7 EntuAnnl®) — 2 LEntubu Anyul®)

3 7 by A - | 116D (1222)

STIvwXy

whew
Awt) =L ADrs] + SADARHTS) > (1.2.23)

AL = TL{2AD+ KD} rsttu) + L S0t + oAt

—'z- (D A+ B} (rsitu) + ——Q A st » (1.2.24)

® )= T{ 300+ 381 T)+A’(t)}[rsl1:u|vwl +§ m {90 + SIS V)

Avs .0

+ 7% A(t)[rs][tu][ij

+ L[ A +280+ B} (rsitulvw) + g LOB+ SO} rs)tulvw)
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+ 75 LD SO sxtwww)
+ - 208+ 8} [1s1(tulvw) + FD{2681) + Ao} Irsitul ()
+ o) B (It W) + B DB IrsItw(vw) (1.2.25)
Py = F-{400+ 68D+ 4810 + K} 18| tul vl x Y]

+ I {340+ 3810 + MO} rsaceulvw 1 x9] + T {4810 + 450+ BOHrs It (wwixy)
+J%i{ZA’(t)+A“(t)}[rs][tuJ[vwlxy] + —3%% ArsItuIvwIixy]
+2 QOIA®D) + 38E) + 38(D + S (1 [tul V| xy)
+ 2 LBt 2B+ SDIESEUITRIXY) + SO+ 280 +AEHTSI W 1 x4)
+ 72 (O{8) + B ISXTEWIXY) + 537 LXOADESHEW(TU(XY)
+AO3Em 38+ A} Isitwmoey) + Faw{zsw+3s+ S}ty
+TLo(t{ B+ 2800 + K0} [rs1(tulvwixy) + ot {281 + A0} [rsICtuvw) (xy)
+ 13132—2‘@){ 20%t)+ A% } (rsitul (vwy(xy) + —,%zutﬁA’(tHA“(t)} CrsICtul (vwixy)

+ DA + B} st xy) + %a(tm“m (rsCtullviwl(xy)

+ g@?ﬂ’(tm‘(t) [rs0tul (vw)(xy) + qﬂéx),’(tm‘*(t) [rsT (tww(xy) (1.2.26)

Simee we Rawe , on the sthon Ramd , the JWMPW

’:P(T}Z‘*'B)'—‘{ | + ;;Ers O t % §Ers€tuaﬁaﬂl +‘§lg_ %smguewarsawaw

_‘_4;! Zersstuawexsarsatuawaxy-" "”}‘F(t;AZ)' (1.2.27)

Tstuywxy
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- mepmmegmmpwmwwﬁu.z.zo) giweo wo The deoined doriralive
of P(t:2). ﬂndo[/ng 40 , owenven, mmttwkeawmloﬁmw&gm
auffine 1s, tu, elc. ool wo deffime

W ! @ AW
Bt = An(t), Bra® Z_sz sl 9 95)
(3) &) ] @
BTStuw 3l %AVSWUW (t) Bmuwry 3I ZArstuvwxs

wﬁmZ AMWWAmmhmmmaﬂﬁmeulaﬁmwoﬁAWw
yg AT (). Jhan we Rave

ds Pt T) = =By () Rltia), '(l.z.zq)

I u P13 )= 2 Bgruld) (L 0 (1.2.30)

ém O Ay P(1: T ) == 6 Brspuou(® K136, (1.2.31)
I Oy A Oy YL )= 24 Brstuwg D) FuplTi 67 (1.2.32)

omd fumce the characlniolic fumclion (1) of T =T SYZZ" cam be waillon im The
following oxpanded fovm by inovnling theae neoullo indo (1.1.17):

(2

() =[ 1+ H3 L0u® Bl
78 2 Oor Bl Bl ) 12 22050 o B

+ Ofg5) ] Fuplts ) (1.2.33)

Jo cany oul the summalion in (1.2.33), Qi wo, final of ol aimplify the Tvme
which appear in the B..(t) %, waing the propurlize of the Twace. Jsw txamplt, the
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3'—.§([rsltulvwl = [TSltulUw]

Z{ [rsitu](vw) = {[TsltuJ(vw) + [Tsivw)(tw + (tulvw](rs)} »

Zl." (rsItw(vwixy) = {(rsttu)(vmxy)+(rswthu|xy)+(Tslxu)(tuluw)}-

(UL the neducliono neceaoury im un compulalion ane Liatsd im App.mdl/xl al the omd

of Pt I.
Tuat we ovaluale the valuse of variowo summalions such 0o T 0nGy LTSITUI,

27 0yr 0, Oy (TSIt VW), gle. Simee
(r1=HhT's,=0", (1.2.34)

[TS[TU] =T Z LWL sy, = 3 (010 + 0™ » (1.2.35)

(rsitulvw] = m TR Iy = 1-{ 07070 + 6 V0% + oMo
+0"°0™0™ + g7 00 + 60NN + 670 ™ + 00™MG™ ), (1.2.36)
(TSIt UIcy) = 5 Tl B T Ly ' Ery = 7 { 91000 + ¢V 0 0™
+ 070%™ + 0¥a™ o™ + 0¥ oV + G¥oTIg o
+010g ™ + GEGT O™ + 0T ONG T g+ O TG g
+07¢%0"6 ™ + 6T0MGMO™ + g0 + 0t g WG

+ G-ISO-TUO'tUGVy + O'IEO‘THO'TIWO-UU } , (l‘ 2 3'7)

tﬁzmvnwhancwdammgm&‘jmm egt&wtjpucmﬁeﬂmdﬁcdudated ®
00 Lioked im (A) of App.e/ndx/xz



a?/ualdw[vg[a,ﬁmmo‘g compulolion 4o needed forthe aummalions
conlaining Wume of (19), (rsitw), ele.  Joroxample Lk o conolden

K =2 2 0ur sty (T8)(tUlVIT)

Lo St=(a® ..., a®) . ie., T bethe T-th column of 7 and Q=(w,...,w),
e, wy dethe T-th now of Q. JRem we fave

G IW) = (R Z'Tu N Ty T Q)

{ QQ; Q—(S)+ (_9; Q_(n }{ Q_)}(Q'(“’G""’-l- Q.(t)GuW) + g_J',,(Q'w’O’w-t- Q—(t)o-uv)}

A
8

%L{ Q;- g(s)(ctu)ctw+ g(ﬂo—quQv + @; Q-(S)(Q-(wa+ g.(tb-uv)/ (LJU

4 (L); gm(gw’()'w-r Q(t)Gu” )/(_l_)v + (_Q’s g(r)( Q.(wc.tv+ g(t)O-uu ),(_QW}

K= %Uwrﬁu% W, (Vo™ + gU0" ) Wy

= TZV wi { ;ﬂw OurOut Oay O:(S)( g(u)o-tw+ Q—(t)o.uw ars

=W 8 8,0, + 20n 0 @y

whene 8y = (8., 8pr) and 80 ane Knomeckens aymbols. Since

2w g, 8,0, = (2 w0p )3 wy) = (0 Q) =

O @) '@, = 0 Z7(5,05,0, 0} )
=hT'Q LN
= MM T T ZMM
-tQ,

TU
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we Rave

Ki=ow"+ al*-
Jhe aimibor compulation giveo wo

220000, W, IV(TUON+ gPWY @, =(p+ DR Q*,

rstuvw

ng(& qv Qs Q-m( thaw_'_ Q(t)o.uv) - o +TnQ’,

TStuve

;t%c.wogto,uv C_I_)s, Q.(r)( g(u)o-tv_*_ Q_.(t)Guv )/ Qu’ == (P+')ULQ2‘

ond fnce
K =+4w'+-+0p+0hQ° -

99 we put Q=1, Koﬁmddﬂez%aalto ptp+12/2, th wlue of 30,00,y o
rsICeuivwl, which giveo uo o check-method for our compulalion. JRe vabuso

of the aummaliono ogtﬂwt%ﬁ we dummanized in Appomdix 2, (B).

Aumming oul the psilion within bruckels a/ndthmummgtﬁl(B)rg

Appz/n,o(mZ For example, ’

TStury

ZGmcstmu[TSItuJ(vw) %Gm(&%(G“’Gsf+cr"so"‘)(vw>
= —{-(pﬂ)%lcw(vm
=+ (p+D?,

OurCs; Ou Oy [TSICTUILVWI (XY) = %0‘.‘, GscTyr O O 00" (XY)

TSTUTWL

= Pzglo;g(xg)

=.-..-pw2-
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Jhe (C) of Appendin 2 containo all valuco of oummalions of this mirned type,
which appear in oun ovabualion .
Now we cam twabuake the characlnialic fundion $(1) of T. in
(1.2.33) with the aid of (1.2.24) ~(1.2.26) and Appondiceo | omd 2.
(1) Jon the tovm of eader M,
e Ounl By () = 0w G| 7 ZA;"m(t)
- 7 {2A(t)+A(t)}%Gwogt{i%}:ﬁ[rsnu]}

Az
+ -3 A(t)rsgtucru, st{ %[TS][’CUJ}

+ 40 2t A+ B} 3 20,6, Oy {37 Z(TSIT'U}
g LA ZL0w G 3722052

+ et A(’c)ZZ\Gu,Gst 71,Z[rs](tu)}

= Tpprnizam+E®3 + L p L)
+ 2 (p+D W 2D AN+ LD} + 4 1 Q* £ AL

+ Wt e () AT,

Sinee et =AM +1 =(1-2it)" and 2%t jo the charadlonolic funclion of the
oﬁ.c—/d%ua/wdwbu;fmaan with 2j degness of froadom, x'lf'x;ocommiml?bmaxng,e
the above oxpaeacion with wapect to powero of 2(t). Jhen the above o 2qual
To

Lpp+) {07011 + -%lfp{ﬁ’(t)—za(t)ﬂ} + 4 (Pt D -0}

+ 00 {F- 2+ L0} + TS {LW-20+ub}
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and femce
220405 Bro(t) = L-p(m-p-1> = F(mp-oF) ety
+ —g—{mp(m+p+|) ~20m+p+ D + 7O}
+ g {mepr DO -1 } 0 + $0Q* LD (1.2.38)
which giveo Uo the Tvm of saden 1" im the oxpamoion of $(6).

(11) Some palience amd care are needed To get the Toum of saden 1%, e nooutto
e

2O Oy Bronm(D) = 4 P(P+3p+ 2)[ 300+ 380 + 5}

+|m; P(_p+|){2A‘(r)+A’(t)} + %AB(DP + —,'g(p‘+3p+4)m’9(t>{A(t)+zA’(t)+A’(t)}
+ e {0 + (PR QDI A D+AD} + 250’ AL
+ TS LM{BD + B} + T5 (p+0 A28 + KD}

+ LD + LhQe A

m

16

%"-sﬁ{m’—3m(p+l)+ (P*+3p+4)} + %(M-P-l)(mp-w‘)ﬂ(t)
m

6

— g {mpm+p+ ) -Bm+p+ 1)+ Q0 £t)

+ Z'—[mp{m“+ AM(Pp+1)+ (P*+3p+4)} = 3{3M +5M(p+1) + (p*+3p+4)} w0’

o9

+3w* +303m+P+ D) 6L -0 R ] 2%t

+ 42 [ {m+3mp+D) + (p3p+4)} " - 200" - Bm+2p+ HBL + B D ) £%)

+ 16 { W+ (Mepr b -1 } 270 + 7510 Q25D (1.2.39)
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amd |
2 {0,000, uxBn(IJum(ﬂ T (Mp-2I (P P+ &)+ M)+ pe20)~4(29°+5p+5)}

TStuvwxy

— & (mp=4)(m-p~1)(mp- ™) £(1)

+ 10e [MP{3Mp~(p+1)(p*+p+4)} = 2 {AMP-M(p+p+4)~P(p+1)*} ?
+2mw* + (Mp—p*~p=4)1 Q" ] £(1)

- ﬁme” [mp{mp+m(p+p+4)+ 4p+1)} —{6MP+3M(P+p+4) —(PtD(P+p-8) } 0*
+20m+p+ 1)t + (2mp-p-p+ M) 0 Q' - W*HQ* ] £t)

+ 357 [MP{TP + 2P 4p+ )+ MUpHD(Pe pr20) + 4 2P +5p+5))
— 4{ 4P+ 5M P+ p+4 )+ MPp+1(P*+P+32) + 4( 2P+ 5p+5)}w*

+ 4{em*+em(p+D) + (p+2p+ T} wt + 4{3mp+24m+(0P+16} 1 Q°

—4(4m+p+ DS TR ~16%Q° + (WQ) ] £%(1)
+ qlg [ {m°p+ 2m(Brp+4)+ M(p+1)(p+p+20)+4(2p*+5p+5)} o
—2{ 2+ 3m(p+1) +(P+2p+T)} o + 3(2Zm+b+) TR Q"
— {2 p +M(p+p+28)+ 4(5p+ )} Q* + 120D ~ (. Q) ] £°(H)
+'|7|?7[2{m2+ ZMp+1)+ (P+2p+7) 0" + [+ m(p+p+20)+4(5 p+ )}
—2(4Mm+3p+3) W R Q* - U4 6 + 3(h Q2 ) ] 25D
+ge [+ DR + 400 - (00} 27D

+ 557 (RO (1.2.40)
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The deained wxpanded form of $C6> io given by inawsling (1.2.38), (12.30 and @
(1.2.40) inlo (1.2.33). Sinee

.Qa(t)ﬁp(t;w‘) = (1= 2it) ™ exp - L FAD} = Bpag(ti ) (1,240

we con wiile P(t), affir come amangement , i the following form :

.
P(t) = Fupl(t; ) + 257 TGP By (£

J:O

52 by (M) P ()

i=

]
T

+ O(7) (1.2.42)

whie a(mp):s and bym.p)a will be given im o whils.

dot £ be the demeidy fundlion of T and Lt 9,0x; w*) be the dmeg pne- @
W%WW-WML—AWMMWVWM%—WWW-
cnfalily paramelin o, We Fnow that

ey Y . (w2 wertd-1 -
9V(x,w’) = £ #Zo K 2 (V) + o] X e

;o (1.2.43)

“'zLTt' J_: ¥ P (t;whdt,
Hemce from (1.2.42) we Rave immedialely the following final reoult :
a non-nuld WW«: diotribulion of the Holelling gmmou&g,ed Te dbgimed
Ina (1.2.1) io gmﬁy

4
FOO = Gupl(xi 0™ + ;‘fé‘:_’;aétm,p>gmw(x;w=>

] .
+ e ;bd(m,p)gmw,‘i(x.w*)
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+ O

+
L
S

(1.244)
where

Qo(m,p) = Mp(M-p-1),
G,mp)==2m(mp-w*),
Go(m,p) = mp(m+p+1)—2(2m+p+1)w* + 7 Q%
Gs(mp) = 2{m+p+ N ~ "},
G(mp)= 10 Q'
by(M,p) =Mp{M(3Mp-§)(M=2p-2) + M(p+1)(3p*+3p-4) —4(2p*+3p-1)}

b,(Mm,p)=—1Zm*p (m=p~1>(Mp-w*)-

b,(Mm,p) = 6M[Mp{3Mp+8m—(pr1)(P*+P-4)} ~2{ (Mp+2)(4Mm-p-1)=(p-2)(p+1)(P+3) } w0*
+2Mat + {mp=(P+P-4)} 12" ],

b,(M,p) = — A[mp{m(Bmp+16)M+p+1) + ZM(p+1) + 4(p*+ 3p+ 4)}
—3{3m(mp+4)(2m+p+1) ~m{p+1)(P*+p-16) + 4(P+3p+4)} o
+o{2M+Mm(p+1)+2 F&* + 3{(mp+§)(Zm-p-1)+ 4(3p+H) } hr&
—3mFhQ ~ 41007 )

b,(M,p) = 3 [Mp{m{wp+8)(m+2p+2)+M(p+1)(p*+p+4) +4(2p*+5p+5)}
—4{m(mp+6)4M+5p+5)+m(p+1)(PP+P+14)+4(3P+8P+9)} W’
FA{ MM+p+1) +(p*ap+15) ot + 4{3Mp+36m + 8p+32} 12"
—44am+p+ 1) HQ -320 QP + (W Q]

bo(m,p) =12[ {m(mp+ 3)(M+2p+2) + MP+D(P+p+4) + 4(2PP+5p+5) o
—2{@m+p+1)(Mm+p+ D+ 8wt — {(mp+16)(zm+p+ 1)+ 8(p+3)}
+32m+p+NFHQ + 160 - () ]

b(mp) = 2[6{(m+p+1)+ 630" + 3{(mp+20)(m+p+ D +12 117 Q°
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—6(4m+3p+3)W*thQ’ -800 Q3 +9(0h ) 1,
by(M,p) = (Z{(Mm+p+ NP0 + 41D = (1 Q) 3
by(m,p) = 3 (1 g

od Q =TMM, F=2Q.

Lk Ay Az, Ay Le the characliniolic noots of Q =T'MM’, whew ¢ io The
namk of MM amd 4 < mim (p,m). Simee

WO =% N, a-lze (1.2.45)

oun neandt (1.2.44) Tello uo that , ol Leaol up to the Tevm of orden 1° and for
gined pamd m, the powen funclion of the To-Teal deponds om only the Fiomo-
geneouo aymmelic powen-sum funclions of N, which makes the numerical
Wk £04Y. Ihe numenical companioon Aelweon powers of the To-teal and the
N-Taat ( bnoed on the Likelihood nalio crilinion ) for Teoling the fypsthesio
He: M=0 agaimel H: M+ 0 o now unden inwealigalion.

e following are apeciol caso of (1.2.44) oxprssaed imTmo of the

Foo= [fode | )= [ guedu.

(1) M=0, ie, when the null figpsthesio H, io e .

FOO = Yl X5 0)

+ B[ (-p-1) Xop(T: 0) ~2M Xipra (T3 0) + (M++1) Y (X:0) ]
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- + s [ {M(3Mp-3)(M-2p-2)+ MP+1)(3p+3p-4) =4 (2P +3p-1)} XmplE:0)

— 120 (M~p=1) Xpsa(X:0) + 6 M{3Mp + 8= (p+1(P P-4} XppesfXi0)

— 4{m3mp+16)(M+p+1)+8M(p+1) + 4(p*+3p+4)} Ymprs(XT50)

+ 3{m(mp+3)(M+2p+2)+M(p+1)(P+p+4) +4(2p* 5p+5)} X:P*,(I;O)]

+ () (1.2.46)

which may be compuned with the fovmala (4.3) im ['5 1 due B K. Tto.
(I m=1: Inthio cane, 7o' Becomes an ordinany T*-alaliolic whsae wxack

didtncbulion 4o fnoum (aw e.g. [11), and

Q=¥ = (W u Y, =12,

amd fomce F(X) dapwnﬂ(ommuﬂg W,

F(x)= 'X:(I;w’)
— T P L) + 2p-63) Xpoa 5608 —{ (Pt )(p2-0") = 40" } Lpua(Xi)
— 26 (p+2- ) Uyl L5 07) = W X g X3 0P ]

+ ] PBP- 8P )00 +12P (b= Mol K5 )
—6{ PP+ P=6)-AP+3P=6p-12)& + (P~ 6 } Xpya (X3 07)

—4{ TP(P+2)(p+4)+3(P*-TP “30) P (p+2-w) ~Tw' } X;‘(x;w‘)

- + 3{ (P42 )(p+4 X(p+6) — 4 (Pr)(P+4)p+13)0°
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+4(P+27P +95) 6t APp+13)0f + w® } Lpugls )

+ 126 { (p+2)(p+4)(P+6) = (3p+25) W (p+4 ) - w° } X;ﬂo(x:m‘)

+ 260 {9(p+4)p+6)-2(9p+61)W +9W* } X pua(X; W)

+ 12w ( P+6-w’)9(:+,4(x; W) + 30" Xpoe( X w’)]

+0(F9)- | (L2.47)

JRio can be chocked by companing with the expanded form diived fpom the
oxact diotibulion of T*.

(M) p=1: Inthio case To' becomes a non-contral F atatiotic with m and
n dL?’LMO of Lreedom ond noncontrality paromin w*=22 4i/0* and we
fave TQé=w", d=1,2,--.

F(X) = Xm(X: 0
— 2 MM=2) Va6 = ZM(M-0") X (5 7

+ { (M- (M2~ W?) = 2(M+ W } Lyya (5 07)

o+ LML W) XT3 07) + 60 Xy (T3 )]

+ qé—,,,[m(m-Z)(m—4)(3m—z)%i,.(x; w?) -2 m’(m—z)(m-w’)x;,(x; w?)
+em{mm+2)(3m+2)~4(2M+3M+2) 0 + BGM+ 2wt } X,’M(x;w’)
— 4{MMDM+ABM+4) - 6 (3M M8 (Me2-07) ~(IMH4)ES } Lyl X3 6S)

+ 3{MMeR)M+4)(M+6) — 3 (M+2)(M+4)(2M+5)w*
A (AW 43M+68)w* ~§ (ZM+5) e + WP} X ieg( L5 6P)
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126 { M+ 2X(M+4)M+6) = 23M+11) 6@ (M+4 ) =0° } Xippio T3 02
+ 26 {G(M+4)M6) 4 (6M+29) 0P +Fw* } ¥ pya( Li )
F 1205 (M46-W" ) Ymg(L301) + 30° X:*,é(x;w’)]

+ OfF)- (1.2.48)

Remank. (eeordingTo the covopondonce delveen (1.2.5) and (LZIT), if we
proceed 1o oxpond (1.2.5) in oractly the same way 00 we did for (1.2.17), then
we would Rave the Lapameion of P T <t} =FL) imthe oame fovm a0 (1.2.44)
with X5 (s ) inolead of §,(X; Wb).

.2.2. Boeontage pointo of T.* im the null coae. K.ITo[5 71 and M.Sidtani

(I, 12) g,wvemdzpmud@vdlg amamrnpto&bﬁofmwh for pracomlage poinlo of
T2 imthe null cane. el Cu be the uppen 100 6% (0<oi < 1) poinl of the corilral

Ohi-squane with mp degeco of froedom. Jhon

R{GZ'ZZ < Co} = YmplCas0) =1 -0k, (1.2.49)

Jhe problvm 4o To fimd tu(m) such that for o fixed o,
O RITERSIZZ S LM = XnglCai0) (1.2.50

by 0osumimg that Tu(m io of the same fovm ao C(m) in (1.1.6), ie,

TalM) = C+ Talm) + () + - (1.2.51)
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whore Ty, i=1.2, ae of oaden W and may depond on Sa. By exponding the ®
Left-fond side of (1.2.50) according Io (1.1.8) and then companing both aidso
of (1.2.50), we fave the foblowing ;zqfualimw Lo e wolved with neapect To Tim:

{t.d(Tl)D "'_}l';;qr%arsatu IR{hZ'Z2Z <Yl =0, (1.2.52)

{tz'*(mD t _Zl.-t'zm)Dz - -':T gcl-lro;r anatu-tld(n)D

I
+ mr 3 A OurOst Ouy ars am aw

| 77’
+4 3 O 1Oux OOy | RIZTZZ < Cul =0,  (1.2.53)

and. 40 om.

Inthe preoonl caae tig(m) camﬁewmdmdnpmwlmﬂyog = from (12.52).
which onableo uo wxchange The sadin of 3y and T im (1.2.53). Jhe foral
/lwuﬁtmagﬁeupwduczdgxwm[Sl ou (121, dot 1*=Xmp()=Ca, Le, the
upper, 100 % poind of tht ohi-oquane diolubulion with mp degnaes of fraedom, amd

Xay = Xolch) /Mp(mp+2)-- (Mp+24-2),  §=1,2,--- (1.2.54)

) = X+ TE[(p+D(+ ) + K= X,)]

+4__TgPﬁi[3mP(‘ - ﬂ%(:,-z—){(P'H Xt X2) +'m(X+"x:)v}z

—emp{(p+DN,+X) + MA = LD H (p+D(X=D+m(X,=2X,+ 1)}
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—16{ (P43p+ ) Xt Xt 1) +3MP DX 1) + M A= 2X 4+ X2 )}
+ 3{ 42 +5p+5) Xyt X+ X+ X)) + 16 mp+D (A-X2)
+M (PP +2p*+5p+4) Nyt Xe—Xe=1X2)
+ 2 (b (Xg= X=Xt 1) + WP (4=3 X +30,- XY

+0(5k)- (1.2.55)

Jobleo of tu(n) are given for 4=0.05, 0013 p=3.4 ; M=1(1)10(2)20;
N=10(2)30 (5) 50,60, 80, 100 in [I31.

Romanko on the numenical wmrk for the power of the Tr-fest. ot T(oh)
fethe upper 1000 % poiml of To when Ho: M=0 Lo lue, ie.,

Pi{TZ>TIH:M=0} (1.2.56)

Jhom the power oJD’WTf—IMUo dofjimed by

PiT2>T@|H:M+0}- (1.2.5T)

When p=1.2 and whon m=1, we have the sxast valuso of T() oim the oradl
dicthibuliono of T umden H, (for p=2, wHolemg [3 1), Homee we Can
caleulale the approximale valuto of the power dy

RATZ >T@IH: M#0} =1 -~ RITI £ T H: M0}

2 4
=1- { me(T(d\)I w?) + I,ﬁ' J-Zo aJ(m-P) X;Hz‘j('((ok);wz)
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t ger 2’1 b,(m.p) X,,P,ZJ(T(O&) W) }

J=o

+0(F) (1.2.58)

whene G5(m.p)’s amd by(mp)s are come a0 before.

When P23 and m>1, wefave To uae T,(0) of (1.2.55) for T(d), which
rgquines wo fo oxpamd PaiT} S tumw [ H: M#O) aeconding To (1.1.8). Lince
ta(n) im (1.2.55) doeo not depemd on T, the deained expamoion cam be sblained
fpom (1.2.58) with tu(m imolead of T(d) by uoimg the sxpomaion of X, (tim:d)

Yaltam; o) = [+ {1+t m- 1D+ F{tam+ P D+ ] X, (00 )

=[1+ WMD+ L(WD + 7t D +--- J (X ) (1.2.59)

whtne D = d/d0 and tu(n) gland for the Tomo o ordin T im (1.2.55),
Simee ‘

D Xo(0%: w*) = §,(x%; wb).
D () = D) = 119,05 w) - 40050}

we fove

PATS> T |H: M+0} =~ R{T >tim|H: M+ 0}
=1 -R{TP<tmIH:M+0}
=1|- [X:P(x‘;w‘)%v{tm(n) dmp(X*3 00%) + ﬁ#aj(m,p)x;ﬂj(x*;d)}
+{ T &3 ) + -ktf‘(n)(?m,,-,(%‘;w‘)— Gl X %))

+1,m 27 [{aJ(m P) Jupesg (X5 %)
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| 8 2 2. 2
+ g ?3 by (M.P) N (X73 07) § ]

+ 05p)- (1.2.60)

T(Z,Sy) =TWZ.Z:). Sa)
AV AL

N SEAA =F (1.3.1)
com be Tuoaked in the similan mammen 00 im 81.2.2, wﬁwa.j,o'pxm, and Z,
io pxmy. Jnthio caoe T(Z,X)=WEZZ/MT'ZZ fino e dielibulion
gtmcuon

— 1 x _ ¢f
Bﬁ,&(x)‘_‘ B(PI:FZ)J; (|+t)ﬁ+rzdt, (132)

dhow B =mp/z. B =mp/z and BIR.R) dothe belo fundlion. dit C, Be th
vadue oaliofying

BeplCd =1-¢ (0< k<) (1.3.3)

Jfum td(n) = Ca + Tia(M)+ Tou(m +--- duch that '
RiF <t} = By p(Co) (1.3.4)

mag&?mn jﬁyw@mg tﬁcﬂ%waﬂbm oimidan To (1.2.52), (1.2.53), elc.
The T To be uaed To ovabusle the devivalives of
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'DLZ"Z'Z
R A A
with neopect To elwmendo of Z o
T =R{ (T +€) ZZ, <c.)

W(Z+£r'7,Z,

_ {II—-EE.I }-"'/1{ |1-EE,| }'Wz

={IT-Xa T (11X, 7™ B, (c (1.3.6)

wfene B, and E, o eppralens auch thal

E/*Bp, p(C) = Bpyy aCo)

E: Bﬂ,ﬁ(cd) = Bﬁ, gq(ca)

§=0,1.2,-- (1.3.7)

and X=(T+€Y'T -1, O,=E-1 (i=1,2), _Hz/rwzwccamcamgoutﬂu
oxpamoion of T im Wa//mf&gmoumg win §1.2.1 (cf. [121).

i= lz)!)enamdom,oannpﬁwd/wum{/wwpmntemmlpopu&m
NG, i=1.2 omd T(i=1.2)> be oamplt meamo. Lt Sa be a
Wiohart malun didnibuded imdipondontly of T aceording To the Wishark
dictcbulion WyGrE ). Suppsae we Rave ancther namdem veclon X which io
To be aoigmed fo ithun Ty o0 T Hom Wald-Andenoomio clacoificalion stat




35

W ={Z-2(Z" EM S (- T (13.8)

8t do fowm U1 161 thal the Limiling dioTntbulion of W ac M. Nz, ond N lond
Io.i/r%mty i N(+D,D*) s N(-4D', DY) awwli/ng 0 I lae&m?oIOm o T,
whoe D? io the Mahalonobis dioctance

Dz - (#u)_ﬂw ys1 (#w_#w )- (1.3.9)

Theae are the came dislibuliono ao thede of

U ={2X- L ™y 7 (u"- ) | (1.3.10)

Srom thio and the fevm of W , it io To be axpected thal aun milhsd com e
opplitd sffectinely.

M. Okamolo (81 gawe The aaymplolie, £xpomalon. of Fal W < Lr+uDIm}
wff/huapuilo ni, n; and 7' @MMWWWMPWMO{

U = W - D/2

D

and by imveling the neoulloml 1o the covoponding srprscoion of the cumula-
tive dichibulion funclion.

it wo dumals the characlniolic funclion of (W=¥D*)/D given X7, T
and S, by ¥(t: 2% X7, S2). Jhum we fave

Wit) = E{explit(W-4D")/D] T}
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Equgesl P(E:X7T5 S0}

= E'Z“: ™ S,,{ %P[ ( Z_m“ /:‘.m ) oY + Z“’ #(z)) 3

+T(S,-Z)0 ]} Y(t: g% p® )

i

— %P{ ana )2 aw + znl atl)’z au)

~1Z3 - Flegll -FZal} Y(: p" =) (1301

whee 3% =(3/3u® o, ... 3/opy ), =12 amd d=(F(I+8r)3/50%)
a0 befpre. TNow il io clean thal we may proceed with the ovalualion im the
some woy ao im § 11, but the caleubalion io mow mot a0 duffientt ao i
the caoe of the non-conleal T..
®
.3.3. Jhe maximum of genanalized dislomcto. Ll 2, i=1-,mlhbe
m p-componend novmad veelsro wheae joiml dioti bulion 4o the mp-variale

novmod with meam Q amd covaniomce malnix
2 K‘zz : Km2~ . | Kz ' Km
kz.Z Z . sz Kz. [ Km ®

Km Km

(1.3.12)

G KT - T )

Wﬁlﬂl2(3PXP)LOP0WCW.K5=KJ;,‘K5I<I MAAW@W
the dinect product . Suppsac we fave @ pxp mawix S» diolubuled imdepindently
of 2.6 aceording To The Wiokarl disluibulion Wy(HZ 1), Jen the marimum of ®
m gonsnalized diolamcso from the erigim io defmed by
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Toex =W T2} =Man{ 2/ S;' 2.} - (1.3.13)

lio fan. ao the preasnt auther Bnowo, there Lo no tlagant milthsd by which we
cam oblaim the sumpling diohibulion of Tmax. Bul we fiave the well naum
Mw@/om-mo&wwnfwmda

R{T;M>t‘}=§,lm{ﬁ‘>t‘}—%:E{n’>t‘,1,’>t=}+--- (1.3.14)
9 we fave ax)%cémtglanﬁxm&aoﬂt’,thgmlhmluwwe{m
formula may W wo o gova( approximolun To Pl Taa> T*1. Even wm thio
caas , the swalualion of the occond Tum Lo quile diffcell , bl am appraximolion
may be gwen Ay The aaymplolic Lrpamaion of i sblained by oun mathod.
In thio commeclion Lol wo comoiden an aoymplolic Lxpomaion of
RITS >cl» Ty >a

ﬁom{j/md ¢t amd C:. Finol of ol it io agem That we can wule

RATE>C TP >Ci ) = R E Sy £ >¢ 2 Sh g >Ci )

- ® Riz/zz. > EZE>G ) (1.3.15)

where @ 4o the came diffpemliod sppalsn ao (1.1.3) ev (11.5).

Nt we Rave b calodale

Ty =Rl zi(Z+er'E >0, B(Z+E)'E; > G

= (ST I (- K
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X fvfe/X'P [’ 2(|I.K;,){Z; Z'Za ~2Ki; Z{Z"Zﬁz_j'z“zj}]dgidzd. .
(1.3.16)
whew
D" 1 E(Z+eV'E >0, E(T+e)'E > - (13.17)
Leb us MWWWWM,
o= (-kg)"Lu , E=0-k3)"Ly (1.3.18)
with L auch that
L(Z+ey'L=1, LE'L=I-% 3D

whone § = diogt %, §p3 and [5.I<1 forall a=l.cp. Hom Ty becomeo

Jy = @y (=kE)7 | T- |«

*f f exp [~ {W(I-E)U -2k, W(I-E)¥ + v’ (1-5)} ] dudy
| (1.3.20)

D: wu>uy, > vy >, (1.3.21)

amd U= C/U=KE) , Vo= Ca/(I-K5). uomgznwgmalmg
DWMMWMWWWMM(1.2.4)(aﬁoom[l4]>,weﬁwe

T,y ==Ky P2(T- BT~ BEXI-E)"(I-2E) - K EEL [ Tiuio) X)(:0)
(1.3.22)
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whow

-2 ) =__'—_ o0 _;_' _;
Xp(X;0) = s [ 177 €7 dt (1.3.23)

ond E.E. o opsnalone auch that

EV X (Us0) = Xpurhi 0), E} Xy (5 0)= o300 (13.24)

for T=0,1.2,-. 9 wepit Au=E, (&=1,2), H=(-KiEE)" and
X =(Z+8)'Z -1, thon we com waile (1.3.22)

Ty = U=k L= X% 8,) - X*AL. 1 H M T 0) Xpu:0),  (1.3.25)

So-if we wapwnd Jij im power o21its of En’s in the aimidan mamman a0 im §1.2.1,
we could oblain tht deined dmivaliveo of FRUZZ'E >cF, ;T2 >0} and
Rence an aoymplolic expamoion of RiTE>Ch, Ty >C }, u/ﬁdch?m wo am
woymplolic wxpamoion of the joink dicthibulion of Tun Holllingo T alatiotics.
91 v palicalan, ky=0, we Rawe the imple formula

Ty =UI-xal™ Lus0Hl1 ~XAS T 00) (13.26)
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Appe/rwwx |
Jobleo for Bam(®), Brauw(® amd By, tn §1.2.1.

(I) im Byt

S-S Irsitud =Irsitu) > 5> [rsiltu] =[rsi(tul ,
TR T &)

%Z, (SItw) = (Ts1tud, 73 (W = (1t

ELZP: [TsI(tu) = —L{ [rsy(tw) + [TuICrsd} -

m 8(3) (_t_)

LcATRY

3, Z (rsitulvw] =[rsitulvw] » gLrZ[rSJ[Tu][va = [rsICtuilvwy -
,) *(Fs)

'3'“%: [rsittulvw] = -S-{rsICtulvwl + Ctullrsivwd + [vwllrsitul} »
3

-5 (rsltulvw) = {(rs_ltulvur)+(TSlvurltu)+(tulrslvw)} ;
T

W

%%(Ts)(tuwm = T{rs)tulvw) + (TWrslvw) + (Vwrsitud } »

3'—ZPZ (r (W) = (TS)(TWW)
M43

SLUsItul(vw) = L { rsltw (v + IrsIvw I (tw + Ctulvw3(rs)} »

|
2+
BLZ,[TSJ(‘CMI‘UW) = S {IrsI(twlvw) + [tuacrsivw) + (ywd (rsitw}

37 Z CrsaCtw) (vwr) = =5 { rsICtwd (v + [rsILUwI(tw) + [tu][va(m}
_l
3

ZZ [rs1(tW W) = ——{ CrsTCtw(vw) + [tul (rs)ww) + [vwl (rs)(tw} -
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[rsitulvwixy) = S-{rsitulvwixy] + [rsixyitulvw] + [rslywixyitul}

Drsdtulvwixy] = {Lrs:ttulvwlxs] + [tudlrsvwixyl + (vwl(rsitulxy]

]
rup g
Z:
(&)
+ Deyacrsitulvwl},

A Ursitud(ywixy] = 5 {[rsitullvwlxyd+ rslvwIltulxy)+ Irsixyartul i},
Y

L

Al

; (rs1CtuICvwixyd = {OrsICtuslvurixyd + (rsavwlltulcyd + syl (tulvw]

+ [tu[rwilrsixy) + (twlxylDrs|vwd + [vwlkeydirsitul} s

o

] (Zp: [rsJCtullvwllxy) = [rs1Ctullvwllxy],

gl—z;(rsltulvmxy) =-—,'—z-'{(rsltulvwlxy)+(rs|tulxg|vw)+(rs|vw|tu|x5)

A d

~~
Ay

7y

+ (rs|vwixyltw) + (rsixyltulvw) + (rsixylvwitu)
+ (tulrslvwixy) +(tulrsixyivw) +(tulvwirsixy)

+ (tulxyirsIvw) + (vwlrsitulxy) + (vwitulrsixy)y,

A7 2 (SWUITWIXY) = e { SCEMVILXY) + (VWU XY) + (U 1)
+ (tw)(rs|vwixy) + (twrs|xy Jvw) + (TW(UWTsIxy)
+ (Uw)(TSITﬁI XY) + (uuwn(tulrsixy) + (vw)(rsixyltw)

+ (XY St vw) + (XTSI vw W +x tuirsivn},

4—‘Z:(Ts|tu)(vwlxg) = T {(rsItwwxy) + (rs fyw)(Euixy) + (Tslxg)(tulvw},
&)

z'rPZ, rSYtW(Vwixy) = —é{(rsxtuwilxy) + (r)(Uw)(tulxy) + (rxXY(tulvw)

+ (TWXY(TSI V) + (EWEOTsiXy) + (e (rsitud}

;1,-% (Y EWWWIXY) = (rHEWTWHXY) ,
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-

] g_’).[rsltulvwl(xg) = o { OrsltwlvwIcey) + [rs(tul xyI(vw)+[rs)vwl xy I (tw)
+ [tul v xy(rs) }»

S Irsitul(vwixy) = L{rsitul(vwixy) + [rsivwItulxy) + [rs| xyl (tulva)
V)

i o

+[tulvwI(rsixy) + [Tulxyd(rs/vwd + [vwixyd(rsitw)}
1’;—% [rs3 (CUlvwixy) = { [rsItulvwixy) + [rs2(tulxy lyw) + [rsI(vwltulxy)

+ [tul(rsjvwixy) —+ Ltud (vsixylvw) + [tul(vwirsixy)

+ (VW (Tsitulxy) + [VwI(Ts| xyltu) + [wI(tulrsixy)

+ [xyI(rsitil vw) -+ Doy (rs|varitu) + Deyd (ulrs (v},

z‘,—% [rsICtulvw] (xy) = w5 { CrsICtulvw (xy) + [tudlrs | vw] (xg>+' [vwilrs [tul(xy)
+ [rsI{tulxyy(vw) + (tWILTsixyI(vw) + Deyalrsitud (vw)
+ [rsI{vwixyd(tw + [wllrsixyd (tw) + [xyilrsivwd (tw)
+ [tu3[vwixyI(rs) + [vwirtulxy) (rs) + [xyI Mt jvwl(rs) }»

Zr 2 Irs It (rw(y) = F{Irsltul w0y + [rs| vwd (et + [Tl xg) i)

+ [tulvwI(rs)xy) + Tulxya (rs)(vw) + (WY (rdw}.

z‘r; [rs1(tul (Vwixy) = —é—{[rslttu] (vwlxy) -+ [rsIlvwd (tulxy) + [rs1(xyI(tujvw)
(R

+tullvwl(rsixy) + HuILxyICrs|vw) + CrwIDeyX(rsitw}s

-41,-%3 [rsI(tw(vwixy) = —é—{ [rs(tw(vwixy) + IsI(vw)(tulxy) + [rs)Ocy)(tulvw)
BTy

+ [tul(rsX(vwixy) + [t (v (sl xy) + [tud (xy)(Tsivw)

+ [TwICrs)(tulxy) + [vwd (W rs [xy) + [vwd (xyd(rsltu)
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+ [xy2(rs)(tul vw) + Dxy3 (tw (rsim) + [y (vwd(rsituw)}

Az et () = & { IrsIctwICuwd (xy) + [rsICtullxyd (vw)
&5

+ [rsJ{vwilxy](tw + [tuI(vwIlxya(rs) },
7  SICt (xY) = {rrsapvwl (twxy) + rsICtud (vod(xy) + IsIhed(tw(vw)
C (R

+ [t fvw (rsX(xy) + [Tyl (rdww) + wIlxyars)twy}

'Ill' (%;)’ [rs1(twW(vw)(Xy) = -3';{ [rsT(EWUW)0OCY) + [t (rsdrw(xy) + [rwI(rs)tw(xy)

+ [XY3(rHdw v}
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Appm.dilxz o
Jableo of valueo ef the oummaliono ef Trace fundlions in §1.2.1.
( IRe oymbol X Belowr ctamdo for the oummalion, with nsopect To auffinto apprared
im the Ammwndmo&o{w&% numo over (1,2, p) imdepondintly )

(A):
27 OurOyy [Ts2[tul = p . 57 0w, [YSItUT =£ PP

22 O Oy [TSItUlvw] = -p(P*+3p+4)s Z30; G, 0, [rSItUILVUI = P -
200 Q, O, [TSILtUIVE] = 2 G, G, Oy, [EUWILYS VW) =2 _.Q,C. O, [vwllrsitu)
=4p(p+1) |
220,05, Gy, O [rsI tul vwi X Y] = 22 G0, Gy, G LTSI vw 12y 1t
= +P(P+2p+1)-

27 0G5, Gy, Cuc LTSIXY tul vw] = 4 PCP+3),

22 Gur 0 Oy O [TSTLEUIVWIXY ] = 37 Oy G5, 0, Oy (EUILTS1W I X'Y)
= 27 0ur 05, G, Oux [UWILTSITUI XY ] = 22 O, O, Gy, XY ILrsitul VW]
= $p(pr),
504103, G, G LTSI tUILVWI XY] = Z P (P,
20005 0y, Oy LTS IVWILTUI XY T = 370 05,0y O LTSI XYI LEUIVW]
= S p(p+1)

22 0,05, G,y Gy, [rs T LtuI [vwiXy] = 23 0,00, G, Lowd[xyILrsitul
=L p'(P+1) -
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3704y O;, Oy O [rs LW [ U1 X Y] = 2 G Gy Oy O [TSIXGILEWI VW]
= 2 0,0, Oy O, (T[T WIS Y] = 22 Our 05, 0, Oy [EUILXYT LTS |VW)
=p

372 Gy Oy O3y O [TSILEUILTWIXYT = P

(B):
O =R =&, 57 04,0, (r) W) =T &
37 Oy G Gy (TSXEW(UW) = T, 35 Oer G5, OOy (TS (WB)(XY) = (Y

37 Ga O, (TSITUD = S (P+1D °, |

> 0y, O, O, (TSI 11 VW) = 27 Gy 0y, G (YS [ VW T W) =3 0. O, (tulrsivuw)
=-—é—(P’+ 3p+4) W

37 Gy O Oy (Y (tU N VW) = 22 0, 05, G, (tW (s Tywr) = 220,,0,.0,, (vin(rsitw

- 40"+ 2 (Pr2O0Q

37 Our O Oy O (TSI VW1 XY = 2704405 Ty O (TSI T XY 1000

Oy O, O, O (78 1 VW1 LY 1TW) =37 Oy Oy, Oy O (TSI X B VU 1B

3 Or Ot Oy 0oy (TS [ VW0 I 1Ul XD = 3 G, Oy, Oy, O, (TSI XY I TUTTI)

W.
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57 0y O Oy Gy (TR VW TS T XY) = 37 G, 0, G, G (TUI XY I TSI U

= (Pt3) ),

3700 %Oy T TS)U VWX ) = 3= 0y G T T (T HU LY 1 VW)

= 270, Oy, O (LTSI VW1 XY) = 22 Cur O, Oy, O (TW(TSI XY | VW)
= 30,05, 0y Oy (VTSI tUI XY) = 27 Oy G5, 0y, Oy (VWTUI TS 1 X )

= 200 05 Oy 0 (XH) (75 tul v1) = 22 Oy Opp Oix (XD(EUITS VW)
= 2-(p+DLY,

T OurCey Oy Ox (1) (V011 X Y) = 22 0urGy Oy Oy BW(VW TSI XY)

= 5 Gy O3y Oy O (VDTS XY 1£0) = 23 Oar 5 O3 Oy (XH(Ts1 v £
= Lt + 1007,

- 23 0y 05,04, 0y (TS ITW(VW I XY) =7 F(pri)w?
27 Our Oy, Oy O (TS 1 VWD (tUI X §) = 22 Our stG;,,O‘.,l(rslxgxwlvw)
=4t + Lt
2. Q4r 05, G, G, G (T (tW (VW IxY) = 22 G, G, G, O‘u,(vun(xa)(rslw)
= —4—(p+u>w h&,

2 0us03, 05, Og (TX(VW0) (R 1Y) = 22 G 05, Oy, O, (V80D (U1 VWD
= 37 0r 05,05, 0y, (EW WD (TS 1 X8) = 2 = 041G, Oy 0, (tWCey> (rslvw)

- 7.
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(C):
> G, 0, [r51CtW) = 32 o O [EUICTS) = W,
3 0, 05y [TS1tUI (V1) = 23 Gy 05Oy LTSI VWI CEU)
= 37 0103 O [TMIVWI (18) = F(pr1D@*
2 Gy O, O LTS (LU VW) = 22 0 O, T, LHUICTS LYW
= 50,0, O, [wl(sit) = g (prDw" -

3=0;,,0;,,0;, [rsItul(rw) = 220,y 05,0, [YSIIVWI (tw

uy

= 57 G G, Oy EWLTWI(TS) = W

37 0y, 05, O LYSTEWOVW) = 22 030y G5, Oy [tul (rs>Uwd
- 305,00, VWIS) (W) = T

32 003, 0y O LTS ITUI VW T (XY) = 27,04y 03,0y, Oy LTSI TUI XY (VW)
= 3 Gy 5, Oy, O LTS 1 VWX (1) = 57 0405, Oy Oy LEUIVWIXGI (1) = z(p) e

3= 0305 O, Oy 151 £ T (VW1 XY) = 275 0ir 054 Oy Oy [TWI XY T (Y1)

st yv - wx

'=zl'_‘ P(P"‘l)z W >

22 0ur3: Oy Ty LTS VwI(tulxy) =520, 05,04 Oy [rsi Xy 1 (AU VI
= 3 0305, 05, Oy LEUI VWI (Y31 XY ) = 2= 0 O Oy T LU XY (rslvwd

= $(pr,

The 12 oummationo of the type 2= 0u0iT3 G, ITSICEUIVUITY) e ol

.e%wuﬂ L T(prw*,
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2.0,
=27 00, G, G, LYWILTS | TU T (XD = 37.0,,0,, Gy, Oy, [XHILTSIUT (VW)

st -yv

= L P(p+D W?

22 040, G,,C,, [rsiltulvwl (xy) = 22 C,,0;,,0,,0,, [tullrs| vwI(xy>
=27 04y G, Oy, Oy [TSItUIXYI () = 32 0, G, 6, O, [TUI [7S12Y (vur)
=2 Oy Ose Oy O LUWILTS | Y (tU) = 2 200G, 0y, Oy [XYI[TSIVUI(tW)
= 2 2 Ty 0%t Oy O [YWI [T XYI(rS) = Z= 0y O, Oy Oy [XY 1 LUl VWI(TS)

= W,

5= 0,40, G5, O, [15 11U (UDCXY) = 3= 605,05, Gy, [VW51 XY (rsd(tw)
= %‘P(P*')Thuﬂz ’

572 04y 0yt Oy O [TS1TWI(RW(XY) = 32 0, 0,6, Ty (15 1 X Y (FW VW)
= 22 Our Oy Ope Oy [EUIVWT (rX(XY) = 3 7 04y 05, 6y, Gy, [EUI X YT (TSI (VW)
=0, |
2704y 05, 0y, Oy [1SILTUT (VO0I XY) = 220 05,04, O, [UWITXYI (T1TU

=4 pprD W’

22 0,,0,,0,,0,, [TsIlvwiltuixy) = = 0y, 0,, Ty, Oy, (75ILXYI (tulvar)
= 3= 04y G, Oy, Oy LEUILUW] (751 XY) = 22 G G5 Oy, O, [TWILXYI (TS V1)
- -DLQ - (Dz
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37 0405, Oy, O, LTS 10EUT (WW(XY) = 22 0y 05y 0y, Oy [ywIlxyd (rsX(tw)
=Phi) -

3% 0y 0z, Oy O [TS1TUWT (41 (1Y) = 3 Gy 03,y O [TS1IX I (EWVW)
= z 0:" O;fo-igvo_wx [tu] [vw](rs)(xy) = Z O-(LTO:tO;VO;rx. [tu][ny (TS)(”W)

= w4'

3% G35 O, e [rsI(tud(vwixy) = 2= 005 0yr Oux (tul(rsX(vwixy)

= 57, 04 O, Oy Oy LVWI (XIS 110 = 27 G1n 05, 0y, O, [XYI(VI(TSITU

=1 (p+rDw?,

57 03, 04,0, O, [TV CEUIXY) = 37 0ur 05Ty O 1793 (1) (UL VW)

105t Oy Ui

= 37 0ur Gy, Oy Oy [EUT (VU (TS 1XY) = 27 Oy Oy Oy G [tul ey (Tsivw)

= 77, Cuy Oy Ogu Oy LYW (1) (TUT VW) = 27 Gur 05y Oy Ty [x 83 (YO (T VW)

= 3, 0y O, Oy, O LUWT (£ (781X Y) = 37 Gy Oz Oy Oy [ X8I (LW (ST YU
= Q>

wX

3= 0,y 05, Oy Oy [YSTLRUILVWI (X ) = 57 Oy 04 Oy Oy [TSILEUILX YD (VW)
= X Oyy Oy, Oy Oy [TSIIVWIIXYI (R = 22 Oy Ost Oy O [ERITVWILXYI(TS)
=pw*,
- 32 04,05, 0, Oy [TST (TW(VWD(XY) = 3 Oy O, Oy Oy LERI(TSXTUD(XY)
=57, 03y G, O, Oy LUWI(TSIEW (X Y) = 3 Oy 0Oy O [XYITSAW W)
| = O,
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Port 1
Jfe ovalualion of aoymplotic vwiamceo and cvuniancss
of fundliono of Wishanl malniceo

In multivnialts analiyoio , mamy ot stalialics come oul 0o fundtions of

Wiokant maluiceo and the debta mathed Be opplied To obtuin the mvmal disthibution
a0 thein non-nubl aaymplolic dichibulion.

Suppsae we e o p-vwiale nsvmal pspulalion with covmiance matin £=(0.
MS=(SLJ)ﬁeaAwmpﬂcwmecem@mudMnd1?uw0{gwdeﬁm
NS o a Wisharl mathin aukject o Wy(=,1). Jom it o well Brown [ 1, p.75)
that S cowm?uMP/wl}w@i@LtgtoZ. aonm&uw,wwm
lmamls of S ane mel‘olwaﬁ% dvalributed acwzdi/mg&) p(p+1)/z~dimnaiomal
novmel diothidulion with meam = and craniomees ®

Lot wo now comaiden m scalon valued funclions (S), -, fu(S) of S , which
are not algebraically depondont and fave finet and oscond doivaliveo in

a nughlhood of Z. Jﬁmﬁyaﬂﬁgﬁl W‘“&W"{ JResrem 4.2.5
in Andenoons book [ 13, the Limiling distubulion of

AL (F(S), . ,§.4S)) = (F(Z), .., (2N} (2.0.2)

is novmad with meam (0, ..., 0). JRe ovabualion of varianceo and covariamees in
WW@WM@MI mcmw‘[guay. ﬂn§2.lwegizve formulas ®
M%mdumthldm%muiw&onmdm% omd in the Lol aeeliono

two concaele exemplio are Duealed .
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2.1. Esvmudao, |
Lot wo uae the nalalion s=+(1+8:) 5, . whone Svs o the Keomeckwn aymbol.

Fovmula 1. Lat £(S) be o fundlion of S fawing the final and atcond
dmuiummam?/{,@whovd of . JMW(WPMX:)UWW%’)‘(S)
mmwmmmﬁw bl .L'o?/t’mmﬁy

Vaa(£($)) = Z1F(2)F (2 (2.1.1)

Proof. Byt waned mathod we fave

2
o 's-z (Sy=0y)]}

Ve §(S) =E{
- E{ ?;,'%( b+ S(ﬂ) aaéz) ‘S_E(Sij"org)}z’

P
= ¥ 13, F(EIH 9 f(EI E(Sy=04 XSy~

ijjp i,l- 1

i pang A ICRALAA

'Tzl—{ﬂ):)}z il—:d = 4’g C#u Gtci Gatl

ZFEF TRR 4G 4,00

2f(S)
3Sy

Z ) (BTN

Founuda T, Lot £S5 and 9(S) be fun fundlions of S a0 in Fovmula I, bl
Cov($(5) §(8) = 2 () (2 R(BZET) (2.1.2)
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whore & o a0 befre and ¥ =(¥y), ¥, =3y log ().

(o an dluctralive axample, Lot wo comoidur the defwminant of comebation mabnin
R=(T7y), i.e., IRI, which can be oxproooed a0 1S1/1Dgl , whene Ds io the
dingonad malnix with W dimenls , Sy, S, .Sy Homee the aoymplolie
vaniamee of IR1 com be calewlated by (2.1.1) 0o followo:

Var(IR1) =% IPP (ST,
whone | P io the detevmimand of the pepulation comelalion malnin P=DuZ D,
Since

¢, =3 log| =l -3, Log ID,] =(T™), - ¢

by = (TN, G#4),

whow (Z7)y Mando for the (i) thomeml of T, we fore
@ = Z~I - D#
and fnce
(B =W(I-DyL) = h(I-1DLT + D,ED.T)
=p-2p +UL(D#ED#)(D#ZD$)

=P -p-

Jurufore

Va(IRI) = Z1PI* (tiP*~P). (2.1.3)
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2.7 Bruiowo nsgulio.

1. Olkim and M. Sislami [ 9 1 $mwnmww£aquRacﬁdM&wa0%
Wmoﬁcoﬂ/zdamnmf/m e swnduation woo baoed on the aaymplelic
joint, ditiibulion of diotinet dlemenls of comple comelolion maluin R. Jhey
necognized oo oftin thal some of theae fumelions cam be erprzossd. ao fun-
M%S,mmwpmmmdwmmwmﬁeﬁmw
mone 200ily by uoing the formulso (2.1.1) ond (21.2) nepealedly.

I thio saction . we  Aiat theoe ncoutts 00 well a0 ethv atoulto oblaimed
ky thio melhod. a0 far. M%MWMWPWMW%
kummzomwmmmmmﬂ%u.

We mtﬁiﬁowww?nol‘aaom

C[Eamem ] n (£,0 -0
= |5, S Ty | B De=10 Zu-- 0
Lz Z,,-‘:- Tl B 00 e Lyl
boboco By
(P-P|+Pz+"'+P$)
—Zu PINRS nn\W - Oy 0?2‘.'01m\1
me_—" Z" Tt Lom Zim= 0';' Gn Oen
Lzmzm"‘zym’ OTmO;n"'O;U

(m=1,2,---. %) (m=1,2,...,p)

andmwmpmmgmmmgmas,m R.
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(I)-fﬁ(lRl-lPl)qupMmﬂywml@duW with mean 0 amd @

vmiance 2IPE(RP -p).

(ID Jhe aoymplolic joiml dislaibution of I {(IRwLIRal, - IRl ) =(IPol.---. 1P}
io ool with mean (0.0,...,0) and Covoniamces

%= 2IPul Pyl { P =1 + 0PI -R5 Py =4, (1<)

WM Pi:i':(ﬂw),0‘=I,---,i«;ﬁ"i+],...’a‘. Wﬁﬂ/nb=d»’
¢n= 2| Pl (WP~ i)

(D) Jfe Likalikood nalio crilinion fon Tesling the Aypothesio of imdepamdomce .
Ho: Eij=o ‘ENLW L’#J , Lo

- N _ IR ,
v ‘Sul |Sn|-~-|sn| ‘RnHRnlled : (ZZI)

9F ot keast one of Z;j6 (i > ane nel g0, thon the asymplolic dicthibulion of v
o movmad with meam A =1ZI/(IZ, 1 1Zgl) and variamet

LR R (DIsF-p}- (2.2.2)
(1V) IR Tuat stalialic fon ephenicdtsy
___IsI
L oy

/.‘A(ijploucaﬂy deotibuled , whem T +0°1 accordimgfa N(w, &), whoe
w=IZ1/(thz/p)’ , ond

£ =+ { gy BT b} (2.24)
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(V) Roy- Burgmanmis step-doum multiple covelaliono 1101 ane the mulliph
covwlatione Belweon the i th compoment wwniale X. and (i-1) component vwnialbs,
(X Xia}, 1=2,3., p. 9 we donsle thoin cofficionlo by Ty=Tyqy.-iom
for cample and B, = f. iy §00 pepulalion , thin we fave the ebafiono

_=r |Sewl oz _ Tl _ '
-T=sie g mRe=g ey twbeep 215)

The non-mall aaymplotic diolhibulion, of VAT, ) = (R B o

novmald with meam (0,...,0) and vusionceo ond covnrianceo
$.=4F0-F,  1=loop Qe
b, = 4, =2=POO-FOFy+ Fon™ Prp) (F€d)

(2.2.7)

(VD deb 1, =005 Ond Fi = Paiy, (B=20up), be MW
of mulliple conslotion Selween X amd (X, X:) im the comple amd i the

populalion rsapecively . Jhem (Ti.-..73) ant saymplotically novmally
ditibuted with mean (2, -, £2) and covriamcs mabni with elvmnte,

. =HEU-F),  i=2-p (2.2.8)
b= %.=%—-P§(l-&’)(2—f‘2-f§’): (i<d) (229

(VI et v donal, s confcint of porind comeletio Aewesn T, ond T, ffn.
WWW 0’5 (Xz,---, Xiey) l’g ?;LE T,i.,,...,l., &&’LAOML,L&. a/nd ?,LE
s oo gon populalin., 12, p. o the aaymplolic. joint dishibulion. o

(%, ..., T4 do novmad with mean (F7,--, Fp) ond voranceo and covoriamce
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b= FLO-P,  i=zep 220 @

n
$=%. = J—F’?’ﬁl P2)r  (L<§) (2.2.11)

"J i It l‘

2.3 M—M%WMM&MQWMIAWMMMQM
the Shudlune of covanience malni,

&IS&WAw&mmmmewhn@w»ﬁgmmwnS&
dwbu&&dacwmagto Wp(Z, 1. S.S. Wilks [19 1 comaidened the Rypstheaco that
the Covigrce malin T = (G)mapmmhnmwlpqmlm&mﬁwwm
Tune

¢* PO* .- PO*)
pc* ¢* ... pg” 2
Hot Z=%,=| . . ... [=0{U-PI+PG}. (2.3

PO* PO ... O

-

whene G 4o the px p malux wheae lomento are all ome amd ~11/¢(p-1)1 € P <1,
ond duived the Likebihood nalio crilivion for H, , whick Lo wiillun a0 a function
]S,
pP(p-1 " IS
{ThS(PI G)}"'TnSG
@mappﬁca&mo{tﬁ.e&m&u/xnﬁl weconmdmﬁwnonnuﬂamjm
plotie diakibulion sf 1. Qo before, xlwnwnafwwﬁmﬁwm

__ PP Iz
{(WZPI-G) ®hEg

T (23.2)

(2.3.3)

and wianct which we pre going To compule. From (2.1.1) we Fave
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Tn(t) = £ TS (23.4)

amad
Dogt = P logp + (P Leg(p-1)+ Leg S|
-—(p-:)fag{mS(pI-G)}-I’og(thSG)-
Homee
(Tb,‘}:agﬂﬂglzl ~(P—')3g%gﬂh2(PI-G)}—Bglag(hZG)
— (S — (b= (PI-G)y _ (G .
(Z7% =~ (P D 51-6) ~ Tz6
o we have

s PI-G G
&= -PVETHI-G) ~ TG

2 _ 1 _ _ (PI-G)Z G
(@) = 1-2{e03500 + nie )

A _(PI-G)E G 2
HP DRS00 T TG ) -

), L (PI-®T . _GE 32
| @Y =-P +R{P-DT e T T } (2.3.5)

Inauling (2.3.5) inlo (2.3.4), the aaymplolic vurionce of 2 Lo given by

22 L (PI-G)= GZ 2_5].
V(1) = H 0 (R0 5 5006 * Trg) ~P) (236

9t is zaAgIow.T]taI whon & =5,=0{(-PL+PG}, vma(t)=0.
WMZ*L,WMW,&&CMMM oi’thzda%l&t d,bgmtd by
(2.3.2) 4o novmal with meam (2.3.3) amd vauance (2.3.6).
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formules given $2.1 ane uaed nepeatedty. Stanling with the some ailuation 0o

() in 32.2, Lol uo conaider the alep-down procedune [101 for Luoling the

Rypotheais of mulliple i . JRe over-all hypothsaio of indupendonct
- Het Zy=0 fsall i, (i)

40 porliioned inlo (3-1) anbhypothecss,

HA™. Zy=Zy=-=%,,=0, i=2,--,% (24.1)

Consspomding to this panlitiom., the Lokelihood nalio ouilinien. fon My , which
& given by (2.2.1), can be faclpriged inlo

= |S“1| . | Sessl L lSt,,l 4‘
VT SIS TSalISST el ISAT (2.4.2)
e V! UI. ot vc.‘-l

where S = S. Ot s Bnown that wnden the null Rypothssio Ho, Vi, ...,
wre slalioticolly indtpendint amd by G.E.P. Bex [2 1

'—{Tlf%-'z"(P.+"'+P;+n)}1tTgVL ) (2'43)

s %pnm‘,mw&a diotibuted 00 the chi-aquane with p, (p,+-+p,) clz?wo of
fraedom. Heon we fave the follawing table for amalyoio
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Hypothesis Criterwon X d.f.
H"’ T.=0 v, | (=t -2k} degl BP
HY: D= =T 0 | W | ~(R=g -z (Re+Ralogle | Rulbt--+R)
Ho i Zi= " = Zigas™ 0 Vg —{n——L-_L(P+"‘+P%)}I"3U" RR*++R.)
Hy: Ty=0 i#] v S 3(P ;Pz) J g | 5 (P~ %)

Ho do accepled if and onby if all H.”s ane accepled daoed on The chi- dquare

troto imdicaled im the above Table , ond sthousiat H, Lo nejecled .
MMMWMWWMMMW%(w....,%.,)wﬁmmu

of HY, t=1,,9-1 doduwe. L .o 4aoy to aw that the deained dioribulion io

mwvmal with meam vecdor (Ao, Aq), whew

—_ IZ[HIJ] ]
AL 1 Zeal 2l ’ L=l 3= (2.4.4)

Owr mainm work io To compule the mmwccmrwumcemai}m of Thio neovmol
Finat we conaider the variance of Uy, (i=1,..., 3-1). Bythe della method we have

St
Var (V;) = Van| ISthi SJILH il }

)\ E[—bg—(lsw,‘ 'Z;lul)"‘_l_og_"(lsml | Zel)

2 Iz[(ﬂ] a l Z[u‘
+ 2 (1Sl = )]

= X, E[ 1o (1SudH Banl) = 72y (Sl =1 Zaal)

(1Sl = | Tl )

B lziﬂ.wl
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A’ [ lznﬂjlzvaﬂ( IS iﬁ]l) + lzu]lz UM(IS[L]I) + IZ Te— T Um(lslﬂ MI)

trhist I

- I}:m”zw‘,l C'OVHSHII"SIMJI) m(ﬂv(lsw,l lSmm )

|Z[|.J“Z|,+|Lﬂl CUV(lSnJl ,Sulull)] . (245)

Jo wroduole each tvum in (24.5), we need the foblowing covariameso :
(i) Cow (1Sl [Sel), (L4,
From (2.1.2). we fove
Cov (1Sl 1Sul) = & I Zl | Tl (BT R E)-

SVYLCE ? 2 Z“, o Zn O
% 5 0 0Jus’
thom
-1
P = [Zm OJ,
0O 0
_ [z 0 .
¥ =106 o
Hemce
e _ [T O)[Za *][Eih O[Z *
FLYI =] OJ[* ][0 o][* ]
_ [Ty, * Tpsoap, * Ty, *
0 ojlo o 0 0
amd

TW(PZYT)=ph+P++P,.

Com%unﬂy,weﬁm
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- Corv(ISml’lS[,,,l)_=%lztl,llzlj,l(g+---+g), (i< d) (2.4.6)
ond in partioulon

vaﬂ(lsml)='~'[Z1_l2m|z(ﬁ+'”+ﬂ)' (2.4.7)
(1) Cov(ISul’lS,,,l)=%lzull’ic,,lP.b. (i§). (2.4.8)

(i) Cov (1Sl 1S41), (i< d).
Jinet of oll, we hove
COV('S:LJI’ISJJI) = %IZ:.:llza,IUt(§Z\IfZ)

— Simee
Z;:) 0 z” Z’lﬁ Zu 11 : - P .._Ztl‘)
E22 0O O Ziw PN ki o g
' * * 0 0
and
0 0] O
T = ZJ;(ZJI"" '.ZJ'J-I) I}; Z;;(ZJ'J”"" ’ZJ%)
0 o) 0
we fave
' Rt--+ P, Py ¥ + - pj Pt + Py T
rI i 2-' Z‘I..H’..-Z:uq gz-l 2!" i 2_ Z.l.j:rlfl:,%
FLEY = P+ +h P tp, é t DIUEED g w 2;‘,{” El)ﬂzt‘i '
- Bt =+ B 0 j 0 5 0 : 0
I T T R U SN S
bt-th | 0 | 0 b0 0 )
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[0 i 0 0 o IR0
0 ool ek
:Z;(Z}.,"'EJ;)gZ;(Z}.m:"'zd-j")i Iy S (T Tg) | 4,

T T Ly

R th Ryt tBa B Batorg
) S

= 0 0O 0 O©
0 0O 0 ©
. 0 0 0 O

ond fiemce
R(@Z‘I’Z ) = E{ZJ}'(ZJ.""’ZJ;)Z::

il

%,
Jhuo we fave

: 2
CO'U“Sml, ISJJ') = 'fzf'lzmuzﬁl -D'L{zj; (ZJ.,,-“ ,Z‘JL)EEJ ( 2 j)}’ (i< d). (2.4.9)

]

('V) CO'U(ISitlvlsjjl ) = ‘%‘lzullzﬂm(z‘:{{qugiat) (24"0)
Var(ISul) = &=, Fp- (2.4.11)

%/&L&Mﬂu}ngu the svefualion of Ve (V;), we have from (24.6)~(2.4.11
Voa(e) = &N [(p-+ b)) + (gt + P )+ By = 2+ P)

) 2
—zp-,+.+zmzw.z,.(zm,.---,zm,gz;;,( M )}

birl
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= %ATE{Z;W( Ziﬂ,l""’zm,a)zzzz (“:,:'.M )} ’ (24—'2)

FRio cam be wrillen im the fovm
Zy O B 2
Van (1) = -%—A’L{Th([o Zm«] Zw,]) = (h++R}  (24.13)

which may be neforned Io (2.2.2). Thuo we hove the concluaion :
Ip HS do not Twe, Wmmddwhl}uﬂmo{mwmmwmaw

nwwwfwwhma/nk and variance (14.13).
TLe/xtwecompuIaWcomamuaﬁva/ndv (i<§). Bythe delta method

we fove

— | S[H‘I]l , | S(jﬂ]‘
Covt V.37 = Covl [ TS 5 TS S

| 1 A
= )\ A [ |Z[lﬂ!“zqml CO'U'(ISrulv,S[ij) + IZmHZ[pl wv“SmHSml)

_ ' o
+ ‘Ztﬂ.lfl“ZJH.J*l‘ COU(ISw.ml )lSJﬂ.jﬂl) + lz[ullzjﬂ,j,.l CUU(‘Sml |Sﬂ pl‘)

I ———— et et
T P2 parpey CorlISumsal, 19i) = IZmuHZ:pl Cout ISl 1Sel )

- 1 _ ]
lz[[ﬂ]l Izd‘ﬂ,j-rll CO’U( IS[LHJI’ I SJ'H:J‘HI) lZ - l l Z[jﬂjl COV( | Sﬂ-]l ’ l S[jﬂll )

] A
— IZM‘H'”Z‘J-‘-”‘ CGU(|$1+I,1+I|a | S(jﬂl' )] .

From (246)—(2.4.11),
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Cov(U;. ) = EAN[(R++Ru) *(R++R) + R

- -1 - z:l
+BI(Z[-:I L+|Z;+| _]ﬂzJﬂ j+IZJ+l l-n) + vl{ ZJJJN LA Jﬂ 1)2::; ( jﬂ)}

iy jHl

—(H+"'+PL+| Pn +p) - h,ﬂ

y » Zu it
—Tn{ ZJ,MH(ZJﬂ.I Tt Ly, Lﬂ)z‘[H-IJ ( )}]

i ]'H

= -%Al )\J[ ‘D"' ( Zi:l.tﬂztfl,jﬂ ZJ-N'Jﬂ ZJH.L#I)

~ - Zigm
] TS ,zﬂﬁzm( s )}

pgH

ZI,'-H
a )}- (2.4.14)

-Tn { ZJ::,Jﬂ( Zjo0 7 ZJ,.,W) Zf_i"’"

Ll wo oummanize Waﬁvwa/z?mmxl

Whon none of the Hy', i=1..... 9-1, ane Tue, (Vi.....Vy) ane aoymplsly-
cally diotvibuled according to The (§-1>-vanialt novmad_dioclnibution with
mean vedor (M. As) whine Av are given By (2.4.4) amd covwriamee
malnin compoaed of lvmonto (2.4.13) ond (2.4.14).
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